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ARTICLE INFO ABSTRACT
Keywords: In this paper we construct new univariate local C? quasi-interpolating splines having specific
Quasi-interpolation polynomial reproduction properties. The splines are directly determined by setting their

Bernstein basis

- Bernstein-Bézier coefficients to appropriate combinations of the given data values. In certain
BB-coefficients

cases we obtain a family of quasi-interpolating operators satisfying the required conditions,
so we fix some extra properties (interpolation of the vertices, extra locality, extra polynomial
reproduction) in order to compute unique approximants. We also provide numerical results
confirming the theoretical ones.

1. Introduction

In many mathematical problems and scientific applications it is important to approximate functions and data accurately and
in this context quasi-interpolation is a useful tool for its peculiar properties (see e.g. the recent book [1] for a general overview
on quasi-interpolation): for example a nice property, if compared to interpolation, is that quasi-interpolation does not require the
solution of any system of equations and moreover, since quasi-interpolation does not require that the approximant exactly matches
the data at certain points, this could be useful if we are dealing with noisy data. Usually, a quasi-interpolating spline for a function f
is expressed as linear combination of basis functions for the considered spline space and functions values (see e.g. [2]). In this paper
we propose an alternative approach where the spline is directly determined by setting its Bernstein-Bézier coefficients to appropriate
combinations of the given data values. This technique, initially proposed in the bivariate case in [3] has been extended in [4-6],
considered also in the 1D case in [7] and applied to digital elevation models in [8]. In particular, in this work we propose the
construction of new 1D C? local quasi-interpolating splines of degree 3, 4 and 5 having specific polynomial reproduction properties.
The approximants here constructed have the same approximation properties of those proposed in [7], although they are more local,
in the sense that for constructing the spline in a specific interval they use data values that are closer to such an interval with respect
to the approximants in [7].

Here is an outline of the paper. In Section 2 we define the spline spaces and the quasi-interpolating operators. In particular we
obtain, in certain cases, a family of quasi-interpolating operators satisfying the required conditions, so we fix some extra properties
(interpolation of the vertices, extra locality, extra polynomial reproduction) in order to compute unique approximants. In Section 3
we present numerical results confirming the theoretical ones and in Section 4 we provide some conclusions.
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Fig. 1. The sets D¢, for d =3,4,5.

2. Spline spaces and quasi-interpolating operators

In this paper, we consider a uniform partition P := a + hZ of R generated by the knots x; :=a+i h, i € Z, witha €R, h > 0,
and define the subintervals I; := [x;,x;,,]. We are interested in the space

S,(P) = {se C®) s =5, € P, iez},

of C2-continuous polynomial splines of degree d = 3,4,5 on R, where P, is the space of polynomials of degree less than or equal
to d. We want to construct quasi-interpolation operators (QIOs) Q,, : C (R) — S,(P) exact on P;, k < d, expressed in Bernstein-
Bézier (BB-) form. Indeed, since x € I; can be written from its barycentric coordinates (1 —1,7), t € [0, 1], with respect to I, as
x = (1 =1)x; + tx;;, the quasi-interpolating (QI) spline Q,, f in each subinterval I; can be expressed in terms of the Bernstein

1
polynomials relative to I;

Quify, = z bif(f)%a,p 2.1

|a|=d

where a = (a;,@,) € N}, |a| = a; +ay, B,; are the Bernstein polynomials on /;, i.e.

L d! @
B, (x) = P (1=-0" 12, xel,
with r := =X The coefficients bif( f) are called the BB-coefficients of Q,, f. They are naturally associated with the domain points

&ui = 2x; + Zx;yy in I; determined by the barycentric coordinates (";—‘ %2), |a| = d. Since the partition is uniform, it is sufficient

to define the BB-coefficients associated with the domain points in a set D? such that =, = U,c; D?, where Z, is the set of all domain
points. In particular (see Fig. 1):

D} = (&1 0yi-1-803-1 = £ Eaun.i)

D} 1= (&1 310-15 oot = Ewoni Eai S

DY = {&03)i-1-E0ayi-1-50.5)-1 = E5.000 Edni- EG.24 )
Moreover, we want that the QIO is local, so we define the BB-coefficients in (2.1) from the values of f at specific points lying in
a neighbourhood of I, and depending on the degree k of polynomial reproduction. In particular, each bZ’f( f) is defined by using
the so-called mask MF¥, whose elements are denoted by M, ;‘j, ie. M¥ =M ‘fj)igl € R%*+! based on 2k + 1 points contained in
[x;_1,x;41] (see Fig. 2):

