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Abstract

In this paper, we study the principal eigenvalue 𝜇(ℱ −
𝑘 , 𝐸) of the fully nonlinear

operator
ℱ −
𝑘 [𝑢] = −

𝑘 (∇
2𝑢) − ℎ|∇𝑢|

on a set 𝐸 ⋐ ℝ𝑛, where ℎ ∈ [0,∞) and −
𝑘 (∇

2𝑢) is the sum of the smallest 𝑘
eigenvalues of the Hessian ∇2𝑢. We prove a lower estimate for 𝜇(ℱ −

𝑘 , 𝐸) in terms
of a generalized Hausdorff measure ℋΨ(𝐸), for suitable Ψ depending on 𝑘, moving
some steps towards the conjecturally sharp estimate

𝜇(ℱ −
𝑘 , 𝐸) ≥ 𝐶ℋ 𝑘(𝐸)−2∕𝑘.

The theorem is used to study the spectrum of bounded submanifolds in ℝ𝑛, im-
proving on our previous work in the direction of a question posed by S.T. Yau. In
particular, the result applies to solutions of Plateau’s problem for CMC surfaces.

To Renato Tribuzy, on the occasion of his 75th birthday, with great admiration.
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1 Introduction
It is a great pleasure for us to dedicate our work to Renato Tribuzy on the occasion of his
75th birthday, in recognition for his outstanding work to shape the field of Differential
Geometry in Brazil, especially in the Amazon region.
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This note is about the spectral properties of some fully nonlinear, degenerate oper-
ators of geometric interest in ℝ𝑛. For 𝑤 ∈ 𝐶2(ℝ𝑛), we let

𝜆1(∇2𝑤) ≤ 𝜆2(∇2𝑤) ≤ … ≤ 𝜆𝑛(∇2𝑤)

be the eigenvalues of the Hessian ∇2𝑤, in increasing order, and given 𝑘 ∈ {1,… , 𝑛}
we define

−
𝑘 (∇

2𝑤) ≐ 𝜆1(∇2𝑤) +… + 𝜆𝑘(∇2𝑤),

+
𝑘 (∇

2𝑤) ≐ 𝜆𝑛−𝑘+1(∇2𝑤) +… + 𝜆𝑛(∇2𝑤).

We do not consider the case 𝑘 = 𝑛, for which +
𝑛 = −

𝑛 = Δ, and hereafter restrict
to 𝑘 ∈ {1,… , 𝑛 − 1} unless otherwise specified. Given ℎ ∈ ℝ+

0 ≐ [0,∞), we then
consider the operators

ℱ +
𝑘 [𝑤] ≐ +

𝑘 (∇
2𝑤) + ℎ|∇𝑤|, ℱ −

𝑘 [𝑤] ≐ −
𝑘 (∇

2𝑤) − ℎ|∇𝑤|. (1)

Both ±
𝑘 and ℱ ±

𝑘 naturally arise in Differential Geometry, especially in the theory of
submanifolds. For instance, they appeared in the level set formulation of the mean
curvature flow with higher codimension [5], and to formulate partially positive Ricci
curvature conditions suited to obtain Morse-theoretic results [35, 39]; they have been
used in connection with barrier principles for submanifolds with higher codimension
in [23] and later in [37, 38, 16]; in the (almost) complex or calibrated setting, they are
ubiquitous in the study of plurisubharmonic functions and in potential theory [19, 20].
However, despite the many applications, only in recent years the analytic properties of
±
𝑘 and ℱ ±

𝑘 have systematically been investigated. In this respect, we quote [17, 18] by
R. Harvey and B. Lawson, [31] by A.M. Oberman and L. Silvestre, [14] by L. Caffarelli,
Y.Y. Li and L. Nirenberg, and [10, 8] by I. Birindelli, G. Galise and H. Ishii. Following
[10], we name ±

𝑘 truncated Laplacians.
Denote with USC(𝐴) the set of upper-semicontinuous functions on a set 𝐴 ⊂ ℝ𝑛.

Following [7], there exist, at least, two slightly different notions of principal eigenvalue
of ℱ ±

𝑘 on an open set Ω ⊂ ℝ𝑛:

𝜇(ℱ ±
𝑘 ,Ω) ≐ sup

{

𝑐 ∈ ℝ ∶ ∃𝑤 ∈ USC(Ω), 𝑤 < 0 on Ω, ℱ ±
𝑘 [𝑤] + 𝑐𝑤 ≥ 0 on Ω

}

,

𝜇̄(ℱ ±
𝑘 ,Ω) ≐ sup

{

𝑐 ∈ ℝ ∶ ∃𝑤 ∈ USC(Ω), 𝑤 < 0 on Ω, ℱ ±
𝑘 [𝑤] + 𝑐𝑤 ≥ 0 on Ω

}

.

Hereafter in this paper, inequality ℱ ±
𝑘 [𝑤] + 𝑐𝑤 ≥ 0 is meant to hold in the viscosity

sense. Note that 0 ≤ 𝜇̄(ℱ ±
𝑘 ,Ω) ≤ 𝜇(ℱ ±

𝑘 ,Ω), since negative constants are admissible
as 𝑤.

Remark 1. Customarily, principal eigenvalues are also defined in terms of positive
supersolutions of ℱ ±

𝑘 [𝑤] + 𝑐𝑤 = 0. However, in view of the identity ℱ −
𝑘 [−𝑤] =

−ℱ +
𝑘 [𝑤], this doesn’t introduce further constants of interest, since for instance𝜇(ℱ ±

𝑘 ,Ω)
can equivalently be defined as

sup
{

𝑐 ∈ ℝ ∶ ∃𝑤 ∈ LSC(Ω), 𝑤 > 0 on Ω, ℱ ∓
𝑘 [𝑤] + 𝑐𝑤 ≤ 0 on Ω

}

.

For 𝐸 ⊂ ℝ𝑛, define

𝜇(ℱ ±
𝑘 , 𝐸) ≐ sup

{

𝜇(ℱ ±
𝑘 ,Ω) ∶ Ω ⊂ ℝ𝑛 open, 𝐸 ⊂ Ω

}

.
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and 𝜇̄(ℱ ±
𝑘 , 𝐸) accordingly. The purpose of the present paper is to investigate possible

lower bounds for 𝜇̄(ℱ ±
𝑘 , 𝐸) depending on the size of 𝐸, in the spirit of the Faber-Krahn

inequality

𝜇(Δ,Ω) ≥
[

𝜇(Δ, 𝐵)
|𝐵|−2∕𝑛

]

|Ω|−
2
𝑛

where Ω ⋐ ℝ𝑛 has smooth boundary, and 𝐵 is a ball with |𝐵| = |Ω|. For second order,
uniformly elliptic operators in trace form

𝐿𝑤 = 𝑎𝑖𝑗𝜕
2
𝑖𝑗𝑤 + 𝑏𝑖𝜕𝑖𝑤

with bounded, measurable coefficients 𝑎𝑖𝑗 = 𝑎𝑗𝑖 and 𝑏𝑖 on ℝ𝑛, works of H. Berestycki,
L. Nirenberg and S. Varadhan in [7, Thm. 2.5] and X. Cabré in [12] established the
estimate

𝜇(𝐿,Ω) ≥ 𝐶|Ω|−
2
𝑛 ∀Ω ⋐ ℝ𝑛 open, (2)

for some constant 𝐶 > 0 only depending on the ellipticity constants of 𝑎𝑖𝑗 , on ‖𝑏𝑖‖𝐿𝑛(Ω)
and on an upper bound for |Ω|1∕𝑛. The case of 𝐿 in divergence form (with bounded,
measurable coefficients) was shown before by H. Brezis and P.-L. Lions in [11]. For
fully nonlinear operators which are 1-homogeneous and uniformly elliptic, we are not
aware of estimates like (2). However, a weaker result with a lower bound depending on
|Ω|−1∕𝑛 can be found in [34, Prop. 4.8].

