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Abstract

We introduce the topologically twisted index for four-dimensional A" = 1 gauge theories quan-
tized on AdSa x S*. We compute the index by applying supersymmetric localization to partition
functions of vector and chiral multiplets on AdSs x T2, with and without a boundary: in both
instances we classify normalizability and boundary conditions for gauge, matter and ghost fields.
The index is twisted as the dynamical fields are coupled to a R-symmetry background 1-form
with non-trivial exterior derivative and proportional to the spin connection. After regulariza-
tion the index is written in terms of elliptic gamma functions, reminiscent of four-dimensional

holomorphic blocks, and crucially depends on the R-charge.
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1 Introduction and Summary

Supersymmetric field theories in both flat and curved spaces have been extensively studied over the
years, serving as a crucial arena for advancing our theoretical understanding of quantum field theory
(QFT), especially in the regime of strong interactions [IH3]. While the complete information of a
QFT is contained in its generating functional of correlation functions, exact computations of this
functional in interacting theories remain challenging. Nevertheless, the technique of supersymmetric
localization [4] has proven to be an extremely ductile tool, enabling exact non-perturbative compu-
tations of specific generating functionals and other observables in a large class of supersymmetric
field theories defined on curved manifolds. In particular, localization techniques have been employed
to study supersymmetric field theories on compact Riemannian manifolds, where a class of BPS
observables can be precisely evaluated by reducing functional integrals to Gaussian integrals around
a supersymmetric locus. Several such computations have been performed in various dimension and
for diverse topologies, leading to valuable insights [BHIT], see also [I8] and references therein.
Building on this success, this paper shifts attention towards studying supersymmetric gauge
theories on non-compact hyperbolic manifolds, focussing on AdSs x T2, where by AdS,; we indicate
d-dimensional Anti-de Sitter space with Euclidean signature. Gauge theories in AdS have been
investigated in connection with monodromy defects [19], black-hole entropy [20,21], chiral algebras
[22] and holomorphic blocks [23124]. Moreover, the isometry group of AdS; being the (global)
conformal group in (d — 1)-dimensions, QFT in AdS can be studied via conformal bootstrap [25,26].
Applying supersymmetric localization to QFTs on non-compact manifolds is also interesting from
a technical viewpoint as it requires the study of the behaviour at infinity of the degrees of freedom

contributing to the path integral. This is necessary in order to make sure that not only the final



result for the partition function is convergent and well-defined, but also supersymmetry is preserved.
Alternatively, one can consider a boundary at a specific distance from the origin of AdS and explore
the interplay between supersymmetry, boundary conditions and boundary degrees of freedom, as
e.g. in [27H341[53].

In this paper we present a detailed calculation of partition functions for A/ = 1 supersymmetric
gauge theories defined on AdS, x T2. The construction of supersymmetric theories in a fixed back-
ground geometry involves taking a suitable limit of new minimal supergravity, leading to background
fields coupled to a supersymmetric gauge theory with an R-symmetry, incorporating ordinary vector
and chiral multiplets [35H37]. We turn on a non-trivial R-symmetry background field equal to half
the spin connection, which is the usual setup corresponding to the topological twist, preserving on
AdS, x T? two Killing spinors of opposite chirality and R-charge. The metric we use on the four-
manifold is refined by parameters that in the partition function combine into two complex moduli:
one is a fugacity p = €™ for momentum on 72, with 7 being the torus modular parameter, while
the other is a fugacity ¢ probing angular momentum on AdS,. Such fugacities allow for linking
partition functions of supersymmetric gauge theories on AdSy x T2 to flavoured Witten indices for

theories quantized on AdSs x S, namely
Inas,xr2 = Trop (*1)F€_2”H} =Trw {(*1)f€_2m%giq_‘7pp} ; (1.1)

where %7 is the Hilbert space of BPS states on AdS; x S! whereas the operator H is the Hamiltonian,
F is the fermionic number, 7 is the angular momentum on AdS,, P is the translation operator alon
S while ¢; and Q; are the chemical potential and the charge operator for the i-th flavour symmetryElg,
respectively. Technically, supersymmetric localization provides the plethystic exponential of the
single-letter index (LI)). For instance, let 7 be the gauge theory represented by a dynamical vector
multiplet in the adjoint representation of the gauge group G coupled to a chiral multiplet of R-
charge » < 1 in a representation g of G. The topologically twisted index of T, defined on the
four-dimensional hyperbolic manifold AdSs x T2 in absence of boundaries, is given by the following
integral over the Cartan torus of GG involving a ratio of elliptic Gamma functions:

r. (627ri(2<pR)€27ria(u); q p)

