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Chapter 1
Introduction

The study of vector bundles supported on a smooth projective variety is a powerful
tool to understand its geometry.

Let X C PV be a projective variety. It is naturally endowed with the very ample
line bundle Ox (h) = Ox ® Opn(1). Let us denote by Rx the coordinate ring of X.
We say that X is arithmetically Cohen-Macaulay (aCM for short) if H(Zx (th)) =0
forr € Z and 1 <i < dim(X), where Zy is the ideal sheaf of X.

A coherent sheaf E over a variety X is called aCM if is locally Cohen-Macaulay
and all the twists of its intermediate cohomology groups vanish, i.e. H (X,E(th)) =0
fort € Z and 1 <i<dim(X)— 1. When X is aCM, aCM sheaves correspond to
Maximally Cohen-Macaulay modules over Ry through the correspondence which
associate to a sheaf E its Ry-module of global section @, H(X,E(th)).

The study of aCM sheaves supported on X gives us a measure of the complexity of
the variety itself. For example the projective space PV is characterized by Horrock’s
theorem by the property that a vector bundle is aCM if and only if it is totally
decomposable [60]. This can be interpreted as the idea that “simple"” varieties should
support “simple" category of aCM sheaves. Starting from Horrock’s result, the
characterization of vector bundles without intermediate cohomology has been an
interesting topic in algebraic geometry (see for example [72] and [21] for smooth
quadrics, [11] for the Grassmannian of lines in P* and [10] for Fano threefolds with
b, = 1). Following these lines, a cornerstone result was the classification of aCM
varieties of finite representation type, i.e. those varieties that support only a finite

number of indecomposable aCM vector bundles. It turned out that they fall into a
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very short list: three or less reduced points on P2, projective spaces, smooth quadric
hypersurfaces X C P", cubic scrolls in P4, any Veronese surface in PS5 or rational

normal curves, see [46].

For the rest of aCM varieties, an interesting problem is to give a criterium to
split them in a finer classification. An approach was offered by representation
theory. An aCM variety X C P" is called of tame representation type if for each
r the indecomposable aCM sheaves of rank r form a finite number of families of
dimension at most one. On the other hand, X will be called of wild representation
type if there exists /-dimensional families of non-isomorphic indecomposable aCM
sheaves for arbitrary large /. In [51] Faenzi and Malaspina deal with the tame case.
They showed that, apart from smooth elliptic curves, the only aCM varieties of
tame representation type are the quartic surface scrolls. In [52] D. Faenzi and J.
Pons-Llopis proved that a reduced non-degenerate closed aCM subscheme X C P”
of dimension m > 1 is of wild type unless is either one of the finite representation
cases listed above, or it is a smooth elliptic curve or a smooth rational surface scroll
of degree 4, completing the list of non-CM-wild varieties in a broad sense. For more
details the interested reader can see [80].

In the first part of this thesis we will study a particular family of aCM sheaves,
namely the Ulrich ones. They are defined to be the aCM sheaves whose correspond-
ing module H°(E) has the maximum number of generators.

Ulrich bundles were introduced in a purely algebraic context in 1984. The study
of these objects began in [91] by Ulrich. In the paper he investigated criteria for a
local Cohen-Macaulay ring to be Gorenstein. One criteria involved finitely generated
modules M of positive rank over a local Cohen-Macaulay ring R. In this case, the
minimal numbers of generators v(M) of M is bounded above by the product of the
multiplicity of R and the rank of M. One necessary condition for R to be Gorenstein
is the existence of a finitely generated R- module M of positive rank such that the
minimal number of generators is big enough. Because of this Ulrich raised the

following question:

* Let R be a local Cohen-Macaulay ring with positive dimension and infinite
residue class field. Does there exist a Cohen-Macaulay R-module M with
positive rank such that v(M) = e(R)rk(M)?



Few years later Brennan, Herzog and Ulrich investigated these modules, which
they called “Maximally Generated Cohen-Macaulay Modules" (MGMCM in short)
in [19]. In particular, they proved that a homogeneous, two-dimensional Cohen-
Macaulay domain R with infinite residue class field admits an MGMCM module.
The term “Ulrich module" as a synonym for a MGMCM was coined by Backelin
and Herzog in [13]. In that article, they proved the existence of Ulrich modules on

hypersurface rings.

Beauville in [16] made a systematic exposition of the relationship between
Ulrich bundles supported on a hypersurface X and the existence of a determinantal or
pfaffian representation of X. Ulrich bundles have been thoroughly studied in recent
years because of this relation with the determinantal representation of the variety but
also because of their relationship with Chow forms and Clifford algebras. In fact in
[55] it has been proved that rank r Ulrich bundles are in one-to-one correspondence
with the equivalence classes of matrix representation of the generalized Clifford
algebra Cy of f.

In [47] Eisenbud and Schreyer characterized Ulrich sheaves E on a n-dimensional
aCM variety X C PV with respect to a very ample line bundle Ox(h). Let E be
an initialized (i.e. H°(X,E(—h)) = 0 but H(X,E) # 0) aCM coherent sheaf on X,
then the following are equivalent

(i) E is Ulrich.

(i1) E admits a linear Opn-resolution of the form:
0 — Opn (=N +n)™=" — - — Opn(=1)" = Oy — E — 0.

If this occurs then ap = deg(X)rk(E) and a; = (N Mag for all i.

i
(iii) h'(X,E(—ih)) = h/(X,E(—(j+ 1)h)) =0 foreachi > 0 and j < n.

(iv) For some (resp. all) finite linear projections 7w : X — P", the sheaf m.E is the
trivial sheaf OF, for some .

In particular, initialized Ulrich sheaves are O-regular and therefore they are globally

generated.

Ulrich sheaves carry many interesting properties and they are the simplest bundles
from the cohomological point of view. Furthermore an Ulrich sheaf is locally free
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on the complement of the singular locus of the variety X. In [47] the authors raised

the following questions:

* Is every variety X C PV the support of an Ulrich sheaf? If so, what is the
smallest possible rank for such a sheaf?

The answers to these questions are still unknown in general, although there are
several scattered results. The survey [17] is a standard reference for an introduction
to Ulrich bundles. In this paper Beauville also obtains some results on rank one and
two Ulrich bundles on surfaces and threefolds.

Casanellas and Hartshorne proved in [22] that a smooth cubic surface F' C P3
is endowed with families of arbitrary large dimension of non-isomorphic, indecom-
posable initialized Ulrich bundles. In cases like this , we will say that the variety is
Ulrich-wild.

For what concerns other projective surfaces, Ulrich bundles on K3 surfaces have
been thoroughly studied in the past years. In [7] Aprodu, Farkas and Ortega showed
the existence of families of stable, even rank Ulrich bundles on K3 surfaces with
Picard number one and satisfying a mild generality condition. This result somehow
generalizes the paper [35] by E. Coskun, Kulkarni and Mustopa where they focused
on Ulrich bundles over smooth quartic surfaces in P3. In [31] Casnati and Galluzzi
proved the existence of non-special rank two Ulrich bundles on non-degenerate K3
surfaces of degree greater than two. Finally Faenzi in [50] proved the existence of
rank two special Ulrich bundles on any K3 and for any polarization by deforming an
aCM vector bundle over the surface.

Moreover there have also been results on other surfaces and higher dimensional
varieties and we briefly list some of them in what follows. In [8] Aprodu, Huh,
Malaspina and Pons-Llopis characterized Ulrich bundles on smooth rational normal
scroll as the bundles admitting a special type of filtration. In [24] Casnati proved
the existence of special Ulrich bundles on non-special surfaces with p, = g = 0 and
he studied when such varieties are Ulrich-wild. In [26] and [25] the same author
showed respectively that surfaces S with p,(S) = 0 and ¢ = 1 are Ulrich-wild, and
the existence of special Ulrich bundles on regular surfaces with non-negative Kodaira
dimension. For what concerns del Pezzo surfaces E. Coskun, Kulkarni and Mustopa
in [36] characterized the divisors class on del Pezzo surfaces which represent the
first Chern class of a rank r Ulrich bundle. In [23] Casnati completely classified rank



two Ulrich bundles on anticanonically embedded surfaces and in [81] Mir6é Roig
and Pons-Llopis dealt with the minimal resolution conjecture on del Pezzo surfaces
and its connection with Ulrich bundles. In [82] the same authors showed that all
smooth rational aCM surfaces in P* are Ulrich-wild and that a general determinantal
variety of codimension one or two supports indecomposable Ulrich sheaves of rank
one and two. In [77] proved the existence of Ulrich bundles on some surfaces
of maximal Albanese dimension. In [37] I. Coskun, Costa, Huizenga, Mir6-Roig
and Woolf studied equivariant vector bundles on partial flag varieties arising from
Schur functors and they classify Ulrich bundles of this form on some two-steps
flags. In [40] Costa and Mir6-Roig classified all homogeneous Ulrich bundles on
the Grassmannian of k-planes in the projective n-space. Finally in [? ] the authors
dealt with the existence of Ulrich line bundles and stable rank two Ulrich bundles on
geometrically ruled surfaces and in [83] the authors proved the existence of rank two
special and simple Ulrich bundles on Weierstrass fibrations.

In this context the contribution of the present thesis can be found in chapter 3 (see
the introduction of the chapter for the statements of the main results), where we study
Ulrich bundles over Hirzebruch surfaces, i.e. geometrically rationally ruled surfaces.
Aprodu, Costa and Miré-Roig proved in [6], the existence of stable, rank two special
Ulrich bundles on ruled surfaces over a curve of genus g > 1. Faenzi and Malaspina
in [51] and Mir6-Roig in [79] considered the case of Hirzebruch surfaces embedded
as rational normal scrolls. In chapter 3, using derived categories techniques, we
prove that any Ulrich bundle admits a two-terms resolution on the Hirzebruch surface
X. Conversely, given an injective map between totally decomposed vector bundles
on X, we give a necessary and sufficient condition such that its cokernel is an Ulrich
bundle. In this way we are able to prove and classify, with different techniques with
respect to [6], the existence of rank two special (i.e. det(E) = 3h+ K) Ulrich bundles
on the Hirzebruch surfaces X. Furthermore, using a result of I. Coskun and Huizenga
[38], we are able to prove the existence of Ulrich bundles of any admissible rank and

first Chern class on X with respect to all very ample divisors A.

Moreover this characterization of Ulrich bundles on Hirzebruch surfaces leads to
a description of the moduli space of such vector bundles (for previous results see [42],
[43] and the references therein). The study of moduli spaces of sheaves has been an
important and central topic in algebraic geometry in the recent years. In particular
we show that the moduli space of stable Ulrich bundles (whenever non-empty) can

be realized as the quotient of an open subset of some space of matrices. Furthermore
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we are able to describe, inside this space of matrices, the locus corresponding to

non-Ulrich bundles.

Finally we give criterions of admissibility for the first Chern class and the rank
of an Ulrich bundle and we construct several examples of indecomposable rank two
and three Ulrich bundles both via the Hartshorne-Serre correspondence and using

the computer software Macaulay?2.

In the second part of the thesis we focus on instanton bundles. Instanton bundles
on P3 were first defined in [12] by Atiyah, Drinfel’d, Hitchin and Manin. Their
importance arises from quantum physics; in fact these particular bundles correspond
(through the Penrose-Ward transform) to self-dual solutions of the Yang-Mills equa-
tion over the real sphere S*. We recall that a mathematical instanton bundle E with
charge (or quantum number k) on I3 is a stable rank two vector bundle E such that
c1(E) =0, ca(E) = k and with the property (called instantonic condition) that

HY(E(-2))=0.

Every instanton of charge k on P can be represented as the cohomology of a
monad (a three-term self dual complex). Starting from P3, instanton bundles were
generalized to other projective spaces and the study of their moduli spaces became
an important topic in algebraic geometry (see for example [63], [65], [66], [64] and
[85D).

Coming back to the connections with quantum physics, in [59] Hitchin showed
that the only twistor spaces of four dimensional (real) differential varieties which are
Kihler (and a posteriori, projective) are IP3 and the flag variety F(0,1,2), which is
the twistor space of P2.

On F(0,1,2) instanton bundles have been studied in [20], [45] and more recently
in [78]. F(0,1,2) is a Fano threefold with Picard number two. Let us call #; and h;
the two generators of Pic(F(0,1,2)). In [78] Malaspina, Marchesi and Pons-Llopis
gave the following definition:

arank two vector bundle E on the Fano threefold (0, 1,2) is an instanton bundle

of charge k if the following properties hold:

b Cl(E) = 0, Cz(E) = kh]]’lz;

* W(E) =h'(E(—1,—1)) = 0 and E is p-semistable.



Apart from the connection to physics, another line of work is to generalize the
notion of instanton bundles on other threefolds, also as part of the larger goal of
understanding vector bundles on threefolds. Furthermore there have been generaliza-
tions of instanton bundles on higher dimensional varieties (see for example [2], [39],
[41], [85]).

In [49] (see also [73] in the case ix = 2 and [87] for details in the case of the del
Pezzo threefold of degree 5), the author generalizes the notion of instanton bundle
on P3 to any Fano threefold X with Picard number one. He defines instanton bundles

starting from a stable vector bundle G with

b GgG\/@wx;

« H'(X,G)=0.

Let E be the twist G(¢) of G such that ¢ (E) is either —1 or 0, and let ¢ (E) = k.
Then E is a k-instanton on X.

In [49] Faenzi considered Fano threefolds X with Picard number one. In this case
the index ix of the threefold is a number iy € {1,2,3,4}. iy = 4 implies X = P>,
while iy = 3 implies that X is a smooth quadric hypersurface in P*. In case iy = 2,
the threefold X is called a del Pezzo threefold, while for iy = 1 the variety X is
called a prime Fano threefold. The author showed the non-emptiness of the moduli
space of instanton bundles of charge & for all the Fano threefolds with iy > 1, and
when iy = 1 under the assumption that the anticanonical bundle is very ample and
that X contains a line with normal bundle O & Op(—1). Then the author considers
varieties X such that the intermediate Jacobian of X is trivial. In this case he obtains
a monadic description of instanton bundles on a Fano threefold of Picard number

one.

In [73] Kuznetsov focused on Fano threefolds of Picard number 1, index 2 and
degree 4 and 5, both via a monadic description and by studying the behaviour of
such vector bundles when restricted to lines. In the case of degree 5 there is only
one such threefold Y5 which can be constructed as a linear section of codimension
3 of the Grassmannian Gr(2,5) embedded into the Pliicker space P(A%k>). On Ys
any instanton is described, similarly to case of IP3, as the cohomology of a self-dual
monad. Furthermore the Hilbert scheme of lines on Y5 can be identified with the

projective plane P2 and the locus of jumping lines is a curve inside P2. In degree
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4 each Fano threefold Y, of index two is an intersection of two quadrics in P3. In
the pencil of quadrics passing through Y, there are 6 degenerate quadrics. Consider
the double covering C of P! parameterizing quadrics in the pencil. Let 7 be the
hyperelliptic involution of C. Then the acyclic extension E of an instanton bundle
E of charge n corresponds to a semistable rank n vector bundle F' on C such that
n*F = F". Moreover the scheme of lines on Y} is isomorphic to the abelian surface
PicO(C ) and the curve of jumping lines coincides with the theta-divisor on Pic’C
associated with the bundle F. In [73] the author offers also some remarks on the

case of degree two and three.

Comparing the definition of instanton bundle on Fano threefolds with different
Picard number, it is worth to notice that when the Picard number is one, the condition
H°(E) = 0 implies the u-stability. When the Picard number is larger than one,
however, this is not true and it is natural to consider also p-semistable bundles (see
[45] and [78] Remark 2.2).

In this line also the definition on F(0,1,2) may be generalized to any Fano
threefold with Picard number larger than one (see [27] for the case of the blow up of

the projective 3-space at a point).

A really interesting subject concerning instanton bundles is the study of their
moduli space. The subspace of stable instanton bundles with a given ¢, can be
identified with the open subspace of the Maruyama moduli space of stable rank
two bundles with those fixed Chern classes satisfying the cohomological vanishing
condition. For a large family of Fano threefolds with Picard number one, Faenzi in
[49, Theorem A] proves that the moduli spaces of instanton bundles has a generically
smooth irreducible component. An analogous result has been obtained in [78] for
the flag threefold. In the case of IP3, it is known that the moduli space of instantons
of arbitrary charge is affine (see [44]), irreducible (see [89], [90]) and smooth (see
[32], [71] for charge smaller than 5 and [68] for arbitrary charge). The rationality is
still an open problem in general, being settled only for charges 1, 2, 3, and 5 (see
[15], [58], [48] and [70]).

In chapter 4 of this thesis (see the introduction of the chapter for the statements of
the main results) we contribute to the study of instanton bundles on Fano threefolds,
dealing with P! x P! x P! which has the same index and degree of F (0, 1,2) but its
Picard number is three. We also slightly generalize some results on the flag variety
F(0,1,2). Let us call &1, hy and h3 the three generators of Pic(P' x P! x P!). The



only difference with respect to the definition of instanton bundle on F(0,1,2) is
that on P! x P! x P! we allow any possible second Chern class ¢;(E) = kjhohs +
kyhyhs + kzhyhy instead of restricting to ¢ (E) = khhy, and we define the charge to
be k = ki + ko + k3. By using a Beilinson type spectral sequence with suitable full
exceptional collections we construct two different monads which are the analog of
the monads for instanton bundles on P3 and on F (0, 1,2).

This part of the the thesis is also related to the first one concerning Ulrich
bundles. Indeed there is a connection between Ulrich and instanton bundles. Notice
that when the charge is minimal, namely k = 2, any instanton bundle is, up to
twist, an Ulrich bundle. In the case of P! x P! x P!, in [28] Casnati, Faenzi and
Malaspina showed that there exist rank two Ulrich bundles with either ¢;(E) = 2h
or ¢y = hy +2hy + 3h;3. It is straightforward to see that any rank two Ulrich bundle
with ¢; = 2h is an instanton bundle twisted by A. However each rank two Ulrich
bundle with ¢ = h; + 2hy + 3h3 cannot be the twist of an instanton bundle because
of numerical conditions on ¢ (E). On the two Fano threefolds with index two and
Picard number two every instanton bundle with minimal degree of ¢, (E) is a twist
of an Ulrich bundle (see [78] and [27]). If E is an instanton bundle on a Fano
threefold X with index two and Picard number one we have h!(E) = c2(E) — 2 and
W(E) = h*(E) = h*(E) = 0 (see section 3 of [49]). So when the charge is minimal,
namely c>(E) = 2, by Serre duality we have h'(E) = h'(E(—1)) = h'(E(-2)) =0
for any i, so E is Ulrich up to a twist. On the three dimensional quadric (the only
case of index three) each instanton bundle of minimal charge is the spinor bundle

which is Ulrich. The monad for instanton bundles on P3 is

0= Opa(—1)%* % 02242 By o (1)%k s g,

sowhenk=0we get E = (9]%932. This is not an instanton bundle because is not simple.
However, from a monadic point of view, we may say that the trivial bundle £ = (9]?32,
which is Ulrich, is a limit case. The case of index one is much more complicated
(see section 4 of [49]).

In chapter 4, starting from Ulrich bundles, we are able to show, via an induction
process, the existence instanton bundles on P! x P! x P! for every charge and every
second Chern class. In this process we are able to construct, similarly to [49] and
[78], a nice component of the moduli space of instanton bundles, i.e. generically

smooth and irreducible. Furthermore the vector bundles living in this component are
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generically trivial when restricted to lines. Since minimal charge instanton bundles
are Ulrich, we show that the generic Ulrich bundle is trivial when restricted to the
generic line. Apart from being the base case of induction, this could lead to a
better understanding of rank two Ulrich bundles on P! x P! x P!. The construction
proceeds as follows: take a rank two Ulrich bundle which is trivial when restricted
to the generic line. Then apply an elementary transformation along a generic line
to obtain a torsion free sheaf with increased ¢, and deform it to a locally free sheaf.
As a consequence, the generic instanton bundle on P! x P! x P! will be trivial when
restricted on the generic line of each family. Thus it is natural to study the locus
inside the Hilbert scheme of lines consisting of lines for which the restriction of the
generic instanton is not trivial, i.e. the locus of jumping lines. We show that the locus

of jumping lines form a divisor inside the Hilbert scheme of lines and we describe it.

Another approach to better study and understand the moduli space of instanton
bundles has been given by the 't Hooft bundles. They are defined to be instanton
bundles on P* having sections at the first twist (i.e. H*(E(1)) # 0) and with ¢; =0
and ¢, > 2. These vector bundles correspond to smooth points in the moduli space
of instanton bundles. In particular the zero locus of a section of E(1) is given by a
disjoint union of lines. Starting from this notion, we generalized the concept of 't
Hooft bundles to the Fano varieties P! x P! x P! and F(0,1,2). The main difference
with the P? case is that it is no longer possible to consider only lines, because
through the Hartshorne-Serre correspondence, such curves are in correspondence
with bundles with sections. Thus in our case a ’t Hooft bundle E is an instanton
bundle such that H(E (h;)) # 0 for some i, and the generic section of E(h;) vanishes
along a one-dimensional subscheme which is the disjoint union of lines and conics.
These vector bundles are special points in the moduli space of instanton bundles,
indeed one expects that the generic instanton start to have section when twisted by
a large number. Nevertheless they allow us to construct a nice component of the

moduli space of instanton bundles.



Chapter 2

Preliminary notions

2.1 Vector bundles

We will work over an algebraically closed field k of characteristic zero.

For any coherent sheaf E on X we will denote the twisted sheaf E ® Ox(I) by
E(l). EV will indicate the dual sheaf Homo, (E,Ox) and End(E) = Home, (E,E)
stands for the sheaf of endomorphisms of E while End(E) = Hom(E, E) will de-
note the group. H'(X,E) will denote, as usual, the cohomology groups of the
sheaf E and h'(X, E) will denote their dimensions. We will also write ext'(E,F) =
dimy Ext'(E, F) for the dimension of the extension groups. We will use the notation
Hi(X,E) for the graded module @, H (X,E(l)) and wy will denote the dualizing
sheaf. We will write ¢;(E) for the i-th Chern class of a coherent sheaf E and we will
denote the Picard group of X, i.e. the group isomorphism classes of line bundles, by
Pic(X).

In this work by a vector bundle on X we will mean a locally free sheaf of constant

rank over a projective variety X.

2.1.1 Construction of vector bundles

In this section we present the main tools to construct vector bundles that we will use

in the next chapters. Let us start with the Hartshorne-Serre correspondence.
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Let F be a rank two vector bundle on X and let s € H(X,F) be a section. In
general its zero-locus (s)o C X is either empty or its codimension is at most 2. We
can always write (s)9 = SUZ where Z has codimension 2 (or it is empty) and S has
pure codimension 1 (or it is empty). In particular F(—S) has a section vanishing on

Z, thus we can consider its Koszul complex
0— Ox(S) = F = Izx(—S) @det(F) — 0. (2.1.1)
Sequence (2.1.1) tensorized by Oz yields Ty /Iéx =~ FY(S) ® Oz, thus
Nzix 2 F(=S)®0z. (2.1.2)

If S =0, then Z is locally complete intersection inside X, because rk(F) = 2. In
particular, it has no embedded components. The above construction can be reversed
as follows.

Theorem 2.1. Let Z C X be a local complete intersection subscheme of codimension
2. If det(Nzx) = Oz @ L for some L € Pic(X) such that W (X,LY) =0, then there

exists a vector bundle F of rank two on X such that:

(i) det(F) = L;

(ii) F has a section s such that Z coincides with the zero locus (s)o of s.

