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Abstract

In this paper we propose the construction of univariate low-degree quasi-interpolating splines in
the Bernstein basis, considering C* and C? smoothness, specific polynomial reproduction proper-
ties and different sets of evaluation points. The splines are directly determined by setting their
Bernstein-Bézier coefficients to appropriate combinations of the given data values. Moreover, we
get quasi-interpolating splines with special properties, imposing particular requirements in case of
free parameters. Finally, we provide numerical tests showing the performances of the proposed
methods.
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1. Introduction

It is well-known that the approximation of functions and data in one and high dimensions is
very important and arises from many mathematical problems and scientific applications. In such
a context, quasi-interpolation is a useful tool for its peculiar features: see e.g. the book [1] for
a general overview on the application of quasi-interpolation for solving integral equations [2, 3],
for dealing with problems for partial differential equations [4, 5, 6, 7] and fractional differential
problems [8, 9], for modeling terrain [10], and other standard problems in numerical analysis [11].

Indeed, the construction of classical approximants of a given data set or a function often requires
the resolution of linear systems. Spline quasi-interpolants are local approximants avoiding this
problem, so they are very convenient in practice. In general, a quasi-interpolant for a given function
f is obtained as linear combination of some elements of a suitable set of basis functions. In
order to achieve local control, these basis functions are required to be positive, to ensure stability
and to have small local supports. Bernstein polynomial bases fulfill these requirements. In fact,
Bernstein polynomial bases are extremely helpful mathematical tools as they are simply defined,
easily implemented on computer systems and they represent a wide range of functions and curves.
Among the most powerful properties of these polynomials are the partition of unity and the fact
that they are non-negative.

Taking into account the aforementioned requirements, in this work we propose the construction
of univariate quasi-interpolating splines of degree 2, 3, 4 and 5 in the Bernstein basis, considering
C' and C? smoothness, specific polynomial reproduction properties and different sets of evalu-
ation points. The splines are directly determined by setting their Bernstein-Bézier coefficients
to appropriate combinations of the given data values (see also [12, 13, 14] where data/function
approximation in the bivariate case is faced by using such a technique).

Here is an outline of the paper. In Section 2 we give some preliminaries and we introduce the
notations used throughout the paper. Then, in Sections 3 and 4 we construct and study quadratic
and cubic quasi-interpolating splines, respectively. Finally, in Section 5 the quartic and quintic cases
are addressed. In each section, fixing the degree, we propose different quasi-interpolating splines,

*corresponding author.
Email addresses: dbarrera@ugr.es (D. Barrera), eddargani@mat.uniroma2.it (S. Eddargani),
mibanez@ugr.es (M. J. Ibdfiez), sara.remogna@unito.it (S. Remogna)

Preprint submitted to Elsevier June 4, 2023



varying the smoothness, the polynomial reproduction properties and the set of evaluation points
necessary to construct them, and we get several possibilities imposing also particular requirements
in case of free parameters. Moreover, in each section we provide numerical tests showing the
performances of the proposed methods.

2. Preliminaries

Throughout this paper, we consider the uniform partition a + hZ of the real line given by the
knots x; :=a+1i h, i € Z, with a € R and h > 0, yielding subintervals I; := [z;,x;+1], and the space
7 =S (a+hZ) of C" polynomial splines of degree d on R defined by

Sy={se C"(R):s;:=5), € Py, i€ L},

where r € N and Py stands for the space of polynomials of degree less than or equal to d > 2.
Since each point x € I; can be expressed from its barycentric coordinates (1 —-¢,t), 0 <¢ <1,

with respect to I; as = (1 -¢)x; + t x;41, then s; can be represented in terms of the Bernstein

polynomials relative to I;, i.e., B, ; where a := (aq,az) € NZ with length |a| == a; + ag = d. They

are defined as dl
%a i (l‘) = (1 —t)al taQ, T € Il
’ a1lag!

with ¢ := #5%¢. Then, the Bernstein-Bézier (BB-) representation of s; is the unique linear combi-
nation

$i= ). baiBasis (1)

lal=d

whose coefficients b, ; are said to be the Bézier (B-) ordinates or BB-coefficients of s;. They are

naturally linked to the domain points &, ; = %mi + %xi+1 in I; determined by the barycentric
coordinates (24,22), || = d. Let Zq; = {£ai € I; :|a| =d} be the subset of all domain points

relative to I;, and let 24 := (J;ez Eq.5, where [ stands for the union without repetitions. This subset
contains the domain points in all the subintervals induced by the partition of the real line, and it

is equal to the subset {a? i€ Z}, where ;¢ := x; + s h for any irreducible rational number s.

i+do

The aim of this paperdis to construct quasi-interpolation operators (QIO for short) Qg :
C (R) — 5] exact on Py, k < d, without using a basis of B-splines of S;. This will be achieved by
defining the BB-coeflicients of the restriction of the quasi-interpolant (QI for short, also for quasi-
interpolation) Qg , i f = Qu.rx [ f] to each subinterval I; from the values of f at specific points lying
in a neighbourhood of I; depending on the degree (d), the regularity (r) and the exactness (k).
As the partition is uniform, it will suffice to define the BB-coefficients associated with the domain
points in a set D; such that Z4 = UsezD;. A classical result [15] shows that for an enough regular
function f there exists a constant C' independent of f and h such that | Qg xf — f]| < ChHF+1

oo,Ii -
||f(k+1)||°o ; forallieZ.

3. Quadratic quasi-interpolants

This section is devoted to define a QIO Q1 using the strategy described above.

3.1. QI from point values at knots and midpoints

The C! quadratic QI Qa1 1f will be constructed assuming that the values f (z;) and f (a:i%)
are known and such that Qs ;; is exact on P;.
Since Qo211 f € S3, following (1) we write

Qf\Ii = Z boc,i (f) %a,i~

|axf=2

The B-ordinates b, ; (f) are linked to the domain points x;, Tyl and x;.1, so that we choose

D, = {xi,xﬂé}, i € Z, to produce a partition of Z (see Figure 1). Therefore, only b5 0y (f) and
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Figure 1: The set D;, the three points at which the function to be approximated is evaluated and the BB-coefficients
involved to get C! continuity.

b1,1),i (f) must be defined so that Q11 satisfies the required conditions. They will be defined
from the values of f at points £ 1y,-1 = Ti 1, §2,0,),i =i and §(1,1)),i = T by writing them in
the form

boc,i (f) = Na,Of (xz—%) + Na,lf (xz) + Ma,?f (Z‘H%) , Q€ {(270) ) (17 1)}7 (2)
so that masks fio := (Ha.0s Ha1s Ha,2) € R® must be determined.
Proposition 1. Under the above conditions, the masks ji(2,0) = (%,0, %) and fi(1,1) = (0,0,1) are
the only ones that give rise to a C' quadratic QI Q1,1 f such that the operator Q211 defined as
Q27171 [f] = Q2,1,1f 15 exact on Pl.

Proof. Let Q=051,:. Qf is C" continuous at z; if and only if

b(2,0,: (f) = % (b1,1y,i-1 (f) + b1y (F))-

Replacing in this expression each of the BB-coefficients given in (2) and equalling to zero each of
their coefficients f (a +h (i + 7)), the C! regularity is equivalent to the following conditions:
(1,1),0 = H(1,1),1 = 05 202,0),0 = H(1,1),0 + H(1,1)20 2/42,0).1 = H(1,1),15 202,002 = By 2- (3)

On the other hand, the exactness of Q on P; is achieved by imposing that the BB-coefficients
of the monomials my, (z) == 2*, k e Nu {0}, equal those of Qmy, for k = 0,1. Taking into account
that (1,1,1) and (xi7$i+%,xi+1 are the BB-coefficients relative to I; of mg and m as quadratic

polynomials, respectively, and also the expressions of b, ; (my) given by (2), after simplification,
the required exactness is achieved if and only if the following additional constraints hold:

H(2,0),0 T H(2,0),1 T H(2,0),2 = 1, p(1,1),0 F #(1,1),0 11,02 =1, 142,000 — 142,0),2 =0, (4)
1
TR0 T AD.2 T 50 200 204(2,0),1 T 31(2,0),2 = 2.