2Uet1

b= Mef (it %(j—k— D). 2.2)
j=1

For each domain point ¢,; in the set D,.d we have to determine the values M ,i‘j, Jj =1,...,2k + 1 of the corresponding mask M*
ensuring C? continuity and exactness on P, for k < d.
In the cubic case the structure of BB-coefficients given by (2.2) only allows the exactness of the quasi-interpolant on P;.

bPropositio‘ril 1. ﬂu;lm;lzsks M(lw = (é % %>, M(‘z’l) = (0, % %), and M(le) = (% %0) give rise to the unique C? cubic QI defined
y (2.1) and (2.2) which is exact on P;.

Proof. In general, the QI Q,, f given by (2.1) and (2.2) is C I_continuous at x; if, and only if,

b = 3 (B DB L) 2.3)
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Fig. 2. The points involved in the construction of b2*(f), for k = 1,2,3,4,5.

Moreover, C2-continuity at x; is equivalent to the condition

d,k d,k d,k d.k
b(2d -2),i-1 (f)+2b(1,d—1>,i—1 = 2b(d 1,1),i N+ b(d 2,2),i (= 2.4

On the other hand, the exactness of Q,, on P, is achieved by imposing that the BB-coefficients of the monomials my (x) := x¥,

k € Nu {0}, equal those of Q, ,m, for the considered values of k. These conditions give rise to constraints that together with (2.3)
and (2.4) produce a system of linear equations whose solutions can be determined, in general, using a Computer Algebra System.
When d =3 and k = 1, that system has a unique solution providing the masks appearing in the statement. []

Many other possibilities exist for C? quartic and quintic QIs. The masks depend on free parameters, which allows the construction
of quasi-interpolants with additional properties useful in practice.

iti — 1 S _ _1 1 — (1 5 _ 1 — 1 1
Proposition 2.  The masks M<40) = (—8+0z,4 2a, 8+a:>, M(3,1) = ( 1ta 3 2a,a>, M(z,z) = (0,2,2>, M(1,3)
(a, % - 2a, —% + a), a € R, provide c? quartic QIs exact on P;.

1 P . R 2 7 1
Analogously, the masks M, ‘= (e.-2a+la) M}, := (——+ﬂ,——2ﬁ /3) Ly = (—§+y,§—2y,y), M,
(—+2a—ﬂ { —da+v2p, 2a—ﬂ) M, = <§+4a—4ﬂ+y,§—8a+8ﬂ—2y,4a—4ﬂ+y , @B,y € R, give rise to C? quintic Qls

also exact on Pl

Proof. Similarly to Proposition 1, we impose the exactness of O, on P}, by requiring that the BB-coefficients of the monomial
my (x) := x equal those of Q, ;m, for d = 4,5 and we consider (2.3) and (2.4) with k = 1 and d = 4 and 5, respectively. The obtained
linear systems are solved by using a Computer Algebra System, getting the masks appearing in the statement, that depend on some
free parameters. []

In contrast to the cubic case, it is possible to obtain quartic and quintic QIOs exact on PP,.

Proposition 3. QIOs exact on P, are produced respectively in the quartic and quintic cases by the masks

2. 5 _ _Z T _3g— _1 1
VR (24 a—3p.~2 +3a+88.1 —3a 6, +a,24+ﬁ),

2 4 1
M3, = <——a—3ﬂ—l+3a+8ﬂ——3a 6ﬂaﬂ) 2, (00 5—3),
M o= (f—a=3p - +3a+8p.] —3a—6ﬁ,——+a,§+ ). wpeR,
. M(250) ( %——a——ﬂ——y+ 5—+ a+ ﬂ+4y,10—% —37—%ﬂ—%5,
2 . 1 6
prls ke lagly - 5) MY, = (= —e =30, 8 +3e +80, 3 64,68,
MZ, = (—%——a+ 5a1—-a—35 bkt a—-a)
M2, ::<—%a+2ﬁ+6y+15—5—3§,—§+2a—6ﬂ—l6y+3£+8§,

6 3 3 1 1 3
- Jatop+12y—25-3e—60,-2p+26+e L + ta-2 - 5+ 8),

M2, = (-2-p-3r.2 4304812 -30-6r.h7). whrbeleR

The following result shows the masks yielding C2-quartic and quintic QIOs exact on P;. Three and nine degrees of freedom
appear, respectively.

