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ARTICLE INFO ABSTRACT

Keywords: In this paper we focus on the space of C? quartic splines on uniform criss-cross triangulations and
Spline quasi-interpolation we propose a method based on weighted essentially non-oscillatory techniques and obtained by
WENO

modifying classical spline quasi-interpolants in order to approximate piecewise smooth functions
avoiding Gibbs phenomenon near discontinuities and, at the same time, maintaining the high-
order accuracy in smooth regions. We analyse the convergence properties of the proposed quasi-
interpolants and we provide some numerical and graphical tests confirming the theoretical results.

Piecewise smooth functions approximation

1. Introduction

In many mathematical and scientific applications, the accurate approximation of bivariate data and functions is required. In this
context, interpolation and quasi-interpolation are powerful techniques, well known and studied in the literature. In particular, if we
compare them, quasi-interpolation (see e.g. the recent book [11]) does not require the solution of any system of equations and does
not require that the approximant exactly matches the data at certain points. These properties are attractive in the multivariate case
where the number of data can be huge and if we deal with noisy data.

In this paper we focus on the space of C? quartic splines on uniform criss-cross triangulations of a rectangular domain (see e.g.
[1,6,7,15,20,21,23,25,26] and references therein) and we propose a method obtained by modifying classical spline quasi-interpolants
(QIs) in order to approximate piecewise smooth functions avoiding Gibbs phenomenon near discontinuities and, at the same time,
maintaining the high-order accuracy in smooth regions. Such a method is based on Weighted Essentially Non-Oscillatory (WENO)
techniques in the definition of the spline QI. We remark that the peculiar characteristic of the proposed method is the possibility
of dealing with discontinuities without knowing where they are. Indeed, the smoothness indicators are able to detect the region of
discontinuity and the coefficient functionals (defining the spline QI) are automatically modified by the WENO technique. In this way,
thanks to the general expression of the nonlinear coefficient functionals, the spline quasi-interpolant is automatically constructed,
with its coefficient functionals adjusted according to the possible discontinuity.

The proposed technique has been proposed in [4] in the univariate setting, considering C' quadratic and C? cubic spline quasi-
interpolants. Then, in [5] the problem has been faced in the bivariate case, considering the space of C! quadratic splines on criss-cross
triangulations and now we propose the application of such a technique in a spline space allowing higher smoothness C2.
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Fig. 1. (a) Uniform criss-cross triangulation and data points; (b) support of the C? quartic box spline B;.

Moreover, we can cite other papers in the literature collocated in this field using quasi-interpolation but based on radial basis
functions (RBFs). For example, in [14], the authors propose a shape preserving quasi-interpolation operator based on a new tran-
scendental RBF and the numerical experiments reveal that it not only gives very accurate results but also it does not suffer of the
Runge and Gibbs phenomena (see also [8,18,27]).

The paper is organized as follows. In Section 2 we define the spline space and recall definition and properties of spline quasi-
interpolating operators. Then, in Section 3 we apply WENO techniques for constructing nonlinear spline quasi-interpolants and we
study their properties. In Section 4 we give some numerical and graphical tests confirming the theoretical results of Section 3. Finally,
in Section 5 we present some conclusions.

2. The spline space and linear quasi-interpolating operators

In this section we present and recall some results concerning the bivariate C? quartic spline space Si(ﬂ, Twn)s where T, is a
uniform criss-cross triangulation of a rectangular domain Q = [0, mh] X [0, nh] (see Fig. 1(a)), and we propose some linear quasi-
interpolating operators.

In particular here we consider the proper subspace of Sf(Q, T,.n) denoted by SE(Q, T, mn» X1)- Itis generated by the (m+4)(n+4)—4
local spline functions {B; ,,a € A}, where A= {(i,j), =1 <i<m+2,-1<j<n+2;(j)#(1,-1),m+2,-1),(-1,n+2),(m+
2,n+2)}, obtained by dilation/translation of the quartic box spline B, (see Fig. 1(b)) defined by the set of direction vectors of R?
X ={ej,e5,e3,e3,¢4,e4} with e; =(1,0), e, =(0,1), e3 =(1,1), e, =(=1,1) (see [9, Chap. 11], [10,26]). Since B; is centred at the
point (%, %), we define the scaled translates of By, B; ,,a € A, in the following way:

Bio(x.9)= By (6 3) = By (7 =i+ 1,3 —j+3),
whose supports are centred at the points C, =C; ; = ((i - %)h,( j- %)h). The Bernstein-Bézier coefficients of B, are given in [26,
Fig. 1].

