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In this paper we focus on the space of 𝐶2 quartic splines on uniform criss-cross triangulations and 
we propose a method based on weighted essentially non-oscillatory techniques and obtained by 
modifying classical spline quasi-interpolants in order to approximate piecewise smooth functions 
avoiding Gibbs phenomenon near discontinuities and, at the same time, maintaining the high-

order accuracy in smooth regions. We analyse the convergence properties of the proposed quasi-

interpolants and we provide some numerical and graphical tests confirming the theoretical results.

1. Introduction

In many mathematical and scientific applications, the accurate approximation of bivariate data and functions is required. In this 
context, interpolation and quasi-interpolation are powerful techniques, well known and studied in the literature. In particular, if we 
compare them, quasi-interpolation (see e.g. the recent book [11]) does not require the solution of any system of equations and does 
not require that the approximant exactly matches the data at certain points. These properties are attractive in the multivariate case 
where the number of data can be huge and if we deal with noisy data.

In this paper we focus on the space of 𝐶2 quartic splines on uniform criss-cross triangulations of a rectangular domain (see e.g. 
[1,6,7,15,20,21,23,25,26] and references therein) and we propose a method obtained by modifying classical spline quasi-interpolants 
(QIs) in order to approximate piecewise smooth functions avoiding Gibbs phenomenon near discontinuities and, at the same time, 
maintaining the high-order accuracy in smooth regions. Such a method is based on Weighted Essentially Non-Oscillatory (WENO) 
techniques in the definition of the spline QI. We remark that the peculiar characteristic of the proposed method is the possibility 
of dealing with discontinuities without knowing where they are. Indeed, the smoothness indicators are able to detect the region of 
discontinuity and the coefficient functionals (defining the spline QI) are automatically modified by the WENO technique. In this way, 
thanks to the general expression of the nonlinear coefficient functionals, the spline quasi-interpolant is automatically constructed, 
with its coefficient functionals adjusted according to the possible discontinuity.

The proposed technique has been proposed in [4] in the univariate setting, considering 𝐶1 quadratic and 𝐶2 cubic spline quasi-

interpolants. Then, in [5] the problem has been faced in the bivariate case, considering the space of 𝐶1 quadratic splines on criss-cross 
triangulations and now we propose the application of such a technique in a spline space allowing higher smoothness 𝐶2.

* Corresponding author.
Available online 24 May 2024
0168-9274/© 2024 The Author(s). Published by Elsevier B.V. on behalf of IMACS. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).

E-mail addresses: arandiga@uv.es (F. Aràndiga), sara.remogna@unito.it (S. Remogna).

https://doi.org/10.1016/j.apnum.2024.05.018

Received 15 January 2024; Received in revised form 20 May 2024; Accepted 20 May 2024

http://www.ScienceDirect.com/
http://www.elsevier.com/locate/apnum
mailto:arandiga@uv.es
mailto:sara.remogna@unito.it
https://doi.org/10.1016/j.apnum.2024.05.018
http://crossmark.crossref.org/dialog/?doi=10.1016/j.apnum.2024.05.018&domain=pdf
https://doi.org/10.1016/j.apnum.2024.05.018
http://creativecommons.org/licenses/by/4.0/


Applied Numerical Mathematics 203 (2024) 69–83F. Aràndiga and S. Remogna

0 ℎ 𝑖ℎ𝑠𝑖 𝑚ℎ
0

ℎ

𝑡𝑗

𝑗ℎ

𝑛ℎ

𝑀𝑖,𝑗

𝐴𝑖,𝑗

(𝑎)
(𝑏)

Fig. 1. (𝑎) Uniform criss-cross triangulation and data points; (𝑏) support of the 𝐶2 quartic box spline 𝐵1 .

Moreover, we can cite other papers in the literature collocated in this field using quasi-interpolation but based on radial basis 
functions (RBFs). For example, in [14], the authors propose a shape preserving quasi-interpolation operator based on a new tran-

scendental RBF and the numerical experiments reveal that it not only gives very accurate results but also it does not suffer of the 
Runge and Gibbs phenomena (see also [8,18,27]).

The paper is organized as follows. In Section 2 we define the spline space and recall definition and properties of spline quasi-

interpolating operators. Then, in Section 3 we apply WENO techniques for constructing nonlinear spline quasi-interpolants and we 
study their properties. In Section 4 we give some numerical and graphical tests confirming the theoretical results of Section 3. Finally, 
in Section 5 we present some conclusions.

2. The spline space and linear quasi-interpolating operators

In this section we present and recall some results concerning the bivariate 𝐶2 quartic spline space 𝑆2
4 (Ω, 𝑚,𝑛), where 𝑚,𝑛 is a 

uniform criss-cross triangulation of a rectangular domain Ω = [0, 𝑚ℎ] × [0, 𝑛ℎ] (see Fig. 1(𝑎)), and we propose some linear quasi-

interpolating operators.

In particular here we consider the proper subspace of 𝑆2
4 (Ω, 𝑚,𝑛) denoted by 𝑆2

4 (Ω, 𝑚,𝑛, 𝑋1). It is generated by the (𝑚 +4)(𝑛 +4) −4
local spline functions {𝐵1,𝛼 , 𝛼 ∈}, where  = {(𝑖, 𝑗), −1 ≤ 𝑖 ≤ 𝑚 + 2, −1 ≤ 𝑗 ≤ 𝑛 + 2; (𝑖, 𝑗) ≠ (−1, −1), (𝑚 + 2, −1), (−1, 𝑛 + 2), (𝑚 +
2, 𝑛 + 2)}, obtained by dilation/translation of the quartic box spline 𝐵1 (see Fig. 1(𝑏)) defined by the set of direction vectors of ℝ2

𝑋1 = {𝑒1, 𝑒2, 𝑒3, 𝑒3, 𝑒4, 𝑒4} with 𝑒1 = (1, 0), 𝑒2 = (0, 1), 𝑒3 = (1, 1), 𝑒4 = (−1, 1) (see [9, Chap. 11], [10,26]). Since 𝐵1 is centred at the 
point ( 12 , 

5
2 ), we define the scaled translates of 𝐵1, 𝐵1,𝛼 , 𝛼 ∈, in the following way:

𝐵1,𝛼(𝑥, 𝑦) =𝐵1,(𝑖,𝑗)(𝑥, 𝑦) =𝐵1

(
𝑥

ℎ
− 𝑖+ 1, 𝑦

ℎ
− 𝑗 + 3

)
,

whose supports are centred at the points 𝐶𝛼 = 𝐶𝑖,𝑗 =
(
(𝑖− 1

2 )ℎ, (𝑗 −
1
2 )ℎ

)
. The Bernstein-Bézier coefficients of 𝐵1 are given in [26, 

Fig. 1].

We remark that the space 𝑆2
4 (Ω, 𝑚,𝑛, 𝑋1) is a proper subspace of 𝑆3,2

4 (Ω, 𝑚,𝑛) [26], where a spline 𝑠 ∈ 𝑆3,2
4 (Ω, 𝑚,𝑛) is a polynomial 

of degree 4 in each triangle and it is 𝐶3 continuous on the rectangle grid segments 𝑥 − 𝑖ℎ = 0, 𝑦 − 𝑖ℎ = 0, and 𝐶2 continuous on the 
diagonal grid segments 𝑥 − 𝑦 − 𝑖ℎ = 0, 𝑥 + 𝑦 − 𝑖ℎ = 0.

In the spline space 𝑆2
4 (Ω, 𝑚,𝑛, 𝑋1) we construct linear quasi-interpolants

𝑄 ∶ 𝐶 (Ω)⟶ 𝑆2
4 (Ω,𝑚,𝑛,𝑋1), 𝑄𝑓 =

∑
𝛼∈

𝜆𝛼 (𝑓 )𝐵1,𝛼 .

