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Chapter 1

Introduction

1.1 Description of the content

This thesis consists of three chapters, which correspond to three articles. The first
appears in [12] and the second is under review [1]. We include them here without
modifications, except for some footnotes. The third chapter is part of a work in

progress.

In the first chapter we introduce a new method. This method uses basic concepts
from model theory to prove old and new Ramsey theorems. It is versatile and easy

to learn. A concise summary of this method is given in Section 3.5.

In Chapter 4 we improve upon the results of Chapter 3, but at the cost of introducing

more technical definitions.

The rest of this introduction is devoted to motivating this work and highlighting

the main results.

1.2 Results

1.2.1 Motivation

We study monoid actions on (partial) semigroups by endomorphisms, a very broad
subject that is of interest to many mathematicians. To motivate our theorems, we

first review the existing literature.

One of the most celebrated theorems in Ramsey theory is due to Hindman [27]:

it states that for every semigroup (S, ), for every finite coloring of S there is an
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infinite sequence 5 = (s;);e,, such that the following set is monochromatic 1

fp(5) = {siy ... si, :n € w,ipg < -+ <in}.

The original theorem is stated for (IN, +), but it is easy to see that if the statement

holds for (IN, +) then it holds for any semigroup. 2

The set fp(5) has the following closure property: if two elements s = s; -...-s;,
and t =

When there is an action on a semigroup, we would like a monochromatic set which

..-s;, belong to fp(5), where iy < --- < iy, then s - t belongs to fp(5).

Sim+1 o

is also closed under the action.

In this thesis, we study the case where a monoid M acts by endomorphisms on a
partial semigroup® S. Ideally, for every finite coloring of S we would like to find a

sequence (s;)new Of elements of S such that the following set is monochromatic

w = {mosjy ... Mys;, N E w,ig < - <iym€M;j.

This is not always possible (see the discussion right after corollary 3.6.2). Therefore,

we require that suitable subsets of * are monochromatic.

To sum up, let S be a partial semigroup and let M act on S by endomorphisms. Our
problem is to find for every coloring of S large monochromatic subsets of a set of

the form *. The definition of these subsets is postponed for some paragraphs.

This problem is far from new. Many theorems in Ramsey theory can be interpreted
as an answer to this problem. Each theorem answers the problem for a particu-
lar choice of M, S, and a subset of *. These are e.g. Bergelson-Blass-Hindman
theorem [6], Carlson’s theorem [9], Furstenberg and Katznelson’s Ramsey theorem
[19], Gowers” FIN theorem[24], Hales-Jewett theorem, ([26]), Lupini’s theorem [33],
which is an infinitary version of Bartosova and Kwiatkowska’s theorem [4], and
Solecki’s theorem [43]. Hindman’s theorem can also be interpreted in this setting,
taking M as the trivial monoid and S as (IN, +).

The results above play an important role in many fields of mathematics. Carlson’s
theorem is the motivating example to introduce the notion of topological Ramsey
space [9]. In the same direction, it is the motivating example for the notion of Ram-
sey space, which is deeply studied in the monograph of Todorcevic [47]. Gowers
proved his FIN}, theorem (and its symmetric version) as a tool to solve an old prob-

lem in Banach spaces [24]. Hales-Jewett theorem has among its corollaries Van der

LA finite coloring of S is a map from S to a finite set {0,...,k — 1}, and a monochromatic set is a
subset of S which is contained in the preimage of some i < k.

2Given a semigroup S and an element s € S one can consider the map 1 ~ s" to define a coloring on
IN and then derive the theorem for the semigroup S.

3A partial semigroup is a set S with an operation (SU {L1})? — SU{L} -where L stands for "not
defined"- such that 1 x =1= x L and such that if (xy)z #L or x(yz) #L then (xy)z = x(yz). An
endomorphism is a map x — mx such that if xy #_L then m(xy) = (mx)y #.L.
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Waerden’s theorem [48]. Its density version, proved by Furstenberg and Katznel-
son with techniques from ergodic theory [20], is one of the highest peaks of the
area, being stronger than Szemeredi’s theorem on arithmetic progressions [44]. An-
other important generalization of Hales-Jewett theorem is its polynomial extension,
found by Bergelson and Leibman [7]. Bartosova and Kwiatkowska applied their re-
sults to prove that a certain group of homeomorphisms of the Lelek fan is extremely
amenable. Lupini continued his work in a slightly different direction. He studied

actions of trees on semigroups, and applied his results to amenable groups [34].

1.2.2 Ramsey monoids

Let us introduce a partial semigroup, together with a monoid action, which is uni-

versal in a sense explained in the proposition below.

For a monoid M, let FIN; be the set of all partial functions with finite domain from
IN to M. Elements of FINy are called located words. There is a partial associative
operation on FINy;: given f and g such that all elements of the domain of f are
smaller than all elements of the domain of g, define the product to be the union of
the two functions. We consider FINj; together with the coordinate-wise action of
M on FINyy, i.e. the action f — af such that (af)(n) = af(n) for every f € FINy
and n € IN. A variable located word is an element of FIN), that has at least a 1 in its

range.

We say that a sequence f in a partial semigroup S with an action of M on S is basic

if motio Coe.s Mgt

In

is defined for every iy < ... < i, and my, ..., m, € M.

Let us introduce one of the most important subsets of *: it is closely related to the
notion of block subspace in Banach space theory, which is pervasive in the work of
Gowers (see for example [22], [23]).

Definition Let M be a monoid acting by endomorphisms on a partial semigroup S, and let

5 be a basic sequence of elements of S. The (combinatorial) M-span of § is the set

(S)m = {mosiy ... mys;, 11 € w,ig < -+ <iym €M, at least one m; is 1p }.*
The next definition introduces a quasi-order which is central in the definition of
topological Ramsey space by Carlson [9].

Definition Given a partial semigroup S and two infinite sequences s, t of elements of S,
we say that 5 is extracted from t, or 5 < I, if there is an increasing sequence (in)new Of

natural numbers such that s, € <tin,...,t(in+1),l>M.

As mentioned above, FIN); is universal: the existence of monochromatic M-spans

4Notice that if 5 = sg...s;_1 is a sequence of variable located words then every element of (5)) can

be written as mgsj, - . .. - mys;, in an unique way. This implies that () is as large as possible.
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in FINj,; implies the existence of monochromatic M-spans in every other semigroup
on which M acts.

Proposition (Proposition 3.6.1) For a monoid M the following are equivalent.

1. For every finite coloring of FINp there is an infinite basic sequence of variable located

words with monochromatic M-span.

2. For every partial semigroup S on which M acts by endomorphisms, for every basic
sequence t € S¥, for every finite coloring of S there is a sequence 5 <y F such that

(8) m is monochromatic.

Finally, one of the main definitions of this work:

Definition We say that a monoid is Ramsey if one of the equivalent statements in the

Proposition above holds.

If a monoid is Ramsey then apparently stronger statements hold. For example, one
can always find a sequence § such that the set x is partitioned in at most |X(M)]|

many monochromatic subsets, where X(M) = {aM : a € M} (see Corollary 3.6.2).

Carlson’s theorem and Gowers’” FIN theorem correspond to the statement that cer-
tain monoids are Ramsey. It can be shown that Bergelson-Blass-Hindman theorem

and Hales-Jewett theorem are a consequence of Carlson’s theorem.

After Carlson’s and Gowers’ theorems, the main result about Ramsey monoids was
found by Solecki. A monoid is said almost R-trivial if aM = bM and a # b imply
Ma = a.

Theorem (Solecki, [43]) If a monoid is finite, almost R-trivial, and X(M) is linearly
ordered by inclusion, then M is Ramsey. If M is Ramsey then X (M) is linearly ordered by

inclusion.

Our theorem generalizes Solecki’s theorem and gives an algebraic characterization
of Ramsey monoids. A monoid M is aperiodic if for every a € M there is n such that

a" = a"*1: one of our main results is the following theorem.

Theorem (Corollary 4.3.8) A monoid is Ramsey if and only it is finite, aperiodic and
X(M) is linearly ordered by inclusion.

1.2.3 Y-controllable monoids

Being Ramsey is a very strong condition. Some theorems have a weaker statement,

such as Furstenberg and Katznelson’s Ramsey theorem [19]. Inspired by this theo-

5The original definition, given by Solecki, has some advantages but is slightly longer: we postpone it

to Chapter 3. It is equivalent, as shown in Proposition 3.6.1.
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rem, Solecki isolated a condition for monoids, weaker than being Ramsey. We call
the monoids satisfying this condition Y-controllable. Furstenberg and Katznelson’s

theorem is a consequence of the fact that some monoids are Y-controllable.

Roughly speaking, a monoid M is Y-controllable if in a big portion of a set of the
form x, the colors are easily controlled by a partial order, called (Y (M), <y). This
partial order captures the behaviour of the linear parts of (X(M), C).

We will see that a monoid is Ramsey if and only if it is Y-controllable and X(M) is
linearly ordered by inclusion. If a monoid M is Y-controllable we have a Ramsey

theorem even if X (M) is not linearly ordered by inclusion.

Definition Given a monoid M, Y (M)C % (X(M)) consists of the non-empty subsets of
X(M) which are linearly ordered by inclusion. Given x,y € Y(M), define x <y(n) y if

x C y and all elements of y \ x are larger with respect to C than all elements of x.
Let (Y(M)), with operation V, be the semigroup freely generated by Y (M) modulo
the relations
pVg=q=qVpforp <yu g
Definition A monoid M is Y-controllable if for every finite F C (Y(M)), for every y

maximal element in Y (M), and for every finite coloring of FIN; there is a sequence 5 €
(FINp)® of variable words such that for every f € F the following set is monochromatic

*f:{mosio-..umnsin i€ w, iy < - <iy,m; € M,moyV -V imgy = f}.

Solecki proved the following.
Theorem (Solecki, [43]) If a monoid is finite and almost ‘R-trivial then it is Y-controllable.

In a monoid M, define the equivalence relation R as aRb if and only if aM = bM.
Let Xz (M)= {aM : [a]x has more than one element}.

Our main results on Y-controllable monoids are summarized in the following the-

orem. Our theorem gives examples of Y-controllable monoids of any cardinality.

Theorem (Theorem 4.5.4) Let M be an aperiodic monoid such that Xz (M) is linearly
ordered by inclusion. Assume that there are no infinite chains in (X(M), C) and there are
no infinite R-classes. Then, M is Y-controllable.

In the other direction, let M be a Y-controllable monoid. Then, M is aperiodic. Also, for
every element a € M and maximal y € (Y (M)) the set {a'y : a'y <y ay} is finite.

In the following proposition (Proposition 3.7.1) we find Y-controllable monoids

where X (M) is not linear.

Proposition Let M be a finite, aperiodic monoid, such that for every distinct a,b € M with
aR b, we have a*> = a and ax = bx for every x € M \ {1}. Then, M is Y-controllable.
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1.2.4 Locally Ramsey, locally Y-controllable

One of the most immediate questions at this point is what can be said for infinite
monoids. To obtain monochromatic M-spans, our techniques require finiteness at
a certain point. Namely, we have to encode the monoid action with a first-order

formula (see methods section 1.3).

The most natural approach for infinite monoids is to search for monochromatic
subsets of *, where the action is limited to finite subsets of the monoid. Follow-
ing what has been done for Carson’s theorem, also called infinitary Hales-Jewett

theorem ([47], Theorem 4.21), we give the following definitions.

Definition Let M be a monoid acting on a partial semigroup S and let 5 € S be a basic

sequence. Let (M;);c., be a sequence of finite subsets of M. The (M;)-span of S is the set
<§>(M1) = {mo Sig *--- My Sj, 1N E w, iy < - < iy, m; € M;, at least one m; is 1M}'

Definition A monoid M is locally Ramsey if for every finite coloring of FINy and for
every sequence (M;)ic., of finite subsets of M there is an infinite sequence 5 of variable
located words with monochromatic (M;)-span.

In Chapter 3, we obtain the following characterization.

Theorem (Theorem 4.5.5) Let M be a monoid. Then, M is locally Ramsey if and only if
M is aperiodic and X(M) is finite and linearly ordered by inclusion.

The next definition is a natural generalization of Y-controllable. As before, we

require m; € M;, where M; are finite subsets of M.

Definition A monoid M is locally Y-controllable if for every finite F C (Y(M)), for
every y maximal element in Y (M), for every sequence (M;);c, of finite subsets of M, and
for every finite coloring of FIN; there is a sequence 5 € (FINpp)“ of variable words such
that for every f € F the following set is monochromatic

$p M) = AMoSiy e My si, 21 € W g < - <, € My moy V-V omgy = f 1

As in the case of Y-controllable monoids, we do not have an algebraic character-
ization of locally Y-controllable monoids. However, our results may suggest the

possible final characterization (see open problems section).

Theorem (Theorem 4.5.3) Let M be an aperiodic monoid such that X (M) is linearly
ordered by inclusion. Assume that there are no infinite chains in (X(M), C). Then, M
is locally Y-controllable. In the other direction, let M be a locally Y-controllable monoid.
Then, M is aperiodic. Also, for every a € M and maximal y € (Y (M)) the set {a'y :

a'y <y ay} is finite.
Proposition 3.7.1 gives examples of (locally) Y-controllable monoids where Xz (M)

9



1.3

is not linear.

1.2.5 Other results

In Chapter 2, we introduce a relation < in order to strengthen some classical results.
We further require that the sequence 5 € 5 with monochromatic span can be taken

such that s, < s, 1 for every n € w.

Taking Hindman’s theorem as example, < can be any relation satisfying the follow-

ing two conditions:

1. for every finite A C S there is a ¢ such that A< c.

2. a<b<cimpliesa<b-cforalla,b,c € S.

In Lemma 2.8.1 a generalization of Gowers” FIN; Theorem is found. There, we
consider a semigroup together with a set of endomorphisms. This set of endomor-
phisms may be not closed under composition. Hence, Lemma 2.8.1 does not fit

easily in the context of monoid actions.

Methods

The most celebrated proof of Hindman’s theorem is due to Galvin and Glazer.
It was first published in Comfort’s survey [13]. Galvin and Glazer’s proof uses
idempotents in BIN, the space of ultrafilters over IN. The space SIN is a compact

right topological semigroup®, with product defined by

UsxV={ACN:{xeN:{yeN:xye A} € V} € U}.

Idempotents in compact right topological semigroups continue to have a central role
in this area of Ramsey theory. Meanwhile, new techniques have emerged to avoid
the use of ultrafilters and to bring new insights from other areas of mathematics.
Most notably, two disciplines play an important role in Ramsey theory: ergodic

theory [5], and methods from non-standard analysis [14].

In this thesis, we use model theory instead of ultrafilters, and the space of types
instead of SIN.

We define a semigroup operation - on the space of types S(G) over a semigroup
G. It is convenient to use a saturated elementary extension § of the semigroup G.

The extension § is often called a monster model.

We write a \LG b, for a,b € G, if tp(a/GD) is finitely satisfied in G. We think \LG as
a form of independence. We assume it is 1-stationary, which is defined as follows.

6A compact right topological semigroup is a semigroup U with a compact topology such that the

map x — xu is continuous, for every u € U.
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Definition If a =¢ x L b is a complete type (over G,b) for every a € G and b € G<¢
we say that L is 1-stationary.

Now we define the product of two types. It corresponds to the product of ultrafilters
but it is arguably more intuitive. The product of two types is the type of two
independent realizations of the types.

Definition Assume ¢ is 1-stationary. Let a,b € G, then tp(a/G) g tp(b/G) is the
type tp(a’ - b’/ G), for any couple a’ =g a, V' =¢ b such that a’ L5 V'

If Lgis 1-stationary, then the product - is well-defined. In this case, (S(G),-g) is

a compact right topological semigroup (Proposition 3.5.2).

If the theory of G is stable, then L is 1-stationary. A trick allows us to work
with any semigroup G. If we add every subset of G to the language, then L is

1-stationary.

The key notion for this method is an old one: a coheir sequence.

Definition We say that the tuple ¢ is a coheir sequence of p(x) over G if ¢, = p(x) and
en L épyand ¢y =G, ¢, Cn for everyn < w.

In particular, a coheir sequence ¢ is indiscernible over G, i.e. ¢};, =g ¢}y, for every

Iy, I; € w of equal finite cardinality.
Here, we outline the strategy we use to prove that a monoid M is Ramsey.

>  Find an idempotent type u € S(FINy;) such that mu -gu = u = u -g mu for

every m € M. We require that elements satisfying u are variable words. 7

> Consider a coheir sequence of u, with reverse order. Prove that this sequence

has a monochromatic M-span.

>  Use the coheir sequence to obtain a sequence of words in FIN; with the same

properties, i.e. a sequence of variable words with monochromatic M-span.

A coheir sequence has two key features for the last two steps of this strategy to

work.

> ¢iLgcii1-... coforevery i € w: this implies that tp(] [ ¢;/G) = [ [ tp(ci/G).
i<n i<n

It also implies that tp(] [ mici/G) = [ [ tp(mic;/G) for any m; € M, i < n.

i<n i<n
> tp(cn/Gey_1...co) is finitely satisfied in G: this can be used to find a sequence
in the model with the same first-order properties of the coheir sequence. Here

we need that the colors and the monoid action are definable.

"We prove a more general statement. In fact, there is an idempotent with these properties for every
action of M by continuous endomorphisms on any compact right topological semigroup. The variable

word condition becomes an ideal condition.
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This strategy was first developed to prove Ramsey’s theorem, Hindman’s theorem,
and Carlson’s theorem. This strategy is versatile. For example, we use it to prove
that some monoids are Y-controllable, even in the elaborate context of sequences of

M-pointed sets.

Our method has connections with the non-standard method. There, the product is
defined through the star map b —* b. Given two elements 4 and b in a semigroup
(S,-), they consider the product a -* b (see [15]). This corresponds to considering
the product of two independent elements, in the sense of L. The non-standard
method proved to be a powerful tool in Ramsey theory. This work wants to show

that model theory may have a similar role.

1.4 Open problems
The following open problems are a natural continuation of our work.

Conjecture A monoid M is Y-controllable if and only if it is aperiodic, there are no infinite
chains in (X(M), C), and there are no infinite R-classes.

From this conjecture would follow that a finite monoid is aperiodic if and only
it is Y-controllable. This could uncover an interesting connection with automata
theory, since the class of finite aperiodic monoids corresponds to the class of star-
free languages, through the celebrated Schiitzenberger’s theorem [41]. A partial
connection with Schiitzenberger’s theorem is already given by the characterization

of Ramsey monoids.

Conjecture A monoid M is locally Y-controllable if and only if it is aperiodic and there
are no infinite chains in (X(M), C).

In this thesis, we characterize Ramsey monoids. This does not characterize all the
monoid actions on a semigroup S such that for every finite coloring of S there is a

monochromatic span. Hence, the following is an interesting research line.

Open Problem Characterize the couples (S, M), where S is a partial semigroup, and M
is a monoid acting on S by endomorphisms, for which for every finite coloring of S, and for

every ideal I C S there is a sequence 3 of elements of I such that (3)y; is monochromaticS.

This problem is particularly appealing in the case of S = FINy; for some M.
Lupini’s theorem exemplifies an action of a monoid M’ on FINy; such that M’

is not Ramsey, and such that there is always a monochromatic M’-span [33].