Inequalities of the type in (2) for ℱ ±
𝑘 seem quite difficult to achieve. Among the

issues to overcome, we stress that the proofs of (2) are based on the ABP method and
that, to our knowledge, sharp ABP inequalities tailored to the degenerate elliptic op-
erators ℱ ±

𝑘 are yet to be formulated; their lack also helps to explain the absence of
regularity results for ±

𝑘 when 𝑘 ∉ {1, 𝑛} (for 𝑘 = 1, see [31, 10]). A series of unusual
phenomena for ℱ ±

𝑘 was first pointed out by I. Birindelli, G. Galise and H. Ishii in [10],
and the results therein reveal the prominent role played by a boundedness condition for
ℎ related to the diameter of Ω. Let 𝑘 ∈ {1,… , 𝑛 − 1}, and let 𝑅 such that Ω ⊂ 𝐵𝑅. In
[10, Cor. 4.2 and Prop. 4.3], the authors proved that

ℎ𝑅 < 𝑘 ⟹

⎧

⎪

⎨

⎪

⎩

𝜇̄(ℱ −
𝑘 ,Ω) ≥

2(𝑘−ℎ𝑅)
𝑅2

𝜇̄(ℱ +
𝑘 ,Ω) = +∞.

Hence, searching for lower bounds for the principal eigenvalue of ℱ +
𝑘 is meaningless,

at least if ℎ𝑅 < 𝑘, and hereafter we will focus on ℱ −
𝑘 . Condition ℎ𝑅 < 𝑘 is sharp to

guarantee a positive lower bound for 𝜇̄(ℱ −
𝑘 ,Ω). Indeed, as proved in [10, Ex, 4.9], for

each 𝜀 > 0 small enough the annulus

Ω𝜀 = 𝐵3𝜋∕2+𝜀 ⧵ 𝐵3𝜋∕2−𝜀 ⊂ ℝ𝑛

satisfies 𝜇̄(ℱ −
𝑘 ,Ω𝜀) = 0 with the choice ℎ = 𝑘∕(3𝜋∕2). Note that conditions Ω𝜀 ⊂ 𝐵𝑅

and ℎ𝑅 ≤ 𝑘 barely fail to be simultaneously satisfied. Also, the example shows that the
𝑛-dimensional measure of 𝐸 is not expected to control 𝜇̄(ℱ −

𝑘 , 𝐸).
A surprising fact is the validity of reversed Faber-Krahn inequalities for the operator

−
1 . As conjectured in [9] building on results for multidimensional rectangles, and

proved in [32], 𝜇(−
1 ,Ω) is maximized by the ball among domains with the same fixed

diameter (please mind the conventions in [32] and recall Remark 1). Consequently, it
is also maximized by the ball among domains with the same fixed volume.
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We are ready to state our main result. To this aim, we recall that given a continuous,
non-decreasing Ψ ∶ [0, 𝑐) → ℝ+

0 with Ψ(0) = 0, the generalized Hausdorff measure of
order Ψ(𝑡) is defined by

ℋΨ(𝐸) ≐ lim
𝛿→0+

inf

{

∑

𝑗
Ψ(𝑟𝑗) ∶ 𝐸 ⊂

∞
⋃

𝑗=1
𝐵𝑟𝑗 (𝑥𝑗), 𝑟𝑗 ≤ 𝛿

}

.

If Ψ(𝑡) = 𝑡𝑘 then ℋΨ is, up to an inessential constant, the standard Hausdorff 𝑘-
dimensional measure ℋ 𝑘. We underline the inequality

ℋ 2(𝐸) ≤ 𝐶ℋΨ(𝐸) where Ψ(𝑡) = 𝑡2| log(𝑅∕𝑡)|, 𝑅 ∈ ℝ+,

for some constant 𝐶 = 𝐶(𝑅, 𝑐).

Theorem 2. Let𝐸 ⊂ ℝ𝑛 be a compact set of diameter diam(𝐸) < 𝑅, Fix 𝑘 ∈ {1,… , 𝑛−
1} and let ℎ ∈ ℝ+

0 satisfying ℎ𝑅 < 𝑘. Then, there exists a constant 𝐶 = 𝐶(𝑛, 𝑘, ℎ𝑅)
such that

𝜇̄(ℱ −
𝑘 , 𝐸) ≥

𝐶
ℋΨ(𝐸)

, where Ψ(𝑡) =

⎧

⎪

⎨

⎪

⎩

𝑅𝑡 if 𝑘 = 1

𝑡2| log(𝑅∕𝑡)| if 𝑘 = 2

𝑡2 if 𝑘 ≥ 3.

(3)

In particular, 𝜇̄(ℱ −
𝑘 , 𝐸) = +∞ whenever ℋΨ(𝐸) = 0.

Remark 3. We stress that inequality (3) is scale-invariant for each 𝑘, due to the presence
of 𝑅 in the definition of Ψ(𝑡).

Remark 4. The constant 𝐶 can be bounded from below uniformly in terms of 𝑘, 𝑛 and
a of a lower bound for 𝑘 − ℎ𝑅.

It is reasonable to guess that the lower bound for 𝜇̄(ℱ −
𝑘 , 𝐸) in terms of the Hausdorff

𝑘-measure, that we proved for 𝑘 = 1, be obtainable also for 𝑘 > 1. If so, also the case
𝑘 = 2 of our Theorem would be nearly sharp, failing only by a logarithmic term. We
propose the following

Conjecture 5. Suppose that 𝐸 ⊂ ℝ𝑛 is a compact subset of diameter < 𝑅, fix 𝑘 ∈
{1,… , 𝑛 − 1} and ℎ ∈ ℝ+ satisfying ℎ𝑅 < 𝑘. Then, there exists a constant 𝐶 > 0
depending on 𝑛, 𝑘, ℎ𝑅 and on an upper bound for ℋ 𝑘(𝐸) such that

𝜇(ℱ −
𝑘 , 𝐸) ≥ 𝐶ℋ 𝑘(𝐸)−

2
𝑘 .

In particular, if ℋ 𝑘(𝐸) = 0 then 𝜇(ℱ −
𝑘 , 𝐸) = +∞.

It may be possible that condition diam(𝐸) < 𝑅 could be weakened to 𝐸 ⊂ 𝐵𝑅(𝑜)
for some 𝑜 ∈ ℝ𝑚.