We remark that the space Sf (&, 7,,,, X ) is a proper subspace of SZ’2(Q, T o) [26], where a spline s € SE‘Z(Q, T ,.n) is @ polynomial
of degree 4 in each triangle and it is C? continuous on the rectangle grid segments x —ih =0, y —ih =0, and C? continuous on the
diagonal grid segments x — y —ih =0, x+y—ih=0.

In the spline space Sf(Q, Toun» X 1) wWe construct linear quasi-interpolants

0:CQ— SIQT,,. X)), Of = A(f) B,

acA

The coefficient functionals {Aa, a € A} can be of different kinds, see e.g. [11,21,22], and here we consider point QIs. Given a set of
quasi-interpolation nodes {Pa, aE D}, for a suitable set of indices D, the coefficient functionals have the form

Aa(F)= Y o (B)f (Pp),
ﬂEFa

where the finite set of points {Pﬂ, pe Fa}, F, C D, lies in some neighbourhood of the support £, of B, , and such that Qf = f for
all f in P5, the space of cubic polynomials. The points P,, @ € D, used in evaluating f are (see Fig. 1(a)) the vertices A; ;= (ih, jh),
i=0,...,m, j=0,...,nand the centres M; ;= (s;,1),i= 1,...,m, j=1,...,nof squares, with 5; = (i — %)h, 1 =0- %)h. We introduce
the following notation f_,] =f(M,;)and f;; = f(A;)).

Different point QIs in such a spline space have been proposed in the literature [1,6,7,15,20,21,23,26] considering different set of
QI nodes and here we propose the following ones:
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1. Q'f =) AL(f)B,,, with (see Fig. 2(a))

acA
61 - 85 /= 5
/lil,j(f)= %fi 576(f vt fi fijo + i) - 144(f 2+ fiwnj+ Fijoa + fijun)
5
576(f 3J+fz+31+flj 3+flj+3)
2. Q2f = Z 22(f)B, 4, with (see Fig. 2(b))
aEA

25
/liz,j(f) = E(fi_u_l + fio [+ fij-1)
5
_9_6(fi—1,j+1 +fijer i1t iyt ficj2 + fia o + ficoj + fij2)

5
+%(fi—l,j+2 + fijrrt fijos+ fivnjo1 + fivnj + ficijos + fiz jo1 + fiza )
23

25 - - . - 5 . . . . .
_ﬁ(fi,j+l +Sijor+ ficyy + fi )+ E(fi,j+2 +fivjtija+ fica ) = Efi,ﬁ

3. 03f = Z Ai(f)BLa, with (see Fig. 2(c))
acA

7 5
/lij(f) = 3 (f,-_l’j_l + ficrj-1+ fijo +f,-,j) - i(fi—l,j-%—l + fijer o+ figny)
5 1
—aimn t fi it i+ fij )+ Ui H fijs + fis o + fics )
1
+ﬂ(fi—l,j+2 + fije2t fiva o1 + fiza))s

4. Q*f =Y A(f)B,,, with (see Fig. 2(d))
acA

/lf,j(f)= 192(f, vt ficijo1+ fig+ fij- 1)+3072(f1 33 T fims o+ fizaj3 + fizaje2)
256(f‘ L+l fijet T fivjor t figj + fimijoo + fijoo + fioj + fimaj1)
3072(f:+1/+2+f,+2,+1+fl+1, 3+ finjot ficojuat fisjm + fiajoz + finz j—2)
256(f 3+ fimsjo1 + fivoy + fivnjo1 + fijos + fijeo + fic1 jo3 + fic1,j+2)
3302752(f =2+ ficojr1 + firjo2 + firr e

all exact on P3. They can be obtained by suitable discretisation of the Laplacian A in the differential QI exact on P; (see [21,23])