The system constituted by the equations given in (3)-(4) has a unique solution given by the masks
appearing in the statement. O

The BB-coefficients of Q31 1f relative to I; are

o (F) =5 (£ (71o) + 7 (7208)) s bunns (D =7 (103 b0 () = 5 (F (002) + £ (03)) -

Increasing exactness requires defining the BB-coefficients as linear combinations of five point val-
ues f (xi_1+l), j=0,1,2,3,4 (see Figure 2). Then, we use masks fio = (fba,05 a1 a2, a3, Ha,d)-
2
In short,

4
bai () = 22 taif (#1121 ), @ €{(2,0),(1,1)}. (5)
§=0
The following result holds.

Proposition 2. The masks ji2,0)y = (—%,1,—%,1,—&) and fiq,1y = (0,0,—%,Z—%) produce the
unique C' quadratic QI Qa1.2f such that the operator Qo1 defined as Qo12[f] = Q21,2f is

exact on Ps.
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Figure 2: The set D;, the five knots and midpoints around «; at which the function to be approximated is evaluated,
and the BB-coefficients involved to get C'' continuity.
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Figure 3: The set D;, the five knots around z; at which the function to be approximated is evaluated, and the
BB-coefficients involved to get C'! continuity.

Proof. The proof runs as in Proposition 1. By (5), @ = Qa1 is C'' continuous at z; if and only
if pe(1,1),0 = p1,1),1 = 0 and

2,U(2,0),0 — H(1,1),0 ~ H(1,1),2 T 0, 2/1(2,0),1 ~ Ha,1),1 T H(,1),3 T 0, 2#(2,0),2 —H(,1),2 T H(,1),4 T 0,
2p(2,0),3 = #(1,1),3 = 05 2p(2,0),4 = 1(1,1),4 = 0.

The exactness of Q on Py is equivalent to the following conditions:

H(2,0),0 T £(2,0),1 T K(2,0),2 T £(2,0),3 T 1(2,0),4 = 1,
1 1
H(2,0),0 * 5#(2,0),1 - 5#(2,0),3 ~ 1(2,0),4 = 0,

1 3
SHo T 02+ S8 T 2p(2,0y,4 = 1,

1 1
O T RN V(R R CR O 0,

B(1,1),0 + H(1,1),1 + H(1),2 FEL1),3 T L4 = 1

1 1 1

+ — - = - = -

H(1,1),0 2l$(1,1),1 211(1,1),3 H(1,1),4 9’
1 1

(2,000 + H0)1F 72,008+ H(2,0)4 = 0,

1 9
7Moo 2 F 503+ Hiee 4= 1

Solving the system with these 15 linear equations the claim follows. O

The obtained masks determine the QI Qs 2f in each interval: its BB-coefficients are

b2,0),: (f) = —if (wi-1) + f (:Ei_%) - %f (zi)+f (xné) - if (wis1),
by (F) = =5 )+ 27 (g ) = 5 f o),
beo,2).i (f) = —if(l”i) + f(xn ) - %f(wm) +f (wwg) - if(:tm).

1
2
3.2. QI from point values at knots

We complete the quadratic case by considering the construction of QIs ng‘l)Q f exact on Py
assuming that only the values of the knots are known (see Figure 3), i.e., we consider BB-coefficients
of the form

4
ba,i (f) = Zoﬂa,jf(xﬂj—Q)v aE{(Z,O),(l,l)}. (6)

The superscript kn is used to indicate that the QI is defined only from point values at knots.

Proposition 3. Let us suppose that the BB-coefficients of ng)"mf relative to the interval I; are
given by (6). Then, the operator Q" , defined as Q5% ,[f]= Q" of is ezact on Py and produces
c! hQis z‘{Rand only if paoy = (A g =20, 3,2 42X, =2 = X) and pgr,1y = (0,2X, 5 —6X, 1+ 6X, -1 - 2))
with A € R.



Proof. The proof is similar to those of Propositions 1 and 2. With the masks given in (5),
of = Q%f‘mf is C! continuous at z; if and only if H(1,1y,0 = 0, =2p(2,0y,4 + H(1,1),4 = 0 and

—24(2,0),k + H(1,1)k + H(1,1)k41 =0, £=0,1,2,3.
The exactness of Q on Py is equivalent to the following conditions:

H(2,0),0 T H(2,0),1 T H(2,0),2 T H(2,0),3 T H(2,0),4 = Ly f4(1,1),0 ¥ 1(1,1),1 + 4(1,1),2 + 1(1,1),3 + h(1,1),4 = 1,

1
=20(2,0),0 = 1(2,0),1 T 14(2,0),3 + 214(2,0),4 = 0, —2p¢1,1),0 — H(1,1),1 + H(1,1),3 F 2H(1,1),4 = 2’
—14(2,0),0 T 1(2,0),2 T 214(2,0),3 + 314(2,0),4 = 1, 4p0¢1,1),0 + 41,1y, + 11,1),3 + 441,1),4 = 0,
B(2,0),0 + H(2,0),2 + 41(2,0),3 + (2,004 = 1, 4p(2,0),0 + H(2,0),1 + K(2,0),3 + 4H(2,0),4 = 0.
The solution of this system leads to the masks in the statement. O

The obtained masks determine 912{,“1,2 f in each interval I;: its BB-coefficients are

oy (1) = A i2) + (5 =20 ) £ ) + 20 )+ (5 +20) 7 i) = (5 ) £ i),
by (f) = 2Af (2i1) + (i - 6>\) F @)+ (146)) f (2i01) (i . 2)\) F(@ie0)
b0y (1) = AF () + (5 =2) £ @)+ 25 o) + (2 +20) £ i) = (54 3) £ (uvo).

Remark 1. It might be thought that this constructive process would lead to the same masks as
those provided by the classical QI exact on Py based on the C' quadratic B-spline My centered at
the origin (see [16]), i.e.

Qf:Zé(—f(a+h(i—1))+10f(a+hi)—f(a+h(z’+1)))M3(%—z').

€7

Thez are (—%7%,%,—%,0) and (O,—é,%,—%,O). It is clear that no value of X\ leads to these
masks.

Remark 2. Having a free parameter would allow the construction of QIs with particular charac-
teristics, such as superconvergence at specific points, typically the knots and midpoints of the I;
intervals. A simple calculation proves that A = —1—16 produces errors

|O8™ o f (22) = f (23)] = |bea0y.i (f) = f (23)| = O (R,

lecﬁ,z (901 + g) -f (ﬂfz + g)’ = E (b(2,0),i (f) +2b(1,1),: (f) +D(2,0),i+1 (f)) -f (xz + g)‘ =0 (h4) .