A geometric application
A source of motivation for the present paper comes from the theory of minimal sub-
manifolds in ℝ𝑛. Indeed, the note arises from the desire to put the main result in [6]
into a more general perspective, explaining how it descends from an estimate for the
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principal eigenvalue of ℱ −
𝑘 . At the same time, we improve on [6] on various aspects,

in particular for submanifolds with nonzero mean curvature.
In [6], we addressed a question of S.T. Yau about the discreteness of the spectrum

of the Laplacian of some striking examples of bounded, complete minimal surfaces
constructed after N. Nadirashvili’s counterexample to an old conjecture of E. Calabi
[30]. We recall that the spectrum 𝜎(−Δ) of the Laplace-Beltrami operator on a manifold
𝑀 is said to be discrete if it only contains a divergent sequence of eigenvalues, each of
them with finite multiplicity. For instance, this happens if𝑀 is the interior of a compact
submanifold with smooth boundary. In this case, clearly 𝑀 is not complete as a metric
space. On the other hand, complete minimal surfaces which are well-behaved, in the
sense that they have finite density at infinity:

lim
𝑟→∞

|𝑀 ∩ 𝔹𝑟|
𝑟2

< ∞, 𝔹𝑟 ⊂ ℝ3 a ball,

satisfy 𝜎(−Δ) = ℝ+
0 by [25, Thm. 1]. Therefore, complete manifolds with discrete

spectrum are expected to exhibit a pathological behaviour, and the examples arisen af-
ter Nadirashvili’s work are good candidates to have discrete spectrum. Nadirashvili
constructed a complete minimal surface 𝑀2 → ℝ3 which is bounded in ℝ3, and his
method, a far reaching extension of that of L. Jorge and F. Xavier in [24], inspired an
entire literature: in particular, highly nontrivial refinements [27, 28, 15, 26, 29] and
entirely new methods [1, 2, 3, 4] enabled to construct complete, bounded minimal sur-
faces whose behaviour at infinity is controlled in some way. To be more precise, given
an immersion 𝜑 ∶𝑀 → ℝ𝑛, we define the limit set

lim𝜑 =
{

𝑝 ∈ ℝ𝑛 ∶ 𝑝 = lim
𝑗
𝜑(𝑥𝑗) for some divergent sequence {𝑥𝑗} ⊂ 𝑀

}

.

Here, {𝑥𝑗} is said to be divergent if it eventually lies outside every fixed compact set of
𝑀 . Note that, if 𝜑(𝑀) ⊂ Ω for some domain Ω, then lim𝜑 ⊂ Ω. If lim𝜑 ⊂ 𝜕Ω, we
say that 𝑀 is proper in Ω. After Nadirashvili’s work, proper examples in convex sets
were constructed in [27, 28, 15], examples with a control on the conformal structure of
𝑀 in [2, 3, 4], and examples with a control of the Hausdorff dimension of lim𝜑, in the
sense that dimℋ (lim𝜑) = 1, in [29, 1]. They motivated our criterion in [6, Thm. 2.4],
which we refine in the present note.

To state the result, we introduce some terminology. For a (2, 0)-tensor𝐴with eigen-
values {𝜆𝑗(𝐴)}𝑛𝑗=1 in increasing order, and given 𝑘 ∈ {1,… , 𝑛}, we write

−
𝑘 (𝐴) ≐ 𝜆1(𝐴) +… + 𝜆𝑘(𝐴).

Remark 6. Note that −
𝑘 (𝐴) can be characterized as follows:

−
𝑘 (𝐴) = inf

{

tr𝑊 𝐴∶ 𝑊 a 𝑘-dimensional subspace
}

,

where, taken an orthonormal basis {𝑒𝑖} for 𝑊 , tr𝑊 𝐴 ≐
∑𝑘
𝑖=1 𝐴(𝑒𝑖, 𝑒𝑖).

Given a 𝑘-dimensional immersed submanifold 𝜑 ∶𝑀 → ℝ𝑛, we denote with 𝐇 the
unnormalized mean curvature vector, that is, the trace of the second fundamental form
of 𝑀 . Let Ω ⊂ ℝ𝑛 be an open subset, and let Λ𝑘−1,Λ𝑘 ∈ ℝ. We say that 𝜕Ω satisfies

inf
𝜕Ω

−
𝑘 (II𝜕Ω) ≥ Λ𝑘, inf

𝜕Ω
−
𝑘−1(II𝜕Ω) ≥ Λ𝑘−1
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in the barrier sense if, for each 𝑥 ∈ 𝜕Ω and 𝜀 > 0, there exists a supporting smooth
hypersurface 𝑆 such that 𝑆 ∩Ω = ∅, 𝑥 ∈ 𝑆 and the second fundamental form II𝑆 of 𝑆
in the direction pointing towards Ω satisfies both of the inequalities

−
𝑘 (II𝑆 )(𝑥) ≥ Λ𝑘 − 𝜀, −

𝑘−1(II𝑆 )(𝑥) ≥ Λ𝑘−1 − 𝜀.

For instance, by using hyperplanes as supporting hypersurfaces, a convex set Ω satisfies

inf
𝜕Ω

−
𝑘 (II𝜕Ω) ≥ 0 inf

𝜕Ω
−
𝑘−1(II𝜕Ω) ≥ 0,

and a domain that can be written as the intersection of balls of radius 𝑅 satisfies

inf
𝜕Ω

−
𝑘 (II𝜕Ω) ≥

𝑘
𝑅

inf
𝜕Ω

−
𝑘−1(II𝜕Ω) ≥

𝑘 − 1
𝑅

.

Given Λ𝑘 ∈ ℝ ∪ {−∞}, we also say that

inf
𝜕Ω

−
𝑘 (II𝜕Ω) > Λ𝑘

if there exists Λ𝑘 > Λ𝑘 such that inf𝜕Ω −
𝑘 (II𝜕Ω) ≥ Λ𝑘.

We are ready to state

Theorem 7. Let 𝜑 ∶ 𝑀 → ℝ𝑛 be a bounded immersed submanifold of dimension
𝑘 ≥ 2, contained in a relatively compact domain Ω with diameter 𝑅. Assume that the
mean curvature vector 𝐇 of 𝑀 satisfies 𝑅‖𝐇‖∞ < 𝑘. Define

Ψ(𝑡) =

{

𝑡2| log(𝑅∕𝑡)| if 𝑘 = 2

𝑡2 if 𝑘 ≥ 3.

Assume that either

(i) ℋΨ(lim𝜑) = 0, or

(ii) ℋΨ(lim𝜑 ∩ Ω) = 0 and the second fundamental form II𝜕Ω of 𝜕Ω in the inward
direction satisfies

inf
𝜕Ω

−
𝑘 (II𝜕Ω) > ‖𝐇‖∞, inf

𝜕Ω
−
𝑘−1(II𝜕Ω) > −∞ (4)

in the barrier sense.

Then, the spectrum of the Laplace-Beltrami operator on 𝑀 is discrete.