Of =) 2B, 2.1)
aEA
with
~ _ _i )
Il = (€)= S IAL(C)). 2.2)

We remark that it is necessary to evaluate the function outside the domain Q in order to construct the coefficient functionals for
boundary spanning functions, i.e. spanning functions whose support is not completed included in Q. In this paper we extend the
triangulation outside € and another approach is the construction of suitable coefficient functionals for boundary generators (see e.g.
[20] where specific boundary functionals are available, following the method proposed in [19] for quadratic splines).

Regarding the approximation properties of such operators (see e.g. [10,11,13]), we say that a QI Q has approximation order k if
If —Oflleo < Ch*, f € CK(Q), i.e. the maximum error is O(h¥) for h — 0, with an h-independent constant C. The maximum value
of k we can obtain, that provides optimal approximation, is related to the polynomial reproduction properties of Q. Since the above
mentioned QIs reproduce P;, they have the optimal approximation order 4. If the function f has a jump inside Q, then we expect

If = Ofll = OhO).
3. Nonlinear spline quasi-interpolating operators

In this section we modify the linear spline quasi-interpolants of Section 2, by applying WENO techniques (see e.g. [2,3,16,24])
for constructing nonlinear quasi-interpolants able to deal with piecewise smooth functions.

71



F. Arandiga and S. Remogna Applied Numerical Mathematics 203 (2024) 69-83

A0 500 200 00
(@) (b) (©) (d)

Fig. 2. Coefficient functionals 1".‘J (f), k=1,2,3,4 for different point QIs.

Therefore, we consider the differential QI (2.1) with coefficient functional 71, j( f) given in (2.2) and we assume to have different

approximations of )A»[, ;(f) such that:

u() =2, (H+O0MD),  w(f)=2,()+O0hD, I=1,....N, 3.1)
where p>q, p, g €N, and u(f) =Y, l]i 1 Y1, (f), for suitable positive values y;, I =1, ..., N. The WENO technique is applied to obtain
an enhanced version of u(f) which (essentially) does not produce oscillations. We define the quantities

Y a(f)
— o)==
(e+I,(f) Y a(f)

with € = 1077 and I,(f) > 0 is a smoothness indicator able to detect the region of discontinuity. Then, the nonlinear coefficient
functional is

o (f) = I=1,...,N, (3.2)

N

KO = Y o (Dp(f)- (3.3)

I=1
If f is smooth, then u®(f) is as accurate as u(f),
HO(f) =4 ;(f) + O(hP) (3.4)

and if f has a discontinuity in the interval where the data used by u(f) lie, but it is smooth in the area involved in the construction
of at least one y;(f), then u®(f) is as precise as y,(f), i.e.

1) =4 j(f) + O(h9).

Now we apply this technique to the linear QIs of the previous section. For the operator Q' the method is slightly different with
respect to the other three operators, because for Q! we apply the WENO technique separately in the two directions x and y. Since
we can write /ll.lj( f) in this way

/lil,j(f) =fii— 25_4 (i(_f_i—&j +4fia; =5 i t2fip+ ﬁ(f_i—],j =2fij+fi))

1 . - _ _ _
+ ﬂ(zfi,j =5fir1j+t4 i _fi+3,j))
501, - _ - . 2 . o
_ﬂ(ﬂ(_fi,j—3 ta4f =5 i +2fi) + ﬂ(fi,j—l_zfi,j+fi,j+l)

1 .- _ _ _

+ ﬁ(zfi,j =5fije1+4 00— fi,j+3)> (3.5)
=7 —i( A 41229 () + 7327 ))—i( A A ¢ )
—Jij 24 71 ij 72 ij f 73 ,-,j(f 24 71 iyj(f)+72 ij f)+73 ij f 5