The resulting masks are

| =
| ot
oo | ot
|
oo | =
N —

_(_il§l_i) and _(0_
H(2,0) = 16°4°8°4" 16 H(,1) = )
Consider the differential QI
h2
Df = Z(f (i) -5 1" (Iz‘—;))Mi’
i€

where M; 1is the quadratic B-spline supported on [a+ (j —2) hya+ (j+1)Rh]. It is exact on Ps.
If the linear functional

di[f]=f (2iy) - %f (2:-3)

1s discretized from the values of f at the knots lying in the support of M;, then the linear functional

T = § (- (@2) #55 (rica) +5F () = £ (7201)
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Figure 4: From left to right, the plots of test functions f1, fo and fs.

results. The masks corresponding to

are also p(z,0y and i 1y-

Remark 3. Another way to choose a value of the parameter X\ is to minimize an upper bound of
the infinity norm of the operator Q’i"l,g. Since

1957 2. < max {0, |nanl,}

where the 1-norm of v = (v1,...,vy,) is giwen by |v||; = XL, |vi|, we propose to determine A by
minimizing
Us () = max{ ol - |anl, }
5 |1 1 3 1 1
:max{f-t- = =2A[+ =+ A+ A+ 7+2>\‘, S —BA[+ |- +2) +2|)\|+|1+6>\|}.
8 18 8 8 4 4

This is a (non strictly) convez function. Its absolute minimum is equal to % It is attained at every
value of \ lying in the interval [—%,0]. The value A =0 produces the masks p = (0, %, g, %7 —%)
and fi1,1y = (070 L 17—1). And X\ = —% gives the masks p(2,0) = (—é%, 0) and pi1,1y =

191 T
(0,-1,1,1,0).

3.8. Numerical tests
To test the performance of some of the obtained C! quadratic QIs we will use the following
functions:

(2,0
5 1
878’

fi(z) = §e—2(9m—2)2 _ 16—(91—7)2—(995—4)2 + 16—(91—7)2—%(91—3)2 + §el—10(—91—1)—$(9z+1)2
4 5 2 4 ’

fa(z) = %z cos? (4 (as2 +x - 1)) ,

fa(z) = —ixeﬂ”/z sin (37x) .

Functions f; and fo are the 1D-versions of Franke’s and Nielson’s functions [17, 18]. Their plots
over the interval I = [0,1] appear in Figure 4, and their QIs will be defined in I. The tests are
carried out for a sequence of uniform mesh with knots z; =ih, ¢ =0,..., n, where h = %

In general, for a given QI Q,, f, the associated error is estimated as

En (f)= max |Q,f (20) - f (20l

0<£<200

where z; are equally spaced points in I. The estimated numerical convergence order (NCO) is
given by the rate

10g (&n, /€ns)

log (na/n1)

Table 1 shows the errors and NCOs obtained for the three test functions using the two considered
from the QIs given in Proposition 2 and Remark 2. They are in good agreement with the theoretical
results.

Figure 5 shows the plots of the errors incurred when approximating the test functions in the
interval I by the QIs whose masks are given in Proposition 2 and Remark 2. Visually the graphs
of the QIs are indistinguishable from those of the test functions. The results provided by the QI
based on values at knots and midpoints are slightly better.

NCO =



fi fa f3

n error NCO error NCO error NCO
16 | 2.58 x 1072 5.67 x 1072 3.59x 1077
32 3.31x1073 | 2.964 | 4.63x1073 | 3.618 | 3.47x107° | 3.373
64 | 2.56x107* | 3.692 | 3.49x107* | 3.729 | 3.88 x 1076 | 3.159
128 | 2.48x107° | 3.368 | 3.36 x 10™° | 3.380 | 4.68 x 1077 | 3.052
256 | 2.96 x107% | 3.068 | 3.60x 1076 | 3.220 | 5.77x 1078 | 3.019
n error NCO error NCO error NCO
16 | 7.62 x 1072 9.58 x 1072 1.10x 1073
32 | 1.08x1072 | 2.822 | 1.40x1072 | 2.772 | 7.60x107° | 3.853
64 | 817x107% | 3.722 | 1.13x1073 | 3.639 | 5.93x 1076 | 3.679
128 | 5.56x 107° | 3.877 | 7.85x107° | 3.842 | 5.60 x 107 | 3.404
256 | 4.13x107% | 3.752 | 6.15x 1076 | 3.674 | 6.33x 107 | 3.146

Table 1: Errors and NCOs for fi, fo and f3 in applying the QIs in Proposition 2 (top) and Remark 2.
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Figure 5: Plots of QI errors for fi1, fo and f3 after dividing the interval I into n = 64 equal parts. Top, those
corresponding to C'' quadratic QI exact on Py based on values at knots and midpoints. Bottom, those provided by

kn : __ 1
Q2,172 with A = ~i5

4. Cubic quasi-interpolants

This section aims to construct cubic QIs Qs , following a procedure similar to the one used
above. Although the exactness on P; and Py could be imposed, we will restrict ourselves to the
case k = 3 to define operators Qs , := Qs ,3. The first step is to choose a partition of Z3. This

case allows to select a subset symmetrical with respect to the knot, namely D; = {xi, 1T, Ty 1 },
so that only the BB-coefficients associated with those domain points have to be defined. We write

QS,eri = Z ba,i (f) %a,h

=3

and we opt to simplify the notation by not indicating that the BB-coeflicients b, ; (f) depend on
T

4.1. Ct cubic quasi-interpolation from point values at knots and midpoints

Also in this case we guess
4
ba,i (f) = Z /J/Ot,jf (xi_1+%) , QL€ {(370) y (2? 1) y (172)} ’ (7)
§=0

for masks fto = (f4a,05 Ha,1; a2, Ha,3, Ba,4). Figure 6 shows how the subset D; is chosen, as well as
the points at which the function is evaluated to define the BB-coefficients.
We have the following result.
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Figure 6: The BB-coefficients associated with the three points in the set D; are calculated from point values at the
five marked knots and midpoints.

Proposition 4. The operator Q31 is exact on P3 and produces C cubic QIs if and only if

Hz,0) = (K, —4k, 1+ 6k, 4K, K) ,
8

1 11
,114(2}1):( 18+4)\+2n -A -8k, — +‘;’)\+12/<;f A =8k, — 6+1>\+2R)’

1

fi(1,2) = (% (2-92), A, & (1003 ¢

(97-5), - (2 3/\))

with £, A € R.

Proof. The proof is similar to that of Proposition 1. Q3 f is C'-continuous at z; if and only if

b(3,0),i (f)—*( (1,2),i- 1(f)+b(2 1), (f))

This, together with conditions equivalent to the exactness on P3, results in a system on 20 equations,
having the 2-parametric family of solutions given in the statement. O

The parameters can be chosen to satisfy various properties of interest, as in Section 3. For
example, the QI could interpolate the point values at the knots, or be superconvergent at certain
points, or be near-minimally normed, or a combination of properties, if compatible. In the following
we indicate the conditions on the parameters leading to the considered properties.

INTERPOLATION AT KNOTS

Since 3,0y = (%, —4k,1+ 6k, -4k, k), the value £ = 0 produces the mask (0,0,1,0,0) for the
BB-coefficient b3y, (f), so it is equal to f(x;) and the QI interpolates the value of f at ;.
The parameter A remains free, so interpolation at knots can be combined with the minimization
of an upper bound of the inﬁnity norm of the resulting operator, ngl, defined from the masks

a0y = (0,0,1,0,0), gy 1y = (=15 + §A A 5+ 53X, § = A, —§ + 1) and
1 1 1 1
u‘()m):(%(2—9/\),)\,6(10—9>\),§(—8+9/\),E(2—3>\)).