Remark 8. Clearly, if 𝜕Ω is 𝐶2, (4) is equivalent to −
𝑘 (II𝜕Ω) > ‖𝐇‖∞ on 𝜕Ω, that was

the condition stated in [6]. Besides the weaker regularity assumed on 𝜕Ω, Theorem 7
improves on [6, Thm. 2.4] when 𝐇 ≢ 0 for each 𝑘. First, condition 𝑅‖𝐇‖∞ < 𝑘 is
weaker than 𝑅‖𝐇‖∞ < 𝑘 − 1, which was required in [6]. Second, when

𝜃 ≐ 𝑘 − 1 − 𝑅‖𝐇‖∞ ∈ (0, 1)

(which is automatic if 𝑘 = 2 and 𝐇 ≢ 0), condition ℋΨ(lim𝜑 ∩ Ω) = 0 was replaced
by the stronger

ℋ 𝜃+1(lim𝜑 ∩ Ω) = 0,

with the somehow puzzling feature that𝑅‖𝐇‖∞ appeared to bound the exponent of the
Haudorff dimension. The possibility to get better dimensional conditions for lim𝜑∩Ω
depends on Lemmas 11 and 12 for the operator ℱ −

𝑘 , which may have an independent
interest.
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The above result is particularly effective when 𝑘 = 2, since for instance it can be
applied to any of the examples in [27, 28, 15, 29, 1] to answer Yau’s question, as done
in [6]. Also, Theorem 7 applies to solutions of Plateau’s problem for (parametrized)
surfaces with constant mean curvature (see [36] for a detailed account), and our condi-
tion on ℎ is almost sharp: indeed, interestingly, for a rectifiable Jordan curve 𝛾 ⊂ 𝐵𝑅
inequality ℎ𝑅 ≤ 2 turns out to be sharp to guarantee the existence of a topological disk
with constant mean curvature ℎ and boundary 𝛾 , in the sense that if ℎ𝑅 > 2 then there
exists 𝛾 ⊂ 𝐵𝑅 such that Plateau’s problem has no solution with mean curvature ℎ (cf.
[22]). The next result was shown in [6, Cor. 2.6] for minimal surfaces.

Corollary 9. Let 𝛾 ∶ 𝕊1 → ℝ𝑛 be a Jordan curve with diam(𝛾(𝕊1)) ≤ 𝑅 and

ℋΨ
(

𝛾(𝕊1)
)

= 0, Ψ(𝑡) = 𝑡2| log(𝑅∕𝑡)|.

Fix ℎ ∈ ℝ+
0 satisfying ℎ𝑅 < 2. Then, every solution of Plateau’s problem for surfaces

with constant (unnormalized) mean curvature ℎ and boundary 𝛾 has discrete spectrum.

The geometric counterpart of Conjecture 5 is the following

Conjecture 10. Let 𝜑 ∶ 𝑀 → ℝ𝑛 be a bounded immersed submanifold of dimension
𝑘 ≥ 2, contained in a relatively compact domain Ω with diameter 𝑅. Assume that the
mean curvature vector 𝐇 of 𝑀 satisfies 𝑅‖𝐇‖∞ < 𝑘, and that either

(i) ℋ 𝑘(lim𝜑) = 0, or

(ii) ℋ 𝑘(lim𝜑 ∩ Ω) = 0 and the second fundamental form II𝜕Ω of 𝜕Ω in the inward
direction satisfies

inf
𝜕Ω

−
𝑘 (II𝜕Ω) > ‖𝐇‖∞, inf

𝜕Ω
−
𝑘−1(II𝜕Ω) > −∞

in the barrier sense.

Then, the spectrum of the Laplace-Beltrami operator on 𝑀 is discrete.

A word of warning: our proof of Theorem 7 based on Theorem 2 could easily be
adapted to prove the geometric Conjecture 10 from Conjecture 5 only in case (𝑖). Case
(𝑖𝑖) seems to be subtler.

2 Proof of Theorem 2
We start with the following ODE Lemma.

Lemma 11. Let 𝑘 ∈ {1,… , 𝑛}, 𝑅 ∈ ℝ+ and ℎ, ℎ∗ ∈ ℝ+
0 satisfying

ℎ𝑅 < 𝑘, ℎ∗ ≥ max
{

ℎ, ℎ
𝑘 − ℎ𝑅

}

.

Let 𝜉 ∈ 𝐶(ℝ+) be non-increasing, non-negative and such that

∫0+
𝑡𝑘−1𝜉(𝑡)d𝑡 <∞, (5)
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and let 𝜓 ∈ 𝐶2((0, 𝑅)
)

solve

⎧

⎪

⎨

⎪

⎩

(

𝑡𝑘−1𝑒−ℎ
∗𝑡𝜓 ′)′ = 𝑒−ℎ

∗𝑡𝑡𝑘−1𝜉 on (0, 𝑅),

lim
𝑡→0

(

𝑡𝑘−1𝜓 ′(𝑡)
)

= 0.
(6)

Fix 𝑥0 ∈ ℝ𝑛 and set 𝑟(𝑥) = |𝑥 − 𝑥0|. Then, the function 𝑤(𝑥) = 𝜓(𝑟(𝑥)) satisfies

ℱ −
𝑘 [𝑤] ≐ −

𝑘 (∇
2𝑤) − ℎ|∇𝑤| ≥ 𝜉(𝑟)

1 + ℎ∗𝑅
on 𝐵𝑅(𝑥0)∖{𝑥0}. (7)

Moreover, 𝑤(𝑥) ∈ 𝐶2(𝐵𝑅(𝑥0)) and the inequality holds pointwise on the entire 𝐵𝑅(𝑥0)
provided that 𝜉 ∈ 𝐶(ℝ+

0 ).

Proof. From

∇2𝑤 = 𝜓 ′′d𝑟 ⊗ d𝑟 + 𝜓 ′∇2𝑟 =
(

𝜓 ′′ −
𝜓 ′

𝑟

)

d𝑟 ⊗ d𝑟 +
𝜓 ′

𝑟
⟨ , ⟩,

the eigenvalues of ∇2𝑤 are 𝜓 ′′(𝑟) with multiplicity 1, and 𝜓 ′(𝑟)∕𝑟 with multiplicity
(𝑛 − 1). Note that, expanding (6),

𝜓 ′′(𝑡) + 𝑘 − 1
𝑡

𝜓 ′(𝑡) = 𝜉(𝑡) + ℎ∗𝜓 ′(𝑡) on (0, 𝑅). (8)

Integrating (6) on (𝜀, 𝑡), we get

𝜓 ′(𝑡) = 𝑒ℎ∗𝑡

𝑡𝑘−1

{

𝑒−ℎ
∗𝜀𝜀𝑘−1𝜓 ′(𝜀) + ∫

𝑡

𝜀
𝑒−ℎ

∗𝑠𝑠𝑘−1𝜉(𝑠)d𝑠
}

.

