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Abstract

We study the nodal set of stationary solutions to equations of the form (—A)‘u =
AJr(qu)"’1 —A_(u_)?"! in By, where Ay, A >0,q €[1,2),and u and u_ are respec-
tively the positive and negative part of u. This collection of nonlinearities includes the unstable
two-phase membrane problem g = 1 as well as sublinear equations for 1 < ¢ < 2. We ini-
tially prove the validity of the strong unique continuation property and the finiteness of the
vanishing order, in order to implement a blow-up analysis of the nodal set. As in the local
case s = 1, we prove that the admissible vanishing orders can not exceed the critical value
kg = 25/(2 — gq). Moreover, we study the regularity of the nodal set and we prove a strat-
ification result. Ultimately, for those parameters such that k; < 1, we prove a remarkable
difference with the local case: solutions can only vanish with order k; and the problem
admits one dimensional solutions. Our approach is based on the validity of either a family
of Almgren-type or a 2-parameter family of Weiss-type monotonicity formulas, according
to the vanishing order of the solution.
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1 Introduction

The analysis of the nodal set of solutions of elliptic equations has been the subject of an
intense study in the last decades, starting from the works [9, 19-21], with a special focus on
the measure theoretical features of its singular part.

These works provide a fairly complete picture of the geometric structure of the nodal set in
the case of solutions of linear equations and they easily extend to a wide class of superlinear
equations of type —Au = f(u), provided that the nonlinearity is locally Lipschitz continuous,
that f(0) = O and that ¥ € LZ°. From a geometric point of view, the nodal set of a weak
solution of class C! splits into a regular part, which is locally a C! graph, and a singular set
which is a countable union of subsets of sufficiently smooth (n — 2)-dimensional manifolds.
Moreover these equations satisfy the strong unique continuation principle and the solutions
vanish with finite integer order (see e.g. [15, 16, 21]). A similar structure also holds under
weaker assumptions, that is, for weak solutions of linear equations in divergence form with
Lipschitz coefficients and bounded first and zero order terms (see [19]).

Instead, the picture change drastically if we switch to semi-linear elliptic equations with
non-Lipschitz nonlinearities: given g € [1, 2), let us consider for example the class of equa-
tions

—Au= ) V= A_w_)"" inBy, )

where Ay, A > 0,q € [1,2), B; is the unit ball in R” and u; = max(u, 0) and
u_ = max(—u, 0) are respectively the positive and negative part of u. Notice that the main
feature of these equations stays in the fact that the right hand side is not locally Lipschitz
continuous as function of #, and precisely has sublinear character for g € (1, 2) and discon-
tinuous behaviour for ¢ = 1. It is well known in the literature that in the case A, A— < 0,
the features of the nodal set of solutions are substantially different in comparison with the
linear case since dead cores appear and no unique continuation can be expected.

However, in the unstable setting the solutions resembles some features of the linear case.
Indeed, recently in [33] have been proved the validity of the unique continuation principle
forevery g € [1, 2) by controlling the oscillation of the Almgren-type frequency formula for
solutions with a dead core. On the other hand, in [25] has been shown that the strong unique
continuation principle holds for every ¢ € (1, 2), with an alternative approach based on
Carleman’s estimate: in both papers it has been emphasized that the standard approaches are
not applicable in the sublinear and discontinuous cases and have to be considerably adjusted.
Finally, in [31] the authors investigate the geometric properties of the nodal set and the local
behaviour of the solutions by proving the finiteness of the vanishing order at every point and
by studying the regularity of the nodal set of any solution. More precisely, they show that the
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nodal set is a locally finite collection of regular codimension one manifolds up to a residual
singular set having Hausdorff dimension at most (n — 2).

Ultimately, the main features of the nodal set are strictly related to those of the solutions
to linear (or superlinear) equations, with a remarkable difference: the admissible vanishing
orders can not exceed the critical value k; = 2/(2 — ¢). Moreover, at this threshold, they
proved the non-validity of any estimates of the (n — 1)-dimensional measure of the nodal set
of a solution in terms of the vanishing order.

The purpose of this paper is to study the structure of the nodal sets of nontrivial solutions
to

(—A)'u=xy@)? " =2 u)?"" inB, )
where A4, A_ > 0,9 €[1, 2),s € (0, 1) and the fractional Laplacian is defined by

u(x) —u(y) ZZ‘YSF(% +5)

(=A)*u(x) = C(n,s) P.V./ dy with C(n,s) = m .

Rn |.X _ y|n+2s
This study is driven by the wish to extend the previous theory to the fractional set-
ting emphasizing the possible difference between the two type of operators due to the
nonlocal attitude of the equations. Starting from the problem of unique continuation,
many result have been achieved in the study of the nodal set of solution of nonlocal
elliptic equation, in particular by using local realisation of the fractional powers of the
Laplacian based on the extension technique popularized by the authors in [5]. Also in
this setting, the key tools in proving unique continuation in the linear case are based
on the validity of an Almgren-type monotonicity formula (see [11, 12, 17]), or Carle-
man estimates (see e.g. [23, 24]), which are not applicable in a standard way in our
case.

In a slightly different direction, researcher also analyzed the structure of the nodal sets
from the geometric point of view by classifying the possible local behaviour of solution near
their nodal set: recently in [28] the authors provided a stratification result for the nodal set
of linear equation by applying a geometric-theoretic analysis of the nodal set of solutions
to degenerate or singular equations associated to the extension operator of the fractional
Laplacian. In particular, they proved the existence of two stratified singular sets where the
solution either resembles a classical harmonic function or a generic polynomial: in the first
case, the stratification coincides with the one of the nodal set of solutions of local elliptic
equations; in the second one a stratification still occurs but the bigger stratum is contained
in a countable union of (n — 1)-dimensional C1** manifolds, in contrast with the local case
s = 1 (see [28,Section 8] for more detail in this direction).

On the other hand, the picture changes considerably in the case of solution with either
sublinear ¢ € (1, 2) or discontinuous ¢ = 1 nonlinearity, as in (2). Indeed, it is clear that in
the case A, A— < 0 (where the signs of the coefficients are opposite to ours), the features of
the nodal set of solutions are substantially different in comparison with the linear case: dead
cores appear and no unique continuation can be expected. In those scenarios one may try to
describe the structure and the regularity of the free boundary d{u = 0}. When g € (1, 2) we
refer to [36, 37] where the authors consider an Alt-Phillips type functional in the fractional
setting for the case of non-negative solutions # > 0; while for the case ¢ = 1 the equation is
the so called two phase obstacle problem and we refer to [2, 3] and reference therein. Since
in the fractional case minimisers of the two-phase obstacle problem do not change sign, we
refer to [18, 26] for some general result in the one-phase setting.

In contrast, very little is known about the structure of the nodal sets in the case A, A— > 0.
In [1] the authors considered the unstable two-phase obstacle problem ¢ = 1 and they proved
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that separation of phases does not occur in the unstable setting. Moreover, they characterized
the local behaviour of minimisers near the free-boundary and they proved a bound on the
Hausdorff dimension of the singular set.

In this paper we deal with the two phases problem (2), treating simultaneously the case
g = 1, which we call unstable two phase membrane problem and the case ¢ € (1,2), a
prototype of sublinear equation. Notice that our results slightly extend the classification of
blow-up limit obtained for local minimisers in [1] to weak solution of (2) satisfying (4).

Statements of the main results. Let u € H®(R") be a weak solution of (2) in the sense of
distributions. Exploiting the local realisation of the fractional Laplacian deeply explained in
[5], through the paper we will developed a local analysis of solution of the extended problem
in ]R'f'l (see Sect. 2 for more details). Hence, let us consider a weak solution u € H La( B]"')
of

Lou=0 in B}
a -1 -1 0p+ (€
—8),u =A@ p)? —A_(u_)? on 0" B,
wherea =1—2s € (—1, 1),

Lou = div(y*Vu), 8;?14()(, 0) = lim+ y4oyu(x,y)
y—0

and
B (X0) = B-(Xo) N{y > 0}, 3B (X0) = B(Xo) N {y =0},

where B, (X() denote the ball of center X, and radius r in R"! (through the paper we
will simply denote B;"(0) with B;"). Moreover, if Xo € X, we will denote as Sf’l (Xp) the
boundary of 80B,+ (Xo) in X, that is the (n — 1)-dimensional sphere of radius r centered at
Xo. From now on, we simply write “solution” instead of “weak stationary solution”, for the
sake of brevity. Through the paper we will always denote with I'(u) = {(x, 0): u(x, 0) = 0}
the restriction of the nodal set of # on {y = 0}.

According to Definition 2.1, through the paper we will consider solutions of (3) satisfying

l—n—
#/ ya|Vu|2dX_+_£/ ya|Vu|2do:
2 B (Xo) 2 st o)
= r/ ya(aru)zda +/ (x — xo, qu)()ur(bur)q’l . Kf(u,)qfl)dx
¥+ B (Xo) 39BF (Xo)
“4)
for every Xo € aOBlJr and r € (0, dist(Xg, dB1)) (see Sect. 2).

Remark 1.1 The validity of (4) plays a major role for the construction of monotonic-
ity formulas and it is a necessary assumption for those point Xo € I'(u) such that
V(u, Xo) = 25/(2 — q), in the case ¢ < 2(1 — s) (see Remark 1.6). Nevertheless, it is
a reasonable assumption which relax the hypothesis of being a minimal solution. Indeed, if
u is a minimiser of

1 PN 1
Fu)=5 [ y'[Vul"dX -~ |u|?dx, (&)
2 Jg} q Joopf
it can be proved by taking inner variations along directions £ € C°(By; R"*!) that u

satisfies a more general class of Pohozaev-type identities (see [1] for ¢ = 1). Moreover,
since for ¢ < 2(1 — s) there exist minimizers of (5) of type (12), one could only expect
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Cl’o‘-regularity of solutions of (3) at most for those ¢ € [1,2) such that ¢ > 2(1 — s). For
the sake of completeness, we consider this notion of solutions in order to characterize the all
possible behaviours for g € [1, 2).

Inspired by [31], we introduce two different notions of vanishing order, which will be
proved a posteriori to be equal. Therefore, consider the norm

1 5 1 5 1/2
u p = ——- C\Vul|*dX + / Yy do .
el v st xop) <rn+a—l /Bf(x())y IVul R O

Through the paper, we oftenuse ||-|| ,, - to simplify the notation of the normin H L4 (BF(Xp)).

Definition 1.2 Let u € H'“(B;") be a solution of (3) satisfying (4) and X € I'(u). The
H"“%_yanishing order of u at Xg is defined as O(u, Xo) € R*, with the property that

— 2 0, if0 <k < O(u, Xo) ©
up —- ||\u “ =
HOJ’ 2k TERHECB(X0) T ) foo, ifk > O(u, Xo).

Moreover, if such number does not exist, i.e.

. 1
lim sup =i ”””%-IW(B,(XO)) =0 foranyk > 0,
r—0t+ T

we set O(u, Xo) = +o0.

The advantage of this formulation relays in the fact that we have better control of both the
behaviour of the trace of solutions on 8OBl+ and the character of the solution in the whole
extended space. Instead, we recall here the classical definition of vanishing order, which will
be used as well through the paper.

Definition 1.3 Let u € H'%(B;") be a solution of (3) satisfying (4) and Xo € I'(u). The
vanishing order of u at Xy is defined as V(u, Xo) € R, with the property that

lim su o a2_ )0 if0 <k < V(u, Xo) ;
P +a+2k yu = . ( )
rot T 9t B (Xo) +o00, ifk > V(u, Xp).

By (15) we will easily deduce that O(u, Xo) < V(u, Xo). The following result establishes
the validity of the strong unique continuation principle for every g € [1,2), A4 > 0,A_ >0
ands € (0, 1)

Theorem 1.4 Letq €[1,2),A+ > 0,A_ > 0andu € Hl’“(Bl"') a solution of (3) satisfying
(4) such that Xo € T'(u). If V(u, Xo) = +00, then necessarily u = 0, in particular, if for
every 8 > 0 we have
lu()l
IX—Xol—0+ |X — Xo|f

it follows that u = 0.

This result implies the validity of the strong unique continuation principle also for the case
A— = 0, which resembles the result in the local setting. Moreover, in the case A4, A_ > 0,

we can improve the previous result by characterizing all the admissible vanishing orders.
Thus, let

®)
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be the critical exponent associated to weak solutions of (3) and B, € N be the larger positive
integer strictly smaller than &, that is

2s e 2s
_ LHJ it 2 ¢ N .
ﬂq T 2s e 25 ®
H — if ﬁ e N.

Then, the admissible vanishing orders are all the positive integers smaller or equal than g,
and the critical value k itself.

Theorem 1.5 Letq € [1,2), A4, A— > 0andu € H'“ (B]"') be a non-trivial solution of (3)
satisfying (4) with Xo € T'(u). Then

V(u, Xo) € {n e N\ {0}: n < By} U {ky}.
In particular, if k; < 1 then V(u, Xo) = ky.

Remark 1.6 In the case s = 1, our result recovers the case considered in [31]. Nevertheless,
Theorem 1.5 reveals a deep difference between the local and nonlocal equations for small
value of s € (0, 1): while the vanishing orders of solution of (1) have a universal bound
kg = 2/(2 — g), which is always greater or equal than 1 for ¢ € (0, 2) (see [31] for the
sublinear case g € [1, 2), [32] for the singular case ¢ € (0, 1)), in the fractional setting this
is not always true even in the sublinear case and it implies, for some values of s € (0, 1) and
q € [1, 2), the occurrence of solutions which vanish only with order k; < 1. As we will see,
this phenomena will also affect the structure and the regularity of the nodal set.

Now, using a blow-up argument inspired by the one of [31], we proved the validity of
a generalized Taylor expansion of the solutions near the nodal set: while in the linear (and
superlinear) case solutions behave like homogeneous L,-harmonic polynomials of order
k > 1 symmetric with respect to {y = 0} (see [28,Section 4] for a complete characterization
of the class of symmetric L,-harmonic polynomials s287), in the sublinear setting this is not
necessary the case.

Theorem 1.7 Letg € [1,2), A1, A_ > Oandu € H'* (Bfr) be a solution of (3) satisfying
(4) with Xo € I'(u). Then, the following alternative holds:

(1) if V(u, Xo) € {n € N\ {0}: n < B}, then there exists a V(u, Xo)-homogeneous entire
Lq-harmonic function ¢X0 e 5%‘{2(%)(0)(}1%”"']) symmetric with respect to {y = 0}, such
that

u(X) = ¢*°(X = Xo) + O(IX — Xo|V X0+, (10)
(2) if V(u, Xo) = ky, then for every sequence ry 0T we have, up to a subsequence, that

u(Xo + re X —
uXo +reX) o in CO (R,

” u “ X0,rk
for every a € (0, min(1, 2s)), where u is a ky-homogeneous non-trivial solution to
— . +1
L, = in R}

—0gir = p (b @) =2 @)17") on R x {0),

(In

for some 1 > 0. Moreover, the case u = 0 is possible if and only if k, € N.
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Remark 1.8 in the case of local diffusion s = 1 it is known that a growth estimate of the
Laplacian of a function near its nodal set immediately implies the validity of a Taylor expan-
sion of the function itself in terms of harmonic polynomials (see [6,Lemma 3.1]), whereas
in the nonlocal setting the validity of a similar result is still unknown.