22

g applying the WENO strategy to the approximations of each directional derivative in (3.5), with

where y; =73 = ﬁ, V=
i 1, = = = 1, - = = i = = =
I,',jj = E(fi—s,j =2 i+ fi ) + E(fi—lj =2 ficr + Fi)s I,cj =(ficty =205+ frr )%
b1, . i 1 - ~ .
L= Ui =2 i+ Jisn )+ Uiy =2 iyt Jiss )%
and
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ci_ Ll 7 7 o, los 7 72 i _(F FoLF 2
I = E(fi,j—3 =2fijat fijo)+ E(fi,j—Z =2fija+ fip)n I = =20+ fis)Ss

P e _ _ 1 - _ _
I = E(fi,j =2 fijm + Fija) + 5(f;,j+1 =2 i+ Fija)
we obtain (consider (3.2) and (3.3) for the approximation of each directional derivative)

o (N)=F;- i( f’/l"”(f)+a>"/1‘f(f)+w’fA’f(f))——( f'%'(f)+w°”/1“(f)+w”A”(f))

24 L] L) L] L) Ll L L Ly LAY L] L

Moreover, we have (see (3.1))
/11 ;(N= /L,(f) + 0",

: 2
=21 f !

L(CH+OMY, ()= Z2(CH+00Y,  p=ticr
J ox2
For the other operators, we can write them in the following ways:
1/5
210 =3 (S Uity + £ = 3 Uty + fia )+ s it jan + fis)

125
+Ef[—l,j 288(fl_[+2+f1 -3,j— 1)+288(f11+1+f1 -2,j— l) flj 1

+l(fi—2,j +fija) = &(f_i,j+1 +fip)+ fi,j)>

144

1
Z( (fllj+flj l) 288(fll/ 2+fl —2,j— 1)+288(ft -3.j- l+fllj 3)

125 35
f Lj-1— 288(f” 3+ f; ”)+288(f” 2+ fica )= T i)

144
+§(fi,j—2 + f_i—2,j) - _O(f_i—],j + fi,j—l) + fx/)
1/5
+1 (7_2(fi—l,j +fij-0) =

125
48

| = 10, ~ _ _
+§(fi,j+2 + fivnj)— —(fi,j+1 +fi+l,j)+fi,j>

(flj+1+fl+1j)+ (flj+2+fl+2j)

288 288

fi,j 288(f 1/+2+f1+2] l)+288(f 1/+1+fl+1/ 1) 144f 1,j-1

1/5
+7 (ﬁ(f[—l,j—l +fi,j
125
48 288

1 = = 10, - _ _
+§(f,~+2,j + fij—2) = 3(fi,j—1 +fi+1,j)+fi,j>

(f1+11 l+ij 2)+ (f1+21 1+f1j 3)

288 288

fi,j—l (fl 1,j— 3+ft+2/)+288(f 1,j-2 fi+l,j fl 1,j

144
1 1 1 1
= A D+ D+ A (D + —A%;."(n,
s 1,17
=7 (ﬁfi—lj HVim + i) = f,, 1= z(fi—l,j+1 +fijn = ficajo1 = ficay)
1
+E(fi—3,j—l +fiszjtficije2t fi,j+2)>
1 /17 7 1 5
+Z (Efi,j + E(fi—l,j + fij-) - Zfi—l,j—l - E(fi—l,jﬂ + fije1 + firjo1 + fivy)

1
+E(fi+2,j—l + fisnj+ ficrjs2 t fi,j+2)>
.
1

1
+ﬁ(fi—3,j—l + fimzj+ ficij3+ fi,j—3)>

17 7 1 5
(Efi—l,j—l + E(fi—l,j + fij-1)— Zfi,j - E(fi—l,j—Z + fijoo+ ficojo1 + fica )

1 /17 7 1 5
+7 (Ef,-,j_l + Vit im0 = g fim - E(fi+l,j—1 +fivrjt ficja + fij-2)

1
+_(fi,j—3 + firaj-1+ fivay + fi—l,j—3)>

A3f’(f>+ B+ oo+ L /13”’(f),

470 470
1 25 175 125
3= (=55 fis+ 3eg Uiy +fic 1,)+256f = a2 iyt fiay)
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(fl —2,j— 3+fl -3,j— 2)+ (fl 3j+flj 3)+ (fl 1,j— 3+fl -3.j— 1)