Since the last term in brackets has a finite limit as 𝜀→ 0 by (5), and because of the limit
condition in (6),

𝜓 ′(𝑡) = 𝑒ℎ∗𝑡

𝑡𝑘−1 ∫

𝑡

0
𝑒−ℎ

∗𝑠𝑠𝑘−1𝜉(𝑠)d𝑠 ≥ 0 on (0, 𝑅). (9)

We claim that
𝜓 ′′(𝑡) ≤ (1 + ℎ∗𝑅)

𝜓 ′(𝑡)
𝑡

on (0, 𝑅). (10)

Indeed, since 𝜉(𝑠)𝑒−ℎ∗𝑠 is non-increasing,

𝜓 ′(𝑡) ≥ 𝑒ℎ∗𝑡

𝑡𝑘−1
𝜉(𝑡)𝑒−ℎ

∗𝑡
∫

𝑡

0
𝑠𝑘−1d𝑠 = 𝑡

𝑘
𝜉(𝑡)

and therefore, using (8),

𝜓 ′′ − ℎ∗𝑅 + 1
𝑡

𝜓 ′ =
[

ℎ∗ − 𝑘 + ℎ∗𝑅
𝑡

]

𝜓 ′ + 𝜉(𝑡) ≤ −𝑘
𝑡
𝜓 ′(𝑡) + 𝜉(𝑡) ≤ 0

on (0, 𝑅), as claimed. Let 𝑥 ∈ 𝐵𝑅(𝑥0) ⧵ {𝑥0} and 𝑟 = 𝑟(𝑥). If 𝜓 ′′(𝑟) ≤ 𝜓 ′(𝑟)∕𝑟, then
using ℎ∗ ≥ ℎ we deduce

−
𝑘 (∇

2𝑤) − ℎ|∇𝑤| = 𝜓 ′′(𝑟) + (𝑘 − 1)
𝜓 ′(𝑟)
𝑟

− ℎ𝜓 ′(𝑟)

= 𝜉(𝑟) + (ℎ∗ − ℎ)𝜓 ′(𝑡) ≥ 𝜉(𝑟) ≥ 𝜉(𝑟)
1 + ℎ∗𝑅

.
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On the other hand, if 𝜓 ′′(𝑟) > 𝜓 ′(𝑟)∕𝑟, inequality (10) and 𝜓 ′ ≥ 0 give

−
𝑘 (∇

2𝑤) − ℎ|∇𝑤| = 𝑘
𝜓 ′(𝑟)
𝑟

− ℎ𝜓 ′(𝑟) ≥ (𝑘 − 1)
𝜓 ′(𝑟)
𝑟

+
𝜓 ′′(𝑟)

1 + ℎ∗𝑅
− ℎ𝜓 ′(𝑟)

= (𝑘 − 1)
𝜓 ′(𝑟)
𝑟

+ 1
1 + ℎ∗𝑅

[

𝜉(𝑟) + ℎ∗𝜓 ′(𝑟) − 𝑘 − 1
𝑟

𝜓 ′(𝑟)
]

− ℎ𝜓 ′(𝑟)

=
[

𝑘 − 1
𝑟

ℎ∗𝑅
1 + ℎ∗𝑅

+ ℎ∗

1 + ℎ∗𝑅
− ℎ

]

𝜓 ′(𝑟) + 1
1 + ℎ∗𝑅

𝜉(𝑟)

≥ 1
𝑅

[

𝑘ℎ∗𝑅
1 + ℎ∗𝑅

− ℎ𝑅
]

𝜓 ′(𝑟) +
𝜉(𝑟)

1 + ℎ∗𝑅

≥ 𝜉(𝑟)
1 + ℎ∗𝑅

pointwise on𝐵𝑅(𝑥0)∖{𝑥0}, where the last inequality follows since our assumption ℎ∗ ≥
ℎ∕(𝑘 − ℎ𝑅) is equivalent to 𝑘ℎ∗𝑅

1+ℎ∗𝑅 − ℎ𝑅 ≥ 0.
The 𝐶2-regularity of 𝑤 and the validity of the pointwise inequality for ℱ −

𝑘 [𝑤] up to 𝑥0
easily follow from the very definition of 𝜓 .

We next state our key Lemma, which refines [6, Lem. 4.1].

Lemma 12. Fix 𝑥0 ∈ ℝ𝑛 and let 𝑟(𝑥) = |𝑥 − 𝑥0|. Fix 𝑅 > 0 and 𝑘 ∈ {1,… , 𝑛}, let
ℎ, ℎ∗ ∈ ℝ+

0 satisfying

ℎ𝑅 < 𝑘, ℎ∗ ≥ max
{

ℎ, ℎ
𝑘 − ℎ𝑅

}

.

Choose a non-negative, non-increasing function 𝑆 ∈ 𝐶(ℝ+
0 ) satisfying

𝑆 = 1 on [0, 1],

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

∫

∞

0
𝑆(𝑡)d𝑡 = 𝑆̂ <∞ if 𝑘 = 1,

∫

∞

0
𝑡𝑆(𝑡) max

{

1, | log 𝑡|
}

d𝑡 = 𝑆̂ <∞ if 𝑘 = 2,

∫

∞

0
𝑡𝑆(𝑡)d𝑡 = 𝑆̂ <∞ if 𝑘 > 2.

(11)
Then, there exists a positive constant 𝐶0 = 𝐶0(𝑘, ℎ∗𝑅) such that the following holds:
for each 𝑎 ∈ (0, 𝑅∕𝑒], there is a 𝐶2 function

𝑢𝑥0 ∶ 𝐵𝑅(𝑥0) ⊂ ℝ𝑛 → ℝ

such that

(𝑖) 𝑢𝑥0 ≥ 0, 𝑢𝑥0 (𝑥) = 0 if and only if 𝑥 = 𝑥0; (12)

(𝑖𝑖) ‖𝑢𝑥0‖∞ ≤

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝐶0𝑆̂𝑅𝑎 if 𝑘 = 1,

𝐶0𝑆̂𝑎2 log
(

𝑅
𝑎

)

if 𝑘 = 2,

𝐶0𝑆̂𝑎2 if 𝑘 > 2;

(13)

(𝑖𝑖𝑖) ℱ −
𝑘 [𝑢𝑥0 ] ≥

𝑘𝑆(𝑟∕𝑎)
1 + ℎ∗𝑅

on 𝐵𝑅(𝑥0) (14)
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where ℱ −
𝑘 is as in (1). In particular, ℱ −

𝑘 [𝑢𝑥0 ] ≥
𝑘

1+ℎ∗𝑅 on 𝐵𝑎(𝑥0).

Proof. Define 𝜉(𝑡) = 𝑘𝑆(𝑡∕𝑎), and set

𝜓(𝑡) = ∫

𝑡

0

𝑒ℎ∗𝑠

𝑠𝑘−1

[

∫

𝑠

0
𝑒−ℎ

∗𝜎𝜎𝑘−1𝜉(𝜎)d𝜎
]

d𝑠. (15)

Since 𝜓 solves (6), 𝜉 satisfies (5) and 𝑆 is non-increasing and 1 in a neighbourhood of
zero, by Lemma 11 the function 𝑢𝑥0 = 𝜓(𝑟) solves

ℱ −
𝑘 [𝑢𝑥0 ] ≥

𝜉(𝑟)
1 + ℎ∗𝑅

on 𝐵𝑅(𝑥0).

To prove the 𝐿∞ bound, we change the order of integration and change variables to get,
for 𝑘 = 1,

𝜓(𝑡) = ∫

𝑡

0
𝑒−ℎ

∗𝜎𝜉(𝜎)
{

∫

𝑡

𝜎
𝑒ℎ

∗𝑠d𝑠
}

d𝜎

≤ ∫

𝑡

0
𝑒ℎ

∗(𝑡−𝜎)(𝑡 − 𝜎)𝜉(𝜎)d𝜎 ≤ 𝑒ℎ
∗𝑅𝑅∫

𝑡

0
𝜉(𝜎)d𝜎

= 𝑒ℎ
∗𝑅𝑅𝑘𝑎∫

𝑡∕𝑎

0
𝑆(𝜏)d𝜏 ≤ 𝑒ℎ

∗𝑅𝑅𝑘𝑆̂𝑎.