Moreover, if H 1 (X ,EV) = 0, the above two conditions determine F up to isomor-

phism.
Proof. See [9]. ]

Let us focus on the surface case. Let X be a smooth, projective irreducible
surface. As in Theorem 2.1 we will relate rank two vector bundles on a surface X
with subscheme of codimension two.

Theorem 2.2. [61, Theorem 5.1.1] Let Z C X be a local complete intersection of
codimension two, and let L and M be line bundles on X. Then there exists an
extension

O—=L—>E—->M®Iz7x —0
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such that E is locally free if and only if the pair (LY @ M @ Kx,Z) has the Cayley-
Bacharach property:

(CB) IfZ' C Z is a subscheme with (Z') = 1(Z) — 1 and s € H*(X,LY ® M ® Kx)
with 571 =0, then sz = 0.

Observe that the Cayley-Bacharach property clearly holds for all Z if H(X,LY ®
M Kx) =0.

We will conclude this section by describing how to construct vector bundles on

surfaces via elementary transformation.

Definition 2.3. Let C be an effective divisor on the surface X. If F' and G are vector
bundles on X and C, respectively, then a vector bundle E is obtained by an elementary
transformation of F' along G if there exists an exact sequence

O—FE—>F—i,G—0

where i denotes the embedding C C X.

Proposition 2.4. If F and G are locally free on X and C, respectively, then the kernel
E of any surjection ¢ : F — i,G is locally free. Moreover, if p denotes the rank of G,
one has det(E) = det(F) ® Ox(—pC) and c2(E) = ¢2(F) — pCey(F) + 3pC(pC +
Kx)+ x(G).

Observe that a trivial example of an elementary transformation is given by

Ox (—C) which fits into the short exact sequence
0— Ox(—C) = Ox — O¢c — 0,

i.e. is the elementary transformation of Oy along O¢.

2.1.2 Moduli spaces

In this section we will state the main definitions and results about moduli spaces of

sheaves. For the proofs of the statements and more details see [61, Chapter 4].

Let X C PN be a smooth n-dimensional projective variety and let H be a very
ample divisor on X. Given a coherent sheaf E on X, the Euler characteristic of E is
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defined as

The Hilbert polynomial Pg(m) is given by
m — ¥ (E®Ox(m))/1k(E).

Definition 2.5. Let X be a smooth irreducible projective variety of dimension n and

let H be an ample line bundle on X.

(i) For a torsion free sheaf E on X let

ci(E)H"!

Hi (E) = tk(E)

be the slope of E with respect to H. The sheaf E is y-semistable with respect
to the polarization H if and only if

ur (F) < pug(E)

for all non-zero subsheaves F C E with rk(F) < rk(E). If the strictly inequality
holds then E is u-stable with respect to H.

(i1) For a torsion free sheaf £ on X let

X (E® Ox(m))
tk(E)

PE(m) =

be its Hilbert polynomial. The sheaf E is Gieseker semistable with respect to
the polarization H if and only if

Pp(m) < Pg(m) for m>>0

for all non-zero subsheaves F C E with tk(F') < rk(E). If the strictly inequality
holds then E is Gieseker stable with respect to H.

Remark 2.6. We will simply say u-(semi)stable or stable when there is no confu-

sion on H. Furthermore the two notions of stability are related by the following
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implications
U — stable = Gieseker stable = Gieseker semistable = 1 — semistable.

Also it is worth to notice that both notion of stability strongly depends on the choice
of the ample line bundle H.

Theorem 2.7. Let X be a smooth projective variety of dimension n > 2 and let H
be an ample line bundle on X. Then for any rank r torsion-free, LL-semistable with

respect to H, sheaf E on X we have
A(E) := (2re2(E) — (r—1)c}(E))H" 2 > 0.
The class A(E) is called the discriminant of E.

Let C be a category and let M : C — (Sets) be a contravariant moduli functor.

Definition 2.8. We say that a moduli functor M : C — (Sets) is represented by
an object M € Ob(C) if it is isomorphic to the functor of points of M defined by
hy(S) = Home(S,M). The object M is called a fine moduli space for the moduli
Sfunctor M.

If a fine moduli space exists, it is unique up to isomorphism. Since it is quite rare
that a fine moduli space exists it is necessary to find some other weaker conditions.

So we have the following

Definition 2.9. We say that a moduli functor M : C — (Sets) is corepresented by
an object M € Ob(C) if there is a natural transformation & : M — hy, such that
o({pt}) is bijective and for any object N € Ob(C) and any natural transformation
B : M — hy there exists a unique morphism ¢ : M — N such that B = hya. The
object M is called a coarse moduli space for the contravariant moduli functor M.

Furthermore if such a space exists, it is unique up to isomorphism.

In this work we will deal with the following contravariant moduli functor. Let
X be a smooth, irreducible projective variety over an algebraically closed field k of
characteristic zero. For a fixed polynomial P € Q[t], we consider the contravariant
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moduli functor

ME(=) : (Sch/k) — (Sets)
S ME(S),

where M¥%(S) = {S-flat families F — X x S of vector bundles on X all whose
fibers have Hilbert polynomial P}/ ~, with F ~ F’ if and only if F = F' ® p*L for
some L € Pic(S) where p : S x X — S is the natural projection. If f:S — § is a
morphism of schemes, M% (f)(—) is the map obtained by pulling-back sheaves via
fx = f x idy.

It ./\/l; exists is unique up to isomorphism. Nevertheless, in general the con-
travariant moduli functor /\/l§ (—) is not representable. To get a coarse moduli space

we must restrict to stable vector bundles.

Definition 2.10. Let X be a smooth, irreducible, projective variety of dimension n
over an algebraically closed field k of characteristic 0 and let H be an ample divisor on
X. For a fixed polynomial P € Q[t|, we consider the contravariant moduli subfunctor
M (=) of the contravariant moduli functor M% (—), where M7 (8) = {S-flat
families ' — X x S of vector bundles on X all whose fibers are p-stable with respect
to H and have Hilbert polynomial P}/ ~.

Theorem 2.11. The contravariant moduli functor M;H’P has a coarse moduli

scheme M}S(’H’P which is separated and of finite type over k, i.e.:
(i) There exists a natural transformation
. S7H7P S,H,P
®: My (=) = Hom(—,My"")

which is bijective on any reduced point x.

(ii) For every scheme N and any natural transformation

R M;H’P(—) — Hom(—,N),
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there exists a unique morphism o : M)S(’H’P — N such that the following diagram
commutes:
s,H,P D . s,H,P
My (=) > Hom(—, My"™")
v
o
Hom(—,N)

Moreover, M;(’H’P decompose as a disjoint union M§7H(7;C1 b ,cmin(m)) of
moduli spaces of rank r [-stable vector bundles with Chern classes (cy, . . ., cmin(m))

up to numerical equivalence.

One of the main problems in algebraic geometry is to determine the local and
global structure of My (r;c1, ..., Cmin(rn))- We have the following bounds for the

local dimension:

Proposition 2.12. Let X be a n-dimensional smooth irreducible projective variety,
let H be an ample divisor and let E be a ll-stable vector bundle of rank r with
Chern classes ¢; € H*(X,Z), represented in My 5 (r3c1,- -« Cmin(rn)) by a point [E].
Then the Zarinski tangent space ofM)s(’H(r;cl, . ,cmin(r’n)) at [E] is canonically
isomorphic to

TigpM3 g1 (r3 1, Cmin(rn)) = Ext' (E, E).

Moreover we have the following bounds
ext!(E,E) > dimg My g (r5¢1,- s Cmin(rn)) = ext!(E,E) —ext?(E,E).
In particular, if Ext*(E,E) = 0 then My y(ric1,. . Cmin(rn)) is smooth at [E] and

dlm[E] M)S(7H(}”;C1,. .. 7Cmin(r,n)) — ext! (E,E)

We conclude this section by recalling the definition of simple and indecomposable

vector bundles.

Definition 2.13. Let X be a projective variety and let E be a vector bundle on X. E
is called simple if the only endomorphisms are the homoteties, i.e. End(E) = k. E
is called indecomposable if it cannot be written as E = F & G where F and G are

non-zero vector bundles.



18 Preliminary notions

These notions are related as follows:

Lemma 2.14. Let X C PN be a projective variety and let E be a vector bundle on X.

Then we have the following implications:

E is u-stable = E is simple = E is indecomposable.

2.2 Derived categories

In this section we will state some preliminary facts on derived categories. For more
details on the topic see for example [54], [56].

Definition 2.15. Let A be an abelian category. Let A® and B°® be two complexes
over A and let k = (k') : A" — B'~! be a collection of morphisms of sheaves. Then
the maps

h=kd+dk:A*— B®,

i.e.
B =kd, +-dy kAT — B

form a morphism of complexes.

The morphism 2 = A®* — B*® is said to be homotopic to 0, and we will write 4 ~ 0.
Morphisms f,g : A®* — B® are said to be homotopic if f — g = kd +dk ~ 0 and k
is the corresponding homotopy. If f ~ g, then H*(f) = H*(g) where H*(e) is the
induced map in cohomology.

Definition 2.16. A morphism f : A* — B® of complexes in an abelian category A
is said to be a quasi-isomorphism if the corresponding cohomology morphisms
H"(f):H"(A®*) — H"(B®) are isomorphisms for any n.

Definition 2.17. Let .4 be and abelian category and Kom(.A) the category of com-
plexes over A. There exists a category D(.A) and a functor Q : Kom(A) — D(A)
with the following properties:

a) Q(f) is an isomorphism for any quasi-isomorphism f.

b) Any functor F : Kom(.A) — D transforming quasi-isomorphisms into isomor-
phisms can be uniquely factorized through D(.A) i.e. there exists a unique
functor G : D(A) — D with F = Go Q.
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The category D(.A) is called the derived category of the abelian category .A
In what follows we will work with a full subcategory of D(.A). Let

Kom™ (A) : K' =0 for i < ip(K®),

Kom™ (A) : K' =0 for i > ip(K*®)

Kom®’(A) = Kom™ (A) NKom™ (A).

These are full subcategories in Kom(.4) and if we localize by quasi-isomorphism it
is possible to form the corresponding derived categories DV (A), D™ (.A) and D?(A).

2.2.1 Derived category of coherent sheaves

Given a smooth projective variety X, we will denote by D”(X) be the bounded
derived category of coherent sheaves on X.

Definition 2.18. Let X be a smooth projective variety.

(i) Anobject E € D?(X) is called exceptional if Hom®

Db (X) (E,E)is a 1-dimensional
algebra generated by the identity.

(ii) An ordered collection (Eg,Ej,...,E,) of objects in D?(X) is called an excep-
tional collection if Homz)b(x) (Ei,Ej) =0for j <i.

(iii) An exceptional collection (Eg,E,...,E,) of objects in D’(X) is called a
strongly exceptional collection if Extlz)b x) (Ei,Ej) =0for j >iand k #0.

(iv) An ordered collection (Eg,E1,...,E,) of objects in D?(X) is a full (strongly)
exceptional collection if it is a (strongly) exceptional collection and Eg, Ey, ..., E,,
generate the bounded derived category D”(X).

Remark 2.19. The existence of a full strongly exceptional collection (Ey,...,E,) of
coherent sheaves on a smooth projective variety X imposes that the Grothendieck
group Ko(X) = Ko(Ox — mod) is isomorphic to Z™ 1,

Definition 2.20. Let X be a smooth projective variety and let (A, B) be an exceptional
pair of objects of D(X). Let us consider the following distinguished triangles on
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the category D (X)
LB — Hom®(A,B) ©A — B — LyB[1] @2.2.1)

RpA[—1] — A — Hom"*(A,B) @ B — RpA. (222)

A left mutation of an exceptional pair 6 = (A, B) is the pair
Lao = (L4B,A) = (LB,A)

and a right mutation of an exceptional pair 6 = (A, B) is the pair
Ro = (B,RgA) = (B,RA).

Lower indices will be omitted whenever this does not cause confusion.

Definition 2.21. Let X be a smooth projective variety and let o = (Ey,...,E,,) be
an exceptional collection of objects of D?(X). A left mutation (resp. right mutation)
of ¢ is defined as a mutation of a pair of adjacent objects in this collection, i.e. for
any i < m a left mutation L; replaces the i-th pair of consequent elements (E;_1,E;)
by its left mutation (Lg, E;, E;—1) and a right mutation R; replaces the same pair of

consequent elements (E;_1,E;) by its right mutation (E;,Rg,Ei_1):

Ll'G ZLEi_]G = (EOa'"7LEi_1El'7Ei717"'7Em)7
Rio :RE,-G = <E07---;Ei,REiEifly---,Em)-

Remark 2.22. (i) If X is a smooth projective variety and o = (Fp,...,F,,) is an
exceptional collection of objects of D, then any mutation of ¢ is an exceptional
collection. Moreover, if & generates the category D?(X), then the mutated

collection also generates D”(X).

(i1) In general the mutation of strongly exceptional collection is not a strongly
exceptional collection. In fact, take X = P! x P! and consider the full strongly
exceptional collection o = (Ox, Ox(1,0),0x(0,1),0x(1,1)) of line bundles
on X. It is not difficult to check that the mutated collection

(OX7OX<170)7LOX(0,1)OX(17 1)7OX<O7 1))

is no more a strongly exceptional collection of line bundles on X.
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In the next sections we will use the Beilinson’s spectral sequence in order to
obtain a complex whose cohomology coincides with certain vector bundles (for this
version of the theorem see [8, Theorem 2.5]). We start by stating that for every
coherent sheaves there exists a spectral sequence which degenerates to the sheaf
itself.

Theorem 2.23 (Beilinson-type spectral sequence). Let X be a smooth projective
variety with a full exceptional collection (Ey,...,E,) where E; = £/ [—k;], with
each &; a vector bundle, and (ko, ... k,) € Z""! such that there exists a sequence
(Fo=Fo,...,Fn = F,) of vector bundles satisfying

C ifi=i=k
Ext (B, F) — B (g ry = 4 - T 2.2.3)
0 otherwise.

(Fy, ..., Fo) is the right dual collection of (Ey, ..., E,). Then for every coherent sheaf
A on X there is a spectral sequence in the square —n < p <0, 0 < g < n with
E-term
) k_
EP!=HI"r(E @A) @ F)

which is functorial in A and converges to

A ifp+q=0,

0 otherwise.

Ep7q —

It is possible to state a stronger version of the Beilinson’s theorem. Namely, given
additional conditions on a exceptional collection E of the variety, every coherent
sheaf is quasi isomorphic to a complex exact everywhere except in degree 0. Every

term of this complex is a direct sum of objects of the dual collection of E.

Theorem 2.24. [18][1] LetAlj, Blj, withi=1,...,nand j=1,... k; be bundles on
a smooth projective variety X and denote by p and q the two projections of X Xx X
on X. Suppose that we have

(i) a resolution of the diagonal Ax C X x X given by
k2 kl

= PpA,eg B, - @Pp A ©q B — Oxxx — Op — 0.
pu =1
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(ii) Extﬁ(B{,Bf) =0for p>0andforalli,j,t,s.

Then each complex F* on X is obtained as the cohomology of a complex Cy, with

ki ' '
Ch= P PH (X, F*2A])®B!
s—i=p j=1

so that Blj are building block for the sheaves on X

The idea is to take the resolution of the diagonal and apply the Fourier-Mukai

functor
Rq.(p" (=) ®Ca)

where C is the complex resolving the diagonal and p and ¢ are the two natural
projections from X x X to X. In this way we obtain a complex quasi isomorphic to
F*, but with morphism defined in derived category. Condition (i) ensures that these

morphisms actually arise from true morphism of sheaves.

Kapranov showed that if D?(X) admits a strong full exceptional collection of
locally free sheaves (Ey, ..., E,) then there exists a resolution of diagonal in terms
of these sheaves and their derived category duals, and every complex on X is quasi-
isomorphic to a complex whose terms are direct sums of the El-’s [69, 2.14-2.17].

Let us rephrase these results.

Proposition 2.25. Let X be a smooth projective variety and let A be a coherent sheaf
on X. Let (Ey,...,E,) be a full exceptional collection of locally free objects and
(Fy, ..., Fy) its right dual collection as in (2.2.3) and such that Fl-/s are locally free.
IfExtk(F,-,Fj) =0fork>0andalli,j, ie (F,,...,Fy) is strong, then there exists a

complex of vector bundles L*® such that

A ifk=0,
1. H¥(L®) = f
0 otherwise.

2. F= @ HIWr(A®E ) @F ,with0<g<nand —n<p<O0.
k=p+q

Example 2.26. The projective space P admits a full exceptional collection of
the form (Opn(—n),...,Opi(—1),Opr) whose dual is (Opn(—1),...,Q5,(1),Opn).
Both collections are strong, thus both the Qf,,(j) and Opn(—j) with j =0,...,n, can
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be considered as the building blocks of any coherent sheaf on the projective space

(see [18] for the original result).

In the rest of this section we will recall to construct full exceptional collections
for projective bundles. Indeed this will cover the construction of full exceptional

collections for the varieties we considered in this thesis.

Let E be a rank r vector bundle over a smooth projective variety X. Then there
exists a projective bundle P(E) with projection p : P(E) — X. We will denote by
DP(X) and D?(E) the bounded derived category of coherent sheaves on X and P(E)
respectively.

Proposition 2.27. [86, Corollary 2.7] If there exists a full exceptional collection
in the derived category D”(X) then the derived category D”(E) also posses an
exceptional collection. Indeed, let (Ey,...,E,) be a full exceptional collection in
DP(X). Then the collection

(P’ Ey@Og(—r+1),...,p"E, @ Og(—r+1),...,p"Ey,...,p"Ep)
is a full exceptional collection in D*(E).

Let us consider the Hirzebruch surface X, = P(Opi @ Opi(—e)) — P'. Using
Proposition 2.27 we have that the collection (corresponding to &; in Theorem 2.23)

(Ox,(—1,—1),0x,(—1,0),0x,(0,—1),0x,) (2.2.4)
is a full exceptional collection for X,, whose dual collection (F; in Theorem 2.23)
(Ox,(—1,—e—1)[—1],0x,(—1,—e)[—1],0x,(0,—-1),0x,) (2.2.5)

is obtained using the duality condition expressed in (2.2.3).

In an analogous way it is possible to compute a full exceptional collection for
the Segre threefold X = P! x P! x P!, Indeed we have that the collection

(Ox(=h),Ox(—ha — h3),Ox(—hi — h3), (2.2.6)
Ox(—=h1 —hy),0x(—h3),0x(—h2),Ox(—hy1),0x)



24 Preliminary notions

which is self dual up to shift, i.e. the dual collection using (2.2.3) is given by

(Ox(—h)[—4],0x(—hy — h3)[—4],Ox (—hy — h3)[-3],
Ox (—h1 —h2)[=2],Ox(=h3)[-2], Ox (—h2)[-1],O0x (—h1),Ox).

We conclude this section with some remarks on the resolution of the diagonal

and mutations.

Example 2.28. Let us consider the quadric surface Q = P! x P! ¢ P3. In [69] the
author shows that the diagonal A C Q x Q admits the following resolution

Op(—1,-2)ROy(~1,0)
0— ® — Op(—1,-1)XY¥Y — Ogxp — Oa — 0. (2.2.7)
Op(—2,—1)KOp(0,—1)

where W is the restriction of Qps3 to Q.
However it is also possible to consider the following resolution of the diagonal
Op(—1,0)XOp(—1,0)
O%OQ(—I,—l)&OQ(—l,—U—) D —>OQ><Q—>OA—>O.

0p(0,~1)KOH(0,—1)
(2.2.8)

In this example we show how to obtain (2.2.7) from (2.2.8) through consecutive

mutations. Let us consider the full exceptional collection
E = (Og(=1,-1),09(-1,0),00(0,—-1),0p),
whose dual is
F = (Og(~1,~)[~1],00(~1,0)[~1],0g(0, 1), 0g).

Let us apply a left mutation to the pair (Og(—1,—1),0p(—1,0)) of objects of E.
The mutated pair, using the Euler sequence of P!, is given by (Og(—1,—2),0p(—1,—1)).
Since F is the dual collection of E, to a left mutation of objects of E corre-
spond a right mutation of objects of F. In particular to a left mutation of the
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pair (Op(—1,—1),09(—1,0)), corresponds a right mutation of the pair

(Oo(=1,=1)[-1],00(-1,0)[-1])

of objects of F. Thus the mutated pair will be (Og[—1](—1,0),0p(—1,1)[—1]). So

the two mutated collections are
= (OQ(_L_2)7OQ(_17_1)7OQ<07 _1),OQ)
= (OQ(_LO)[_ILOQ(_L 1)[_1]>OQ(07 _1)7OQ)
and (2.2.8) becomes

Op(—1,—-1)BOy(—1,1)
O%OQ(—I,—Z)@OQ(—LO)—) P —>OQ><Q—>OA—>O.
00(0,—1)KB0O,(0,—1)

Now let us consider the pair (Og(—1,—1),0p(0,—1)) in E’. Its left mutation is
given by the pair (Op(—2,—1),0p(— 1 —1)). The correspondent right mutation in
F'is givenby Ro 0, 1) (OQ( 1, 1)[=1],00(0,-1)) = (Og(0, —1),ROo(-1,1)[-1]).

Now we compute RO (—1,1)[—1] using the distinguished triangle (2.2.2). In de-
rived category Homlv)(OQ(— ,1)[—1],00(0,-1)) = ExtlQ(OQ(—l, 1),00(0,—1))".
Since exté(OQ(—l, 1),00(0,—1)) =2, we have ROp(—1,1)[—1] =¥ where ¥ is

an extension of type
0— 0p(0,—1)* =¥ — Op(—1,1) =0
i.e. W is the restriction of p3 to Q. Now the mutated collections are
= (0g(—1,-2),00(-2,-1),00(-1,-1),0p)

= (OQ<_17O)[_1]7OQ(O7 _1)71P70Q)
and we obtain the resolution of the diagonal as in (2.2.7)
Op(—1,-2)XOp(—1,0)

0— ® — Op(—1,-1) XY — Opyxp — Op — 0.
Op(=2,—1)RO(0,-1)



Chapter 3

Ulrich bundles on Hirzebruch
surfaces

In this chapter we will characterize Ulrich bundles over Hirzebruch surfaces. In
[6] Aprodu, Costa and Mir6-Roig discussed the existence of Ulrich line bundles
and special rank two Ulrich bundles, i.e. rank two Ulrich bundles E such that
det(E) = 3h+ Ky, over ruled surfaces. Their existence implies that the associated
Cayley-Chow form is represented as a linear pfaffian [47]. The authors proved
that Ulrich line bundles over ruled surfaces exist only for a particular choice of the
polarization Ox (h), and they proved the existence of special Ulrich bundles under a

mild assumption on the polarization.

In [51] and [79] the authors considered the case of Hirzebruch surfaces embedded

as rational normal scrolls.

In this chapter we prove the following theorem:

Theorem 3.1. Let (X.,Ox,(a,b)) be a polarized Hirzebruch surface and E a rank r
Ulrich bundle with ¢\ (E) = aCo+ B f.