ZAdS?XTQ :/du H H eQﬂ'i\f, 2mi(2—r —2mip(u ’ (12)
a€Adj(G) peRa Fe(e @=nene a )’q’p)

where ¢ and u respectively are gauge and R-symmetry fugacities. We refrain from explicitly writing
down the phase factor T as its form is not particularly illuminating; anyhow, T can be read off from
a suitable combination of the W3, and WM, reported in the main text. We specified that (L2 is
the expression valid for a chiral multiplet of R-charge lesser than one because the index involving the

same multiplets in the case r > 1 has a different form: the reason is that on non-compact AdS, x T2

L Although the R-symmetry does not commute with the supercharges, the corresponding fugacity ¢r appears in

the index as all other flavour fugacities ;. Gauge fugacities appear as flavour fugacities that are integrated over.



the normalizability of the fields contributing to the partition function dramatically depends on the
R-charge. This phenomenon was already observed in lower dimension in relation to the topologically
twisted index computed via localization on AdS, x S' in absence of boundaries [24].

In presence of boundaries two dual sets of boundary conditions does not break supersymme-
try: either Dirichlet conditions, requiring the vanishing of fields at the boundary; or Robin condi-
tions, requiring the vanishing of derivatives of fields at the boundary. In fact, derivatives are linear
combinations of partial derivatives in directions that can be parallel and normal to the boundary,
hence Robin conditions effectively are generalized Neumann conditions. A boundary then allows
for constructing many different theories by just combining multiplets satisfying a priori different
sets of supersymmetric boundary conditions. For example, (L2) can be interpreted as the twisted
index of a gauge theory where Robin boundary conditions were imposed on the vector multiplet
and Dirichlet boundary conditions were imposed upon the chiral multiplet. An intriguing feature
peculiar to the presence of boundaries is how boundary degrees of freedom induce a flip of bound-
ary conditions [29/[38]: for instance, suitably coupling a lower-dimensional matter multiplet to a
four-dimensional chiral multiplet fulfilling Dirichlet boundary conditions effectively yields a chiral
multiplet with Robin boundary conditions. At the level of the partition function such a flip of bound-
ary conditions is realized thanks to the multiplication properties of the special function appearing

in the 1-loop determinants whose integral defines the index:
-y CM Lo
Zi =20 Z1 o Zi o = ¥ g (€297 q) (1.3)

where 6y (z,q) = (2,9) . (4/7%; Q) o, With (2;q) o, = HJ’ZO (1 - ij) being the indefinite ¢-Pochhammer
symbol, Z ﬂfl |p,r are the four-dimensional chiral-multiplet 1-loop determinants of fluctuations satis-
fying Dirichlet and Robin boundary conditions, respectively, while ZCM |5 is the 1-loop determinant
of the three-dimensional boundary multiplet.

In summary, generalizing localization techniques to the case of non-compact manifolds naturally
opens up new avenues for exploration. Compelling future directions include a careful study of the
phase factors \Il%l\% and \II\ISNI[% appearing after regularization of the 1-loop determinants for chiral
and vector multiplets, as such phases encode important scheme-independent informations about
anomalies, vacuum energy and central charges of the corresponding gauge theory in hyperbolic
spacetime [I3,39H42]. Furthermore, it would be very interesting to analyze the large-N limit of
N = 4 supersymmetric Yang-Mills theory with gauge group SU(N) on AdSs x T? as such limit
should unveil BPS configurations similar to the black-strings in AdSs detected in the topologically
twisted index on the compact manifold S? x T2 [43-46]. In particular, we predict that the constraint

w T o«
'YRigJFOm?:?y’ Qz, 0y €21, (1.4)

which we derive in the main text, should also appear in the dual gravity theory with vz, w being re-

lated to the electrostatic potential and the angular velocity of the supergravity solution, respectively.



Besides, it would be very intriguing to investigate non-perturbative dualities for gauge theories on
AdS, x T?; especially in relation of boundary degrees of freedom, which are known to be affected
by such transformations in a non-trivial way [47]. Eventually, possible generalizations of this paper
comprehend the addiction of BPS defects, vortices or orbifold structures [48H51] on AdS, x T2, as
all these objects yield further refinements of the index [52].