Therefore, an upper bound to H le ”oo is given by

1’ M((J21)|1’

Us (A) = max{”“% 0l HL2) ”1}

1 1 1
—max{ L2 ON+ N+ S 240N+ =B =9+ — [2- 3N,
6 9 12
1 1 1
—|2—9)\|+|)\|+7|10—9)\|+f|8—9)\|+—|2—3>\|}.
36 6 9 12

It is a strictly convex function (see Figure 7). It reaches its absolute minimum only at A = %,

providing the QIO Q)'} defined from (0,0, 1,0, 0). (fe: =1 —7) and (~1. §. 1.4 1),

Table 2 shows the errors and NCOs when Q3’19 is applied to approximate f1, fo and f3. It uses
point values at knots and midpoints and is interpolatory at knots.
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Figure 7: Graph of the objective function Ug in a neigbourhood of the point at which it attains its minimum value.

fi f2 f3

n error NCO error NCO error NCO
16 | 1.15x 1072 8.43x 1073 4.85x107°
32 | 5.67x107* | 4.346 | 7.81x107* | 3.432 | 3.02x 107 | 4.007
64 | 3.72x107° | 3.929 | 5.14x107° | 3.925 | 1.87x 107" | 4.015
128 | 2.17x107% | 4.098 | 3.16 x 107¢ | 4.025 | 1.18 x 10™8 | 3.990
256 | 1.39x 1077 | 3.968 | 1.80 x 1077 | 4.133 | 7.18 x 10710 | 4.034

0.5 . -
Table 2: Errors and NCOs obtained when Q.7 is used for approximating f1, f2 and f3.

SUPERCONVERGENCE AT MIDPOINTS
Applying de Casteljau’s algorithm, the value of Qs ; at midpoint x, 1 is given by the expression

a2 (f) = = (b(3,0),i () +3be2,1y.: (f) +3b(1,2),i1 (f) + bz,0y,601 (f)) -

0| =

As the operator is exact on P, the error e/ (f) = qi/2 (f) - f(aci%) is null on P3. A simple
calculation shows that €15 (m4) = %6/14 (-1 +24k). Therefore, the choice k = 1/24 gives rise to a
1
QI Q34 f superconvergent at x; 1 As again ) is a free parameter, so it is also possible to minimize
i
the inﬁnity norm to Q3% . In this case, the minimum value of the upper bound is reached uniquely at
_ 115 5 _1
A= 5 )

187 4° 187 72
1 5 5 _11 7
and pu(1,2) = ( 720187 47 18’72)'

which provides for Q“"S the masks 13,0y = (i, -1,2 -4 2%1), [i(2,1) = (772,

SUPERCONVERGENCE AT DOMAIN POINTS INSIDE INTERVALS
Analogously, given that the values of Qs at z;,1 and x;, > are

a3 (f) = (8b(3 0),i (f) +12be21y,i (f) +6b1,2y,i1 (f) + b3,0,i41 (f))

and
1
q2/3 (f) = 97 (b(370),i (f)+ 6b(271),i (f)+ 12b(1,2),i+1 (f)+ 8b(3,0)7i+1 (f)) )

respectively, the errors €13 (f) = q1/3 (f) - f( - 1) and €9/3 (f) = qo/3 (f) —f( 2) are null on

324 (27)\ + 594/1 28) and e9/3 (my) = 324 (27)\ 378k +4) hold

Therefore, superconvergence is achieved at x; + 3 hoif 27X + 594y = 28, while it will realised at x; +
if 27X\ - 378, = —4. Tt is obtained at both points if and only if k = 8/243 and X = 76/243, in

: _ 8 32 97 32 8 _ 43 140 97 76 11
which case the masks are 3.0y = (333, 355+ 810~ 518 313> Jen = (456° =213 81+ 243> s ) and

012 = (=30 25, 37, - 449, ). They provide the QIO Q7"
For this operator Table 3 shows the errors and NCOs when the tebtb functions are approximated.

Plots of QI errors for n = 64 appear in Figure 8.

P3 and the equalities €5/5 (m4) =



fi f2 f3

n error NCO error NCO error NCO
16 | 9.25x 10773 7.45x 1073 3.68 x 107°
32 | 4.13x107* | 4.485 | 5.70x107* | 3.707 | 2.31x 107 | 3.994
64 | 2.48x107° | 4.057 | 3.79x107° | 3.910 | 1.44x 107" | 4.006
128 | 1.77x107% | 3.809 | 2.41x107% | 3.974 | 8.62x 107 | 4.060
256 | 1.10x 1077 | 4.010 | 1.52x 1077 | 3.993 | 5.79 x 1071° | 3.898

8

76
4

Table 3: Errors | fy — Q34372% fy|, £=1,2,3, and NCOs.

00010 00010 =
: : 0.0001
0.0005 > 0.0005

T : 1o 000005
-0.0005 = ~0.0005 -

00010 -0.0010% { 02 54 06 08 0

H -0.0015
-0.0015 % B -0.00005

00020 -00020 =

-0.0025 -0.0001

8 76
Figure 8: Plots of QI errors when the operator Q24%"2%% is applied to f;, £=1,2,3

SMALL INFINITY NORM
Another way to select the parameters A and p is to minimize the upper bound

pen |, lea )

1
= 5 max {2 - 9| + 4[8  9A| + 6110~ 9A| + 32 = 3\| + 36|A| 10| + |1 + 6],

Us (A, ) = max { | 3,09

1 9

419X + T2k — 8| + 36 | A + 8k| + 3|3\ + 24k — 2| + [9X + T2k — 2| + 6|9\ + T2k + 2}

of the infinity norm of Qs ;. It is a strictly convex function and Figure 9 shows the structure of
the projection of the graph of Us around the unique point where it reaches its absolute minimum:
it is the point of intersection of four planes. It follows that |Qsz 1], < Us (g, —%) = 1—93. The masks
. . _(_1 41 4_1 _(_1 18 _1
associated with these parameter values are p 3y = (—5, 51305~ 5), B(2,1) = (_E’O’ g —g) and

pa2) = (=6 55,0, -75)-

| oo

4.2. C! quasi-interpolation from point values at knots
When only the point values at knots are known, we look for a QIO ng“l exact on P3 such that
ngnl fis C' continuous. Its BB-coefficients are of the form

ba,i (f) = Z(:)Ma,jf (wi—2+j) , Q€ {(370) ’ (27 1) ) (1’2)} (8)

for masks o = (a0, a1y Ba,2s a,3s fa,a) (see Figure 10).
The following result holds, whose proof goes as in the previous cases.

Proposition 5. The operator Q’g”l is exact on P3 and produces C' cubic QI if and only if
s, 0y = (K, —4k, 1+ 6K, -4k, k),
1 ) 1 1
H(2,1) = (—)\+21£,—* +4X -8k, = —6A+ 12K, = + 4\ - 8Kk, —— —)\+2/£),
9 6 3 18
1 7 1 1
=(A = =4\ = +6A,—= -4\, — + A
/’L(l,2) ( ’ 9 ) 6 ’ 3 ) 18 )7

k and X being free parameters.

10
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Figure 9: Projection of the graph of the objective function in a neighbourhood of the point at which its absolute
minimum is attained.

i+§ Tivo
|
I

Figure 10: The BB-coefficients associated with the three points in the set D; are calculated from point values at
the five marked knots.

Again, the two-parameter dependence allows one to construct QIs with specific properties: in-
terpolation (I), superconvergence at the midpoints (SC 1/2), superconvergence at a point resulting
from dividing each interval into three equal parts (SC 1/3 & SC 2/3), or minimum value of the
upper bound of the uniform norm of the operator provided by the maximum of the 1-norm of the
masks, i.e. near-best (NB-) QL.

Table 4 shows the results obtained in several cases combining superconvergence, interpolation
and near minimal infinity norm.

As shown in Table 4, when interpolation is required at the knots, the parameter x takes the
value zero and A is free. This allows to minimize the upper bound of the uniform norm of the
operator provided by the 1-norms of the masks. It is a strictly convex function, whose absolute
minimum is reached at A = —%. Therefore, for Kk =0 and A = —3—16 the uniform norm of the QIO
is less than or equal to 3/2 and the masks associated with z;, x; + % and x; — % are (0,0,1,0,0),
(%,—%,1,%,—?}—6) and (—%,%,1,—%, %), respectively.