8An ideal I of a semigroup S is a set I C S such that IS C [ and SI C I.
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2.1

Chapter 2
Ramsey’s coheirs

Abstract

We use the model theoretic notion of coheir to give short proofs of old and new
theorems in Ramsey Theory. As an illustration we start from Ramsey’s theorem
itself. Then we prove Hindman’s theorem and the Hales-Jewett theorem. Finally, we
prove two Ramsey theoretic principles that have among their consequences partition

theorems due to Carlson and to Gowers.

Introduction

Ramsey theory has substantial and diverse applications to many parts of mathemat-
ics. In particular, Ramsey’s theorem has foundational applications to model theory
through the Ehrenfeucth-Mostowski construction of indiscernibles and generaliza-
tions thereof. In this paper we explore the converse direction, that is, we use model

theory to obtain new proofs of classical results in Ramsey Theory.

The Stone-Cech compactification, obtained via ultrafilters, is a widely employed
method for proving Ramsey theoretic results. One of its first major applications is
the celebrated Galvin-Glazer proof of Hindman’s theorem, see e.g. [8]. Our meth-
ods are related, but alternative, to the ultrafilter approach. We replace BG (the
Stone-Cech compactification of a semigroup G) with a large saturated elementary
extension of G, i.e. a monster model of Th(G/G). One immediate advantage is
that we work with elements of a natural semigroup with a natural operation. In
contrast, elements of SG are ultrafilters, that is, sets of sets, and the semigroup

operation among ultrafilters is far from straightforward.

This idea is not completely new: in his seminal work on the applications of topolog-
ical dynamics to model theory [37,38], Newelski replaces the semigroup G with

the space of types over G with a suitably defined operation. Our approach is sim-
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ilar, except that, unlike Newelski, we do not pursue connections with topological
dynamics, but rather offer an alternative realm of application. The investigation of
alternative methods in the study of regularity phenomena has been called for by Di

Nasso [14, Open problem #1]. This article contains a possible answer.

The model theoretic tools employed in this paper are relatively basic. Section 2.2 is
meant to give an accessible overview of the necessary notions for readers whose ex-
pertise is not primarily in model theory. Our results do not require assumptions of
model theoretic tameness such as stability, NIP, etc., much like those that use non-
standard analysis, for example in [15]. Investigating the effect of such assumptions

remains as future work.

The second author is grateful to Pierre Simon for suggesting the comparison with
nonstandard analysis. Both authors would like to thank Vassilis Kanellopoulos for
helpful conversation. When this paper was essentially complete, we became aware
of [2], which is worth mentioning since it employs similar methods in a related

context.

E 2

The paper is divided into two parts. In the first part we prove that the notion of
coheir leads to short and elegant proofs of well-known results. Most proofs in this
part may be considered folklore, though they have not appeared in the literature so
far. They are included here to provide a self-contained, gentle introduction to the

techniques that are used in the second part.

As a preliminary illustrative step, we present a proof of Ramsey’s theorem (Theo-
rem 2.3.1). Then we prove a generalization of Hindman’s theorem (Theorem 2.5.1),
which is required in the second part of the paper. We also show how to combine
Ramsey’s and Hindman’s theorems in a single proposition — the Milliken—Taylor
theorem (Theorem 2.5.3). Finally, we prove an abstract algebraic version of the
Hales-Jewett theorem (Theorem 2.6.4) due to Sabine Koppelberg [31].

In the second part of the paper we prove two Ramsey-theoretic properties of semi-
groups (Lemmas 2.7.1 and 2.8.1). As an application, we derive a generalization of
Carlson’s theorem on colourings of variable words which we present in the style of
Koppelberg (Theorem 2.7.2) and in its classical form (Corollary 2.7.3). Lemma 2.8.1
is a partition theorem that generalizes Gowers” FIN; Theorem [24] in a different
direction than [33].

The extent of the generalizations mentioned above is limited, and they could be
obtained in other ways, but our motivation here is to show the use and relevance
of model theoretic methods. Numerous papers in the literature strengthen or gen-
eralize the partition theorems considered here. The comparison of the results that

appear in these papers is not always straightforward — a few are compared in Chap-
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2.1.2

ter 31

%%

The proofs in this paper require a modicum of familiarity with model theory. How-
ever, the results can be stated in an elementary language, and in the rest of this

introduction we introduce the necessary terminology.

Throughout the paper G is a semigroup and X a non-empty set of endomorphisms

of G. For @ € G=¥ we write
fpzﬁ:{aoaio ----- Oa, :ig<---<ip<la|, 7€ (ZU {idg})kﬂ, k < |ﬁ|}

Overlined symbols, such as i or 7, always denote a tuple, and g;, ; denotes the i-th
entry of that tuple.

When X is empty, we write fp a.

Example For future reference, we instantiate the definition above in the context of
free semigroups. Let G be the set of words on a finite alphabet A U {x}, where x is
a symbol not in A which we call variable. Let C be the set of words on the alphabet
A. Words in C are called constant words, while those in G ~. C are called variable
words. When G is endowed with the operation of concatenation of words, C and
G \ C are subsemigroups of G. For t € G and a € A, let t(a) be the word obtained
by replacing all the occurrences of x in t by 4. Note that the map o, : t — t(a) is an
endomorphism of G. In the literature, when G is as above and ¥ = {0, : 1 € A},
the elements of fp* 5 are called extracted words. We say that a tuple @ € (fp2§)w is

an extracted sequence if a; € fp™s for some increasing sequence of positive

[nimnis1)
integers (n; : i < w). If, moreover, a; ¢ C for all i, we say that @ is an extracted

variable sequence of 3.

The following definition will be used to express our results in the general context
of semigroups.

Definition Let < be a binary relation on G. We say that G is <-covered if for every
finite A C G there is a c such that A< c. If c can be found in some fixed B C G, we say
~<-covered by B. We say that G is <-closed if a< b—< c implies a<b-c for all a,b,c € G.
A<-~chain in G is a tuple a € G= such that a;< a; 1.

The preorder relation given by the length of the words on a free semigroup G is
a natural example that is both <-closed and <-covered. A less straightforward
relation is used in the proof of Theorem 2.7.2.

Finally, we recall two standard notions. Let C C G be a subsemigroup. We say that
C is nice if a-b € C implies a,b € C2. A homomorphism ¢ : G — C such that
0jc = idc is called retraction of G onto C. Note that the set of constant words in

1See Proposition 3.6.1 and the discussion after Open Problem 3.7.2.
2Equivalently, if G \ C is a both-sided ideal.
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2.2

221

Example 2.1.1 is a nice subsemigroup and that the maps ¢, are retractions.
We are now ready to state Lemma 2.7.1.

Lemma Let X be a finite set of retractions of G onto a nice subsemigroup C. Let
< be a relation on G that makes it <-closed and <-covered by G \. C. Then, for
every finite coloring of G, there is a <-chain 2 € (G ~ C)¢ such that fp™a . C is

monochromatic.

When C and X are empty and < holds for all pairs, the lemma reduces to Hind-

man’s theorem (Theorem 2.5.1).

The appropriate choice of G, C, £ and < yields Carlson’s partition theorem (in par-
ticular no model theoretic argument is necessary, see Theorem 2.7.2 and its Corol-
lary 2.7.3).

In the last section we prove Lemma 2.8.1 which is similar to the lemma above but
deals with composition of homomorphisms. This is also stated in an elementary

language and a general version of a partition theorem by Gowers is derived from it.

Coheirs, and coheir sequences

We assume that the reader is familiar with undergraduate model theory and in
this section we only review the few prerequisites that go beyond that. Proofs are
omitted. The reader may consult any standard model theory textbook e.g. [46] (the
intrepid reader may consult [49], some lecture notes which use the same notation
and quirks as this paper). The notation and terminology are standard with the

possible exception of Definitions 2.2.3 and 2.2.5.

A sequence is a function whose domain is a linear order. A tuple is a sequence whose
domain is an ordinal. The domain of the tuple c is denoted by |c| and is called the
length of c.

Notation Sometimes (i.e. not always) we may overline tuples as mnemonic. When
a tuple ¢ is introduced, c; denotes the i-th element of ¢. We write ¢}, where [ C le],
for the tuple which is naturally associated to the restriction of ¢ to I. The bar is

dropped for ease of notation.

We denote the monster model by U or, when dealing with semigroups, by §. We
always work over a fixed set of parameters A C U. When this set is a model, as it

will often be, we denote it by M, or G in the case of semigroups.

We say that a type p(x) is finitely satisfied in A if every conjunction of formulas in
p(x) has a solution in A, A global type that is finitely satisfiable in A is invariant
over A.

If M is a model every consistent type p(x) C L(M) is finitely satisfied in M. For
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this reason in a few points in this paper it is necessary to work over a model. For

simplicity, we always assume this.
The following is an easy, well-known fact.

Proposition Every type q(x) C L(U) that is finitely satisfiable in M has an extension to
a global type finitely satisfiable in M.

If p(x) is finitely satisfied in M, the extensions of p(x) that are also finitely satisfied
in M are called coheirs of p(x).

In many cases it is useful to focus on elements instead of their types. We introduce
the following notation to express that tp(a/M, b) is finitely satisfied in M. (The

notion is standard in model-theory, it has no standard notation though.)

Definition For every a € UM and b € U?l we define

a Ly bse(a;b) forall (x;z) € L(M) such that M C ol ;p)

We call this the coheir-heir relation. We define the type

x Ly bz{(p(x;b) . ¢(x;b) € L(M) and MI*I C (p(u"“;b)}.

The tuples a realizing this type are those such that a L p; b. We will use the symbol
a =y x L b for the union of the types x Ly b and tp(a/M).

We imagine a Ly b as saying that a is independent from b over M. This is a very
strong form of independence. In general it is not symmetric, that is, a 1 p; b is not

the same as bl j; a (symmetry is equivalent to stability).

We shall use, sometimes without reference, the following easy lemma.

Lemma The following properties hold for all small M, a,b, and c

1. alyb = falyfb forevery f € Aut(U/M) invariance
2 alpyb < agLyby for all finite ay C a and by C b finite character
3. alpbeand blyc = ablyc transitivity
4. alyb = thereexistsa = M, b @ such that a’ Lupb,c coheir extension

Note that a =p; x L b is the intersection of all types in S(M, b) that are coheirs of
tp(a/M). As there may be more than one of such coheirs, 2 =p; x L j; b need not

be a complete over M, b. In fact, completeness is a rather strong property.

Definition If a =y x Ly b is a complete type (over M,b) for every a € U, every
b € USY, and every tuple of variables x, then we say that Ly is stationary. We say

17



n-stationary if the requirement above is restricted to |x| = n. g

Stationarity is often ensured by the following property.

2.2.6 Proposition Fix a tuple of variable x of length n. If for every ¢(x) € L(U) there is a
formula y(x) € L(M) such that o(MI*) = p(MI¥1) then 1y is n-stationary. O

2.2.7 Remark Stationarity of 1 j; over every model M is equivalent to the stability of T.
However, in unstable theories the assumption may hold for some particular model.
For example, if every subset of M" is the trace of a definable set, then NP M 1is n-
stationary by the proposition above. This simple observation will be of help in the
proof of Theorem 2.5.1. For natural example let T = Ty, and let M C U have the
order-type of R. By quantifier elimination every definable of U is union of finitely
many intervals. By Dedekind completeness, the trace on A of any interval of U

coincides with that of an M-definable interval. O

Let p(x) € S(U) be a global type that is finitely satisfiable in M. We say that the

tuple ¢ is a coheir sequence of p(x) over M if for every i < |C|

Cl":pTM,C“‘ (x)

The following is a convenient characterization of coheir sequences.

2.2.8 Lemma For ¢ a tuple of length w, the following are equivalent
1. Cis a coheir sequence over M;

2 o ly Cpy and ¢y 41 =M,c, Cn for every n < w. (]

Let I, < be a linear order. We call a function @ : I — U an I-sequence, or simply a

sequence when [ is clear.

If Iy C I we call ayj,, the restriction of @ to Iy, a subsequence of 2. When I is finite
we identify a;;, with a tuple of length |Iy|.

2.2.9 Definition Let I, <j be an infinite linear order and let i be an I-sequence. We say that a is
a sequence of indiscernibles over A or, a sequence of A-indiscernibles, if a;, =4 ajy,

for every In, Iy C I of equal finite cardinality. g

The following can be easily derived from the lemma above by induction.

2.2.10 Proposition Every sequence of coheirs over M is M-indiscernible. O
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2.3 Ramsey’s theorem from coheir sequences

23.1

We illustrate the relation between coheirs and Ramsey phenomena in the simplest
possible case: Ramsey’s theorem. The subsequent sections build on this proof for

more sophisticated results.

In this chapter we deal with finite partitions. The partition of a set X into k subsets
is often represented by a map f : X — [k]. The elements of [k| = {1,...,k} are also
called colors, and the partition a coloring, or k-coloring, of X. We say that Y C X is

monochromatic if f is constant on Y.

Let M be an arbitrary infinite set. Fix n,k < w and fix a coloring f of the set of all
n-subsets of M, aleas the complete n-uniform hypergraph with vertex set M,

2 (A:) Y

We say that H C M is a monochromatic subgraph if the subgraph induced by H is
monochromatic. In the literature monochromatic subgraphs are also called homoge-

neous sets.

The following is a very famous theorem which we prove here in an unusual way.

The proof will serve as a blueprint for other constructions in this paper.

Theorem Let M be an infinite set. Then for every positive integer n and every finite color-
ing of the complete n-uniform hypergraph with vertex set M there is an infinite monochro-

matic subgraph.

Proof Let L be a language that contains k relation symbols rq,...,r¢ of arity n.
Given a k-coloring f we define a structure with domain M. The interpretation of

the relation symbols is

rle{al,...,an eM: f({m,...,an}) :i}.

We may assume that M is an elementary substructure of some large saturated model
U. Pick any type p(x) € S(U) finitely satisfied in M but not realized in M and let
¢ = (c¢; 1 i < w) be a coheir sequence of p(x).

There is a first-order sentence saying that the formulas r;(x1,...,x;,) are a coloring
of (Cf) Then by elementarity the same holds in U. By indiscernibility, all tuples of
n distinct elements of ¢ have the same color, say 1. We now prove that there is a

sequence @ = (4; : i < w) in M with the same property.
We construct a}; by induction on i as follows.

Assume as induction hypothesis that the subsequences of length  of a};, ¢, all have
color 1. Our goal is to find a; € M such that the same property holds for a;, a;, c},.
By the indiscernibility of ¢, the property holds for a;, c},,, ¢;,. And this can be written
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by a formula (p(a[,-, Clns cn). As C is a coheir sequence, by Lemma 2.2.8 we can find
a; € M such that ¢(ay;, c, a;). So, as the order is irrelevant, a};, a;, ¢}, satisfies the
induction hypothesis.

2.4 Idempotent orbits in semigroups

24.1

24.2

243

In this and the following sections we fix a semigroup G which we identify with a
first-order structure. The language contains, among others, the symbol - which is
interpreted as a binary associative operation on G. We write § for a large saturated

elementary extension of G.
For any two sets A, B C G we define
AcB = {a-b . ac A beBand ale}
In this and the next section we abbreviate O(a/G), the orbit of 2 under Aut(5/G),
with ag. We write a - B for O(a/G) - B. Similarly for A-gband a-g b.
Lemma If A is type definable over G then so is A -g b for any b.

Proof The set A - b is the union of A - {c} as ¢ ranges in bg. The set A -g {c} is
type definable, say by the the type Jy p(x,y, c) where

p(x,y,c) = ylgc A ye=x A yeA
Note that, by the invariance of L, if f € Aut(3/G), then Jy p(x,y, fc) defines
A -G {fc}. Therefore if q(z) = tp(b/G) then 3y, z [q(z) U p(x,y,z)] defines A -G b.

By the invariance of 1, for every f € Aut(G/G) we have f[A ¢ B] = f[A] ¢ f[B].
Therefore when A and B are invariant over G, also A -¢ B is invariant over G. Below
we mainly deal with invariant sets.
Proposition For all G-invariant sets A, B, and C

Ac(BcC) C (AcB)cC

Proof Let a-b-c be an arbitrary element of the Lh.s. where a L5 b-c and b L c.
By extension (Lemma 2.2.4), there exists a’ such that a =g ;.. a’ Lebe b, e By
transitivity (again Lemma 2.2.4), a’-b L5 c. Therefore a’-b-c belongs to the rh.s.

Finally, as a’ =g p.¢ 4, also a-b-c belongs to the r.h.s. by invariance.
Let A be a non-empty set. When A - A C A, we say that it is idempotent (over G).

Corollary Assume B C A are both G-invariant. Then if A is idempotent, also A -g B is
idempotent.
Proof We check that if A is idempotent so is A -¢ B
(AcB) ¢ (AcB) € A - (AcB) because A-¢ B C A
C (AGA)cB by the lemma above
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24.6

C AcB

We show that, under the assumption of stationarity, the operation - is associative.

The quotient map § — §/=¢ is almost a homomorphism.

Proposition Assume ¢ is 1-stationary, see Definition 2.2.5. Fix a 1¢ b arbitrarily.
Then a'-b' =¢ a-b for every a’ =g a and b’ =¢ b such that a’ 1L g b'. Or, in other words,

(a-b)G = a-g b.3
Proof We prove two inclusions, only the second one requires stationarity.
C Asa-Lgbholds by hypothesis, a-b € a-g b. The inclusion follows by invariance.

O By invariance it suffices to show that the Lh.s. contains a -G {b}. Let 4’ € ag such
that ' L g b. We claim that a’-b € (a-b)g. Both a and a’ satisfy a =g x Lgb. By

1-stationarity, a =g , a’. Hence a-b =g a’-b.

Corollary (associativity) Assume L is 1-stationary. Then for all G-invariant sets A,
B and C

AG(Bce) = (AcB)cC.

Proof We can assume that A, B and C are G-orbits. Say of a, b, and c respectively.
We can assume that a L b-cand b 1. By Proposition 2.4.4 the set on the Lh.s.
equals (a-b-c)g. By a similar argument the set on the r.h.s. equals (a’-b'-¢")g for

some elements a’, b/, and ¢’. Proposition 2.4.2 proves that inclusion C holds in

general. But inclusion between orbits amounts to equality.

The following lemma proves the existence of idempotent orbits. The proof is self-
contained, i.e. it does not use Ellis’s theorem on the existence of idempotents in
compact left topological semigroups (however, the argument is very similar). As a
comparison, finding a proof in the setting of nonstandard analysis is listed as an

open problem in [14].

Lemma Assume L is 1-stationary. If A is minimal among the idempotent sets that are
type-definable over G, then A = bg for some (any) b € A.

Proof Fix arbitrarily some b € A. By Corollary 2.4.3, the set A - b is contained in
A, idempotent and type-definable over G by Lemma 2.4.1. Therefore by minimality
A-cb = A. Let A’ C A be the set of those a such that a-g b = bg. This set is
non-empty because b € A - b. It is easy to verify that A’ is type-definable over G, b.
As it is clearly invariant over G, it is type-definable over G. By associativity it is
idempotent. Hence, by minimality, A" = A. Then b € A/, which implies b - b = bg.
That is, b has idempotent orbit. Finally, by minimality, A = bg.