768 Tes 768
;gg(f -2+ fi2- 1)+768f 343 768f 2= 2)

+41t( 256f Lt T Ui + i)+ 582 o 768(f L+ finon)
e Uiva ot + i) + e i1+ Frsny )+ 222 Uigua + fivzy)
;gg Uisr + Jinr )+ 7]638 frzja ¥ %fiﬂ,m)

Alt( 256f” ! 768(f‘f+f‘ - 1)+§;2f1 1~ 768(f,,+1+f, —24-1)
768(f 2t 3’“)_{_768(f’/+2+f -3.j- 1)+;Z§(f 3+ ficij+2)
;ég(f’ Lt ¥ i 2’)+768f‘ 3f+2+768ff 2g1)

+i( 256f o ;ZZ(/ Lj= 1+f11)+;;2fl/—1 ;ég(f Lj-2 + fir1))
768(f’+“ ¥ iz 2)+768(f’ L= 3+fl+2/)+768(fu 3+ fivaj1)
;;g(fm/ 1+ fij2)+ 7638f’+2j_3+ %fm,/‘—Z)

W"(f) + 4/1fj’(f) + 4zj*f N+ /14”’(f),

and we can observe that (see (3.1))
A=, (H+O0MY, k=234,

(3.6)
AEBCY, AP, ALY, AKH(f) =, () +ORY),  k=2,3,4.

Now we apply the WENO technique. First of all we have y; =y, =y3 =y, = i. Regarding the smoothness indicators, we choose the
following ones:

. for 0% and Q3
Il-r,;_ [ Z (Fiory = 3fis +3fis1a = s+ Z (f1j-1 =3f15+3f 141 — ft,+2)]
I=j—1,j I=i—1,i

and the other three ones 1'%, 17!, I”> by symmetry,
B> 12 i
. for 0*

v
I =2 [ Z (fiory =3fis +3fisrs — fin)* + Z (Srjo1=3f1;+3 11 — fl,j+2)2]

8 I=j=1,j.j+1.j+2 I=i—1,i,i+1,i+2

and the other three ones /] f , f ]’ s If; b by symmetry.

We compute the WENO quantities appearing in (3.2) as above explained and, by using (3.3), we obtain the nonlinear coefficient
functionals

o} () =N + o PN + o TN + o DOATS), k=2,3,4.
In order to study the theoretical properties of the new operators, we define the following domains
QF 1=, X X [y 91 Q. =[x, x, 1 [¥o, 1, ),
Theorem 1. If we define
W=y ol(f)Bi,  k=12734,
aEA

the following results hold:

1. W* is exact on the space P5.
2. If f is smooth, then || f — W* f|| = O(h*).
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3. If f has a discontinuity across the square (s,,, 5,11 )X (t,, 1,4, ), and it is smooth on Q" Lt andﬂ;_l’v_l, then Hf -wlf o e =
U2+
o, ||r-wis|,. = 0.
y—2,v-2%
If f has a discontinuity across the square (x,_;,X,) X (y,_,¥,), and it is smooth on Q; , and QL , then || f = Wk f|| o+ =
’ v 2427

o, || f -wk f||9;_3 = O(h*), for k=2,3,4.

Proof. The theorem is proved by following the logical scheme used in [5]. If the function f is smooth, the statement 2 follows
by the fact that the differential QI operator has approximation order 4, i.e. H f- Q f Hw =0, by (3.4) and (3.6). Moreover, for
k=1,2,3,4, the parts into which /Il’.fj (f) and a)l’.‘J (f) have been subdivided guarantee W*p=p, Vp e 3, so the statement 1 is proved.
In order to prove statement 3, taking into account the definition of Al.l,j( f) (see Section 2 and Fig. 2(a)), if f has a discontinuity
across the square (s, s,1) X (t,,7,4), then there are 24 spanning functions B, ; ;, with support overlapping this interval and only
starting from Q7
discontinuity.
Analogously, if f has a discontinuity in (x u—1-%,) X W_1,0,)s taking into account the definition of /lk] (f), k=2,3,4 (see Sec-
t10n 2 and Fig. 2), there are 21 spanning functions B, ; ; with support overlapping the considered interval and only starting from