Outline. In Section 2l we set up the background geometry by introducing the chosen metric and
frame on AdS; x T2. We then find its rigid supersymmetric completion by solving the conformal
Killing spinor equation on AdS; x T? endowed with a background field for the U(1)z R-symmetry
that is proportional to the spin connection and encodes the topological twist. Thus, we show
that such conformal Killing spinors also solve the Killing spinor equation with a suitable choice
of background fields descending from new minimal supergravity. Hence, we study periodicities
and global smoothness of Killing spinors on topologically twisted AdS, x T2. In Section [ we
write down the supersymmetric multiplets involved in our analysis, their supersymmetry variations
in component fields and Lagrangians. Then, we rewrite the supersymmetry transformations in
cohomological form by introducing a new set of fields that makes manifest the fundamental degrees
of freedom contributing to the partition function. Moreover, we show how supersymmetric boundary
conditions emerge from either supersymmetry-exact deformations of the Lagrangian or the equations
of motion. In Section @] we calculate the path integral of topologically twisted gauge theories on
AdS, x T? by means of supersymmetric localization. We first solve the BPS equations for vector
and chiral multiplets, thus obtaining the supersymmetric locus over which dynamical fields fluctuate.
Then, we calculate the contribution to the partition function of such fluctuations, giving rise to a
non-trivial 1-loop determinant expressed as an infinite product that can be regularized in terms of
special functions. We explicitly display the various possibilities corresponding to different choices of

either boundary or normalizability conditions imposed on supersymmetric fluctuations.

2 Supersymmetric Background
We choose the following line element on AdSs x T2:
ds® = L2d0? + L?sinh? 0(dp + Qsdz + Qudy)® + L25? [(dx +mdy)® + ngyﬂ ) (2.1)

where the four-dimensional metric g, can be read off from the usual relation ds? = Gupdxtdx”,
with x* = (0, ¢, z,y). In particular, § € [0,4+00) and ¢ € [0,27) are coordinates on AdSsy, while
x,y € [0,27) are coordinates on T2?. The parameter L has dimension of length and encodes the
radius of AdS, appearing e.g. in the Ricci scalar Raqs, = —2/L?. The dimensionless parameters
Q1,09 € R introduce in the partition function of the theory a fugacity for the angular momentum

on AdSs, as in [141/43]; whereas 71,72 € R respectively are real and imaginary part of the modular



parameter 7 = 7 + itp of the torus T2. Finally, the dimensionless parameter 3 € R parametrizes
the scale of T? with respect to the radius of AdS,. We shall also consider a boundary at 6 = 6y > 0
to explore the interplay between bounday conditions and boundary degrees of freedom.

We adopt the orthonormal frame

el = Ldo e? = Lsinh 0(dy + Qzdx + Qudy) |
e® = LA(dx + mydy) et = LBmndy , (2.2)

satisfying e.g. g, = 5abeZeg and 6% = g‘“’eZef’,. In the frame (Z2]) the non-trivial components of

the spin connection read
w12 = —wa1 = — cosh0(dy + Qsdx + Qudy) . (2.3)
On AdS, x T? the conformal Killing-spinor equations,
(Vu - iAE)C + iaugu (Vl, - iAS)C =0,
(VVHA95+iaﬂ%VfHAﬁz:0, (2.4)

is solved by

o= Vel (1) g et ()

0 1

where ko € C is a normalization constant and as 3 4 € R parametrize non-trivial phases of , E along
the three circles inside AdS, x T2, while A® is the background field

1
AC = 5(&112 + a,dy + azdr + oy dy) . (2.6)
Moreover, the spinors (23) fulfil the Killing-spinor equations

(V,—1A,)C+iV,(+iV70,,( =0,
(VH + iAu)E* iVuE* iVU&WZ: 0, (2.7)

with background fields

V = LBk(dx + 7dy) ,
3
A:AC+§V, (2.8)
where £ is an arbitrary constant and the 1-forms A% and AT are smooth on AdS, if a, = 1. Thus,
the ¢ and Z“ reported in (Z3]) are Killing spinors of R-charge +1, respectively. As the field strength
F() of the R-symmetry field is non-trivial and satisfies F(®) = dA = (1/2)dws, the Killing spinors ¢



and E describe a supersymmetric AdSy x T2 background with a topological twist on AdSs, analogous
to those investigated in the case of compact manifolds e.g. in four [43] and three [14] dimensions.
On a compact two-dimensional manifold .#5 the direct link between F' ) and dwisa characterizing
the topological twist implies that the R-symmetry flux equals the Euler characteristic of .#5, up to
a sign. On a two-dimensional manifold with boundary %, the R-symmetry flux fr is proportional to
the line integral of A along the one-dimensional boundary 0%,. Indeed, applying Stokes’ theorem
to the smooth R-symmetry field Ay = Ala,=1 gives
o = % [ pm - % [ 4 = % Ao = %(1 — cosh ) , (2.9)
with %5 being AdS, with a boundary at 0 = 6y and Scl, = 09> being the circle in AdS, at 6 = 6.
As observed in [20], on AdSs fluxes are not quantized, as opposed to what happens e.g. on the
two-sphere, where the single-valuedness of transition functions between different patches requires all
fluxes to take integer values.
Imposing either periodicity or anti-periodicity of the Killing spinors (, Z along the torus circles

parametrized by x and y yields

g,y €2 . (2.10)
Furthermore, smoothness of the R-symmetry field A requires oo, = 1, implying the anti-periodicity
of the Killing spinors along the shrinking circle in AdSy parametrized by ¢. The Killing spinors
reported in (23] are manifestly smooth in every point of the four-manifold apart from the origin as
¢, ¢ are written in the frame (22), which is singular at = 0 due to ¢ being undefined at the origin.