3Notice that in this proposition we do not need - to be associative.
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2.4.7 Corollary Under the same assumptions of the lemma above, every idempotent set that is

2.5

2.5.1

type-definable over G contains an element with an idempotent orbit.

Hindman’s theorem

In this section we merge the theory of idempotents presented in Section 2.4 with

the proof of Ramsey’s theorem to obtain Hindman's theorem.

Let @ be a tuple of elements of G of length < w. In Section 2.1 we defined fpa
and the notions of <-closed and <-covered. The relation < is introduced mainly
for future reference. The classical Hindman'’s theorem is obtained with the positive

integers (as an additive semigroup) for G and < for <.

Hindman Theorem Let < be a relation on G that makes it <-closed and <-covered. Then
for every finite coloring of G there is a <-chain a such that fp a is monochromatic. If there
isno g € G such that G< g, we may futher assume that the elements of the <-chain are all
distinct. *

Proof We interpret G as a structure in a language that extends the language of
semigroups with a symbol for < and one for each subset of G. Let G be a saturated
elementary superstucture of G. As observed in Remark 2.2.7, the language makes

L¢ trivially 1-stationary.

We write §' for the type-definable set {g : G< g}, which is non-empty because G is
~<-covered. We claim that § is idempotent. In fact, if 4,b € G’ then, as G< a,b and
a \LG b, we must have that a< b. Therefore, from the <-closedness of G we infer
abeyd.

Let go be an element of §’ with idempotent orbit as given by Corollary 2.4.7. We can
assume that gg ¢ G otherwise the sequence that is identically g trivially proves the
theorem. If we want the elements of the chain 4 to be distinct it suffices require that
g0 € G. By definition of g, this can be directly assumed when there isno g € G
such that G< g. Let p(x) € S(§) be a global coheir of tp(go/G). Let § be a coheir

sequence of p(x), that is

gi ': PFG,g“(x)'
We write g; for the tuple g;_1,...,80. By the idempotency of (g0)c and Proposi-
tion 2.44, h =g go for all h € fpg; and all i. It follows in particular that fpg; is

monochromatic, say all its elements have color 1. Now, we use the sequence g to

define 2 € G such that all elements of fp @ have color 1.

Assume as induction hypothesis that fp(ay;, go) is monochromatic of color 1. Our
goal is to find a; such that the same property holds for fp(a};1, go)-

First we claim that from the induction hypothesis it follows that, for all j, all el-

4In [21] it is discussed when such elements are all distinct.
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ements of fp(ay;, ;) have color 1. In fact, the elements of fp(ay;, §;) have the
form b - h for some b € fp(ay;) and h € fp(3};). As h =g go, we conclude that
b-h =g b- g, which proves the claim.

Let ¢(ay, i1, §1i+1) say that all elements of fp(ay;, 3);,,) have color 1. As g is
a coheir sequence we can find a; such that ¢(ay;, a;, g}i+1). Hence all elements of

fp(aji1, 8);41) have color 1. Therefore g; is as required.

Hindman’s theorem generalizes to a proposition that subsumes Ramsey’s theorem.
It is usually referred to as the Milliken—Taylor theorem [36] and [45]. By the follow-

ing observation, we may use virtually the same proof.

2.5.2 Proposition Assume L is 1-stationary. Let g € G be a coheir sequence of some global
coheir of tp(g/G) where g has idempotent orbit. Let h € G« be such that h; € fp(g,) for
some finite non-empty I; C w such that I; < ;1. Then h =g g.
Proof Write n; for the minimum of I;. It suffices to prove that #; =Gy, 8ni- Note
that the type ¢ =¢ x L g}, is satisfied both by /; and gy, hence the claim follows

by stationarity.

Write fp(a), for the n-uniform hypergraph with vertex set fp() and as edges those
sets {hy,...,hy} such that h; € fp(a;y,) for some finite sets I; < --- < I.

2.5.3 Milliken-Taylor Theorem Let < be a relation on G that makes it <-closed and <-
covered. Then for every positive integer n and every finite coloring of the complete n-uniform

hypergraph with vertex set G there is a<-chain a such that fp(a), is monochromatic.

Proof Given a coheir sequence § as in the proof of Theorem 2.5.1 we want to define
a € GY such that fp(@), is monochromatic. By the proposition above, fp(g);)n
is monochromatic for every i > n. As in the proof of Theorem 2.5.1, we define
by induction 2 € G“ in such a way that fp(ay;, g;,)» is a finite monochromatic

subgraph of G.

2.6 The Hales-Jewett theorem

The Hales-Jewett theorem is a purely combinatorial statement that implies the van
der Waerden theorem. The original proof by Alfred Hales and Robert Jewett is
combinatorial [26]. An alternative proof, also combinatorial, is due by Saharon
Shelah [42]. Our proof is similar to the proof by Andreas Blass in [8] (based on ideas
from [6]), but we use saturated models where he uses Stone-Cech compactification.

We present three versions of the main theorem.

First we prove an abstract algebraic version due to Sabine Koppelberg [31] which
is easier to state and to prove (this version comes in two variants). The classical

version follows easily from the algebraic one.
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2.6.1

2.6.2

2.6.3

We work with the same notation as in Section 2.4. We say that an element c is
left-minimal (w.r.t. A) if c € A-g g forevery g€ A gc.

Proposition Assume 1 is 1-stationary. Let A be idempotent and type-definable over G.

Then A contains a left-minimal element c with idempotent orbit.

Proof Construct by induction a chain of type-definable idempotent sets B, C A
and elements b, € B, such that By = A and B,1 = A -g by. For a limit take the
intersection. By idempotency of A, it is straightforward to check that B,.; C B,.
The sets B, are type-definable and idempotent by 2.4.1 and 2.4.3. For & limit B, is
non-empty by compactness, as it is intersection of a chain of closed sets.

For some a we cannot properly extend this construction. For this «, for every
¢, € By wehave A-gc =B, =A-cg. Henceevery c € B, is left-minimal. As B,
is idempotent, by Corollary 2.4.7 there is some ¢ € B, with idempotent orbit.

Proposition Assume 1 ¢ is 1-stationary. Let A be idempotent and type-definable over G.
Let c be idempotent and such that c - A, A-gc C A. Then

1. c-g A -G c contains some g with idempotent orbit;

2. if moreover c is left-minimal, then ¢ =¢ g for every g as in 1.

Note, parenthetically, that the set in 1 may not be type-definable, therefore Corol-
lary 2.4.7 does not apply directly and we need an indirect argument.

Proof 1. From c-gc A C A we obtain that A -g ¢ is idempotent.  As it is also
type-definable, A - c contains a b with idempotent orbit by Corollary 2.4.7. There
isan a € A such that bg = a-g ¢, then b -5 ¢ = bg. From this we obtain that c-g b is
idempotent and contained in ¢ -g A - c.

2. From g € ¢-g A -gc and the idempotency of ¢ we obtain gg6 = c-gg. As
g € A-gc, from the left-minimality of cg we obtainc € A g. Hencecg =c-g g,
by the idempotency of g¢. Therefore c; = g, which proves 2.

The following is a technical lemma that is required in many proofs below.

Proposition Assume L is 1-stationary. Let o : § — § be a semigroup homomorphism
definable over G. Then for every a,b € G

1. olag] = (va)g
2 olagb] = ca-gob.

Proof 1. Asa =g a’ implies 0a =g od’, inclusion C is clear. For the converse,
note that the type Jy [cy = x A y =¢ a] is trivially realized by ¢ a. Therefore it
is realized by all elements of (0 a)s. Hence all elements of (0 a)¢ are the image of

some element in ag.
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2.6.4

2.6.5

2. Leta =g a' LoV = b. By Proposition 2.4.4 we have c[a-gb| = o[(a’ -
V')g]. Then it suffices to prove that o[(a’-b')g] C oa-gob, because by 1 and
Proposition 2.4.4 both sides of the equality are orbits. As o preserves L and orbits,

we obtain that o(a’ - V') is in 0 a - o' b, as well as all other elements of o[(a’ - b')g].

Hales-Jewett Theorem (Koppelberg’s version) Let G be an infinite semigroup and let
C C G be a nice subsemigroup. Let X be a finite set of retractions of G onto C. Then, for
every finite coloring of C, there is an a € G \. C such that {ca : ¢ € X} is monochromatic.

Proof Let G = G. Here G is a monster model in a language that expands the natural
one with a symbol for all subsets of G and for every retraction in X. As observed
in Remark 2.2.7, this makes L ¢ trivially 1-stationary. Let C be the definable set
such that C = G N €. By elementarity, € is a nice subsemigroup of §. The language

contains also symbols for the retractions o : § — C.
By Proposition 2.6.1, there is a left-minimal ¢ € € with idempotent orbit.

By niceness, § \ € and c satisfy the assumptions of Proposition 2.6.2. Hence, by
the first claim of that proposition, there is an idempotent ¢ € ¢ ¢ (§\C) -gc. In
particular, g € G\ €. Now apply the second claim of Proposition 2.6.3, with C for
A toobtainog € ¢c.cC.gcforall v € L. As og is also idempotent, we apply
Proposition 2.6.2 to conclude that ¢ g =¢ ¢. In particular the set {c g : 0 € £} is

monochromatic.

Though the element g above need not belong to G \ C, by elementarity G ~. C
contains some a with the same property and this proves the theorem.

Finally we show how the classical Hales-Jewett theorem follows from its abstract

version.

If C and X are two semigroups we denote by C * X their free product. That is, C x X
contains finite sequences of elements of C U X, below called words, that alternate
elements in C with elements in X. The product of two words is obtained concate-
nating them and, when it applies, replacing two contiguous elements of the same
semigroup by their product. Note that C and X are nice subsemigroups of C * X.
When X is the free semigroup generated by a variable x, we denote C * X by C|x].
If w(x) is an element of C[x] and a € C we denote by w(a) the result of replacing x
by a in w(x).

Hales-Jewett Theorem (classical version) Let C be a semigroup generated by some finite
set A. Let x be a variable. Then for every finite coloring of C[x] there is a w(x) € C[x] \ C
such that {w(a) : a € A} is monochromatic.

Proof Let G = C[x]. For every a € A the homomorphism o, : w(x) — w(a) is a
retraction of G onto C. Hence we can apply the theorem above.

We conclude with a variant of Theorem 2.6.4 that applies to a broader class of
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2.6.6

2.7

271

semigroup homomorphisms. This result is not required for the following.

For X a set of maps 0 : G — C and c € C we define

2 = el
reX

Clearly, when the maps in % are retractions, % ![c] is non-empty for all ¢ € C

because it contains at least c.

Hales-Jewett Theorem (yet another variant) Let C be a semigroup and let . be a finite
set of homomorphisms o : G — C such that ¥~ '[c] is non-empty for all ¢ € C. Then,
for every finite coloring of C, there is a § € G such that the set {cg : o € L} is

monochromatic.

Proof Let G * C be the free product of the two semigroups. Any homomorphism
o : G — C extends canonically to a retraction of G * C onto C. The elements of G
that occur in a word are replaced by their image under o, finally the elements in the

resulting sequence are multiplied. This extension is denoted by the same symbol ¢.

Apply Theorem 2.6.4 to obtain some w € G C such that {cw : ¢ € X} is
monochromatic. Suppose w = ¢y-go------ Cn - gn for some g; € G and ¢; € C,
where one or both of ¢y or g, could be absent. Pick some h; € 2 !¢;] and let
g=hy-g0- - hy - gn. Then {cg : ¢ € X} is monochromatic as required to

complete the proof.

Carlson’s theorem
This section is devoted to the following lemma and some of its consequences.

Lemma Let X be a finite set of retractions of G onto a nice subsemigroup C. Let < be
a relation on G that makes it <--closed and <-covered by G ~. C. Then, for every finite
coloring of G, there is a<-chain a € (G ~. C)“ such that fp™a ~. C is monochromatic.

Proof The models § and C are as in the proof of Theorem 2.6.4. The language is
the same with < included. Let B = {g € §\ € : G< g}. By Proposition 2.6.1
there is some left-minimal ¢ € € with idempotent orbit. As G is <-covered by
G\ C, the set B is non-empty. As G is <-closed and C is nice, B and c satisfy the
assumptions of Proposition 2.6.2. Then, ¢ - B - ¢ contains some gy with idempotent
orbit. By Proposition 2.6.3, we obtain that g9 € c-cC-gc forall c € X. As
(0 go)c is also idempotent, we apply the second claim of Proposition 2.6.3, with €
for A to conclude that 0 gy =¢ c for all ¢ € £. Now, let ¢ be a coheir sequence
as in Theorem 2.5.1, and assume the notation thereof. As gy € c:g B :g ¢ then
c:G80 = 80'G¢=(80)c- Hence h =g go foralliand all h € fp g; \ C. In particular
all these /i have the same color, say color 1. Now, we can use the sequence g to
define 4 € (G ~. C)¥ such that all elements of fp* @ ~. C have color 1 by reasoning as
in the proof of Theorem 2.5.1.
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2.7.3

Carlson’s theorem is a result that combines the theorems of Hindman and Hales-
Jewett and has a number of important consequences. We refer the reader to [17] for
a discussion of some of these consequences. The definitions in Example 2.1.1 will

help matching the notation.

We first present a Koppelberg-style version of the theorem. It is obtained from the

lemma above applying a suitable coding.

Carlson Theorem (a la Koppelberg) Let X be a finite set of retractions of G onto a
nice subsemigroup C. Let § € (G~ C)“. Then for every finite coloring of G, there is an
increasing sequence of positive integers (n; : i < w) and some a; € prSF (ninieg)  C such

that fp*a ~. C is monochromatic.
Proof Let G, be the free semigroup generated by the alphabet
{{(c,g) : ceXuU{idg}, g€ G\ C}.

The semigroup C, is defined as G, only ¢ is restricted to range over . Clearly C,
is a nice subsemigroup of G.. We associate to each ¢ € ¥ the endomorphism of
G, that substitutes ¢ for every occurrence of idg in a word. These maps, which we

denote by 0, are retractions of G, onto Ci,.

If g« € Gy has the form (07,91) -+ (0, gn) we call 09 g1 - - - 04 gn € G the evaluation
of g«. We denote the evaluation by eval(g.). As T = o for every 7,0 € ¥, we have
that eval(coy g«) = oeval(gs). The evaluation of g, € C, belongs to C and, as C is
nice, the evaluation of g, € G« . C« belongs to G \ C.

We color each element of G, with the color of its evaluation.

We define the relation < on G.. First, we need to define the well-formed elements of
Gy«. These are elements of the form (al,sl-1> -+ (oy,s;,) for some i} < --- < i,. Now,
for h., g+« € G« we define h,< g, if one of the following holds

1. hy is not well-formed while g is;

2. the product (i.e., concatenation) h.g. is well-formed.

It is immediate to verify that < is G is <-closed and <-covered by G \ C.. There-
fore by Lemma 2.7.1 there is a <-chain 7, € (Gi ~ Cy)¥ such that fp™a, ~ C,
is monochromatic. We can assume that all elements of 4, are well-formed (only
the first element might be ill-formed, but we can drop it). Then the sequence

(eval(ajy) : i € w) is as required by the lemma.

From the algebraic version of Carlson’s theorem we obtain the classical one in the
same way as for the Hales-Jewett theorem (Theorem 2.6.5), which we refer to for

the notation.

Corollary (Carlson’s theorem, classical version) Let C be a semigroup generated by
some finite set A. Let x be a variable. Let 5 € (C[x] \ C)w. Let 3. contain, for every
a € A, the function w(x) — w(a). Then, for every finite coloring of C[x]|, there is an
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increasing sequence of positive integers (n; : i < w) and some a; € fpzs( (ninisy)  C such
that fp™a ~. C is monochromatic (with the terminology of Example 2.1.1, @ is an extracted

variable sequence of 5).

Gowers’s partition theorem

The following is similar to Lemma 2.7.1 but here X contains compositions of homo-

morphisms.

Lemma For 0 < i < n, let G; be a nice subsemigroup of G;j1 and let 0; : Giy1 — G;j
be surjective homomorphisms. Let < be a relation on G, that makes it <-closed and <-
covered by Gy ~ G,_1. Finally, let & = {g;0--- 00,1 : 0 < i < n}. Then, for every
finite coloring of G, there is a <-chain @ € (Gy ~ G,_1)“ such that fp*a~ G,_1 is

monochromatic.

Proof For convenience, we let i run from 0, hence we agree that 0y : G; — Gp = G
is the identity. Let B, = {b € 9, G,.1 : Gu<b} and B; = 0;[B;1]. Note that
the B; are non-empty because G, is <-covered by G, \ G,_1. Also, as §; is a nice

subsemigroup of §;. 1, we have that B; -¢ B; 1, Biy1 -6 Bi € Biy1.

We claim there is some b, € B, with idempotent orbit such that, if we define
b; = 07 b;;4 for 0 < i < n, the following holds

by-gbi = bi-gbp = (bn)g.
Note that these equalities may be replaced by
fi bi-gbiy1 = binicbi = (biy1)e

Let by = by be any element of B with idempotent orbit. We assume as induction
hypothesis that we have b; € B; for i < k, with idempotent orbits, such that b; =
0; bi11 and ff; hold for all i < k. We show how to find by, 1.

We prove that by and the set By 1 N0, 1 [bx], which below we denote by A for short,
satisfy the assumptions of Proposition 2.6.2.> The proof of the idempotency of A is
left to the reader. We prove that by - A C A, the proof of A -g by C A is similar.
As by -G Bry1 € By by nicety, it suffices to prove that by - 0 1 [bg] is contained in
0 1[by]. This latter inclusion holds because, by the induction hypothesis,

O [bk G Uz:l[bk]} = ol gk = beacbe = (e
Now we apply Proposition 2.6.2 to find an idempotent by 1 € by -g A -G bg. There-

fore fy is satisfied. Moreover oy by1 € (bx)g by Proposition 2.6.3, hence we can

assume by = 0y by 1 as claimed above.

Finally, as in the proof of Theorem 2.5.1, the required chain  is obtained from a
coheir sequence of a global coheir of tp(b,/G).

5We need the hypothesis that homomorphisms are surjective to say that A is non empty.
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Remark The lemma above continues to hold, with essentially the same proof, if for

Y. we take a set of the form

n—1
Z — Uzio...ozn_l
i=1
where
Y;0---0X, 1 = {O’iO“'O(Tn,l : aieZi,...,an,leZn,l}

and where X; are some finite sets of homomorphisms G;;1 — G; such that for every

g € G; the set Zl-_l [¢] is non-empty.

Let G; be the set of functions a : w — {0,...,i} with finite support that is, the set
supp(a)= {x € w : ax # 0} is finite. We introduce a semigroup operation on G;

by defining (a-b) x = max{ax, bx}. This makes G; a nice subsemigroup of G;.

Corollary (Gowers Partition Theorem) With G; as above, let 0; : Gi11 — G; be homo-
morphisms and let ¥ be as in Lemma 2.8.1. Then for every finite coloring of G, there is an

i € (Gu~ Gy_1)" such that fp*a~ G,_1 is monochromatic and supp(a;) < supp(a;,1).

The homomorphisms ¢; usually considered in the literature are so-called tetris op-
erations i.e. (0;a)x = max{ax — 1, 0}, or generalizations thereof. However the

theorem is more general.