For 𝑘 > 2,

𝜓(𝑡) = ∫

𝑡

0
𝑒−ℎ

∗𝜎𝜎𝑘−1𝜉(𝜎)
{

∫

𝑡

𝜎

𝑒ℎ∗𝑠d𝑠
𝑠𝑘−1

}

d𝜎

≤ ∫

𝑡

0
𝑒ℎ

∗(𝑡−𝜎)𝜎𝑘−1𝜉(𝜎)
{

∫

𝑡

𝜎

d𝑠
𝑠𝑘−1

}

d𝜎

≤ 𝑒ℎ
∗𝑅

∫

𝑡

0
𝜎𝑘−1𝜉(𝜎)𝜎

2−𝑘 − 𝑡2−𝑘
𝑘 − 2

d𝜎

≤ 𝑒ℎ∗𝑅

𝑘 − 2 ∫

𝑡

0
𝜎𝜉(𝜎)d𝜎 = 𝑎2𝑘𝑒ℎ∗𝑅

𝑘 − 2 ∫

𝑡∕𝑎

0
𝜏𝑆(𝜏)d𝜏 ≤ 𝑒ℎ∗𝑅𝑘𝑆̂

𝑘 − 2
𝑎2,
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and for 𝑘 = 2,

𝜓(𝑡) = ∫

𝑡

0
𝑒−ℎ

∗𝜎𝜎𝜉(𝜎)
{

∫

𝑡

𝜎

𝑒ℎ∗𝑠d𝑠
𝑠

}

d𝜎 ≤ ∫

𝑡

0
𝑒ℎ

∗(𝑡−𝜎)𝜎𝜉(𝜎) log(𝑡∕𝜎)d𝜎

≤ 𝑒ℎ
∗𝑅

∫

𝑅

0
𝜎𝜉(𝜎) log(𝑅∕𝜎)d𝜎

= 𝑒ℎ
∗𝑅 log𝑅∫

𝑅

0
𝜎𝜉(𝜎)d𝜎 − 𝑒ℎ

∗𝑅
∫

𝑅

0
𝜎𝜉(𝜎) log 𝜎d𝜎

= 𝑘𝑎2𝑒ℎ
∗𝑅 log𝑅∫

𝑅∕𝑎

0
𝜏𝑆(𝜏)d𝜏 − 𝑘𝑎2𝑒ℎ

∗𝑅
∫

𝑅∕𝑎

0
𝜏𝑆(𝜏) log(𝑎𝜏)d𝜏

= 𝑘𝑎2𝑒ℎ
∗𝑅 log

(𝑅
𝑎

)

∫

𝑅∕𝑎

0
𝜏𝑆(𝜏)d𝜏 − 𝑘𝑎2𝑒ℎ

∗𝑅
∫

𝑅∕𝑎

0
𝜏𝑆(𝜏) log 𝜏d𝜏

≤ 𝑘𝑎2 log
(𝑅
𝑎

)

𝑒ℎ
∗𝑅

∫

𝑅∕𝑎

0
𝜏𝑆(𝜏)d𝜏 + 𝑘𝑎2𝑒ℎ

∗𝑅
∫

𝑅∕𝑎

0
𝜏𝑆(𝜏)| log 𝜏|d𝜏

≤ 𝑘𝑎2𝑒ℎ
∗𝑅

[

∫

∞

0
𝜏𝑆(𝜏) max

{

1, | log 𝜏|
}

d𝜏
]

{

log
(𝑅
𝑎

)

+ 1
}

≤ 2𝑘𝑒ℎ
∗𝑅𝑆̂𝑎2 log

(𝑅
𝑎

)

,

where in the last line we used 𝑎 ≤ 𝑅∕𝑒, so log(𝑅∕𝑎) ≥ 1. This concludes the proof.

Remark 13. In [6, Lem. 4.1], the radial function 𝑢𝑥0 is constructed for 𝑘 ≥ 2, from a
solution 𝜓 of

𝜓 ′′(𝑡) + 𝜃
𝑡
𝜓 ′(𝑡) = 𝜉(𝑡) on (0, 𝑅),

where 𝜃 ≐ 𝑘 − 1 − ℎ𝑅 is assumed to be positive (forcing the stronger requirement
ℎ𝑅 < 𝑘 − 1). In particular, the case 𝜃 ∈ (0, 1) yields to an estimate on 𝑢𝑥0 of the form
‖𝑢𝑥0‖∞ ≲ 𝑎𝜃+1. As it will be apparent in the next theorem, the bound implies a more
binding control on 𝐸 in terms of the Hausdorff measure ℋ 𝜃+1, leading to the stronger
condition on lim𝜑 ∩ Ω described in Remark 8.

We are now ready to prove Theorem 2, in the following strengthened form that will
be used later to prove Theorem 7.

Theorem 14. Let Ω ⊂ ℝ𝑛, 𝑛 ≥ 3 be an open subset with diameter𝑅, fix 𝑘 ∈ {1,… , 𝑛−
1} and let 𝐸 ⋐ Ω be a compact subset satisfying ℋΨ(𝐸) < ∞, where

Ψ(𝑡) =

⎧

⎪

⎨

⎪

⎩

𝑅𝑡 if 𝑘 = 1

𝑡2| log(𝑅∕𝑡)| if 𝑘 = 2

𝑡2 if 𝑘 ≥ 3.

Fix ℎ ∈ ℝ+
0 satisfying ℎ𝑅 < 𝑘. Then, there exists a constant 𝐶1 = 𝐶1(𝑛, 𝑘, ℎ𝑅) with

the following properties: for each 𝜀 and each𝑄 ∈ (ℋΨ(𝐸),∞), there exists a relatively
compact, open set 𝑈𝜀 containing 𝐸 and there exists 𝑤𝜀 ∈ 𝐶2(Ω) such that 𝑤𝜀 < 0 on
Ω and

ℱ −
𝑘 [𝑤𝜀] ≥ 𝟙𝑈𝜀 on Ω, ‖𝑤𝜀‖∞ ≤ 𝐶1𝑄,
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where ℱ −
𝑘 is as in (1). In particular,

ℱ −
𝑘 [𝑤𝜀] +

1
𝐶1𝑄

𝑤𝜀 ≥ 0 on 𝑈𝜀, ℱ −
𝑘 [𝑤𝜀] ≥ 0 on Ω,

and
𝜇̄(ℱ −

𝑘 , 𝐸) ≥
1

𝐶1ℋΨ(𝐸)
.

Proof. Note first that 𝑅 > diam(𝐸). Choose 𝑆(𝑡) ∈ 𝐶∞
𝑐 ([0, 2)), 𝑆 ≡ 1 on [0, 1], and

let 𝐶̂1 denote the constant 𝐶0𝑆̂ in Lemma 12. Cover 𝐸 with a finite number of balls
{𝐵𝑖}𝑡𝑖=1, 𝐵𝑖 = 𝐵𝑎𝑖 (𝑥𝑖), 𝑡 = 𝑡(𝑄) ≥ 2 such that

𝑥𝑖 ∈ Ω, 0 < 𝑎𝑖 ≤ 𝑅∕𝑒,
𝑡

∑

𝑗=1
Ψ(𝑎𝑗) ≤ 𝑄.