Smoothness at § = 0 can be examined by first rotating (2.2)) into a frame that is non-singular at the

origin via a local Lorentz transformation £%,,

0 a
S, = —0%el, | 0y = < §> , (2.11)
—p b

which in turn induces the following rotation upon ¢, 6 :

— i 1
C/ = 2714 = kO ei[(a¢71)w+arm+ayy] <0> ,

-3 Ryt (7). 212
where
1 ab a 1 ~ab
£ =exp —5&1)0 , £ =exp —5&11)0 , (2.13)

encode the action of local Lorentz transformations upon left- and right-handed spinors, respectively.
The spinors ¢/, Z’ are independent of the coordinate ¢ if and only if a, = 1, which is then the value

making the Killing spinors smooth on the whole four-manifold.



3 Supersymmetry and Cohomology

3.1 Vector Multiplet

A vector multiplet enjoying A" = 1 supersymmetry consists of a 1-form a, encoding the gauge
field, two complex spinors )\,X of opposite chirality parametrizing the gauginos and a 0-form D
corresponding to an auxiliary field ensuring off-shell closure of the supersymmetry algebra. The
fields (au,)\,X,D) have R-charges (0,41, —1,0), transform in the adjoint representation of the

gauge group GG. The vector-multiplet supersymmetry variations with respect to ¢, Z“ read
da, = ig&MA + ig“aux ,
0N = fuwo"(+iD(
SN = f, 6" ¢ —iDC ,
~ 3i ~ 3~
0D = (o* (DHA + EVH)‘) — (o* (DHA — EVH)‘) , (3.1)

where f is the field strength of the gauge field a with components f,, = 0,a, — 0ya, —igala,, ay).

The constant q¢ is the gauge charge appearing in the covariant derivative
D, =V, —iqrA, —iqca, ong (3.2)

where o, represents the action upon a field @ in the representation R¢ of the gauge group G. The

bosonic fields a,, and D of the vector multiplet satisfy the reality conditions
aL =a, , D =—-D, (3.3)

whereas there is no need to impose reality conditions upon the vector-multiplet fermionic fields A, A

The supersymmetry transformations (3.1]) can be rewritten in cohomological form as follows:

Ja = A, 0A =2i(Lx + Ga,)a
0Ps =0,
5T = A A = 2(Lic + Gao )V (3.4)

where we introduced the Grassmann-even O-forms ®¢, A as well as the Grassmann-odd 0-form ¥

and 1-form A, given by

do = ixa A=D-2Y"Y"f,, ,
L ¢h
A, =iCo, N+ ilo, N, = = - =,
oA IR 23
A ~. ~. A~ .
Ao = i(¥ — 1zA)Ca +i%<§v , N = (W g A) - ib%?da , (3.5)



with

_ Cotct S _CTU’f . Ctonct

KH = M~, YH ~ ’ - ? - =
“7 IE 21CP EIE

; (3.6)

being the Killing-spinor bilinears defined in [43]. The norms |¢|? and |¢|? descend from the complex

conjugates of the Killing spinors, which are

* * —i(a QT+ 1 ’
CTa:(<a> :1/k0 e 2( eptazrtayy) <0> , |C|2:|k0|;

= )\ * /1. * _i(a [P e 0 ~
Cl _ (Ca) — kO 62( potazrtayy) <1> , |C|2 = |k0| s (37)

providing in turn the reality conditions on Killing-spinor bilinears:

2
* 21712 K * &WJ

K}, = 4[¢]ICIP K", Y= |a2Y : (3.8)

In particular, the Killing-spinor equations ([2.7)) imply that K*, which in our setup reads

iko
K", = m(waw — 70y +0y) , (3.9)
is a Killing vector:

V,LLKV = ie,uu/\pK)\Vp — V(HKV) =0. (310)

In [B4) the supersymmetry variation 0 manifests itself as an equivariant differential fulfilling
6% = 2i(Lk + Gas) » (3.11)
where the Lie derivative Lx generates a spacetime isometry of the manifold while

gq>6a = —d, g = —d®¢ + qu [a, (I)G] ,
Goo X = —igePcom, X, X#a, (3.12)

represent the action of gauge transformations upon fields. In the case of weakly gauged theories
with background vector multiplets, (BI2)) is interpreted as the action of the flavour group G = Gp.