The coefficient functionals 
{
𝜆𝛼, 𝛼 ∈𝐴

}
can be of different kinds, see e.g. [11,21,22], and here we consider point QIs. Given a set of 

quasi-interpolation nodes 
{
𝑃𝛼, 𝛼 ∈𝐷

}
, for a suitable set of indices 𝐷, the coefficient functionals have the form

𝜆𝛼(𝑓 ) =
∑
𝛽∈𝐹𝛼

𝜎𝛼(𝛽)𝑓 (𝑃𝛽 ),

where the finite set of points 
{
𝑃𝛽, 𝛽 ∈ 𝐹𝛼

}
, 𝐹𝛼 ⊂𝐷, lies in some neighbourhood of the support Σ𝛼 of 𝐵1,𝛼 and such that 𝑄𝑓 ≡ 𝑓 for 

all 𝑓 in ℙ3, the space of cubic polynomials. The points 𝑃𝛼 , 𝛼 ∈𝐷, used in evaluating 𝑓 are (see Fig. 1(𝑎)) the vertices 𝐴𝑖,𝑗 = (𝑖ℎ, 𝑗ℎ), 
𝑖 = 0, … , 𝑚, 𝑗 = 0, … , 𝑛 and the centres 𝑀𝑖,𝑗 = (𝑠𝑖, 𝑡𝑗 ), 𝑖 = 1, … , 𝑚, 𝑗 = 1, … , 𝑛 of squares, with 𝑠𝑖 = (𝑖 − 1

2 )ℎ, 𝑡𝑗 = (𝑗− 1
2 )ℎ. We introduce 

the following notation 𝑓𝑖,𝑗 = 𝑓 (𝑀𝑖,𝑗 ) and 𝑓𝑖,𝑗 = 𝑓 (𝐴𝑖,𝑗 ).
Different point QIs in such a spline space have been proposed in the literature [1,6,7,15,20,21,23,26] considering different set of 
70

QI nodes and here we propose the following ones:
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1. 𝑄1𝑓 =
∑
𝛼∈

𝜆1𝛼(𝑓 )𝐵1,𝛼 , with (see Fig. 2(𝑎))

𝜆1
𝑖,𝑗
(𝑓 ) = 61

36
𝑓𝑖,𝑗 −

85
576

(
𝑓𝑖−1,𝑗 + 𝑓𝑖+1,𝑗 + 𝑓𝑖,𝑗−1 + 𝑓𝑖,𝑗+1

)
− 5

144
(
𝑓𝑖−2,𝑗 + 𝑓𝑖+2,𝑗 + 𝑓𝑖,𝑗−2 + 𝑓𝑖,𝑗+2

)
+ 5
576

(
𝑓𝑖−3,𝑗 + 𝑓𝑖+3,𝑗 + 𝑓𝑖,𝑗−3 + 𝑓𝑖,𝑗+3

)
,

2. 𝑄2𝑓 =
∑
𝛼∈

𝜆2𝛼(𝑓 )𝐵1,𝛼 , with (see Fig. 2(𝑏))

𝜆2
𝑖,𝑗
(𝑓 ) = 25

12
(𝑓𝑖−1,𝑗−1 + 𝑓𝑖−1,𝑗 + 𝑓𝑖,𝑗 + 𝑓𝑖,𝑗−1)

−25
96

(𝑓𝑖−1,𝑗+1 + 𝑓𝑖,𝑗+1 + 𝑓𝑖+1,𝑗−1 + 𝑓𝑖+1,𝑗 + 𝑓𝑖−1,𝑗−2 + 𝑓𝑖−2,𝑗−1 + 𝑓𝑖−2,𝑗 + 𝑓𝑖,𝑗−2)

+ 5
96

(𝑓𝑖−1,𝑗+2 + 𝑓𝑖,𝑗+2 + 𝑓𝑖,𝑗−3 + 𝑓𝑖+2,𝑗−1 + 𝑓𝑖+2,𝑗 + 𝑓𝑖−1,𝑗−3 + 𝑓𝑖−3,𝑗−1 + 𝑓𝑖−3,𝑗 )

−25
24

(𝑓𝑖,𝑗+1 + 𝑓𝑖,𝑗−1 + 𝑓𝑖−1,𝑗 + 𝑓𝑖+1,𝑗 ) +
5
48

(𝑓𝑖,𝑗+2 + 𝑓𝑖+2,𝑗 + 𝑓𝑖,𝑗−2 + 𝑓𝑖−2,𝑗 ) −
23
12

𝑓𝑖,𝑗 ,

3. 𝑄3𝑓 =
∑
𝛼∈

𝜆3𝛼(𝑓 )𝐵1,𝛼 , with (see Fig. 2(𝑐))

𝜆3
𝑖,𝑗
(𝑓 ) = 7

12
(
𝑓𝑖−1,𝑗−1 + 𝑓𝑖−1,𝑗−1 + 𝑓𝑖,𝑗−1 + 𝑓𝑖,𝑗

)
− 5

24
(𝑓𝑖−1,𝑗+1 + 𝑓𝑖,𝑗+1 + 𝑓𝑖+1,𝑗−1 + 𝑓𝑖+1,𝑗 )

− 5
24

(𝑓𝑖−1,𝑗−2 + 𝑓𝑖−2,𝑗−1 + 𝑓𝑖−2,𝑗 + 𝑓𝑖,𝑗−2) +
1
24

(𝑓𝑖−1,𝑗−3 + 𝑓𝑖,𝑗−3 + 𝑓𝑖−3,𝑗−1 + 𝑓𝑖−3,𝑗 )

+ 1
24

(𝑓𝑖−1,𝑗+2 + 𝑓𝑖,𝑗+2 + 𝑓𝑖+2,𝑗−1 + 𝑓𝑖+2,𝑗 ),

4. 𝑄4𝑓 =
∑
𝛼∈

𝜆4𝛼(𝑓 )𝐵1,𝛼 , with (see Fig. 2(𝑑))

𝜆4
𝑖,𝑗
(𝑓 ) = 125

192
(𝑓𝑖−1,𝑗 + 𝑓𝑖−1,𝑗−1 + 𝑓𝑖,𝑗 + 𝑓𝑖,𝑗−1) +

13
3072

(𝑓𝑖−3,𝑗−3 + 𝑓𝑖−3,𝑗+2 + 𝑓𝑖+2,𝑗−3 + 𝑓𝑖+2,𝑗+2)

− 75
256

(𝑓𝑖−1,𝑗+1 + 𝑓𝑖,𝑗+1 + 𝑓𝑖+1,𝑗−1 + 𝑓𝑖+1,𝑗 + 𝑓𝑖−1,𝑗−2 + 𝑓𝑖,𝑗−2 + 𝑓𝑖−2,𝑗 + 𝑓𝑖−2,𝑗−1)

− 65
3072

(𝑓𝑖+1,𝑗+2 + 𝑓𝑖+2,𝑗+1 + 𝑓𝑖+1,𝑗−3 + 𝑓𝑖+2,𝑗−2 + 𝑓𝑖−2,𝑗+2 + 𝑓𝑖−3,𝑗+1 + 𝑓𝑖−2,𝑗−3 + 𝑓𝑖−3,𝑗−2)

+ 15
256

(𝑓𝑖−3,𝑗 + 𝑓𝑖−3,𝑗−1 + 𝑓𝑖+2,𝑗 + 𝑓𝑖+2,𝑗−1 + 𝑓𝑖,𝑗−3 + 𝑓𝑖,𝑗+2 + 𝑓𝑖−1,𝑗−3 + 𝑓𝑖−1,𝑗+2)

+ 325
3072

(𝑓𝑖−2,𝑗−2 + 𝑓𝑖−2,𝑗+1 + 𝑓𝑖+1,𝑗−2 + 𝑓𝑖+1,𝑗+1),

all exact on ℙ3. They can be obtained by suitable discretisation of the Laplacian Δ in the differential QI exact on ℙ3 (see [21,23])

�̂�𝑓 =
∑
𝛼∈

𝜆𝛼(𝑓 )𝐵1,𝛼 (2.1)

with

𝜆𝛼(𝑓 ) =
(
𝑓 (𝐶𝛼) −

5
24

ℎ2Δ𝑓 (𝐶𝛼)
)
. (2.2)

We remark that it is necessary to evaluate the function outside the domain Ω in order to construct the coefficient functionals for 
boundary spanning functions, i.e. spanning functions whose support is not completed included in Ω. In this paper we extend the 
triangulation outside Ω and another approach is the construction of suitable coefficient functionals for boundary generators (see e.g. 
[20] where specific boundary functionals are available, following the method proposed in [19] for quadratic splines).