1. Then E fits into a short exact sequence of the form
0= 0% (a—1,b—e—1)=0% (a—1,b—e)®OF (a,b—1) > E =0

where Y=o+ B —r(a+b—1)—e(a—ar), 0 =B—r(b—1)—e(at—ar)
andt=a—r(a—1).
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2. Then E fits into a short a exact sequence of the form
0—E— 0% (2a—1,2b—2)® 0% (2a—2,2b—1—e¢)—0x (2a—1,2b—1) =0

where A =r(2b—1—¢)—B —e(r(a—2)—a), u =r(2a—1) — a and
v=r(2a+2b—-3—e)—a—B —e(r(2a—2)—a).

Thus we are able to express E as the cokernel (resp. kernel) of a certain injective
(resp. surjective) map, using derived categories techniques. A result of this type was
obtained in [33] for the Veronese surface, and in [76] for the projective space PN
embedded with a very ample line bundle Opn (d).

In [38] I. Coskun and Huizenga found a similar resolution with totally different
methods. They used it to classify Chern characters such that the correspondent
general stable bundle on X, is globally generated.

Then we discuss the inverse problem: given an injective map ¢ as above, is

E = Coker(¢) an Ulrich bundle? Our answer is given by

Theorem 3.2. Let (X, Ox,(h)) with h = aCo+bf be a polarized Hirzebruch surface.
1. Let ¢ be an injective map
0% (a—1,b—e—1) 2 0% (a—1,b—e) & OF (a,b—1)

with 8,7 non-negative, y positive and 8 +7T > Y. Letus callr =0+1t—7y
and denote with E the cokernel of ¢. In particular ¢ (E) = aCo+ B f with
a=t+r(a—1)and B =r(b—1)+8—e(r—71). If ci(E)h = 5(3h* + hKx,)
then E is an Ulrich bundle if and only if H*(E(—2h)) = 0.

2. If y is a surjective map
OF 2a—1,26-2)® O (2a—2,2b—1—¢) > O} (2a—1,2b— 1)

with A, U non-negative, V positive and A + L > V. Letus callr =A+u—v
and denote by E the kernel of y. In particular ¢ (E) = aCy+ B f with o0 =
r(Qa—1)—pand B=r(2b—1—e)—A —e(u—r). If c1(E)h = 5(3h*+hKx,)
then E is an Ulrich bundle if and only if HY(E(—h)) = 0.
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For the first case, by computing the long exact sequence in cohomology we
see that h’(E(—h)) = h'(E(—h)) = 0 and that h' (E(—2h)) = h*(E(—2h)). Thus
as soon as one of them vanishes, also the other does, and this is equivalent to
the injectivity of the induced map H?(¢(—2h)). The second case is treated in an
analogous way.

In the particular case of special Ulrich bundles, the induced map H?(¢(—2h)) is
always an isomorphism. So we obtain an alternative (with respect to [6, Theorem
3.4]) proof of the existence of special Ulrich bundles, characterizing them as the
cokernel of a map between very well understood vector bundles. For the other cases
we offer a family of counterexamples which shows that the cohomological condition
h'(E(—2h)) = 0 is necessary in general, and we describe the locus where Coker(¢)
fails to be Ulrich. Moreover we are able to prove the following existence theorem:

Theorem 3.3. Let us consider (X,,Ox,(h)) with h = aCo+ bf. If the map ¢ as in
Theorem 3.2 is general, then E = Coker(¢) is Ulrich. In particular on (X,,Ox,(a,b))

there exist Ulrich bundles for any admissible rank and first Chern class.

The strategy is to use [38, Theorem 1.1] to obtain that the bundle E, realized as the
cokernel of a general map ¢, has the property that E(—2h) has natural cohomology.
Since h'(E(—2h)) = h*(E(—2h)) they cannot be both different from zero and thus
E is Ulrich. This shows that every Hirzebruch surface admits Ulrich bundles of
any admissible first Chern class, any admissible rank and with respect to every very

ample polarization.

Starting from Theorem 3.3 we also discussed the existence of stable Ulrich
bundles of rank greater than two with respect to polarizations that do not factor

through a Veronese embedding.

Furthermore, using the computer software Macaulay2, Theorem 3.2 gives us a
useful tool to construct examples of Ulrich bundles of higher rank with a fixed first

Chern class.

Part of what follows can be found in [4].
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3.1 General facts on Hirzebruch surfaces and Ulrich
bundles

Let us begin with some definitions and results on Hirzebruch surfaces. For more
details see [57, V.2].

Definition 3.4. A geometrically ruled surface, or simply ruled surface, is a surface
X, together with a surjective morphism 7 : X — C to a (nonsingular) curve C, such
that the fibre X, is isomorphic to P! for every point y € C.

Note that as a consequence of this definition, 77 admits a section (i.e. a morphism
0 :C — X such that To o =ide).

Proposition 3.5. If w: X — C is a ruled surface, then there exists a locally free sheaf
E of rank 2 on C such that X = IP(E) over C. Conversely every such P(E) is a ruled
surface over C. If E and E' are two locally free sheaves of rank 2 on C, then P(E) is
a ruled surface over C, then P(E) and P(E') are isomorphic as ruled surfaces over
C if and only if there exists an invertible sheaf L on C such that E' 2 E ® L.

Now we continue with a description of the Picard group.

Proposition 3.6. Let w: X — C be a ruled surface, let Cy C X be a section, and let
f be a fibre. Then
PicX =27 & n*PicC,

where 7. is generated by Cy. Also
NumX = Z® Z,

generated by Co, f, and satisfying Cof =1, f>=0.

Proposition 3.7. If 7 : X — C is a ruled surface, it is possible to write X = P(E)
where E is a vector bundle on C such that E has section, but for all invertible
sheaves L on C with negative degree we have H(E(L)) = 0. In this case the integer
e = —degFE is an invariant of X. Furthermore there is a section o : C — X with
image Cy, such that L(Cp) = Ox(1).

Now we describe the canonical divisor on X.
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Lemma 3.8. The canonical divisor Kx on X is given by
Kx =—-2Co+(2g—2—e)f

where g is the genus of the curve C.

Definition 3.9. An Hirzebruch surface is a geometrically ruled surface over P!. In
this case e > 0 and for each e > 0 there is exactly one Hirzebruch surface with invari-
ant e, given by P(E) = P(Op1 ® Opi(—e)) over P'. We will denote the Hirzebruch

surface with invariant e by X,.

Now let us consider a divisor D. It will be of the form D = aCy+ bf. We have
the following

Proposition 3.10. Let D as above be a divisor on X,. Then:

D is very ample < D is ample < a > 0 and b > ae.

Given a divisor D = aCyp+bf we will write the associated line bundle as Oy, (a, )
or Oy, (aCo+bf).

Furthermore on X, there are two natural short exact sequences. The first one is
0 = Ox,(0,~1) = O%, — Ox,(0,1) =0, 3.1.1)

which is the pullback on X, of the Euler sequence over P'. Other than that we also
have a second natural exact sequence

0— Qg /p1 — T (Op1 ® Opi(—e)) @ Ox,(—1,0) - Ox, — 0
which, in this case, will take the form

0— Ox,(—1,—e) = Ox. & Ox,(0,—e) — Ox.(1,0) — 0. (3.1.2)

Now we state the following lemma which shows how to compute the cohomology

of the line bundles over X,.
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Lemma 3.11. /57, Exercise 111.8.1, 111.8.4] Given Ox, (tCo+ sf) a line bundle on
n:X, — P! then

0ift=—1
H'(X,,Ox,(tCo +sf)) = { H{(P',Sym’ (£) ® Opi(s)) ift >0
H> (P!, Sym 27 () @ Opi (—e — s —2)) ift < —2,

where £ = Op1 @ Opi(—e).

Now we recall the main definitions and properties of Ulrich bundles and we
present the main results on Hirzebruch surfaces. Let X C PV be a smooth irreducible
closed subscheme, let F' be a vector bundle on X and let Ox () be the induced
polarization. We say that:

o F is initialized if h°(X,F(—h)) = 0 # h°(X,F).
e FisaCMif h'(X,F(th)) =0 foreacht € Zandi=1,...,dim(X) — 1.

e F is Ulrich if W(X,F(—ih)) = h/(X,F(—(j+1)h)) = 0 for each i > 0 and
j < dim(X).

Proposition 3.12. [24, Proposition 2.1] Let S be a surface endowed with a very
ample line bundle Og(h). If E a vector bundle on S, then the following are equivalent:

1. E is an Ulrich bundle;
2. EY(3h+Ksy) is an Ulrich bundle;

3. E is an aCM bundle and

ci1(E)h= (3K + IKs),
| 2 (3.1.3)
c2(E) = 5(61(15)2 —c1(E)Ks) —tk(E) (h* — 2(Os));

4. WO(S,E(—h)) = h°(S,EV(2h +Ks)) = 0 and equalities (3.1.3) hold.

Moreover, the Riemann-Roch theorem on a surface S is

2
2(F) = CI(ZF ) _alE)Ks o (F)+ rk(F) g (O) (3.1.4)
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for each locally free sheaf F on S.

We continue with some properties of Ulrich bundles.

Theorem 3.13. [22, Theorem 2.9] Let X C PN be a smooth, irreducible, closed
variety. If E is an Ulrich bundle on X then the following assertions hold.

a) E is semistable and [L-semistable.

b) E is stable if and only if it is U-stable.

c) if
O—L—FE—>M-—0

is an exact sequence of coherent sheaves with M torsion free and (L) = u(E),

then both L and M are Ulrich bundles.

Finally we state the main result about Ulrich bundles on Hirzebruch surfaces.

Proposition 3.14. [6, Theorem 2.1] Let us consider (X,,Ox,(h)) with h = aCy+bf
and e > 0. Then there exists Ulrich line bundles with respect to h if and only if a = 1,

and they are

Ox,(0,2b—1—e) and Ox,(1,b—1).

Now we consider rank two Ulrich bundles. Although the following result was

proved in a more general context, we state it in the case of Hirzebruch surfaces.

Proposition 3.15. [6, Proposition 3.1, 3.3, Theorem 3.4] Let us consider (X,,Ox,(h))
with h =aCy+bf and e > 0. Then

1. if a =1 there exists a family of dimension 2b — e — 3 of indecomposable,

rank-two, simple, strictly semistable, special Ulrich bundles on X,.

2. ifa > 2 there exists special Ulrich bundles with respect to h given by extensions
0—0Ox,(a,b—1)—=E—7Zz7(2a—2,2b—1—¢) =0,

where Z is a general zero-dimensional subscheme of X, with I[(Z) = (a —
Db-4).
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In what follows we will show that every Ulrich bundle of any rank fits into a
short exact sequence of totally decomposed vector bundles on X,. Furthermore,
given an injective map between these vector bundles we give necessary and sufficient
conditions such that the cokernel of the map is Ulrich. In this way we are able to
obtain the existence of Ulrich bundles of any admissible rank and first Chern class
on X,.

3.2 From the Ulrich bundle to the resolution

We start this section by describing the cohomology of an Ulrich bundle E on X,.

Lemma 3.16. Let E be a rank r Ulrich bundle on (X,,Ox,(a,b)). Then

1. WO(X,,E(t,s)) = W*(Xe,E(t,s)) =0 forall —2a <t < —aand —2b < s < —b
2. W(X.,E(—a,s)) = h*(X.,E(—a,s)) =0 for all s > —b.

3. W(X,,E(t,s)) = h*(Xe,E(t,s)) =0 forallt > —aand s > —b+e.

4. (X, E(t,s)) = h' (X,,E(t,s)) =0 forallt < —2aand s < —2b —e.

In particular E(t,s) has natural cohomology (i.e. there exists at most one k such that
WK (E(t,s)) # 0) for such t and s.

Proof. For the first part of the lemma, since E is Ulrich, then E(—a,—b) has no

cohomology. For any effective divisor D we have the following short exact sequence
0— Ox,(—D) = Ox, — Op — 0. (3.2.1)

Tensoring (3.2.1) by E(—a,—b) and considering the long exact sequence in coho-
mology, we obtain h"(X,,E(t,s)) = 0 for all t < —a and s < —b. Using Serre’s
duality and the fact that EV (3h+ Ky, ) is Ulrich, we obtain 4?(X,,E(t,s)) = O for all
t > —2aand s > —2b.

For the second part, we proceed by induction on s. We have 2! (X,, E(—a,—b)) =
0 because E is Ulrich. Suppose h!(X,,E(—a,k)) = 0 for all —b < k < s, tensor
(3.1.1) by E(—a,s) and consider the long exact sequence in cohomology. Since
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h'(X,,E(—a,s)) = 0 by inductive hypothesis, we have h'(X,,E(—a,s+1)) =0,
which proves (2).

For the third part we want to show that 1! (X,,E(t,s)) = 0 for all t > —a and
s > —b+ e, so we proceed by a double induction on ¢t and s. Suppose s > —b,
by (2) we have that h'(X,,E(—a,s)) = 0. Suppose that 4 (X,,E(k,s)) = 0 for all
—a <k <tands> —b, and tensor (3.1.2) by E(¢,s). Considering the long exact
sequence induced in cohomology we have that if s > —b + e, then ! (X,,E(t,s)) =
h'(X,,E(t,s —e)) = 0 by inductive hypothesis, and h*(X,,E(t — 1,5 —e)) = 0 be-
cause E is Ulrich, so we can conclude that 4'(X,,E(t +1,s)) = 0 which proves
(3).

For the last part recall that since E is Ulrich then the same holds for EY (3h+Ky, ),

so we obtain (4) using (3) and Serre’s duality.

]

Now we will prove one of the main theorems of this work.

Theorem 3.17. Let E be an Ulrich bundle of rank r on (X,,Ox,(h)) with h =
aCo+bf and with first Chern class c1(E) = aCy+ B f.

1. Then E fits into a short exact sequence of the form

0— 0L (a—1,b—e—1)»0% (a—1,b—e)®OF, (a,b—1) > E -0
(3.2.2)
where y=a+ B —r(a+b—1)—e(a—ar), s =B —r(b—1)—e(a—ar)
andt=0a—r(a—1).

2. Then E fits into a short a exact sequence of the form

0—E— 0% (2a—1,26-2) DOk (2a—2,2b—1-¢) X5 O (2a—1,2b—1) -0
3.2.3)

where A =r(2b—1—¢)— B —e(r(a—2)—a), u =r(2a—1) — a and

v=r(2a+2b—-3—e)—a—B —e(r(2a—2)— ).

Proof. We apply the Beilinson’s Theorem to E(—a, —b) as in Proposition 2.25. We
start by computing the cohomology table of E(—a, —b).
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Ox,(—1,—e—1) Ox.(—1,—e) Ox,(0,—1) Oy,
0 0 0 0 n
y ) 0 0 h?
0 0 T 0 h!
0 0 0 0 n°

E(—a—1,-b—1)[-1] E(-a—1,-b)[-1] E(—a,—-b—1) E(—a,—b)

Every column represents the dimension of the cohomology groups of the vector
bundle at the bottom. The therms on the top of the table are the vector bundles that
will appear in the Beilinson resolution as in Proposition 2.25. The shifts in the last

two columns represent the &;’s in Theorem 2.23 and Proposition 2.25.

Since X, is a surface, it follows that:
13 (X, E(—a,—b)) = h*(Xe, E(—a,—b—1)) =0
and trivially
(X, E(—a—1,-b—1))[-1] = h°(X,,E(—a—1,-b))[—-1] =0.

All the zeroes in the table are obtained using Lemma 3.16. Since all the vector
bundles in the table have natural cohomology, we will use the Riemann-Roch theorem
to compute the only non-zero cohomology groups. In general given a divisor D on
X, we have

c1(E(D))=ci(E)+rD

c2(E(D)) = c2(E) + (r— 1)c1 (E)D + QDZ.
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So by Riemann-Roch and using Proposition 3.12 we have

X(E(D)) = ril®+c1(E)D+ %D(D—Kxe). (3.2.4)

e E(—a—1,-b—1).

In this case D = —h — Cy — f so using Proposition 3.12 and equality (3.2.4)
we have

X(ED)=—-a—-B+r(a+b—1)+e(ax—ra).
o E(—a—1,-D).

In this case D = —h — Cj so as above
X(E(D))=—-B+r(b—1)+e(o—ar).

o E(—a,—b—1).
In this case D = —h+ f and

X(E(D))=—a+r(a—1).
By Proposition 2.25 we have a short exact sequence
0— 0% (—1,—1—e) = Of (—1,—e) ® 0%, (0,—1) = E(—a,—b) = 0 (3.2.5)
withy=o+B—r(a+b—1)—e(ax—ar),§ =B —r(b—1)—e(ax—ar) and 7=

o —r(a—1). Tensoring the sequence by Oy, (h) we obtain part (1) of the theorem.

For part (2) recall that if E is Ulrich, then the same is true for EV(3h+ Ky,).
Applying Beilinson’s theorem to EY(3h + K, ), and dualizing the sequence, we
obtain (2). O

Observe that Theorem 3.17 imposes some numerical necessary conditions that a
vector bundle must satisfy in order to be Ulrich.

Corollary 3.18. Let E be a rank r vector bundle on (X,, Ox, (a,b)) with first Chern
class ¢ (E) = aCo+ B f. If E is Ulrich then, using the notation of Theorem 3.17, 9,
7 and y (resp. A, i and V) are non-negative, with 6 and 7 (resp. A and p) not both

zero. Moreover if a > 1 and e > 0 then Yy and 7 (resp. i and V) are positive.
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Proof. The non-negativity follows directly from the fact that the exponents of the res-
olutions (3.2.2) and (3.2.3) must be non-negative since they represent the dimension
of a cohomology group. Since 0 + T — 7y =r > 0, § and T cannot be both zero. Fur-
thermore, suppose Y= 0. Then we will have E = (9)‘36 (a—1,b—e)d 0% (a,b—1) but
by Propositions 3.14 and 3.23, if ¢ = 0 then both OJ(Z (a—1,b—e) and Oy (a,b—1)
are Ulrich. If e > 1 then OJ‘Z (a—1,b—e) is not Ulrich and O (a,b — 1) is Ulrich
only when a = 1. So Y can be zero only if e =0 or a = 1 (and in this case also
0 = 0). The part regarding v is completely analogous. Now we prove the last part
of the statement. Suppose e > 0 and a > 1. If T = 0 then E would be the pull-back
of a vector bundle of P!. By Grothendieck’s theorem every vector bundle on P! is
the direct sum of line bundles, i.e E = n*(&D; L;). Since E is Ulrich, each ©*(L;) is
Ulrich, but this is not possible since, by Proposition 3.14, X, does not admit Ulrich
line bundles if e > 0 and a > 1. ]

Using similar techniques it is also possible to retrieve each Ulrich bundle on X,

as the cohomology of a monad.

Proposition 3.19. Let E be a rank r Ulrich bundle on (X,,Ox,(a,b)) witha > 1 and
with first Chern class c¢1(E) = oCo+ B f. Then E is the cohomology of a monad of
the form

0 O%(a—1,b—e) =05 (a—1,b+1-e) DO} (a,b) = OF (a,b+1) =0
(3.2.6)
where € =200+ B —r(2a+b—1)—e(x—ar), { =200 —2r(a—1), n=a+p —
rla+b—1)—e(a—ar)and ¥ =a—r(a—1).

Proof. We apply Beilinson’s theorem to retrieve the monad. In order to do so, we
compute the cohomology table of E(—a,—b —1).
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Ox,(—1,—e—1) Ox,(—1,—e) Ox,(0,—1) Ok,
0 0 0 0
€ 4 0 0
0 0 n 9
0 0 0 0

E(—a—1,-b—2)[-1] E(—a,—-b—2)[-1] E(-a—1,-b—1) E(—a,—b—1)

Since X, is not embedded as a scroll, we obtain all the vanishings in the table with
Lemma 3.16. To compute the dimension of the only non-zero cohomology groups
we use Riemann-Roch. So we have

o e=—x(E(—a—1,-b=-2))=2a+pB—r(Qa+b—1)—e(a—ar).
o { =—x(E(—a,—b—-2))=20—2r(a—1).
e N=—xE(—a—1,-b—-1)=a+B—r(a+b—1)—e(a—ar).

e 9=—x(E(—a,—b—1))=a—r(a—1).
By Proposition 2.25 we get that E(—a, —b — 1) is the cohomology of the monad
0— 0% (~1,—e—1) = O5 (~1,—¢) ® O} (0,~1) = OF —0

and tensoring it by Oy, (a,b+ 1) we obtain the desired result. [l

3.3 From the resolution to the Ulrich bundle

Now we study the inverse problem: given a coherent sheaf £ which is the cokernel
(resp. kernel) of a map as in (3.2.2) (resp in (3.2.3)), is it an Ulrich sheaf on X, ?
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Theorem 3.20. Let (X,,Ox,(h)) with h = aCy+ bf be a polarized Hirzebruch sur-

face.

1. Let ¢ be an injective map
Ol (a—1,b—e—1) 0% (a—1,b—e)@OF (a,b—1)  (33.1)

with 8,7 non-negative, 'y positive and 8 +T > Y. Letus callr =0 +71—7
and denote with E the cokernel of ¢. In particular c¢1(E) = aCo+ B f with
a=t+r(a—1)and p=r(b—1)+8—e(r—1). Ifc{(E)h = 5(3h* + hKx,)
then E is an Ulrich bundle if and only if H* (X, E(—2h)) = 0.

2. If y is a surjective map

Of 2a—1,26-2)® 0§ (2a—2,2b—1—¢) 5 O} (2a—1,2b— 1)
3.3.2)
with A, U non-negative, vV positive and A + L > V. Letus callr =A+u—v
and denote by E the kernel of y. In particular ¢ (E) = aCo+ B f with oo =
r(Qa—1)—pand B=r(2b—1—e)—A —e(u—r). If c1(E)h = 5(3h*+hKx,)
then E is an Ulrich bundle if and only if H*(X,,E(—h)) = 0.

Proof. We only prove (1), since the proof of (2) is completely analogous. First of
all observe that the existence of an injective map ¢ is guaranteed by the fact that
(’)gf 0,1H)® O%:(l,e) is globally generated [14, §4.1].

Let E be the cokernel of ¢, thus E fits into an exact sequence like (3.2.2). So as
soon as we check that

HY(X,,E(—h))=H'(X,,E(—h))=0  and  H'(X,,E(—2h))=H?*(X,,E(—2h))

0,

then E is an Ulrich vector bundle. Let us consider E(—h) = E(—a, —b). Now tensor
(3.2.2) by Ox,(—a,—b). Since

H'(X,,0% (—1,—e—1)) = H'(X,,0% (—1,—¢) & 0%, (0,—1)) = 0 for all i,

we get
W (X,,E(—a,—b)) = h'(X,,E(—a,—b)) = 0.
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Now we focus on E(—2h) = E(—2a,—2b). We tensor (3.2.2) by Ox,(—2a,—2b).
Setting A = (’);;e(—a— l,—b—e—1)and B= (’)gg(—a— l,=b—e)®0% (—a,—b—
1) the induced long exact sequence in cohomology takes the form

2(0(—
H=(¢(=2h))

0 — H'(X,,E(—2h)) — H*(X,,A) H*(X,,B) — H*(X,,E(—2h)) — 0.

We show that h?(X,,A) = h?*(X,,B). This will imply H' (X, E(—2h)) = H*(X,,E(—2h)).
By Riemann-Roch we obtain that if ¢ (E)h = 5(3h* + hKy, ), then x(A) = x(B). In
particular ) (E(—2h)) = 0 and since H%(X,, E(—2h)) = 0 we have that

H'(X,,E(—2h)) = H*(X,,E(—2h)).

Thus E = Coker(¢) is Ulrich if and only if H*(X,, E(—2h)) = 0 (which is equivalent
to the injectivity of the map H?(¢(—2h))).