The vector-multiplet Lagrangian,
1 , 15 i ~ i~ 3., e
ﬁVM == Zf:“"/f“ - §D + 5)\UHDH)\ + 5)\UHDH)\ - §V#)\O"U')\ 5 (313)
is d-exact up to boundary terms,
Lynt = 6V + %v# [?”(M) _yn (XX)} ,

= OVt + iV, [V (0 = 1A )iy A = YH (0 g A)ig A (3.14)



with deformation term

Vi (2a) A + — ((ﬁd)TXd,

_ 1
4/¢|? 4)¢J12
1

In absence of boundaries the total derivative in ([B.I4]) is irrelevant and the corresponding action Sca
is d-exact and then manifestly supersymmetric. In presence of boundaries the total-derivative terms

in (BI4) drop out if the following dual sets of supersymmetric boundary conditions are imposed:

Robin : tyalg = tygals =ty Mo = tgAlg =0,

Dirichlet : tkalg = tgalo = Vo = 1zAo =0, (3.16)
together with the vanishing of the corresponding supersymmetry variations. Especially, Dirichlet
conditions only affect the components of the gauge field a, that are parallel to the boundary,
whereas Robin conditions mix with each other components that are either parallel or orthogonal to

the boundary. After including Faddeev-Popov ghosts ¢, ¢ and their supersymmetric completion, as

e.g. in [453], the BRST-improved supersymmetry variation (6 + dgrst)a, = (A, + D,c) implies

Robin : Lf,c|3 = LYC|6 = L;EI@ = LYEIB =0 y
Dirichlet : clag=¢lg=0. (3.17)

3.2 Chiral multiplet

N = 1 chiral multiplets in a representation 3¢ of the gauge group G contain a 0-form ¢, a left-
handed spinor ¢) and a 0-form F', where the latter is a non-dynamical field that, in analogy with D,
allows the closure of the supersymmetry algebra on the chiral multiplet without using the equations
of motion. The fields (¢,, F'), whose R-charges are (r,r — 1, — 2), are related to each other by
the following supersymmetry variations:

86 = V20,

0% = V2FC +iV2(0"C) Dyt

SF =iv2(5" i i(CA

F=i/2G5" ( Dyt = SV ) — 21(§>\)¢> : (3.18)

The bosonic fields ¢ and F' of the chiral multiplet fulfil the reality conditions

=9, Ft=_F, (3.19)

10



where 5 and ﬁ, together with the right-handed spinor 1;, form an anti-chiral multipletﬂ in the

conjugate representation R¢ of the gauge group G. Their supersymmetry transformation reads
0% = V2ZF( +iV2(6"¢)D s
§F = iv2Co" (DM’LZ + %VMQZ) + 2i0(CN) . (3.20)

If we define cohomological fields correspoding to the Grassmann-odd 0-forms B, C' and the Grassmann-

even 0-form =

(hep
B= , C =20
NoIE v
_ _od = P 9ile
Y = V2B¢ NeTER E=F-2Lg¢, (3.21)
where
Ly =v"D, ve {K,f(,y,?} , (3.22)

is the covariant Lie derivative along the vector v, the relations (3.I8) can be written in cohomological

form:

with ¢ = 1,2, where X1 = ¢, X5 = B, X] = C and X} = =. The supersymmetry variation of the

auxiliary field F' in cohomological form is

§F =2i(LxB + LyC — ity Ag) . (3.24)
The structure of [F23]) implies that the supersymmetry variation 6 behaves as an equivariant dif-
ferential also on chiral-multiplet fields, where ® 5 is the R-symmetry counterpart of the 0-form @,

iko

(b = A:
R R = o By

(woy, — Tag + ay) . (3.25)

More generally, 62 acts upon a field X of R-charge ¢g, flavour charge gr and gauge charge ¢g as

0°X = 2Lk X = 2i(Lk + Gop + Gop + Goo)X | (3.26)
where
Gop X = —iqr®pX B = i A= 0 ( + ) (3.27)
dpA = TIqRPRA R=IlKA= 2131 Wy — Ty + Qy) .

2In Euclidean spacetime imposing reality conditions upon fermionic fields is not necessary.