Regarding the approximation properties of such operators (see e.g. [10,11,13]), we say that a QI 𝑄 has approximation order 𝑘 if ‖𝑓 −𝑄𝑓‖∞ ≤ 𝐶ℎ𝑘, 𝑓 ∈ 𝐶𝑘(Ω), i.e. the maximum error is 𝑂(ℎ𝑘) for ℎ → 0, with an ℎ-independent constant 𝐶 . The maximum value 
of 𝑘 we can obtain, that provides optimal approximation, is related to the polynomial reproduction properties of 𝑄. Since the above 
mentioned QIs reproduce ℙ3, they have the optimal approximation order 4. If the function 𝑓 has a jump inside Ω, then we expect ‖𝑓 −𝑄𝑓‖∞ =𝑂(ℎ0).

3. Nonlinear spline quasi-interpolating operators

In this section we modify the linear spline quasi-interpolants of Section 2, by applying WENO techniques (see e.g. [2,3,16,24]) 
71

for constructing nonlinear quasi-interpolants able to deal with piecewise smooth functions.
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𝜆2
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𝜆3𝑖,𝑗 (𝑓 )

(𝑐)
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𝑖,𝑗
(𝑓 )

(𝑑)

Fig. 2. Coefficient functionals 𝜆𝑘
𝑖,𝑗
(𝑓 ), 𝑘 = 1,2,3,4 for different point QIs.

Therefore, we consider the differential QI (2.1) with coefficient functional 𝜆𝑖,𝑗 (𝑓 ) given in (2.2) and we assume to have different 
approximations of 𝜆𝑖,𝑗 (𝑓 ) such that:

𝜇(𝑓 ) = 𝜆𝑖,𝑗 (𝑓 ) +𝑂(ℎ𝑝), 𝜇𝑙(𝑓 ) = 𝜆𝑖,𝑗 (𝑓 ) +𝑂(ℎ𝑞), 𝑙 = 1,… ,𝑁, (3.1)

where 𝑝 ≥ 𝑞, 𝑝, 𝑞 ∈ℕ, and 𝜇(𝑓 ) =
∑𝑁

𝑙=1 𝛾𝑙𝜇𝑙(𝑓 ), for suitable positive values 𝛾𝑙 , 𝑙 = 1, … , 𝑁 . The WENO technique is applied to obtain 
an enhanced version of 𝜇(𝑓 ) which (essentially) does not produce oscillations. We define the quantities

𝛼𝑙(𝑓 ) =
𝛾𝑙

(𝜖 + 𝐼𝑙(𝑓 ))2
, 𝜔𝑙(𝑓 ) =

𝛼𝑙(𝑓 )∑𝑁
𝑙=1 𝛼𝑙(𝑓 )

, 𝑙 = 1,… ,𝑁, (3.2)

with 𝜖 = 10−7 and 𝐼𝑙(𝑓 ) ≥ 0 is a smoothness indicator able to detect the region of discontinuity. Then, the nonlinear coefficient 
functional is

𝜇𝜔(𝑓 ) =
𝑁∑
𝑙=1

𝜔𝑙(𝑓 )𝜇𝑙(𝑓 ). (3.3)

If 𝑓 is smooth, then 𝜇𝜔(𝑓 ) is as accurate as 𝜇(𝑓 ),

𝜇𝜔(𝑓 ) = 𝜆𝑖,𝑗 (𝑓 ) +𝑂(ℎ𝑝) (3.4)

and if 𝑓 has a discontinuity in the interval where the data used by 𝜇(𝑓 ) lie, but it is smooth in the area involved in the construction 
of at least one 𝜇𝑙(𝑓 ), then 𝜇𝜔(𝑓 ) is as precise as 𝜇𝑙(𝑓 ), i.e.

𝜇𝜔(𝑓 ) = 𝜆𝑖,𝑗 (𝑓 ) +𝑂(ℎ𝑞).

Now we apply this technique to the linear QIs of the previous section. For the operator 𝑄1 the method is slightly different with 
respect to the other three operators, because for 𝑄1 we apply the WENO technique separately in the two directions 𝑥 and 𝑦. Since 
we can write 𝜆1

𝑖,𝑗
(𝑓 ) in this way

𝜆1𝑖,𝑗 (𝑓 ) = 𝑓𝑖,𝑗 −
5
24

( 1
24

(−𝑓𝑖−3,𝑗 + 4𝑓𝑖−2,𝑗 − 5𝑓𝑖−1,𝑗 + 2𝑓𝑖,𝑗 ) +
22
24

(𝑓𝑖−1,𝑗 − 2𝑓𝑖,𝑗 + 𝑓𝑖+1,𝑗 )

+ 1
24

(2𝑓𝑖,𝑗 − 5𝑓𝑖+1,𝑗 + 4𝑓𝑖+2,𝑗 − 𝑓𝑖+3,𝑗 )
)

− 5
24

( 1
24

(−𝑓𝑖,𝑗−3 + 4𝑓𝑖,𝑗−2 − 5𝑓𝑖,𝑗−1 + 2𝑓𝑖,𝑗 ) +
22
24

(𝑓𝑖,𝑗−1 − 2𝑓𝑖,𝑗 + 𝑓𝑖,𝑗+1)

+ 1
24

(2𝑓𝑖,𝑗 − 5𝑓𝑖,𝑗+1 + 4𝑓𝑖,𝑗+2 − 𝑓𝑖,𝑗+3)
)

(3.5)

= 𝑓𝑖,𝑗 −
5
24

(
𝛾1𝜆

𝓁𝑗
𝑖,𝑗
(𝑓 ) + 𝛾2𝜆

𝑐𝑗
𝑖,𝑗
(𝑓 ) + 𝛾3𝜆

𝑟𝑗
𝑖,𝑗
(𝑓 )

)
− 5

24

(
𝛾1𝜆

𝓁𝑖
𝑖,𝑗 (𝑓 ) + 𝛾2𝜆

𝑐𝑖
𝑖,𝑗 (𝑓 ) + 𝛾3𝜆

𝑟𝑖
𝑖,𝑗 (𝑓 )

)
,

where 𝛾1 = 𝛾3 =
1
24 , 𝛾2 =

22
24 , applying the WENO strategy to the approximations of each directional derivative in (3.5), with