Also the SC 1/2 case shown in Table 4 (k = ﬁ) gives rise to a family of masks depending
on A. Again, it is possible to determine its value in such a way that it results in an operator
with almost minimal infinity norm. It is straightforward to prove that the upper bound attains at

A = ——22 its minimum value, which is equal to % ~ 1.516. The masks of x;, x; + % and x; — % are

1152
1 1 65 _1 _1 35 67 65 61 29 29 61 65 _ 67 _13 :
(382:- 96 610 957 381)> (Thez> 388> o> 29> ~1352) 2nd (1355, 355+ 64> ~ows» 1153 ) Tespectively.
Regarding the result on the NB case included in Table 4, Figure 11 illustrates the structure of
the objective function near the (unique) point where it attains its absolute minimum.
The performance of the QI SC 1/3 & 2/3 included in Table 4 is illustrated in Table 5, where

the errors when approximating the test functions are shown.

4.3. C? cubic quasi-interpolation

It is natural to ask whether the use of point values at knots and midpoints makes it possible
to get C? cubic QlIs exact on P3. The following result holds.

Proposition 6. There is no QIO exact on P3 that provides C? cubic QIs whose BB-coefficients

11



K A Lo, @ €4(3,0),(2,1),(1,2)} UB

I 0 free | Depending on A
SC 1/2 ﬁ free | Depending on A
(0,0,1,0,0)
1 L _7 19 5 _1 14 _
1&SC1/3 |0 -5 | (F-%2,5,-4 4 =1.556
(_L 717 5 1
277272 18> 27754

1&SC2/3 |0 -4 1 1,556

(

(

( 2

(155213 51 213 758
SC1/3&2/3 | & | -& | (&,-25,8 52 _2) 25 - 1.512

(

(

(

486 972 9727 2437 8172437 972 162
_25 52 82 _ 56 ﬁ)
9727 2437 81" 243’ 972
_1 115 _l)
187972797 9
1 1 1 4 2 1 11
NB 18 12 12’9’3’07 36) 9 =1.222
(_L 0.2 4 _L)
36723297 12

Table 4: Parameter values obtained by imposing on cubic QIs constructed from point values at knots the charac-
teristics specified. The value of the upper bound (UB) of the infinity norm of the operator when its masks do not
depend on any parameters is the reported in the last column. When masks do not depend on any parameter, they
are given in the natural order (3 0y, f(2,1) and p(2,2)-

-0.078
-0.080
-0.082
-0.084

-0.086

T O R S B R R
-0.058 -0.056 -0.054 -0.052 -0.050

Figure 11: Representation of projection of the objective function in a neighbourhood of the point at which it reaches
its absolute minimum.

fi f2 f3

n error NCO error NCO error NCO
16 | 3.46x 1072 2-92x1072 4.37%x107°
32 | 1.20x107* | 4.846 | 1.94x 1073 3.914 | 2.31x10°% | 4.241
64 | 3.14x107° | 5.261 | 5.50%x 107° 5.137 | 1.45x 1077 | 3.998
128 | 1.77x 1076 | 4.149 | 2.37x10°% | 4.537 | 8.72x 107 | 4.053
256 | 1.11x 1077 | 3.997 | 1.51x 1077 3.974 | 5.78 x 10710 | 3.914

Table 5: Errors and NCOs for f1, f2 and f3 when the QI SC 1/3 & 2/3 is used.
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have the structure given in (7). At most it is possible to reproduce Py, in which case the masks are

o= (50302) an=(20.303) san-(h0200)
Proof. C! continuity at x; is equivalent to the following conditions on the masks:
=20(3,0),k + H(2,1),k (1,26 =0, £=0,1,2,4.
Moreover, C? continuity at z; is obtained if and only if H(2,1),0 = H(2,1),1 = (1,2),3 = H(1,2),4 = 0 and

2M(l,2),0 - 2M(z,l),o —H(2,1),2 = 0, 2ll(1,2),1 - 2M(2,1),1 ~H(2,1),3 = 0,
B(1,2),0 T 20(1,2),2 = 208(2,1),2 — B(2,1),4 = 05 14(1,2),1 + 204(1,2),3 — 214(2,1),3 = 0,
(1,2),2 + 200(1,2),4 = 2H(2,1),4 = 0.

The reproduction of the constants is equivalent to the conditions |uqll; = 1, @ € {(3,0),(2,1),(1,2)}.
This system of equations has the unique solution given by

1 2 1 2 1 1 2
:u(3,0) = (6707§a076)7 /’[/(2,1) = (0707 §a07 3)7 M(l,Z) = (5707 §7Oa0) .

It is straightforward to verify that these masks allow to reproduce also P; but not Ps. O
Note that, in fact, the QI associated with these masks only uses point values at the knots.
Therefore, to improve the exactness we consider now point values at five knots:

ba,i (f) = ;)Ma,jf (xi+j—2) , Q€ {(370) ) (27 1) ) (1’2)}' (9)

Proposition 7. The unique QIO Q’?fz whose masks have the structure in (9) is given by the masks

_(il§l i) _(0 151 i) _(0 115 1)
:U/(3,O)_ 3679’6,97 36 ’ /’L(Q,l)_ ) 976737 18 ) M(l,?)_ ) 1873’6, 9 .

Proof. The C? continuity at x; of Ql§’12 is equivalent to the fulfillment of the following equations:
(1,24 = H2,1),0 = 0, (1,2). 0 = 20(3,0),k + H(2,1),k = 0 for £=0,1,2,3,4, and

2p01,2),0 — 2p0¢2,1),0 — B(2,1),1 =05 p(1,2),0 + 20(1,2),1 — 2H(2,1),1 — H(2,1),2 =0,
H(1,2)1+ 2#(1,2),2 - 2M(2,1),2 —H(2,1),3 = 0, H(1,2),3 + 2M(l.,2),4 - 2M(2,1),4 =0,
B(1,2),2 T 20(1,2),3 — 2H(2,1),3 — H(2,1),4 = 0

This system of equations has the unique solution given in the statement. O
The BB-coefficients in the interval I; of QI§“2 f are

bsoni (F) = g (-1 (@ioe) +47 (wim1) + 305 () + 4F (w30) = F (122)).
boy (1) = 55 (22 (i) + 151 (@) + 6 (w101 = (7002)),
b1 (1) = g5 (=F (i) 6 (20) 415 (2201) =21 (2202)),
o (1) = 55 (< (ica) +4F () + 30 (1) +47 (2i02) - (2033)).

Remark 4. By dealing with the BB-coefficients of the C? cubic B-spline My centered at the origin,
it is easy to prove that the QI we have obtained coincides with the classical QI (see [16])

Qf:Zé(—f(cwh(z‘—1))+8f(a+hz‘)—f(a+h(z‘+1)))M4(%—i).

i€
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Figure 12: The sets Df and D? providing suitable partitions of the set formed by the domain points in the quartic
and quintic cases.

5. C' and C? quartic and quintic quasi-interpolation

We complete the results on low-degree QI by providing the BB-coefficients of the QIs corre-
sponding to the masks associated with specific subsets D;, as more symmetrical with respect to x;
as possible. As there are five (resp. six) domain points in I; in the quartic (resp. quintic) case, we
choose the subsets D} and D? shown in Figure 12 to define C' and C? quartic and quintic QIs by
setting their BB-coefficients relative to the interval I;.