Proposition 4. QIOs exact on P; are produced in the quartic by the masks



D. Barrera et al. Applied Mathematics Letters 160 (2025) 109346

M(340) = (%+§a—% —éy,—g——a+ sP+r +a,£—ga——ﬂ— ,—%+ﬁ,
:_6+y’;_0+%a_%ﬂ ) M:22>' (0’0’0’_41&’%’%’_%)’

Tl L B e e ]

M(313)' (%+ a——ﬂ—gy, i—%0{+;—‘ﬁ+y, +a,——ga——ﬂ——y,—§+ﬂ,—§+y,
%+%a—% —gy), a,f,y R

And, in the quintic case, by the following masks, with a, f,v,6,¢,¢,1,0,x € R, they are

M}, = (2—25—§a+%ﬂ+2y+55—le+§)c,—%+%a—zﬂ—%—lsa,
2+3ﬂ+10y+“55+ Je, 2 —2a—2-5r—106— 26— 20, 2p+ 3¢,
m+ Lo+ y+ e——C ———§a+15—le+1§>,

M(34|) = (—;—S—ga— <&+ ¢ Ca,5,170—|9—0a—£5——§§’,50+a+ e——{,’— —ga—%£+§§’>,

M}, = (—%—— —205 -2 e+%OC+11+40+10r<,18+32a+72§+24e—164‘—471—150—361(,
— 20— 400 — 906 — 30& +20¢ + 611 + 200 + 45k, 12 + 180 + 406 + Le — ¢ — 4y — 100 - 20x,
n,@,—%—;a—25—36+56j+l{),

My i= (14 B4y +105,— 5 = 49 — 157 =366, 2 + 66 + 20y +455, & — 49 — 107 =205, 0,7.5)

My = (—%—8a+2ﬂ+8y—§e+25—2c+n+40+10x,%+30a—8ﬂ—307+24g—16§—4n
—156 — 36k, —ﬂ—40a+12ﬁ+40y—325+20§+6r,+200+45x 2 +20a - 8f — 207 + 16¢
—8( —4n — 100 — 20x,2f +n—2¢,— —2a+2y——£+ C+6K)

Only the quartic and quintic cases exact on P, remain to be considered, since it is not possible to construct with the proposed

procedure quintic QIs exact on Ps.

Proposition 5. The following masks define QIOs exact on P, and C? quartic and quintic QIs:

‘ M&O)'_<§6 556 ﬂ+28y+565’_@+ia+%ﬂ__ 2055+5_'+7’
1-2a-2p— y—|525,§+ﬁ—-+ 2 -Da-Bp+ 2y + 5,
_E+_a+28ﬂ 287 5) M(422)' (0000’12’_%’?’_%’%)’

MGy :=(526_55_6a 2sﬂ+ 87+155 21 21a+iﬁ—my——&,&,y,l—%a—gﬂ—%y—f—zé,
ﬂ’a’zgl i(l) ﬁ+21y+ 570~ 56+£a+28ﬂ_28y_ 5)’
Mﬁlz) ::<%_% 28ﬂ+28y _5_13_6"'5(”'% —%y——é,—+5——+y,
I-2a-2p-2y - 26,2 +p -2 +a, X -Da- 2+ 2y + 5,
_%"';2 +28ﬁ 287__5>’ “’ﬂ’y"SER’
: Mé,O) '=( 21170_1fz 56ﬂ+ 6y+1126+_8+1§+i2’1_ 79’11765+_a+42ﬂ_%y