𝐼
𝓁𝑗
𝑖,𝑗

= 1
2
(𝑓𝑖−3,𝑗 − 2𝑓𝑖−2,𝑗 + 𝑓𝑖−1,𝑗 )2 +

1
2
(𝑓𝑖−2,𝑗 − 2𝑓𝑖−1,𝑗 + 𝑓𝑖,𝑗 )2, 𝐼

𝑐𝑗
𝑖,𝑗

= (𝑓𝑖−1,𝑗 − 2𝑓𝑖,𝑗 + 𝑓𝑖+1,𝑗 )2,

𝐼
𝑟𝑗
𝑖,𝑗

= 1
2
(𝑓𝑖,𝑗 − 2𝑓𝑖+1,𝑗 + 𝑓𝑖+2,𝑗 )2 +

1
2
(𝑓𝑖+1,𝑗 − 2𝑓𝑖+2,𝑗 + 𝑓𝑖+3,𝑗 )2,
72

and
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𝐼𝓁𝑖
𝑖,𝑗

= 1
2
(𝑓𝑖,𝑗−3 − 2𝑓𝑖,𝑗−2 + 𝑓𝑖,𝑗−1)2 +

1
2
(𝑓𝑖,𝑗−2 − 2𝑓𝑖,𝑗−1 + 𝑓𝑖,𝑗 )2, 𝐼𝑐𝑖𝑖,𝑗 = (𝑓𝑖,𝑗−1 − 2𝑓𝑖,𝑗 + 𝑓𝑖,𝑗+1)2,

𝐼𝑟𝑖
𝑖,𝑗

= 1
2
(𝑓𝑖,𝑗 − 2𝑓𝑖,𝑗+1 + 𝑓𝑖,𝑗+2)2 +

1
2
(𝑓𝑖,𝑗+1 − 2𝑓𝑖,𝑗+2 + 𝑓𝑖,𝑗+3)2,

we obtain (consider (3.2) and (3.3) for the approximation of each directional derivative)

𝜔1
𝑖,𝑗 (𝑓 ) = 𝑓𝑖,𝑗 −

5
24

(
𝜔
𝓁𝑗
𝑖,𝑗
𝜆
𝓁𝑗
𝑖,𝑗
(𝑓 ) +𝜔

𝑐𝑗
𝑖,𝑗
𝜆
𝑐𝑗
𝑖,𝑗
(𝑓 ) +𝜔

𝑟𝑗
𝑖,𝑗
𝜆
𝑟𝑗
𝑖,𝑗
(𝑓 )

)
− 5

24

(
𝜔𝓁𝑖
𝑖,𝑗𝜆

𝓁𝑖
𝑖,𝑗 (𝑓 ) +𝜔𝑐𝑖

𝑖,𝑗𝜆
𝑐𝑖
𝑖,𝑗 (𝑓 ) +𝜔𝑟𝑖

𝑖,𝑗𝜆
𝑟𝑖
𝑖,𝑗 (𝑓 )

)
.

Moreover, we have (see (3.1))

𝜆1
𝑖,𝑗
(𝑓 ) = 𝜆𝑖,𝑗 (𝑓 ) +𝑂(ℎ4),

𝜆
𝑝𝑖
𝑖,𝑗
(𝑓 ) = 𝜕2𝑓

𝜕𝑦2
(𝐶𝛼) +𝑂(ℎ4), 𝜆

𝑝𝑗
𝑖,𝑗
(𝑓 ) = 𝜕2𝑓

𝜕𝑥2
(𝐶𝛼) +𝑂(ℎ4), 𝑝 = 𝓁, 𝑐, 𝑟.

For the other operators, we can write them in the following ways:

𝜆2𝑖,𝑗 (𝑓 ) =
1
4

( 5
72

(𝑓𝑖−1,𝑗−1 + 𝑓𝑖,𝑗 ) −
125
288

(𝑓𝑖−1,𝑗+1 + 𝑓𝑖−2,𝑗 ) +
25
288

(𝑓𝑖−1,𝑗+2 + 𝑓𝑖−3,𝑗 )

+125
48

𝑓𝑖−1,𝑗 −
7

288
(𝑓𝑖,𝑗+2 + 𝑓𝑖−3,𝑗−1) +

35
288

(𝑓𝑖,𝑗+1 + 𝑓𝑖−2,𝑗−1) −
35
144

𝑓𝑖,𝑗−1

+1
9
(𝑓𝑖−2,𝑗 + 𝑓𝑖,𝑗+2) −

10
9
(𝑓𝑖,𝑗+1 + 𝑓𝑖−1,𝑗 ) + 𝑓𝑖,𝑗 )

)
+1
4

( 5
72

(𝑓𝑖−1,𝑗 + 𝑓𝑖,𝑗−1) −
125
288

(𝑓𝑖−1,𝑗−2 + 𝑓𝑖−2,𝑗−1) +
25
288

(𝑓𝑖−3,𝑗−1 + 𝑓𝑖−1,𝑗−3)

+125
48

𝑓𝑖−1,𝑗−1 −
7

288
(𝑓𝑖,𝑗−3 + 𝑓𝑖−3,𝑗 ) +

35
288

(𝑓𝑖,𝑗−2 + 𝑓𝑖−2,𝑗 ) −
35
144

𝑓𝑖,𝑗

+1
9
(𝑓𝑖,𝑗−2 + 𝑓𝑖−2,𝑗 ) −

10
9
(𝑓𝑖−1,𝑗 + 𝑓𝑖,𝑗−1) + 𝑓𝑖,𝑗

)
+1
4

( 5
72

(𝑓𝑖−1,𝑗 + 𝑓𝑖,𝑗−1) −
125
288

(𝑓𝑖,𝑗+1 + 𝑓𝑖+1,𝑗 ) +
25
288

(𝑓𝑖,𝑗+2 + 𝑓𝑖+2,𝑗 )

+125
48

𝑓𝑖,𝑗 −
7
288

(𝑓𝑖−1,𝑗+2 + 𝑓𝑖+2,𝑗−1) +
35
288

(𝑓𝑖−1,𝑗+1 + 𝑓𝑖+1,𝑗−1) −
35
144

𝑓𝑖−1,𝑗−1

+1
9
(𝑓𝑖,𝑗+2 + 𝑓𝑖+2,𝑗 ) −

10
9
(𝑓𝑖,𝑗+1 + 𝑓𝑖+1,𝑗 ) + 𝑓𝑖,𝑗

)
+1
4

( 5
72

(𝑓𝑖−1,𝑗−1 + 𝑓𝑖,𝑗 −
125
288

(𝑓𝑖+1,𝑗−1 + 𝑓𝑖,𝑗−2) +
25
288

(𝑓𝑖+2,𝑗−1 + 𝑓𝑖,𝑗−3)

+125
48

𝑓𝑖,𝑗−1 −
7

288
(𝑓𝑖−1,𝑗−3 + 𝑓𝑖+2,𝑗 ) +

35
288

(𝑓𝑖−1,𝑗−2 + 𝑓𝑖+1,𝑗 ) −
35
144

𝑓𝑖−1,𝑗

+1
9
(𝑓𝑖+2,𝑗 + 𝑓𝑖,𝑗−2) −

10
9
(𝑓𝑖,𝑗−1 + 𝑓𝑖+1,𝑗 ) + 𝑓𝑖,𝑗

)
= 1

4
𝜆2𝓁𝑡𝑖,𝑗 (𝑓 ) +

1
4
𝜆2𝓁𝑏𝑖,𝑗 (𝑓 ) + 1

4
𝜆2𝑟𝑡𝑖,𝑗 (𝑓 ) +

1
4
𝜆2𝑟𝑏𝑖,𝑗 (𝑓 ),

𝜆3𝑖,𝑗 (𝑓 ) =
1
4

(17
12

𝑓𝑖−1,𝑗 +
7
12

(𝑓𝑖−1,𝑗−1 + 𝑓𝑖,𝑗 ) −
1
4
𝑓𝑖,𝑗−1 −

5
12

(𝑓𝑖−1,𝑗+1 + 𝑓𝑖,𝑗+1 − 𝑓𝑖−2,𝑗−1 − 𝑓𝑖−2,𝑗 )

+ 1
12

(𝑓𝑖−3,𝑗−1 + 𝑓𝑖−3,𝑗 + 𝑓𝑖−1,𝑗+2 + 𝑓𝑖,𝑗+2)
)