Therefore, our strategy is to take advantage of the bound on the vanishing order to ensure
the validity of an asymptotic limit of the Dirichlet-to-Neumann operator 0§ near the nodal set.
Then, the expansion follows by a blow-up analysis based on an application of an Almgren
and Monneau-type monotonicity formulas. Finally, in order to improve the convergence
estimate of the remainder in the Taylor expansion (10), we apply a blow-up analysis on the
difference between the function and its tangent map: this result will be crucial to prove the
€19 _regularity of the strata of the nodal set.

Thus, we think that this methodology could be use to extend the fundamental Lemma in
[6,Lemma 3.1] to the fractional setting.

This result leads to a partial stratification of the nodal set and, via the dimension reduction
principle due to Federer, to an estimate of the Hausdorff dimension of the nodal and singular
set.

In the light of the previous results, let us define with R(u#) and S(u) the regular and
singular part of I"(«) defined by

Rw) ={X €T(u): |Vul (X) #0} and Su)={X €Tw):1<V(u,X) <B4}
and with 7 (u) the “purely sublinear” part of the nodal set
Tu) = {X elf(uw): Vu,X) = kq}.

While in the local case s = 1 the sets S(u) U7 (1) coincides with those points with vanishing
gradient, in the fractional setting s € (0, 1) this is not always the case since the critical value
is not necessary greater than 1. Indeed, this decomposition of I'(#) seems more natural in
the fractional setting: by Theorem 1.5, we already know that if k;, > 1 then

{(XelT): |Vul(X) =0} =Sw) UT (),
while if k; < 1 we get
I'u) =7 ().

Indeed we will see that, for those value of s € (0, 1) and g € [1, 2) such that k; > 1, near
the points of the nodal set where the function vanishes with order strictly less then k&, the
nodal set resembles the picture of the nodal set of s-harmonic functions (see [28] for a deeper
analysis of the singular set S(u)).

Theorem 1.9 Letq € [1,2), A4, A— > 0andu € Hl*“(BI") be a solution of (3) satisfying
(4). The nodal set T (u) splits as

I'u) =Ru)USwu)NTu),
where

(1) the regular part R(u) is locally a C"*-regular (n — 1)-hypersurface on R";
(2) the singular part S(u) is an (n — 1)-dimensional countably rectifiable set. Moreover, the
decomposition

n—1
Sw) =JS;w)
j=0
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holds true, where each S;(u) is contained in a countable union of j-dimensional C lLa
manifolds;

(3) the sublinear part T (u) has Hausdorff dimension at most (n — 1). Moreover, fork; < 1
the nodal set coincides with the sublinear stratum and the Haudorff estimate is optimal
in the sense that there exists a collection of 2-dimensional kg-homogeneous solutions
such that

ui(x,0) = A4 (xf_" —x]i") or uz(x,0) = A; lekq for every x € R. (12)

The result on 7 (1) is remarkably different to its local counterpart: while for s = 1 the
bound (n — 2) on the Hausdorff dimension is optimal, we believe that the result on the
(n — 1)-dimension of 7 (u) in the case k; < 1 can be easily generalized to all s € (0, 1)
and g € [1, 2), thanks to the characterization of L,-harmonic function in [28]. Moreover, we
claim that a viscosity approach, based on an improvement of flatness, could give a regularity
result for those points where the blow-up limit behave like (12) (see Remark 7.1 for more
detail in this direction), in the case k; < 1. At the moment, we leave it as an open problem.

Structure of the paper The paper is organized as follows. In Sect. 2 we recall some
preliminary results on the functional setting and the regularity of solutions. Moreover, we
introduce the notions of vanishing order used through the paper. Next, in Sect. 3, we prove the
validity of the weak unique continuation principle and Theorem 1.4 by using a 2-parameter
Weiss-type monotonicity formula which allows, in Sect. 4, to introduce a characterisation of
the threshold k.

Finally, in Sect. 5 we prove the first part of Theorem 1.7 and Theorem 1.9 by developing
a blow-up analysis based on the validity of two Almgren-type formulas for those points with
vanishing order smaller than k, and, in Sect. 6, we complete the proof of Theorem 1.7 by
applying a blow-up analysis on those points with vanishing order equal to k,. As byproduct,
we will recover Theorem 1.5.

Finally, in Sect. 7 we prove the existence of k,-homogeneous solutions of the form (12),
for those values of s and ¢ so that k; < 1. This result will lead to the Hausdorff estimate of
7T (u) in Theorem 1.9.

2 Preliminaries

In this Section we start by showing preliminary results related to the trace embedding of the
H"“-space and the regularity of solutions to our problem.

Fora € (—1,1),Q € R let us consider H'*(Q) = H'(Q, y*dX) the weighted
Sobolev space associated to the Muckenhoupt A> weights @ (X) = y* with X = (x, y) (see
[10] for more details). Now, given a weak solution u € H*(R") of (2), by the Caffarelli-
Silvestre extension there exists a unique function v € H'(R"*1) such that

Lyv=0 in R
v(x,0) =u(x) inR" x {0} .
witha =1 —2s € (—1, 1) and L,v = div(y*Vv). By a trace result of Nekvinda [22], it is

known that the space H* (R") coincides with the trace on R" x {0} of H La®r+1ly Thus, we
obtain that, up to a normalization constant, the problem

{Lavzo in B 03

—3% =y (p)? ' =2 (v)?"" ond°BY,
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is a localized version of (2) with u(x) = wv(x,0) (see also [4,Theorem 3.1]). Instead
of consider general weak solution in H '+ (Bl+) we need to assume the validity of some
Pohozaev-type identities, which are usually associated to the concept of stationary solution
with respect to domain variations.

Definition 2.1 We say thatu € H'-“ (Bf) NL*® (B1+) is a nontrivial weak stationary solution
of (13) if for every ¢ € C2°(B1) we have

f Y (Vu, Vp)dX = / Gy )™ = 21 pdx
Bf 3B}

and

l—n-—a r
7/ y“|Vu|2dX+f/ vy | Vul>do =
2 B (Xo) 2 Jo+ B (x0)

= }’/ ya(aru)zd(f +/ (x — X0, qu>(}h+(u+)47l o )\-_(l/l_)qil)d_x
9T B (Xo) 3B+ (Xo)
(14)
for every X € 3°B{" and r € (0, dist(Xo, 3B1)).

We remark that the existence of solutions follows by standard methods of the calculus of
variations and a straightforward application of the following trace embedding.
Through the paper, for Xo € BOBI+ and r € (0,1 — | Xol), we will always consider the

space H'“ (B;"(Xo)) as the completion of C*® (B (Xo)) with respect to the norm

1 5 1 5 1/2
ull g1 =|\—-——— | Vul|~dX + / ‘u do .
letll v (xo) (,maq /B,+<x0)y IVul PR O

By the trace embedding on 81 B;" (X() and the Poincaré inequality, this norm is equivalent
to the classical one of [10]. From now on, we often use the notation ||| x, , to simplify the
notation of the norm in H ¢ (B;" (X0)). The equivalence of this norm with the classic one is
a consequence of the trace theory and the Poincaré inequality.

Lemma2.2 Letu € H-4(B™) and q € [1,2*], where 2* =2n/(n —2s) =2n/(n +a — 1)
is Sobolev’s exponent for the fractional Laplacian. There exists a constant C1 = C1(n, p, a)
such that

1
1 q
_ q
(rn /303r+|u| dx) < C1 lull g1z - (15)

for every 0 < r < 1. Namely, the space H“’(B;"(Xo)) is continuously embedded in
L1(3°B;F (X)), for every r € (0, 1).

Proof This result is a direct consequence of the characterization of the class of traces of
Hla (B") with r € (0, 1) (see [22,Theorem 2.11] for the complete theory), and the Sobolev
embedding in the context of fractional Sobolev-Slobodeckij spaces H* (3" B;}). O

Since BOB;" is a Lipschitz domain with bounded boundary in R”, the compact embedding
in the fractional Sobolev spaces implies the following remark (see [8] for further details).

Lemma23 Letqg € [1,2*), where2* =2n/(n—2s) =2n/(n+a—1). Then Hl’“(B;"(Xo))
is compactly embedded in L9 (BOB;" (X0)), for everyr € (0, 1).
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We conclude the Section by recalling a regularity result for solutions of (3) in the sense
of Definition 2.1. As we will see through the paper, in order to develop a blow-up analysis
near nodal points it is enough to prove a «-Holder regularity for small « € (0, 1), since the
classification of the admissible vanishing order is obtained by monotonicity-type formulas.
Therefore, by [29,Theorem 1.5] (see also [29, 30] for more regularity results), we easily
deduce the following result.

Proposition2.4 Letu € Hla (Bl"') be a weak solution of (3) in the sense of Definition 2.1.
Then, for any compact set K C By we getu € C**(K N Bl+),f0r every o € (0, min{1, 2s}).

3 Strong unique continuation principle

This Section is devoted to the proof Theorem 1.4, that is the strong unique continuation
principle for solution of (3). In order to achieve the main result we start our analysis by proving
the weak unique continuation principle: if a solution u is identically zero in a neighborhood in
R”" x {0} of a point X € 8OBI+, then necessary # = 0 on 8OBI+. Moreover, since g € [1, 2),
it implies that # = 0 on B{" (see [28,Proposition 5.9]).

Our proof of the unique continuation is deeply based on the validity of an Almgren-type
monotonicity formula. Indeed, let

Fyig () =2y (up)? +1_(u_)?,

then for Xg € I'() and r € (0, dist(X, 3+Bl+)), we introduce the functionals

1
E(Xo,u,r) = — [/ vy [Vw|?dX +/ wa;fwdx]
r B (Xo) 39B; (Xo)

1 / a 2
L ¥ 1Vl dX—/ Frdx|  (16)
rrta=l [ B (Xo) OB (Xo)

H(Xo,u,r) = ! / yiuldo,
ra Jot gt xg)

and the associated Almgren-type formula

E(Xo,u,r)

NXo,u,r) = ————.
X017 = 4 X, )

a7

Through the paper we will often abuse the notation E(u, r), H(u, r) and N (u, r) when it is
not restrictive to assume that Xo = 0. By the Gauss-Green formula we immediately obtain

E(Xo,u,r) = y¢ud,udo,

rrta-] /B+Br+<xo>

while, by differentiating the functions r — H(Xy, u, r), we get

—H(X s u, r) = — u“(Xog +rx)do
dr 0 dr 3+Bi"y 0

2 2
= / y*ud,udo = —E(Xq, u, r). (18)
at B’ r

ynta

In the following Proposition we compute the derivative of the denominator of the Almgren-
type quotient by taking care of the sublinear term on the boundary 8OB,+ .
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Proposition 3.1 Let Xg € I'(u) and r € (0, dist(Xo, 0 B1)). Then, it holds

4 E(X ) S / “(3,u)*do+
,u,r) = u) do
dr= " P gt

S

1 2— q Cn,q
+ hda—1 | Frio_(u)ydo — Fro_(u)dx |,
r q Jsi'(xo) qr Ja0B(Xo)

where wa =2n—qg(n—2s) > 0.

Proof Up to translation, let us assume that Xo = 0. Thus
By =101 / “|Vul® dx / Fro (w)dx |+
- u,r) = u — _(u)ax
dr r"‘*‘“ Br+ Y 303;*' hash

1 a 2
+ a1 |:/E;+B,+ y* |Vv|“do — /s;’*l F,\+,L(u)dai| .

By Definition 2.1, we need to integrate by parts only the last term in (14). More precisely,
since Vi Fy a_(u) = q(—afu)vxu in 3B, we get
1
/ (x, Vyu)(—ofu)dx = */ (x, Vx Fy s (u))dx
30 B;" ’ q JaOB;+ (19)

r

n
:;/5 IFM,L(u)da—g/do +F;L+,)L7(14)dx.
r 3B,

Summing together the previous equalities, we finally get the claimed result. We remark that
the previous computations are also valid in the case ¢ = 1, but require some justification.
More precisely, as observed in [33,Proposition 2.7], the Gauss-Green formula holds for all
vector fields Y € C(B,, R**!) with divY € L'(B,). In particular in (19), the Gauss-Green
formula is applied to the vector field

Yi=F (w0 =0Qqup +r-u_)(x,0),
where
divY) = sign(iuy — A_u_)(x, Vou) +n(ryuy +r_u_) ae.ind’B;.

The previous quantity is absolutely integrable in BOB;" as a direct consequence of the char-
acterization of the class of trace of H!:¢ (B) with r € (0, 1) (see [22,Theorem 2.11]).
[}

Combining the previous estimate, we finally get a lower bound for the derivative of the
Almgren-type frequency formula.

Corollary 3.2 Let Xy € I'(u) and ry, > € (0, dist(Xo, 8+Bf')) such that H(Xg,u,r) # 0
fora.e.r € (r1,r2). Then

2—gq Chg
r{——m F)L+,)L7(u)d(f - F,\+,;L7(u)dx
q 51 (Xo) 9 Ja'B (Xo)

d

—NXo,u,r) >

/ yiutdo
9+ B (Xo)

dr

fora.e.r € (r;, r).
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Proof The proof follows essentially the ideas of the similar results in literature and it is based
on a straightforward combination of (18), Proposition 3.1 and the validity of the Cauchy-
Schwarz inequality on 37 B (Xp). ]

Now, we are ready to show the validity of the classical weak unique continuation principle
for solution of the sub-linear nonlocal equation.

Theorem3.3 Letg € [1,2),A+ > 0,A_ >0andu € Hl*”(Bf') be a weak solution of (3)
which vanishes in a neighbourhood in R" x {0} of a point on I'(u). Then u = 0 in 8OBI+.

Proof Let us define the vanishing set on R” x {0} as
U={x¢e 8OBI+: u = 0 in a neighborhood of x} C R".

Since u # 0 and BOBl+ is connected, we already know that U is open, non-empty and
aun BOBIJr # (), where 9U is the topological boundary of U as a subset of R*. Let X* € U
and r > 0 be such that B, (X*) C U, then by (3) the function u satisfies

Lau=0 in BF(X%)
3%u =0 ond’BF(X*) (20)
u=0 ond’BF(X*).