5.1. The C' quartic case
If the point values are known at the knots and midpoints, then again the BB-coefficients asso-
ciated with the points in D} will be calculated from f (x“l)v 7=-2,-1,0,1,2.
2

Proposition 8. Under the above conditions, the only operator Qa1 which is exact on Py and

produces C* QIs is defined from the masks a0y = (0,0,1,0,0), pes1y = (i,—%, 1, %, —i), H(2,2) =
1 2110 1 11 11

(f5:-3:5%9-5) and gz = (25,51, -5, 21)-

Proof. C! continuity at x; is achieved if and only if

(baayi-1 (f) + 5,10, () 5

N |

b(a,0),i (f) =

which is equivalent to the equations fi(q 3y x = 2/(4,0),x + K(3,1),k = 0, 0 <k < 4. Imposing that the
BB-coefficients of the monomials my (z) = 2%, 0 < £ < 4, as polynomials of degree four, are equal
to those of Q4 1my, the exactness of Q41 on Py is obtained if and only if the equalities | e Hl =1,
a€{(4,0),(3,1),(2,2),(1,2)} hold, as well as

1640(4,0),0 + H(4,0),1 + 14(4,0),3 + 1610(4,0),4 = 0, =8L(4,0),0 = £(4,0),1 + H(4,0),3 + BH(4,0),4 = 0,
410(4,0),0 + H(4,0),1 + 1(4,0),3 T 414(2,0),4 = 05 —24(4,0),0 — F(4,0),1 T H(4,0),3 + 2H(4,0),4 = 0,
(4,01 + 2H(4,0),2 + 314(2,0),3 + 4(4,0),4 = 2, H(a,0),1 +A(4,0),2 + I(a,0),3 + 16p(a,0),4 = 4,
H(4,0),1 + 8H(4,0),2 T 27H(4,0),3 T 6440(4,0),4 =8, H(4,0),1 + 1641(4,0),2 + 8L11(4,0),3 + 25641(4,0),4 = 16,
16p(3,1),0 + H(3,1),1 + 14(3,1),3 + 1614(3,1),4 = 0, =81(3,1),0 = 14(3,1),1 + H(3,1),3 + 8H(3,1),4 = 0,
Az, + 131,10+ 1,3 T AE0,4 =0, =20(3,1),0 — K30, H3,1),3 + 203,14 = 1/2,
16p(2,2),0 + H(2,2),1 + 14(2,2),3 + 16(2,2),4 =0, —8p(2,2),0 — H(2,2),1 + I4(2,2),3 + 8(2,2),4 = 0,
Af1(2,2),0 + 1(2,2),1 + H(2,2),3 T d2,2).4 = 2/3, —242,2),0 — H(2,2),1 T [(2,2),3 + 2M(2,2)4 = 1,
(1,3),1 + 20(1,3),2 + 3(1,3),3 + 4(1,3),4 = 312, p(1,3),1 FA(1,3),2 + IH(1,3),3 + 160(1,3).4 = 2,
H(1,3),1 + 8(1,3),2 T 2TH(1,3),3 + 04p(1,3),.4 =2, p(1,3),1 + 1601 3),2 + 8L(1,3),3 +256p(1,3),4 = 0.

This system of 29 equations has only one solution, which gives the masks of the statement. O
Remark 5. Note that Q4,1 f interpolates f at the knots.

If it is assumed that only the point values at the knots are known, then f (x;;), j = -2,-1,0,1, 2,
will be used to calculate the masks with which the BB-coeffcients are formed. We have the following
result, which is proved in a completely analogous way.

Proposition 9. Under the above conditions, the only operator Qi"l which is exact on Py and

which produces C* QIs is defined from the masks ta,0y = (0,0,1,0,0), p(z,1) = ( 1, %,—4—18),
(5 219 4 71 _(_ 1 1 11
e = (52531 50— 1i1) nd pas) = (156175 38)-

1 1
48’ 6”
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fi f2 f3

n error NCO error NCO error NCO
16 | 4.74x 10773 5.94x 1073 7.03x 107
32 | 1.67x107* | 4.826 | 3.07x107* | 4.276 | 2.24 x 1077 | 4.972
64 | 4.90x107% | 5.003 | 9.20x 107% | 5.060 | 6.98 x 10~? | 5.005
128 | 1.52x 1077 | 5.012 | 2.72x 1077 | 5.079 | 2.18 x 10719 | 5.000
256 | 4.83x 1077 | 4.977 | 8.81x107° | 4.949 | 7.10 x 107'2 | 4.940
n error NCO error NCO error NCO
16 | 3.59 x 1072 3.66 x 1072 7.70x107°
32 | 1.69x 1073 | 4.406 | 3.01x1073 | 3.603 | 2.56 x107% | 4.911
64 | 5.68x107° | 4.897 | 9.67 x107° | 4.960 | 8.16 x 107 | 4.971
128 | 1.77x107% | 5.007 | 3.04x107% | 4.992 | 2.44x 107 | 5.063
256 | 5.46 x 1078 | 5.017 | 1.01 x 1077 | 4.910 | 7.87 x 107! | 4.954

Table 6: Errors and NCOs for f1, fo and f3 when the QIs in Propositions 8 and 9 are used.

This result shows that, in fact, also Qﬁﬁ f interpolates f at the knots.

Table 6 illustrates the performance of the QIs given in Propositions 8 and 9. The fist part
corresponds to BB-coefficients defined from point values at five knots and midpoints. In the second
one seven point values at knots are used. The results are in good agreement with the theoretical
ones.

5.2. The C? quartic case
As far as class C? is concerned, when the values at knots and midpoints are assumed to be
known, it is not possible to reproduce P4 but P3 using masks in R®. They are

1 1 1 1
a0y = (5, =4k, 1+ 6K, -4K,K), [u31) = (ﬁ + K, "3 4k,1 + 6k, 3 4k, 51 + FL) ,

H(2,2) = (0,0, —é, %,—é) , H(1,3) = (—i + K, % -4k,1+ 6%,—% -4k, i + n) .
They yield a family of operators Q423. The value x = 0 produces quasi-interpolating splines
interpolatory at the knots. Any value k € [—%, —%] gives rise to masks providing an operator such
that the upper bound of its infinity norm (defined as above) is minimal (and equal to 5/3).
To achieve exactness on P4 it is necessary to define the BB-coefficients from at least seven eval-
uations at knots and midpoints, which we will choose as close as possible to z; and symmetrically
distributed around it. In this case we obtain the following family of masks satisfying the required

conditions:

A A
H(4,0) = (Ii, -3k — g)\,)\, 1+10k =2\, =15k + 2K, -9xk - A\, -2k + g) ,
1 7 A 29 29 7 1 A
(= k= =83k =2 S A 1+ 106 - 2), = — 15K+ 20— + Ok — A, — — 2K + 2 |,
s (72+”72 Ny T T TR T Ay TR T AA Ty TR T A ’”5)
1 75 7 1
00373_7577_777 )
H@2) ( 187 18°3" 18 18)
1 7 A 29 29 7 1 A
,u(lg):(—+f<a,———3/<a——,—+/\,1+10/$—2)\,———15/1+2)\,—+9n—/\,———2/<+—).
’ 72 72 572 72 72 72 5

If the parameters are zero, then the QI interpolates at the knots and, moreover, is supercon-
vergent at the midpoints, i.e.,

1
16 (b(470)7i (f)+ 4b(3.1),i (f)+ 6b(2,2),i (f)+ 4b(173),i (f)+ b(0,4),i (f)) - f (%4%)

In this case, the masks are

=0 (n°).