+1
4

(17
12

𝑓𝑖,𝑗 +
7
12

(𝑓𝑖−1,𝑗 + 𝑓𝑖,𝑗−1) −
1
4
𝑓𝑖−1,𝑗−1 −

5
12

(𝑓𝑖−1,𝑗+1 + 𝑓𝑖,𝑗+1 + 𝑓𝑖+1,𝑗−1 + 𝑓𝑖+1,𝑗 )

+ 1
12

(𝑓𝑖+2,𝑗−1 + 𝑓𝑖+2,𝑗 + 𝑓𝑖−1,𝑗+2 + 𝑓𝑖,𝑗+2)
)

+1
4

(17
12

𝑓𝑖−1,𝑗−1 +
7
12

(𝑓𝑖−1,𝑗 + 𝑓𝑖,𝑗−1) −
1
4
𝑓𝑖,𝑗 −

5
12

(𝑓𝑖−1,𝑗−2 + 𝑓𝑖,𝑗−2 + 𝑓𝑖−2,𝑗−1 + 𝑓𝑖−2,𝑗 )

+ 1
12

(𝑓𝑖−3,𝑗−1 + 𝑓𝑖−3,𝑗 + 𝑓𝑖−1,𝑗−3 + 𝑓𝑖,𝑗−3)
)

+1
4

(17
12

𝑓𝑖,𝑗−1 +
7
12

(𝑓𝑖,𝑗 + 𝑓𝑖−1,𝑗−1) −
1
4
𝑓𝑖−1,𝑗 −

5
12

(𝑓𝑖+1,𝑗−1 + 𝑓𝑖+1,𝑗 + 𝑓𝑖−1,𝑗−2 + 𝑓𝑖,𝑗−2)

+ 1
12

(𝑓𝑖,𝑗−3 + 𝑓𝑖+2,𝑗−1 + 𝑓𝑖+2,𝑗 + 𝑓𝑖−1,𝑗−3)
)

= 1
4
𝜆3𝓁𝑡𝑖,𝑗 (𝑓 ) +

1
4
𝜆3𝑟𝑡𝑖,𝑗 (𝑓 ) +

1
4
𝜆3𝓁𝑏𝑖,𝑗 (𝑓 ) + 1

4
𝜆3𝑟𝑏𝑖,𝑗 (𝑓 ),(
73

𝜆4𝑖,𝑗 (𝑓 ) =
1
4

− 25
256

𝑓𝑖,𝑗 +
175
768

(𝑓𝑖,𝑗−1 + 𝑓𝑖−1,𝑗 ) +
575
256

𝑓𝑖−1,𝑗−1 −
125
768

(𝑓𝑖,𝑗−2 + 𝑓𝑖−2,𝑗 )
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− 65
768

(𝑓𝑖−2,𝑗−3 + 𝑓𝑖−3,𝑗−2) +
25
768

(𝑓𝑖−3,𝑗 + 𝑓𝑖,𝑗−3) +
155
768

(𝑓𝑖−1,𝑗−3 + 𝑓𝑖−3,𝑗−1)

−775
768

(𝑓𝑖−1,𝑗−2 + 𝑓𝑖−2,𝑗−1) +
13
768

𝑓𝑖−3,𝑗−3 +
325
768

𝑓𝑖−2,𝑗−2

)
+1
4

(
− 25
256

𝑓𝑖−1,𝑗−1 +
175
768

(𝑓𝑖,𝑗−1 + 𝑓𝑖−1,𝑗 ) +
575
256

𝑓𝑖,𝑗 −
125
768

(𝑓𝑖−1,𝑗+1 + 𝑓𝑖+1,𝑗−1)

− 65
768

(𝑓𝑖+2,𝑗+1 + 𝑓𝑖+1,𝑗+2) +
25
768

(𝑓𝑖−1,𝑗+2 + 𝑓𝑖+2,𝑗−1) +
155
768

(𝑓𝑖,𝑗+2 + 𝑓𝑖+2,𝑗 )

−775
768

(𝑓𝑖,𝑗+1 + 𝑓𝑖+1,𝑗 ) +
13
768

𝑓𝑖+2,𝑗+2 +
325
768

𝑓𝑖+1,𝑗+1

)
+1
4

(
− 25
256

𝑓𝑖,𝑗−1 +
175
768

(𝑓𝑖,𝑗 + 𝑓𝑖−1,𝑗−1) +
575
256

𝑓𝑖−1,𝑗 −
125
768

(𝑓𝑖,𝑗+1 + 𝑓𝑖−2,𝑗−1)

− 65
768

(𝑓𝑖−2,𝑗+2 + 𝑓𝑖−3,𝑗+1) +
25
768

(𝑓𝑖,𝑗+2 + 𝑓𝑖−3,𝑗−1) +
155
768

(𝑓𝑖−3,𝑗 + 𝑓𝑖−1,𝑗+2)

−775
768

(𝑓𝑖−1,𝑗+1 + 𝑓𝑖−2,𝑗 ) +
13
768

𝑓𝑖−3,𝑗+2 +
325
768

𝑓𝑖−2,𝑗+1

)
+1
4

(
− 25
256

𝑓𝑖−1,𝑗 +
175
768

(𝑓𝑖−1,𝑗−1 + 𝑓𝑖,𝑗 ) +
575
256

𝑓𝑖,𝑗−1 −
125
768

(𝑓𝑖−1,𝑗−2 + 𝑓𝑖+1,𝑗 )

− 65
768

(𝑓𝑖+1,𝑗−3 + 𝑓𝑖+2,𝑗−2) +
25
768

(𝑓𝑖−1,𝑗−3 + 𝑓𝑖+2,𝑗 ) +
155
768

(𝑓𝑖,𝑗−3 + 𝑓𝑖+2,𝑗−1)

−775
768

(𝑓𝑖+1,𝑗−1 + 𝑓𝑖,𝑗−2) +
13
768

𝑓𝑖+2,𝑗−3 +
325
768

𝑓𝑖+1,𝑗−2

)
= 1

4
𝜆4𝓁𝑏𝑖,𝑗 (𝑓 ) + 1

4
𝜆4𝑟𝑡𝑖,𝑗 (𝑓 ) +

1
4
𝜆4𝓁𝑡𝑖,𝑗 (𝑓 ) +

1
4
𝜆4𝑟𝑏𝑖,𝑗 (𝑓 ),

and we can observe that (see (3.1))

𝜆𝑘
𝑖,𝑗
(𝑓 ) = 𝜆𝑖,𝑗 (𝑓 ) +𝑂(ℎ4), 𝑘 = 2,3,4,

𝜆𝑘𝓁𝑏
𝑖,𝑗

(𝑓 ), 𝜆𝑘𝑟𝑡
𝑖,𝑗

(𝑓 ), 𝜆𝑘𝑟𝑏
𝑖,𝑗

(𝑓 ), 𝜆𝑘𝓁𝑡
𝑖,𝑗

(𝑓 ) = 𝜆𝑖,𝑗 (𝑓 ) +𝑂(ℎ4), 𝑘 = 2,3,4.
(3.6)

Now we apply the WENO technique. First of all we have 𝛾1 = 𝛾2 = 𝛾3 = 𝛾4 =
1
4 . Regarding the smoothness indicators, we choose the 

following ones:

• for 𝑄2 and 𝑄3

𝐼𝑟𝑡𝑖,𝑗 =
1
4

[ ∑
𝑙=𝑗−1,𝑗

(𝑓𝑖−1,𝑙 − 3𝑓𝑖,𝑙 + 3𝑓𝑖+1,𝑙 − 𝑓𝑖+2,𝑙)2 +
∑

𝑙=𝑖−1,𝑖
(𝑓𝑙,𝑗−1 − 3𝑓𝑙,𝑗 + 3𝑓𝑙,𝑗+1 − 𝑓𝑙,𝑗+2)2

]
and the other three ones 𝐼𝑟𝑏

𝑖,𝑗
, 𝐼𝓁𝑡

𝑖,𝑗
, 𝐼𝓁𝑏

𝑖,𝑗
by symmetry,

• for 𝑄4

𝐼𝑟𝑡𝑖,𝑗 =
1
8

[ ∑
𝑙=𝑗−1,𝑗,𝑗+1,𝑗+2

(𝑓𝑖−1,𝑙 − 3𝑓𝑖,𝑙 + 3𝑓𝑖+1,𝑙 − 𝑓𝑖+2,𝑙)2 +
∑

𝑙=𝑖−1,𝑖,𝑖+1,𝑖+2
(𝑓𝑙,𝑗−1 − 3𝑓𝑙,𝑗 + 3𝑓𝑙,𝑗+1 − 𝑓𝑙,𝑗+2)2

]
and the other three ones 𝐼𝑟𝑏

𝑖,𝑗
, 𝐼𝓁𝑡

𝑖,𝑗
, 𝐼𝓁𝑏

𝑖,𝑗
by symmetry.