By [28,Proposition 5.9], it follows that necessary u = 0 in B;“ (X™) and then, by the weak
unique continuation principle for the L,-operator (see [16,Theorem 1.4]) we get that u = 0
in BI’L. Since we already know that u is Holder continuous, we get u = 0 in 8OB]+ . O

In order to prove the strong unique continuation principle, we now introduce a 2-parameter
family of Weiss-type monotonicity formulas, that will be the fundamental tool of our analysis.
Indeed, inspired by [31], for Xo € I'(x) and r € (0, dist(Xp, 3+Bl"')) we consider the
functional

1 t
Ei(Xo,u,r) = ——— [f ¥ [Vu|*dX — */ F (u)dx} , (2D
r B (Xo) q J3OB} (Xo)

and similarly we introduce the two-parameters families of functionals

Ei(Xo,u,r) Ei(Xo,u,r)  H(Xo,u,r)

——, Wi (Xo,u,r)= k ) 22
H(Xo.1.7) ke (Xo, u, 1) (22)

N, (Xo.u.r) = e o

Notice that for ¢t = ¢, we recover the functionals in (16) and their associated Almgren-type
formula.
Proceeding exactly as in Proposition 3.1 and Corollary 3.2, we get

d 2 a 2

dTEI(X()’ u,r)= Tra=1 /3+Br+(xo) y*(@ru)*do + R (Xo, u,r) (23)
where

1 2—t Cy,
R (Xo,u,r) = —— [7/ Fyy_(w)do — —= / F), ,L(M)dx]
t e A O e
(24)

and C;, , =2n — t(n — 2s).
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Proposition 3.4 Let Xg € I'(u) and r € (0, dist(Xo, 8+Bl+)). Then we have

L Wir (Xo, 0,7 = ——2 / o (ou - Ku) a0t
— JU ) = ———— u——u| do
ar k2o PRI A, Yoo =

1 2—t /
+— | — F;, _(u)do (25)
rn+a—1+2k |: q S}F](Xo) +
Cs . —2k(t —
_"”—(q) Fi, s (u)dxi| )
qr 30B," (Xo)

In particular, for t = 2 and k > ky the function r — Wy 2(Xo, u, r) is monotone non-
decreasing.

Proof Up to translation, let us suppose Xo9 = 0 and r € (0, 1). A direct computation gives

d E,(u,r) H(u,r) 1 d d
— Wi (u,r) = =2k poTan] —k T —i—ﬁ —E,(u,r)—kEH(u,r)

dr dr
1 d E(u,r) 2 H(u,r)
:rﬁgEt(u,r)—Mc TS + 2k T

(26)

where in the second inequality we used the estimate (18). By the Gauss-Green formula in
(21) we get

1 u t—gq
E/(u,r)= a1 [/aJrB,’f YiuodrudX — T /;OB? Fo o (u)dxi|

and by taking care of the estimate (23), we finally obtain

d 2 . k O\
EWk’t(u’r)_m 8+B,+y 8ru—;u do+

1 2—t
t oo | g Prea-0do

C,—2k(t—q)
—”—/ F,\+,L(u)dx].
qr 30B;"

Now, for t = 2 and k > k; (see (8) for the definition of the critical exponent k;) the
monotonicity follows straightforwardly by the previous computations. Indeed, we have

d Cp. —2k(t —q)
EWk,z(uv r) > —W /308,* Fia (u)dx, (27)
where Cflqz —2k(2—g) <0Oifandonlyif k > k. m}

Thus, as simple corollaries of the monotonicity result, we deduce the following results for
k> k.

Corollary 3.5 Let Xo € I'(u) and k > ky. Then, there exists the limit

Wi2(Xo, u, 07) = lim Wi 2(Xo, u,r).
r—>0t

Moreover, the map r = Wy, 2(Xo, u, r) is constant if and only if u is kq-homogeneous in

R'fl with respect to X.
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Corollary 3.6 For Xo € I'(u), there exists k > ky such that
Wi.2(Xo, u, 01) < 0.
Moreover; if Wi, 2(Xo, u, 07) < 0 then W, 2(Xo, u, 07) = —oo for every ky > k.

Proof Up to translation, let us consider Xo = 0 and r € (0, 1). By Theorem 3.3, since u # 0
there exists r; € (0, 1) such that H(u, r1) # 0. Now, there exists k > k, sufficiently large,
such that

Ey(u, ) H(u,ry)

Wia(u,r) = ——F— —k——F— <0,
" "

and by the monotonicity result in Proposition 3.4 we obtain Wy 2 (u, 0h) < Wi2(u,r1) <0,
for k sufficiently large.
Now, fixed k; > 0such that Wy, 2 (u, 07) < 0, letus consider k > k. Thus, forr € (0, 1)

_ Ex(u, 1) H(u,r)

Wiy o(u,r) = e Tra e
1 E>(u,r H(u,r ky — k
_ 2( )_k1 (u.r) ]k L )
r2(ka—k1) 72k 12k 2k2
=< kal,z(u, r),
which implies the claimed conclusion. O

Finally, by Corollary 3.6 we are able to prove the existence of a transition exponent k
for the frequency Wy 2(Xo, u, 01) which characterize the possible behaviours of the Weiss
frequency for every k > 0.

Corollary 3.7 For every X € I'(u) such that O(u, Xo) > ky, there exists finite
k =inf{k > 0: Wi 2(Xo, u,0") = —o0} € [kq, +00).
Moreover, the limit Wy 2(Xo, u, 07) exists for every k > 0 and it satisfies
Wi (X0, u,07) =0 if0 <k <k

Wi2(Xo,u,07) =0 ifky <k <k
Wi2(Xo,u,07) = —c0 ifk > k.

Proof The existence of k > 0 follows by Corollary 3.6. Now, let us consider separately the
cases k < ky and k > k. In the first one, since O(u, Xo) > kg, by (6) there exists ¢ > 0
such that

k <ky—e < O(u, Xo),
and two constant C > 0, rop > 0, depending on ¢, such that

1403105 gy = €77,

for every r € (0, ro). By definition of the Weiss-type formula, we get
|Wi2(Xo, u,r)| < cL (1 + k) ||lul? + 2,1 lluel|?
k2820, 8, 11 =+ 0k HY (B (Xo) T 4 H14(B,(X0))

1
<C—

<Cx (r2a +r2s+qa) i
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with & = k; — . Finally, since g € [1, 2), we get
|We2(Xo, u, r)| < Cr2ta=e) 4 cp2(ka=k=%)

which leads to the claimed result ad » — 0. In particular, this estimate suggests that k> k.
Instead, in the case k > k, the existence of a non-negative limit for k < k follows by the
monotonicity result in Proposition 3.4 and by Corollary 3.6. O

The previous result emphasizes an hidden relation between the notion of H 1.@_vanishing
order and the transition exponent k defined in Corollary 3.7, which will be deeply examined
in Sect. 4. Finally, we can prove the main result of the Section.

Proof of Theorem 1.4 By contradiction, suppose that u # 0 on E)OBIJr and O(u, Xo) = +oo,

ie.

lim sup
r—0+t

1
25 14108, x =0, forany > 0.

In particular, given k > 0 as in Corollary 3.7, let us fix k > k and 8 = 2k/q. Thus, there
exists ro > 0 and C > 0 such that

1 / a 2 1 2 3k
— y* | Vu|~dX + y*u~do < Cra" forevery r € (0, rg).
et Jgr ) e Jot B (xo)

(28)

On one side, since 2k/q > k for g € [1, 2), by the previous inequality we easily have
H(Xop,u,r) < cr®* for every r € (0, ro)

while, by an integration by parts, fixed A = max{A4, A_} we get
: F, dx < A 9d
T Jaopxg) re W00 = ST 908, (X0) ldx

cri= |u)? < Cr2k,
Il ||H1,H(Br(X0)) <

A

where in the second inequality we use Lemma 2.2 and in the last one (28). Finally, collecting
the previous estimate, for every r € (0, rg) we have

1 2 k
_ — F; w)dx — —H(Xo, u,r
=142k 4 /BOB;“(XU) oy (1) ax H (Xo, u,7)

2
(e
q

and in particular Wy 2(Xo, u, 0%) > —o0, in contradiction with the fact that, being k > k,
by Corollary 3.7 we must have Wy (X, u, 0") = —oo for any k > k. O

Wi2(Xo,u,r) >

v

4 The transition exponent for the Weiss-type formula

In this Section we develop a finer analysis of the transition exponent k for the Weiss-type
monotonicity formula Wy » in the case O(u, Xo) > k,;. The main result of the Section is a
characterization of k in terms of the critical exponent k; and the H 1.@_yanishing order, which
allows to prove an upper bound for the admissible vanishing orders O(u, Xo) of u at X¢ (see
Proposition 4.7).
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_ First, we start by proving the following partial characterization of the transition exponent
k of Wy > (see (3.7)) in terms of k.

Proposition 4.1 For every X € I'(u) such that O(u, Xo) > kg, we have
k = inf {k > 0: Wi 2(Xo, u, 0M) = —oo} =kq.

Moreover, combining the previous estimate with Corollary 3.7 we deduce that W 2 (Xo, u, 07)
exists for every k > 0 and

{Wk,z(Xo, u,0M) =0 if0 <k <k 29)

Wi 2(Xo, u,01) = —o00 if k > k.

Following the strategy presented in [31], this result will be a consequence of the following
Lemmata in which we assume that k > k.

Remark 4.2 Since we never use the assumption O(u, Xo) > k,, we highlight that the fol-
lowing results are still true near nodal point with O(u, Xo) < ky.

Lemma4.3 Let Xo € I'(u) and assume that k > ky. Then
Ey(Xo,u,r) >0 and H(Xg,u,r) >0,
for every r € (0, dist(Xp, 8+B1+)). Moreover, if k > k, we deduce

H(Xo.u.r) _

lim sup N2 (Xo, u,r) <k and liminf = +o00.

0+ r—0t r2k

Proof Fixed k € (kg, k], we already know by Proposition 3.4 that r — Wi 2(Xo, u, r) is
monotone non-decreasing and, by Corollary 3.7, that Wy 2 (Xo, u, 07) > 0. Hence, for every
r e (0, dist(Xo, dBT)) we get

1
0 < Wi2(Xo,u,r) = —p E2(Xo, u, r).
r

Moreover, since Wy 4 (Xo, u, r) = Wi 2(Xo, u,r) > 0 for every r € (0, dist(X, 9B™)), by
(18) we deduce

d H(Xg,u,r) 2
o kT ;Wk.q(Xo,u,r) > 0. (30)

Finally, if H(Xo, u, r1) = 0 for some r; > 0, by the monotonicity of (30), we deduce that
u=0in Br‘t (Xp), in contradiction with Theorem 3.3.

Hence, collecting the previous inequality, we get N2 (Xo, u, r) > 0 and in particular, since
k > k we get

H(Xo,u,r)

—00 = Wi 2(Xo, u,07) = lim s (Na(Xo, u, 1) — k).
r

r—0t
Also, since H (Xg, u, r)/er > 0, we finally deduce

—k < lim(i)gf(Nz(Xo, u,r) — k) < limsup(Na(Xo, u,r) —k) <0,
r—

r—0t

which implies the desired claim. O
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As a consequence, for every ¢ € (0, 2) the associated Almgren-type formula N, (X, u, r)
is non-negative for every r € (0, dist(Xo, 97 B+)).

Since in this Section we are proceeding by assuming by contradiction thatk > kg, consider
t the medium point between k, and k.

Lemma4.4 Let Xo € ' (1) and assume that k > kq. Given

~ 1 — ~ 2n + 2kq
R==(k,+%) and T= 2" 42,
5 (kg + ) an a2 c@?

then the map r — W, ;(Xo, u, r) is monotone non-decreasing in (0, dist(Xo, 9T B™)), for
every k > k.
Proof The proof is a direct corollary of Proposition 3.4. More precisely, since ¢ € [1, 2) and

k > k > k, we get that

2n + 2kq
2k +n —2s

f=

«— Cflj —2k(f —q) =0,
which implies, by (27), the claimed result. O

Therefore, under the absurd assumption k > k4, we can prove that the transition exponent
k associated to W 2(Xo, u, 0T) coincides with the transition exponent associated to the
frequency W, ;(Xo, u, 0%).

Lemma 4.5 Assume that k > kg, then
k =inf{k > k: W, (X0, u,0") = —o0}. (31
In particular, for every k > k we get

lim sup N;(Xo, u,r) < k.

r—0t

Proof Following the reasoning in Corollary 3.6, we can immediately deduce the existence
of k > k such that W ;(Xo, u, 07) < 0. Hence, we can reasonably define the quantity

k = inf{k > k: W, :(Xo, u,07) = —o0},
for which

Wei(Xo,u,00) >0  ifk<k <k
W, 7(Xo, u,07) = —o0 ifk > k.

Since 7 < 2, we fist have Wi i(Xo, u,r) = Wi 2(Xo, u,r) forevery 0 < r < Rand k > 0.
Now, on one side W), ;(Xo, u, 0") = —oo implies Wy 2(Xo, u, 0t) = —oo and hence k > k.

So, let us suppose by contradiction that k > k, hence there exists k € (k, k) such that
W, :(Xo, u, 0%) > 0.

By the monotonicity result in Lemma 4.4 we get Wy, 7(Xo,u,r) > 0forr > 0 and, since
f € (q,2), we deduce

Wi q(Xo, u, 1) = Wi :(Xo,u,r) 20, (32)
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for every r € (0, dist(Xo, 37 BT)). Finally, recalling the relation in (30), by (32) it follows
thatr > r—2kH (Xo, u, r) is monotone non-decreasing and in particular there exists finite

H(Xo, u,
tim X0 o o),
r—>0t r

which contradicts Lemma 4.3. O

Lemma4.6 Let Xy € I'(u) and k > kg. There exists a sequence (ry), such that r; — ot
and

: /
_ Fy, »_(uw)dx — 0.
r’111+a—1+2k 30B7 (Xo) +

Proof Let k € [kq,%), by Corollary 3.4 and Corollary 3.7 we have Wi 2(Xo,u,r) > 0
for every r € (0, dist(Xg, 3" B™)). Since for any fixed radius r > 0 the function k >
Wk 2(Xo, u, r) is continuous, we infer as k — k that WE,Z(XO’ u,r) > 0, which implies
by continuity that Wy ,(Xo, u, 07) > 0.