Proof Let< be the relation supp(a) < supp(b) and apply Theorem 2.8.1.
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Chapter 3
Ramsey monoids

Abstract

Recently, Solecki introduced the notion of Ramsey monoid to produce a common
generalization to theorems such as Hindman’s theorem, Carlson’s theorem, and
Gowers’ FIN; theorem. He proved that an entire class of finite monoids is Ram-
sey. Here we improve this result, enlarging this class and finding a simple alge-
braic characterization of finite Ramsey monoids. We extend in a similar way a
result of Solecki regarding a second class of monoids connected to the Furstenberg-
Katznelson Ramsey Theorem. The results obtained suggest a possible connection

with Schiitzenberger’s theorem and finite automata theory.

Introduction

One of the most celebrated theorems in Ramsey theory is due to Hindman [27].
It states that for every semigroup (S,-), for every finite coloring of S there is an

infinite sequence 5 = (s;);c,, € S“ such that the following set is monochromatic

fp(8) = {siy -+~ si, :m € w,ip < -+ < i}

n

A natural question is whether a theorem of this kind can be proved if we allow the

elements of the semigroup to be moved by some action.

The first answers to this question were given by Carlson [9] and Gowers [24] who

studied actions of specific monoids. They used analogues of the following notion:

Definition Let M be a monoid acting by endomorphisms on a partial semigroup S, and let

5 be a sequence of elements of S. The (combinatorial) M-span of 5 is the set

(Sym = {mosi, -~ mps;, 1 € w,ig < -+ < in,m; €M, at least one m; is 1y }.
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Solecki realized that these theorems share the same underlying structure, from
which he isolated the notion of Ramsey monoid. We report here the original defi-
nition as stated in [43]. We refer the reader to Proposition 3.6.1 for other equivalent

definitions.

Let M be a monoid and X be a set. If M acts on X, we say that X is an M-set.
Suppose (X;)new is a family of M-sets. We say that the action of M on (Xy)ncw
is uniform if for every k,n € w, m € M and x € X; N X, if mx and m,x are
the results of the action of m on x respectively in X; and in X;;, then myx = myx.
Notice that the action of M on (Xy)ncw is uniform if and only if it extends to
Unew Xn- Let X = Upew Xn- Define Wy = (X<%,7) to be the free semigroup on
the alphabet X, with ~ the concatenation of sequences. Define ((X};)new) to be the
partial subsemigroup of Wy consisting of all sequences x1 ... " x;, € Wx for which
there exists i1 < ... < iy € w such that x; € X, - If the action of M is uniform
on (X )new, it is possible to define the coordinate-wise action of M on ((Xy)new) by

~

setting m(x1 ™ ... x,) = m(x1) " ...” m(x,). This is an action by endomorphisms.
An infinite sequence 5§ € (((Xu)new))® is said basic if the product s;) ~... " s;, is in
((Xn)new) for every ig < - - - < i,. This implies that if M acts uniformly on (X, )ncw
and 5 is basic, then every product in (5) ) is defined. A pointed M-set is an M-set X

together with a distinguished point x € X such that Mx = {mx :m € M} = X.

Definition A monoid M is said Ramsey if for all sequences of pointed M-sets (Xy )necw 0N
which M acts uniformly and for all finite colorings of ((Xy)new) there is a basic sequence
5 € (((Xn)new))® such that s, has a distinguished point for every n € w and the span
(8) M is monochromatic.

The notion of Ramsey monoid provides a common framework for many theorems
in combinatorics. For example, Hindman’s theorem can be restated as "The trivial
monoid {1} is Ramsey". Similarly, Carlson’s theorem and Gowers’ FIN; theorem can
be seen just as two examples of Ramsey monoids (see also Proposition 3.6.1). Hence,
every new Ramsey monoid gives a new generalization of Hindman’s theorem as

powerful as Carlson’s and Gowers’ theorems.

Furthermore, from Carlson’s and Gowers’ theorems one can get examples of Ram-
sey spaces, see [47, Section 4.4]. In the same way, one can show that any new

example of Ramsey monoid gives new examples of Ramsey spaces.

Let us recall some notation from [43]. Given a monoid M, define X(M) = {aM :
a € M}. We say that X(M) is linear if it is linearly ordered by inclusion. Let R
be the equivalence relation on M defined by a R b if aM = bM. A monoid M is
called almost R-trivial if for every R-class [a]r with more than one element we have
Ma = {a}.

To the best of our knowledge, the only known examples of Ramsey monoids before

Solecki’s paper were given by Carlson’s and Gowers’ theorems. Solecki in [43,
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Corollary 4.5] proved that the class of finite almost R-trivial monoids with linear
X (M), that includes Carlson’s and Gowers’ monoids, is Ramsey. Also, he proved

that Ramsey monoids have a linear X(M).

We work here with a well-known class of monoids that extends the one of almost
‘R-trivial monoids. A monoid is said aperiodic if for every a € M there exists
n € w such that a" = a"*1 (see [40]). The first main achievement of this paper is
an improvement of Solecki’s result: first, we extend [43, Corollary 4.5] to the wider
class of finite aperiodic monoids with linear X (M), and secondly, we prove that
aperiodicity is also a necessary condition for being Ramsey, giving thus a complete

characterization of finite Ramsey monoids.

Theorem (main theorem 1) A finite monoid M is Ramsey if and only if it is aperiodic
and X(M) is linear.

To introduce the other peak of this paper we need some more notions from [43].

Given a monoid M, Y(M)C 2 (X(M)) consists of the non-empty subsets of X (M)
which are linearly ordered by inclusion. Given x,y € Y(M), define x <y v if
x C y and all elements of y \ x are larger with respect to C than all elements of x.

Let (Y(M)), with operation V, be the semigroup freely generated by Y (M) modulo

the relations

pVg=q=qVpforp <yu g

We say that M is Y-controllable if for every finite F C (Y(M)), for every y maximal
element in Y(M), for every sequence of pointed M-sets (X, )new on which M acts
uniformly and for every finite coloring of ((X,)necw) there is a basic sequence 5 €
(((Xn)new))” such that s, has a distinguished point for every n € w and such that
for every m,n € w and for every a;,b; € M if agy V ---Vayy € F and agy V - - - V
any = boy V -V byy, then ags;; - ... - a,s;, has the same color of bOSjo e bmsjm,
forevery ip < -+ <ipy, jo < -+ < jm.

Another major result of Solecki [43, Corollary 4.3] is that almost R-trivial monoids
are Y-controllable. This has amongst its consequences a theorem of Furstenberg
and Katznelson [19]. We refer the reader to [43, Section 4] for a detailed discussion
about this connection. We extend Solecki’s result to a larger class of monoids and

we prove that aperiodicity is a necessary condition for being Y-controllable.

Given a monoid M, define Xx (M)= {aM : [a]g has more than one element}. We
say that Xz (M) is linear if it is linearly ordered by inclusion.

Theorem (main theorem 2) Let M be a finite monoid. If M is aperiodic and Xg (M) is
linear, then M is Y-controllable. If M is Y-controllable, then it is aperiodic.

The proof of Theorem 3.1.4 is first presented as divided into two parts: a new

result about monoid actions on compact topological right topological semigroups
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and a reformulation of known results by Solecki (the latter are then re-proved in
Section 3.5 using model theory). Namely, the main technical novelty of this paper,
which allows us to prove one direction of Theorem 3.1.4 and consequently one
direction of Theorem 3.1.3, is the following result. Relevant notions are defined in
Section 3.3.

Theorem Let M be a finite aperiodic monoid. Let U be a compact right topological semi-
group on which M acts by continuous endomorphisms. If Xz (M) is linear, then there
exists a minimal idempotent u € U such that a(u) = b(u) for all couples a,b € M such
that a R b.

The notion of aperiodic monoid plays a central role in both our main results. This
class of monoids is also involved in one of the most important theorems in finite
automata theory, also dealing with the semigroup of words, due to Schiitzenberger
[41]. This suggests there might be a possible connection between automata theory
and Ramsey theory.

From now on, we review the structure of the paper section by section.

Section 3.2 is introductory to the theory of monoids and Green’s relations. First,
we recall some basic properties of the class of aperiodic monoids and of the class
of monoids with linear X(M). This is meant to provide alternative necessary or
sufficient conditions for a monoid to be Ramsey, using Theorem 3.1.3. Then, we
introduce the class of aperiodic monoids with linear Xz (M), and show that this
class properly extends both the one of almost R-trivial monoids introduced by

Solecki in [43] and that of aperiodic monoids with linear X (M).

In Section 3.3, we study actions of aperiodic monoids with linear X% (M) on com-
pact right topological semigroups, proving Theorem 3.1.5. This theorem and Corol-
lary 3.3.6 seem to show that aperiodicity plays a relevant role in dynamic theory. We
complete the proofs of Theorems 3.1.3 and 3.1.4 in two different ways in Section 3.4
and Section 3.5.

In Section 3.4 we guide the reader to a rephrasing of Solecki’s work, to show how
one implication of Theorem 3.1.3 and one of Theorem 3.1.4 follow from Theo-
rem 3.1.5. This is done in two steps. First, we use a lemma of Solecki [43, Lemma
2.5]. Secondly, we guide the reader through the ultrafilter proof of Solecki. In
Theorem 3.4.6 we prove the remaining implication of Theorem 3.1.4, i.e. that ev-
ery Y-controllable monoid is aperiodic. The same argument shows that Ramsey

monoids are aperiodic.

In section 3.5, we give an alternative to the ultrafilter proof of Solecki, using model
theory. Here we use the space of types where Solecki uses the space of ultrafilters.
Model theory is limited to Section 3.5, Theorem 3.6.3, and Proposition 3.7.1 and just

basic notions are assumed.
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In Section 3.6, first we explain in detail the relation between Ramsey monoids and
Carlson’s and Gowers’ theorems. We show that the definition of Ramsey monoid
presented so far can be reformulated in many equivalent ways, and in particular
one can choose semigroups other than ((Xy)ncw). Secondly, we point out that
Ramsey monoids satisfy stronger properties than being Ramsey. In particular, in
Theorem 3.6.3 we prove a common generalization of Milliken-Taylor theorem [36],
[45] and Theorem 3.1.3, combining Ramsey’s theorem and the definition of Ramsey

monoid.

In Section 3.7, we provide further examples of Y-controllable monoids, through
Proposition 3.7.1. This shows that there are Y-controllable monoids such that

X (M) is not linear. Finally, we collect some open questions in the area.

3.2 Aperiodic monoids, X(M) and Xz (M)

In this section, we introduce the basic notions and definitions about monoids we

are going to use throughout the paper.

One of the best ways to describe monoids and semigroups is using Green’s relations.
They were first introduced by Green in his doctoral thesis and in [25]. The Green’s
relations R, £ and J on a monoid M are the equivalence relations defined by,
respectively, a R b if aM = bM, a L b if Ma = Mb and aJb if MaM = MbM. The
Green’s relation H is the intersection of R and £, while the Green’s relation D is
the smallest equivalence relation containing both £ and R. In every finite monoid,
we have D = J. The Green’s relations induce quasi-orders on the monoid. Given
two element a,b € M, definea <g bif aM C bM, a <, bif Ma C Mb,a <4 b
if MaM C MbM, and finally a <4¢ bif botha <g band a <, b hold. If X is an
equivalence relation, we say that an equivalence class [a]x is trivial if it contains
exactly one element, and we say that a monoid M is K-trivial if every K-class is

trivial. For more information about Green’s relations, see e.g. [11].

A monoid is said aperiodic if for all 2 € M there exists n € w such that a" = a1,
The class of finite aperiodic monoids has been widely studied, as it is involved in
one of the most important theorems in finite automata theory, due to Schiitzen-
berger [41]. It states that star-free languages are exactly those languages whose
syntactic monoid is finite and aperiodic. By a result of McNaughton and Papert,
these also correspond to the languages definable in FO[<], i.e. first-order logic with
signature < [35].

Among finite monoids, the class of aperiodic monoids can be characterized in many
ways. We report here some of the most famous options used in literature. Among
all possibilities, we isolate the notion of R-rigid monoid as the operative definition

we are going to use in the proofs of the next section.
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3.2.1 Definition A monoid is said R-rigid if for every a,b € M, if abR b, then ab = b.

3.2.2 Proposition Let M be a finite monoid. The following are equivalent:

1. M is aperiodic.

2. Forevery g,a,8' € M, if gag’ = a, then ga = ag’ = a.
3. M is R-rigid.

4. M is H-trivial.

5. M contains no non-trivial subgroup.

For the ease of the reader, we report also a short proof of the equivalence.

Proof First, assume 1, and let g,a,¢’ € M be such that gag’ = a. By induction
this implies g"a(g’)" = a for every n € w. Choose n such that ¢"™! = ¢" and
(¢")"*1 = (¢’)". Then, 2 holds since

g1 =g(g"a(g)") = g"a(g)" = ¢
and similarly,

n+1

ag' = (g"a(g")")g' = g"a(g)"™ = g"a(g')" = a.

If abR b, then by definition of R there exists a/ € M such that b = aba’, hence 2
implies 3.

Notice that if a,b € M are such that a b, then in particular a R b and there is
x € M such that xb = g, hence 3 implies 4.

Now if G C M is a subgroup of M, then for every a,b € G there are x,y such that
ax = ya = b, and symmetrically there are x’,yy’ such that bx’ = y'b = a4, hence a H b

and G is contained inside one single H-class. Therefore, 4 implies 5.

Finally, notice that if M is finite, then for every a € M there are minimal n,k € w
such that a"*¥ = 4", Then, the set {a"* : i < k} is a subgroup of M, and it is trivial

if and only if k = 1, hence 5 implies 1. 0

The class of aperiodic monoids is closed under most basic operations. For example,

the following holds:

3.2.3 Proposition Let (S1,%1),...,(Sn, *n) be aperiodic semigroups. Then, the following are
aperiodic:

1. The product monoid S1 X - - - X S, with coordinate-wise operation.

2. The disjoint union Sy U - - - U S, with operation a xb = a*; b when a,b € S;, and
axb=bxa=aifa € S;and b € S; withi < j.
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For more information about aperiodic monoids and their relations with languages

and automata, see for example [32] or [40].

Let us move to the next class. Given a monoid M, define X(M) = {aM : a € M}.
We say that X(M) is linear if it is linearly ordered by inclusion (equivalently, if <
is a total quasi-order). The existence of a total quasi-order affects the behaviour of
Green’s relations, and having that < is total has even stronger consequences. The
next proposition collects some well-known properties of monoids where <y, is total
(see [28, Proposition 3.18-3.20]).

Proposition Let M be a finite monoid with linear X(M). Then, the following hold:

1. For every a € M, the principal right ideal aM is a both-sided ideal.
2.J=D=Rand L =K, while < = <gand <; = <q¢.
3. R is a congruence relation.

4. <g is translation-invariant on both sides.

For more information about monoids with linear X(M), see for example [28].

Combining results about aperiodic monoids with results about monoids with linear
X (M), one can obtain further properties and characterizations of the class of finite
aperiodic monoid with linear X(M). For example, a finite monoid with linear X (M)
is aperiodic if and only if it is £-trivial. Notice that in light of Theorem 3.1.3, every
property of this class of monoids will give a necessary condition for a monoid to be

Ramsey.

Finally, let us introduce a seemingly new class of monoids, the class of aperiodic
monoids with linear X% (M). It is one of the key notions for the other main result
of this paper, Theorem 3.1.4.

Let Xz (M) be the subset of X(M) of those aM such that [a] is non-trivial. We
say that Xz (M) is linear if it is linearly ordered by inclusion. Recall also that M is
called almost R-trivial if for every non-trivial R-class [a|g we have Ma = {a} (see
[43] and [30]).

Proposition Every finite almost R-trivial monoid M is aperiodic and has linear Xz (M).

Proof Let M be a finite almost R-trivial monoid. First, we want to show that
Xz (M) has at most one element that is the minimum of X(M) (and so Xy (M) is
in particular linearly ordered by inclusion). If [a]% is a non-trivial R-class then, for
every m € M we have ma = a, that means a € mM and aM C mM. Hence, if [a]r
and [b]r are non-trivial R-classes, then we have aM = bM. Now let us prove that
M is aperiodic. Since M almost R-trivial, then Mb = {b} holds for every non-trivial
R-class. This in particular implies that (Mb) N [b]g = {b} holds for every R-class,
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and this is just a rephrasing of the R-rigid condition. Then the claim follows from
Proposition 3.2.2.

Notice that the converse does not hold, as it is easy to show that there are aperi-
odic monoids with linear X (M) that have more than one non-trivial R-class (for
example, by combining almost R-trivial monoids with point 2 of Proposition 3.2.3;
see also Example 3.2.6). Also, there are aperiodic monoids that have non-trivial
R-classes [a]g such that a is not idempotent (a minimal example is given by the
monoid in Table 3.1, see also Example 3.2.6). These conditions are impossible for al-
most R-trivial monoids, as shown in the proof of Proposition 3.2.5. Finally, there are
examples of aperiodic monoids with linear X5 (M) that do not have linear X(M)
(the easiest examples coming from R-trivial monoids). Thus, the class of aperiodic
monoids with linear Xz (M) properly extends both the class of almost R-trivial
monoids and the class of aperiodic monoids with linear X(M).

Example Consider the Gowers” monoid Gy = ({0,...,k — 1}, +) with operation
i+j=min(i + j,k —1). Consider also the Carlson’s semigroup C4 = (A, ), i.e. a
finite set A with operation a xb = b for every a,b € A. Let C}} = C4 U {1%} be
the corresponding monoid. Then, for every k and A the monoid M = (G x C})
is aperiodic and has linear Xz (M), while M = (Gy x C4) U {1,;} is aperiodic, has
linear X(M) and all its R-classes other than [1 4]z are non-trivial. If k > 2, neither
of these monoids is almost R-trivial.

For those familiar with finite automata theory, Schiitzenberger Theorem provides
a wonderful way to produce examples of aperiodic monoids. Starting from a star-
free language S, or from a formula in FO[<], we always generate a finite aperiodic
syntactic monoid. For example, the monoid from Table 3.1 is the syntactic monoid
of the star-free language S in the alphabet A = {a,g,h} defined as

S={gh}*hu{g h}*a{g h}*'gUA*aA*aA*

or, equivalently, defined by the formula in FO[<] that says “the word is non-empty,
and if there are no letters a, then the word ends with h, and if there is exactly one letter a,

then the word ends with g”.

110 a b g h
0{0 0 0 0 O
al0 0 0 b a
b0 0 0 b a
g10 a b g h
h|0 a b g h

Table 3.1: Syntactic monoid of the language S.
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3.3 Dynamic theory

3.3.1

3.3.2

3.3.3

In this section, we study actions of aperiodic monoids with linear X% (M) on com-
pact right topological semigroups. The main objective is to prove Theorem 3.3.5,
i.e. Theorem 3.1.5 from the introduction. This result reveals the relation between
aperiodic monoids and dynamic theory and it will be the key point to prove one di-
rection of Theorem 3.1.3 and one direction of Theorem 3.1.4. The advantage to work
with compact right topological semigroups is that they are the common ground for
many different techniques, either from logic or ergodic theory (see e.g. [6], [19],
[34], [43], [47]).