We compute the WENO quantities appearing in (3.2) as above explained and, by using (3.3), we obtain the nonlinear coefficient 
functionals

𝜔𝑘
𝑖,𝑗 (𝑓 ) = 𝜔𝑘𝓁𝑡

𝑖,𝑗 (𝑓 )𝜆𝑘𝓁𝑡𝑖,𝑗 (𝑓 ) +𝜔𝑘𝓁𝑏
𝑖,𝑗 (𝑓 )𝜆𝑘𝓁𝑏𝑖,𝑗 (𝑓 ) +𝜔𝑘𝑟𝑡

𝑖,𝑗 (𝑓 )𝜆
𝑘𝑟𝑡
𝑖,𝑗 (𝑓 ) +𝜔𝑘𝑟𝑏

𝑖,𝑗 (𝑓 )𝜆
𝑘𝑟𝑏
𝑖,𝑗 (𝑓 ), 𝑘 = 2,3,4.

In order to study the theoretical properties of the new operators, we define the following domains

Ω+
𝜇,𝜈 ∶= [𝑥𝜇,𝑥𝑚] × [𝑦𝜈, 𝑦𝑛], Ω−

𝜇,𝜈 ∶= [𝑥0, 𝑥𝜇] × [𝑦0, 𝑦𝜈],

Theorem 1. If we define

𝑊 𝑘𝑓 =
∑
𝛼∈

𝜔𝑘
𝛼(𝑓 )𝐵1,𝛼 , 𝑘 = 1,2,3,4,

the following results hold:

1. 𝑊 𝑘 is exact on the space ℙ3.
74

2. If 𝑓 is smooth, then ‖‖𝑓 −𝑊 𝑘𝑓‖‖∞ =𝑂(ℎ4).
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3. If 𝑓 has a discontinuity across the square (𝑠𝜇, 𝑠𝜇+1) ×(𝑡𝜈 , 𝑡𝜈+1), and it is smooth on Ω+
𝜇+1,𝜈+1 and Ω−

𝜇−1,𝜈−1, then ‖‖‖𝑓 −𝑊 1𝑓
‖‖‖Ω+

𝜇+2,𝜈+2,∞
=

𝑂(ℎ4), ‖‖‖𝑓 −𝑊 1𝑓
‖‖‖Ω−

𝜇−2,𝜈−2,∞
=𝑂(ℎ4).

If 𝑓 has a discontinuity across the square (𝑥𝜇−1, 𝑥𝜇) × (𝑦𝜈−1, 𝑦𝜈), and it is smooth on Ω+
𝜇,𝜈 and Ω−

𝜇−1,𝜈−1, then ‖‖𝑓 −𝑊 𝑘𝑓‖‖Ω+
𝜇+2,𝜈+2,∞

=

𝑂(ℎ4), ‖‖𝑓 −𝑊 𝑘𝑓‖‖Ω−
𝜇−3,𝜈−3,∞

=𝑂(ℎ4), for 𝑘 = 2, 3, 4.

Proof. The theorem is proved by following the logical scheme used in [5]. If the function 𝑓 is smooth, the statement 2 follows 
by the fact that the differential QI operator has approximation order 4, i.e. ‖‖‖𝑓 − �̂�𝑓

‖‖‖∞ = 𝑂(ℎ4), by (3.4) and (3.6). Moreover, for 
𝑘 = 1, 2, 3, 4, the parts into which 𝜆𝑘

𝑖,𝑗
(𝑓 ) and 𝜔𝑘

𝑖,𝑗
(𝑓 ) have been subdivided guarantee 𝑊 𝑘𝑝 = 𝑝, ∀𝑝 ∈ ℙ3, so the statement 1 is proved.

In order to prove statement 3, taking into account the definition of 𝜆1
𝑖,𝑗
(𝑓 ) (see Section 2 and Fig. 2(𝑎)), if 𝑓 has a discontinuity 

across the square (𝑠𝜇, 𝑠𝜇+1) × (𝑡𝜈 , 𝑡𝜈+1), then there are 24 spanning functions 𝐵1,(𝑖,𝑗) with support overlapping this interval and only 
starting from Ω+

𝜇+2,𝜈+2 (similarly for Ω−
𝜇−2,𝜈−2) we are able to construct the spline 𝑊 1𝑓 using information only on one side of the 

discontinuity.

Analogously, if 𝑓 has a discontinuity in (𝑥𝜇−1, 𝑥𝜇) × (𝑦𝜈−1, 𝑦𝜈), taking into account the definition of 𝜆𝑘
𝑖,𝑗
(𝑓 ), 𝑘 = 2, 3, 4 (see Sec-

tion 2 and Fig. 2), there are 21 spanning functions 𝐵1,(𝑖,𝑗) with support overlapping the considered interval and only starting from 
Ω+
𝜇+2,𝜈+2 (similarly for Ω−

𝜇−3,𝜈−3) we are able to construct the spline 𝑊 𝑘𝑓 , 𝑘 = 2, 3, 4 using information only on one side of the 
discontinuity. □

Remark 2. If the discontinuity is across the square (𝑠𝜇, 𝑠𝜇+1) × (𝑡𝜈 , 𝑡𝜈+1), the region affected by the discontinuity in 𝑄1𝑓 is 
[𝑥𝜇−5, 𝑥𝜇+5] × [𝑦𝜈−5, 𝑦𝜈+5]. If the discontinuity is across the square (𝑥𝜇−1, 𝑥𝜇) × (𝑦𝜈−1, 𝑦𝜈), the region affected by the discontinuity 
in 𝑄𝑘𝑓 , 𝑘 = 2, 3, 4 is [𝑥𝜇−5, 𝑥𝜇+4] × [𝑦𝜈−5, 𝑦𝜈+4]. The results follow from the definition of 𝜆𝑘

𝑖,𝑗
(𝑓 ), 𝑘 = 1, … , 4 (see Fig. 2) and from the 

fact that support of 𝐵1,(𝑖,𝑗) is contained in the square [𝑥𝑖−3, 𝑥𝑖+2] × [𝑦𝑗−3, 𝑦𝑗+2]. In the rest of the domain, the approximation order 4 
is maintained.

4. Numerical and graphical results

In this section we provide some numerical and graphical results in order to confirm the theoretical ones obtained in Theorem 1.

In all cases we compare the linear operators, {𝑄𝑘}4
𝑘=1, with the nonlinear ones, {𝑊 𝑘}4

𝑘=1, presented in Section 3.

We have also tested the reproduction properties of all quasi-interpolants and the results are in line with the theoretical ones 
reported in Theorem 1 and Remark 2.

Moreover, regarding the boundary of the domain Ω, we have extended the triangulation outside Ω in order to be able to evaluate 
the test functions and construct the coefficient functionals associated with boundary generators.