Define ℎ∗ ≐ max{ℎ, ℎ∕(𝑘 − ℎ𝑅)}. To each 𝑖, let 𝑢𝑖 ≐ 𝑢𝑥𝑖 given by Lemma 12, which
is defined and 𝐶2 on 𝐵𝑅(𝑥𝑖) ⊃ Ω. Define

𝑤𝑗 =
1 + ℎ∗𝑅

𝑘
∑

𝑖
(𝑣𝑖 − 2‖𝑣𝑖‖∞) ∈ 𝐶2(Ω).

Then,𝑤𝑗 < 0 on Ω and there, by Lemma 12 and the 1-homogeneity and superadditivity
of ℱ −

𝑘 , it satisfies

ℱ −
𝑘 [𝑤𝑗] ≥ 1 on

⋃

𝑖
𝐵𝑖 ≐ 𝑈𝜀, ℱ −

𝑘 [𝑤𝑗] ≥ 0 on Ω,

and ‖𝑤𝑗‖∞ ≤ 2 1+ℎ∗𝑅
𝑘 𝐶̂1𝑄 ≐ 𝐶1𝑄. Therefore,

ℱ −
𝑘 [𝑤𝑗] +

1
𝐶1𝑄

𝑤𝑗 ≥ 0 on 𝑈𝜀,

showing that
𝜇̄(ℱ −

𝑘 , 𝐸) ≥ 𝜇̄(ℱ −
𝑘 , 𝑈𝜀) ≥

1
𝐶1𝑄

.

The thesis follows by letting 𝑄→ ℋΨ(𝐸).

Remark 15. The constant 𝐶0 in Lemma 12, hence 𝐶1 in Theorem 14, can be bounded
from above in terms of 𝑘, 𝑛 and an upper bound for ℎ∗𝑅. Being

ℎ∗𝑅 ≥ max
{

ℎ𝑅, ℎ𝑅
𝑘 − ℎ𝑅

}

,

𝐶0 and𝐶1 can equivalently be bounded from above in terms of a lower bound for 𝑘−ℎ𝑅,
as stated in Remark 4.

3 From Theorem 2 to Theorem 7
We premit a few observations. Given a Riemannian manifold 𝑀 , its Laplace operator
Δ𝑀 is initially defined on 𝐶∞

𝑐 (𝑀), and then extended in a canonical way (Friedrichs
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extension) to a self-adjoint operator on a domain  ⊂ 𝐿2(𝑀). The spectrum 𝜎(−Δ𝑀 )
is a closed subset of ℝ+

0 . Agreeing with the literature, we split 𝜎(−Δ𝑀 ) into the discrete
spectrum 𝜎disc(−Δ𝑀 ) (eigenvalues with finite multiplicity, which are isolated in 𝜎(−Δ))
and the essential spectrum 𝜎ess(−Δ𝑀 ) = 𝜎(−Δ𝑀 )∖𝜎disc(−Δ𝑀 ). For Ω ⊂ 𝑀 open,
let 𝜆(Ω) be the bottom of the spectrum of the Friedrichs extension of (−Δ𝑀 , 𝐶∞

𝑐 (Ω)),
which coincides with the first eigenvalue if 𝜕Ω is Lipschitz. By Persson’s formula [33],

inf 𝜎ess(Δ𝑀 ) = sup
𝐾⊂𝑀 compact

𝜆(𝑀∖𝐾).

It is known by [7] that 𝜆(𝑀∖𝐾) coincides with the principal eigenvalue of 𝑀∖𝐾 , de-
fined as

sup
{

𝑐 ∈ ℝ ∶ ∃𝑣 ∈ USC(𝑀∖𝐾), 𝑣 < 0 on 𝑀∖𝐾 , Δ𝑀𝑣 + 𝑐𝑣 ≥ 0 on 𝑀∖𝐾
}

.

Therefore, to prove that 𝜎(−Δ𝑀 ) is discrete, equivalently, that inf 𝜎ess(−Δ𝑀 ) = +∞,
it is enough to produce, for each 𝜀 > 0, a compact set𝐾𝜀 ⊂ 𝑀 and functions 𝑣𝜀 < 0 on
𝑀∖𝐾𝜀 such that

Δ𝑀𝑣𝜀 + 𝐶𝜀𝑣𝜀 ≥ 0, with 𝐶𝜀 → +∞ as 𝜀→ 0.

To this aim, we first assume (𝑖), that is, that ℋΨ(lim𝜑) = 0, and we define ℎ ≐ ‖𝐇‖∞.
From Theorem 2, we can take a sequence {𝑈𝜀}𝜀>0 of relatively compact, open sets with
𝑈𝜀 ⊂ Ω and

lim𝜑 ⊂ 𝑈𝜀, 2𝑐𝜀 = 𝜇̄(ℱ −
𝑘 , 𝑈𝜀) → +∞ as 𝜀→ 0.

For each 𝜀, let 𝑤𝜀 ∈ USC(𝑈 𝜀), 𝑤𝜀 < 0 on 𝑈 𝜀 solve

ℱ −
𝑘 [𝑤𝜀] + 𝑐𝜀𝑤𝜀 ≥ 0 in viscosity sense on 𝑈𝜀.

Consider the functions 𝑣𝜀 = 𝑤𝜀◦𝜑. To explain the strategy, assume first that 𝑤𝜀 is 𝐶2.
Let {𝑒𝑖} be an orthonormal frame on 𝑀 in a neighbouhood of a point. Then, from the
chain rule for the Hessian, the Laplacian Δ𝑀𝑣𝜀 of 𝑣𝜀 satisfies

Δ𝑀𝑣𝜀 =
𝑘
∑

𝑖=1
∇2𝑤𝜀(𝜑∗𝑒𝑖, 𝜑∗𝑒𝑖) + ⟨∇𝑤𝜀,𝐻⟩

≥
𝑘
∑

𝑖=1
∇2𝑤𝜀(𝜑∗𝑒𝑖, 𝜑∗𝑒𝑖) − |𝐻||∇𝑤𝜀|.