Thus, for any 7 € iO, dist(Xo, 37 BT)) we get

7
d
0< / T Wea(Xo. u, $)ds = W 5 (Xo, u,7) = We (X0, u, 0%) < o0,
0

On the other side, by (27) we deduce

| 1
- — F; dx )d R 33
/0 . (Sn+a_1+2k /aUBj(xo) haao (1) x> s < 400 (33)

which implies, combined with the non-integrability of s — s~ in 0, that if
1
lim inf 7/ Fy, s_(u)dx > 0,
90B;" (Xo)

rs>0+ pnta—142k

then (33) would not be true. Thus, this implication suggests that the previous liminf has to
be null. O

Proof of Proposition 4.1 The proof is based on a blow-up argument: given X € I"(u) assume
that k > k, and let (r,), be the sequence introduced in Lemma 4.6. Therefore, consider the
blow-up sequence

u(Xo +rnX)
v H(Xo, u,ry)

where R = dist(Xg, 37 B"). Thanks to Lemma 4.3, we have H (X, u,r,) > 0 and
E>(Xo, u, r,) > 0, which lead to

un(X) = for X € By,

1

m/ Y IVul*dx
a2 a 2 "n By, (Xo)
yfu,do =1 and vy | Vu,|©dX = i
atBf Bf /

at B,

1
n+a
'n e (X0)

yuldo
On the other hand by Lemma 4.3 we deduce

a 2 2
/ Y4 Vul*dX > *[ Fy., 5._(u)dx,
B, (Xo) 9 J 3B, (Xo)

@ Springer



The nodal set of solutions to some nonlocal sublinear problems Page 190f 51 82

which implies, since 7 < 2 that

1 / a 2
— v V|2 dX
e gt xo)

2 1 t
=< ~m / y“ |VM|2dX — */ FM,L(u)dx
2—tp] B} (Xo) q J3oB} (X0)

2
217

<

E:(Xo, u, rp).

As a consequence of the previous estimates and Lemma 4.5, we get

2
/+y“ Vil dX = == N;(Xo, u,ra) = C.
B

| -7
Since the sequence (u,,), is uniformly bounded in H La(B fr), the compactness of the Sobolev
embedding implies that (u,), converges weakly in H ]’“(Bl_) and strongly in Lz’“(8+B1+)
to a function u € H"“(BL).
Moreover, since by [22,Theorem 2.11] the space of the trace of functions in H Lacpt
on the set 3°B* coincides with the Sobolev-Slobodeckij space H*(3°B™), by the Riesz—
Frechet—Kolmogorov Theorem, the trace operator

H“(B") =< L?(@"B;")

is well defined an compact for every p € [1,2] (see Lemma 2.3). Hence, since ¢ € [1, 2),
we get

/ y“ﬁzda =1 and lim Foy o (up)dx = / F o (wdx. (34)
a+Bf F

=00 Ja0 By 0B,

Since the first equality implies that % # 0 on 8+Bl+, we deduce by the trace embedding that
u # 0 on the whole B]"' . On the other side, we get

pla—1426)/q q 1
F. uy)dx = — F u)dx.
/;03[* k+,k,( l’l) /H(XO, u, rn) r’,1,+g_1+2k \/3()3:; (Xo) )\+,)xf( )

By direct computation, since we are assuming k > kq, we have 22k +a — 1)/q > 2k and,
for n sufficiently large, it implies

HXo.ur)\ 7 1

0, U, Iy

F; uy)dx < - _ F Ndx
/@03+ k- (Un)5 ( r ) prra—1+2k /803;(}(0) ha- (@)

where, by Lemma 4.3 and Lemma 4.6, the right hand side goes to 0 as n +— +o00. By (34)
we infer that

/ Fi,; (@dx=0 < u=0 on 3°B;.
0B

On the other hand, since (u,), is uniformly bounded in Hl’“(Bf’) and u,—u weakly in
H'4, from

_ 2—q
2

2k 0p+

r . o 3°Bi — Xo

—0%uy = ———2—— (k T A (up)? ) on —*——,
e (H(Xo,u,rn)> H) () i
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we deduce that the limit function u € H,L’a (RT'I) is a weak solution of

L =0 inRYH
3u =0 onR" x {0} (35)
u=0 on R"” x {0},

such that# # O on ]R'fl . The contradiction follows immediately by the unique continuation
principle for the traces of L,-harmonic functions (see [28, Proposition 5.9]). ]

The following result completes the previous characterization in the case O(u, Xo) > ky
by relating the critical exponent k, and the transition exponent k to the H'%-vanishing order
of u at Xo. More precisely, it implies that the solutions of (3) can vanish with order less or
equal than k.

Proposition 4.7 Let u be a solution of (3) and Xo € T'(u) such that O(u, Xo) > ky. Then,
the vanishing order O(u, Xo) is characterized by

O(u, Xo) =inf { k > 0: Wy 2(Xo,u,0") = —o0} = k.
Furthermore, we get

Wioa(Xo,u,07) =0 if 0 <k < O(u, Xo)
W2 (Xo,u,0Y) = —c0 if k > O(u, Xo).

Proof The proof of this result follows the one of its local counterpart in [31]. For the sake of
simplicity, let us denote with ”'”Hlv“(Bf“(Xo)) = |-l x,,-- Now, fixed Xo € I'(u), let us prove
that

2
[l |
lim inf ——0:n

im inf —2 > 0, (36)

where k = k,. After that, the result will follow by Proposition 4.1 and (29). By contradiction,
let us suppose there exists a sequence r, — 07 such that

2
Ly,
n—oo },ZE

n

=0. 37)

Then, consider the blow-up sequence associated to the H La_norm, defined as

w0 (X) = LX) b that o = 1. (38)
lleell . ’
As we deduce in the proof of Proposition 4.1, since the blow-up sequence (u), is uni-
formly bounded in H Lacp 1+ ), the compactness of the Sobolev embedding implies that (i, ),
converges weakly in H19(B;") and strongly in L>“(3* B}) to a function u € H'4(B}").
Similarly, the traces on 8OBIJr converge strongly in L? (8OBI+) to the trace of u, for every
g € [1, 2). In particular,

: . ||u||§(0 I'n a 2 7 a2
lim Wy ,(Xo,u,rp) = lim | ——*" v | Vu,|“dX — k yiuy,do | +
n—o00 ’ n—o00 rr%k Bl+ 3+Bl+
2
2 [l \*
— | —2n F;\%L(un)dx =0.
q r2k 0B
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Thus, since the limit Wi 2(Xo, u, 07) exists, by the monotonicity result in Proposition 3.4,
we get that WE,Z(XOv u,r) > 0and W;q(XO, u,r) > 0 for every r € (0, dist(Xo, 8+Bl+))
and g < 2.

First, by Lemma 4.3, we know that E>(Xo, u,r) > 0 and H(Xo,u,r) > 0 for every
r € (0, dist(Xo, 3+Bl+)) and, for every k > k we get

H(X
lim inf 2 X041 _

r—0+ r2k o %)

Now, let us compute the same limit in the case k. Since the function r — H(Xo, u, r) /rzE
is monotone non-decreasing, there exists the limit as » — 0 and, by (37), we get

2
_ H(Xo, u,ry) _ lullx, .

0= 2k - 2k
rn rn

which implies

H(Xo. u.
fim ZXoun)

O+ 72k (40)

In order to reach a contradiction, we need to prove that the blow-up limit satisfies u = 0, in
contradiction with the normalization (38) (see the conclusion of the Section). O

Lemma 4.8 Fixed Xy € I'(u) and k = kq let us suppose that (40) holds true. Then, we get

Wy (Xo, u, r)r2k W 5 (Xo, u, ryr¥k
lim inf —<4 =0 and lim %2777

—0. (41)
r—07F H(X(),M,}") r—0+ H(X07uvr)

Proof Letus consider first the limit associated to the case t = ¢ and, by contradiction, assume
that ¢ > 0 and rg € (0, dist(Xp, 8+B?')) such that
. 2k
Wk’q(x()v ua r)r
H(Xo,u,r)
By (18), we deduce that

> ¢ foreveryr € (0, rp).

)

d  (HXo.ur))_2 Wy, (Xo, u, r)r** 2
— 10 —_—m = -—————m—mo m oot

dr & 72k r  HXo,u,r)

and integrating by parts the previous inequality between r € (0, ro) and ro we get

H(Xo,u,r) - H(Xo,u, ro)
p2k+2e T rghza

< oo forevery r € (0, rg).

In particular

H(Xo,u,r)

— < 400,
F2k+2¢

lim sup
r—0+t

in contradiction witll (39) with k =k + &.
Now, for t = 2 and k = k; we already know by Proposition 3.4 that

W Xeur) = — 2 / (au—%u) a
. U, r) = _ U——u o.
dr k2 0 pnta—1+2k 9+ B (Xo) Y " r
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In the remaining part of the proof, for the sake of simplicity we omit the dependence with
respect to u and X. Hence, combining the previous derivative with (30) we get

HO\> d (Wi, HG) d 2
(ﬂ?) dr( Hey )T ar e T MO 0,

and since 0 < W;’z(r) < W;y 4 (r) we infer that
Hr)\*> d [r*We, ()
(m) dr( Hr) )2
N
;/ y“uzda/ y¢ <8ru - ku) do — 2 (WE (r))2
p2n+2a—1+4k oo p+ o B - , q

2 a,? a 2 a 2
Zr2”+2‘11+4k|:/;+3,+y u do/;ﬂ;ry (0,u)~do — /;+Bﬁy ududo | |,

which s non-negative by the Cauchy-Schwarz inequality. Since H (r) > 0and0 < Wy ,(r) <
Wg 4 (), the previous part of the proof yields that the second limit in (41) exists and is equal
to zero. m}

%

Conclusion of the proof of Proposition 4.7 Since ||u ||§(0’r > H(Xo, u, r),by Lemma4.8, there

exists a sequence r,;, — 0% such that

2k k
T Wr.g (X0t rm) ~ im r,ika(Xo,u,rm) _

(42)

im 5 =1l 5
m=>00 lullx, s, m=>00 lullx, s,

Now, let u,, be the blow-up subsequence of (38) associated to the sequence (#,,),, which

converges to a limit function u. First, by (41) we infer

27
4 q

0 < rrzn? 2 / - ( )d - rr%ls ||M||x0,rm / F ( )d
= Ap,a U X = ——F hpoho U X
H (rm) gy T H(rn) Jyopr 707"

o
= — Fy, _(u)dx
T H () Jaost (xg)

g (Wi Urm) — Wea(rm))
B 2 - q H(rm)

— 0T,

which implies, combined with the strong convergence in L4 (8OBI+) and (40), that w = 0 on
8OBI+. On the other side, by (42) we deduce that

r2s

< __m F, Uy )dx
e /303+ hop e (Um)
X0,"m 1

1 /
= F 5 (u)dx
Ta—1 2 ) +iho
e ully, o, J09B, (X0)

_ 4 rak (Weg (Xo, u, rm) — Wi 2(Xo, 4, rm)) o
= : ,
2-¢q lullx, .,
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as m — 4-o00. Therefore, collecting the previous results we get

.
Tk Wi (X0, . r)

! 2
m— 00 ”u”XOJ’m

2 l1—a _
lim (/+ Y Vit |2 dX — %/ Py (p)dx — k/ . y“ufnda)
mmee /B QHMHXOJW 0B, o By

lim (/ y“|wm|2dX—E/ y“ufncuy),
m—00 B+ 3+B]+

1

2
L2a (a+ BIJF) N

lltmllo,, = 1forevery m, weimmediately deduce thatu # Oin Bf“. Therefore, the conclusion
follows as in the proof of Proposition 4.1. O

which implies that || u,, ||%,1 — (k+1) ||u| Since by (38) the normalization implies

5 Blow-up analysis for O(u, Xo) < kq
In this Section we initiate the blow-up analysis of the nodal set starting from those points
with vanishing order smaller than the critical value k; = 2s/(2 — g). The main strategy
is to develop a blow-up argument based on the validity of Almgren-type and Weiss-type
monotonicity formulas, which provide a Taylor expansion of the solutions near the nodal set
in terms of L,-harmonic polynomials symmetric with respect to {y = 0}.

We initiate the analysis by introducing an Almgren-type monotonicity formula. More
precisely, by using the upper bound on the H !**-vanishing order of «, we prove the validity
of a monotonicity result for functional N (Xo, u, r) = Ny(Xo, u, r) introduced in (17).

Proposition 5.1 Let K CC 3OBI+ and suppose there exists § > 0 such that
O(u, Xg) <ky— 06 forevery Xo e F'(u)NK. 43)
Then there exists ro > 0 such that for every Xo € I'(u) N K
ri> S (N(Xo,u,7) + 1)

is monotone n0n-decre~asing for r € (0, min(rg, dist(K, 3°B1))), for some constant o =
a(d,n,s,q)andC = C(8,n,s, q). Moreover, for every Xo € I'(u) such that O(u, Xo) < kg
there exits the limit

N(Xo,u,07) = lim e (N(Xo,u,r) + 1) — 1
r—0t
and the map Xo — N (X, u, 07) is upper semi-continuous on T'(u).

Proof Let K CC E)OBI+ and o > 0 to be made precise later. Let Xg € K and, for the
sake of simplicity, we omit the dependence of the functionals with respect to u# and X¢. By
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Corollary 3.2, we easily get

L log(N) + 1) = ! ! 2_q/ Fo s ()d
— 10, r o
dr ¢ SEO+HO g Jgrig
s,
S / F,\+,L(u)dxi| (44)
qr  JaoB+(X¢)

Chg !
> — T F o (u)dx
q(E@r) + H(r)) r'+ Jaop+x,)
with C;;’q = 2n — g(n — 2s). On the other hand, by Lemma 2.2

\Y

EC)+H) = lul, , (5t - cur®)

C (45)
> — (hit - clrk)/ jul? d.
3B (Xo)
Now, we want to show that there exists «, rg, C, > 0 such that
IIMIIX 1
ZSO L—C1 > Czrfa, (46)

for every r € (0, ro). Then, combining the previous inequality with (44) and (45), we will
get

d c -
—log(N(r) +1) > — > —Cro!,

dr el e, -
r 72s -G

as we claimed. First, by (43), let us choose & = §/2 and consider

ko = kg —a > O(u, Xo),

for every Xo € I'(«) N K. Indeed, by the definition of H':“-vanishing order, there exists
ro > 0 and C> > 0 such that, for every r € (0, rp)

ol ||X0,

lullx,, > Car® > Cor@ k=2 — ¢y, 47)

Since § = §(K), the constant C», o and r» depend only on the choice of the compact K.
Finally, the upper semi-continuity follows by a standard argument. O

Using this monotonicity result we can prove the equivalence between the notion of H!-¢-
vanishing order O(u, Xo) and the one introduced in Definition 1.3.

Corollary 5.2 Let Xy € I'(u) be such that O(u, Xo) < kq. Then
O(u, Xo) = V(u, Xo).