11



while Gg,. formally acts as in [BI2) with respect to the flavour group Gr. The object ® did not
appear in ([3.4) as the fields (a, A, @G, ¥, A) are R-symmetry neutral. The supersymmetry variations
B20) can be recast in the form reported in ([B.23]) by defining

=_ o
B=—=,
V2|¢]2

J= VARG -

6’ = \/521; )
cct
V2I(2

and choosing X = Zs, X, =08 , X = C as well as X)) = = In cohomological form the supersymmetry

E=F+2iLyo, (3.28)

variation of the auxiliary field F reads
SF = Qi(LKE — LyC — inLYA) . (3.29)
The chiral-multiplet Lagrangian,
Lon = DuoDle + iV [(D#$)¢ - $Dm} +(r/9)$(R+6V? + D) — FF
105 Dyt + (V*/2)05,06 + 12 (90 = G (3.30)
which in cohomological fields reads
Loy =ALKdLgd+ALydLyd — (E - 21Lyq§) (Z+2iLg0)
n 21(H5LK¢ + BLxB+ BLyC — CLyB + C~‘L1~<C) — kCC
¥ gc [5LI~(A¢ — 201y AB + 2Big A+ CU¢ + (A — 2 Lica)p — (T — L;(A)c} . (3.31)
is d-exact with respect to the deformation term Vi given by
Lo = 6Veu , Vem = —2iBLg¢ — 2iCLz¢ — FB + oo (¥ — 1zA) ¢ — k¢C . (3.32)
Consequently,
0Lom = 2Lk Vem = 2iV (K Vew) - (3.33)

In absence of boundaries the supersymmetry variation of Loy being a total derivative readily implies
that the variation of the corresponding action Scy is zero. Moreover, since K¢ = 0, in presence
of a boundary at § = 6y the Lagrangian of the chiral multiplet is supersymmetric for any choice of
boundary conditions, where the latter can be obtained by imposing the vanishing of the boundary

terms generated by the equations of motion for to the bulk Lagrangian:

SeomLon = (bulk) + 4V, {Y“(SeomaﬁL;qﬁ 44y (Lqu) 5eom¢}

+2iV,, (?Mé(seomc - wé(seomB) : (3.34)

12



where the bulk terms vanish on the solution of the equations of motion. The boundary terms
descending from the equations of motion cancel out if the following dual sets of supersymmetric

boundary conditions are imposed:

Dirichlet : po = 58 =Cy = 6’6 =0,

Robin : By =By = (Ly¢), = (LY$)6 —0. (3.35)

4 Supersymmetric Localization

We now compute the partition function of gauge theories coupled to matter via supersymmetric
localization [4]. We focus on Abelian gauge theories as the generalization to the non-Abelian case
is straightforward. We start by deriving the supersymmetric locus solving the BPS equations; then,

we will compute the 1-loop determinant of the fluctuations over the BPS locus.

4.1 BPS Locus

The vector-multiplet BPS equations are

A=A=A=5A=0, (4.1)
which in cohomological form read
(Lx + Gog)a=0, D —2iY"Y"f,, =0 . (4.2)
We employ the following ansatz:
a = [a,(6) + byldp + [as(6) + b,)dw + [a,(6) + b,)dy . (4.3)

where we set to zero the pure-gauge component a,(¢), while a,,a,,a, are complex functions and
the flat connections b, b., b, are complex constants, a priori. The gauge field above is smooth on
AdS, if b, = —a,(0). By plugging the ansatz ([@3) into the BPS equations ({.2) we obtain the

complex BPS locus for the vector multiplet:

[way(0) — Taz(0) + a,(0)]gpg = ao = constant ,

Dlgps = L™ ?sinh™" (0)al,(6) , (4.4)
implying that the BPS value of the gauge fugacity ®¢ is manifestly constant,

ik,
LB‘;Q (ao + wby — by +by) - (4.5)

Oalpps =

13



Imposing the reality conditions reported in (3] yields the real BPS locus

ay(0)|ps = a, = constant ,
az(0)|Bps = az = constant ,
ay(0)|sps = a, = constant ,
Dlgps =0,

Re(w)a, — T1agy + ay = Re(ao) ,

Im(w)a, — m2a,; = Im(ag) . (4.6)
Using (48] for a smooth connection on AdSsy gives b, = —a, and
iko
(I)G|BPS = m[ay + by — T(az + bm)] . (47)

In presence of a boundary at 6 = 6 there are two possibilities: if Dirichlet conditions are imposed,
then ®¢|pps has to vanish at the boundary. Since ®¢|pps is constant, Dirichlet conditions require
®ilpps = 0 everywhere. Instead, Robin boundary conditions do not impose any constraint on
®5 = tia, which hence stays non trivial.
The BPS equations for the chiral multiplet read
=0 =1 =05p=0, (4.8)

which in cohomological form are

(Lrx —igrPr —igePc)p =0,

(Lk +igr®r +ige®a)d =0,

F=2%Lg¢,

F=—2iLyo, (4.9)
with ¢ = ¢(0, ¢, z,y) and é = qz(é’,(p,x,y) being periodic in ¢, z,y. For generic values of ®r, g
the trivial locus

b—F—F—F—0, (4.10)

is the only solution to (A9 regardless of the presence of a boundary at 6§ = 6. In particular, the
value of fields reported in ([I0) trivializes the classical contribution to the partition function given

e.g. by superpotential terms.