]

In [6] the authors proved the existence of special rank two Ulrich bundles on
ruled surfaces. Thanks to Theorem 3.20 we obtain the existence of special Ulrich
bundles on Hirzebruch surfaces for any very ample polarization in a different way.
Furthermore we characterize them as the cokernel (resp. kernel) of an injective (resp.
surjective) map between certain totally decomposed vector bundles.

Corollary 3.21. Let E be a rank two vector bundle on (X,, Ox,(h)) with h = aCy +
bf and ¢1(E) = aCy+ Bf = 3h+ Kx,. Then E is Ulrich if and only if it is the

cokernel of an injective map ¢
0L (a—1,b—e—1) 5 0% (a—1,b—e) O (a,b—1)

with y=a+ B —2(a+b—1)—e(ot—2a), 6 = —2(b—1)—e(ax —2a) and
T=0—2(a—-1).

Proof. We showed in Theorem 3.20 that as soon as a vector bundle has a resolution
of the form (3.2.2) then h'(X,,E(—h)) = 0 for all i. Furthermore, E is a rank two
vector bundle, so EV = E(—c). From the resolution we are able to conclude that
h'(X,,E(—2h)) = h*(X,,E(—2h)) and using Serre’s duality we get

W (X,,E(—2h)) = h°(X,,EY (2h+Kx,)) = h°(X,,E(—h)) =0,
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thus E is Ulrich. Notice that in the case of special Ulrich bundles the resolutions
(3.2.2) and (3.2.3) are dual to each other (up to twist). ]

Remark 3.22. In the case of (P>, Op2(d)) one can find a resolution of an Ulrich
bundle using similar techniques (see [33], [76]). In that case, every rank r vector

bundle admitting a resolution of the form
0= Op @ D@ —-2) % 05 @D —1) 5 E 0 (3.3.3)

is Ulrich if and only if H?(P?,E(—2d)) = 0. When we consider rank two vector
bundles sitting in the previous short exact sequence, they are automatically Ulrich, i.e.
the cohomological condition is trivially satisfied (using the fact that EY = E(—c1)).
However we will see that the situation on rationally ruled surfaces is quite different.

In order to show that the vanishing of H!(X,, E(—2h)) is needed in general, we
focus our attention on rank two Ulrich bundles on (Xy, Ox,(d,d)). We will see in
Section 5 that, thanks to Proposition 3.29, we have d + 1 admissible first Chern
classes aCy+ B f (up to an exchange of o and ) and we have that for (@, ) =
(2d —2,4d — 2) the Ulrich bundle splits since Ext!(Ox,(d — 1,2d —1),0x,(d —
1,2d 1)) =0.

We start recalling which are the Ulrich line bundles on (Xo, Ox,(a,b)).

Proposition 3.23. [24, Example 2.1] Let L be a line bundle on the polarized surface
(Xo0,0x,(a,b)). Then L is Ulrich if and only if

L=0x,2a—1,b—1) or L=0Ox,(a—1,2b—-1).

Now we are able to construct a counterexample of a vector bundle realized as
the cokernel of a map as in Theorem 3.20 which is not Ulrich (in particular with
H'(Xe,E(=2h)) = H*(X,,E(~2h)) # 0).

Example 3.24. Let us consider the polarized Hirzebruch surface (Xo, Ox,(d,d)) and
let u be an integer such that 1 <u <d — 1. We construct a rank 2 vector bundle sitting
in a resolution of the form (3.2.2), with first Chern class ¢; = (2d —2+u,4d —2 —u)

that is not Ulrich. Let us consider the following exact sequence

0— 0% (d—1) = O4i(d) = Opi (u+d—1) =0
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and let us pull it back on X obtaining
0— O% (d—1,d—1) = O% (d,d—1) = Ox,(u+d—1,d —1) = 0.
With the same argument we can find a second short exact sequence
0— O N d—1,d—1) = O3 "(d—1,d) = Ox,(d —1,3d —u—1) = 0.

If we set E = Ox,(u+d—1,d—1) @ Ox,(d —1,3d —u— 1) and we combine the

two sequences we obtain a resolution of the form (3.2.2):
0— O3 (d—1,d—1) = O (d—1,d)® O%,(d,d — 1) = E — 0.

Every direct summand of an Ulrich bundle is also Ulrich. By Proposition 3.23, we
know that both Ox,(u+d —1,d — 1) and Ox,(d —1,3d — 1 — u) are Ulrich only

when u = d, so the bundle E constructed in this way is not Ulrich.

We conclude this section with the following remark.
Remark 3.25. In the same hypothesis of Theorem 3.20, the locus of maps ¢ which
do not give rise to Ulrich bundles is a divisor in the open space of maximal rank
matrices which represent morphisms ¢. In fact it is the locus where the induced map
in cohomology

2(p(—
)) H™(¢(-2h)) H(

H*(X,, 0% (—a—1,—b—e—1 X, 0% (—a—1,~b—e)® 0% (—a,~b—1))

1s not an isomorphism. Since this two vector spaces have the same dimension, the
locus where E = Coker(¢) is not Ulrich is given by det(H?(¢(—2h))) = 0. Now we
produce an example where we explicitly describe this locus.

Consider Xy embedded with Oy, (2,2). By [23, Theorem 6.7] there exists a rank
two Ulrich bundle F on (Xp, Ox,(2,2)) with ¢; (F) = 3Cy+5f. Consider a rank two
vector bundle E with ¢ (E) = 3Cy + 5 f realized as the cokernel of an injective map

03 (1,1) %5 0}, (1,2) ® Ox, (2, 1).

Now we describe the locus where E = Coker(¢) fails to be Ulrich. Recall by
Theorem 3.20 that E is Ulrich if and only if the induced map in cohomology
H?(¢(—2h)) is injective. By Serre’s duality this is equivalent to the surjectivity
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of a map y : Hom(O3, (=3, -2) ® Ox,(—2,-3),0x,(—2,-2)) = Hom(O% (-3 -
3), O3y (~2,~2)) where W(f) = fo9.
Now take

f € Hom(03,(—3,-2) & Ox,(—2,-3), Ox,(—2,-2)).

Let us denote [Y; : Y] the coordinates of the first factor P! and [Y» : ¥3] the coordinates
of the second factor. Then the matrices of f and ¢ are

f=(ofo+afvi of¥+adyi of¥o+alyi ofvs+aivs)

and

BiiY2+Bi Y3 BioYa+BioYs
B2271Y2 + B23,1Y3 /322,2Y2 + 132372Y3
B3271Y2+B3371Y3 ﬁ32,2Y2+B3372Y3
ﬁ£1Y0+ﬁ41},1Y1 ﬁﬁzYo+ﬁ4{2Yl

o=

Imposing y(f) = f¢ = (0) we obtain a system 8 equations given by
3 .
)y 0y B+ oy Biy =0 (3.3.4)
I=1

where i = 0,1, j = 2,3 and k = 1,2. Now if we consider ¢, as variables, the matrix
of the system (3.3.4) is given by

ﬁﬁl ﬁgl ﬁ§1 0O 0 0 ﬁj{l 0
Bt, B3, B5, O 0O 0 B, O
B, B3, B, O 0 0 0 B

Biy B, B, O 0 0 0 B
0 0 0 B By By By O
0 0 0 PBfy, B, Bir Bin O
0 0 0 By By B, 0 B
0 0 0 By B, B, 0 Bis

and the locus where E is not Ulrich is described by det(B) = 0.

(3.3.5)
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3.4 Admissible ranks and Chern classes for Ulrich

bundles

In this section we deal with the admissible first Chern classes and admissible ranks
of Ulrich bundles on (X, Ox, (a,b)). We start with the following definition:

Definition 3.26. Let D = aCy + B f be a divisor on (X,,Ox, (h)) with h = aCy +bf
and let r be a positive integer. We say that the pair (r,D) is an admissible Ulrich pair
with respect to 4 if and only if the following conditions hold

e Dh=5(3h*+hKy,);

e o and f satisfy the numerical conditions

rla—1)<a<ra-1), (3.4.1)
r(b—1)—e(c—r(2a—2)) < B <r(2b—1)—e(r(2a—1)—a), (3.4.2)

with strict equalities in (3.4.1) if e >0 and a > 1.

We will omit % in the notation when no confusion arises. It follows trivially
from the definition that if (r,D) is not an admissible Ulrich pair, then there cannot
exist a rank r Ulrich bundles on (X,,Ox,(h)) with ¢;(E) = D. Furthermore, once
the rank is fixed, we will sometimes consider admissible first Chern classes instead
of admissible Ulrich pairs.

Remark 3.27. The bounds in Definition 3.26 are obtained using Corollary 3.3. In
particular the bound on 8 wouldbe r(b—1) —e(ot —ar) < B <r(2b—1)—e(r(2a—
1) — a) but it is possible to improve it. Recall by Proposition 3.12 that E is Ulrich
if and only if EV(3h + Ky,) is Ulrich, so the bounds on 8 should be centred in
5(3b—2 —e). This gives us the actual bounds on f3 in Definition 3.26.

In the next proposition we characterize admissible Ulrich pairs.
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Proposition 3.28. Let D = a.Cy+ B f be a divisor on (X, Ox,(h)) with h=aCy+bf.
If (D) is an admissible Ulrich pair then it satisfies

b
T:%(3a—1)+5((x+r)€Z
and 3.4.3)
era era
_ la—1N<a< B
r(a 1)—|—2b(a ) <a<r(a—1) 2b(a 1)

Conversely any pair (r,D) satisfying (3.4.3) and Dh = %(3h2 +hKy,) is an admissible
Ulrich pair.

Proof. Since (r,D) is an admissible Ulrich pair then Dh = at(b—ea) + Ba = 5(3h* +
hKx,). Now we express 3 as a function of ¢, thus

B=r(3b—1)+ae— %(341— 1) — g(r+a).

However a and B represent the coefficients of the divisor D, thus they must be

integers. In particular we obtain that

b
%(351— D+ (ot €L,
Moreover observe that since we expressed 8 as a function of o, the numerical
conditions (3.4.2) on f3 give us the bound on «. In fact by imposing B < r(2b—1) —
e(r(2a— 1) — a) one obtains
era
—1)+—(@—-1) <.
r(a )+2b(a )<a
The upper bound is obtained as in Remark 3.27 by noticing that the interval giving the
bounds for a should be centered in 7 (3a —2). For the second part of the statement
it is enough to show that the bound (3.4.3) on « gives us the bound on f3, but this
follows from the fact that we obtained (3.4.3) by imposing the inequalities (3.4.2)
on f3. O

Now we focus on rank two Ulrich bundles. Notice that in this case 5 (3a —1)
is always even, thus the admissibility of the first Chern class depends on whether
g((x + r) is an integer or not.
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Proposition 3.29. Let E be a rank two Ulrich bundle on (X, Ox,(a,b)). If GCD(a,b) =
s then we have 2s + 1 possible first Chern classes for E given by

(2a—2+4kq)Co+ (4b—2—kp)f
withOSkSZs,pz%andq:%.

Proof. Suppose that ¢ (E) is given by ¢; (E) = aCy+ B f. Then by Proposition 3.12
we have:
c1(E)h = apP + ba = 6ab —2a—2b (3.4.4)

which is an integer. Now solving with respect to B we obtain
1
B = —(6ab—2a—2b—ba).
a

In order for ¢ (E) to be an admissible first Chern class of an Ulrich bundle, by
Proposition 3.28 we have the following bounds for o and f3

2a-2<a<4a-2 and 2b—2<B <4b-2.
Now define

o =2a—2+1i
Bi = 1(6ab—2a—2b—b(2a—2)—boy) =4b—2 -2

By Proposition 3.28, (2, ;Co + Bif) is an admissible Ulrich pair if and only if %
is an integer. Let us define s = GCD(a,b). Then the only possibilities for %i to be
integer are when i = k%, with 0 <k <2sand k € Z. So we have 2s + 1 admissible
first Chern classes for E. 0

Remark 3.30. In the case of (Xo, Ox,(a,b)), to satisfy the Bogomolov’s inequality for
semistable rank two vector bundles is equivalent to satisfy the numerical conditions
in Corollary 3.18. In fact for a semistable rank two vector bundle E with first Chern

class c;(E) = aCy+ B f the Bogomolov’s inequality gives us

A=4cy)(E)—c3(E) >0,
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while the numerical conditions for the Beilinson’s resolution are

da—2>0>2a—2
4b—2> B >2b—2.

Using Proposition 3.12 we have

so that
A=ci(E)* —2¢c|(E)Kx, —2(h* —1).

Recall that for a rank two Ulrich bundle we have
c1(E)h=ab+ Ba=3h+Kx,,

so expressing A in terms of o we have A(a) > 0 forall 2a —2 < o < 4a—2. We
conclude that any rank two vector bundle on Xj fitting into the resolution (3.2.2)
satisfies Bogomolov’s inequality and, conversely, any vector bundle satisfying the

Bogomolov’s inequality also satisfies the conditions in Corollary 3.18

For (X,,Ox,(a,b)) with e > 0 the situation is slightly different from X, because
when the invariant e is positive is not always guaranteed the existence of Ulrich line
bundles.

Remark 3.31. Polarizations h = Cy+ bf with b > e are the only ones such that X,
admits Ulrich line bundles. In this case it is immediate to see that we have three

admissible first Chern classes for a rank two Ulrich bundle, which are

(4b—2—-2¢)f  Co+(3b—2—e)f  2Co+(2b—2)f.

For all the other cases we have the following proposition.

Proposition 3.32. Let E be a rank two Ulrich bundle on (X,,Ox,(h)) with h =
aCo+ bf such that a > 1. If GCD(a,b) = s then the admissible first Chern classes
for E are given by

(2a—2+4kq)Co+ (4b—2—e—kp+kge)f
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withkeZsuchthat%(a—l)§k§25—%s(a—1),p:%andq:%.

Proof. The strategy is completely analogous to the one of Proposition 3.29 but the
computations are a bit more tedious. Since the degree of ¢ (E) is fixed for any rank
two Ulrich bundle, this will give us an equation in the coefficients of ¢;(E), namely
o and . By solving for  and imposing that it is an integer number, we obtain all

the admissible first Chern classes. O]

Remark 3.33. Suppose X, is embedded with a very ample divisor & = aCy + b f such
that GCD(a,b) = 1, then the only possibility for the first Chern class of a stable,
rank two Ulrich bundle E on X, is ¢; (E) = 3h+ Ky, (i.e. E is special).

In what follows we focus on the admissibility of ranks and first Chern classes of
Ulrich bundles in some particular cases. In light of Remark 3.33, one expects that
for polarizations Oy, (a,b) with GCD(a,b) = 1 we have the least possible number
of admissible first Chern classes for E.

Let E be a rank r Ulrich bundle on X, with respect to Ox, (a,b) with GCD(a,b) =

l and let c; (E) = aCy+ B f be its first Chern class. Suppose e >0and a > 1. Ifais

odd or e is even, then by Proposition 3.28 the pair (r,c1(E)) is an admissible Ulrich
pair if and only if

a=ka—r (3.4.5)

with
er er
—(a — < k< ——(a—1).
keZ and r+2b(a 1) <k<2r 2b(a 1)

Now we describe explicitly all the admissible Ulrich pairs for such polarized Hirze-
bruch surfaces.

Proposition 3.34. Let E be a rank r Ulrich bundle on (X, Ox,(h)) withh=aCy+bf
such that GCD(a,b) = 1. Suppose e > 0 and a > 1. If a is odd or e is even then the

admissible first Chern classes for E are given by
(ka — r)Co + (r(3b— 1 —§(3a—|—1)) +k(ae—b))f (3.4.6)
with k € Z such that r + 55 (a— 1) <k <2r—5p(a—1).

Proof. In the hypothesis of this Proposition ¢ (E) = aCy+ B f is admissible if and
only if & = ka —r with r + 57(a —1) <k < 2r— %3 (a— 1). For each of such o use
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the relation
a(b—ae)+Ba= %(3h2 + Ky, )

to compute f3. O

3.5 Existence and moduli spaces

In this section we will discuss some results on the existence of Ulrich bundles and
their moduli spaces. Let us fix the notation. Let X be a smooth algebraic surface,
we will denote by M},(r;cy,cz) the moduli space of rank two locally free sheaves
E on X stable with respect to a polarization 4 and with det(E) = ¢; € Pic(X) and
c2(E) = ¢y € Z. We start by recalling the following proposition concerning the rank

two case.

Proposition 3.35. [42, Theorem 4.7] Let X be a smooth, irreducible, projective,
minimal, rational surface, ¢, € Pic(X) and ¢, € Z. Then, for any polarization h on
X, the moduli space My,(2;c1,c2) is a smooth, irreducible, rational, quasi-projective

variety of dimension 4c, — c% — 3, whenever non-empty.

The moduli space of stable rank r Ulrich bundles E with det(E) = ¢ and ¢ (E) =
c7 is an open subset in Mj,(r;cy, ;) and we will denote it by M}?(r;cl,cz). In what
follows we show how we can use Theorem 3.17 to study the moduli spaces of Ulrich

bundles of rank greater than two. We start by giving an existence theorem.

We showed in the previous section that given an injective map ¢ as in Theo-
rem 3.20, in general the vanishing H' (X,, E(—2h)) = 0 is necessary to obtain that

Coker(¢) is Ulrich. However we are able to prove the following existence result.

Theorem 3.36. (X, Ox,(h)) supports Ulrich bundle of any admissible Ulrich pair

(r,cl).

Proof. First of all recall that by Proposition 3.14 and 3.23, (X, Ox, (h)) admits Ulrich
line bundles if and only if e =0 or h = Cy+bf and e > 0. Now let us consider a map
@, asin (3.3.1), general. Then ¢ would be injective and let us denote by E its cokernel.
Corollary 3.18 implies that the Chern character of E(—2h) satisfies the hypothesis
of [38, Theorem 1.1]. In particular we obtain that E(—2k) has natural cohomology
and, since x (E(—2h)) = 0, we have h'(X,, E(—2h)) = h*(X,,E(—2h)) =0 and E
is Ulrich. [
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Once the existence is settled we focus on moduli spaces of Ulrich bundles.

Lemma 3.37. If E is a rank r Ulrich bundle on (X,,Ox,(h)) with h = aCy+ bf and
a,b > 1, then Ext*(E,E) = 0.

Proof. Consider the short exact sequence (3.2.2) and tensor it by E. The long exact

sequence in cohomology gives us
S (X, EV(a—1,b—e)) +th*(X,,EV (a,b—1)) > h*(X,,E®E").

Since E is Ulrich, the same is true for EV(3h+ Ky, ). Now using Lemma 3.16 and
the fact that a,b > 1, we obtain h?(X,,EV(a—1,b—e)) = h*(X,,E¥(a,b—1)) =0,
thus H*(X,,E ® EV) 2 Ext*(E,E) = 0. O

In light of this we can state the following proposition.

Proposition 3.38. Ler us consider (X,,Ox,(h)) with h = aCy+ bf and let (r,ci)
be an admissible Ulrich pair. Then the moduli space M;l](r;cl,cz) is a smooth,
irreducible, unirational, quasi-projective variety of dimension c% —rc1 Ky, — r?(2h* —
)+1, forr=2,3,e>0anda> 1.

Proof. Smoothness comes from Lemma 3.37. To any element
¢ € Hom(O} (a—1,b—e—1),0% (a—1,b—e) & OF (a,b— 1))

as in Theorem 3.20, we can associate its cokernel, forming a flat family. Thanks
to Theorem 3.36 the generic element in this family is an Ulrich bundle. Theorem
3.13 tells us that an Ulrich bundle can only be destabilized over an Ulrich bundle
and the cokernel of the inclusion map is also Ulrich. In particular, if we consider the
rank r to be two or three, the existence of a strictly semistable Ulrich bundle would
imply the existence of Ulrich line bundles. Using Proposition 3.14, we see that
(X, Ox, (h)) does not admit Ulrich line bundles for e > 0 and @ > 1. We conclude
that in these cases all the Ulrich bundles are stable, so Mlllj (r;c1,c¢2) is non-empty.
For irreducibility and unirationality observe that M (r;c1,c2) is dominated by an
open subset of a space of matrices, which is irreducible and unirational. Finally,
for the dimension, recall that for stable bundles we have h°(E ® EV) = 1. Since
dimMY (r;c1,¢2) = dimExt! (E,E), and Ext*(E,E) = 0 by Lemma 3.37, we obtain
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dimMY (r;c1,¢2) =1—x(E®E"). Using [22, Proposition 2.12] we have the desired
result. [

Remark 3.39. When (X,,Ox,(a,b)) admits Ulrich line bundles the situation is dif-
ferent. In [51] the authors proved that when a = 1 we have exactly two Ulrich line
bundles and all the Ulrich bundles of rank greater than two are strictly semistable,
i.e MU (r;c1,c2) is empty for r > 2. If we consider (Xo, Ox, (a,b)) with a,b > 1, by
Proposition 3.23 it always admits two Ulrich line bundles. However we will see in
Section 7 that there exists a stable rank two Ulrich bundle for every admissible first
Chern class. Thus we can describe the moduli space M)Z(JO h (2;¢1,¢7) using the same

argument of Proposition 3.38.

We continue this section dealing with higher ranks Ulrich bundles. Suppose X,
is embedded with a very ample line bundle Oy, (h) with h = aCy+ bf and such that
GCD(a,b) = 1, i.e. the embedding X, < PV does not factor through a Veronese
embedding, and with a > 1 and odd. Once we fix the rank r the admissible Ulrich
pairs are given by (3.4.6).

Remark 3.40. It is worth to notice that in Proposition 3.34 we have r+ 5z (a— 1) <
2r — 5 (a—1). However k is an integer and it could happen that there is no integer
between r+ %7 (a—1) and 2r — 57 (a— 1), i.e. in that cases there are no admissible
Ulrich pairs (r, D) with respect to h = aCy+ B f.

Proposition 3.41. Let us consider (X,,O(a,b)) with GCD(a,b) =1, ¢ > 0 and
a> 1. Ifais odd or e is even then for any even rank r the pair (r,5(3h+Kyx,)) is an
admissible Ulrich pair.

Proof. Letus set D = aCy+ B f = 5(3h+ Kx,). In particular o = %ra —r so by
Proposition 3.34 it is enough to show that r + 57 (a — 1) < r<2r— Zp(a—1). This
is equivalent to r(b — ea + e) > 0 which is always true by the very ampleness of
h. O

In the cases when r is odd then the divisor 5(3A + Kx,) does not have integer
coefficients, thus the “nearest" admissible Ulrich pair would be 5 (324 Ky,) — %D
where D = aCy + (ae — b) f. Let us denote by A, the positive number

B tb
 b—ae+e

A
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Observe that if r is odd and r < A, then there are no integers between r + % (a—1)

and 2r — £ (a — 1), thus we have the following proposition.

Proposition 3.42. Let us consider (X,,O(a,b)) with GCD(a,b) =1, ¢ > 0 and
a> 1. If ais odd or e is even then there are no admissible Ulrich pair (r,D) with r
odd and r < Ay, i.e. there cannot exist odd rank Ulrich bundles of rank r < A;.

Remark 3.43. In the same setting of Proposition 3.42, let us consider 7 to be the
first odd integer such that 7 > A;. Then there exists two admissible Ulrich pairs
(F,5(3h+Kyx,) — %D) and (7,%(3h+Kx,)+ D) with D = aCy + (ae —b)f. By
Proposition 3.36 there exist an Ulrich bundle corresponding to these admissible
Ulrich pairs. Observe that such a bundle is stable. In fact if it were semistable, then
would be an extension of an odd and an even Ulrich bundle with rank smaller than 7,

but this is not possible since there are no Ulrich bundles of odd rank smaller than 7.