Proof Suppose by contradiction that O(u, X¢) < V(u, Xo) and consider k£ € (O(u, Xy),
V(u, Xp)). Let us write
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for some & > 0. Now, let r € (0, dist(Xo, 3°B{")), by (45) we get

2— 2s
e, , (Nl =€)

IA

E(Xo,u,r)+ H(Xo,u,r)
= H(Xo,u,r)(N(Xo,u,r)+1) (48)
which implies

2/q
%y, _ |:N(X0,u,r)+ 1 rk@‘f)} (H(xo,u,r)>2/q
2k — 2— ) 2k !
r luellyd — C1r* r

(49)

As in (47), in the proof of Proposition 5.1, there exists 79 > 0 and Cp > 0 such that
lully, % — C1r® = Cor® = = Cork =9,

for every r € (0, ro). With a slight abuse of notations, it is not restrictive to assume that ro
corresponds to the radius introduced in Proposition 5.1.

Finally, by the monotonicity result, fixed R = min{rg, dist(Xo, 8°B+)} we deduce, for
every r € (0, R), that

llull
I < CLN (X0, )+ D (

H(Xo,u,r)\*1
r2k

) 2/q ( H(Xo, u, )\
< c[eSF Vo, u Ry + 1] (%)

where C > 0 depends only on Cy. Thus, by Definition 1.3 we get that O(u, X¢) > V(u, Xo)
that, in combination with the opposite inequality, implies the desired result. O

Similarly, we show that in the case O(u, Xo) = V(u, Xo) < k;, the possible vanishing
orders correspond to the possible limits of the Almgren-type frequency formula. For the sake
of completeness, we report the proof of this result which is deeply based on the validity of
the Almgren-type monotonicity result.

Corollary 5.3 Let Xo € I'(u) be such that V(u, Xo) < ky. Then V(u, Xo) = N(Xo, u, 0h).
Proof By (16) and Definition 1.3, we claim that
. H(Xo,u,r) 0, if0 <k < N(Xo,u,0")
limsup ———— = .
0+ r +oo, ifk > N(Xo,u,0").

It is not restrictive to assume that Xo = O and r € (0, R), for some R > 0 that will be choose
later. By definition of r — H (0, u,r) = H(u, r) we immediately get for every r € (0, R)
that

d 2
—logH(u,r) = —N(u,r) (50)
dr r

and in particular for every k > 0, by Proposition 5.1, there exists «, C > 0 such that

(H(u, R)>r2(ﬁ7k) - H(u,r) - (H(u, R))rz(ﬁfk) (51

RN 2k R2N

with

N=eCRNwu0H+1)—1 and N =R Nw, R)+1)—1.
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Suppose first V(u, 0) < N(u,0"), so there exists ¢ > 0 such that k := N(u,0") — ¢ >
V(u, 0). Let R > 0 be such that

(1= e CRY N @, 07) + 1) < g,

where C, a > Oare introduced in Proposition 5.1. Thus, we get N —k > &/2 and consequently
by (51)

H(u,r) H(u, R) 2N—k) e
T3 <( RN re 8T < Cor?,

for some constant C; > 0 depending only on R > 0. The absurd follows immediately since
k > V(u, 0), namely

< Cy lim r® =0.
r—0t

400 = lim sup
r—0t

H(u,r) < (H(“a R)) F2N =)
2k =\ RN

Similarly, if V(u, 0) > N(u, 0") consider k = N(u, 0") + &, with & > 0 sufficiency small
so that V(u, 0) > k. By the monotonicity result Proposition 5.1, let R > 0 be such that

R (N, R)+ 1) — (Nu,0%) + 1) < %

Hence, since N — k < —&/2, we get by (51)

H,r) <H(u,7R)> PN 5 o pe

r2k R2N

for some constant C; > 0 depending only on R > 0. The contradiction follows by Defini-
tion 1.3. o

In particular, from the previous equivalences, for those points satisfying O(u, Xo) < kg,
it holds

O(u, Xo) = V(u, Xo) = N(Xo, u,07).
Moreover, for every ki < N(Xg, u, 07) < ky there exist C1, C2 > 0 such that

<cir?h, (52)

2k 2
Car? < ull,,

for r € (0, R), for some R > 0 sufficiently small.
Finally, we can introduce the following notion of stratum of the nodal set.

Definition 5.4 Let k < k, we define
Tr(u) ={XoeT'(u): Ou, Xo) = k}.

While in the local case, in [31, 33] the authors proved the existence of a generalized Taylor
expansion of the solution near the nodal set by applying an iteration argument based on the
results of [6], we apply a blow-up analysis in order to understand how the solutions behave
near the nodal set I"(u).

Hence, given X € I"(u), for any r; | 0T, we define as normalized blow-up sequence

u(Xo + 1 X) for X € B} Bl+ — Xo

VH(Xo. u, 1)) Xore e

ug(X) =
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such that

_ i pt
—Laur =0 in BXo,rk

kq 2—q (53)
r _ _
_a;uk — (k) I:)\.+(Mk):]_ ! — }Lf(uk)q_ 1:| on 803;(_0.1'/('

v HXo, u, r)

Let us introduce the notation

kg 2—q
Tk
0 <= () < 400,

v H(Xo, u,ri)

Since we are assuming O(u, Xo) < k,, the sequence (o )k is bounded and converges to 0 as
k — o0.

Theorem 5.5 Let Xo € I'(u) be such that O(u, Xo) < kq and uy be a normalized blow-

up sequence centered in X and associated with some ry | 0T. Then, there exists p €

H,i;a(R'fl) such that, up to a subsequence, uy — p in C,(U);a (R’_ﬁ_"'l)for everya € (0, 1) and

strongly in H,},C"Z(Rfr]). In particular, the blow-up limit satisfy

~L,p=0 inRyH! 54
—8;?]7 =0 onR" x {0}.

The proof will be presented in a series of lemmata.

Lemma5.6 Let Xo € I'(u) such that O(u, Xo) < k. For any given R > 0, we have
lurllo.r = C

where C > 0 is a constant independent on k > 0. Moreover uy — p strongly in H'@ (B;)

l,a

for every R > 0, for some p € H,; (RT‘I) such that || pll 2.a+p+) = L.

Proof Set ,o,% = H (X, u, rr), then by the definition of uy, (50) and Proposition 5.1 we obtain
1
a,? a,?2
yiuydo = —— / yiu“do
/a+ng , P JoBry, (x0)

naa H(Xo, u, Rry)

H(Xo, u, re)
2C
< Rn+a ﬂ
=< "
which gives us ||ug ”izﬂ(éﬁB;) < C(R)R"™. Instead, inspired by Corollary 5.2, let
25 —
k= S —a ’
2—-¢q

for some o > 0, then

lurllg g = — Null, . x
s q 0,7k
Pr

2/q H(Xo, u, Rry)

2—q a—2s
Rr
HXo,u, Ry Pk K

<c [eéR(N(Xo, u, R) + 1)]

< C(R)py (R
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and by Lemma 2.2 and Proposition 5.1, we infer

1 a 2
_— v
Rn+a71 /B}' y | uk' dx

kq

2—q
— E(Xo.u, Rr) + "k ! / Fro s (up)dx
T HXo,u,r0) ) RFa T Jyope -0t
2s

a2 1—a Tk q

uydo + R “——|lu
/3+B+y : 2y Il
R

O

< CN(Xog, u, Rry)

Rn+a

2s
r —
< C(RIN(Xo, u, Rr) + C(R)R'™* = pl ™ (Rrp)* >
Py
< C(R)(1+ R*),

which finally implies the uniform bound.
Thus, up to a subsequence, we have proved the existence of a non trivial function p €

H.i;“(RTl) such that ||p||L2,a(HB]+) = landu;—pin Hl,a(BIJer) forevery R > 0. Moreover,

since uy, is uniformly bounded in H - (B;g), we get that, up to a subsequence, uy — p
strongly in L*(B}) and in L? (3°B}), for every p € [1,2%).

On the other hand, we omit the details of the strong convergence in H !¢ (B,Jg) since it
simply follows by testing (53) with (ux — p)n, where n € C°(Bg) is an arbitrary cut-off
function, and passing then to the limit. O

So far we have proved the existence of a nontrivial solution p € H,f;“(R’fl) N LOO(R’J‘:FI)

loc

of (54) such that, up to a subsequence, we have uy — p strongly in H, La (RTI). With the

loc

following result we complete the compactness result by showing the uniform convergence
in CO* (R fora € (0, 1).

Lemma 5.7 For every R > 0 there exists C > 0, independent of k, such that

lu(X1) — u(X2)] <c
X1 — Xo|®

[uk]cg_a(ﬁ) = -
X1.X2€B}

foreverya € (0, 1).

Proof The proof follows essentially the ideas of the similar results in [28, 34, 35]: the critical
exponent o = 1 is related to a Liouville type theorem for L,-harmonic function in R"*+!
symmetric with respect to the characteristic manifold {y = 0}, as given in [29]. O

As a first Corollary we deduce that the possible vanishing orders of u in the case
O(u, Xo) < k4 are completely classified as the possible vanishing orders of L,-harmonic
function even with respect to {y = 0} (see [28] for a complete analysis of the nodal set of
L ,-harmonic functions).

Corollary 5.8 Let Xo € I'(u) be such that k = O(u, Xo) < ky. Then k € 1 + N and every
blow-up limit centered at X is a k-homogeneous solution of (54).

Proof Letk = O(u, Xo) < k4. By Theorem 5.5 we already know that given () ; a normal-
ized blow-up sequence centered in X( and associated to some r; — 07, it converges strongly
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in H,j;a (R’f‘l) and uniformly on every compact set of Rf‘fl to some p € ngc’a (RT‘I) such
that
{—Lap =0 inR"!
—8§?p =0 onR"” x {0}.

On the other hand, by Corollary 5.2 and Corollary 5.3 we get N (Xq, u, 07) = k. Moreover,
by the strong convergence of (u);, we have

N@©, p,r) = lim NQ©,uj,r) = lim N(Xo,u,rr;) = N(Xo, u, 0") for every r > 0,
Jj—o0 j—>00
where

f V1V pPdX
B+
NQO,p,r) = —F/—m

a 2
d
/8+B,+yp o

Since p is a global L,-harmonic function even with respect to {y = 0}, by [28,Lemma 4.7]
n+1

we deduce that p is k-homogeneous in R',™" with k =1 + N. O

Inspired by the notations introduced by [28], we denote with sB¢ (R"*1Y the class of
L ,-harmonic polynomial symmetric with respect to {y = 0} and homogeneous of order k.

In order to conclude the local analysis near the points of the nodal set such that O (u, Xo) <
kg we need to better understand the Taylor expansion of the function u near nodal points.
Inspired by quite standard techniques (see [17, 18] for similar results in the context of obstacle
type problems with weights) we start by introducing the following Weiss-type monotonicity
formula.

Proposition 5.9 Let X € I'(u) be such thatk = O(u, Xo) < ky. Givend = 2s —(2—q)k >
0, there exist Ry > 0 and C> > 0 such that

r—> Wir(Xo,u,r)+ Can,s,q, A, k)ré—e

is monotone non-decreasing, for every r € (0, min{R7, dist(Xo, 8+BI")}) and ¢ < 8. In
particular, we get

Wi (Xo, u,07) = 1irg+ Wi (Xo, u,r) =0. (55)
r—

Proof For k > 0, by Proposition 3.4 and Lemma 2.2, we get

lull%,.,

2k

d C;Z“ —
— Wi (X, —— e 94 -C 2s—1
I k( OaMJ”)Z pntat2k /803,+ [u]? dx > r

where C = C(n, g, s, A). By definition of Hl’“—vanishing order, for every k1 < O(u, Xo)
there exists Ry, C; > 0 such that

d
lull%y,, = Cr¥ — - WiXo, u,r) = =Cyr2 17240,
’ r

for every r < Ry. Since k < kg, there exist § > 0 such that

2s — &8
k = .
2—q
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Thus, for every ¢ < 4§, if we take k; = k — ¢/q we get that r > Wy (Xo, u,r) + Cord=¢ is
monotone non-decreasing, where C does not depend on ¢ > 0.

Finally, since by Corollary 5.2 and Corollary 5.3 we have k = O(u, Xo) = N(Xg, u, 07),
we get

H(Xo,u,r)

Wi (X0, u,07) = lim s (N(Xo,u,r) —k) = 0.
r

r—0t

[m}

The next monotonicity formulas is a Monneau-type formula, which will allow to prove
uniqueness of the blow-up near nodal points satisfying O(u, Xo) < kq.

Proposition 5.10 Let X € I'(u) suchthatk = O(u, Xo) < ky. Givend = 2s—(2—q)k > 0,
there exist Ry > 0 and C> > 0 such that, for every homogenous L,-harmonic polynomial
p € sBY R, the map

— HXo.u = pxo.r) _ 1 / ¥ (u— px )zda
r2k pnta+2k o+ BF (Xo) 0

satisfies

d H(Xo,u — PXoo 1) —l4b6—¢
ar 2k = —C(+ |px, “Loo(Br))r ;

for every r € (0, min{Ry, dist(Xo, 3" B;")} and & < 8, with px,(X) = p(X — Xo).

Proof The strategy is inspired by known result for the thin-obstacle problem (see [17]) and
for the study of the nodal set of L,-harmonic functions (see [28]). First, since k = O(u, Xo)
we already know Wi (Xo, u, 0%) = 0. Now, let w = u — DX, then on one hand we have

d 1/ “w3d 2 / “w(X — Xo, Vw) — kw)d
— | ——¢ wdo | = ———~ w(X — Xo, Vw) — kw)do
dr \ gntatak a+B,+(X0)y pntat1+2k a+B,+(X0)y 0
2
:7Wk(X07war)-
-
On the other hand, looking at the expression of the k-Weiss functional, we have

Wk(XOa u, I') = Wk(X()v w+ PXo» r)
1 2
= nra—1t2k (/B+(X0) Y (IVw|® +2(Vw, Vp)dX

k
_7/‘ v (w? + 2wp)da>
' Jot B (Xo)

1
+ — w + 0% (w + dx
Jnta—1+2k f«‘ﬁBf(Xo)( Pxy)dy (W + px,)

1

=Wi(Xo,w,r) + ———+ 0%wdx+
k( 0 ) pnta—1+2k /BOBf(Xo) PXo y

2
T e /a+B+(X )y”w((VpXo, X — Xo) — kp)do
r 0

1

=Wir(Xo, u — )+ — 0%udx,
K (Xo PXo:7) Jnta—1+2k /BOB,*(XO)pXO y
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where C = C (A4, A_) and in the second equality we used the k-homogeneity of px, €
s9B¢(R"*1). Hence we finally infer

d H(Xo,u— px,,r) 2
o T = ;Wk(XOaM = PXo:7)

> 2W(X )+72C f 1?2 ud
— UL T u udx.
=, k 0 rn+a+2k 3OBr+(XO) PXO

On one side by Proposition 5.9 we have
Wi (Xo, u, r) = Wi(Xo, u. 1) — Wi(Xo,u,07) > =Ca(n, s, q. A, k)r* ™",

with § =25 — (2 — ¢)k > 0 and ¢ < §. On the other, under the notations of Proposition 5.9,
for every ¢ € (0, 6) let us introduce
& 25—

<k = .
q—1 2—gq

ki =k —

Then, by (52) we infer the existence of R > 0 sufficiently small such that

C /‘

q—2
_ Dx, lul udx
pnta+2k E)OB;"(XO)

C (g—D/q 1
- q q
< ”pX() HLOO(Bj) rn+a+2k (,/303+(X0) |I/t| dX) |Br|

= ”pXo ||L°°(B+) m ”u”?{_lla(gf)

25—1—k—+(g—)k;

(56)

= C|px, HLOC(B+)r
—1+6—

<C HPX()HLOC(B+)F 57

for r € (0, R). Hence, there exist Ry > 0 and C = C(n, s, g, A, k) such that

H(Xo,u — px,, -
r o Mrzk PXo: 1) +C(1+ ||PX0||L00(B+))r(S K

is monotone nondecreasing » € (0, min{R, dist(Xo, 8+B1+)}) and ¢ < 4. ]

For the sake of simplicity, we will use through the paper the following notation for the
previous monotonicity formula

H(Xo,u — px,,7)
2k :

M(Xo,u, px,, 1) =

Starting from these results, we will improve our knowledge of the blow-up convergence by
proving the existence of a unique non trivial blow-up limit at every point of the nodal set
I" (1), which will be called the tangent map ¢X0 of u at Xj.