Let us recall some notions. A semigroup (U, -) with a topology 7 is a right topo-
logical semigroup if the map x + x - u is continuous from U to U for every u € U.
It is called compact if T is compact. A element u in a semigroup (U, -) is called
idempotent if u - u = u. The set of idempotents of U is denoted by E(U). We define
a partial order <7 in E(U) by

U<y v uUv=1u=0ou.

Finally, let I(U) be the smallest compact both-sided ideal of U. It exists by com-
pactness of U.
We report some facts about idempotents, corresponding to [47, Lemma 2.1, Lemma

2.3, Corollary 2.5].

Proposition Let U be a compact right topological semigroup. Then,
1. E(U) is non-empty.
2. For every idempotent v there is a <yj-minimal idempotent u such that u <y v.

3. Any both-sided ideal of U contains all the minimal idempotents of U.

Fact Let M be a monoid, let U be any set, and fix a left action of M on U. Then, for every
a,b € M such that aM C bM we have a(U) C b(U).

Proof In fact, if bm = a for some m € M, then a(U) = b(m(U)) C b(U).
In particular, if a R b, then a(U) = b(U).

Lemma Let M be a finite aperiodic monoid such that Xg (M) is linear. Then, for every
distinct a,b € M with a R b there are two distinct g,h € M such that ag = b, bh = a and
gh = h, hg = g. This in particular implies gM = hM.

Proof Fix a non-trivial R-class [c]g and let a,b € [c]g with a # b. For every
Y,z € M, define

Gy/z — {gylz S M . ygy/z — Z}.
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3.34

3.3.5

Notice that if y R z, then G, ; is non-empty. Let ¢ € G, be such that ¢M is minimal
in {xM : x € G,p}, and similarly let 1 € G, be such that 1M is minimal in
{xM: x € Gy,}.

We claim that g’R h. Notice that hgh € G, since bhgh = agh = bh = a. Since
hghM C hgM C hM, by minimality of hM we have hghM = hgM = hM, so h' R hg
and h'R hgh. Notice that hg € Gy and that Gy, N Gy = @, so h # hg and the
class [h]g is non-trivial. Similarly, ¢ R ¢h'R ghg, gh € Gg, and so the class [g]r is
non-trivial. By hypothesis this implies either gM C hM or hM C gM. Suppose for
example gM C hM. Then,

[h(gM)] < |gM] < |hM]| = |hgM]|

and so |hM| = |gM| and hM = gM. This implies that h, hg, g, gh, are all in the same
R-class, hence gh = h and hg = g, by definition of R-rigid and Proposition 3.2.2.

Lemma Let M be a finite aperiodic monoid such that Xg (M) is linear. Then, for every
a € M, if there are b, c € [a|g such that bc = c, then for every b,c € [a]r we have bc = c.

Proof First, notice that if xy = y for some x,y € M, then xz = z for every z € [y|r
since xzM = xyM = yM = zM and since M is R-rigid by Proposition 3.2.2.

Hence, we just need to prove that given a non-trivial R-class [a]x such that ax = x

for every x € [a]g, and given an element b € [a]g with b # a, then we have ba = a.

Let g, h be such that ag = b and bh = a. Notice that ha R hb since haM = hbM, and
also ha # hb since bha = a # b = bhb. Then haM € X (M) and so haM C aM or
aM C haM. We have |aM| = |bhaM| < |haM| < |aM]|, hence |haM| = |aM| and by
linearity of X% (M) we must have haM = aM. Since M is R-rigid, ha = a holds and

we have ba = bha = a.

With this, we are ready to prove Theorem 3.1.5.

Theorem Let M be a finite aperiodic monoid. Let U be a compact right topological semi-
group on which M acts by continuous endomorphisms. If X (M) is linear, then there exists
a minimal idempotent u € E(U) N I(U) such that a(u) = b(u) for all couples a,b € M
such that a R b.

Proof Let aqgM C ... C a,M be an increasing enumeration of X% (M) and define
ay+1 = 1. Every a;(U) is a semigroup, since a;(u1) - a;(up) = a;(uy - uy), and it
is compact because it is a continuous image of a compact space. Then, a;(U) is a
compact subsemigroup of the compact semigroup a;,1(U). We want to find a chain
of idempotents u; such that u; 1 <y u; and such that u; is minimal in E(a;(U)) with

respect to Sa,-(u)r foreveryi <n+1.

First, by points 1 and 2 of Proposition 3.3.1, we can find 1y € ap(U) satisfying the
requirement. Then, suppose we have u; € a;(U) idempotent. Since a;(U) C a;,1(U)
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3.3.6

3.4

we may apply point 2 of Proposition 3.3.1 to find u;1 € a;;1(U) idempotent such
that u; 1 <., (u) #; and u; 7 is minimal in E(a;41(U)), and this concludes the con-
struction. Since 4,41 = 1 and E(a,+1(U)) = E(U), by point 3 of Proposition 3.3.1
we also know that u,, 1 € I(U).

We claim that u = 1,11 satisfies the requirements of the thesis.

First, we want to show that for each R-class [a;]g with g;a; = a; we have

b(u) = u; for all b € [aj]g.

By Lemma 3.3.4, for every b € [a;]g we have ba; = a;, and this implies that for every
v € a;(U), say v = a;(uy), we have b(v) = b(a;(uy)) = a;(uy) = v. In particular
for v = u;, we have b(u;) = u;. Notice that the action of M is order preserving on

(U, <y), since it is by endomorphisms. Since u <7 u; we get
b(u) <y b(u;) = u;.

Thus, b(u) <,y wi, and since u; is minimal in a;(U), we get b(u) = u;.

Now consider a non trivial R-class [a;]x such that a;a; ¢ [a;]g, and let a,b € [a;] .
Let g, h be given as in Lemma 3.3.3 such that ag = b and bh = a and hg = g. Notice
that this implies bg = bhg = ag = b and also h(u) = g(u), since [¢]r belongs to the
previous case. Then, a(u) = bh(u) = bg(u) = b(u).

We take the opportunity to state a corollary of Lemma 3.3.3.

Corollary Let M be a finite aperiodic monoid such that Xg (M) is linear, let U be a set and
fix a left action of M on U. Then, for every a,b € M with a R b and for every u € a(U)
we have a(u) = b(u).

Proof Let a,b € M be such that aRb and a # b, and let g,h € M be given by
Lemma 3.3.3 such that ag = b and bh = a, and gh = h and hg = g. This in particular
implies gg = ghg = hg = g, and bg = bhg = ag = b. Notice that by linearity of
Xg (M) either a(M) C g(M) or g(M) C a(M) holds, since both [a]z and [¢g]r are
non-trivial. Then, we have a(M) C g(M), since |aM| = |bhM| < |hM| = |gM], and
also a(U) C g(U), by Fact 3.3.2. Fix u € a(U) and find v € U such that u = g(v).
We have

a(u) = a(g(v)) = a((88)(v))) = ag(g(v))) = b(g(v)) = b(w).

Coloring theorems and aperiodic monoids

In this section, we discuss how from Theorem 3.3.5 one can prove Theorems 3.1.3
and 3.1.4 following ideas from Solecki’s paper. The main novelty introduced here

is the proof that Y-controllable monoids and Ramsey monoids are aperiodic.
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34.1

34.2

343

Let us recall some relevant notions for this section. Given a monoid M, the set
Y(M)C 2 (X(M)) consists of the non-empty subsets of X(M) which are linearly
ordered by inclusion. Define x <y ) v, for x,y € Y (M), if and only if x C y and

all elements of i \ x are larger with respect to C than all elements of x.

There is a natural left M-action on Y (M) defined as x — mx = {maM : aM € x}.
Given two left actions of M on U and U’, amap f : U — U’ is said M-equivariant if
it preserves the action of M, i.e. f(ma) = mf(a).

For ease of notation, we isolate the following class of monoids.

Definition A monoid M is called good if for every left action of M by continuous endo-
morphisms on a compact right topological semigroup U there exists a function g: Y (M) —
E(U) such that

(i) gis M-equivariant;
(ii) g is order reversing with respect to <y ) and <yj;
(iii) g maps maximal elements of Y(M) to I(U).

The notion of good monoids was first used by Solecki in [43]. We borrow here three

results that are contained or essentially proved therein.

The following useful lemma has the same function as two other lemmas by Lupini
[33, Lemma 2.2] and Barrett [3, Theorem 5.8], i.e. to get stronger conclusions from
results like Theorem 3.1.5.

Lemma [43, Lemma 2.5] Let M be a finite monoid. Assume that for every left action of
M by continuous endomorphisms on a compact right topological semigroup U there is a
M-equivariant f from Y (M) to U such that f maps maximal elements of Y (M) to I(U).
Then, M is good.

We isolate the following lemma from the proof of [43, Theorem 2.4] since it gives a

sufficient condition for a monoid to be good.

Lemma Let M be a finite monoid and assume that for every action by continuous endomor-
phisms of M on a compact right topological semigroup U there exists a minimal idempotent
u € E(U) N I(U) such that a(u) = b(u) for all couples a,b € M such that a R b. Then,
M is good.

Proof Let 7 : Y(M) — X(M) be the function that maps a set y C Y (M) to the
maximal element in y with respect to C. Let u € E(U) N I(U) be given by hypothe-
sis. The function f : X(M) — E(U) that maps aM to a(u) is well-defined, and maps
1M tou € E(U)NI(U). Also, notice that if y is a maximal element of Y (M), then
IM eyandso o f(y) =u € E(U)NI(U). Since both f and 7t are M-equivariant
the map fom : Y(M) — E(U) satisfies the assumptions of Lemma 3.4.2, from
which we get that M is good.
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3.4.4

3.4.5

3.4.6

Solecki in [43, Corollary 4.3] states that every finite almost R-trivial monoid is Y-
controllable, but in the proof he shows something stronger. In fact, the hypothesis
that M is almost R-trivial is used only to apply [43, Theorem 2.4], which states that
every finite almost R-trivial monoid is good. The remaining part of the proof never
uses this hypothesis again, and relies instead on the fact that M is good. In other
words, from the proof of [43, Corollary 4.3] one can derive also the following result.

Theorem Let M be a finite monoid. If M is good, then it is Y-controllable.
However, the reader can find a short model-theoretic proof of this result in Sec-

tion 3.5.

Finally, the following is a restatement of part of the proof of [43, Corollary 4.5 (i)].

Fact If M is Y-controllable and X (M) is linear, then M is Ramsey.

Proof Notice that X(M) is linear if and only if X(M) € Y(M). We want to use the
definition of Y-controllable with y = X(M) and F = {y}. It is enough to notice
that for every a € M we have

aX(M) = {amM : mM € X(M)} = {xM : xM C aM}.

Hence, if aM C DM, then ayV by = by = by Vay,andsoayyV---Va,y =y € F
for every ay,..,a, € M with at least one i such that a; = 1.

Theorem Let M be a finite monoid.

1. If M is aperiodic and has a linear X (M), then it is Y-controllable.
2. If M is Y-controllable, then it is aperiodic.

Proof First, let M be a finite aperiodic monoid with linear Xz (M). By Theo-
rem 3.3.5 and Lemma 3.4.3, we get that M is good. Hence, Theorem 3.4.4 implies
that M is Y-controllable, and statement 1 holds.

In order to prove 2, let (M<“,") be the free semigroup over M, with coordinate-
wise action. Notice that (M<“,”) can be seen as ((Xy)n<w) setting all X, = M,
with 1 as distinguished point, and a word w has a distinguished point if and only

if 1 € ranw (in which case we call w a variable word).

Suppose M is not aperiodic, and let a € M be such that a"*! # a" for every n € w.
Let A= {a":n € w} andlet C = {m e M:a"m € A for some n € w}. Then, we
have ac # c for every c € C, and ac € C if and only if ¢ € C.

Lety = {a"M : n € w}, where we set 2° = 1, and let F = {y}. Then, y is a maximal
element of Y(M),andyVy =y =ay Vy.

Let CU{L} be the set of colors. Given a word w € M<%, let m be the first letter of

w in C, if any. If there is such m, color w by m. Otherwise, color w by L. Consider
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any sequence of variable words 7 € (M<“)%, and consider the words vy~ y; and
a(yo) " y1 with colors ¢; and ¢ respectively. Then, ¢; € C, since y is a variable
word and 1 € ran(yp). Hence, by definition of C we have ¢, = ac;. Therefore,
¢y = acy # c1, contradicting the fact that M is Y-controllable. O

3.4.7 Theorem Let M be a finite monoid. The following are equivalent:

1. M is Ramsey.
2. M is aperiodic and X (M) is linear.

Proof Proof of point 2 of Theorem 3.4.6 also shows that if M is Ramsey then it is
aperiodic. If M is Ramsey, then X(M) is linear by [43, Corollary 4.5 (ii)]. Theo-
rem 3.4.6 and Fact 3.4.5 prove that 2 implies 1. 0

3.4.8 Corollary Let M be a finite monoid. Then, M is Ramsey if and only if it is Y-controllable
and X(M) is linear.

We conclude this chapter with a corollary concerning the definition of Ramsey
monoid. It is not clear to the authors whether the following result can be proved
with methods similar to those developed in Section 3.6, without passing through
Theorem 3.4.7.

Recall that a variable words is a word w such that 1 € ran(w).

3.4.9 Corollary Let M be a finite monoid. The following are equivalent:

1. M is Ramsey.

2. For all finite coloring of M=% there are two variable words yo and yy such that

My ™ y1 is monochromatic.

Proof The exact same proofs of [43, Corollary 4.5 (ii)] and point 2 of Theorem 3.4.6
show that if condition 2 hold, then M is aperiodic and X(M) is linear. The rest

follows from Theorem 3.4.7 and by definition of Ramsey monoid. 0

3.5 A model-theoretic approach

In this section, we give a short explicit proof of Theorem 3.4.4. We shall use Proposi-
tion 3.5.2, which says that the space of types S(G) over a semigroup G is a compact
right topological semigroup if we add some symbol to the signature. This approach
is discussed in [12] and is further developed here. The one difference in exposition
is that here we define a product between types, while in [12] we define a product
between type-definable sets. We assume some basic knowledge of model theory.
We refer the reader to Tent’s and Ziegler’s book [46].
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3.5.1

3.5.2

In what follows, we consider a semigroup G such that M acts by endomorphisms

on G, and a monster model §.

We say that a type p(x) is finitely satisfied in G if every finite conjunction of formulas
in p(x) has a solution in GI*I. We write a 1 b if tp(a/Gb) is finitely satisfied in G.
In literature this relation is also denoted by a J/g b.

We say that the tuple ¢ is a coheir sequence of p(x) over G if ¢, F p(x) and ¢, L ¢},

and c¢,41 =gz, Cn for every n < w. In particular, ¢ is indiscernible over G, i.e.

In

Ci, =c Cpp, for every Iy, [} € w of equal finite cardinality.

The following is an easy well-known fact.
Fact For every type p(x) € S(G) there is a coheir sequence of p(x).

In order to define a product between types, we need some stationarity. Here, we
obtain it by adding sets to the signature.

Let G be a semigroup on which a monoid M acts by endomorphisms and let L be
its signature. Let L = LU{A: A C G",n € w}U{m : m € M} be the expansion
of L where the symbol A is interpreted in G as the set A, and m is interpreted as

the unary function a — ma.
From now on we consider G with this augmented signature.

Fora,b € S(G) definea-gbastp(a’-b'/G), forany a’,b' € Gsuch thata’' Fa,b'Fb
anda’ LgVb'.

As usual, we will consider the compact topology on S(G) generated by the basic
open sets {t € S(G) : ¢(x) € t}, for p(x) € LT (G).

Proposition If G is a model as above, then (S(G), - ) is a compact right topological semi-
group and the action of M defined by mtp(a/G) = tp(ma/G) is by continuous endomor-
phisms.

Proof Proposition 4.4 and Remark 2.7 of [12] prove that if G is considered with
signature L™ then a -g b is well-defined for every a,b € S(G) and (S(G), ) is a
semigroup. In [12, Proposition 6.3] it is proved that the action of M on (5(G), -g)
defined by mtp(a/G) = tp(ma/G) gives well-defined endomorphisms of (S5(G), ).
It is straightforward to check that the maps mtp(a/G) are continuous. The one

missing proof is that x — x - r is continuous from S(G) to S(G), for any r € S(G).

Let b € G and let g(x,y) be the type in S(G) such that a F q(x,b) if and only if
a \LG b, ie.

q(x,y) = {p(x;y) : 9(x;y) € L*(G) and Gl = o(GFI;b)}.

Notice that if b’ =¢ b, then a F q(x,b') <= a LV
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3.5.3

Let p(z) be a partial type over G and let r(y) = tp(b/G). The type

Jy,zr(y) Nq(x,y) Nz =x-yAp(z)

is satisfied by those a € G such that tp(a/G) - r satisfies p(z). Hence, the preimage
of the closed set p(S(G)) is closed.

We are ready to prove Theorem 3.4.4. Let us introduce the following auxiliary

definition to simplify the notation of the next proof.

Definition Let F be a finite subset of the semigroup (X (M)), let y be a maximal element
in Y (M), and let ¢ be a finite coloring of a semigroup S on which M acts. We say that a
sequence s € S=“ is (F,y, c)-controllable if for every m,n < |s| and for every a;, b; € M if
apy \V - - -V ayy belongs to F and agy V - - - V ayy = boy \V - - - V byyy, then ags;, - ... - ans;,
has the same color of bosj, - ... - bms;,,, for every ip < -+ <in, jo <+ < jm.

Proof of Theorem 3.4.4 Let (X,)ncw be a sequence of pointed M-sets on which M
acts uniformly, and let L be not in {J,,¢, X». Define G = ({((Xyn)new) U{L}, ") to be
the semigroup extending (((Xy)new), ") defining x "y = L if x "y is not defined
in the partial semigroup ((X;)new). In particular, x~ L = 1L ~x = 1. We write

x<yifandonlyifx"y # Lorx= L.

It is enough to prove that for every finite subset F of (Y(M)), for every maximal
element y in Y(M), and for every c finite coloring of G there is a basic sequence
5 € ({((Xn)new))? thatis (F,y,c)-controllable and such that s, has a distinguished

point for every n € w.

Let L = {",<} and consider G with augmented signature LT. Let
U={peS(G):G<p}

where G< p is a shorthand for {g<x:g € G} C p(x).

Notice that U is non-empty, since for every finite set A C G there is a b € G such
that A< tp(b/G). Also, L ¢ U. We claim that U is a compact subsemigroup of
(S(G),-g)- Let G be a monster model in the language L*. Let 4,b € G such that
tp(a/G) € U, tp(b/G) € U and a L b. Then, we must have that a< b, since
G<tp(b/G) and a Lgb. Now, let g € G such that g # L. Then, g"a Lgb and
hence ¢ ~a< b. Since ¢ # | and g< a we also have g™ a # L. Hence,

§7(a"b) = (g7 0)"b# L.