M (similarly for Q;_z ,_p) we are able to construct the spline W1 f using information only on one side of the

H+2 a2 (similarly for Q 3) we are able to construct the spline wk f, k=2,3,4 using information only on one side of the
discontinuity. []

Remark 2. If the discontinuity is across the square (s,,s,;) X (¢,.7,4;), the region affected by the discontinuity in Qlf is
[x,_5. X451 X [¥,_s5, ¥,45]. If the discontinuity is across the square (x,_;,x,) X (,_;,,), the region affected by the discontinuity
inQ%f, k=2,3,41is [X,,—5: X441 X [Vy_5, ¥y14]- The results follow from the definition of Ak (f), =1,...,4 (see Fig. 2) and from the
fact that support of Bl (.j is contained in the square [x;_3,X;,] X [y;_3, ;1] In the rest of the domaln the approximation order 4
is maintained.

4. Numerical and graphical results

In this section we provide some numerical and graphical results in order to confirm the theoretical ones obtained in Theorem 1.

In all cases we compare the linear operators, {Q* }* Y with the nonlinear ones, {W* }i: D presented in Section 3.

We have also tested the reproduction properties of all quasi-interpolants and the results are in line with the theoretical ones
reported in Theorem 1 and Remark 2.

Moreover, regarding the boundary of the domain Q, we have extended the triangulation outside Q in order to be able to evaluate
the test functions and construct the coefficient functionals associated with boundary generators.

4.1. Test1

We consider the piecewise smooth function (see Fig. 3)

P exp(x+y) if y<0.5 ey € [0 11X [0.1]
X, = , (X, Y € £l X ’
Y exp(x2 +y3)+10 elsewhere

and we compare the nonlinear quasi-interpolants in different sub-domains, in order to verify the theoretical results of Section 3. We
compute the maximum absolute errors

E% f = max |fuv)- 0 fwv), EY'f = max |f o) =W,

(u,0)EG

and the corresponding numerical convergence orders, OQk, OWk, k=1,2,3,4, for increasing values of m and n, using a 300 X 150
uniform rectangular grid G of evaluation points. In Table 1 we report the maximum absolute error in [0, 1] X [(% +2)h, 1]. We

consider also the linear operators, for which we expect an error O(h°). We recall that in [0, 1] X [(g + Dh, 1] all the operators QF,
Wk, k=1,2,3,4 have an error O(h°).

Moreover, in order to recover all the theoretical results in Theorem 1 and Remark 2, we compute the maximum absolute error
in [0, 1] X [(g + p)h, 1], with f =4,5. The corresponding results are reported in Tables 2, 3, respectively. Taking into account the
location of the discontinuity, the numerical results confirm the theoretical ones. It is observed that we obtain O(h*) with the operators
{Wk):_, and O(h°) with the {Q*};_, in [0,1] X [(g + p)h, 1] for f=2. We also see that we obtain O(h*) with {Q¥}}_, when p =4
and also with Q' when g =5.
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Fig. 3. The graphs of f(x,y).

Table 1
Test 1 — Maximum absolute errors and numerical convergence order in [0, 1,] X [(% +2)h, 1].

n EC'f o? E¢f 0% E9f 0%  E¢f o¢
8 1.46(=01) 4.82(-01) 2.39(-01) 2.39(-01)

16 146(-01) - 485(-01) - 240(-01) - 240(-01) -

32 146(-01) - 4.84(-01) - 239(-01) - 239(-01) -

64  146(-01) - 4.84(-01) - 234(-01) - 2.34(-01) -
128 146(-01) - 415(-01) - 234(-01) - 234(-01) -
256 1.46(-01) - 376(-01) - 234(-01) - 234(-01) -

n EV'f ov' EW'f oV EW'f oV’ EW'f ow*
8 8.86(~03) 2.93(-03) 5.24(-03) 9.56(—03)