Now we prove a Lemma which will be useful in the next propositions

Lemma 3.44. Let E; be Ulrich bundles on (X,,Ox,(h)) such that tk(E;) = r; are

even. Then the admissible first Chern classes for E; are

c1(E;) = g(Sh—I—KXQ)-l—k,'D with — (% - %(a— 1)> <ki< - —(a—1)

with k; € Z and D = aCy+ (ae — b) f. In particular

T

zkj——fki) +kik .

H(ESE]) = =" =4+ KD (k=2

Proof. The first part of the Lemma is a direct consequence of Proposition 3.34. For
the computation of the Euler characteristics see [22, Proposition 2.12] using the
relations D> = —h? and Dh = 0. [

Proposition 3.45. Let us consider (X,,O(a,b)) with GCD(a,b) =1, ¢ > 0 and
a > 1. Suppose a is odd or e is even. Then for any even rank r < A there exists a
stable rank r Ulrich bundle E with c{(E) = 5(3h+Kyx, ).

Proof. First of all observe that if A; < 2 then there are no r satisfying the hypothesis,
thus let us suppose A; > 3. We will use the same idea of a method that M. Casanellas
and R. Hartshorne used in [22, Theorem 4.3]. To show the existence of rank 2 < A;
simple Ulrich bundles with ¢ (E) =¢(3h+ Ky, ), we proceed by induction on half the
rank 7. The existence of stable special rank two Ulrich bundles is given by Proposition
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3.38 and 3.41. Now suppose that for any s < ¢ there exists a rank 2s stable Ulrich
bundle with first Chern class equal to s(34+ Ky, ). By inductive hypothesis there
exist stable Ulrich bundles F and G of ranks 2 and 2¢ — 2 respectively, such that
c1(F)+c1(G) =t(3h+Kx,). Now consider a non-split extension

O—F—-EFE—G—0O.

The bundle E is a simple Ulrich bundle of rank 2¢ (see [22, Lemma 4.2]). Notice that
this is possible since dimExt!' (G, F) = h'(X,,F ® G¥) > 0 by Lemma 3.44. Now
consider the modular family of simple bundles E. We can compute its dimension
using Lemma 3.44 as h'(X,,E ® EY) = t?(h*> —4) + 1. Now we show that the
dimension of each family of strictly semistable Ulrich bundles of rank 2¢ which
are obtained as an extension of two stable Ulrich bundles is strictly smaller than
h! (X.,E ®E"). Consider two stable Ulrich bundles F; and F; of rank 2¢; and 21,
respectively, such that #; +1, =¢. We have c|(F;) =t;(3h+ Kx,). Now we show that

dim{F;} +dim{F} +dim(Ext' (F,F})) — 1 < h'(X,,EQE"), (3.5.2)
1.e. we want to show that
(l‘12 —|—t§ +t1t2)(h2 — 4) < (l‘] +t2)2(h2 — 4)

which is equivalent to
ity (h* —4) > 0.

Since we supposed ¢ > 0 and a > 1, we have that 4> > 12, thus tltz(hz —4)>0.1In
particular, we have that the general element in the modular family of simple Ulrich
bundles of rank 2(#; + ;) = 2¢ and ¢; =1(3h+ Ky, ) is stable. O

We continue with some remarks.

Remark 3.46. In the proof of Proposition 3.45 it is enough to consider strictly
semistable Ulrich bundles E which are extensions of stable Ulrich bundles. Indeed
suppose E is a strictly semistable Ulrich bundle. Then each term of his Jordan-Holder
filtration is a stable Ulrich bundle [34, Lemma 2.15]. Let F be one of them and
consider the quotient F; = E/F. Observe that F; is Ulrich by Proposition 3.13.
In this way we can always assume that a strictly semistable Ulrich bundle is an
extension of a stable bundle F and a semistable Ulrich bundle F;. Now, if F] is



54 Ulrich bundles on Hirzebruch surfaces

extension of two stable Ulrich bundles, then using the same dimensional count as
in the proof of Proposition 3.45, the family parametrizing F; has dimension strictly
smaller than the family of simple Ulrich bundles with the same invariants as Fj. If F;
is an extension of a stable Ulrich bundle and a strictly semistable Ulrich bundle then
we iterate this process until we obtain an Ulrich bundle F; which is extension of two
stable Ulrich bundles. However at each step of this process we have an inequality
as in (3.5.2), thus in the end A’ (Xe, EQE v) is strictly greater than the dimension of
any family parametrizing strictly semistable Ulrich bundles with the same invariants
as E.

Remark 3.47. The hypothesis r < Aj in Proposition 3.45 is necessary to exclude
the existence of rank odd Ulrich bundles. The inequality A;_; < r < A; gives
us information about the admissible Ulrich pairs (r,D). We saw that if r < A;
there are no admissible Ulrich pairs (r,D) with r odd. Using Proposition 3.41 it
is possible to see that if A < r < A; then if r is even the only admissible Ulrich
pair is given by (r,5(3h+ Ky,)) and if r is odd then we have exactly two admissible
Ulrich pairs given by (r,5(3h+Kx,) — 3D) and (r,5(3h+Ky,) + 3D), with D =
aCo+ (ae—Db)f.

In general given t € Z>q, if A;—1 < r < A, then
e there exist n =2 | 4| admissible Ulrich pairs (r, D) with r odd;
e there exist m =2 [%| — 1 admissible Ulrich pairs (r, D) with r even.

Observe that r < A, for each r, thus the maximum number of admissible Ulrich pairs
(r,D) is r — 1. Moreover it is worth to notice that, without the hypothesis r < Ay, it
is considerably more difficult to use the same strategy of Proposition 3.45 to prove
the existence of stable Ulrich bundles. In fact, in these cases, an Ulrich bundle can

be realized as an extension of two Ulrich bundles in several different ways.

In the remaining part of this section we compare the results we obtained with the

existing literature.

Remark 3.48. In [92] it has been proved that for any birationally ruled surface S
endowed with an ample divisor 4, the moduli spaces M}, (r;c1,c3) of semistable vector
bundles, whenever non-empty, are irreducible and normal. In addition, the open
subspace of stable vector bundles Mj,(r;cy,c2) is smooth. Theorem 3.36, Proposition
3.38 and 3.45 extend these results in the case of Hirzebruch surfaces showing the
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unirationality of an open subset and the non-emptiness for some admissible Ulrich

pairs (r,c1) and polarizations.

In [75] the authors proved the unirationality, smoothness, irreducibility and non-
emptiness of the moduli spaces M},(3;c1,c2) of rank three stable vector bundles on
polarized Hirzebruch surfaces for some Chern classes. Thanks to Proposition 3.38
we partially extend this result for » = 3, ¢ > 0, a > 1 and all the admissible Chern
classes of an Ulrich bundle.

3.6 Indecomposable rank two Ulrich bundles

In this section we will construct rank two stable Ulrich bundles on X, with respect
to a very ample polarization aCy + bf. Using Serre’s correspondence on surfaces,
we will construct stable Ulrich bundles on X for two of the admissible first Chern
classes. Then we will show how to use Macaulay? to produce examples of Ulrich

bundle on X, for several different polarization, Chern classes and ranks.

Proposition 3.49. Let us consider (X, Ox,(h)) with h = aCy+bf and GCD(a,b) =
s > 1. Then there exists non-special rank two Ulrich bundles with ¢ (E) = (3a —
2—9)Co+ (3b—2+2)f given by

b
0— Ox(a—1,b+-—1)—>E—Tz2a—1-=2b—1) =0, (3.6.1)
S S

with Z a general zero dimensional subscheme of Xo with [(Z) = ab(*=1).

Proof. First we prove that there exists vector bundles realized as an extension (3.6.1).
In order to do so we need to verify that the pair ((a —2—%)Co+ (b — g -2)f,Z2)
has the Cayley-Bacharach property. We have

b

W0 (Xo, Ox,(a—2 — g,b—; —2)) =ab(1— %)2— (a+b)(1— §)+ 1.

An easy computation shows that

b
h°(Xo, Ox,(a—2 — ?,b— S <UZ) -1,
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It follows that for a general Z, the pair ((a —2—%)Cy+ (b— 2 —2)f,Z) verifies the
Cayley-Bacharach property, so in any extension of type (3.6.1) there are rank two

vector bundles.

By Proposition 3.12, in order for E to be Ulrich we need to verify the equalities
on the Chern classes and the vanishings in cohomology. Every vector bundle
in the extension (3.6.1) has first Chern class ¢ (E) = 3h + Kx, + D where D =
(—=$)Co+ ([f) f, so we have ¢ (E)h = 3h* + K, h. Furthermore a direct computation
shows that

So it remains to check that h1°(Xo, E(—h)) = h°(Xo,EV (2h + Kx,)) = 0. Twisting
(3.6.1) by Ox,(—h) and considering the long exact sequence in cohomology we

obtain:
WO (Xo, E(—h)) = KXo, Zz(a—1— 2, b—1)).
S

Furthermore
W (Xo, Ox,(a—1—2,b—1)) =1(2)
)

thus for a general Z we have h°(Xo,Zz(a—1—%,b—1)) = 0 and h°(Xo, E(—h)) = 0.
For the second vanishing recall that EY (2h+Kyx,) = E(—h—D) = E(—a+4%,—b—
IE’). Now tensoring (3.6.1) by Ox,(—a+ ¢, —b— %) and considering the long exact
sequence in cohomology we get

K (X0, E(—h— D)) = h°(Xo,Zz(a — 1,b — g —1)).

Furthermore b
hO<XOJOX0(a_ 17b_ o 1)) = 1(2)7
s
thus for a general Z we have 1h%(Xo,Zz(a—1,b— 2 — 1)) = 0 and h°(Xo,E(—h —
D)) =0, so by Proposition 3.12, E is a rank two Ulrich bundle on Xj. O

Remark 3.50. Recall by Proposition 3.23 that the only two Ulrich line bundles on
(Xo0,0x,(a,b)) are L= Ox,(2a—1,b—1) and M = Ox,(a—1,2b—1). We conclude
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that a non-special rank two Ulrich bundle, apart from the trivial ones E = [? and
E = M?, is always stable. In fact we can check the (semi)stability of a sheaf E by
considering the subsheaves F such that the quotient E/F is torsion free (see [? ,
Theorem 1.2.2]). A rank two Ulrich bundle can only destabilize on an Ulrich line
bundle, but in this way the quotient would also be an Ulrich line bundle thanks to
Theorem 3.13. However, this is not possible because of the numerical conditions
imposed by the first Chern classes.

Remark 3.51. In a completely similar way it is possible to construct rank two special

Ulrich bundles for any very ample polarization 4 = aCy + bf as extensions

b b
0—Ox,(a—1,b+-—1)—=E—=717(2a—1,2b——-—1) =0, (3.6.2)

s s
with Z a general zero dimensional subscheme of Xy with [(Z) = ab(%). Although
examples of special rank two Ulrich bundles on Xy had already been given by
extensions of the two Ulrich line bundles L = Ox,(2a—1,b—1) and M = Ox,(a —
1,2b — 1), the Ulrich bundles constructed as in (3.6.2) are stable. In fact if we tensor

(3.6.2) by LV and consider the long exact sequence in cohomology we get
0 v 0 b
0—H (Xo,E®L")— H"(Xo,Z7(0,b— -)),
s

but 1°(Xo, Ox,(0,b — %)) =b— % +1 <(Z) so it is not possible to have non-zero
maps between L and E. Similarly, tensoring (3.6.2) by M" and taking the induced

sequence in cohomology we have
0 \% 0 b
0—H (Xo,EQM") — H" (Xo,Zz(a,——)).
s

but H%(Xo,Zz(a,—2)) = 0, so does not exist a non-zero map between M and E.
Since a rank two Ulrich bundle can only destabilize on an Ulrich line bundle, E is

stable, thus indecomposable.

Now we produce an alternative description of a rank two non-special Ulrich

bundle on (Xy,Ox,(d,d)) as a non-trivial extension of two non-Ulrich line bundles.

Proposition 3.52. Let E be a rank two Ulrich bundle on (Xo,Ox,(d,d)) with
c1(E) = (4d —3)Co+ (2d — 1) f, then E can be represented by an element § €
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Ext! (Oy,(2d —2,2d — 1),0x,(2d — 1,0)) i.e. there exists a short exact sequence
0 — Ox,(2d—1,0) — E — Ox,(2d —2,2d — 1) —» 0. (3.6.3)

Conversely, if E is a rank two vector bundle corresponding to & € Ext! (Ox,(2d —
2,2d —1),0x,(2d — 1,0)) then E is Ulrich if and only if it is initialized.

Proof. Let us build the Beilinson’s table of E(—2d + 1,—2d +1).

Ox,(—1,—1) Ox,(—1,0) Ox,(0,—1) Ox,
0 0 0 0 n
0 1 0 0 n?
0 0 2d -1 2d-2 h!
0 0 0 0 no
E(-2d,-2d)[-1] E(=2d,-2d+1)[-1] E(-2d+1,-2d) E(-2d+1,-2d+1)

Observe that the zeroes in the table are obtained using Lemma 3.16. So in order
to compute the numbers in the cohomology table we use the Riemann-Roch theorem.

Thus we have
o Y(E(—2d+1,-2d+1)) = —h'(Xo,E(—2d +1,-2d +1)) = —2(d —1).
o Y(E(—2d+1,-2d)) = —h'(Xo,E(—2d +1,-2d)) =1 —2d.
o x(E(-2d,—2d+1)) = —h' (X, E(—2d,—2d +1)) = —1.
The first page of the Beilinson’s spectral sequence will give us
0 — Ker¢ — Ox,(0,—1)%1 LA OF* — Coker ¢ — 0, (3.6.4)
and looking at the second (and infinity) page we have

0 — Kery — Ox,(—1,0) % Coker ¢ — 0. (3.6.5)
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So in the end we obtain E(—2d + 1,—2d + 1) as an extension
0—Ker¢p — E(—2d+1,-2d+1) = Kery — 0. (3.6.6)

Observe that Ker ¢ is locally free since ¢ is the pull-back of a map on P! and the
kernel of a map on a smooth curve between locally free sheaves is locally free.
Furthermore, by (3.6.6) Ker ¢ can have rank at most 2. We say that Ker ¢ has rank
1. In fact the rank cannot be zero because ¢ in (3.6.4) cannot be injective and the
rank cannot be 2 because in that case Ker y would be a torsion sheaf which is in
contradiction with (3.6.5).

So Ker ¢ = Oy, (0,x). Consider (3.6.5). Since E is Ulrich we have that E¥ (3d —
2,3d —2) is also Ulrich. In particular 4'(Xo, E (2d —2,2d —2)) = 0 for all i. But E
is a rank two vector bundle, so E = EV(c|) and we have the following short exact

sequence

0 — Ker¢ ® Ox, (0,2d —2) — E¥(2d —2,2d —2) — Ker y ® Ox, (0,2d —2) — 0.

(3.6.7)
Now if we tensor (3.6.5) by Ox, (0,2d —2) we get h°(Xp, Ker y ® Oy, (0,2d —2)) =
0 so, considering the long exact sequence in cohomology induced by (3.6.7) we have

h°(Xo, Ker ¢ @ Ox, (0,2d —2)) = h' (X, Ker ¢ @ Ox, (0,2d —2)) = 0

and the only possibility is to have x+2d —2 = —1, i.e. Ker¢ = Oy, (0,1 —2d).
Now we deal with Coker ¢. Consider (3.6.5), then the only two possibilities for
Ker y are
i) Kery =77(0,—1) with Z a non-empty zero dimensional subscheme of Xj.
ii) Kery = Oy, (—D) with D an effective divisor on Xj.
If i) holds then we have c¢;(Coker¢) = —I(Z). But using (3.6.4) we observe that
c2(Coker¢) = 0 which is in contradiction with Z being non-empty. So it must

be Kery = Ox,(—D). Since ¢;(Coker¢) = 0 then the only possibility is to have
O(—D) = Ox,(0,—1) and Coker ¢ = 0. In this way we obtain

0— Ox,(0,1—2d) = E(—2d+1,-2d +1) — Ox,(—1,0) = 0.
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and tensoring it by Ox,(2d — 1,2d — 1) we obtain the desired result.

Conversely take an extension
0— Ox,(2d —1,0) = E — Ox,(2d —2,2d — 1) — 0. (3.6.8)
Twisting it by Ox,(—2d,—2d), we have
h' (X0, E(—2d,—2d)) = h*(Xy,E(—2d,—2d)) = 0.

Now twist (3.6.8) by Ox,(—d,—d) and consider the long exact sequence in coho-
mology. Since

h' (X0, Ox,(d —1,—d)) = 1" (Xp, Ox,(d —2,d — 1)) = d(d — 1),

we have h°(Xy, E(—d,—d)) = h' (Xo,E(—d,—d)). So as soon as one of the coho-
mology groups vanishes, also the other does. ]

We end this paper with an example of a code which allows us to construct Ulrich
bundles on (X,,Ox,(h)) for an admissible Ulrich pair. We will use the resolution
(3.2.3).

Example 3.53. In this example we will construct non-special rank two Ulrich
bundles on Xi. In Macaulay2, given a divisor D = tCy+ sf on the Hirzebruch
surface X, the notation for line bundles is Ox, (D) = Ox,(DCy,Df) = Ox, (s —et,t),
i.e. Ox,(D) = Ox,(a,b) where a and b are respectively the intersection between D
and the generators C and f of Pic(X,).

il : loadPackage "NormalToricVarieties";

Choose the self intersection invariant e

i2 : e=1;

i3 : FFe=hirzebruchSurface(e, CoefficientRing => ZZ/32003, Variable => y);
i4 : S = ring FFe;

i5 : loadPackage "BoijSoederberg";

i6 : loadPackage "BGG";

i7 : cohomologyTable(ZZ,CoherentSheaf,List,List):=(k,F,1lo,hi)->(new Cohom
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Fix a polarization & = aCy + bf, the rank r of our bundle and the first Chern class

uCo+vf.

i8 :

i10 :
i1l :
i12

i13 :

i14

i15 :

expl=r*(2+b-1-e)-v-e*(r*(2*a-2)-u);

: exp2=r*(2¥a-1)-u;

exp3=r*(2*a+2xb-3-e) —u-v-ex(r*(2*xa-2)-u) ;

we construct two random matrices to obtain, as in Theorem 3.20(2), two maps

i16

ol6

il7 :

ol7

i18 :

ol18

i19 :

120 :

03" (0,-1) » 07

exp2 exp3
Ox "(—1,—e) = Oy,

: M=random(S~exp3,S {expl:{-1,0}});

4 2

: Matrix S <-—-'S

P=random(S~exp3,S " {exp2:{0,-1}});
4 4

: Matrix S <---'S

Mtot=M|P;
4 6

: Matrix S <---'S

F=minimalPresentation ker Mtot;

ShF= (sheaf (FFe,F)) (2*¥b-1-e*x(2*a-1),2%a-1);

Finally we check that the sheaf constructed in this way satisfies the vanishing of
H°(X,,F(—h)) (or equivalently of H'(X,,F(—h))) required in Theorem 3.20(2).

i21

HH"0(FFe,ShF (exa-b,-a))
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021 =0
ZZ
021 : —————- module

32003

i22 : exit



Chapter 4
Instanton bundles on Fano threefolds

In this chapter we study instanton bundles over P! x P! x P! and over the flag variety
F(0,1,2), which are Fano threefolds of degree 6. We divide this chapter in two
sections. In the first one we consider P! x P! x P!, We describe each instanton
as the cohomology of a monad and we prove the existence of instanton bundles
of every charge and every possible ¢; via both a deformation argument and using
the Hartshorne-Serre’s correspondence. Finally we describe the locus of jumping
lines. In the second section we consider the flag variety F(0,1,2). We recall the
known results which can be found in [78]. Then we generalize them by showing the

existence of instanton bundles of every possible charge and c;.

4.1 Instanton bundles on P! x P! x P!,

In this section we consider P! x P! x P! which is a Fano threefold of Picard number
three. Let us call A, hy and h3 the three generators of the Picard group. By using
a Beilinson type spectral sequence with suitable full exceptional collections we
construct two different monads which are the analog of the monads for instanton
bundles on P2 and on F(0,1,2). We will prove the following theorem:

Theorem 4.1. Let E be a charge k instanton bundle on X with c;(E) = kie1 +kper +
kzes, then E is the cohomology of a monad of the form
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(i)
OF (—=hi—hy)  OF ™ (=hy)
& @
0 — OR(—hy —h3) = ON ™ (—py) — OF 2 — 0.
@ @

O (—hy—h3) O (i)

Conversely any L-semistable bundle defined as the cohomology of such a

monad is a charge k instanton bundle.

14
" OR (—h1 —hy) O (hy)
® o
0— O (—hi —h3) = OF 2 205 (1) = 0
® ®
O (—hy —h3) OY 2 (h3)

Conversely any i-semistable bundle with H°(E) = 0 defined as the cohomol-

ogy of such a monad is a charge k instanton bundle.

Furthermore we show that the Gieseker strictly semistable instanton bundles are
extensions of line bundles and can be obtained as pullbacks from P! x P!. The cases
where the degree of ¢, (E) is minimal, namely k = kj + k» + k» = 2, has been studied
in [28]. In fact we get, up to twist, Ulrich bundles.

Here we show that Ulrich bundles is generically trivial on the lines. So we use
this case as a starting step in order to prove by induction the existence of p-stable
instanton bundles generically trivial on the lines for any possible ¢, (E). In particular

we prove the following

Theorem 4.2. For each non-negative ky,ky, k3 € Z with k = ki +ky + k3 > 2 there
exists a [L-stable instanton bundle E with cy(E) = kie] + kpes + kzes on X such that

Exty(E,E)=4k—3,  Ext}(E,E)=Exty(E,E)=0

and such that E is generically trivial on lines.

In particular there exists, inside the moduli space MI(kie| + kyep + kzes) of
instanton bundles with c) = kie1 + kyey + kzes, a generically smooth irreducible

component of dimension 4k — 3.
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Finally we also study the locus of jumping lines obtaining the following result:

Proposition 4.3. Let E be a generic instanton on X with ¢y = kie1 + kpep + kzes.
Then the locus of jumping lines in the family |e1|, denoted by Dy, is a divisor given
by D}E = k3l + kom equipped with a sheaf G fitting into

0— 05 (~1,0) 2 0% (0,~1) » 0™ - i,G —0.

Permuting indices we are also able to describe the locus of jumping lines in the
other two rulings of P! x P! x P!,

Part of what follows can be found in the paper [5] by Antonelli and Malaspina.

4.1.1 First properties and monads

Let V1, V2, V3 be three 2-dimensional vector spaces with the coordinates [xy;], [x2;], [x3]
respectively with i, j, k € {1,2}. Let X = P(V}) x P(V,) x P(V3) and then it is em-
bedded into P = P(V') by the Segre map where V =V; ® V> @ V3.
The intersection ring A(X) is isomorphic to A(P') ® A(P') ® A(P') and so we
have
A(X) 2 Z[hi, by, 1) /(B 13, 13).

We may identify A'(X) = Z%3 by ajhy + axhy + ashs — (a1,a2,a3). Similarly
we have A%(X) =2 Z%3 by kie; + koes + kzez — (ky,kp,k3) where e; = hyhs,es =
hih3,e3 = hihy and A3(X) = Z by chyhyhs +— c. Then X is embedded into P’ by the
complete linear system & = hy + hy + h3 as a subvariety of degree 6 since 4> = 6.