Therefore, we have that g< (a ™ b) from which we get tp(a/G)-ctp(b/G) € U. Also,
U is type-definable over G and hence compact. Finally, notice that a< mb for every
m € M and for every a,b € G such that a<b. Hence, U is closed under the action
of M. By Proposition 3.5.2, it is a compact right topological semigroup such that M

acts on U by continuous endomorphisms.
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Let u = g(y) € E(U)NI(U), where g : Y(M) — E(U) is the function given by
definition of good monoid. Let DP be the set of elements of ((X};)uew) that have at
least one distinguished point, and let ] = {p € S(G) : DP € p}. Since JNU is a
non-empty both-sided ideal of U, and u € I(U), we have that u is in J. Let (uy)ncw
be a coheir sequence of u. We write ii}; for the tuple u;_1,...,ug. Notice that since
the map g is order-reversing and M-equivariant, for every ao, ..., a,,bo, ..., by € M
if agy V- Vayy = boy V - - - V byy then also apu - ... g anu = bout .g ... G bmu.
Hence, it is straightforward to check that i; is (F,y, c)-controllable for every i € w.
Notice that i1); is a basic sequence since products stay in U and L ¢ U. Finally, u,
are elements of DP since u € J. Now, we use the sequence ii to define 5§ € G“ with

same properties as il.

Let k € w be such that for every element f € F there are k' < x and ay, ..., apy € M
such that f = agy V - - - VV apy. Notice that this implies that for every f, f' € (Y(M))
such that f V f’ € F there are co,...c; € M with j < k such that f' = cgy V - - - V ¢jy.
This follows from the property that the set of predecessors of any element of Y (M)
is linearly ordered by <y ).

Assume as induction hypothesis that the tuple obtained by concatenation s}; ™ it
is (F,y, c)-controllable and s; is a basic sequence of elements of DP. Our goal is to

find s; € G such that the same properties hold for s; 1.

From the induction hypothesis it follows that s; ~i; is (F,y,c)-controllable for
any I € w. In fact, let w = bosj, ™ ... " bws;, ~ b1, " ... bau;, be such that
boy V-V by V b1y V.- Vbyy € F. Let j < kand co,...,c; € M be such that
b1y V- Vbyy = coy V -+ Vcjy. Since il is a coheir sequence, we have that
i1, =g )jy1 for any Iy C I of size j + 1. Hence, the type over G of w is equal to
the type over G of bps;, ™ ... " bms;, " cou; " ..." cjup. Therefore, we may use the
induction hypothesis to conclude that s; ~ ity is (F,y, c)-controllable. Also, sy; ™ iy

is a basic sequence by induction hypothesis and idempotence of u.

Let ¢(s}i, tj41, U}i1) say that sy; 7 #y;45 is (F,y, c)-controllable and that s}; ™ it} is
a basic sequence of elements of DP. As i is a coheir sequence we can find s; € G
such that ¢(s;11,ui11). Hence, s; has the desired properties.

3.6 Equivalent definitions of Ramsey monoid

In this section, we briefly prove the equivalence between different notions of being

Ramsey.

First, in Proposition 3.6.1 we show that in this context results on located words
are not stronger than results on words, but rather equivalent, since one can derive
results about located words from results about words. While the converse is well-

known, this implication apparently has been overlooked. For example, Bergelson-
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Blass-Hindman theorem on located words [6] can be derived from Carlson’s theo-
rem on variable words [9], since Carlson’s Theorem implies condition 3 in Proposi-
tion 3.6.1. Conditions 3 and 4 of Proposition 3.6.1 also show that Carlson’s Theorem
and Gowers’ Theorem are indeed equivalent to the statement that a certain monoid

is Ramsey.

Secondly, in Corollary 3.6.2 and Theorem 3.6.3 we state some equivalent definitions

of Ramsey monoid which may be useful for applications.

First, let us recall some basic definitions. (S, -) is a partial semigroup if - is a partial
binary function - : S — S such that (s; - sp) - s3 = 51 - (s3 - 53) whenever (sq - s3) - 53
and s; - (sp - s3) are both defined. An endomorphism on a partial semigroup S is a
function m : S — S, denoted by s — ms, such that for all 51,5, € S for which s1 - 5,

is defined, then ms; - ms; is defined and m(sy - sp) = (msy) - (msy).

Given a partial semigroup S and two sequences 5 and f in S, we say that 5 is
extracted from f, or 5§ <jr t, if there is an increasing sequence (iy)ne, Of natural
numbers such that s, € (ti,,...,f(, ) 1),, As for pointed M-sets, we say that f is
basic if mot;, - ... myt; is defined for every ip < ... < i, and my,..., m, € M.

An infinite sequence f € MY is rapidly increasing if |t,| > ! J|t;]| for all n € w.

Let FIN ) be the partial semigroup of located words, i.e. FINy; = ((Xy)ncw) where
X, = {n} x M with the usual action. As for words, a variable located word is a

located word w such that (1,1);) € ranw for some n.

Proposition The following are equivalent for a monoid M:

1. M is Ramsey.

2. For every partial semigroup S on which M acts by endomorphisms, for every basic
sequence t € S¥, for every finite coloring of S there is a sequence 5 < f such that

(3) 1 is monochromatic.

3. There is a rapidly increasing sequence of variable words ¥ € (M<“)“ such that for
all finite colorings of M= there is a sequence 5§ <pq % with (5) 1 monochromatic.

4. For all finite colorings of FINy there is a sequence of variable located words with

monochromatic M-span.

Proof It is easy to check that points 1 and 2 are equivalent. Indeed, ((X;)new) is a
partial semigroup for every (X, )new, hence 2 implies 1. Conversely, given a partial
semigroup S and a basic sequence (f;)ncw € S, we may obtain results about S

from ((Xy)new) choosing the sets X,, = Mt, C S with distinguished point ¢,,.

It is also straightforward to check that 2 implies 3 and 4. Hence, it remains to prove

that 3 implies 2 and 4 implies 2.

So let us show that 3 implies 2. Let ¥ be the sequence given by 3, let S be a partial
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semigroup and let f be a basic sequence in S“. We write ~ to denote the operation
of M<“ and e to denote the operation of S.

By definition of rapidly increasing sequence and since each xj, is a variable word,
every element of (%), can be written as mx;, ~ ...  m,Xx;, in a unique way. Hence,
there is a function f : (X)) — (F)p defined as the surjective homomorphism of

partial semigroups such that for every n € w, my...m, € M, and i} < - -+ < i,

flmx, = " myxg, ) = myt; e ... emyt

In*

Let {B; : i < n} be a coloring of S into finitely many pieces. Define A; = f~![Bj],
then {A; : i < n} U{M<“\ (X)y} is a finite coloring of M<“. By 3 we may find
7 <m % such that (i) is monochromatic. Notice that (7)y; C (%), so there is
k < n such that (7)p C Ay.

Set f(7) = (f(vi))iew- Then, f(7) <y f(x) = E It is enough to prove that
(f(#))m = f[{#) m] and then we are done, since f[(7)m] C f[Ax] = By.

Notice that mf(y;) = f(my;) for all m € M. In fact, if y; = myx; ~..." myx;,, then
mf(yj) =m(myt;)e...em(mt; )= f(my]-).

Let g € (f(7))m, say
g=mif(yy)e...emuf(y;,) = f(my;)e...of(muy;,).
Then, ¢ = f(myy;, ~...7 myy;, ).
The proof of 4 implies 2 proceeds in a similar manner, starting from the sequence

¥ = ((n,1m))new from which every sequence of variable located words can be

extracted.

Notice that in the proof of Proposition 3.6.1, with the same notation and assump-
tions, we showed that the color of ¢ = m;f(y;)e...®m,f(y;,) is controlled by
the color of myy;, - ... myuy;,. Proposition 3.6.1 can be extended to Y-controllable

monoids, providing three equivalent definitions for this notion as well.

In the definition of M-span, we ask that at least one element of the basic sequence
is moved by 1. Here, we show how to relax this condition.

Corollary Let M be a finite Ramsey monoid. Then, for any partial semigroup S, for any
finite coloring of S and for every sequence t € S there is § <y F such that for every a € M
the set

{mosi, -~ mps;, 1ip < -+ < in,m; €aM,m; Ra for at least one i}
is monochromatic.

Proof By Corollary 3.4.8, M is Y-controllable. Then, the thesis follows from the
definition of Y-controllable monoid applied to the maximal element y = X(M) and

to F = {ay : a € M}, and the arguments of Proposition 3.6.1.
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In previous corollary, the action of M can be controlled with |X(M)|-many col-
ors. This is optimal, as in general it is not possible to get less than [X(M)|-many
monochromatic sets. For example, choose X(M) as set of colors, and color each
word w € M<“ by the minimum aM such that ran(w) C aM: then, if f is a se-
quence of variable words, for any 5 <y f each set defined above has a different
color.

When instead M is Y-controllable but X(M) is not linear, it is not difficult to see
that for any k € w there are y and F C Y(M) and colorings of, say, M=% such that
for every sequence of variable words 5 there are more than k-many f € F such that
the sets

<§)f: {aosiy - ... -ansi, 1 a; € M,ig < -+ <y, agyV---Vayy = f}

have different colors.

The next theorem is a generalization of both Theorem 3.4.7 and Milliken-Taylor
theorem [36], [45]. It is a combination of Ramsey’s theorem and Theorem 3.4.7, in
the same way as Milliken-Taylor theorem is a combination of Ramsey’s theorem and
Hindman's theorem. For a sequence 5 € S let 5") be the collection of n-subsets of
{a € S:a=s;forsomeic w}. Notice that for n = 1 the following is the content
of Theorem 3.4.7.

Theorem Let M be a finite Ramsey monoid. Then, for any n > 1, for all sequences of
pointed M-sets (X )new on which M acts uniformly, for any finite coloring of n-subsets of
((Xn)new) there is a basic sequence 5 € ({(Xn)new))®” such that s, has a distinguished
point for every n € w and such that | J 7") is monochromatic.

Proof The proof goes as in Theogrj\l/[ls 3.4.4, in section 3.5. Let G and u = g(y) be
defined as in Theorem 3.4.4, with y = X(M), and let (uy)yew be a coheir sequence
of u. It is straightforward to check that all elements of the span of ii|; satisfy the
type u for every i € w. Also, notice that with signature L, for every a,a’,b € <% if
a=ca,a Lcb anda b, thena =,y a'. Then, for anyﬁ <um i we have h =¢ i,
by the remark above and the definition of coheir sequence. All the n-subsets of an
indiscernible sequence have the same color, for any n € w. The rest of the proof is

the same as in Theorem 3.4.4.

The same arguments of Proposition 3.6.1 allow to extend this result to any partial

semigroup.

It can be easily seen that if a monoid satisfies the conclusions of Corollary 3.6.2 or
the conclusions of Theorem 3.6.3, then it is Ramsey. Conversely, Corollary 3.6.2 and
Theorem 3.6.3 hold for all finite Ramsey monoids. Hence, their conclusions hold

for a finite monoid if and only if it is Ramsey.
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3.7 Final remarks and open problems

3.71

We conclude with some open questions and remarks concerning the work done so

far.

Our main theorems suggest a possible connection between Ramsey theory and au-
tomata theory, passing through Schiitzenberger’s Theorem. Any result in that di-

rection would be of the highest interest.

Limiting ourselves to Ramsey theory, there are still several challenging open ques-

tions in the context of monoid actions on semigroups.

One of the most immediate questions is what can be proven for infinite monoids. In
a fore-coming paper, the authors prove that there are not infinite Ramsey monoids,
and thus a monoid is Ramsey if and only if it is finite, aperiodic and has linear
X(M).

Theorem 3.4.6 provides a sufficient condition for a monoid to be Y-controllable.
This condition is not necessary, as there are Y-controllable monoids for which
X (M) is not linear.

Proposition Let M be a finite aperiodic monoid such that for every distinct a,b € M with
aR b, we have a*> = a and ax = bx for every x € M \ {1}. Then, M is Y-controllable.

Proof To show that M is Y-controllable is enough to work with M <, by the argu-
ments of Proposition 3.6.1.

Consider the monoid M = (M, x) where x xy = y for all x,y # 1. It acts coordinate-

wise on M<%, considered as M~<%.

Let G be M=% with the signature L" used in the proof of Theorem 3.4.4, plus an
unary function 4 for any a € M, which is interpreted in G as the action of M. Since
M is Ramsey and since every element in M different from 1 is in the same R-class,
one can find an idempotent u in the space of types S(G) such that du = bu for every
a,b # 1. Let v be an element of the monster model satisfying u. Then, if a R b, we

have

where we use the fact that for every x € M<“, and hence for every x in the monster
model, we have adx = ax and abx = bx, by hypothesis. Hence, we can conclude
that M is Y-controllable, by the arguments of Theorem 3.4.4.

An example of a monoid satisfying the hypothesis of Proposition 3.7.1 for which
Xz (M) is not linear is given by the following Cayley table.

On the other hand, it seems possible that the necessary condition of Theorem 3.4.6 is
also sufficient, and that a finite monoid is aperiodic if and only if it is Y-controllable.

If true, this would suggest an even stronger connection between Ramsey theory and
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3.7.3

3.74

1|la b ¢ d
ala b a b
b|la b a b
clc d ¢ d
dlc d ¢ d

Table 3.2: Example of (aperiodic) Y-controllable monoid M such that Xz (M) is not

linear.

Schiitzenberger’s Theorem.
Open Problem Find an algebraic characterization of Y-controllable monoids.

If M is a Ramsey monoid, then for every action of M on every partial semigroup you
have a monochromatic set as described in the definition. Lupini’s in [33] gave exam-
ples of non-Ramsey monoids where the same statement holds for certain actions on
certain partial semigroups (actually, he proved a stronger statement that can be seen

as the analogue of Corollary 3.6.2).

Define I; to be the set of functions f from k to k such that f(0) = 0 and such that
if (i) = j then either f(i+1) = jor f(i+1) = j+ 1. Then, I; is a monoid with
composition of functions as operation, and k is an [-set with distinguished point
k — 1, where the action is defined by fi = f(i). This action induces a coordinate-
wise action on FIN; = (({n} X k)yew) (i.e. the set of all partial functions with
finite domain from IN to k). Lupini in [33] showed that for every k € w and for
every finite coloring of FINj there is an infinite sequence of words in FIN; each
containing k — 1 such that its [y-span is monochromatic. Notice that this result
implies that every R-trivial monoid is Ramsey. In fact, let N be a R-trivial monoid
with linear X(N). Without loss of generality, we may assume that N = {0,...,k —
1} and that ON C --- C (k — 1)N is an increasing enumeration of X(N). Then, the
coordinate-wise action of N on FINj coincides with the action of a submonoid of I,

by Proposition 3.2.4, and Lupini’s theorem implies point 4 of Proposition 3.6.1.

All monoids I are R-trivial, but X(I}) is linear if and only if k < 3 (see [43, Section
4 4]). In particular, if k > 3 these monoids are not Ramsey, and Lupini’s result does
not follow from the theory of Ramsey monoids. It would be interesting to see if a

similar statement holds for other (non-Ramsey) monoids.

Open Problem Classify the couples (M, k) such that k € w is a pointed M-set and
for every finite coloring of FINy. there is a basic sequence 5 in FINy such that s, has a
distinguished point for every n € w and such that the M-span of 5 is monochromatic.

In the same direction, the following seems a challenging problem.
Open Problem Characterize the class of triples (S, M, F), where S is a partial semigroup,
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3.7.6

M is a monoid acting on S by endomorphisms and t is a basic sequence in S, for which
for every finite coloring of S there is a sequence 5 <p; t in S such that its M-span is

monochromatic.

One can check that every finite Ramsey monoid generates examples of Ramsey
spaces. However, an even nicer property might be true: there are topological Ram-
sey spaces that induce a collection of projected spaces such that every metrically
Baire set has the Ramsey property. A sufficient condition for the latter has been
found by Dobrinen and Mijares in [16]. An example of a space of this form is
Carlson-Simpson space, see [10] and [47, section 5.6]). See also [16, section 4] for

generalizations of the latter.

Open Problem Which topological Ramsey spaces given by finite Ramsey monoids meet
the sufficient conditions given in [16]?

Hales-Jewett theorem [26] is a corollary of Corollary 3.6.2 for the special case of
monoids M such that ab = b for every a,b € M\ {1}. In Ramsey theory, two
of the strongest known results are a polynomial generalization [7] and a density

generalization [20] of Hales-Jewett theorem for these monoids.
Open Problem Do polynomial or density results hold for other finite Ramsey monoids?

Ojeda-Aristizabal in [39] obtained upper bounds for the finite version of Gowers’
FINj theorem, giving a constructive proof. It would be interesting to know if these

upper bounds hold for other Ramsey monoids.

The work of Gowers on FIN; and the related space FIN; was the key to his solu-
tion of an old problem in Banach spaces [24]. Also, the aforementioned example of
Bartosova and Kwiatkowska found applications in metric spaces. Finally, a discus-
sion about the connection between Ramsey spaces and Banach spaces can be found
in Todorcevic’s monograph. In this paper, we found new Ramsey monoids, and
consequently new Ramsey spaces. Hence, it might be possible to find applications

of these new results to metric spaces.

Recently various papers have found different common generalizations of Carlson’s
and Gowers’ theorems, see [3], [29], [34]. Of particular interest is the context of
adequate layered semigroups, introduced by Farah, Hindman, and McLeod [18]
and recently studied by Lupini [34] and Barrett [3]. Barrett’s paper [3] describes a
framework which seems well suited for a connection between Ramsey monoids and
layered semigroups. His work and ours are independent from each other and were
written concurrently, so we did not investigate this research line. Nevertheless, in

Example 3.7.7 and in the following paragraph we show a possible connection.

3.7.7 Example Let M be a monoid with linear X(M), and let agM C --- C a,M be an
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increasing enumeration of X(M). Define ¢ : FIN); — n + 1 by
¢(w) = min{i : ran(w) C a;M}.

Then, (FINyy, ¢) is an adequate partial layered semigroup as defined in [3, Defini-
tion 3.7]. Furthermore, the canonical action F¢, of M on FIN; is made of regressive

maps, by Proposition 3.2.4.

This example shows that every monoid with linear X(M) generates an adequate
partial layered semigroup, FIN), and a family of regressive functions Fcw. On the
other hand, every family of regressive functions F on an adequate partial layered
semigroup generates a monoid My with composition, acting on S by endomor-

phisms.
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4.1

4.1.1

4.1.2

Chapter 4

Actions of infinite monoids

Introduction

In this chapter, we expand upon the results of Chapter 3, and we introduce two

new notions for monoids: locally Ramsey and locally Y-controllable.

In Chapter 3, we study Ramsey monoids and Y-controllable monoids, but we focus
on finite monoids. In particular, in Theorem 3.1.3 we characterize finite Ramsey
monoids as those finite aperiodic monoids such that X(M) is linearly ordered by
inclusion. In this chapter, when possible, we extend the results of Chapter 3 to

infinite monoids.

One of our first results is the following.
Theorem (Theorem 4.3.7) Let M be a Ramsey monoid. Then, M is finite.

Together with Theorem 3.1.3, Theorem 4.1.1 leads to a full characterization of Ram-

sey monoids.
Corollary A monoid M is Ramsey if and only if it is finite, aperiodic, and X (M) is linear.

Theorem 4.1.1 forces us to study properties for infinite monoids that are weaker
than Ramsey. Motivated by [47, Theorem 4.21], we introduce the notion of locally
Ramsey monoid. Theorem 4.21 of [47] is an infinite version of Hales-Jewett Theorem
and Carlson’s theorem, and it is equivalent to saying that any countable monoid

such that ab = b for every a,b # 1 is locally Ramsey.