4.2 One-Loop Determinant

The 1-loop determinant of supersymmetric fluctuations over the BPS locus for a chiral multiplet is

detK L 52
ZoN = Y 4.11
L detKerL;, 92 ' ( )
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with the kernel of the differential operator Ly = Y*D, being spanned by functions By, m,,m,

labelled by integers corresponding to the Fourier modes around the circles parametrized by ¢, z,y:

KerLy . Bmw,mm,my _ eimw‘P“rimxI‘FimyyB’r(‘Si,mm’my (9) , Mgy Mg, My c7Z. (412)

The behaviour of the modes By, m,,m, at the origin of AdS, is

lim B (0) ~ 0™ (4.13)

g—0 e MMy

meaning that By, m, m, is non-singular at ¢ = 0 if m, € N. The modes B, m, m, satisfy the

eigenvalue equation 62Bym,, m,.m, = ABBm, m..m, » where

2ik —2
Ap = _Llﬂo —wmg + TMy —my + qg(ao + by — by — way) + TT(W_TCW tay)l, (414)
T2

is the eigenvalue contributing to the numerator of Zﬂfl Analogously, the kernel of the differential

operator Ly = ?“DM is spanned by functions ¢n, n, n,,

KerLg : fn, n,n, = eme?tinaotingy 50) 0) , Ny Ny My € 2, (4.15)

N NNy

whose behaviour near the origin of AdSs is

lim ¢(*) (0) ~ 07", (4.16)

g0 ey

implying that ¢, n, n, is non singular at = 0 if (—n,) = £, € N. The modes ¢y, n, n, are
eigenfunctions of the operator 6 with eigenvalue

2ik
Ap = ﬁ [w&p + g — ny + qa(ao + by — 7hy — way) + g(w — Ty + ay)} , (4.17)

which contributes to the denominator of Z&M. In both A and A, the R-charges qﬁ =r,q¢8=(r—2)

as well as the gauge charge g respectively multiply the same quantities vz and 7, where

Tr= 5= Tas+ay)

Y6 = ag — way, — Tby + by . (4.18)

Especially, the first line in (£I8]) can be interpreted as a constraint on the chemical potentials
YR,w, T, as in the case of gauge theories on S3 x S* dual to AdSs5 black holes [54].

In presence of boundaries we have two possible 1-loop determinants: on the one hand, if we
impose Dirichlet conditions, the modes ¢y, n, n, have to satisfy a first-order homogeneous differential
equation with boundary condition ¢n, n,n,lo = 0, implying ¢n_ n,.n, = 0. Therefore, Dirichlet
conditions kill the modes ¢, n, n, contributing to the denominator of ZE}\J/I, leaving the modes

B, .m, m, unaffected. The result is

zZMp = H H [wmy — Tmg +my — qava — (r —2)7r] , (4.19)

meEN My ,my€Z
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which can be regularized by means of (A4), yielding

7, CM - .
anﬁ/l b = e2™Y5 JT. (e2m(2~m—qm);q’p) ’

1
vEM = 24Tw(1 +7 =227 — @) +w)

227k — @) (27 — ¢ivi) —w — 1) +w + 7(1 = 227k — ¢;7i) +w)] , (4.20)

X

with ¢;v; = (rYr 4+ gava). On the other hand, if we impose Robin conditions, the modes B, ma.m,
have to satisfy a first-order homogeneous differential equation with boundary condition By, m,,m, s =
0, which sets By, m,,m, = 0 everywhere. As a consequence, Robin conditions trivialize the modes
B, ,m,m, contributing to the numerator of the chiral-multiplet 1-loop determinant and leave the

modes ¢, n, n, untouched because Ly dn,, n,.n, = 0 on the whole four-manifold by definition. Thus,

ZE%HR = H H [W&p + TNy — Ny + qcYG + TFYR]il ) (421)
Ly,ENNG Ny EZ

whose regularized form provided by (A4) reads

CM 27w EM 2migivs .
Zl-L|R:€ " F(i(e qlv%‘]ap) )

1
PEM — Yo (147 —=2¢;v +w)2qvi(qivi —w—1) +w+7(1 —2¢;7v; + w)] . (4.22)

As observed e.g. in [2938], dual 1-loop determinants are mapped to each other by multiplication of

1-loop determinants corresponding ot boundary multiplets:

-y CM s
Zi R = 21X 21 o Ziil o = €20 [ (2T q)
—2riwSM TigiYi
Zix b = 212 R Zi Yo Zi%lo = 720 (M5 ) (4.23)
with the boundary phase being given by
1
UGN = ——[1 4+ 6g7i (g7 — 1 - w) + w(3+w)] = PG — WM . (4.24)

12w

Eventually, in absence of boundaries, we require that both ¢, n,.n, and B, m, m, are square

integrable on AdSs x T? according to the integral measure

/ V/det g|®|? . (4.25)
AdSyxT?2

By inspection, the behaviour of the modes By, m,,m, at infinity is

lim BY) ., (0) ~ D2 (4.26)
g—too ey
and taking into account that
lim +/detg~ e, (4.27)

0—+o00
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as well as that the modes are finite near the origin at 6 ~ 0, normalizability of By, m, m, requires
r<l. (4.28)
Analogously, the behaviour of the modes ¢y, », n, at infinity is

lim ¢ (0) ~ e /2 (4.29)

0—+o00 T T, Ty

and normalizability of ¢, n, n, imposes
r>1. (4.30)
In summary,
Zhl e = 2353 D ZAM o1 = 234 R (4.31)

and ZEM|,—; =1 as there are no normalizable modes for 7 = 1.
Similarly to what happens in three dimensions [53], the 1-loop determinant for a non-Abelian

vector multiplet enjoying N’ = 1 supersymmetry is

dety 62)(det. 62)(detz 62)
ZVM _ (detw 4.32
1-L \/(det%a 52) (det,yq 02) (detbya 52) ’ ( )

where W, ¢ and ¢ contribute as modes By, m, m,, in the adjoint representation of the gauge group
G, with R-charge r = 2, while tya,tza and tya contribute as modes ¢y, n,.n, in the adjoint of
G with R-charges (2,0, —2), respectively. Nonetheless, if Dirichlet conditions upon vector multiplet
modes are imposed, only tya, tya survive and after simplifications we find

1 _
5 = (detyd?) L, = (23] R)

VM| _
1-L |D det,, 46

(4.33)

r=2"

where the product over roots of the adjoint representation of GG is understood. On the other hand,
Robin conditions kill tya, tya, leaving the other modes invariant; therefore, after a few other sim-

plifications,

ZY1 R = deted® = (detpd®) _, = (22 |p),_, - (4.34)

Instead, in absence of boundaries, all modes appearing in (@32 do contribute, a priori. In fact,

various contributions drop out, giving at the end of the day

det,. 62
Z)} = dot, % (Z21), o = (ZE1R) s » (4.35)

where the last equality holds if we restrict to normalizable modes only, as in ([3T]).
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A Regularization of Infinite Products

In the main text we found that 1-loop determinants of supersymmetric multiplets on AdS, x T2 are

triple infinite products of the form

Q(b0|a0, CO)oo = H H (0,0711 + no + Cog + bo) , (Al)
LeEN N1 ,n2e”Z
with ag, by and ¢y being complex constants. The product above can be regularized by rewriting the

products over Z as double products over N and using multiple Zeta and Gamma functions [55):

Q51752 (b|a12, C)oo = H H ((1127’L1 + no —+ Cg —+ b)(*&lgnl + no —+ 1 — CE — b)
LeENn1,n2eN
X [—alg(nl + 1) +ng +cl + b][alg(nl + 1) +ng+1—cl — b] ,
1

o F3(b|c, aio, 1)F3(1 — b| — C, —a12, 1)F3(b — a12|c, —ai2, 1)F3(1 — b + a12| — C,Qa12, 1) ’
ei7r[@(0,b|c,a12,1)+C3(O,17b+a12\7c,a12,1)]

% (627r1b; 627”0, 627r1a12) (62771(1112—13); 6—271'107 6271'11112) ,
oo
o
) (627r1b; 627”6, 627r1a12)
— ¢I7€s(0.b]¢,a12,1)+(3(0,1=b+ar2|—c,a12,1)] o

(627ri(a12+c7b) : e27ric, e2miais ) -

)

= eimlCa(0ble,arz, 1)+Cs(0,1-btars| —ea12,1)] /T, (e%ib; e2mie, e%i‘m) ) (A.2)
where
(q192/2: 415 92)
I Z,41,92) = —oo’ A3)
el ) (23015 02) oo (

is the elliptic Gamma function. Altogether,

I I | | " - ; = e?ﬂl\P(g)(alg,b,c)Fe (627r1b; e?mc, e27r1a12) ,
aopn n C
LENNn1,n2€Z 071 2 0 0

U (3)(a12,b,¢) =

1
24a120

(I+ai2—2b+c¢)20(b—c—1)+c+aa(1 —2b+¢)] . (A.4)
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