1 7 20 20 7 1

= 1 = —_—— — — — — —— —
H(4,0) (070,0, 707070)7 H(3,1) ( 7979 797 7o’ 72;72)7
_(001_75_7 1) _(1_7 29 _297_1)
e =M% 13 1w 1s) HOd T\ T T2
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fi f2 f3

n error NCO error NCO error NCO
16 | 4.75x 1073 5.94x 1073 7.03x 107
32 | 1.67x107* | 4.826 | 3.07x107* | 4.276 | 2.24 x 1077 | 4.972
64 | 4.90x107% | 5.093 | 9.20x 1078 | 5.060 | 6.98 x 1072 | 5.005
128 | 1.52x 1077 | 5.012 | 2.72x 1077 | 5.080 | 2.18 x 1071° | 5.000
256 | 4,83x 1072 | 4.977 | 8.81x 1072 | 4.950 | 7.10 x 10712 | 4.940

Table 7: Errors and NCOs provided by the superconvergent at midpoints and interpolatory at knots C? quartic QI
exact on P4 when it is applied to f1, f2 and f3.

Table 7 shows the errors and NCOs when the previous C? quartic QI is applied to the test
functions. Also in this case, the results are satisfactory.

When it is assumed that only the values at the nodes are known, and the BB-coefficients are
defined from the values f (xi4;), j = -2,-1,0,1,2, exactness can only be achieved on P, and the
following uniparametric family of masks is found:

1 1 1 1
a0y = (K, =4k, 1+ 6K, 4K, k), f31) = (@ + K, 6 4k,1 + 6k, 6 -4k, T + ,‘{),

H(2,2) = (0,—1—12, %,%,—%), H(1,3) = (—% + K, (13 4Kk, 1+ 6k, _6 4k, 418 +/<;).
Again, the value k = 0 gives rise to approximants that interpolate at the nodes. Any value k €
[—%, I 4] leads to masks that provide an operator such that the upper bound of its infinity norm
is minimal, found to be equal to 4/3, so it has been reduced relative to that obtained using values
at nodes and midpoints.
Finally, to construct C? quartic QIs exact on P4, we define the BB-coefficients from masks in
R7. In this case, a 3-parametric family of masks is obtained, namely

a0y = (K, A, =5 (3K + A), 1+ 40K + 10\, =5 (95 + 2X) , 24K + 5, =5k = N)
7 71 263
K(3,1) = (—0+2/€,—+69—6/€+/\,—%— 1560 — 5\, — 538 + 200 + 20K + 10,

576

73 7

—— =150 — 30k — 10, 7+69+18/£+5)\7—9—4H—/\),

288 576

7 4 19 2 )
[h(2,2) = (0 4(0-kK).— — =200 + 20k, — + 4060 — 40k, — — 400 + 40K, —= + 200 — 20Kk, — — 40 + 4,%) ,
144 9 24 9 144
1
H(1,3) = (—9 + 2k, —7 + 66 — 6k, ——7 - 150 - 15\, — 263 + 2060 + 20K + 10, —73 — 1560 — 30Kk — 10,
’ 576 576 288 288
—£+69+18I€+5>\ i—0—4%—/\).
576 576

Taking into account the structure of the resulting masks in the cases analysed so far, we
determine specific parameter values by imposing the following conditions:

L. fia,0y is symmetric, i.e. pi(4,0yx = H(4,0),7-k, 0 <k < 3. It will be satisfied if A = -6k
2. Applying the above condition, it will be required that p 32y 2 and p(22) 7 be equal. Tt will
be fulfilled if xk = 6 -

1152
3. Under the above conditions, it will be requested that iy 3y 1 = —p(1,2),7- It will be achieved
if 0 = 3755
Successive application of these conditions produces the values 6y = %, ko =0 and \g = —%,

and the following masks:

HEee = (0,0,0,1,0,0,0),

00,50, 0 90,/%,)\0_(_ 5 £ _217 217 _£ 5 )
ey THas) T\ 7115272887 11527 11527 288° 1152
90,R07A0_( 5 13 89 89 13 5)

(2,2) 9887 96° 144’ 144 96 288
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fi f2 f3

n error NCO error NCO error NCO
16 | 3.59 x 1072 3.66 x 1072 7.70 x 107°
32 | 1.69x1073 | 4.406 | 3.01x 1072 | 3.603 | 2.56 x 107 | 4.912
64 | 5.68x107° | 4.897 | 9.66 x 10™° | 4.960 | 8.16 x 10™® | 4.971
128 | 1.77x107% | 5.007 | 3.04x107% | 4.992 | 2.44x10™° | 5.063
256 | 5.46 x 1078 | 5.017 | 1.01 x 1077 | 4.910 | 7.87 x 107! | 4.954

Table 8: Errors and NCOs obtained when the QIO associated with the masks ugo 0,20 , la| = 4, is applied to the
test functions.

Once again, the quasi-interpolating spline interpolates at the knots. The results in Table 8
illustrate the performance of the operator defined from masks %020 |a| =

5.3. The quintic case

The construction of quintic QIs exact on Ps is carried out in the same way. As indicated
above, it is sufficient to define the BB-coefficients associated with the domain points in D?. As far
as the C! regularity is concerned, point evaluations at seven knots and midpoints symmetrically
distributed around z; are considered. The following result is obtained.

Proposition 10. The following 4-parametric family of masks provides operators exact on Py pro-
ducing C* quintic QIs:

5,0y = (K, 6k, 15,1 - 20K, 15k, —6k, k) ,

1 1 13
M4y = (2/{ -\ 125+ 6 + %,30/@ - 15X - g,—40/€ + 20\ + T

30%—15)\+2—12H+6)\ 12,% A+ 1)
5’ 10’ (0]

2 1 1 2
oy = (100 o By 20w T 6u——3u+%),

300 15 30’ 15’ 60’
23 8 11 2
—t1 —206 + 221 by S
Hos) = (5, S66 - S0, 156+ 2, -20¢ 4 =156 - —6¢+ o € 75)
1 1 7 2 1 1
u(14)=(/\ -6\ — —, 15\ + —, 20/\+—,15)\—7,—6/\+—,)\——),
’ 0 5’ 15 5 10 75

Ko\ v, € eR.

Again, we have parameters that can be chosen so that the QIs satisfy specific properties. The
following conditions are imposed consecutively.

1. Interpolation at knots, i.e., k = 0.
2. p(32).k = H(2,3),6-k, 0 <k <6. It will be fulfilled if v = § - =
3. Under the above conditions, it will be required that ju(y 4y = ft(4,1),6-k> 0 <k < 3. It will be

satisfied if \ = ﬁ

This procedure leads to constant masks ,u§5 0= (0,0,0,1,0,0,0),

133331)

¢ _(_77_7 3 3 1 1 3 3 3 3 1)
Fan =\ " 150" 50" 10" 7107 50’ 150

6 :(7_77 I
4 150" 50°10" " 10’50 50/’
and two remaining ones depending on £, namely,
2 11 8 23
oy =~ +6 — —66. - — +15¢, == —20¢,= +15 -6 )
gy = (s +6 5 06— 15 +156, 22 206, 2 + 156,20 —66,¢
and

23 8 11 2
£
H2,3) = (ga 6§, 155,%—205,—1—54—155,@—65’5_775)_
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f1 f2 f3
n error NCO error NCO error NCO

16 | 1.67x 1072 9.76 x 107% 7.98 x107%
32 [ 1.13x107° | 7.210 | 2.10x 107 | 5.539 | 6.77x 10710 | 6.881
64 | 6.97x107% | 7.340 | 1.03x 1077 | 7.312 | 7.18 x 1072 | 6.558
128 | 5.83x 10710 | 6.901 | 1.03x 1072 | 7.007 | 9.33x 107 ™ | 6.267
256 | 5.72x 10712 | 6.671 | 1.42x 10711 | 6.490 | 1.34 x 10715 | 6.120

1
Table 9: Errors and NCOs obtained when the QIO associated with the masks pg®, |a| = 5, is applied to the test
functions.