To give definitions of locally Ramsey and locally Y-controllable, we work with se-
quences of pointed M-sets, as defined in the introduction of Chapter 3. One could
also work with FIN,, as in the introduction of this thesis (see section 1.2.4). The two
approaches are equivalent. This can be shown with the arguments of Proposition
3.6.1.
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4.1.4

4.1.5

4.1.6

4.1.7

4.1.8

Definition Let M be a monoid acting on a partial semigroup S and let 5 € S“ be a basic
sequence. Let (M;);c., be a sequence of finite subsets of M. The (M;)-span of S is the set

&) = {mosiy-...-musi, :n€w,ig <--- <iym; €M, atleast one m; is 1y }.

Definition We say that a monoid M is locally Ramsey if for every sequence of pointed
M-sets (Xy )new on which M acts uniformly, for every finite coloring of ((Xn)necw), and for
every sequence (M;)ic., Of finite subsets of M there is a basic sequence 5 € (((Xn)new))”
such that s, has a distinguished point for every n € w and such that (3) s, is monochro-

matic.
Notice that for every sequence (M;);e,, of finite subsets of M, the (M;)-span of a

sequence § is contained in the M-span of the same sequence, i.e. (5)(y;,) C (5)m-
Hence, the following fact trivially holds.

Fact If a monoid is Ramsey then it is locally Ramsey.
One of the main results of this chapter is the following characterization.

Theorem (Theorem 4.5.5) Let M be a monoid. Then, M is locally Ramsey if and only if
M is aperiodic and X(M) is linear and finite.

The notion of locally Ramsey monoid generalizes the notion of Ramsey monoid by
limiting the action to finite sets of the monoid. The same idea leads to the notion
of locally Y-controllable monoid, which generalizes that of Y-controllable monoid.
We recall here the definition of (Y(M)).

Given a monoid M, Y(M)C 2 (X(M)) consists of the non-empty subsets of X (M)
which are linearly ordered by inclusion. Given x,y € Y(M), define x <y v if

x C y and all elements of y \ x are larger with respect to C than all elements of x.

Let (Y(M)), with operation V, be the semigroup freely generated by Y (M) modulo

the relations

pVg=q=qVpforp <yu g

Definition Say that M is locally Y-controllable if for every finite F C (Y(M)), for
every y maximal element in Y (M), for every sequence of pointed M-sets (Xy)new on
which M acts uniformly, for every finite coloring of ((Xn)necw), and for every sequence
(M;)icw of finite subsets of M there is a basic sequence 5 € ({(Xy)new))® such that
sy has a distinguished point for every n € w and such that for every m,n € w and
for every a;,b; € M if agyV ---Vayy € F and agy V ---V ayy = boy V -V by,
then agsj, - ... - as;, has the same color of bosjo e bms]'m, for every iy < -+ < iy,
jo <+ < jm such that ar € M;,_and by € M;,.

The same remark as before leads to the following easy fact.
Fact If a monoid is Y-controllable then it is locally Y-controllable.
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The following is the "local" version of Fact 3.4.5, which states that if a monoid M is
Y-controllable and X(M) is linear then M is Ramsey.

Fact If M is locally Y-controllable and X (M) is linear then M is locally Ramsey.

Proof Notice that X(M) is linear if and only if X(M) € Y(M). Assume X(M)
is linear and fix a sequence (M;);c,, of finite subsets of M. We want to use the
definition of locally Y-controllable with y = X(M) and F = {y}. It is enough to

notice that for every a € M we have
aX(M) = {amM : m € M} = {xM : xM C aM}.

Hence, if aM C bM, then ay V by = by = by V ay. Therefore, a1yV---Va,y=y € F
for every ay,..,a, € M such that there is i such that a; = 1. Hence, when X(M) is
linear, the definition of locally Y-controllable gives a basic sequence 5 which has

monochromatic (M;)-span.

Our results on locally Y-controllable are summarized in Theorem 4.5.3.

Finally, we improve the results of Chapter 3 on Y-controllable monoids. In fact, in
Theorem 4.5.4 we prove that there is a large class of infinite Y-controllable monoids,

which is not noted in Chapter 3.

4.2 Chain conditions in X (M)

421

Towards an algebraic characterization of locally Ramsey monoids, our theorems can

be divided in two sorts: necessary conditions and sufficient conditions.

In the case of locally Y-controllable monoids, we do not reach an algebraic charac-
terization, and our necessary conditions are different from our sufficient conditions.
The absence of infinite chains in X (M) turns out to be a very relevant condition for
locally Y-controllable monoids. However, we do not know whether it is a necessary
condition, and weaker conditions appear in our lemmas. In this section, we are

going to list these weaker conditions, in Proposition 4.2.1.

We work with these weaker conditions because our lemmas may themselves be
of interest. Also, this might help to reach an algebraic characterization of Y-

controllable monoids and locally Y-controllable monoids, in some future work.

Proposition Let M be a monoid. Assume that there are no infinite chains in X(M). Then,
the following statements hold:

1. There are no a € M and maximal y € (Y(M)) such that {a'y : 'y <y ay} is

infinite.
2. There is no maximal y € (Y (M)) such that {a'y : a'y <y y} is infinite.
3. There are no infinite decreasing chains in X(M).
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4.2.3

4.2.4

4. For everyy € (Y(M)) the set {z : z <y y} is finite.
5. There are no infinite increasing chains in X(M).

Proof Let us prove 1. The other proofs are either trivial or similar to the proof of 1.
Let us show that if 1 does not hold, then there is an infinite chain in X(M).

Assume there is an element 4 € M and a maximal y € (Y(M)) such that the set
{a'y : @ € M,d'y <y ay} is infinite. Then, {z : z € Y(M),z <y ay} is infinite.
Then, by definition of <y, the set {bM : bM € ay} is infinite. It is linearly ordered
by inclusion since ay € Y(M).

Remark Condition 4 is actually equivalent to the absence of infinite chains in
X(M). In fact, assume there is an infinite chain in X(M), and let y € Y(M) be

that chain. Then, y witnesses not 4.
Recall that a monoid is said R-rigid if for every a,b € M, if abR b, then ab = b.

Finite aperiodic monoids are exactly finite R-rigid monoids. Aperiodic and R-rigid
monoids do not coincide in general. For example, (N, +,0) is R-rigid, since it is
R-trivial, but it is not aperiodic. The next proposition shows that the two classes

coincide when there are no chains of a certain kind.

Proposition Let M be a monoid. If a condition between 1, 2, 3, 4 of Proposition 4.2.1 hold,
then the following are equivalent

1. M is aperiodic.
2. Forevery g,a,8' € M, if gag’ = a, then ga = ag’ = a.

3. M is R-rigid.

Furthermore, 1 implies 2 and 2 implies 3 without any assumption on M.

Proof If M is aperiodic then point 2 holds, and if point 2 holds then M is R-rigid,
without any further assumption on M. This is shown in the proof of Proposition
3.2.2.

Assume that for every a € M the set {a"M : n € w} is not an infinite chain, where
we convene that aM = 1M = M. This assumption is implied by any condition
between 1, 2, 3, 4 of Proposition 4.2.1. We want to show that if M is R-rigid then it
is aperiodic.

Let a € M and let n be such that a"*! R a". This n exists since {a"M : n € w} is

finite. Since M is R-rigid and aa" R a” we have a"*! = a".

We need the following technical proposition for the proof of Theorem 4.5.2. Notice
that the second condition is the condition 1 of Proposition 4.2.1.

Proposition The following are equivalent for a monoid M:
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1. For every finite F C (Y(M)), for every y maximal element in Y (M) there is a finite
B C {ay :a € M} such that if agy V - - - V ayy € F then {a;y :i < n} C B.

2. There are no a € M and maximal y € (Y(M)) such that {a'y : a'y <y ay} is
infinite.
Proof "not 2 implies not 1" Assume there are such 4 and y. It is enough to choose
F = {ay} to show that 1 does not hold.

"not 1 implies not 2" Suppose there is a finite F and a maximal y such that for every
finite B C {ay : a € M} there are {a;y : i < n}, such that agy VV - - - V a,y € F and
{ajy : i < n} ¢ B. This implies that there are infinitely many ay such that there
existag...a, € M<? and i < n such that agy V - - - Va,y € F and a;y = ay.

This implies that for some f € F there are infinitely many ay such that there exist
a...a, € M<¥ and i < n such that agy V - - - Va,y = f and a;y = ay.

Let f be as above, say f = agy V - - - V a,y, we want to show that there is i < n such
that {ay : ay <y a;y} is infinite.

Let g = boy V --- V bry be equal to f. It is enough to show that for every j < k
there is i < n such that bjy <y a;y. Suppose not and let j be such that b;y Ly aiy,
for every i < n. To reach a contradiction, we show that in this case every element
equal to g has an element x such that x £y a;y, for every i < n. In fact, assume

that z vV bjy # bjy: then, zV bjy = z and bjy <y z. Then, for every i we must have
z Ly ajy.

Notice that if B is as in condition 1, then the set {a : ay € B} can be infinite, but it

has elements from finitely many R-classes.

4.3 Necessary conditions

In this section, we prove that all Ramsey monoids are finite. We also prove that
locally Ramsey monoids are aperiodic, and have finite and linear X(M). Finally, we
prove that locally Y-controllable monoids are aperiodic and satisfy condition 1 of

Proposition 4.2.1.

Our strategy is to show that if a monoid is infinite, then it is not Ramsey. Similarly,

for the other classes of monoids.

To prove that some monoids are not Ramsey, we have to find an example of a
sequence (Xp)new of M-pointed sets and a coloring of ((Xy)necw) such that there
is no infinite sequence 5 € (((Xy)new))® such that s, has a distinguished point for
every n and such that (5) ) is not monochromatic. Similarly, to show that a monoid
is not locally Ramsey (or locally Y-controllable), we have to choose a sequence

(X1 )new of M-pointed sets and a coloring of ((X;)new)-

In this section, as an example of sequence (X, )ncw as above, we always choose the
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constant sequence X, = M. Namely, we always color the free semigroup M<“. It
can be seen as ((Xy)necw), where X, = M, with distinguished element 1. The action
of M on X, is given by multiplication. Elements of ((X;)neo) have distinguished

points if and only if they are variable words.

The results of this section are stated for locally Ramsey monoids and locally Y-
controllable monoids. Since every Ramsey monoid is locally Ramsey, and every
Y-controllable monoid is locally Y-controllable, these results also hold for Ramsey

monoids and Y-controllable monoids.

The following proposition is a straightforward generalization of Solecki’s [43, Corol-
lary 4.5 (ii)] to locally Ramsey monoids.

Proposition If M is locally Ramsey then X(M) is linear.

Proof Suppose X(M) is not linear, and let aM and bM such that aM ¢ bM and
bM ¢ aM. By aM ¢ bM we have a ¢ bM, and by bM ¢ aM we have b ¢ aM.
Color w € M=% with red if the letter a is in w and it appears before the first
appearance of b. Otherwise, color w with blue. Let (M;);c,, be any sequence of
finite subsets of M each containing {1,4,b}. Then, if 5 is any sequence of variable
words, a(s1)s, has color red and b(sq)s, has color blue. Hence, the (M;)-span of 5

is not monochromatic and M is not locally Ramsey:.

In the following, we prove that both locally Y-controllable monoids and locally

Ramsey monoids are aperiodic.
4.3.2 Proposition Let M be a monoid. Then,
1. If M is locally Y-controllable, then it is aperiodic.

2. If M is locally Ramsey, then it is aperiodic.

Proof Suppose M is not aperiodic, and let a € M be such that a” # a"*! for every
n € w. We want to prove that M is not locally Y-controllable and is not locally

Ramsey.

Let A={a":necw} letC={meM:a"mec Aforsomen € w}. We convene
that a° = 1. Notice that m € C if and only if am € C.

Suppose first A is finite. Let A U {black, red, blue} be the set of colors. Given a
word w € M<Y, color w with black if w contains no letter in C. Otherwise, let
m be the first letter of w in C. Color w with m if m € A, color w with red if

min{n € w : a"m € A} is even and with blue if it is odd.

If instead A is infinite, then a™ # a/ for every m # j. Given a word w € M=%, color
w with black if w contains no letter in C. Otherwise, let m be the first letter of w in
C. Let n = min{n € w : a"m € A} and let k be such that a"m = a*. Color w with

red if n — k is odd, and with blue if n — k is even.
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Let (M;)ic be the sequence of finite subsets of M defined by M; = {1,a}. Let
y = {a"M : n € w}, where we set a° = 1, and let F = {y}. Then, y is a maximal
element of Y(M),andyVy =y =ay Vy.

Let (v;)i<w be any sequence of variable words. Both in the finite and infinite case, yo
has at least a letter in C, since it has a 1. Then, yo " y; and a(yo) " y1 have different
colors, hence M is not locally Y-controllable. The same coloring shows that the

(M;)-span of yoy; is not monochromatic. Hence, M is not locally Ramsey.

We notice a consequence of those properties already proved for locally Ramsey

monoids.

Remark Let M be an aperiodic monoid such that X(M) is linear. Then, aM is a
both-sided ideal for every a € M (and in particular Ma C aM).

In fact, consider a,d € M. If daM C aM we are done, so by linearity we may assume
aM C daM. By induction this implies aM C d'aM for every i < w. Given n such
that d"* = d"*!, we have a € d"aM and there is m € M such that a = d"am. Hence,

da = d(d"am) = (d"™)am = d"am = a.

In the following, we show that locally Y-controllable monoids satisfy the condition

1 of Proposition 4.2.1.

Proposition If a monoid M is locally Y-controllable then there are no a € M and maximal
y € Y(M) such that {a'y : a'y <y ay} is infinite.

Proof Towards a contradiction, assume there are 2 € M and a maximal y such that
A ={d'y:da" € M,a'y <y ay} is infinite. Notice that if #’ R 4" and {a'y,a"y} C A,
then a'y = a’’y: in fact a'y and a’'y are <y-comparable and a’M = a”’ M is their top
element. Hence A(M) = {cM : ¢ € M, cy € A} is infinite.

First, notice that A(M) = {cM : cy € A} is linearly ordered by inclusion. In fact, if
cy <y ay and c'y <y ay then cy and 'y are <y-comparable, and this implies that
cM and ¢’M are C-comparable, since 1M € y.

We want to show that A(M) contains no infinite ascending chain. Suppose not,
and let {a;M} be ascending in A(M) with ;M C a;;1M and a;y € A for every
i € w. For each word w € M=%, define i(w) to be the highest natural number
such that a letter of w is in [a(,)|r, if there is such a letter in w. Color w with
black if it contains no such letter, otherwise color w with red if i(w) is odd and with
blue if i(w) is even. Let (M;);c. be the sequence of finite subsets of M defined by
M; = {1,a,a9,...,a;}. Let = (yn)ncw be any sequence of variable words. If ayg
has color black, then ayy ™ a1y; has color blue or red, since y; has at least a letter 1.
Otherwise, let k = i(ayp). Then,

i(ayo " ag1Yir1) = k+1,
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since ayp "~ a4y 1Yx1 contains a1 as a letter, and each other letter of ay,qyx,1 be-
longs to a1 M. This contradicts that M is locally Y-controllable, since

ay VvV ary = ay\V a1y = ay.

Now we want to show that A(M) contains no infinite descending chain. Suppose
not, and let {#;M} be an infinite descending chain in A(M), with a;M D a;;.1M
and a;y € A for every i € w. Set ayp = a. For each word w € M<%, let Hy, be
the set of i € w such that there is a letter b in w such that b € [a;]g, there is no
letter ¢ in w such that ¢ € [4;,1]r, and there exist k > 2 and a letter d in w such
that d € [a;,4]r. We can think Hy as a set counting "holes". Color w by red if
Hy, has even cardinality, by blue otherwise. Let (M;);c, be the sequence of finite
subsets of M defined by M; = {1,ay,...,a;}. Let ¥ = (yu)ncw be any sequence of
variable words. Given a word w € M<% such that w has a letter in U;c,[a:]%, let
I(w) be the maximum i such that w has a letter in [a;]gz. Let i = I(ayp) and let
k =1(ayo " a;j11yir1). If ayy has the same color of ayy ™ a;,1y;.1 then the cardinality
of Hy,, ,y,,, is even. In this case, ayo ™ a;11Yi11 "~ @x1Yk+1 and ayo ™ ax1ykx41 have

different colors. This contradicts that M is locally Y-controllable, since
ayV a1y = ay Vv ajy Vagpy = ay Vagy = ay.

Hence, A(M ) is linearly ordered and does not contain infinite chains, in contradic-
tion with the fact that A(M) is infinite.

Virtually the same proof shows the following. We write the proof for the ease of the

reader.

Proposition If a monoid M is locally Ramsey then there is no maximal y € Y (M) such
that {a'y : a'y <y y} is infinite.

Proof Towards a contradiction, assume there is a maximal y such that A = {a'y :
a'y <y y} is infinite. Hence A(M) = {cM : cy € A} is infinite.

Arguing as in the proof of Proposition 4.3.4, A(M) = {cM : cy € A} is linearly
ordered by inclusion.

We claim that A(M) contains no infinite ascending chain. Suppose not, and let
{a;M} be ascending in A(M) with a;M C a;1M and a;y € A for every i € w.
For each word w € M=%, define i(w) to be the highest natural number such that
a letter of w is in [ai(w)]R/ if there is such a letter in w. Color w with black if it
contains no such letter, otherwise color w with red if i(w) is odd and with blue
if i(w) is even. Let (M;);c, be the sequence of finite subsets of M defined by
M; = {1,a0,...,a;}. Let 7 = (yn)ncw be any sequence of variable words. If yo
has color black, then yy ™ a1y7 has color blue or red, since y; has at least a letter 1.
Otherwise, let k = i(yg). Then,

i(Yo "~ Aky1Yis1) =k +1,
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since Yo~ Ax1Yk1 contains ax 1 as a letter, and each other letter of ay1yx1 belongs
to ayy1M. This contradicts that M is locally Ramsey, since the span of yoy; is not

monochromatic.

Now we want to show that A(M) contains no infinite descending chain. Suppose
not, and let {a;M} be an infinite descending chain in A(M), with a;M D a;,1M and
ajy € A for every i € w. Set ay = 1. For each word w € M<, let Hy, be the set of
i € w such that there is a letter b in w such that b € [a;], there is no letter ¢ in w
such that ¢ € [a;41]g, and there exist k > 2 and a letter d in w such that d € [a; ] r.
Color w by red if Hy, has even cardinality, by blue otherwise. Let (M;);c., be the
sequence of finite subsets of M defined by M; = {1,4ay,...,a;}. Let § = (Yn)ncw
be any sequence of variable words. Given a word w € M<“ such that w has a
letter in U;e, [i] %, let [(w) be the maximum i such that w has a letter in [a;]. Let
i=1(yo) and let k = I(yo " a;11Yi+1)- If yo has the same color of v~ a;1y;+1, then
the cardinality of H,,,,y,,, is even, hence yo ™ a;11Yi+1 "~ Gx1Yk+1 and Yo = Gx1Yk+1

have different colors. This contradicts that M is locally Ramsey.