Ro+1 0,14—5——5——:—-;1——9+ 36, -2 42 e+‘6C+2n+ S0+ 3y,
16

%—%6 y__e__ﬁ_'c_ %’7_ 32 ’2ﬂ+ 3650+ C’z”_los
—5a- aﬂ+w+55’m+m“+%/’ 7~ o - ée‘%g‘—z“m")*
L= (——+i£+léj+%n 2608 ~3e-3r-In-10-2 134+ 247+ o,
%_‘% __c__”_lﬁaEgn’ISO %6_% _E”+ﬁ9)’
M(432)::<—£+§K+§A+1¥’6M—%v,%—51<—37—2/1—5;4+§v,—%+%'x+5/1+§;4—%v,
’g_%'(_"l__”_mv”’}"(’&t ;;K_S'%_Sz”*'z}ﬁv)’
M(414):= (_%_55_6 28ﬂ+28Y+;26’%+_a+21ﬂ_ }'_2156}/’1 I _'ﬂ 6}'_152‘S
p.a.— %‘% ﬂ+ 17+215’%+ +28ﬁ 287 55)’
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To prove Propositions 3-5, we can follow the proof of Proposition 2, by imposing the exactness on P,, P; and P,, respectively.
Almost all masks depend on free parameters and they can be chosen in order to obtain operators having interesting properties:
for example here we consider interpolation at the knots, i.e. we require that Q,, f(x;) = f(x;). Imposing interpolation, for quartic

splines we obtain:

. 1 141 1 .—(p L1 S B
k=1 My, =0,1,0), M (31) ( s b 8) Mg, = (0 2’ 2) M ) = (s L, 8)
. 2 . _1 1 _ 2 . 4 _1
k=2 Mg ) :=(0,0,1,0,0), M (31) (24’ 3l 24)’ MG, = (OO 6’3’ 6)
M(2l 3 (—21—4,%, ,—; 24) it is also p0551b1e to verify that with these masks we obtain exactness on P
ek = 3 = = (L -3 _ 3133 _1 3 = _133 1 3 =
ko= 3 M, := (0001000, M (31) = (16’ TR AR TERTS 16)’ Mao = (0’0’0’ P 4)’ M5 =
(_L 3373 _3 1
16° 167 16" " 167 16716 )’
. 4 =(-B 8 _ 58, 85 _ 81
k=4 MY, i=(0,0,0,0,1,0,0,0,0, My = (-2.3-2.81,-83-8 1),
4 . BN 7 S e P P < 4 (B _ 85 8,8 _ 58 _13
Mg, = (0000’ 18" 9°73" 9’18)’ 13) "(72’ 53 55 72)'

Imposing interpolation, for quintic splines some parameters remains free, so, in order to have masks as local as possible we can fix
them to zero, obtaining masks based on points on only the interval [x;_;, x;], otherwise we can ask for extra polynomial reproduction.

We propose some possibilities:

+ k = 1: imposing locality we obtain M(ls()) =(0,1,0), M (41) : < 5 5,0) (32) ( % % )
M(lzz) : (% 20) M(l1 o = (% %,0 ; imposing exactness on P, we obtain M<|50) :=(0,1,0),
Mg = ('%’1’ 10) Mo = (‘%%i) Mg = (i%‘%) Mg = (%1‘%>
* k = 2: imposing locahty we obtain M(250) = (0,0,1,0,0), M (4]) = ;, ‘; 2,0 0) (32) = (%,— s ]52 0, O) (2% =
( 3 2,0 0, 0) (1 e ( 5 5 5,O 0) imposing exactness on P, we obtain the masks in [7, Proposition 11];
* k = 3: imposing locality we obtain M(350) =(0,0,0,1,0,0,0), M}, := (—; =+,-2,2,0,0, 0)
Méz) '—( ;,15—8,—%,‘1‘(1),000) (23) : ( 20,0, %,—10,000) M(314) (é,—%,%,—w,ooo) imposing exactness on

. 3 (L 3 _9
P, and fixing to zero the remaining free parameters, we obtain M(5 N =(0,0,0,1,0,0,0), M ( e ( 55 15° " 15" 2 20’0 O)

3 .
M(3 2)

. 4
k=4 M(50)

1)

4
M(3 2) °

(14) *

My, = (-

11

—30°

15
1
5>

%’_Zg i ;g,0,0) (2%) = (%’_290 ié"i 890’00) (14) : (%),—%,%,%,—;—0,0,0 ;
=(0,0,0,0,1,0,0,0,0), M,  : (é -2, 2, -1 80,0, 00)

- %-5.2.0000), Mh = (101 5 -5.0.0.0,00),

,-2.1-20000).

We remark that other conditions can be imposed in order to obtain operators with interesting features (see [7]).
Regarding the approximation properties of the constructed QIOs, thanks to standard results in approximation theory (see e.g. [9]),

we can state the following theorem.