(16)

The term
𝑘
∑

𝑖=1
∇2𝑤𝜀(𝜑∗𝑒𝑖, 𝜑∗𝑒𝑖)

is the trace of ∇2𝑤𝜀 restricted to the tangent plane 𝜑∗𝑇𝑀 and thus, by the character-
ization in Remark 6, it is at least −

𝑘 (∇
2𝑤𝜀). Using the inequality satisfied by 𝑤𝜀 and

|𝐻| ≤ ℎ we therefore get

Δ𝑀𝑣𝜀 ≥ −
𝑘 (∇

2𝑤𝜀) − |𝐻||∇𝑤𝜀| ≥ ℱ −
𝑘 [𝑤𝜀] ≥ −𝑐𝜀𝑤𝜀 = −𝑐𝜀𝑣𝜀

on 𝜑−1(𝑈𝜀). Since 𝑈𝜀 contains lim𝜑, 𝑀∖𝜑−1(𝑈𝜀) = 𝐾𝜀 is compact, so {𝑣𝜀} is the
desired family of functions which guarantee the discreteness of 𝜎(−Δ𝑀 ). Next, we
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describe how to apply the above reasoning when 𝑤𝜀 has weak regularity. To this aim,
we use Theorem 8.1 in [21]. We briefly explain their result in our setting, referring
to [17, 21] for notation and terminology. We consider the bundle of 2-jets 𝐽 2(𝑀) and
𝐽 2(ℝ𝑛), respectively over𝑀 and ℝ𝑛. Jets 𝐽 ∈ 𝐽 2(ℝ𝑛) are denoted by (𝑦, 𝑟, 𝑝, 𝐴), where
𝑦 ∈ ℝ𝑛, 𝑟 ∈ ℝ, 𝑝 ∈ ℝ𝑛 and 𝐴 ∈ Sym2(ℝ𝑛). We consider

𝐅 =
{

(𝑟, 𝑝, 𝐴) ∈ ℝ ×ℝ𝑛 × Sym2(ℝ𝑛) ∶ −
𝑘 (𝐴) − ℎ|𝑝| + 𝑐𝜀𝑟 ≥ 0

}

and the subset
𝐹 = ℝ𝑛 × 𝐅 ⊂ 𝐽 2(ℝ𝑛)

which is, in Harvey and Lawson’s terminology, a universal Riemannian subequation
with model 𝐅. In particular, 𝐹 is locally jet-equivalent modulo𝑀 to 𝐅. The differential
inequality satisfied by𝑤𝜀 is equivalent to say that𝑤𝜀 is 𝐹 -subharmonic on 𝑈𝜀 (namely,
the 2-jet of any 𝐶2 function 𝜙 touching 𝑤 from above at a given point belongs to 𝐹 ).
Consider the pull-back subset

𝜑∗𝐹 =
{

𝜑∗𝐽 ∶ 𝐽 ∈ 𝐹
}

⊂ 𝐽 2(𝑀),

namely, if 𝐽 is the 2-jet of the function 𝑢, then 𝜑∗𝐽 is the 2-jet of the function 𝑢◦𝜑. The
computation in (16) guarantees that

𝜑∗𝐹 ⊂ 𝐺 ≐
{

(𝑥, 𝑠, 𝑞, 𝐵) ∈ 𝐽 2(𝑀) ∶ tr(𝐵) + 𝑐𝜀𝑠 ≥ 0
}

.

Note also that 𝐺 is a (universal, Riemannian) subequation on 𝑀 . Then, the Restric-
tion Theorem in [21, Thm. 8.1] implies that 𝑣𝜀 is 𝜑∗𝐹 -subharmonic on 𝜑−1(𝑈𝜀), in
particular, it is 𝐺-subharmonic. Equivalently, 𝑣𝜀 solves in the viscosity sense

Δ𝑀𝑣𝜀 + 𝑐𝜀𝑣𝜀 ≥ 0 on 𝜑−1(𝑈𝜀),

as required. This concludes the proof in case (𝑖). To deal with case (𝑖𝑖), we shall use the
full strength of Theorem 14, and also we shall produce a suitable barrier in a neighbour-
hood of 𝜕Ω. First, because of [16, Prop. 2], in the stated assumption (4) there exists a
constant 𝛿 > 0 depending on

𝑅, 𝑘, inf
𝜕Ω

−
𝑘 (II𝜕Ω) − ‖𝐇‖∞, inf𝜕Ω

−
𝑘−1(II𝜕Ω),

and a function 𝑤 ∈ Lip(Ω) such that 𝑤 = 0 on 𝜕Ω, 𝑤 < 0 on Ω and

−
𝑘 (∇

2𝑤) − ℎ|∇𝑤| ≥ 𝛿 on Ω

in the barrier (hence, viscosity) sense. Hence, by the Restriction Theorem, 𝑣 ≐ 𝑤◦𝜑
satisfies in the viscosity sense

Δ𝑀𝑣 ≥ 𝛿 on 𝑀.

For 𝜀 > 0, define
𝑉𝜀 =

{

𝑥 ∈ Ω ∶ dist(𝑥, 𝜕Ω) <
√

𝜀
}

,

and let 𝐸𝜀 = lim𝜑 ∩ (Ω∖𝑉𝜀). Note that 𝐸𝜀 is compact, and that ℋΨ(𝐸𝜀) = 0, thus
𝜇̄(ℱ −

𝑘 , 𝐸𝜀) = +∞. By Theorem 14, there exists a constant 𝐶 independent of 𝜀, an open
set 𝑈𝜀 and a function 𝑤𝜀 ∈ 𝐶2(Ω), 𝑤𝜀 < 0 on Ω satisfying

ℱ −
𝑘 [𝑤𝜀] ≥ 𝟙𝑈𝜀 , ‖𝑤𝜀‖∞ ≤ 𝐶𝜀. (17)
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Set 𝑣𝜀 = 𝑤𝜀◦𝜑, so that by restriction Δ𝑀𝑣𝜀 ≥ 𝟙𝜑−1(𝑈𝜀), ‖𝑣𝜀‖∞ ≤ 𝐶𝜀. We study the
function

𝑢𝜀 ≐ 𝑣𝜀 − 𝐶𝜀 +
√

𝜀𝑣 on 𝜑−1(𝑈𝜀 ∪ 𝑉𝜀).

Note that 𝐾𝜀 ≐𝑀∖𝜑−1(𝑈𝜀 ∪ 𝑉𝜀) is compact in 𝑀 , and that

−2𝐶𝜀 −
√

𝜀|𝑣| ≤ 𝑢𝜀 ≤ −𝐶𝜀.

On 𝜑−1(𝑈𝜀), we compute in the viscosity sense

Δ𝑀𝑢𝜀 = Δ𝑀𝑣𝜀 +
√

𝜀Δ𝑀𝑣 ≥ 1 +
√

𝜀𝛿

≥ −
𝑢𝜀

2𝐶𝜀 +
√

𝜀‖𝑣‖∞
+
√

𝜀𝛿 ≥ −
𝐶1
√

𝜀
𝑢𝜀,

for some constant 𝐶1 = 𝐶1(𝐶, ‖𝑣‖∞, 𝛿). On the other hand, on 𝜑−1(𝑉𝜀), denoting with
𝐿 the Lipschitz constant of 𝑤 we deduce |𝑣| ≤ 𝐿

√

𝜀, hence

Δ𝑀𝑢𝜀 = Δ𝑀𝑣𝜀 +
√

𝜀Δ𝑀𝑣 ≥
√

𝜀𝛿

≥ −

√

𝜀𝛿

2𝐶𝜀 +
√

𝜀𝑣
𝑢𝜀 ≥ − 𝛿

(2𝐶 + 𝐿)
√

𝜀
𝑢𝜀 ≐ −

𝐶2
√

𝜀
𝑢𝜀.

Summarizing,

Δ𝑀𝑢𝜀 +
min{𝐶1, 𝐶2}

√

𝜀
𝑢𝜀 ≥ 0 on 𝜑−1(𝑈𝜀 ∪ 𝑉𝜀),

which implies inf 𝜎ess(−Δ) = +∞ by the arbitrariness of 𝜀.
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