If E is a rank two bundle with the Chern classes ¢; = (a1, a2,a3), co = (ki1,k2,k3)
we have:

c1(E(s1,82,53)) = (a1 +2s1,a2 + 252,a3 4 253) (4.1.1)

c2(E(s1,52,53)) = ca4c1 - (s1,52,83) + (51,52,53)°

for (s1,52,53) € Z93,
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Let us recall the Riemann-Roch formula:

1
X(E)=(a1+1)(ax+1)(az+1)+1— 5((0176127613) (k1,ko,k3) +2(k1 + ko + k3))
“4.1.2)

Let us also recall the description of the Hilbert scheme of lines on X. A line on
X is in the class of |e;| for some i.

Proposition 4.4. [29, Proposition 4.1][62, Proposition 3.5.6] The Hilbert scheme
Hilb, ;1 (X) has exactly three disjoint components. Each of them is the locus of points

representing one and the same class inside A (X) and it is isomorphic to P! x P!,

Now we define instanton bundles on X.

Definition 4.5. A p-semistable vector bundle E on P! x P! x P! is called an instan-
ton bundle of charge k if and only if ¢ (E) = 0,

and Cz(E) =kie| +koey +ksez with k| +ky + k3 = k.

Remark 4.6. Tt is worthwhile to point out that, exactly as in the case of F(0,1,2) (see
[78] Remark 2.2), the condition H%(E) = 0 does not follow from the other conditions
defining an instanton bundle. Indeed we may consider the rank two aCM bundles
with ¢1(E) = 0 and H(E) # 0 given in [28] Theorem B.

Now we recall the Hoppe’s criterion for semistable vector bundles over polycyclic

varieties, i.e. varieties X such that Pic(X) = Z/.

Proposition 4.7. [67, Theorem 3] Let E be a rank two holomorphic vector bundle
over a polycyclic variety X and let L be a polarization on X. E is U-(semi)stable if
and only if

HY(X,E®@ Ox(B)) =0

for all B € Pic(X) such that 81.(B) < —ur(E), where 0r(B) = deg; (Ox(B)).
(<)

In order to get a monadic description of instanton bundles, we need to apply
Proposition 2.25. We start by constructing the full exceptional collections that we

will use in the next theorems.
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Let us consider on the three copies of P! the full exceptional collection

{Op1(=1), Op1 }.

We may obtain the full exceptional collection (E7,...,Ep) (see Proposition 2.27):

{Ox(—h)[—4],Ox(—hy — h3)[—4],Ox (—hy — h3)[-3], (4.1.3)
Ox (—h —h2)[-2],Ox(—h3)[-2], Ox (—h2)[-1],Ox (—h1),Ox }.

The associated full exceptional collection (F; = F7,...,Fy = Fy) of Theorem 2.23
is

{Ox(=h),0x(=hy — h3),0x(—h; — h3),0x(—h; — hy), 4.1.4)
Ox(—h3),Ox(—h2), Ox (—h1), Ox }.
From (4.1.3) with a left mutation of the pair {Ox(—h;),Ox} we obtain:
{Ox (—h)[-4], Ox (—h2 — h3)[—4], Ox (—h1 — h3)[-3], (4.1.5)
Ox (—h1 — h2)[—2], Ox (—h3)[-2], Ox (—=h2)[—1], Ox (=21), Ox (—h1) }.

From the above collection with a left mutation of the pair { Ox (—hy)[—1], Ox(—2h;)}
we obtain:

{Ox(—h)[—4],0x(—hy — h3)[—4],Ox (—h1 — h3)[-3], (4.1.6)
Ox(—=h1 — h2)[=2], Ox (—h3)[-2],A[-1],0x (=h2)[-1],Ox (—h1) }

where A is given by the extension

0— Ox(—2h) = A — Ox(—hy)®* = 0. 4.1.7)
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From the above collection with a left mutation of the pair {Ox(—h3),A} we

obtain:

{Ox(—h)[—4],0x(—hy — h3)[—4],Ox (—h1 — h3)[-3], (4.1.8)
Ox(—hy — hy)[—2],B[-2],Ox(—h3)[-2], Ox (—=h2)[—1],0x(—h) }

where B is given by the extension

0—A—B— Ox(—h3)®? = 0. (4.1.9)

Making the respective right mutation of (4.1.4) we obtain the full exceptional
collection (F; = F,,...,Fy = Fo) of Theorem 2.23:

{Ox(=h),Ox(—=hy — h3),Ox(—=h1 — h3),Ox(—=h1 — h2),Ox,Ox(h3),Ox (h2),Ox (h1)}.
(4.1.10)

It is easy to check that the conditions (2.2.3) are satisfied. Observe that both
collections (4.1.3) and (4.1.10) are strong.

Theorem 4.8. Let E be a charge k instanton bundle on X with ¢;(E) = kje; + ke +
kses, then E is the cohomology of a monad of the form

OF (—~hi—hy)  OF™5(=hy)

® ®
0— OR(—hi —h3) = OY 5 (—hy) = O 2 = 0. 4.1.11)
o ®

O (—hy—h3) O (—hs)

Conversely any U-semistable bundle defined as the cohomology of such a monad is a

charge k instanton bundle.

Proof. We consider the Beilinson type spectral sequence associated to an instanton
bundle E and identify the members of the graded sheaf associated to the induced

filtration as the sheaves mentioned in the statement of Theorem 2.23 and Proposition
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2.25. We consider the full exceptional collection (E7,...,Ep) given in (4.1.3) and
the full exceptional collection (F,..., Fy) given in (4.1.4).

First of all, let us observe that since H(E) = 0 we have H(E(—D)) = 0 for every
effective divisor D. Furthermore by Serre’s duality we have also H?(E(K +D)) = 0
for all effective divisors D. Since c1(E) = 0 using Serre’s duality and H' (E(—h)) =0
we obtain

H(E(—h)) = H>"/(E(—h)) = 0 for all i.

We want to show that for each twist in the table, there’s only one non vanishing
cohomology group, so that we can use the Riemann-Roch formula to compute the
dimension of the remaining cohomology group. Let us consider the pull-back of the
Euler sequence from one of the P! factors

0 — Ox(—hy) = 0% = Ox(hy) = 0 (4.1.12)
and tensor it by E(—h). We have
0 — E(—2hy —hy —he) — E*(—=h) — E(—hy—he) = 0

with a,b,c € {1,2,3} and they are all different from each other. Since H'(E(—h)) =
0 for all i and H*(E(—2h, — hy — h.)) = H3(E(—2h, — hy — h.)) = 0, considering
the long exact sequence induced in cohomology we have H?(E(—h;, — h)) = 0.
Now we want to show that H?(E(—h,)) = 0 for all a € {1,2,3}. Tensor (4.1.12) by
E(—hy) with b # a and we have:

0 — E(—2hy —hy) — E*(—hg — hy) — E(—hy) — 0.

Considering the long exact sequence induced in cohomology we have that H>(E(—hy)) =
0 since H?(E(—hy — hy)) = H?(E(—2h, — h)) = 0. Finally if we tensor (4.1.12)

by E(—h,) and we consider the long exact sequence in cohomology, we obtain
H?*(E)=0.

Now let us compute the Euler characteristic of E tensored by a line bundle Ox (D)
so that we are able to compute all the numbers in the Beilinson’s table. Combining
(4.1.1) and (4.1.2) we have

x(E(D)) = é(zp3 —6¢3(E)D) +h(D?* — ¢3(E)) + Dh* + 2. (4.1.13)
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By (4.1.13) we have
s W(E)=—x(E)=2—k —ky—ks =2 —k.
« W(E(=hi)) = —x(E(~h)) = ki — k.
 W(E(=hi—hj)) = —x(E(~hi—hj)) = ki +k; — k.

So we get the following table:

Ox (=h) Ox (—hy — h3) Ox (=hy —h3) Ox (—hy —hy) Ox(—h3) Ox(—ha) Ox (=hy) Ox

0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 "o

0 ky 0 0 0 0 0 0 "

0 0 k> 0 0 0 0 0 n

0 0 0 k3 ki +ka 0 0 0 n

0 0 0 0 0 ki +k3 0 0 n?

0 0 0 0 0 0 ko +k3 k=2 | !

0 0 0 0 0 0 0 0 n
E(=h)[-4]  E(=hy—h3)[-4]  E(-hy—m3)[-3]  E(-hi—h)[-2]  E(-h3)[-2]  E(-h)[-1] E(—hy) E

Using Beilinson’s theorem in the strong form (as in Proposition 2.25) we retrieve
the monad (4.1.11).

Conversely let E be a u-semistable bundle defined as the cohomology of a monad

(4.1.11). We may consider the two short exact sequences:

O (=)

@
0—G— 0P ™ (—hy) — 0520 (4.1.14)
o

O 1 (~hs)

and
O (—hy —hy)
@
0— O%(—hy—h3) > G—E—0. (4.1.15)
®

ON (—hy — h3)
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We deduce that H*(G) = H°(E) = 0. By (4.1.14) and (4.1.15) tensored by
Ox (—h) we obtain H'(G(—h)) = H'(E(—h)) = 0 so E is an instanton. O

Proposition 4.9. Let E be an instanton bundle on X, then h' (E(—h — D)) = 0 for

every effective divisor D.

Proof. Let us consider the two short exact sequences (4.1.14) and (4.1.15) tensored
by Ox(—h+ D). By Kiinneth formula we have that 4'(Ox(—h — D)) = 0 for all i,
and thus taking the cohomology of (4.1.14) we get h'(G(—h — D)) = 0 for i # 3.
Combining this with the induced sequence in cohomology of (4.1.15) we obtain
h(E(—h—D)) =h'(E(—h—D)) =0. O

In the next theorem we obtain a description of instanton bundles as the cohomol-

ogy of a different monad.

Theorem 4.10. Let E be a charge k instanton bundle on X with ¢;(E) = kje; +
koez + kzes, then E is the cohomology of a monad of the form

O (—h1 — ha) O ()
® ®
0 — OR(—=hy —h3) = OF+2 08 () =0 (4.1.16)
® ®
O (—hy — h3) Y+ (s)

Conversely any |L-semistable bundle with H° (E) = 0 defined as the cohomology of

such a monad is a charge k instanton bundle.

Proof. We consider the Beilinson type spectral sequence associated to an instanton
bundle E and identify the members of the graded sheaf associated to the induced
filtration as the sheaves mentioned in the statement of Theorem 2.23. We consider
the full exceptional collection (E7,...,Ep) given in (4.1.8) and the full exceptional
collection (F7,...,Fp) given in (4.1.10).

First of all, let us observe that since since E is y-semistable, by Hoppe’s criterion
we have H?(E(—D)) = 0 for every effective divisor D. Furthermore we have all the

vanishing computed in Theorem 4.8. Moreover by (4.1.7) and (4.1.9) tensored by E
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we get

X(E®B) =2 (E®A)+2x(E(—h3))
= X(E(=2h1)) + 2% (E(=h3)) + 2% (E(—h2))
= 24k —ky— k3 — 2(k1 + k) — 2(ky +k3)
=23k

So we get the following table:

Ox (—h) Ox (=hy —h3) Ox (=hy —h3) Ox (=hy —h3) Ox (—h3) Ox (=h2) Ox (=hy) Ox
0 0 0 0 0 0 0 0 W’
0 0 0 0 0 0 0 0 "
0 ki 0 0 0 0 0 0 n
0 0 ky 0 a 0 0 0 n*
0 0 0 ks b ki +ky 0 0 n
0 0 0 0 0 0 ky +k3 0 n?
0 0 0 0 0 0 0 ky+hks | h!
0 0 0 0 0 0 0 0 n°

E(-h)[-4]  E(~hy—h3)[-4]  E(=hy—h3)[-3]  E(-hi—Mh)[-2]  E®B[-2]  E(-h3)[-2]  E(-m)[-1]  E(-h1)

where a — b = —2 — 3k. Since the spectral sequence converges to an object in

degree 0 and there no maps involving a we deduce that a = 0 and b = 3k+ 2. So we
get the following table:

Ox (—h) Ox (—hy —h3) Ox (~hy —h3) Ox (=hy —hy) Ox (—h3) Ox(—hy) Ox(—hy) Ox
0 0 0 0 0 0 0 0 "
0 0 0 0 0 0 0 0 o
0 ky 0 0 0 0 0 0 n
0 0 ky 0 0 0 0 0 n*
0 0 0 k3 3k+2 ki +ky 0 0 w
0 0 0 0 0 0 ki +k3 0 n?
0 0 0 0 0 0 0 ky +k3 h!
0 0 0 0 0 0 0 0 n

E(=W[-4]  E(=h—h)[-4  E(-m—h)[-3]  E(-m—-m)[-2] E®@B-2]  E(-h)[-2] E(=m)[-1]  E(-/h)

Using Beilinson’s theorem as in Proposition 2.25 we retrieve the monad (4.1.16).
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Conversely let E be a u-semistable bundle with no global sections defined as the

cohomology of a monad (4.1.11). We may consider the two short exact sequences:

O™ ()
-
0—G— O3 = 08 () =0 (4.1.17)
©
O3 (h3)
and
OF (—hi — o)
@
0— OR(—hy —h3) = G—E —0. (4.1.18)
s
OX (—hy — h3)

By (4.1.17) and (4.1.18) tensored by Ox (—h) we obtain H! (G(—h)) = H' (E(—h)) =
0 so E is an instanton. [

Remark 4.11. It is possible to construct vector bundles which are realized as the
cohomology of a monad as in Theorem 4.8 and 4.10 but that are not y-semistable.

Let us consider a generic line / in the ruling e;. It has the following resolution on X
0 — Ox(—hy —h3) = Ox(—hy) ® Ox(—h3) = Ox — O; — 0. (4.1.19)

By adjunction formula we have /\/’lyx = Tjix ® Oy, and using (4.1.19) we obtain
/\/lyx >~ O? and in particular det\; /x ® 01 = Ox (D) ® O; where D is a divisor of
the form D = ahy + bh3. Choosing D = 2hy — 4hj, since h*(Ox(—D)) =0, it is
possible to construct a vector bundle E with ¢; (E) = 0 and ¢ (E) = Se; through the

Hartshorne-Serre correspondence (Theorem 2.1) which fits into
0 — Ox(—ha+2h3) = E — Ijjx (hy — 2h3) — 0. (4.1.20)

The vector bundle constructed in this way has no sections, i.e. H’(E) = 0 and if we
tensor (4.1.20) by Ox(—h) and we take the cohomology, we obtain

H'(E(=h)) 2= H'(Zjjx (—h1 — 3h3)).
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Now consider the sequence
0—=Z)x = Ox = O, —0. (4.1.21)

Tensoring (4.1.21) by Ox (—h; — 3h3), we get h' (Zyx (=h1 —3h3)) = R (O (—hy —
3h3)) = h%(Opi(—1)) = 0. Thus we obtain H' (E(—h)) = 0. In this way we con-
structed a vector bundle E with ¢;(E) = 0 satisfying all the instantonic conditions
but the u-semistability. In fact by Proposition 4.7 E is not y-semistable since
HO(E(hy —2h3)) # 0. Furthermore E has the same cohomology table of an instan-
ton bundle, thus it is realized as the cohomology of the monads

0— O;(—hz —h3) — O;(—hz) EBO)S((—hg) — 0)3( —0
and
0 — O (—hy —h3) = OF — O3 (hy) ® Ox(h3) — 0.

Remark 4.12. Let us remark that the monad (4.1.16) is the analog of the monad for

instanton bundles on P3

0= Opa(—1)% % 02242 By o (1)%k 5 0,

and the monad (4.1.11) is the analog of the second monad for instanton bundles on
IP3 (see for instance [3] display (1.1))

0= Opa(— 1) % Qua (1) £y 0222,

A very similar behaviour was shown for the two monads for instanton bundles on
the flag threefold in [78].

As in the case of instanton bundles on the projective space and flag varieties, the
two monads (4.1.16) and (4.1.11) are closely related. Indeed, sequence (4.1.17) fits
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in the following commutative diagram

0 0 0

0 G O@3k+2 B @ieZ3 O;‘(Hl +kiyo (hi) 0

0 . @i€Z3 O;‘(iﬂ +kito (_hi) O@4k B EBieZ3 O;C(HJ +kito (hi) 0

So we get sequence (4.1.14) as the first column. Moreover sequence (4.1.18) fits in

the following commutative diagram

0 0 0
0 —— @iez, ON (—hit1 — hiya) G E 0
0 —— Bicz, O% (—hir1 — hiya) — Biez, O§+l+ki+2 (—hi) C 0
0 OPk-2 OFk-2___q

which is the display of monad (4.1.11).

Finally, for the monad (4.1.16) is not necessary the assumption H’(E) = 0.
Exactly the same behavior was shown for the analog monad on F(0,1,2) (see [78]
Theorem 4.2).

We end this section by characterizing the strictly Gieseker semistable instanton
bundles on X
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Proposition 4.13. Let E be an instanton bundle of charge k. If E is not [1-stable
then k = 21 for some | € Z, | # 0. Moreover c;(E) = 21%¢;, i = 1,2,3 and E can be

constructed as an extension
0 — Ox(—lhj+1hj) = E — Ox (lhj—lhj) — 0 (4.1.22)
with i # .

Proof. Suppose HY(X,E(ahy 4 bhy — (a+b)h3)) # 0 for some a,b € Z. So E fits
into an exact sequence

0 — Ox — E(ahy +bhy — (a+b)h3) — Tz (2ahi + 2bhy —2(a+ b)h3) — 0

where Z C X is a subscheme of X. Since H?(E (ahy +bhy — (a+b)h3) @ Ox (—h;)) =
0 for all j = 1,2,3 by Proposition 4.7, we have that Z C X is either empty or purely
2-codimensional. Suppose we are dealing with the latter case, since E in Gieseker

semistable we have that

Poy (t) < Pg(any+bhy—(a+b)hs) (1) < Pr,(2ah, +26hy—2(a+b)hs) (1)

and

P, 2ahy +2bhy—2(a+b)hs) (1) = POy (2ahy +2bhy—2(a-+b)hs) () — PO, (2ah, +26hy—2(a+b)hs) (1)

where P(t) is the Hilbert polynomial. So we have

P00, (2ahy +2bhy—2(a+b)hs) (1) < POy (2ahy +2bhy—2(atb)ny) (1) — Pox (1)
= Qa+t+1)2b+1+1)(t+1-2a—2b)— (1 +1)3
= —4(t+1)(a® +b*+ab) <0 fort >>0.

contradicting Serre’s vanishing theorem. Se we can conclude that Y is empty and E
fits into

0— OX(—ah1 —bhy + (a—i—b)h3) —F— Ox(a/’ll + bhy — (a+b)h3) — 0.
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Now computing ¢;(E) we obtain

c2(E) = (—ahy —bhy + (a+b)h3) - (ahy +bhy — (a+b)h3)
=2b(a+Db)e; +2a(a+b)ey — 2abes.

Since E is an instanton bundle on X, all the summands of ¢, (E) must be nonnegative.
In fact as we saw in Proposition 4.8 they represent the dimension of a cohomology
group. So either a or b is O (but not both since the charge k must be greater than two)

or a = —b. In all three cases we obtain the desired result. L]

4.1.2 Splitting behaviour of Ulrich bundles

In the next sections we will construct, through an induction process, stable k-
instanton bundles on X for each charge k and all second Chern classes.

Let us consider the base case of induction, which consists of charge 2 instantons
on X, i.e. rank two Ulrich bundles (up to twisting by Ox (—h)). For further details
about Ulrich bundles on P! x P! x P! see [29]. We have two possible alternatives
for the second Chern class of an Ulrich bundle:

(a) c(E) =2e; for some i€ {1,2,3}.

(b) 2(E) = ei+ejwithi# j.

We show that in both in cases the generic Ulrich bundle has trivial restriction
with respect to a generic line of each family. In both cases we have Ext? (E\E) =
Ext’(E,E) = 0 by [29, Lemma 2.3].

Proposition 4.14. The generic instanton bundle of minimal charge k = 2 has trivial

restriction with respect to the generic line of each family |ey|, |ez| and |es|.

’

Proof. We will separate the proof treating both cases (a) and (b).
Case (a)

Let us begin with the first case. By Theorem 4.8 we see that every rank two
Ulrich bundle with this second Chern class is the pullback of a vector bundle on a
quadric Q = P! x P!. In this case, by Proposition 4.13, there exist strictly semistable
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Ulrich bundle realized as extensions
0— Ox(hj—hk) —FE — Ox(hk—hj) —0 (4.1.23)

with j # k # i # j. For these vector bundles, by restricting (4.1.23) to a line in each
family, we observe that in the family 4 ;i there are not jumping lines, i.e. E; = (912
foreach ! € ’hjhk|. On the other hand, E; is never trivial when [ € |h;hy| or ] € }hjh,-‘.
However the generic bundle will be stable, so let us focus on stable Ulrich bundles.
They are pull back via the projection on the quadric, of stable bundles on Q. By [88,
Lemma 2.5] every such bundle can be deformed to a stable bundle which is trivial

when restricted to the generic line of each family.
Case (b)

Now let us consider the second case. The details of what follows can be found
in [28]. Up to a permutation of the indices we can assume c;(E) = ey +e3. Let us
denote by H a general hyperplane section in P7 and let S be S = X NH. S is a del
Pezzo surface of degree 6, given as the blow up of P? in 3 points. Let us denote by
F the pullback to S of the class of a line in P? and by E; the exceptional divisors.
Take a general curve C of class 3F — Eq, so that C is a smooth, irreducible, elliptic
curve of degree 8. Moreover we have h°(C, N¢jy) = 16 and h' (C,N¢|x) = 0, so the
Hilbert scheme 77 = 7% of degree 8 elliptic curves is smooth of dimension 16
[28, Proposition 6.3] and the general deformation of C in .77 is non-degenerate [28,
Proposition 6.6]. Let C C X x B — B a flat family of curves in 7 with special fibre
Cp, = C over by. To each curve in the family C we can associate a rank two vector
bundle via the Serre’s correspondence:

0— Ox(—h) = E, — Ic,x(h) — 0 (4.1.24)

where C}, is the curve in C over b € B. The general fiber C;, correspond via (4.1.24)
to rank two Ulrich bundle of the desired c¢;.

Now choose a line L in S, such that LN C is a single point x. In order to do so,
we deal with the classes of F and E; in A2 (X). One obtain that the classes of F, E,
E> and E3 are ey €3 + €3, e1, ep and e3 respectively. In particular, there exists a line
L in the system |E{| (corresponding to |e;| in A%(X)) which intersects the curve C in
the class 3F — E in one point. It follows that Iy (1) ® O = O, @ Of. Tensoring
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(4.1.24) by Of, we obtain a surjection
Eme — 0,0 — 0.

In particular Ep,  cannot be Op(—1) ® O(r) for any 1 > 0, thus Ej is triv-
ial, which is equivalent to #°(L, Ep,, (1)) = 0. By semicontinuity we have that
0 (L, Ep, ,(=1)) = 0 for all b in an open neighborhood of by € B, thus the vector
bundle corresponding to the general fiber Cy is trivial over the line L. Since this is an
open condition on the variety of lines contained in X, it takes place for the general
line in |e|.