Lemma5.11 Let X € I'(u) be such that k = O(u, Xo) < ky. Then, there exists ro > 0 and
C > 0 such that

H(Xop,u,r) < cri forr € (0, rg).
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Proof Let k = O(u, Xo) and § = k; — k. By (50) and Proposition 5.1, there exist ro >
0,0 =a(s,n,s,q) and C = C‘(S, n, s, q) such that

d (H(Xo,u,p))
log| ————

% o2k

2
= — (N(Xo, u, p) —k)

0

2 Ao
_ - (e_Cp P (N Xy, p) + 1) — 1 —k)

0

e P
>2k+1)———,
0

for every p € (0, rg). Thus, given r < ro and integrating between r and ro we get

H(Xo, u, H(Xo, u, P |
( 02ku r) - ( 02ku ro) exp (2(k—|— 1)/ edp> <cC.
r r 0 o

0

as we claimed. ]

Lemma5.12 Let Xo € I'(u) be such that k = O(u, Xo) < ky. Then, there exists C > 0 such
that

sup |u(X)| > Cr*f for0O<r <R
9B, (Xo)

where R = 1 — dist(Xo, 8°B)).

Proof Since the proof is an adaptation of a similar result for the thin-obstacle problem (see
[17,Lemma 2.8.1]), we briefly sketch the main ideas.

Fix X € I'(u) and suppose by contradiction that given a decreasing sequence r; | 0 we
have

H(Xo,u,r)'? 1 172
lim # = lim (W/ y“uzdcr) =0.
j—00 ri j—o0 r;' a 9% B} (Xo)

Thus, for r; < R = min(ry, dist(X, 39B™)), consider the blow-up sequence

172

where p; = H(Xg,u,r;)"/~,

uj(X) _ M(X()-i-.rjX)

Pj

centered in Xg € I'(u). By Theorem 5.5 and Corollary 5.8 the sequence (u;) ; converges, up

to a subsequence, strongly in Hli;“ (RTI) and uniformly on every compact set of R'jf‘ to
some L,-harmonic homogenous polynomial p of degree k symmetric with respect to {y = 0}
such that H(0, p, 1) = 1.
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Therefore, under the notations in Proposition 5.10, by taking pyx, as above we get

M (Xo, u, px,,0")

1
=lim —— “(u — 2do +C(1 o roe
lim o /8 ey X040+ CAE [Py

e o/ UXo+rX) 2 s—¢
= lim /E;+Bl+ y (rik - P(X)) do + C(1 + “PXO ||Loo(3+))r

r—0

:/ y¢p?do
atBf

1 /
a 2
= y“pY, do,
pnta+2k 8+ B (Xo) 0

where in the third equality we used the assumption on the growth of u. By the monotonicity
result of Proposition 5.10, we obtain

L] ¥ (u — pxy)*do + C(1+ || px, | )i
el 0 ollLoo(B+)

> _ y¢p2 do
= pnta+2k 3+ B (Xo) Xo
and similarly
1 ac,,2 5—
—_— u” —2u do +C(1 + ~ r°7f>0.
a2k /B+B,+(Xo) yi( Pxo) ( HPXO ”L (B+)) =

On the other hand, rescaling the previous inequality and using the notion of blow-up sequence
uy defined as above, we obtain

k+6—¢
H(X()’uvr')l/Z j
a J 2 . _
f?ﬁBr)’ ( = uj—2ujp|do > C(1+||PX0HLOC(B+))

rh

J
! H(Xo,u,rj)!/?

Since V(u, Xo) = O(u, Xo) = k, by Definition 1.3 we get
H(Xo,u,rj)

20F5-e) +oo,
J

lim sup
j—o0o

and consequently, passing to the limit as j — oo in the previous inequality, we obtain

/ yiptdo <0
at Bl

in contradiction with p # 0. O

Theorem 5.13 Let Xo € I'(u) be such that k = O(u, Xo) < k. Then there exists a unique
nonzero X0 € 5B (R blow-up limit such that

uxy,r(X) =

X X
MR px. (57)

Moreover, we define as tangent map of u at X¢ the unique ¢*° € 5B} (R™1) that satisfies
57).
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Proof The proof is a straightforward consequence of the Weiss and Monneau monotonicity
formulas. Indeed, up to a subsequence r; — 0%, we have that u Xorj —> P in cfj;“ for
every @ € (0, 1). The existence of such limit follows directly from the growth estimate of
Lemma5.11 and, by Lemma 5.12, we have p is not identically zero. Now, by Proposition 5.9,
for any r > 0 we have

Wi, p,r) = lim Wi(0,ux,,;,r) = lim Wi(Xo,u,rrj) = Wi(Xo,u, 07) =0,
J]—00 J—>00

where

1 1 1 2
Wk(O,PJ”):m[m/B ¥ |VP| dX —k Jnta— 1/3+nyap da].

In particular, by [28,Proposition 5.2] it implies that the p is k-homogeneous L,-harmonic
function even with respect to {y = 0}, that is p € B} (R"*+1). Now, by Proposition 5.10,
the limit of the Monneau-type formula exists and can be computed by

M (Xo, u, px,. 07) = _li)m M(Xo,u, px,.Tj)

= lim M0, ux,, ris P D)

]*)OO

= lim Y (uxgr, — p)*do = 0.

j—oo Jo+ B

Now, suppose by contradiction that for any other subsequence r; — 07 we have that (ux, , )
converges to another blow-up limit g € sB} (R"*1) with ¢ # p, then

M(Xo, u, px,, 0"

hm M(Xo, u, px,, ri) = hm y”(ur[ — p)2 do =/ yi(q — p)2 do,
0+ B at B

which contradicts M (Xo, u, px,, 0t) =0. o

Thanks to the uniqueness and the non-degeneracy of the blow-up limit, we can also
construct the generalized Taylor expansion of the solution on the nodal set.

Theorem 5.14 Let X € I'(u) be such that k = O(u, Xo) < ky and X0 be the tangent map
of u at Xo. Then

u(X) = ¢ (X = Xo) + o(IX — Xo["). (58)
Moreover, the map Xo +— <px0 Sfrom Ty (u) to sBY, (R™1Y is continuous.

Proof The proof is inspired by a similar result for the thin-obstacle problem (see [17,Lemma
2.8.1] for more details) based on the validity of the Monneau monotonicity formula. Indeed,
fixed Xo € T'(u) let 9*° be the unique tangent map of u at X defined by Theorem 5.13.
Therefore, given ¢ > 0, Proposition 5.10 implies the existence of r, = r.(Xo), . = 8:(X0)
such that

MX1,u, %0, r) <26 4+ Cr¥? forr € (0,re)
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and for X1 € T'x(u) N X N Bs, (Xo). Thus, by rescaling the monotonicity formula in X, we
can conclude

M(X1,u, %0, 07) = lim M (X, u, @0 r)

X1 4+rX 2
= lim y¢ <7M( lr—:r )—<pX°(X)> do

r—0 3*3?’

2
= /3+B+ y¢ (gpxl — (px(’) do <2+ Crg/z.
1

[m}

Finally, we improve the convergence rate o(| X — X| ol%) of the previous generalized Tay-
lor’s expansion into a quantitative bound of the form O(|X — X [¥+3) for some § > 0.

This result is obtained by proving the validity of an Almgren-type monotonicity result for
the difference between the solution u and its tangent map X0 at X;. Since O(u, xp) < kg,
this analysis resembles the starting point of the iteration argument already used in the case
of L,-harmonic function in [28] to obtain higher order Taylor expansion near nodal points.
Notice that this methodology has been used in the last years to study the stratification of
obstacle type problems (see [14] for a finer analysis of higher order iterations in the context
of thin-obstacle problems).

Theorem 5.15 Let X € I'(u) be such that O(u, X) < ky and set
w(X) = u(X) — p**(X — Xo),

where ¢X0 is the tangent map of u at Xo. Then, there exist ro and an absolutely continuous
map ¥ (r) satisfying

0<W(r) <Cr*, forre(0,ry)

and some o > 0, such that
r > YO N (X, w, r) + 1)

is monotone non-decreasing for r € (0, ro). Consequently, there exists the limit

N(Xg,w,r) = lim N(Xq, w,r).

r—0t

Proof For the sake of simplicity, it is not restrictive to assume that Xo = 0. Setk = O(u, 0) <
kg, then by Lemma 5.11, Lemma 5.12 and Theorem 5.13 there exists Cy, C; > 0 such that

< Cor* forr € (0,7). (59)

k
Cir® < lullg,,

Now, given ¢ € sB{ (R"*1) the unique tangent map of u at 0 € T'(u), let us consider the
difference w = u — ¢ € H"“(B;") which solves

:Law=0 in B 60)

—3w =i w+ @) A w+@)?" ondB}.

Thus, following the same computation of the last Section, we easily deduce by an integration
by parts (see the proof of Proposition 3.1) that

a 2 d _%
it Y (0rw)“do + R(w, r), Hw,r)=-E(w,r),
ot B dr r
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where E, H are defined by (16) and

l—-n—-a § 1 a
R(w7 r) = W‘/ waywdx + m‘/an waywda

2 a
_TM 0 w(Vw,x)dx.
r

Therefore, by the Cauchy-Schwarz inequality on 3 B;t, the associated Almgren-type for-
mula (17) satisfies

L rogNw, r) 4 1) = )
dr BT “Ewn+Hwn

On one hand, we have

R _2-aq | F do — Cna F d
(w, r) _Tm 1 api_ (W + @)do — Iz - rpa (W + @)dx+
2s —n—2 d 1 d
—ta - ¢f(w+@)dx + —o Sﬂflwf(wﬂp) o

where f (1) = Agff:l — A_t27". On the other hand, by Lemma 2.2 and (56) we get
1
E(w,r)+ H(w,r) > ||u||%,, —Cr® llullg,, + Ta—Tta /301# @Iyudx

2 2 k -1
= lul, = €72 (Il + el ocs, r* Nl ')

In order to estimate the last remainder R(w, r) we need the introduce the auxiliary function

1 h
wv)=r(f/ WWM>
" Jaogt

for h € (0, 1) to be chosen later. A direct computation yields the identity

fs,r_z—l lu|? do )

faij |u]9 dx

W()—W()(h + 1+ hr

which implies, by Lemma 2.2, that

1 v'(r) 1—h
[ it do < 50 g

yn—1

Finally, we get

2s5—1
=

—1)(1—=h
el zoe gy 79" @) el D

1
pnta—1 /S,}—l @f(w + (p)dcr
and consequently
_ -1
R(w,r) = =Cr2 =t (Jul, + gl syl

el v @) Tl ) (61)
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for some i € (0, 1). By (59) and (46), there exists &« > 0 such that

d C r2s+kq (1 + 1'Z//(’,.)},‘k]’l(l—q))
— log(N(w, r) +1 -
dr g( (w r) ) r rzs_a ”u”gyr

A%

(62)
> _Cpe (149 (=),
-
Hence, let
r
W(r) = / re 1+ (D) s
0
Then, by Lemma 2.2 we first deduce 0 < ¢ (r) < Cr!tkah and then
r
0<W(r) = / @1 (1 + x//(t)t"h(l*‘”) dr
0
re kh(l—q)+a—1]’ /r Khi—a)ra—2
- - t dt
« +[‘W)r o Sy YO s ra -1
rO{ r
<y petkh C/ (khta—14;
= A
<Cr?,
for r sufficiently small. Therefore, we deduce that the function
ri> eCYONw, r) +1) (63)

is absolutely continuous and increasing for r € (rq, r2), for some 0 < r; < r». Following a
standard argument, the modified Almgren-type formula (63) can be defined forall» € (0, rp),
and it can be extended for r = 0 by taking its limit for » — 0. O

Remark 5.16 Notice that, under the notations of Theorem 6.1, all the computations up to (62)
still hold in the critical case O(u, 0) = k, with k; € N (that is 4 = 0 with u defined by
(68)). Indeed, in Sect. 6 we will prove that if k; € N the blow-up limit p is an homogeneous
L,-harmonic function symmetric with respect to {y = 0}, and the function w = u — p still
satisfies (60). However, in that context the computations will lead to

4 C % (1 +0t,1/(2_q)(1 n w/rkh(qfl))> Ko 2—q
—log(N(w,re) +1) > —— e withoy = [ —&——
dr Tk 1—Cay (1 +°‘k/( *L/)) )

”u”HI'“(Brk

By the dichotomy (67), even if © = 0 yields to o — 0%, this is not enough to ensure
the integrability of the right hand side of the previous inequality. As remarked in [31], is
possible that a sophisticated Fourier expansion finally lead to uniqueness: indeed it will
imply that rx — o (rr) is Dini-continuous, which will be enough to ensure the validity of
an Almgren-type monotonicity result.

As a simple corollary of the monotonicity result in Proposition 5.10 for the Monneau-type
formula, we easily deduce a lower bound for the Almgren-type formula evaluated on w.