16 525(-04) 4.1 4.00(-04) 29  616(-04) 3.1 8.50(-04) 3.5
32 3.69(—05) 3.8  372(=05) 3.4  531(=05 35  7.02(=05) 3.6
64  2.35(-06) 4.0  230(-06) 4.0  326(-06) 4.0  433(-06) 4.0
128 149(-07) 4.0 143(=07) 40  2.03(=07) 4.0  270(-07) 4.0
256 9.24(=09) 4.0 8.92(-09) 4.0 127(-08) 4.0 1.69(=08) 4.0

Table 2
Test 1 — Maximum absolute errors and numerical convergence order in [0, 1,] X [(% +4)h, 1].

. £O 1 00 goy 00 g0y 00 g0y o
8 1.24(=02) 5.33(=02) 1.90(-02) 9.56(~02)

16 3.57(-03) - 282(-03) 42  9.11(-04) 44  850(-03) 3.5
32 3.49(-03) - 1.69(-04) 41  531(-05) 41  7.02(-05 3.6
64  3.49(-03) - 1.05(-05) 40  326(-06) 4.0  433(-06) 4.0
128 349(-03) - 6.52(-07) 4.0  203(=07) 40  270(-07) 4.0
256 3.49(-03) - 407(-08) 4.0 1.27(-08) 4.0 1.69(—08) 4.0
n EV'f ov' EW'f oV EW'f oV’ EW'f oV’
8 8.86(—03) 2.58(=03) 5.24(=03) 9.56(~03)

16 525(-04) 4.1 4.00(=04) 27  6.16(=04) 3.1 8.50(-04) 3.5
32 3.69(-05) 3.8  372(-05) 3.4  531(-05 3.5 7.02(-05) 3.6
64  235(—06) 4.0  229(-06) 4.0  326(-06) 4.0  433(=06) 4.0
128 149(=07) 4.0 143(=07) 40  203(=07) 4.0  270(=07) 4.0
256 9.24(=09) 4.0 8.92(-09) 4.0 1.27(-08) 4.0 1.69(-08) 4.0

Table 3
Test 1 — Maximum absolute errors and numerical convergence order in [0, 1,] X [(; +5)h, 1] .

n EQ'f o° EOf 0% E9f 0%  E¢f o<

16 5.99(-04) 2.82(-03) - 9.11(-04) - 1.18(=03) -
32 3.78(=05) 4.0 1.69(-04) 4.1 531(-05) 4.1 7.02(-05) 4.0
64  237(=06) 4.0 1.05(=05) 4.0  326(-06) 4.0  433(=06) 4.0
128 149(-07) 4.0  652(=07) 4.0  2.03(=07) 4.0  270(-07) 4.0
256 9.25(-09) 4.0  4.07(-08) 4.0 127(-08) 4.0 1.69(-08) 4.0

n EY'f ov' EW'f ov:  EW'f ov'  EW'f ow*

16 525(-04) - 4.00(=04) - 6.16(—04) - 8.50(—04) -

32 3.69(-05) 3.8  3.72(=05) 3.4  531(=05) 35  7.02(=05) 3.6
64  235(—06) 4.0  229(-06) 4.0  326(-06) 4.0  433(=06) 4.0
128 1.49(=07) 4.0 143(=07) 40  203(=07) 4.0  270(-07) 4.0
256 9.24(=09) 4.0 8.92(—09) 4.0 1.27(-08) 4.0 1.69(-08) 4.0
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Fig. 4. The graphs of (a) g(x, ), (b) h(x,y), (¢) z(x,y) and (d) u(x, y).

Fig. 5. The graphs of (a) Q'g(x,y) and (b)) W'g(x,y) with m=n=8.

4.2. Test2

Now we propose some graphical results to confirm the reduction of the Gibbs phenomenon using the WENO technique. We
compare all the quasi-interpolants proposed in the paper from the graphical point of view, considering the following functions:

« the step function shown in Fig. 4(a)

0 if y<i
g,y = Y3 (k) el011x[0,1],
1 elsewhere

« the piecewise smooth function shown in Fig. 4(b)

e 22
h(x,y):{exp(x+y)+10 if x*+ y=<0.025 () €0, 1]X[0, 1],

exp(x? +3?) elsewhere

« the smooth function with a steep gradient shown in Fig. 4(c)
z(x,y) = tanh(60x — 6) + tanh(60y — 6), (x,y) € [-1,1] x [-1,1],
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Fig. 6. The graphs of (a) Q%g(x,y) and (b) W?g(x,y) with m=n=8.