The parameter £ can be chosen by requiring an additional condition. A first option is to impose
that the upper bound

max{% 23 205‘ 17
15°130 300

1 9
_6 P
60 §‘+’75 el

+15£‘}

of the infinity norm of the operator Qg 1.5 provided by those masks be minimal. Calculations
similar to those carried out in the quadratic case allow to conclude that the minimum of this

objective function, which is equal to ﬁ, is reached for all values of the parameter £ in the small
interval [E’ %] There is no privileged choice of the parameter in this interval.

A second option is to require that the QIO Q¢ be superconvergent at the midpoints, i.e. such

’1 5 o)

5
372 ZE) (E)bﬁs_g@ (H-f (xz+%)

with » > 6. After some computations it is obtained this result with r = 7 for £ = % The

‘Qg,l,sf (IH%) —f(xH%) =

1
corresponding masks of the resulting operator Q/? - are

13 3 i_i”i)
150°50° 10" 10" 50’ 150

(1 llﬁ_ﬂi) L (1 41 131 1 31 1)
“<32> 75'300° 3215 300° 75

1
1o = (0.0,0,1,0,0,0), p, = (—

Hes) “\75° 73007 15°2° 3" 300" 75

1 3 3 3 -3 1
and M(l » =155 "55>15° L~ 16 50~ T80
to the three test functions are shown in Table 9.

Working as before, the following result can be proved.

1
). The errors and NCOs resulting when 95?175 is applied

Proposition 11. If only point values at five symmetrically distributed knots and midpoints around
a knot are used, then exactness can only be achieved on P4, existing only a unique set of masks
that produce C' regularity:

1 4 4 1 1 4 4 1
= 030717070 ’ 7]-7 T ’ 1]-7 T )
He0) = ( ) = (30 15" 15 30) H32) = (20 15" 15 12)

_(14141) _(14141)
e ={"12'5° 2 157 20)7 HOY T\ 730° 15" " 15730/

Note that the resulting quasi-interpolating spline is interpolatory at knots.
Remark 6. The masks ué,, € € R, give rise to C? quintic QIs.

To study the C? quintic cases we will follow the same procedure. When the BB-coefficients are
defined from values at knots and midpoints or only at knots, the general family of masks ensuring
exactness on Ps and C? regularity depends on two parameters. They are
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1.0 1.0
23 59 23 29
2=—-256 A+64 § z=-—+64 ¢ 22256 A+64 £ 2=-—464 §
25 75 75 25
0.5 05}
1 59 1 29
-1 WY1 S R R s 130016004 e,
-0.4 -0.2 0.2 0.4 -04 -02 0.2 04
23 23
-05 z=——+256 A-64 § -05 | z=—+256 A-64 §
25 29 75
2=—-64 ¢ z=— 64 ¢
5
-1.0 -1.0

Figure 13: Projections of the graphs of the objective functions in neighbourhoods of the points where they reach
their absolute minimum values. They are determined as intersection of four planes.

K50y = (K, —6k,15k,1 - 20K, 15K, —6K, k),

a1y = (=K + 20, p1 + 6k — 12X, p2 = 15k + 30X, p3 + 20K — 407, py — 15k + 30,
5+ 6k — 12X, pg — Kk + 2))

Ji(3.2) = (—4k + A\ + €, pr + 245 — 24\ - 6€, ps — 60k + 60X + 15€, po + 80k — 80 — 208,
p1o — 60K + 60X + 158, p11 + 24K — 24X\ — 6€,p12 — 4k + 4N+ §)

tz,3) = (&, P13 — 68, p1a + 15§, p15 — 208, p16 + 158, p17 — 6€,p18 + &) ,
1,4y = (K, P19 = 6k, p2g + 15k, pa1 — 20k, pag + 15k, pa3 — 6k, oy + K) ,

where the entries of the p := (p;); <04 depend on the type of data used to define the BB-coefficients.
When using point values at knots and midpoints, then

11 13 2 7

_(7_,7,_LL v o_2 7 16 13 2 _ 17 223 _8 11 _2 1 1 17 _
P=\56>"5"15"5""10"75"300° 15230’ 15° 60’75’ 300’ 3’30 15760’ 75°50° 5’ 15"

e 2
5
and

(L -1 141 -1 1 19 -2 8 7 -5 1 -29 4 121 -1 23 -1 -1 1 16 -1 1 -1
p= (100’ 107 157 57 20 1502 1200’ 152 1207 152 487 757 1200 15° 120> 3 » 240’ 75’ 1007 10’ 157 5 * 207 150)
if only point values at knots are involved.

As in some previous cases, the mask relative to the vertices depends only on the parameter k,
whether values are used at the knots and at the midpoints or only at the knots. If this parameter
is set to zero, it leads to QIs that interpolate at the knots, in whose masks only the parameters
A and ¢ are involved. The infinity norm of each of the corresponding operators is bounded by a
convex function defined from the 1-norms of the masks, and depends only those parameters. They
attain their minimum values at unique points. Figure 13 shows the very similar structures of both
functions.

Using point values at knots and midpoints, the minimum value (equal to %) is reached at

_ 1 _ 59 . 0,21,61
A1 = 155 and & = 5355 The masks of the resulting operator Q5,275 are
0,A1,61 _
/LI’(,S’O) - (0’ 07 07170’07 0)7
M6 (L1889 8 8 1y 0M&_ (13 3 3 3 1)
Py =\T1500500 1001700 7500 150/ H1,3) = \150° 7500107 T10°50° 150/
0,M1,€1 _(_ 23 263 _ 67 25 817 _ 313 59 ) 0,A1,€1 _( 59 _ 313 817 25 _ 67 263 _ _23 )
P32y = \71600° 2400° ~192° 48> 960> 2400 4800/ H(2,3) = \4800° ~2400° 960° 48° T 192 2400 _ 1600
When only point values at knots are used, the minimum value (equal to %) is attained at
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_ 1 _ 29 kn,0,A2,82
A2 = 355 and &3 = 7555 The masks of Q5,275 are

Koy > = (0,0,0,1,0,0,0),

kn (-1 3 _3 13 _3 _1 knOAa,62 _ (1 _ 3 3 ¢{_3 3 _ 1
“(4,1)707)‘2’52 - ( 300’ 100°  20° L, 207 100° 300)7 /‘(1,3) - (3007 100° 20° L, 207 100’ 300)7
kn,0,A2,&2 _( 23 31 59 31 517 _ 319 29 ) kn,0,A2,&2 _( 29 319 517 31 _ 59 31 23 )
= , = .

'u(3,2) 'u(2,3) 1600° 2400’ 960 48° 960’ 2400’ 4800

48007 24007 9607 482 9607 2400’ 1600

Also the following result holds.

Proposition 12. The use of values at five knots symmetrically distributed around a knot allows
only to reproduce Py, and this is done with the following masks:

— _ (1 2 2 1 _ 7 1 71 3
,U/(5’0)—(0,0,1,0,0), M(4,1)_(@a_175a17175a_@)7 M(3,2)_(%a_g7§7§7_%)7

(-3 17 1 7 (-1 2 _2 1
/‘(273)‘( 80’3 8” 5’240)7 ”(1,4)‘( 60°15° " 1576 )

6. Conclusion

In this paper we have proposed the construction of low-degree quasi-interpolating splines in the
Bernstein basis, considering C* and C? smoothness, specific polynomial reproduction properties
and different sets of evaluation points. The splines have been determined by means of masks, by
setting their Bernstein-Bézier coefficients to appropriate combinations of the given data values and,
in case of free parameter in the mask definition, we have imposed particular requirements, getting
quasi-interpolating splines with special properties. Moreover, we have provided numerical tests
showing the performances of the proposed methods.
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