Corollary 5.17 Let Xy € I'(u) be such that O(u, Xo) < kq. Then N(Xo, u — X0 0t) >
O(u, Xop).
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In order to improve the growth order of the remainder in (58), we start by proving a blow-up
argument based on the validity of the previous Almgren-type monotonicity formula. Hence,
given Xo € I'(w) and w € H ¢ (B;") as in Theorem 5.15, we consider the normalized blow-
up sequence (wy ) centered in X associated to some ri | 07 (see (5) for the definition of
normalized blow-up sequence), such that

—L,wr =0 1 1 inB;(_o,rk
—8;‘wk = oy I:)"+ (,Bkwk + (pXo)i — A (,Bkwk + ﬂk(pxo)q_ ] on 803;(“0”.

with

25+Ou,Xo)(g—1)
r H(Xo, w, r,
k and g = YHXo w0

vV H(Xo, w, ri) r X0

o =

Lemma 5.18 Under the previous notations, let 0 < ki < kp be such that O(u, Xo) < k1 <
ko. Then, ifk1 < N(Xo, u — ¢X0,0%) < ky we infer

B — 0% and 0 <oy < Cr@Dky=0wX0)
for some C > 0 and k sufficiently large.

Proof First, by Proposition 5.10 we already know that 8y — 0T. Now, let k1, k» > 0 be such
that O(u, Xo) < k1 < kp and k| < N(Xg, u — goXO, 0t) < k». By (18) and Theorem 5.15
we have thatif k; < N(Xg, u — (pXO, 0%) < ko then there exits Cy, C», 7 > 0 such that

it < \/H(Xo, u—Xo,r) < Cor®,

for every r € (0,7). Thus

25—k X -1
OlkSCVkY 1+O0(u, Xo) (g )7

for k sufficiently large such that r; < 7. Finally, by Corollary 5.17, if ky = O(u, Xo) < ky
we get

o < Cr@0(ky=Ow.X0))
as we claimed. O

Xo

In the following Proposition we finally compute the vanishing order of u — ¢ in terms

of O(u, Xo).
Proposition 5.19 Let X € I'(u) be such that O(u, Xo) < ky. Then
N(Xo,u — X, 0%) = O(u, Xo) + 8, forsomes e N,§ > 1.

Proof Let w = u — (pr and (wg)r be the normalized blow-up sequence centered at X
and associated to some r, — 0%. As we did in Lemma 5.6, exploiting the normalization
with respect to the Lz'“(8+B1+)—n0rm and the validity of the Almgren-type monotonicity

formula, it is easy to see that (wy )y is uniformly bounded in H,({C’a (RT'I) and it converges,

up to subsequence, to some p € HL" (]R’fl) N Lff(R’fl) such that ”p||L2~a(a+Bl+) =1.

On the other hand, since O(u, Xo) < k4, by Lemma 5.18 we get that both (atx )x and (Bx )«
approach zero, as k goes to infinity. Therefore, following the same contradiction argument
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of Lemma 5.7, the sequence (wy )y is uniformly bounded in C 8;“ (]RT'I) forevery @ € (0, 1)
and it converges uniformly on every compact set to some p € sB} (R"*1). Indeed, by the
strong convergence of (wg)x, we get

N@, p,r) = lim N, wg,r) = lim N(Xp, w, rry) = N(Xp, w, 0+) for every r > 0,
k— 00 k—00
where

rf+y" VpI?dX
NO. pr)= -2
a2
do
/a - yp
Therefore, p is an homogeneous L,-harmonic function even with respect to {y = 0} of order
N(, p, 1). By [28,Lemma 4.7] we first get that N (0, p, 1) € N while by Theorem 5.13 we

deduce that N(0, p, 1) > O(u, Xp). Since N(0, p, 1) = N(Xo, w,0") we finally get the
claimed result. ]

Thanks to this classification, we can improve the growth order of the remainder in (58).

Corollary 5.20 Let X € I'(u) be such that k = O(u, Xo) < ky and X0 be the tangent map
of u at Xo. Then

u(X) = ¥ (X = Xo) + 01X — Xo[**"),
Moreover, the map Xo — X0 from Ty (1) to 5B} (R"*YY is Hélder continuous.

Having established Theorem 5.14 and Proposition 5.19, we can finally show the validity
of the first part of Theorem 1.7 and Theorem 1.9.

Proof of Theorem 1.7 Let us consider the case V(u, Xo) < k4. By Corollary 5.2 and Corol-
lary 5.3 we already know that

O(u, Xo) = V(u, Xo) = N(Xo, u, 07).

Therefore the results of this Section hold true also for the case V(u, Xo) < k. In particular,
by Corollary 5.8, we know that V(u, X¢) must be a positive integer and, by Theorem 5.14
and Proposition 5.19, it follows the validity of expansion (10). O

Finally, by applying a variant of the classical Federer’s dimension reduction principle
[7,Theorem 8.5] (for the classical result we refer to [27,Appendix A]), and the Whitney’s
extension theorem (we refer to [13] and the reference therein) we can easily estimate the
Hausdorff dimension of the singular strata.

Proof of Theorem 1.9 First, since I'(1) = 7 (u) for those values of s € (0, 1) and ¢ € [1,2)
such that k; < 1, let us concentrate on the opposite case. Seeing that on R(u) U S(u) all the
notions of vanishing order coincide, that is

O(u, Xo) = V(u, Xo) = N(Xo, u,07) < kg,

we can easily adapt the general approach of [28] by using the validity of the Almgren-type
monotonicity formula. More precisely, by a straightforward application of Corollary 5.20
and the implicit function theorem, we already deduce that

R(u) = {X € T(u): N(Xo,u,0") =1},
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which is relatively open in I'(x) and it is a (n — 1)-dimensional regular set of class C1¢.
Moreover, by the upper semi-continuity of X — N(Xo, u, 07), the proof of the Hausdorff
estimate

dimyS(u) <n-—1

follows the one of [28,Theorem 6.3]).

On the other hand, it is possible to apply step by step the proof of [28,Theorem 7.7] and
[28,Theorem 7.8] (using Corollary 5.20 instead of [28,Theorem 5.12] and the generalized
formulation of the Whitney’s extension theorem in [13] for C""“-functions), obtaining the
desired result for the stratification of the singular set. The crucial idea is that the Whitney’s
extension allows to study the structure of the nodal set just by using the generalized Taylor
expansion (10) without the high-order differentiability of the function itself. O

6 Blow-up analysis for O(u, Xo) = kq

The previous analysis terminates the study of the nodal set in those points where the local
behaviour of the solutions resemble the one of the s-harmonic functions. In this Section we
will complete our study by considering the threshold case O(u, Xo) = k,. The following
result is the second part of Theorem 1.7.

Theorem 6.1 Letg € [1,2), A4, A_ >0andu € HY“(B)),u # 0 be a solution of (3).
If Xo € I'(u) satisfies O(u, Xo) = kg, then for every sequence ry — 0% we have, up to a
subsequence, that
u(Xo + reX)

— 1 in CO* (R,
”u”X(),rk

loc

for every a € (0, min(1, 2s)), where u is a ky-homogeneous non-trivial solution to

_ . 1
{Lgu =0 in ]R'_;_+ 64)

0% = p (A @) =A@ onR" x {0},
for some . > 0. Moreover, the case u = 0 is possible if and only if kg € N.

The proof will be presented in a series of lemmata. Given X € I' (1) such that O(u, Xo) =
kg and rp — 07, we consider normalized blow-up sequence

u(Xo + e X) B — Xy

up(X) = ——2 withX e B} =—-"1__"-, (65)
el xg.r, Xomx K
for 0 < ry < R < dist(Xq, dBy). Thus [lugllp,; = 1 and
_Lauk = O in B;_g.rk

kq

2—q
_aa, _ T q-1 _ q-1 0p+
0%uy, = <”u”X0,rk> [+ 0% = a-@o?™"] ona%Bf, .

By Proposition 4.7 (in particular by (36)), there exists C > 0 such that

rkq 2—q
O<ap=[—F— <C,
el xo.
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for every ry < R. As we pointed out in the previous Sections, the H'?-normalization
seems to be more suitable for the critical case O(u, Xo) = k,; and it overcomes the lack of
monotonicity of the Almgren-type formula. The following is a compactness result for the
blow-up sequence.

Lemma 6.2 For every R > 0, there exists kg > O such that, for every k > kg, the sequence
(ug)k is uniformly bounded in H 1"’(BIJ{) and, up to a subsequence, it converges strongly in
L>%(B}) and H"-“(B}).

Proof The convergence of the sequence (ux ) with respect to the strong topology in H 1% ( B;{)
is a straightforward consequence of the uniform bound in H ¢ (B;). Indeed, suppose there
exists kg > 0 such that, for every k > kg the sequence is uniformly bounded in H'¢ (B;g),
then it implies that up to a subsequence (uy)x weakly converges in H '@ (B}') and strongly
in Lz*“(B;Q). Moreover, by trace embedding, the traces of (ux)x on X strongly converge in
L?(3°B}), for every p € [1,2%).

Finally, by testing the equation against (ux — u)n, where n € C2°(Bg), we easily deduce
the validity of the strong convergence by passing to the limit as k — +o00. More precisely,

/+ Yn(Vug, Vg —u))dX = — /+ vy (uk — u)(Vug, Vip)d X+
BR BR

+ o / NGk — w) Oy )§" = A (u)?Hdx.
OBY

Since (u ) is uniformly bounded in H !9 (Bg) and it converges strongly in L>%(B}}), the first
term in the right hand side tends to 0 as k — oo. Similarly, since oy is bounded and u;, — u
strongly in L? (BOB;) for p € [1,2%), the second term vanishes too. Finally, regarding the
left hand side, by the weak convergence we get

/+ Y (Vi V(g — w))dX = f+ 0 (IVurl® = [Vul?) dX +o(1)
BR BR

as k goes to +00, which leads to the claimed result.
Hence, it remains to prove the validity of a uniform bounds in H'“. By definition of
(ug)k, since

el xo.r R
lugllo.r =
lleell .

the first part of the result follows if there exists kg, Cg > 0 such that
||u||X0,rkR <Cg ”u“Xo,rk , for eVefyk > kg.
Thus, suppose by contradiction that, up to a subsequence, for ry N\ 0 it results

Nl xo.re R
LY S NI
”u”X(),rk
We claim, in such case, that
lullx,,r r
(riR)ka

as k — oo. If not, by (36), we would have that

— +o00 (66)

k k
”u”X(),rkR = C(rkR) 4 < CR™ ”u”X(),rk ’
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against the absurd hypothesis. Thus, by Lemma 2.2, we get for every r > 0 that

1

2 b\ 2
Foy o (wdx < CAr™ ull% . =CA ( ) llully, ,
pnta—1 /303;*'()(0) + 0" ”M”Xo,r 0"

where A = max{iy, A_}, which implies

< : F ar < o (R o 0
= Rl st oy = A g B
Tk u Xo.rkR a BrkR(XO) Xo,rkR

as k — oc. On the other hand, by combining

2
lull,,

H(Xo,u,r)
Wer(Xo u,r) = —Z7= | 1 = (k+ D——57——

2
lul, ,

t 1 /
_— Fy, o (wdx |,
g rtaullk,  Joosr

with the monotonicity of r — Wy q,z(Xo, u, r), we deduce that
C = Wi, 2(Xo, u, reR)

2
Wy, ¢ )
(r R)?*a

H (X, u, R
1= (k, + X0 1iR) >k )
”u”Xo,rkR
2 1

- F)L VL(u)dx
q (rgRyr+a=! ||u||§(0,,kR /aOB;Ro(O) -

HWmmw@}

2
”u”X().rkR

1%, o) [ 3
— 20V Tk 1
(reR)*ka | 4 kg +1)
for k sufficiently large. Together with (66), it implies
H(Xo, u, reR) 1
lulyrr — 20q+D)

as k sufficiently large. Therefore, if we consider the new sequence

(X u(Xo+rkRX)
(X)) = ———,
llullxg,r r

since it is uniformly bounded in H La(B) and it satisfies

_ A
—Lqvr =0 in BX()J‘kR

2—q
_( R -1 ot OB
—oju = (”MHXo,rkR Ay - —A-(u)= | ond By, g

we deduce from the first part of the proof that, up to a subsequence, it converges strongly
in L>%(By), L>%(3B}) and in H“(B) to a function v € H'%(B}). Moreover, by (66), it
solves

—L, =0 inRY"

—8;5 =0 onR”"” x {0}.
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Now, the strong convergence in L>%(d B) implies
H(Xo.u,nR) 1
Iy r — 20g+ 1)

H(O..1) = lim H(O, v 1) = lim

thatis v # O on BOBlJr. On the other hand, by the absurd assumption, we have

— . . “u”X 7)
I9llo,1/8 = lim [vello, /g = lim ——"% =0,
koo k00 Tl xo ik
which implies that v = 0 on BOBIJF/ - The contradiction follows by the unique continuation
property for L,-harmonic function even with respect to {y = 0} (see [11] for the classic
unique continuation theorem of L,-harmonic functions). O

Lemma 6.3 Under the previous notations, the sequence (uy)x is uniformly bounded in

C,(o);a (R'f']) for every o € (0, min(1, k;)). Moreover, up to a subsequence, it converges
. n+1
uniformly on every compact set of R,

Proof The proof follows essentially the ideas of the similar results in [28, 34, 35] and the
result of Proposition 2.4. O

So far we have proved the strong convergence of the blow-up sequence (uy)i in
HLe (]R"jl) and uniformly on every compact set, to a function € H,:* (R"jl)ﬂLw(R’fl).

oc loc

The next step is to prove the homogeneity of the blow-up limit and the complete characteri-
zation of the possible limits.