Fig. 7. The graphs of (a) Q%g(x, y) and (b) W3g(x, y) with m=n=38.

Fig. 8. The graphs of (a) Q*g(x,y) and (b) W*g(x,y) with m=n=8.

« the initial condition of a problem of conservation laws (see [17, Section 4.1]) shown in Fig. 4(d))

-1 if x>0,y>0
-02 if x<0,y>0
0.5 if x<0,y<0
0.8 if x>0, y<0

u(x,y) = , () el=LI1IX[-11],

For each test function, for different values of m and n reported in the corresponding figure captions, we construct, evaluate and
plot the eight spline quasi-interpolating surfaces using a 200 x 200 uniform grid of evaluation points.
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Fig. 9. The graphs of (a) Q' h(x,y) and (b) W'h(x,y) with m=n = 128.

Fig. 10. The graphs of (a) Q%h(x, y) and (b) W?2h(x, y) with m = n=128.

Fig. 11. The graphs of (a) Q*h(x, y) and (b)) W3h(x, y) with m = n=128.

Although the function z(x, y) does not present a discontinuity like the other functions, in fact it has a steep gradient, it also presents
the Gibbs phenomenon when reconstructed with linear operators. Indeed, we know that the Gibbs phenomenon is understood as
those oscillations produced when trying to approximate a function with jumps, however, as remarked in [12], when few quasi-
interpolation nodes are used, a smooth function with a steep gradient causes a similar effect to that of a jump function and we have
used the expression “Gibbs phenomenon” in this extended sense.

We see that with the standard linear quasi-interpolants Q%, k =1, 2, 3, 4 we always obtain the Gibbs phenomenon (see
Figs. 5-20(a)). Besides, we can observe that using the nonlinear quasi-interpolants Wk k=1,2,3,4 (see Figs. 5-20(b)) the Gibbs
phenomenon is not present, as we expected.
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Fig. 12. The graphs of (a) Q*h(x,y) and (b) W*h(x,y) with m=n = 128.

@ ®)

Fig. 13. The graphs of (a) Q'z(x,y) and (b) W'z(x, y) with m = n = 16.

(@ ®)

Fig. 14. The graphs of (a) Q%z(x,y) and (b) W?z(x,y) with m=n = 16.

@ ®)

Fig. 15. The graphs of (a) Q*z(x, y) and (b) W3z(x, y) with m = n= 16.
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-

@ ®)

Fig. 16. The graphs of (a) Q*z(x,y) and (b) W*z(x,y) with m=n = 16.

——

(0)

Fig. 17. The graphs of (a) Q'u(x,y) and (b) W'u(x, y) with m=n = 128.

—

®)

Fig. 18. The graphs of (a) Q%u(x,y) and (b) W2u(x,y) with m=n=128.

—

(b)

Fig. 19. The graphs of (a) Q3u(x,y) and (b) W3u(x, y) with m=n=128.

We emphasize that in the example involving the function z(x,y), the function with steep gradient, the oscillations are also
eliminated with the nonlinear operators presented in this paper.
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Fig. 20. The graphs of (a) Q*u(x,y) and (b) W*u(x, y) with m=n = 128.

5. Conclusions

In this paper we have considered the space of C? quartic splines on uniform criss-cross triangulations and we have proposed a
method based on WENO techniques and obtained by modifying classical spline quasi-interpolants in order to approximate piecewise
smooth functions avoiding Gibbs phenomenon near discontinuities and, at the same time, maintaining the high-order accuracy in
smooth regions, without knowing where the discontinuity is. We have also analysed the convergence properties of the proposed
quasi-interpolants and we have provided some numerical and graphical tests confirming the theoretical results.
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