To deal with the other families of lines let us consider a general quadric Q in
|hi]. Let C be a smooth, irreducible, non-degenerate elliptic curve in the class
2e1 + 3¢y + 3e3. Pic(Q) = 72 is generated by two lines < I,m > which correspond
respectively to ez and e;. Since Q is general then Z = C N Q consist of two points.
Following the previous strategy, we say that E restricted to a generic line of the
family e; (resp. e3) is trivial if Z is not contained in a line of the ruling m (resp. [).
As in the previous case, let us consider the del Pezzo surface S = X NH with H a
general hyperplane section. The intersection between Q and S is a curve in the class
es+e3 € A2(X). Let us denote by Y the curve Y = QNS. We compute the class of
Y in §. We have the following short exact sequences

0— Ox(—2h1 —hz—/’l3) — Ox(—/’ll) @Ox(—h> —0O0x —Iy—0

0=y -0x— 0Oy —0

and computing the cohomology we find that 4! (Y,Oy) = g = 0. In particular we
have that Y is a degree two curve of genus O on S, thus it must be in the class of
F — E;. Furthermore, observe that every line of each ruling of Q intersect S in only
one point. Now let us take a general curve C in the class 3F — Ey, so that C is a
smooth, irreducible, elliptic curve of degree 8. Computing the intersection product
between C and Y, we see that CNY consists of two points. Those two points cannot
lie on a line in Q, because each line in Q intersect S only in one point. As before,
let C C X x B — B aflat family of curves in 7 with special fibre C;, = C over by.
To each curve in the family C we can associate a rank two vector bundle via the
sequence (4.1.24). Let Z, = C, N Q and denote by / and m the two rulings of Q.
We observed that Z,, is not contained in a line either of / or m, i.e G, intersects
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the generic line of both |/| and |m| in one point. But the rulings of Q correspond
to the rulings e, and e3 of X, thus we can repeat the same argument used for the
generic line in e;. In this way we conclude that the vector bundle corresponding to
the general fiber C,, is trivial over the generic line of each of the families |e;|, |ez]
and |es]. O

4.1.3 Construction of instanton bundles of higher charge

In this section we will construct instanton bundles of every charge generically trivial
on lines, through an induction process starting from Ulrich bundles. By doing so,
we will also construct a nice component of the moduli space MI(c;) of u-stable

instanton bundles on X with fixed ¢;.

Theorem 4.15. For each non-negative ki, ky, ks € 7 with k = k| +ky + k3 > 2 there
exists a [L-stable instanton bundle E with cy(E) = kie| + kpep + kzes on X such that

Exty(E,E)=4k—3,  Ext}(E,E)=Exty(E,E)=0

and such that E is generically trivial on lines.
In particular, there exists inside MI(kie; + kyep + kzes) a generically smooth

irreducible component of dimension 4k — 3.

Proof. We will divide the proof in two steps. In the first one we will construct a
torsion free sheaf with increasing c,. In the second step we deform it to a locally

free sheaf.
Step 1: Defining a sheaf G with increased c;.

Let us consider a charge k instanton bundle E on X with ¢;(E) = kjej +kaez +
kses3. Suppose E|, = Olzi, with /; is a generic line of each family e; and Extz(E E) =
Ext’(E,E) = 0.

Let us consider the short exact sequence
0—-G—E— 0O —0. (4.1.25)
G is a torsion free sheaf which is not locally free. Using the resolution of O;:

0— Ox(—hy—h3) = Ox(—h) ® Ox(—h3) = Ox = O; =0 (4.1.26)
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we obtain ¢ (O;) = 0 and ¢2(O;) = —e; so using the sequence (4.1.25) we have that
Cl (G) =0, CQ(G) = (k] + 1)81 + kper + kzes and C3(G) =0.

Now, applying the functor Hom(E, —) to (4.1.25) we obtain Ext*(E,G) = 0. In
fact we have Ext>(E,E) = 0 by hypothesis and Ext' (E,O;) = 0 by Serre’s duality
since E|, = (’)12. Now apply the contravariant functor Hom(—, G) to (4.1.25). We
have the following sequence

Ext’(E,G) — Ext’(G,G) — Ext*(0,,G).

Now we show that Ext*(0;,G) = 0 in order to obtain Ext*(G,G) = 0. By Serre’s
duality we have Ext*(O;, G) = Hom(G, O;(—2h)). Consider the spectral sequence

EV? = HP(X,Ext9(A,B)) = Ext"*9(A,B)
with A, B € Coh(X). Setting A = G and B = O;(—2h) we obtain
Hom(G, O;(—2h)) = H*(Hom(G,©0;(—2h))).
Now applying the functor Hom(—, O;(—2h)) to the sequence (4.1.25), we obtain

0 — Hom(O;,0;(=2h)) — Hom(E,O;(—2h)) — (4.1.27)
— Hom(G,0;(=2h)) — Ext! (O}, 0;(—2h)) — 0.

Now Hom(O;,O;(—2h)) = O;(—2h), Hom(E,O;(—2h)) = Hom(Ox, ) ®E|Y(—2h) =
O?#(—2h) and Ext' (O, O)(—2h)) = N;(—2h) = O (—2h). If we split (4.1.27) in two
short exact sequences we obtain
0 — O)(=2h) = Hom(G,O;(—2h)) — O (—2h) — 0.
We deduce Hom(G,O;(—2h)) = O3 (—2h), thus
H°(Hom(G,0;(—2h))) = H* (O} (—2h)) = 0.
Finally we obtain Ext}(O0;,G) = Hom(G,O;(—2h)) = 0 from which it follows

Ext?>(G,G) = 0. This implies that My (2,0,c,(G)) is smooth in the point corre-
spondent to G. Now we show that Ext3(G, G) = 0. Applying the contravariant
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functor Hom(—, G) to (4.1.25) we get a surjection
Ext*(E,G) — Ext*(G,G) — 0.

If we apply Hom(E, —) to (4.1.25) we obtain Ext}(E,G) = Ext*(E, ;) which van-
ishes since E|, = 012. Thus Ext*(G,G) = 0 and in particular we have that the
dimension of the component of Mx(2,0,c,(G)) containing G has dimension equal to
dimExt!(G,G) = 1 — (G, G). Applying Hom(G, —), Hom(—, E) and Hom(—, O;)
to (4.1.25) we obtain

X(G,G) = x(E,E) — x(E,O;) — x(OLE) + x(01,0y).

By inductive hypothesis x(E,E) = 4 —4k. We compute the remaining terms in
the equation. Applying Hom(—,E), Hom(E,—) and Hom(O;,—) to (4.1.26), a
Riemann-Roch computation yields x(E,O;) = x(O;,E) =2 and x(0;,0;) =0,
thus

dimExt' (G,G) =1 - x(G,G) = 4k +1.

Furthermore tensor (4.1.25) by O, (—h) where m; is a generic line from the
family e;. Since m; and [ are disjoint for each i, tensoring by Oy, (—h) leaves the
sequence exact. Using the fact that E|’"i = (’),j‘%,z, we obtain Glm,- = (’)S%z and in
particular H%(G ® O,,,(—h)) = 0 for each i.

Step 2: Deforming G to a locally free sheaf F.
Now we take a deformation of G in Mx(2,0,c,(G)) and let us call it F. For
semicontinuity F satisfies

H'X,F®O;(=h)) =0 and H'(X,F(—h))=0

Our goal is to show that F is locally free. Let us take E’ and [’ two deformations in a
neighborhood of E and [ respectively. The strategy is to show that if F is not locally

free, then he would fit into a sequence
0—+F—=E —0Oy—0.

But such F’s are parameterized by a family of dimension 4k: indeed we have a

(4k — 3)-dimensional family for the choice of E’, 2 for the choice of a line in the first
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family and we have 1 for P! = P(Ho(l’,E|l,)), since Ey = O7. But we showed that
G, and hence F, moves over a (4k + 1)-dimensional component in Mx (2,0, ¢2(G)),
so F must be locally free.

Given such F let us consider the natural short exact sequence
0—F—>F"YST=0. (4.1.28)

Let us denote by Y the support of 7. Since we supposed F not locally free, we have
that Y # 0. Furthermore T is supported in codimension at least two. We say that Y

has pure dimension one.

In fact twisting (4.1.28) by Ox (—h) we observe that if HO(X,FVV(—h)) # 0 then
a nonzero global section of FVV will induce via pull-back a subsheaf K of F with
c1(K) = h, which is not possible since F is stable. So we have H(X,F"V(—h)) =
H'(X,F(—h)) = 0 which implies H*(X,T(—h)) = 0. In particular Y has no em-
bedded points, i.e. is pure of dimension one. We want to show that Y is actually a
line.

Let H be a general hyperplane section which does not intersect the points where
FVV is not locally free. Tensor (4.1.25) by Op. Since H is general the sequence
remains exact and O;ny is supported at one point, which represent the point where
Gy fails to be reflexive (in this case also locally free). F is a deformation of
G and because of the choice of H, restricting (4.1.28) to H does not affect the
exactness of the short exact sequence. Moreover Ty is supported on points where
Fy is not reflexive. Since being reflexive is an open condition, by semicontinuity
Ty 1s supported at most at one point. But ¥ cannot be empty and is purely one
dimensional, thus ¥ N H consists of one point and ¥ must be a line L. Furthermore by
semicontinuity 7 is of generic rank one and we have c(7T)h = —1 (see [53, Example
15.3.1]).

Now we prove that FVV is locally free. Twist (4.1.28) by Ox(th) with t << 0.
Considering the long exact sequence induced in cohomology we have 2! (X, T (t)) <
h?(X,F(t)) because h' (X, FVV) = 0 by Serre’s vanishing. Observe that ¢ = c3(F"")
and ¢ (T') are invariant for twists.
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By computing the Chern classes using (4.1.28) we have ¢3(T) = cand ¢3(T (th)) =
¢ —2they(T). For t << 0 we have

B (T (th)) = =% (T (th)) = (t + Dhes(T) = 5.

By semicontinuity we have h?(F (th)) < h*(G(th)), but using (4.1.25) and Hirzebruch-
Riemann-Roch formula we obtain h*(G(th)) = h' (O, (t)) = — (¢ + 1) for t << 0.

Now we have
(1 + Dhea(T) = 5 = W' (T(th)) < W (X,F(1) < —(t+1)

so that

heo(T) > —1+ (4.1.29)

c
2(t+1)
which holds for all # << 0. Now using (4.1.29) and substituting hcp(T) = —1 we

get ¢ < 0. Since FV is reflexive, ¢ > 0 so we obtain ¢3(T) = ¢ = 0.

Now it remains to show that FV" is a deformation of E. The first step is to show
that L is a deformation of the line /. In order to do so we compute the class of L
in A%2(X), which is represented by ¢>(T) = aje| + aze; + azes. Consider a divisor
D = Bihy + Bahy + Bshs, by (4.1.2) and ¢ = 0 we have

h'(L,T(D)) = (D+2)ex(T).
Suppose B; << 0 for all i. Then

ai(Bi+1) +ax(Ba+1) +as(Bs+1) =h'(L,T(D)) = h*(X,F(D)) < h*(X,G(D))

(4.1.30)
where the last inequality is by semicontinuity. Furthermore ; << 0 implies that
h'(X,E(D)) = h*(X,E(D)) = 0 and thus

R (X,G(D)) =h'(1,0;(D)) = —1—By. (4.1.31)

We showed that a +ay + a3 = ¢2(T)h = —1 and combining this with (4.1.30) and
(4.1.31) we obtain

ax(B2—Pr1)+az(Bz—B1) <0



4.1 Instanton bundles on P! x P! x P!, 85

for all B; << 0, thus we must have a = a3 =0 and a; = —1, i.e. L lives in a
neighborhood of . Since ¢ = 0 we have that F"" is locally free and we computed
c2(T) = —ey, so we get co(FVV) = kjey + kpes + kzes, which implies that FVV has
the same Chern classes as E. Therefore, FV is a flat deformation of E and also
semistable, so FVV lies in a neighborhood of E in Mx (2,0,c,(E)). Observe that, by
semicontinuity, F' has trivial splitting type on the generic line of each family. To

summarize, we showed that if F' is not locally free it fits into a sequence
0F—=E —-0y,—0

with E’ and [’ flat deformation of E and /. But we observed that this is not possible,

thus F must be locally free.
]

4.1.4 Existence via Serre’s correspondence

In this section we will construct instantons of each possible ¢, (E) using an alternative
strategy. Suppose cp(E) = kje| + ke + kzes with k; > ky > k3, otherwise just apply

a permutation on the /s in the following argument.

We start by describing the Hilbert scheme of conics on X. Recall that if C is a

conic, then it is either in the class |e; + €3], |ex + e3] or |e] + e3].

Proposition 4.16. The Hilbert scheme Hilby, 1(X) has exactly three disjoint com-
ponents. Each of them is the locus of points representing one and the same class

inside A*(X), is smooth, unirational and has dimension 4.

Proof. We will follow the same idea as in [29, Proposition 4.2]. We want to prove
that the locus H,., C Hilby,, 1(X) of points representing curves whose class in A?(X)

1S ¢3, 1s irreducible.

Let us consider ¢; = e + e; the other cases being similar. To give a morphism
a : P! — X such that the class deg(o)im() in A?(X) is c; is the same as to give
two pairs of linearly independent sections in H(P!, Op: (1)), HO(P!, Opi (1)), thus

a general element of

F =HO(P', 0p: (1))®" x HO(P', Op:1 (1))%".
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For the general choice of the general element the map ¢ is an isomorphism onto
its image. Let Fp C F be the open and non-empty locus of points satisfying such a
condition. We have a natural family Fo C Fy x X whose fibres are smooth conics,
hence the family is flat. The universal property of the Hilbert scheme yields the
existence of a unique morphism Fy — Hilby,1(X) whose image is H,, which is the
locus of non-necessarily skew curves whose class is ¢;. Thus 7—262 is irreducible and
since Fy is a rational variety, it follows that 7-_[02 is also unirational. In particular H.,

is open inside #,, because it trivially coincides with H,, NHilby, 1 (X).

Now we prove that H,, is smooth of dimension 4. Let us consider a point in H.,
corresponding to a smooth, connected conic C and we compute 4°(X, N /X) and
h! (X,N¢/x)- Since C is rational we know that N¢/x = Opi(a) + Op: (b) for some
integer a and b.

By adjunction we have det(N¢/x) = Op1(2), thus a +b = 2. Recall that there
is a surjection Qy ® O¢ —» NC/X. Since Qx = EB?:I Ox(—2h;), it follows that
Nc/x is globally generated, thus a,b > 0. We conclude that hO (X, N¢ /x) =4 and

h' (X, N /X) = 0 so that H,, is globally smooth of dimension 4 and we also conclude
that the components of Hilby, (X)) are necessarily disjoint. 0

Now letus consider Ly, Ly, . . ., Lq disjoint lines from the family ey, My, M>, ..., Mp
disjoint lines from the family e3 and Cy,(, .. .,Cy disjoint conics in the class e; + e3.
First of all observe that we can choose such curves so that they are all pairwise
disjoint. Let us denote by Y the one-dimensional scheme

o B Y
YZUL,‘U UMjUUCk (4.1.32)
-1 =1 k=1

We claim that that det Ny /x = Ox (2hy) ® Oy. We can verify such an isomorphism
component by component. Let us consider the sequence defining a line in e;.

0— Ox(—/’lz —h3) — Ox(—hz) D Ox(—/’l3) — Ox — OL,- —0
and split it into two short exact sequences

0 — Ox(—hy —h3) = Ox(—hy) ® Ox(—h3) = Z;, =0 (4.1.33)

0—1Z, — Ox — Op, — 0.
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Now recall that by adjunction formula we have N, L\f /X = 71, ® Or,. Now using

(4.1.35) we obtain LV i. In particular

x =

detNLi/X ®0, = O0x(D)® O, .

with D = ah, + bhs a divisor on X. Repeating the same reasoning on every com-
ponent of Y we obtain that det Ny /x = Ox(2h) ® Oy, i.e. the determinant of the
normal bundle of Y is extendable on X. Since 4*(X,Ox(—2hy)) = 0, it follows
that there exists a vector bundle F' on X with a section s vanishing exactly along
Y and with ¢(F) = 2h; and ¢3(F) =Y. Thus E = F(—hy) has ¢;(E) = 0 and
c2(E) = c(F) =Y and it fits into

0 — Ox(—ha) = E = Zyx (h2) — 0. (4.1.34)

Now we prove the following

Proposition 4.17. Let E be a vector bundle with ¢ (E) =0, c2(E) =Y with Y as in
(4.1.32) and ot + B 42y > 2. Suppose E(hy) has a section vanishing along Y, i.e. E
fits into

0— Ox(—h2) = E — Lyx(h2) = 0

then E is a -stable instanton bundle with charge k = o + 3 + 27 such that
dimExty (E,E) =4k—3,  Ext¥(E,E) =Exty(E,E)=0.

Proof. By construction ¢j(E) =0 and ¢(E) = ae; + yer + (B + 7)es.

Since k = ot + B + 2y > 2, then Y contains at least two disjoint components,
we have hO(Iy|X (hy)) = 0. Taking the cohomology of (4.1.34) we obtain that
hO(E) = h°(Zy|x (hy)) = 0. Tensoring (4.1.34) by Ox(—h) we have h'(E(—h)) =
hl(Iy‘X(—]’ll — h3)). Now consider

0— IY|X — Ox — Oy — 0. (4.1.35)

Taking the cohomology of the above sequence tensored by Ox (—h; — h3), we have
! (Zyix (—h1 —h3)) = h%(Oy(—hy — h3)) = 0 because each connected component
Z of Y is isomorphic to P! and (—h; —h3)Z = —1.
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Now we prove the u-stability of E. In order to do so we will use the Hoppe’s
criterion. Let us take a divisor D such that DA > 0, thus D must be of the form
D = d\h| + dyhy + d3hs, with Z?Zld,- > 0. Now let us consider the short exact
sequence

0— Ox(—=D —hy) = E(=D) = Zy)x (=D +hz) — 0.

By Proposition 4.7, E is p-stable if and only if #°(E(—D)) = 0. Using (4.1.35) it
is clear that h°(E(—D)) = 0 when d; > 0, d3 > 0 or d» > 1. So we only have four
cases left:

« D=0.

« D=hy.

e D=—h+h.
« D=hy—h.

In all the cases we have h°(E(—D)) = h° (Zy|x (=D + hy)) = 0 because Y contains
at least two disjoint connected components, thus E is u-stable.

Now we focus on the Ext groups. Since E is {i-stable, it is simple. Hence we
have Ext}(E,E) = 0. Now we show Ext?(E, E) = 0. Take the short exact sequence
(4.1.34) and tensor it by EV = E. Now taking cohomology we have

H*(X,E(—hy)) — Extz (E,E) —» H*(X,E @ Iyx (h2)).

We show that both H*(X, E(—h)) and H*(X, Zy|x (h2)) are zeros. Take the coho-
mology of the short exact sequence (4.1.34) tensorized by Ox(—hy). We obtain
H*(X,E(—hy)) = HZ(X,IY‘X) =~ H'(Y,Oy) = 0 because Y is the disjoint union of
smooth rational curves. It remains to show that H>(X,E ®Zy|x(h2)) = 0. In order
to do so let us take the short exact sequence (4.1.34) and tensorize it by Ox(hy).
Taking cohomology we obtain h*(X,E(hy)) = h*(X ,Zy|x(2h2)). Now if we ten-
sorize (4.1.35) by Ox(2h;) and we take cohomology we have h?(X Iyix (2ha)) =
h' (Y, Ox (2hy) @ Oy) = 0 since Ox (2h,) restricts to each component of Y to a degree
two line bundle. Thus we have 4?(X,E(h;)) = 0. Now if we take the cohomology
of (4.1.35) tensorized by E(h;) we have

W (X,E(hy) @ Iyx) < h' (Y,E(h2) @ Oy).
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But now using the fact that £ ® Oy = N)Y/X we have h!(Y,E(hy) ® Oy) = 0 and
thus #2(X,E(hy) ® T) = 0. Finally we obtain Ext} (E, E) = 0 and the assertion on
the dimension of Ext} (E, E) follows from Riemann-Roch, since E is simple and

X(EQEY) =4—cy(E)h. O

Proposition 4.18. The vector bundles E constructed in Proposition 4.17 are generi-

cally trivial on lines.

Proof. Following the same reasoning as in Section 4.3, we have that E is generically
trivial on lines if the generic line from each family intersect the zero locus Y of a
section s € H(X,E(hy)) in only one point. By our choice of Y it is clear that we
can choose a line in each family which intersect Y in only one point, but this is an

open condition, so it will also hold for the generic line.

]

4.1.5 Jumping lines

In this section we describe the locus of jumping lines inside the Hilbert scheme of

lines in X. Let us recall the definition of a jumping line:

Definition 4.19. Let E be a rank two vector bundle on X with ¢ (E) = 0. A jumping
line for E is a line L such that H%(Ez(—r)) = 0 for some r > 0. The largest such

integer is called the order of the jumping line L.

Let us consider a line in the first family e; = hyh3. Then we have the following
resolution

0— Ox(—hz — h3) — Ox(—hz) D Ox(—h3) —Ox — O — 0. (4.1.36)

Let H be the Hilbert scheme of lines of the family Ah3. In particular we have
H = P! x P!, and we will denote by / and m the generators of Pic(#). Writing the
sequence (4.1.36) with respect to global sections of Ox(—hy) ® Ox(—h3) we get
the description of the universal line £ C X X H

Ox(~h2) B O(~1,0)
O—>Ox(—h2—h3)®07{(—l,—l)—> &P _>OX><7-L_>OL_>O~
Ox (—h3) K O(0,—1)
(4.1.37)
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Let us denote by Dé the locus of jumping lines (from the first family) of an instanton
bundle E, and by i its embedding in H. Let us consider the following diagram

LCXXH

/ X (4.1.38)

X H
where g and p are the projection to the first and second factor respectively.

Lemma 4.20. D, is the support of the sheaf R' p.(q*(E(—hy)) R Oy).

Proof. See [84, p. 108] for a proof for P". Since the argument is local, it can be

generalized to our case. 0

We recall two classical result that we need in order to describe the locus of

jumping lines.

Theorem 4.21 (Grauert). [57, Corollary 12.9] Let f : X — Y be a projective mor-
phism of noetherian schemes with Y integral, and let F be a coherent sheaf on X, flat
over Y. If for some i the function h'(Y,F) is constant on Y, then R f.(F) is locally

free on'Y, and for every y the natural map
Rf.(F)®k(y) — H' (X, F) (4.1.39)

is an isomorphism.

Theorem 4.22. [57, Theorem 5.3, Appendix A] Let f : X — Y be a smooth projective

morphism of nonsingular quasi projective varieties. Then for any x € K(X) we have
ch(fi(x)) = fi(ch(x).td(Ty)) (4.1.40)
in A(Y) ®Q, where Ty is the relative tangent sheaf of f.

Now we are ready to state the following

Proposition 4.23. Let E be a generic instanton on X with ¢y = kie + kper + kzes.
Then D}; is a divisor given by D}; = k3l 4 kom equipped with a sheaf G fitting into

0 0B (=1,0000%(0,-1) - 02 - i.G > 0. (4.141)
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Proof. By Lemma 4.20 a line L is jumping for E if and only if the point of ‘H
corresponding to L lies in the support of R! p..(¢*(E(—h))XOy).

Let us consider the Fourier-Mukai functor
@, : DY (X) — DP(H)

with kernel the structure sheaf of £. We need to compute the transform of the bundles
appearing in the monad (4.1.11) tensorized by Ox (—h;).

b @ﬁ(@x(—2h1 — hz)).