4.1. Test 1

We consider the piecewise smooth function (see Fig. 3)

𝑓 (𝑥, 𝑦) =

{
exp(𝑥+ 𝑦) if 𝑦 < 0.5

exp(𝑥2 + 𝑦2) + 10 elsewhere
, (𝑥, 𝑦) ∈ [0,1] × [0,1]

and we compare the nonlinear quasi-interpolants in different sub-domains, in order to verify the theoretical results of Section 3. We 
compute the maximum absolute errors

𝐸𝑄𝑘
𝑓 ∶= max

(𝑢,𝑣)∈𝐺
|𝑓 (𝑢, 𝑣) −𝑄𝑘𝑓 (𝑢, 𝑣)|, 𝐸𝑊 𝑘

𝑓 ∶= max
(𝑢,𝑣)∈𝐺

|𝑓 (𝑢, 𝑣) −𝑊 𝑘𝑓 (𝑢, 𝑣)|,
and the corresponding numerical convergence orders, 𝑂𝑄𝑘

, 𝑂𝑊 𝑘
, 𝑘 = 1, 2, 3, 4, for increasing values of 𝑚 and 𝑛, using a 300 × 150

uniform rectangular grid 𝐺 of evaluation points. In Table 1 we report the maximum absolute error in [0,1] ×
[
( 𝑛2 + 2)ℎ,1

]
. We 

consider also the linear operators, for which we expect an error 𝑂(ℎ0). We recall that in [0,1] ×
[
( 𝑛2 + 1)ℎ,1

]
all the operators 𝑄𝑘, 

𝑊 𝑘, 𝑘 = 1, 2, 3, 4 have an error 𝑂(ℎ0).
Moreover, in order to recover all the theoretical results in Theorem 1 and Remark 2, we compute the maximum absolute error 

in [0,1] ×
[
( 𝑛2 + 𝛽)ℎ,1

]
, with 𝛽 = 4, 5. The corresponding results are reported in Tables 2, 3, respectively. Taking into account the 

location of the discontinuity, the numerical results confirm the theoretical ones. It is observed that we obtain 𝑂(ℎ4) with the operators 
{𝑊 𝑘}4

𝑘=1 and 𝑂(ℎ0) with the {𝑄𝑘}4
𝑘=1 in [0,1] ×

[
( 𝑛2 + 𝛽)ℎ,1

]
for 𝛽 = 2. We also see that we obtain 𝑂(ℎ4) with {𝑄𝑘}4

𝑘=2 when 𝛽 = 4
75

and also with 𝑄1 when 𝛽 = 5.
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Fig. 3. The graphs of 𝑓 (𝑥, 𝑦).

Table 1

Test 1 – Maximum absolute errors and numerical convergence order in [0,1, ] ×
[
( 𝑛
2
+ 2)ℎ,1

]
.

𝑛 𝐸𝑄1
𝑓 𝑂𝑄1

𝐸𝑄2
𝑓 𝑂𝑄2

𝐸𝑄3
𝑓 𝑂𝑄3

𝐸𝑄4
𝑓 𝑂𝑄4

8 1.46(−01) 4.82(−01) 2.39(−01) 2.39(−01)
16 1.46(−01) - 4.85(−01) - 2.40(−01) - 2.40(−01) -

32 1.46(−01) - 4.84(−01) - 2.39(−01) - 2.39(−01) -

64 1.46(−01) - 4.84(−01) - 2.34(−01) - 2.34(−01) -

128 1.46(−01) - 4.15(−01) - 2.34(−01) - 2.34(−01) -

256 1.46(−01) - 3.76(−01) - 2.34(−01) - 2.34(−01) -

𝑛 𝐸𝑊 1
𝑓 𝑂𝑊 1

𝐸𝑊 2
𝑓 𝑂𝑊 2

𝐸𝑊 3
𝑓 𝑂𝑊 3

𝐸𝑊 4
𝑓 𝑂𝑊 4

8 8.86(−03) 2.93(−03) 5.24(−03) 9.56(−03)
16 5.25(−04) 4.1 4.00(−04) 2.9 6.16(−04) 3.1 8.50(−04) 3.5

32 3.69(−05) 3.8 3.72(−05) 3.4 5.31(−05) 3.5 7.02(−05) 3.6

64 2.35(−06) 4.0 2.30(−06) 4.0 3.26(−06) 4.0 4.33(−06) 4.0

128 1.49(−07) 4.0 1.43(−07) 4.0 2.03(−07) 4.0 2.70(−07) 4.0

256 9.24(−09) 4.0 8.92(−09) 4.0 1.27(−08) 4.0 1.69(−08) 4.0

Table 2

Test 1 – Maximum absolute errors and numerical convergence order in [0,1, ] ×
[
( 𝑛
2
+ 4)ℎ,1

]
.

𝑛 𝐸𝑄1
𝑓 𝑂𝑄1

𝐸𝑄2
𝑓 𝑂𝑄2

𝐸𝑄3
𝑓 𝑂𝑄3

𝐸𝑄4
𝑓 𝑂𝑄4

8 1.24(−02) 5.33(−02) 1.90(−02) 9.56(−02)
16 3.57(−03) - 2.82(−03) 4.2 9.11(−04) 4.4 8.50(−03) 3.5

32 3.49(−03) - 1.69(−04) 4.1 5.31(−05) 4.1 7.02(−05) 3.6

64 3.49(−03) - 1.05(−05) 4.0 3.26(−06) 4.0 4.33(−06) 4.0

128 3.49(−03) - 6.52(−07) 4.0 2.03(−07) 4.0 2.70(−07) 4.0

256 3.49(−03) - 4.07(−08) 4.0 1.27(−08) 4.0 1.69(−08) 4.0

𝑛 𝐸𝑊 1
𝑓 𝑂𝑊 1

𝐸𝑊 2
𝑓 𝑂𝑊 2

𝐸𝑊 3
𝑓 𝑂𝑊 3

𝐸𝑊 4
𝑓 𝑂𝑊 4

8 8.86(−03) 2.58(−03) 5.24(−03) 9.56(−03)
16 5.25(−04) 4.1 4.00(−04) 2.7 6.16(−04) 3.1 8.50(−04) 3.5

32 3.69(−05) 3.8 3.72(−05) 3.4 5.31(−05) 3.5 7.02(−05) 3.6

64 2.35(−06) 4.0 2.29(−06) 4.0 3.26(−06) 4.0 4.33(−06) 4.0

128 1.49(−07) 4.0 1.43(−07) 4.0 2.03(−07) 4.0 2.70(−07) 4.0

256 9.24(−09) 4.0 8.92(−09) 4.0 1.27(−08) 4.0 1.69(−08) 4.0

Table 3

Test 1 – Maximum absolute errors and numerical convergence order in [0,1, ] ×
[
( 𝑛
2
+ 5)ℎ,1

]
.

𝑛 𝐸𝑄1
𝑓 𝑂𝑄1

𝐸𝑄2
𝑓 𝑂𝑄2

𝐸𝑄3
𝑓 𝑂𝑄3

𝐸𝑄4
𝑓 𝑂𝑄4

16 5.99(−04) 2.82(−03) - 9.11(−04) - 1.18(−03) -

32 3.78(−05) 4.0 1.69(−04) 4.1 5.31(−05) 4.1 7.02(−05) 4.0

64 2.37(−06) 4.0 1.05(−05) 4.0 3.26(−06) 4.0 4.33(−06) 4.0

128 1.49(−07) 4.0 6.52(−07) 4.0 2.03(−07) 4.0 2.70(−07) 4.0

256 9.25(−09) 4.0 4.07(−08) 4.0 1.27(−08) 4.0 1.69(−08) 4.0

𝑛 𝐸𝑊 1
𝑓 𝑂𝑊 1

𝐸𝑊 2
𝑓 𝑂𝑊 2

𝐸𝑊 3
𝑓 𝑂𝑊 3

𝐸𝑊 4
𝑓 𝑂𝑊 4

16 5.25(−04) - 4.00(−04) - 6.16(−04) - 8.50(−04) -

32 3.69(−05) 3.8 3.72(−05) 3.4 5.31(−05) 3.5 7.02(−05) 3.6

64 2.35(−06) 4.0 2.29(−06) 4.0 3.26(−06) 4.0 4.33(−06) 4.0

128 1.49(−07) 4.0 1.43(−07) 4.0 2.03(−07) 4.0 2.70(−07) 4.0

256 9.24(−09) 4.0 8.92(−09) 4.0 1.27(−08) 4.0 1.69(−08) 4.0
76
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Fig. 4. The graphs of (𝑎) 𝑔(𝑥, 𝑦), (𝑏) ℎ(𝑥, 𝑦), (𝑐) 𝑧(𝑥, 𝑦) and (𝑑) 𝑢(𝑥, 𝑦).