Conclusion of the proof of Theorem 6.1 Since by Proposition 4.7 there exists C > 0 such that
ax € (0, C), up to a subsequence, we have either

u u
””# — 1€ (0,+00) or ””% — 4o0. (67)
! rt

First, suppose that the limit / is finite. By Lemma 6.2, together with a diagonal argument, we
get that uy — u strongly in H,L’“ (]R’_’:’l) and uniformly on every compact set. It is also clear
that the limit u solves (64) with

w=17"2% kq (68)

and u # O since, by strong H'“ (Bf“)—convergence, we have |lullp,; = 1. Now, since it
remains to prove that u is homogeneous, we start by considering the Weiss type formula
quyz((), ur, R), that is
2k,
"k
Wi, 20, uk, R) = —5—Wj, 2(Xo, u, riR). (69)
lul,
Indeed, passing to the limit as k — 00, we deduce by the uniform convergence that
— 1
Wi, 2(0.%, R) = lim —5— Wy 2(Xo,u,reR) = — Wi, 2(Xo, u,0™),
q- k— 00 ”u”Xo . q> 12 q-

forany R > 0, namely the map R — Wy, 2(0, u, R) is constant. Therefore, by Corollary 3.5,
it follows that u is k,-homogeneous.
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Let us deal with the second case in (67). By following the same arguments of the case
I € (0, 400) up to the validity of a Weiss-type monotonicity result, we already know that,
up to a subsequence, (ux)i converges uniformly on every compact set, to a function u €

YRYT) M LR which satisfies

10" loc

{—Lau =0 inR"! 70

—afﬁ =0 onR" x {0}.
Now, even if (69) still holds true, we can not conclude that u is k;-homogeneous as before.
Instead, by (69) and the monotonicity of R +— qu,z(X(), u, R), we get
er"
Wi, 20, ug, R) < 7Wk 2(Xo, u, Ro)
lul, .

with Ry € (0, dist(Xo, dBy)) arbitrarily chosen and k sufficiently large. By the previous
estimate, we have

! / Vi dX < / a2ax 1+ R (Xo, u, Ro)+
e — ¥y [ Vuy = youg s Wik, 2(X0, U, Ko
Rnta—1 B Rnta B llu %(o,rk q

ak
+ Rnta—1 /(;OB; Fy o (up)dx,

. . . . k
where the terms in the right hand side go to zero since oy — 07 and ||u Il x0.1 /rk" — +o00.
Finally, passing to the limit as k — 0o, we get

1 1 _H
W/ y |VM| dX<qu”+ /l;+ yal/{ dX, (71)
R
for every R > 0. On the other hand, since O(u, Xo) = k,, we get

0, if0 <o <ky

1
lim Sup —— 2 ”u”Hl”(B (Xo) — {+Oo’ ifa> kq.

r—0t

By Lemma 6.2 and (71), for every o > 0 we have

1 1+k, 1 s
Rza ”u”Hl"(BR) = Rza Rn+a /B+y u-dX
R
I+ kg 1
= lim a1 f yutdX
k~>oo R2« (Rrk)”"‘“ Bt (Xo)
Rry

. H(Xo,u, Rry) ,
={1+k,) lim ———————=r;“
( q)k—>1 00 (Rry)%« Tk

<@ —{—kq)rg“ lim sup ; |Iu||§( R>
- (Rri) 07k

k— 00
which yields that O(u, 0) > k,. Since we already know that u is a weak solution of (70), by
[28,Lemma 4.7] we get that

1 0 1 )
W/y ¥ VAR 2 ko /B+ VRdX,
R R
which implies with (71) that k; € 1 + N and that u is k;-homogeneous in ]R";rl. O
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By having established the compactness of the blow-up sequence for those point satisfying
O(u, Xo) = kg, we can finally prove the equivalence between the two notion of vanishing
order.

Corollary 6.4 For every Xg € I'(u), we have O(u, Xo) = V(u, Xo).

Proof Since we already proved in Corollary 5.2 the previous equivalence for the case
O(u, Xo) < kg, let us focus on the case O(u, Xo) = k, and let us prove that

Xo,r

Since the upper estimate follows by the definition of the norm in H La(B.(Xo)), suppose by
contradiction that there exists ry — 07 such that
H(X
HXo.u,r) 0% Dot (72)
ll%,
Since O(u, Xo) = kg, the normalized blow-up sequence
u(Xo + re X)
ug(X) = ——————
” u ” Xo,rk

converges, up to a subsequence, to an homogenous non-trivial solution @ of (64) in R"*1.
On the other hand, by (72) we get

_ . . H(Xo,u,rg
/ y4u? = lim y”u% =1l (f) 0.
o+ B} k—o00 o+ B k—o0 ||u||X0,rk
By homogeneity, it implies that # = 0 on R"**!, a contradiction. O

Up to the previous Corollary, we knew that Theorem 1.5 was valid for the H !"“-vanishing
order. Finally, we can complete the proof in terms of the classic vanishing order V(u, Xo).

Proof of Theorem 1.5 By Proposition 4.7 we already know that the maximum admissible
H "-%-vanishing order is equal to kg = kq. 1If O(u, Xo) < kg, by Corollary 5.2 and Corol-
lary 5.3 we already know that

Ou, Xo) = V(u, Xo) = N(Xo, u,0").

Therefore by Corollary 5.8 we know that V(u, X¢) must be a positive integer.
If instead O(u, Xo) = kg, by Corollary 6.4 we finally deduce that V(u, Xo) = k,, as we
claimed. O

7 One-dimensional k;-homogeneous solution

By Theorem 1.5 we already know that for those values of s € (0, 1), ¢ € [1,2) such that
kq < 1litholds I'(u) = 7 (u) with

Tw) ={XeTw: Vu, X) =ky}.
In this Section, we prove the existence of k,-homogeneous solutions of (64) whose traces on

R" x {0} are one-dimensional, for those values of the parameters s and g such that k, < 1.
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Thanks to the Federer’s reduction principle, this result allows to control the Hausdorff
dimension of 7 (1) and to prove that the nodal set is a collection of point with vanishing
order k, and Hausdorff dimension less or equal than (n — 1), in contrast with the case s = 1.

Remark 7.1 The classification of k,-homogeneous solutions depending only on two-variables
(x1, y) is the starting point for a complete understanding of the regularity of the sublinear
set 7 (u). Indeed, we claim that a possible improvement of flatness approach, via a viscosity
formulation of the sublinear set 7 (1), could give a complete picture of the biggest stratum of
7 (u). Moreover, we think that this strategy can be easily extended to the case k;, > 1,k; ¢ N
by taking care of the classification of L,-harmonic polynomial in [28].

Theorem 7.2 Foreverys € (0,1),q € [1,2) and Ay, A_ > O such that k; < 1, there exists
a ky-homogeneous function u such that u(0, 0) = 0 and

{—Lau =0 in R2 -

—0%u = Ay (up)? " = A-@-)?"" on R x {0}.

In particular, by exploiting the homogeneity of u, the previous problem is equivalent to
consider

—(sin?(0)¢’) = wsin?(0)¢ in (0, )
—95p(0) = A (4 (0D — A (o (0))7~! (74)
—d5p(m) = A (@ (NI — 2 (p—(m))17 1,

with 1 = kg (kg + 1 — 2s) and u(X) = [X | (X |X|7H).
In order to simplify the proofs, we will first address the case A, = A_ by proving existence
of solutions of (73) whose traces on R x {0} are either of the form

u(x,0) = A, (xf‘;'—x'i“) or u(x,0) = Ag |x|k

for some positive constants Ay, A, depending only on s, ¢ and A4 . Indeed, since these pro-
totypes of solution are either symmetric of antisymmetric with respect to x, the construction
of Theorem 7.4 will imply the existence of solution of (73) for every Ay, A > 0.

In the following Lemma we prove a sufficient condition for the existence of non-trivial
solutions to (74) in (0, T') for some T € (0, 7r), in the case Ay = A_.

Lemma?7.3 Given T € (0, w) and
X={ueH"((0,T):u) =0},
let us consider the mixed Dirichlet-Neumann eigenvalue associated to (0, T)

Jo sin® @) @)

Am(T) = min ! fOT o ue X\ {0}, d5u0)=0¢;.

Then, if © = kg (kq +1-— ZS) < Ap(T) there exists an unique positive function ¢ € X such
that

{—(sina(e)w’)’zusin“(e)(p in (0,7) 75)

— 04 p(0) = A1 (91 (04"
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Proof Under the previous notations, let us consider the minimization problem mingex J ()
with

~ Fi0@)(0)

T
J(u) = %/O sin® () ((u')* — kg (kg + 1 —25) u?) do p

Since g € [1,2), for every u € X there exists f > 0 small enough such that J(ru) < 0 for
every t € (0,1).
Notice that critical point of J in X are solution of (75), i.e. for every ¢ € X we get

T
dJ ()] :/0 sin® () (/¢ — kg (kg + 1 — 2s) ug) d0 — (A1 (u+(0)4"'¢(0))

= /OT ((sin®@)u") + kg (kg + 1 —25) u) ¢do — 35 u(0)¢ (0)
= (A @+ 0)7 19 (0)) .
By the Sobolev embedding, for every n > 2s, ¢ € [1, 2) it holds
2n—(n=25)q

f gldoy < C[a"B*] (/ sin (0) |Vsg|? dox
Snfl Si

q/2
+(k; + 1+ 2kg — 25) /S sin® (9)g2d0X>
+

with

(n+ qu)(cn,SNs)q/z
(n + 2k, — 25)4/2

9-2s F(@) I'(n) -
Cps = 2 .
oo <F("+22S)> (F(n/2>>

Thus, forn = 1and u =k, (kq +1- 2s) we get

I'(s)
r(—s)’

C= , Ny =271

T
J(u) = %f sin®(0) ((u)* — pu®) d+
0

A T T q/2
- ( / sin () (u')*d0 + (k; + 1+ 2k, — 25) / sin“ (9)u2d9>
q 0 0

with

ag i\ 42
o (IO a2 1 (rd52)\* L4k imamgg
Fd—s/) 7 \rd®)) (0 +2%k =252 '

Moreover, since by the Poincaré inequality in X we have
T T
/ sin?(9)u*d < C, / sin?(0) (u)*d®,
0 0
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for some positive constant C),, we get
1 T
J) == (1= Cpp) / sin (0) (u)*d0+
0

A(KZ + 14 2k, —25)Cp + 1)4/2 T a/2
_ Al il Cp 1) c( f sin“(@)(u’)zde) .
q 0

Finally, since

T
| f sin?(9) (u')?do
- Jo
G, min =7 . . m(T),
/ sin®(0)u~dé
0

it follows that C,u < 1, which implies that J is bounded from below and coercive. Since
X is weakly closed, the direct method of the calculus of variations implies the existence of
a minimizer ¥ which solves (75). Moreover, we can prove that u is positive: indeed, since if
u is a minimizer the same holds also for |u|, we can already suppose that u > 0. Now the
strong maximum principle implies that either # > 0 or u = 0, but the latter options can be
easily ruled out observing that J () < 0.

Finally, if we suppose there exists two different solutions @1, ¢y of (75), it is straightfor-
ward to see that there exists a linear combination w = ¢; — C¢a, with C > 0 such that
0!~ (0) = C ' (0) and

— 3fw(0) = —35¢1(0) + CFp2(0) = A (@1 (0)? ' = Cpa (041 =0.  (76)
Moreover

—(sin(@)w’) = psin“(@)w in (0, T)
w(T) =0, agw(O) =0.

Necessary w must vanishes identically in (0, 7'): indeed, if not either the function is strictly
positive in (0, T') or it changes sign in (0, T'), both in contradiction with the assumption
n < Ay (T). Hence, 91 = Ces in [0, T'], which contradicts the definition of C. ]

Theorem7.4 Let k; < 1, then for every Ay > 0 there exist only two k,-homogeneous
solutions uy, uy € H-? (]Rﬁ_) of

—Lou=0 in R
—9%u = Ay [ulf"*u on R x {0},
such that
(e, 0) = A1 (x5 =21) or ua(x,0) = Azl (77

for some positive constants A1, Ay depending only on s, q and A

Proof Notice first that the condition k, < 1 immediately implies s € (0, 1/2). Since we plan
to prove the existence of a k;-homogeneous function, it is obvious that its trace must be of
the form (77). Moreover, if we suppose by contradiction that there exist two solutions u and
v with the same type of traces (either like u1 (-, 0) or u;(-, 0)) then, it must exist a constant
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C > 0 such that u‘:’t_l(x, 0) = Cvi_l(x, 0) in R. Consequently, the function w = u — Cv
is a k,-homogeneous solution of

Lw=0 in R%
—B;Iw =0 on R x {0}.
By the classification of [28,Lemma 4.7] we already know that either k; € 1 + Norw = 0.
Since k; < 1, necessary w = 0, in contradiction with the choice of C > 0.
In order to construct two functions with these features, let us consider the symmetric and
antisymmetric solution of the eigenvalue problem associated the traces on S of u.

Hence, for the antisymmetric case, fixed T = m/2, by Lemma 7.3 there exists ¢ €
H"4(0, r/2) such that ¢(r/2) = 0 and

—(sin?(0)¢") = wsin?(@)¢ in (0, 7/2)
—05@(0) = Ap (g4 (0))771.
Hence, we define
©) = ©(0) if 6 € (0,7/2)
T o —0) ifoe @20’

an antisymmetric solution of (74) with A4 = A_. On the other hand, let us consider the
symmetric eigenfunction ¢ defined as

—(sin?(0)¢") = M (T)sin*(@)¢ in (T,w —T)
¢ >0 in(T,7—T) (78)
d(T)=0=¢(@x —-T),

forT € (0, w/2), where 1 (T) is the fist eigenvalue associated to (7', w —T'). By monotonicity
of the eigenvalue with respect to the set inclusion, we already know that 7 +— A((T) is
increasing and it satisfies

1im+ M(T) =2s and Xj(arctan(y/2(1 —s))) = 2.
T—0

Thus, since s < 1/2, there exists T* e (0, arctan(y/2(1 — s5))) such that 1 (T™*) = k.
Furthermore, by applying Lemma 7.3 with T = T*, there exists a function ¥ € H"%(0, T*)
such that ¥ (T*) = 0 and
—(sin®(@)y") = usin®(@)y in (0, T%)
— 35 Y(0) = Ay (Yry (0471
Finally, let C > 0 be such that —C¢'(T*) = /(T*), then if we define
¥ (0) if0 € (0,T)
»m@)=1-Cp@®) ifoe(T,m—-T),
vt —0) if0e@m—T,7)

we get a symmetric solution of (74) with Thus, the solutions u; are defined as the homoge-

neous extension of ¢; in ]R’fl

() = Ixt o (X
u; (X) = |X| §01<|X|>7
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which gives the claimed result. O

Finally, by applying the Federer’s reduction principle in the form of [7,Theorem 8.5], we
can conclude the proof of Theorem 1.9 as a byproduct of the results of this Section.

Proof (Conclusion of the proof of Theorem 1.9) Let us consider the class of functions F
defined as

loc

. { LOO(W) \ (0} u solves (73) in B, (Xy), forsome r € R, Xy € R" x {O}}
=luc ¥ .

for some Ay, A_, u >0
endowed with the topology associated to the uniform convergence and
S:u— T®u).

We already know that F is close under rescaling, translation and normalization. Moreover,
by Theorem 6.1 the hypothesis of the existence of a blow-up limit in F is satisfied, as well
as the singular set assumption. Thus, the Federer’s reduction principle [7,Theorem 8.5] is
applicable and it implies the existence of an integer d € [0, n] such that

dimy T () < d,

for every function u € F. Suppose by contradiction that d = n, this would implies the
existence of ¢ € F such that S(¢) = R”, thatis ¢ = 0 on R”. Thus ¢ = 0 on the
whole R”*! which contradicts the fact the 0 ¢ F. Actually, since Theorem 7.2 ensures the
existence of a (n — 1)-linear subspace £ C R" and a k,;-homogeneous function ¢ € F such
that S(¢) = E, we getd =n — 1. ]
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