By (4.1.37) tensored by Ox (—2h; — hy) X Oy, since the only non zero coho-
mology on X is h?(Ox(—2hy —2hy)) = 1 we get Rip.(q* (Ox(—2h) —hy)) X
Or) =0 for i # 1. Using the projection formula we obtain

R' (" (Ox(=2h1 —h2))RO) = R*p.(q* (Ox (—2h1 —2h2)) ) R Oy (1,0).

Observe that by Theorem 4.21 we have that R?p, (¢* (Ox (—2h; —2hy))) is a
rank one vector bundle on H. Using (4.1.40) it follows trivially that

c1(R?p.q* (Ox (—2h; —2hy))) = 0.

In fact consider the diagram (4.1.38). Since X is a threefold and H is a surface,
we have that after being pulled-back on X x H and push-forwarded to H all

the cycles on X became either zero or points. So we obtain

R'p.(q"(Ox(=2h —p)) K O;) = Oy (—1,0).

We continue with the other terms of the monad (4.1.11). The computations are

completely analogous.

b CI)L;(Ox(—Zhl — h3)).

By (4.1.37) tensored by Ox (—2h; — h3) K Oy, since the only non zero coho-
mology on X is h?(Ox(—2hy —2h3)) = 1 we get R\ p.(q* (Ox (—2h; — h3))
Or)=0fori=# 1 and

R'p.(q"(Ox(—2hy —h3)) K O) =2 O4(0,—1).
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b (I)L(Ox(—hl — h2 - /’l3)).
By (4.1.37) tensored by Ox(—h; — hy — h3) X O, since the cohomology on
X is all zero we get R'p,(q*(Ox (—hy —hy — h3)) R O) = 0 for all i.

b (I)L(Ox(—hl — hz)).
By (4.1.37) tensored by Ox (—h; — hy) X Oy, since the cohomology on X is
all zero we get R'p.(q*(Ox(—h1 —h))XO,) = 0 for all i.

b q)E(OX(_hI — h3)).
By (4.1.37) tensored by Ox (—h; — h3) X Oy, since the cohomology on X is
all zero we get R'p..(q*(Ox(—h1 —h3)) R O,) = 0 for all i.

® @E(Ox(—Zhl)).

By (4.1.37) tensored by Ox (—2h ) X Oy, since the only non zero cohomology
on X is h*(Ox(—2hy1)) = 1 we get R'p.(q*(Ox(—2h))XO,) =0 fori # 1
and

R'p.(q"(Ox(=2m)) M Or) = Oy

° (I)E(OX(—hl)).

By (4.1.37) tensored by Ox(—h;) X Oy, since the cohomology on X is all
zero we get R'p.(q*(Ox(—hy)) X Or) = 0 for all i.

Now we apply the @, to the monad (4.1.11). First we apply @, to the sequence

O (=)
S
0—K— O8™(—py) — 052 =0
D
Oy 2 (~h3)

we get Rip.q*(K ® Ox(—hy)) =0 fori # 1 and

R'p.(q"(K®Ox(—hy))RO,) = O%+k3.
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From
O (—hy — hy)
=
0— O%(—hy—h3) > K —>E—0
-
ON (—hy — h3)
we get

0= Rp.(q*(E® Ox(—h))ROz) — O%(~1,0)00 0% (0, 1) 5
OB 5 Rp.(¢*(E® Ox(—hi)) — 0.

so Yis a (kp +k3) X (ky +k3) matrix made by two blocks. The first one is a (kp +k3) x
(k3) linear matrix in the first variables of # and the second one a (ky +k3) x (k2)
linear matrix in the second variables of . We observe that Ker(y) is zero since
is a torsion free sheaf which is zero outside D}, and Coker(y) = R! p.(¢*(E ®
Ox(—h1))RO,) is an extension to H of a rank 1 sheaf on D}, denoted by G. That

is a divisor k3l + kpm given by the vanishing of the determinant of 7.

]

Remark 4.24. The Hilbert space of lines on X is made of three disjoint connected
component, each of which is isomorphic to the quadric surface P! x P! (see [29,
Proposition 4.1]). So we can repeat this exact same reasoning to the lines of the
family e, and e3, i.e. permuting the indices (1,2,3), we can describe the locus ng
as a divisor of type k;l 4+ kym with i # j# h # i.

In a completely analogous way, it is possible to use the monad (4.1.16) to study

the locus of jumping lines, obtaining the same result.

4.2 Instanton bundles on the Flag variety (0, 1,2)

In this section we deal with the Flag variety F(0,1,2), which is the other Fano
threefold of degree 6. Let us call 41 and h, the two generators of the Picard group.
Recall that the Chow group in codimension two is generated by h% and h% with the
relation h% + h% = hyhy. In the first part of the section we summarize the known
results about instanton bundles on F (0, 1,2) and we slightly generalize them taking
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into account the differences between our definition and the definition given in [78].
In particular in this work we will not assume any restriction on the second Chern
class of the bundle. In this case it is possible to obtain a monadic description of any

instanton bundle, similarly to the case of P! x P! x P!,

Theorem 4.25. Let E be an instanton bundle with charge k on F, i.e. ¢;(E) =
kih? + koh3 with k = ki + ka.

* Then, up to permutation, E is the cohomology of a monad

OF(_I’O)EBICI Gl(—1,0)®kl

o e % o Lom2, 4.2.1)

OF(Ov_l)@kz G2(07_1)@k2

where G; is the pull-back of the twisted cotangent bundle Qp2(2) from the two
natural projections p; : F C P? x P? — P2,

Reciprocally, the cohomology of such a monad defines a k-instanton.

* Then, up to permutation, E is the cohomology of a monad

OF(_L())EBM OF(L())@kl
0 e @ Sow2b o o 4.2.2)
OF (07 _1)®k2 OF (07 1)@](2

Moreover, the monad obtained is self-dual, i.e. it is possible to find a non
degenerate symplectic form q : W — W*, with W a (2k + 2)-dimensional
vector space describing the copies of the trivial bundle in the monad, such that
B=a'o (q®ido,).

In [78] it has been proved the existence of stable instanton bundles of every
second Chern class of the form khjh,. In this thesis we generalize this result to
any second Chern class klh% + kzh%. Let us consider Cy,(3,. .., C;, disjoint conics
which are represented by h1hy in A2(F), and Ly, Ly, ... L, lines represented by 13
in A2(F). Let Y be the one dimensional subscheme of F given by

ki ko+1
y=Jqu L, (4.2.3)
i=1 =1
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Proposition 4.26. Let E be a vector bundle with ci(E) =0, c2(E) =Y + h3 with
and ki +ky > 2. Suppose E(0,1) has a section vanishing along Y, i.e. E fits into

0— Ofp(0,—1) = E = Zyp(0,1) — 0
then E is a | — stable instanton bundle with charge k = ki + ky such that

dimExt}(E,E) =4k—3,  Ext3(E,E)=Ext;(E,E)=0.

As a consequence, we construct a nice component of the moduli space of instan-
ton bundles.

Corollary 4.27. For each non-negative k; and k; such that k| + k; > 2 there exists

an irreducible component
MI2 (ki3 + kah3) C MIp (kih? + kyh3)

which is generically smooth of dimension 4(k; + k) — 3.

4.2.1 The Flag variety F(0,1,2)

Let F C P’ be the del Pezzo threefold of degree 6. We can construct F as the
general hyperplane section of P? x P2. The projections 7; induce maps p;: F —
P2 by restriction, i = 1,2 and such maps are isomorphic to the canonical map
IP(QI%DZ(Z)) — P2, Thinking of the second copy of P? as the dual of the first one,
then F can also be viewed naturally as the flag variety of pairs point-line in P2. We
denote by A(F) the Chow ring of F. Let h;, i = 1,2, be the respective classes of
piOp2(1) in A'(F). The class of the hyperplane divisor on F is & = hy + h,.

The above discussion proves the isomorphisms
A(F) 2 AP?)[l]/ (h = haha +13) = Z[hy, ho [ (B} — hiho + B3, 13, 13).

In particular, Pic(F) = Z®? with generators & and hy. We will denote the Chern
polynomial of a given coherent sheaf E by

CE(Z‘) =1+ ((thl + Otzhz)l‘—f— (B]h% —l—Bl/’l%)tz + }/h%hzﬁ,
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where the coefficient of degree i is ¢;(E).

Recall that F' contains two families of lines Aj,A,, each isomorphic to P2, Their
representatives in the Chow ring A(F') are h%, h% Notice that if we look at F as
the projective bundle IP’(QIIP>2 (2)) — P2, these families correspond to the fibers over
points of P2. We have a geometrical description (using the notion of flag variety):
given p € P2, A, :={L € P | p € L} € A;. Analogously, given a line L C P2,
AL :={x €P?|x €L} € Ay. Notice A, N A, = 0 if x # y (clear from cohomological
product h%h% =0)and A,NAL =0 (resp. {x,L}) if x € [ (resp. x ¢ L). If L; (resp.
L) is a line from the family A (resp. A,) it holds that

Or(a,B)®Or, = Opi(B)  (resp.Or(a, B) © O, = Opi (@)

since h%(ahl +Bhy) = Bh%hz. The Op-resolutions of a line Ly is:

0 — Op(—2,0) — Op(—1,0)* — O — O, — 0; (4.2.4)
(or the analogous one for the second family of lines L,).

In order to compute the Op-resolution of a point p € F, we can consider its

O -resolution

0—OL(-1) — O, —0,—0

and use the mapping cone construction to conclude that

Or(—2,0) Or(—1,0)?
0— Op(-3,-1) — d — > — O — 0, —0.
OF(_27_1)2 OF(_lv_l)

(4.2.5)

The flag variety F' also contains a family of conics C (see the next subsection)

whose Op-resolution is:
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OF(_LO)
0—>OF(—1,—1)—> D —> O — Oc — 0. (4.2.6)
Or(0,—1)

We have to distinguish two different cases (see Remark 4.30). In the case of a smooth
conic C 2 P!, it holds:

OF(a, B) ® Oc = Opi (a0 + )

which will be denoted either by Oc(a, ) or Oc(o + B), to remember we are
restricting at a conic.

In the case of a reducible conic C = L; ULy, we will always use the notation O¢(ct, )
to keep track of the degree on each one of the lines.

We will now recall how to compute the cohomology of the line bundles on F
(see [30] Proposition 2.5):

Proposition 4.28. For each o, 0 € Z with oy < 0, we have
hi(F, OF(Otl s 062)) 75 0
if and only if

e i=0ando; > 0;
ci=land oy <=2, 01+0ar+1>0;
e i=2and o >0, oty + 0 +3 <0y
e i=3and o < -2.

In all these cases

(o +1)(+1) (a1 + 0 +2)

i (F,0r (0, 00)) = (—1) 2

It could be thought that the study of the geometry of lines of the F will be

enough to define and understand instanton bundles, as it turned out to be in the case
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of instanton bundles on 3. Nevertheless, in the case of the flag variety, the main
kind of rational curve we are interested in is the conic. In fact, through the Ward
correspondence, instanton bundles on F' have trivial splitting on "real" conics (this is
explained in [20] and [45] without explicitly mentioning the degree) and therefore,
by semicontinuity, on the general element of ¢ := Hilb**+!(F). Therefore, we
devote this subsection to study the main properties of the conics on F.

Lemma 4.29. [78, Lemma 1.5] The Hilbert scheme of rational curves of degree two
€ := Hilb* 1 (F) is isomorphic to P> x P2, The open set P? x P*\ F corresponds to
smooth conics. Moreover, the canonical map p : C — F from the universal conic C

to F endows C with the structure of a quadric bundle of relative dimension 2 over F'.

Remark 4.30. Indeed, it is known (see for instance [74, Lemma 2.1.1]) that any
subscheme of F' with Hilbert polynomial 2¢ + 1 will be a smooth conic, a pair of
distinct lines intersecting on a point, or a line with a double structure. In order to see
that there is no such non-reduced subscheme on F' we should observe that for any line
Lon F, we have \V, LF = O2. Therefore there is no surjective map N LV| r— OL(—1)
and we conclude again by [74, Lemma 2.1.1].

4.2.2 Definition of instantons, properties and monads

Similarly to the case of P! x P! x P! we will give the following definition

Definition 4.31. For any integer k > 1 we will call an instanton bundle with charge k
(or, for short, a k-instanton) a rank two fi-semistable bundle E on F with H*(E) =0,
c1(E) = (0,0), c2(E) = k1h? + koh3 with ky +k =k and H'(E(—1,—1)) = 0.

Observe that in this case the definition is slightly different from the one found
in [78] where it is required that the second Chern class ¢, (E) is concentrated in the
term h1hy (i.e. ky = kp). Using Beilinson’s spectral sequences techniques, in [78]
obtained a monadic description of instanton bundles over F (0, 1,2). Adapting their
results to our definition it is possible to state the following theorems:

Theorem 4.32. [78, Theorem 4.1] Let E be an instanton bundle with charge k on F.

Then, up to permutation, E is the cohomology of a monad

0— OF(_LO)EBIQ EBOF(Oa —I)EBkz i> Gl (_170)®k1 69GZ(O? _1>®k2 E) O;‘:Bk_z — Oa
4.2.7)
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where G is the pull-back of the twisted cotangent bundle Qp2 (2) from the two natural
projections p; : F C P? x P? — P2,

Reciprocally, the cohomology of such a monad defines a k-instanton.

Theorem 4.33. [78, Theorem 4.2] Let E be an instanton bundle with charge k on F.

Then, up to permutation, E is the cohomology of a monad

0— Or(—1,0)%1 © OF (0, 1)%0 % 0242 B, 01,01 0 0£(0,1)%% — 0.

(4.2.8)
Moreover, the monad obtained is self-dual, i.e. it is possible to find a non degenerate
symplectic form q: W — W*, with W a (2k +2)-dimensional vector space describing
the copies of the trivial bundle in the monad, such that B = 0" o (q®ido,).

Reciprocally, any vector bundle with no global sections defined as the cohomol-

0gy of such a monad is a k-instanton bundle.

Moreover in [78] the authors characterized strictly semistable instanton bundles

with the second Chern class concentrated in the term A h,.

Proposition 4.34. [78, Proposition 2.5] Let E be an instanton bundle on F with
c2(E) = khyhy. Then, it is also Gieseker semistable. Moreover, if E is not [-stable,
then k = 1% for some | € 7,1 # 0 and it can be constructed as an extension A; of the

form

0— Ofp(l,-1) - E — Op(-1,1) — 0. (4.2.9)

The only common element of the two families of extensions A; and A_; is the
decomposable bundle Op(1,—1) ® Op(—1,1).

Through an induction process, they also constructed stable instanton bundles
with ¢;(E) = khihy on the flag variety for each charge k. More concretely, they
proved the following

Theorem 4.35. [78, Theorem 5.1] Let F C P’ be the flag variety. The moduli space
MI3.(k) of stable instanton bundles with cy(E) = khihy is non empty and has a

generically smooth irreducible component of dimension 8k — 3.

We conclude this section by stating the behaviour of instanton bundles when
restricted to conics. In [78] the authors defined the notion of jumping conic.
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Definition 4.36. Let E be an instanton bundle on the flag variety . A conic C C F
(irreducible or not) is a jumping conic of type (a, b) if it satisfies H' (Eic(=1,0)) =a
and H 1(E|C(O, —1)) = b. C is said to have trivial splitting type when it has type
(0,0).

Suppose first that C C F is an irreducible conic, C = P!. In that case, Or(—1,0) ic=
OF(0,~1)jc = Oc(—1) and for an instanton bundle E we have E|c = O¢c(—a) ®
Oc(a) if and only if H'(Eic(—1,0)) = H'(Ec(0,—1)) = a if and only if it is a

jumping conic of type (a,a).

On the other hand, for a reducible conic C = L{ U L, for lines L; intersecting
transversely on a single point. In this case, it is well-known that Pic(C) = 72, where
the isomorphism is given by £ — (degr, (£),degr,(L)). Therefore, for an instanton
E on F the restriction to C is of the form Ec = Oc¢(a,b) & O¢(—a,—b) if and only
if it is a jumping conic of type (a,b).

Let us denote by Dg C ¥ the locus of jumping conics of an instanton E, and by

i its embedding in H.

Proposition 4.37. [78, Proposition 6.2] Let E be an instanton bundle with cy(E) =
khihy on F. Then D is a divisor of type (k,k) equipped with a sheaf G fitting into

0— Op(—1,-1)** 0 0y(—1,00%* - 07 F© Oy (—1,0)* = i,.G — 0. (4.2.10)

In the next section we will slightly generalize Theorem 4.35 by allowing every

possible second Chern class.

4.2.3 Construction of instantons via Serre’s correspondence

In this section we will construct instantons for each possible ¢;(E) and we will show
that they are smooth points of an irreducible component of the moduli space of
instanton bundles. Suppose ¢;(E) = klh% + kzh% with k1 < k».

Let us consider Cy,(;,...,C, disjoint conics which are represented by hyho
in A%(F), and Ly,Ly,...L, lines represented by h3 in A%(F). Let Y be the one
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dimensional subscheme of F' given by

ki ko+1
y=Jcu L, (4.2.11)
i=1 j=1

We claim that det Ny JF = Or(0,2) ® Oy. Let us work component by component,
similarly to the case of P! x P! x P!. By adjunction formula NCV, JF =7c,®Oc,, s0
splitting (4.2.4) in two short exact sequences and tensorizing by Oc, we get N, JF=
(’)%i (—1). In particular we have det N, /r = OF (D) ® Oc, where D is a divisor of the
form ahy + bhy with a+ b = 2. Doing the same for lines L; we obtain Lij/F = O%j
and thus det .\ 1;/F = OF(D)® O, where D is a divisor of the form ch,. Combining
these two results we obtain that det Ny = Or(0,2) ® Oy, i.e the determinant of
the normal bundle of Y is extendable on F. Since h*(F,Op(—2hy)) = 0, there exists
a vector bundle G on F with a section s vanishing along Y with ¢;(G) = 2h2 and
c2(G) =Y. Thus E = G(—hy) has ¢;(E) =0, c2(E) = c2(F) + h3 and it fits into

0— Ofr(0,—1) = E = Zyr(0,1) = 0. (4.2.12)

So we have the following Proposition

Proposition 4.38. Let E be a vector bundle with c1(E) =0, c2(E) =Y +h3 with Y
as in (4.2.11) and ky + ko > 2. Suppose E(0,1) has a section vanishing along Y, i.e.
E fits into

0— Or(0,—1) = E = Zyp(0,1) — 0

then E is a |1 — stable instanton bundle with charge k = k| + ky such that
dimExth(E,E) = 4k—3,  Ext:(E,E)=Ext.(E,E) =0.

Proof. The proof is similar to the proof of Proposition 4.17. By construction ¢; (E) =
0 and ¢ (E) = k112 + ko3

Taking the cohomology of (4.2.12), we obtain h°(E) = hO(Iy|F(O, 1)) =0 be-
cause Y contains at least three disjoint components. Tensoring (4.2.12) by Op(—1,—1)
we have h!' (E(—1,—1)) = h! (Zy|r(—1,0)). Now considering the defining sequence
of the ideal Zy | tensorized by O (—1,0) we obtain h! (Zy|p(—1,0)) = " (Oy(—1,0)) =

0 because each connected component Z of Y is isomorphic to P! and —h,Z = —1.
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Now we prove the u-stability of E. By Proposition 4.7 E is p-stable if and only
if WO(E(—D)) = 0 for each divisor D such that Dh? > 0. Let us take such a divisor
D = dhy + d>hy with d +d, > 0 and consider the short exact sequence

0— Op(—dy,—dy— 1) = E(—d1,~d2) = Ly|p(—d1,—dr + 1) = 0.

Now
W (Zyp(—di,—dy + 1)) < B(Op(—dy, —dy +1)).

So it is clear that hO(Iy|F(—d1 ,—dy+1)) =0 whenever d; >0 or d, > 1. In these
cases we have h’(E(—D)) = 0. It remains to study the cases D = hy and D =
—hy + hy. In both cases h°(E(—dy,—d>)) = hO(IY‘F(—dl,—dz +1)) =0because Y
contains at least three disjoint components, thus E is L-stable.

Now we prove the part of the statement regarding the Ext groups. Since E is -
stable, it is simple. Thus we have Ext}.(E,E) = 0. Now we show that Ext?(E,E) =
0 and the assertion on the dimension of Extk(E,E) will follow from Riemann-
Roch. Consider the short exact sequence (4.2.12) and tensor it by E = EV. Taking

cohomology we have
H*(F,E(0,—1)) = Extz(E,E) — H*(F,E @ Iy ¢ (0,1)).

Using the short exact sequence (4.2.12) we obtain H>(F,E(0,—1)) = H*(F, Iyr) =
H'(Y,Oy) = 0 because Y is the disjoint union of smooth rational curves. So
Extz(E,E) = 0 as soon as H*(F,E ® Zy|r(0,1)) vanishes. In order to show this
vanishing let us take the short exact sequence (4.2.12) and tensorize it by Op(0,1).
Taking cohomology we obtain h*(F,E(0,1)) = hz(X,Iy‘X (0,2)). Now if we ten-
sorize

0—=Zyp = O = Oy =0

by Or(0,2) and we take cohomology we have hz(F,Iy‘F(O, 2)) =h'(Y,0r(0,2) ®
Oy) = 0 since Op(0,2) restricts to each component of ¥ to a degree two line bundle.
Thus we have h?(F,E(hy)) = 0. Now if we take the cohomology of the defining

sequence of Zyr tensorized by E(hy) we have

h*(F,E(0,1)®ZIyr) < h'(Y,E(0,1)® Oy).
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But now using the fact that £ ® Oy = YV/F we have h!(Y,E(0,1) ® Oy) = 0 and
thus 42 (F,E(0,1)) ®Zy|r) = 0. Finally we obtain Ext%(E,E) = 0. To compute the
dimension of Extk(E, E) we use Riemann-Roch. Since c;(EQEY) =c3(EQEY) =
0 and c;(E ®EY) = 4c,(E) we have

dimExth(E,E) = 'Y (EQE")+h*(EQEY) — x(E®E") = 4cy(E)(hy + hy) — 3,
thus dimExt%(E,E) = 4k — 3. O

As a consequence we are able to describe the component of the moduli space of

instanton bundles containing the vector bundles constructed in Proposition 4.38.

Corollary 4.39. For each non-negative k; and k; such that k| + k; > 2 there exists

an irreducible component
MI2 (ki3 + kah3) C Mg (kih? + kyh3)

which is generically smooth of dimension 4(k; + k) — 3 and containing all points
corresponding to the bundles obtained in Proposition 4.38.

Proof. The schemes as in (4.2.11) represent points in a non-empty open subset
U C € x Ay. Since the latter product is a product of irreducible varieties, it is

irreducible. It follows that I/ is irreducible as well.

Since the vector bundle E in Sequence (4.2.12) is uniquely determined by the
scheme Y, we obtain in this way a flat family of bundles containing all the bun-
dles obtained via Proposition 4.38 and parameterized by {{. Thus there exists a
morphism u : U — MIp(kih? + kyh3). Every point in the image of u is smooth
because Ext2 (E, E) = 0 by Proposition 4.38, thus there exists a unique component
MI(kyh? + kyh3) containing u({{). Then by Proposition 4.38 we have

dim MI2 (k113 4 kyh3) = dimExty- (E,E) = 4k — 3,

which completes the proof. [
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