Fig. 5. The graphs of (𝑎) 𝑄1𝑔(𝑥, 𝑦) and (𝑏) 𝑊 1𝑔(𝑥, 𝑦) with 𝑚 = 𝑛 = 8.

4.2. Test 2

Now we propose some graphical results to confirm the reduction of the Gibbs phenomenon using the WENO technique. We 
compare all the quasi-interpolants proposed in the paper from the graphical point of view, considering the following functions:

• the step function shown in Fig. 4(𝑎)

𝑔(𝑥, 𝑦) =
{

0 if 𝑦 <
1
2

1 elsewhere
, (𝑥, 𝑦) ∈ [0,1] × [0,1],

• the piecewise smooth function shown in Fig. 4(𝑏)

ℎ(𝑥, 𝑦) =
{

exp(𝑥+ 𝑦) + 10 if 𝑥2 + 𝑦2 < 0.025
exp(𝑥2 + 𝑦2) elsewhere

, (𝑥, 𝑦) ∈ [0,1] × [0,1],

• the smooth function with a steep gradient shown in Fig. 4(𝑐)
77

𝑧(𝑥, 𝑦) = tanh(60𝑥− 6) + tanh(60𝑦− 6), (𝑥, 𝑦) ∈ [−1,1] × [−1,1],
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Fig. 6. The graphs of (𝑎) 𝑄2𝑔(𝑥, 𝑦) and (𝑏) 𝑊 2𝑔(𝑥, 𝑦) with 𝑚 = 𝑛 = 8.

Fig. 7. The graphs of (𝑎) 𝑄3𝑔(𝑥, 𝑦) and (𝑏) 𝑊 3𝑔(𝑥, 𝑦) with 𝑚 = 𝑛 = 8.

Fig. 8. The graphs of (𝑎) 𝑄4𝑔(𝑥, 𝑦) and (𝑏) 𝑊 4𝑔(𝑥, 𝑦) with 𝑚 = 𝑛 = 8.

• the initial condition of a problem of conservation laws (see [17, Section 4.1]) shown in Fig. 4(𝑑))

𝑢(𝑥, 𝑦) =
⎧⎪⎨⎪⎩
−1 if 𝑥 ≥ 0, 𝑦 ≥ 0
−0.2 if 𝑥 < 0, 𝑦 ≥ 0
0.5 if 𝑥 < 0, 𝑦 < 0
0.8 if 𝑥 ≥ 0, 𝑦 < 0

, (𝑥, 𝑦) ∈ [−1,1] × [−1,1],

For each test function, for different values of 𝑚 and 𝑛 reported in the corresponding figure captions, we construct, evaluate and 
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plot the eight spline quasi-interpolating surfaces using a 200 × 200 uniform grid of evaluation points.
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Fig. 9. The graphs of (𝑎) 𝑄1ℎ(𝑥, 𝑦) and (𝑏) 𝑊 1ℎ(𝑥, 𝑦) with 𝑚 = 𝑛 = 128.

Fig. 10. The graphs of (𝑎) 𝑄2ℎ(𝑥, 𝑦) and (𝑏) 𝑊 2ℎ(𝑥, 𝑦) with 𝑚 = 𝑛 = 128.

Fig. 11. The graphs of (𝑎) 𝑄3ℎ(𝑥, 𝑦) and (𝑏) 𝑊 3ℎ(𝑥, 𝑦) with 𝑚 = 𝑛 = 128.

Although the function 𝑧(𝑥, 𝑦) does not present a discontinuity like the other functions, in fact it has a steep gradient, it also presents 
the Gibbs phenomenon when reconstructed with linear operators. Indeed, we know that the Gibbs phenomenon is understood as 
those oscillations produced when trying to approximate a function with jumps, however, as remarked in [12], when few quasi-

interpolation nodes are used, a smooth function with a steep gradient causes a similar effect to that of a jump function and we have 
used the expression “Gibbs phenomenon” in this extended sense.

We see that with the standard linear quasi-interpolants 𝑄𝑘, 𝑘 = 1, 2, 3, 4 we always obtain the Gibbs phenomenon (see 
Figs. 5–20(𝑎)). Besides, we can observe that using the nonlinear quasi-interpolants 𝑊 𝑘, 𝑘 = 1, 2, 3, 4 (see Figs. 5–20(𝑏)) the Gibbs 
79

phenomenon is not present, as we expected.
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Fig. 12. The graphs of (𝑎) 𝑄4ℎ(𝑥, 𝑦) and (𝑏) 𝑊 4ℎ(𝑥, 𝑦) with 𝑚 = 𝑛 = 128.

Fig. 13. The graphs of (𝑎) 𝑄1𝑧(𝑥, 𝑦) and (𝑏) 𝑊 1𝑧(𝑥, 𝑦) with 𝑚 = 𝑛 = 16.

Fig. 14. The graphs of (𝑎) 𝑄2𝑧(𝑥, 𝑦) and (𝑏) 𝑊 2𝑧(𝑥, 𝑦) with 𝑚 = 𝑛 = 16.
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Fig. 15. The graphs of (𝑎) 𝑄3𝑧(𝑥, 𝑦) and (𝑏) 𝑊 3𝑧(𝑥, 𝑦) with 𝑚 = 𝑛 = 16.
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Fig. 16. The graphs of (𝑎) 𝑄4𝑧(𝑥, 𝑦) and (𝑏) 𝑊 4𝑧(𝑥, 𝑦) with 𝑚 = 𝑛 = 16.

Fig. 17. The graphs of (𝑎) 𝑄1𝑢(𝑥, 𝑦) and (𝑏) 𝑊 1𝑢(𝑥, 𝑦) with 𝑚 = 𝑛 = 128.

Fig. 18. The graphs of (𝑎) 𝑄2𝑢(𝑥, 𝑦) and (𝑏) 𝑊 2𝑢(𝑥, 𝑦) with 𝑚 = 𝑛 = 128.

Fig. 19. The graphs of (𝑎) 𝑄3𝑢(𝑥, 𝑦) and (𝑏) 𝑊 3𝑢(𝑥, 𝑦) with 𝑚 = 𝑛 = 128.

We emphasize that in the example involving the function 𝑧(𝑥, 𝑦), the function with steep gradient, the oscillations are also 
81

eliminated with the nonlinear operators presented in this paper.
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Fig. 20. The graphs of (𝑎) 𝑄4𝑢(𝑥, 𝑦) and (𝑏) 𝑊 4𝑢(𝑥, 𝑦) with 𝑚 = 𝑛 = 128.

5. Conclusions

In this paper we have considered the space of 𝐶2 quartic splines on uniform criss-cross triangulations and we have proposed a 
method based on WENO techniques and obtained by modifying classical spline quasi-interpolants in order to approximate piecewise 
smooth functions avoiding Gibbs phenomenon near discontinuities and, at the same time, maintaining the high-order accuracy in 
smooth regions, without knowing where the discontinuity is. We have also analysed the convergence properties of the proposed 
quasi-interpolants and we have provided some numerical and graphical tests confirming the theoretical results.
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