Theorem 6. For a function f enough regular, there exists a constant C independent of f and h such that

[1Quisf = fll,, < CHH ”f(k“)HmJ , fordlieZ.

3. Numerical results

In this section we test the performance of the proposed QIs (considering those obtained by imposing extra locality) for the

function

fx) =

1
3 420x-2% _ 1 1 - 0x-72-0x-22 " 1 e—(9x—7)2—z(9x—3)2 " ieﬁ( 9x— l)—7(9x+l) xe0.1]

5
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Table 1

Maximum absolute errors and numerical convergence order.
n Es, N3, Ey, Ny, E,, Ny E;3 Ny3 E44 Ny
4 3.16(-01) - 4.01(-01) - 2.52(-01) - 2.42(-01) - 3.41(-01) -
8 2.91(-01) 1.2 1.87(-01) 1.1 4.94(-02) 2.4 5.45(-02) 2.1 2.06(-02) 4.1
16 1.28(-01) 1.2 8.03(-02) 1.2 5.77(-03) 3.1 6.50(-03) 3.1 8.97(-04) 4.5
32 3.67(-02) 1.8 1.56(-02) 2.4 2.86(-04) 4.3 3.21(-04) 4.3 4.48(-05) 4.3
64 9.70(-03) 1.9 3.80(-03) 2.0 1.86(-05) 3.9 2.07(-05) 4.0 1.52(-06) 4.9
128 2.46(-03) 2.0 9.32(-04) 2.0 1.15(-06) 4.0 1.28(-06) 4.0 4.83(-08) 5.0
256 6.16(—04) 2.0 2.31(-04) 2.0 7.14(-08) 4.0 7.93(-08) 4.0 1.52(-09) 5.0
512 1.54(-04) 2.0 5.77(-05) 2.0 4.46(-09) 4.0 4.96(-09) 4.0 4.75(-11) 5.0
1024 3.86(-05) 2.0 1.44(-05) 2.0 2.79(-10) 4.0 3.10(-10) 4.0 1.48(-12) 5.0
n Es Ns,i Es, Ns, Es; N3 Es, Nsa
4 6.06(-01) - 6.84(-01) - 2.42(-01) - 6.14(-01) -
8 3.40(-01) 0.8 1.10(-01) 2.6 1.03(-01) 1.2 5.38(-02) 35
16 9.71(-02) 1.8 2.87(-02) 1.9 1.10(-02) 3.2 1.67(-03) 5.0
32 2.07(-02) 2.2 4.12(-03) 2.8 6.68(-04) 4.0 9.02(-05) 4.2
64 5.42(-03) 1.9 5.22(-04) 3.0 4.95(-05) 3.8 3.23(-06) 4.8
128 1.36(-03) 2.0 6.52(-05) 3.0 3.25(-06) 3.9 1.04(-07) 5.0
256 3.39(-04) 2.0 8.15(-06) 3.0 2.04(-07) 4.0 3.27(-09) 5.0
512 8.47(-05) 2.0 1.02(-06) 3.0 1.28(-08) 4.0 1.02(-10) 5.0
1024 2.12(-05) 2.0 1.27(-07) 3.0 7.98(-10) 4.0 3.20(-12) 5.0

that is the 1D-version of the well-known Franke’s function. We compute the maximum absolute error E;,f := maX,g
|f W) — Q4 f(w)|, for a sequence of uniform mesh with knots x; = ik, i = 0,...,n, for increasing values of n, with h = i, using a
uniform mesh G of evaluation points in the domain made of 25 points in each interval [x;, x,, ). We also compute the corresponding
numerical convergence orders N, ;. The results reported in Table 1 confirm the theoretical ones in Theorem 6.

4. Conclusions

In this paper we have proposed the construction of univariate local C?> quasi-interpolating splines having specific polynomial
reproduction properties. In certain cases we have obtained a family of quasi-interpolating operators satisfying the required
conditions, so we have fixed some extra properties (interpolation of the vertices, locality, extra polynomial reproduction) in order
to compute unique approximants. We have also provided numerical tests confirming the theoretical ones.

We remark that in the numerical tests we have evaluated the function f outside the interval [0, 1] in order to be able to construct
masks for BB-coefficients associated with domain points near the boundary. Another approach is to construct ad hoc masks for those
cases.
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