Hence, A(M) is linearly ordered and does not contain infinite chains, in contradic-
tion with the fact that A(M) is infinite. O

The next corollary is a key step in the characterization of locally Ramsey monoids.

4.3.6 Corollary Let M be a monoid. Then,

1. If M is locally Y-controllable and X (M) is linear, then X (M) is finite.
2. If M is locally Ramsey, then X(M) is finite.

Proof Lety = X(M) € Y(M). If M is locally Y-controllable, by Proposition 4.3.4
the set {ay : ay <y y} is finite. Since X(M) is linear, ay <y y for every a € M.
Hence, the set {ay : a € M} is finite. This implies that X (M) is finite.

The same proof works in the case of locally Ramsey monoids, using Proposition
4.3.1 and Proposition 4.3.5 O

4.3.7 Theorem Let M be a monoid.

1. If M is locally Ramsey and Y-controllable then it is finite.
2. If M is Ramsey, then it is finite.

Proof By Proposition 4.3.1 and point 2 of Corollary 4.3.6 we know that if a monoid
M is locally Ramsey then X(M) is linear and finite. Since a Ramsey monoid is
locally Ramsey, the same holds for Ramsey monoids. To prove that M is finite it is
enough to prove that every R-class is finite. We are going to prove that if there is

an infinite R-class then M is not Y-controllable and not Ramsey.

62



4.3.8

Let [a]z be the maximal infinite R-class, and notice that M \ aM is finite. Let
B = M\ aM. Fix an enumeration {a; : i < a} = [a]g of [a]g such that for infinitely
many i the element a; appears after all the elements of 4;B, i.e. if 4; € a;B then j <.
This enumeration is possible since B is finite. This enumeration of [a]z induces an

enumeration of its subset C defined by
C = {c € [a]g : c appears after all the elements of ¢B \ {c}}.

Lety = X(M), let F = {y} C (Y(M)). Then, y is a maximal element and for every
¢ € [a]g we have cyVy =yVy =y. Color a word w € M=% by black if it has no
letter in C, by red if the highest index of one of its letters in C is odd, and by blue if

it is even.

Let (v;)ic. be a sequence of variable words. If iy ™ y; has color black, then ¢(yg) ~ 11
has color red or blue for any ¢ € C. Otherwise, let 1 be the maximal index of a letter
in C occurring in yg ~ y1. Then, c,11y0 ~ y1 and yp ~ y1 have different colors. Either
case, this shows that M is not Y-controllable. The same coloring shows that M is

not Ramsey, since the M-span of (y;);c. is not monochromatic.

Corollary A monoid is Ramsey if and only if it is finite, aperiodic, and X (M) is linear.
Proof By Theorem 3.4.7 and point 2 of Theorem 4.3.7.

4.4 Compact right topological semigroups

441

In this section, we study actions of aperiodic monoids on compact right topological
semigroups. The proofs contained in this section are similar to those of Chapter 3,

but here we cannot use the hypothesis that the monoid is finite.

As mentioned in Section 4.2, we work with weaker assumptions than the absence

of infinite chains in X (M) (see Proposition 4.2.1).
In this section, we work in conditions where R-rigid monoids are exactly aperiodic

monoids (see Proposition 4.2.3). We use this equivalence in what follows.

Lemma Let M be an aperiodic monoid such that there are no infinite descending chains in
(X(M), ©), and such that X (M) is linear. Then, for every distinct a,b € M with a R b
there are two distinct g,h € M such that ag = b, bh = a and gh = h, hg = g. This in
particular implies gM = hM.

Proof Fix a non-trivial R-class [c]g and let a,b € [c]g with a # b.
For every y,z € M, define
G]//Z == {gy,z S M : ygylz - Z}.
Notice that if y R z, then G, ; is non-empty. Let ¢ € G,; be such that ¢M is minimal
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in {xM | x € G,}}. Such g exists since there are no infinite descending chains in
X(M). Similarly, let i € G, , be such that #M is minimal in {xM | x € Gy, }.

Notice that hgh € Gy, since bhgh = agh = bh = a. Since hghM C hgM C hM,
by minimality of M we have hghM = hgM = hM, so h'R hg and h'R hgh. Notice
that hg € Gy and that G, N Gy, = @, so h # hg and the class [h]g is non-trivial.

Similarly, g R gh R ghg, ¢h € G, and so the class [g]g is non-trivial. We want to
show that hM = gM.

Since X (M) is linear either gM C hM or hM C gM. Suppose for example gM C
hM = hgM. Then, g = hgm for some m € M, which implies g = hg, by point 2 of
Proposition 4.2.3. Hence, gM = hgM = hM.

This implies that h, hg, g, gh, are all in the same R-class, hence gh = h and hg = g,
by definition of R-rigid.

In the following lemma we do not need the hypothesis that there are no infinite
chains in X(M).

Lemma Let M be an aperiodic monoid such that Xg (M) is linear. Then, for every a € M,
if there are b, ¢ € [a]g such that bc = c, then for every b, c € [a|r we have bc = c.
Proof The case where [a|g = {a} is easy, so we can assume that aM € Xz (M).

First, notice that if xy = y for some x,y € M, then xz = z for every z € [y]g, since
xzM = xyM = yM = zM and since M is R-rigid by Proposition 4.2.3.
Hence, we just need to prove that given a non-trivial R-class [a]r such that ax = x

for every x € [a]g, and given an element b € [a]g with b # a, then we have ba = a.

Let i be such that bh = a. Notice that ha R hb since haM = hbM, and also ha # hb
since bha = a # b = bhb. Then haM € Xy (M) and so haM C aM or aM C haM.

If haM C aM then
aM = aaM = bhaM C baM C bM = aM.

Hence, ba R a and ba = a.

If aM C haM then a = ham for some m, and by point 2 of Proposition 4.2.3, a = ha.
Hence, ba = bha = a.

The exact same proof of Theorem 3.3.5 works for the following, where Lemma 4.4.1
and Lemma 4.4.2 play the role of Lemma 3.3.3 and Lemma 3.3.4. In order to use the

proof of Theorem 3.3.5, we need to assume that X (M) is linear and finite.

Theorem Let M be an aperiodic monoid such that X (M) is finite and linear, and such
that there are no infinite descending chains in (X(M), C). Let U be a compact right topo-
logical semigroup on which M acts by continuous endomorphisms. Then, there exists a
minimal idempotent u € E(U) N I(U) such that a(u) = b(u) for all couples a,b € M
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4.4.6

4.4.7

such that aR b.
Let us recall a technical notion isolated by Solecki in [43].

Definition A monoid M is called good if for every left action of M by continuous endo-
morphisms on a compact right topological semigroup U there exists a function g: Y (M) —
E(U) such that

(i) gis M-equivariant;
(ii) g is order reversing with respect to Sy( M) and <y;
(iii) g maps maximal elements of Y(M) to I(U).

The following lemma is stated in [43] for finite monoids, but the same proof holds
for a larger class of monoids. In fact, the proof just uses that for every y € Y(M),
the set {z € Y(M) : z <y y} is finite. As proven in Remark 4.2.2, this condition is

equivalent to asking that there are no infinite chains in (X(M), C).

Lemma [43, Lemma 2.5] Let M be a monoid such that there are no infinite chains in
(X(M), C). Assume that for every left action of M by continuous endomorphisms on a
compact right topological semigroup U there is a M-equivariant f from Y (M) to U such
that f maps maximal elements of Y (M) to I(U). Then, M is good.

The following lemma gives another sufficient condition for a monoid to be good.
Notice that we need to ensure that every y has an element that is C-maximal. We
assume that M is a monoid such that there are no infinite increasing chains in
X(M).

Lemma Let M be a monoid such that there are no infinite chains in X (M). Assume that for
every action by continuous endomorphisms of M on a compact right topological semigroup
U there exists a minimal idempotent u € E(U) N I(U) such that a(u) = b(u) for all
couples a,b € M such that a R b. Then, M is good.

Proof Let 7 : Y(M) — X(M) be the function that maps a set y € Y(M) to the
maximal element in y with respect to C. Here we use that X(M) does not have
infinite increasing chains. Let u € E(U) N I(U) be given by hypothesis. The function
f : X(M) — E(U) that maps aM to a(u) is well-defined, and maps 1M to u €
E(U) N I(U). Also, notice that if y is a maximal element of Y(M), then 1M € y
and so to f(y) = u € E(U) NI(U). Since both f and 7t are M-equivariant the map
fom:Y(M)— E(U) satisfies the assumptions of Lemma 4.4.5, from which we get
that M is good.

Corollary Let M be an aperiodic monoid such that X (M) is linear, and such that there
are no infinite chains in (X(M), C). Then, M is good.
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Proof By Theorem 4.4.3 and Lemma 4.4.6. Notice that we can drop the hypothesis
that Xz (M) is finite. In fact, Xz (M) is always finite under the assumptions that
there are no infinite chains in (X(M), C) and X5 (M) is linear.

4.5 From good to locally Y-controllable

4.5.1

4.5.2

In this section, we conclude the characterization of locally Ramsey monoids. Also,
we find new classes of infinite Y-controllable monoids and locally Y-controllable

monoids. We use the same model-theoretic setup of Section 3.5.

We need a technical definition.

Definition Let F be a finite subset of the semigroup (Y (M)), let y be a maximal element
in Y(M), let (M;)icw be a sequence of finite subset of M, and let ¢ be a finite coloring
of a semigroup S on which M acts. We say that a sequence 5 € S=“ is (M, F,y,c)-
controllable if for every m,n < [3| and for every a;,b; € M if agy V - - - V any belongs

to Fand agy V -+ -V ayy = boy \V - - - V by, then ags;, - ... - ays;, has the same color of
bosj, « - .. bms,,, for everyig < -+ <in, jo < -+ < jum such that ay € M;_and by € M;,.
Theorem Let M be a good monoid.

1. Assume that there are no a € M and maximal y € (Y (M)) such that {a'y : a'y <y
ay} is infinite. Then, M is locally Y-controllable.

2. Assume that for every finite F C (Y (M)), for every y maximal element in Y (M)
there is a finite B C M such that if agy V/ - -+ V ayy € F then {a; : i < n} C B.!
Then, M is Y-controllable.

Proof Let us show 1; the proof of 2 is essentially the same.

Let (X;)new be a sequence of pointed M-sets on which M acts uniformly, and let L
be not in J,c, Xn. Define G = (((Xy)new) U{L}, ") to be the semigroup extending
(((Xn)new),”) defining x "y = L if x "y is not defined in the partial semigroup
((Xn)new). Inparticular, x ™ L = 1L ~x = L. Wewritex<yifandonlyif x "y # L
orx= 1.

It is enough to prove that for every finite subset F of (Y(M)), for every maximal
element y in Y (M), for every sequence (M;);c., of finite subset of M, and for every
¢ finite coloring of G there is a basic sequence 5§ € (((Xy)necw))” thatis (M;, F,y,c)-
controllable and such that s, has a distinguished point for every n € w. By Propo-
sition 4.2.4, there is a finite B C {ay : 4 € M} such that if apy VV - - - V a,y € F then
{ajy : i < n} C B. Without loss of generality, we may assume that M;y O B for

every i.

Notice that this condition is stronger than condition 1 of Proposition 4.2.4.
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Let L = {",<} and consider G with augmented signature L. Let
U={peS(G):G<p}

where G< p is a shorthand for {g<x: ¢ € G} C p(x). As we show in the proof
of Theorem 3.4.4, in Section 3.5, U is a compact subsemigroup of (S(G), :¢) and M

acts on U by continuous endomorphisms.

Let u = ¢(y) € E(U)NI(U), where g : Y(M) — E(U) is the function given by
definition of good monoid. Let DP be the set of elements of ((X};)new) that have at
least one distinguished point, and let ] = {p € S(G) : DP € p}. Since JNU is a
non-empty both-sided ideal of U, and u € I(U), we have that u is in J. Let (uy)ncw
be a coheir sequence of u. We write ii}; for the tuple u;_1,...,ug. Notice that since
the map g is order-reversing and M-equivariant, for every ay,...,a,,bg,..., by € M
if agy V---Vayy = byy V - -+ V byy then also apu g ... g anut = bott -G ... -G bl.
Hence, it is straightforward to check that i; is (M;, F,y,c)-controllable for every
i € w. Notice that ii}; is a basic sequence since products stay in U and L ¢ U.
Finally, u, are elements of DP since u € J. Now, we use the sequence i to define

§ € GY with same properties as .

Let k € w be such that for every element f € F there are k' < x and ay, ..., apy € M
such that f = agy V - - - VV apy. Notice that this implies that for every f, f' € (Y(M))
such that f V f’ € F there are co, ...cj € M with j < k such that f' = coy V - - - V ¢jy.
This follows from the property that the set of predecessors of any element of Y (M)
is linearly ordered by <y,

Assume as induction hypothesis that the tuple obtained by concatenation s}; ™ it
is (M;, F,y, c)-controllable and is a basic sequence of elements of DP. Our goal is to

find s; € G such that the same properties hold for s; 1.

From the induction hypothesis it follows that s; ~ it} is (M;, F,y, ¢)-controllable for
any | € w. In fact, let w = bpsj, ™ ... " bws;, ~ b1, " ... " buu;, be such that
boy V- - VbuyV b1y V- Vbyy € F. Let j < kand ¢, ...,c; € M be such that
b1y V -+ -V byy = coy V- -+ V¢jy. By assumption, {cy,...,cj}y € B C My for
every i. The type over G of bpsj, ™ ...  bws;, " cou;” ..." cjug is equal to the type
over G of w. Therefore, we may use the induction hypothesis to conclude that

~

sy " iy is (M, F,y, c)-controllable. Also, s; " i} is a basic sequence by induction

hypothesis and idempotence of u.

Let (s}, ujt1, ui1) say thatsy; ~ ;12 is (M;, F,y, ¢)-controllable and that s; ™ i}, »
is a basic sequence of elements of DP. This is a formula since M; are finite. As @
is a coheir sequence we can find s; € G such that ¢(s};;1,u}i11). Hence, s; has the

desired properties.

We summarize this chapter’s results on locally-Y-controllable monoids in the fol-

lowing theorem.
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4.5.3

4.5.4

4.5.5

Theorem Let M be a locally Y-controllable monoid. Then, M is aperiodic. Also, for every
a € M and maximal y € (Y(M)) the set {a'y : a'y <y ay} is finite.

In the other direction, let M be an aperiodic monoid such that Xg (M) is linear and such
that there are no infinite chains in (X(M), C). Then, M is locally Y-controllable.

Proof The necessary conditions to be locally Y-controllable are proved in point 1
of Proposition 4.3.2, and in Proposition 4.3.4. In the other direction, those monoids
are good by Corollary 4.4.7. Since there are no infinite chains in (X(M), C), we can

use Proposition 4.2.1 and apply Theorem 4.5.2.

We summarize this chapter’s results on Y-controllable monoids in the following
theorem. This result enlarges the class of known Y-controllable monoids giving
examples of infinite Y-controllable monoids. See Proposition 4.6.1 for concrete ex-

amples.

Theorem Let M be a Y-controllable monoid. Then, M is aperiodic. Also, for every a € M
and maximal y € (Y (M)) the set {a'y : a'y <y ay} is finite.

In the other direction, let M be an aperiodic monoid such that Xz (M) is linear, such that
there are no infinite chains in (X(M), C) and there are no infinite R-classes. Then, M is

Y-controllable.

Proof The necessary conditions to be Y-controllable are proved for the larger class
of locally Y-controllable monoids in point 1 of Proposition 4.3.2, and in Proposition
4.34.

In the other direction, those monoids are good by Corollary 4.4.7. Since there are
no infinite chains in (X(M), C), by Proposition 4.2.1 for every finite F C (Y(M)),
for every y maximal element in Y (M) there is a finite B C {ay : a € M} such that
if agy V- - - Vapy € F then {a;y : i < n} C B. Since there are no infinite R-classes,
there are finitely many a € M such that ay € B. Hence, we can apply Theorem
45.2.

Finally, we can characterize locally Ramsey monoids. Notice that there are locally

Ramsey monoids of any cardinality.

Corollary Let M be a monoid. Then, M is locally Ramsey if and only if M is aperiodic
and X(M) is linear and finite.

Proof If M is locally Ramsey then M is aperiodic by point 2 of Proposition 4.3.2,
and X (M) is linear and finite by Proposition 4.3.1 and point 2 of Corollary 4.3.6.
If M is aperiodic and X(M) is linear and finite then M is locally Y-controllable
by Theorem 4.5.3. By Fact 4.1.9, every locally Y-controllable monoid M such that
X(M) is linear is locally Ramsey.

Every Ramsey monoid is locally Ramsey and Y-controllable. Also, every finite

68

O



4.5.6

4.6

4.6.1

locally Ramsey monoid is finite, aperiodic, and has linear X(M): hence it is Ramsey,
by Theorem 3.4.7. Hence, by point 1 of Theorem 4.3.7 we get the following.

Corollary 1. A monoid is Ramsey if and only if it is locally Ramsey and Y-controllable.

Final remarks

Here, we give a different proof that there are Y-controllable monoids of any cardi-
nality, as opposed to Ramsey monoids, which are finite. Proposition 4.6.1 is weaker
than Theorem 4.5.4, since the class of monoids considered is included in the class

of monoids of Theorem 4.5.4.

Proposition Let (M, x;), i € I, be a family of finite R-trivial monoids, with a possible
exception of one finite aperiodic monoid with linear X (M), and assume that M; N M; = @
ifi #j. Let M = U;e; M; U{1,0}, where 1,0 ¢ U;c; M; and let (M, -, 1) be the monoid
with neutral element 1 defined by ab = a x; b if a,b € M; and by ab = 0 otherwise. Then,
M is Y-controllable.

Proof It is straightforward to check that if a € M; then aM = aM; U {0}. Hence, for
every element y of Y(M) there is i € I such that {a : aM € y} C M; U{0,1}. Also,
if b € M; then {a:aM € by} C M; U {0}; finally, by = {OM} if and only if b = 0 or
y = {OM}.

For ] C I, let M}; be the submonoid of M defined by M; = Ujes M; U {1,0}. Then,
if F is a finite subset of (Y(M)) there is a finite | such that if byy V - -- V by € F
then by, ...by € My;.

Hence, in order to check that M is Y-controllable it is enough to notice that My; is
Y-controllable, for every finite ] C I. This is given by Theorem 3.4.6, since M; is
aperiodic and has linear X5 (M).

We conclude with a remark which might be useful to reach an algebraic characteri-

zation of Y-controllable monoids, in some future work.

Lemmas 4.4.1 and 4.4.2 are two key steps to prove that certain aperiodic monoids
are (locally) Y-controllable. They heavily use the hypothesis that X (M) is linear.
If one wants to prove that every finite aperiodic monoid is Y-controllable, then a
different method should be used. In fact, there are finite aperiodic monoids such
that X (M) is not linear for which the theses of lemmas 4.4.1 and 4.4.2 do not hold.
An example of such monoid is given by the following Cayley table.
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1la b ¢ d O
al0 0 b a O
bla b 0 0 O
cld ¢ 0 0 O
a0 o0 d 0
0/0 0 0 0 O

Table 4.1: Example of aperiodic monoid that does not satisfy the theses of lemmas
441and 442
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