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A B S T R A C T

In this paper we propose an improvement of the classical Schoenberg-Marsden variation
diminishing operator with applications to the construction of new quadrature rules that we
show having better performances with respect to the already known ones based on the classical
cited operator. We discuss convergence properties and error estimates. Numerical experiments
are also carried out to confirm the presented theoretical results.

1. Introduction

Recently a kind of approximation technique, called multilevel approximation has been introduced [1] and studied [2–5] in the
literature. It is a way of triggering an iterative procedure, acting on some kind of remainder (or error) in the chosen base method.

Induced by this idea, in this paper we are interested in investigating this technique when applied to the well known
variation-diminishing Schoenberg-Marsden operator, also in order to define new quadrature formulas, based on it.

The reason to use the simplest among quasi-interpolating (QI) operators [6] is explained in [2,3], where, even if in 2𝐷, the best
performance results are obtained right by this operator. The same is done in [5].

The reason of using such a spline quasi-interpolating operator [7,8] is to exploit the good properties of B-spline functions, as
locality, shape smoothness and approximation accuracy [9].

The aim of using multilevel approximation techniques in the context of spline QI is to improve the performances of the base QI
spline results, by generating a sequence of QI spline functions, whose sum approaches to the desired final spline.

As we know, interpolation has a well-developed theory and it is a very powerful tool for function approximation, but, since
it needs to solve large systems of linear equations with possibly bad condition, the weaker form of quasi-interpolation becomes a
very interesting alternative. In fact it can directly construct operators and does not require solution of any linear system. For this
reason QI operators are very important in the study of approximation theory and its applications, e.g. in solving partial differential
equations and integral equations, curve and surface fitting, integration, differentiation, approximation of zeros, and so on, and they
have been widely studied in recent years [10–17].

Then in this paper we continue the study of spline QI operators on bounded domains, restricted to the 𝐶1 quadratic variation-
diminishing Schoenberg-Marsden operator, but suitably modified in order to satisfy the main interest that lies in the fact of providing
the best approximation order, while being easy to compute.
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The paper is organized as follows.
In Section 2 we recall the definition and the properties of the classical Schoenberg-Marsden operator. In Section 3 we modify

uch an operator by multilevel techniques and use the new improved operators in Section 4 to approximate integrals. Polynomial
eproduction and approximation order are also studied. Moreover in Section 5 some numerical results and comparisons between the
lassical and the improved operators are presented, showing the new operators provide better performances than the QI classical
ne and numerical convergence orders are consistent with theoretical ones. Finally some long and tedious computations, justifying
ome results in this paper, are reported in Appendix.

. The variation-diminishing Schoenberg-Marsden operator

Let 𝐼 = [𝑎, 𝑏] ⊂ R and 𝛬𝑛 be a uniform partition, dividing 𝐼 in 𝑛 subintervals, whose associated extended partitions are

𝑥−2 < 𝑥−1 < 𝑥0 = 𝑎 < 𝑥1 < ⋯ < 𝑥𝑛−1 < 𝑥𝑛 = 𝑏 < 𝑥𝑛+1 < 𝑥𝑛+2. (1)

and

𝑥−2 = 𝑥−1 = 𝑥0 = 𝑎 < 𝑥1 < ⋯ < 𝑥𝑛−1 < 𝑥𝑛 = 𝑏 = 𝑥𝑛+1 = 𝑥𝑛+2 (2)

with 𝑥𝑖 = 𝑎 + 𝑖ℎ, 𝑖 = −2,… , 𝑛 + 2 and ℎ = 𝑏−𝑎
𝑛 , except at multiple knots, where it is zero.

Let also 𝑆1
2 (𝛬𝑛) be the space of spline functions 𝑠 ∈ 𝐶1(𝐼) on 𝛬𝑛 whose restriction on any subinterval is a polynomial in P2,

space of polynomials of degree at most 2. The set of 𝑛 + 2 quadratic B-spline functions B𝑛 = {𝐵𝑖 ∶= 𝐵𝑖,2 ∶ 𝑖 = 0,… , 𝑛 + 1} is a basis
of 𝑆1

2 (𝛬𝑛). In case of partitions (1) they can be obtained as scaled translated of the quadratic 𝐶1 B-spline 𝐵 centered at 𝑥 = 0 with
support ‘radius’ 3

2 , i.e. 𝐵𝑖,2(𝑥) = 𝐵(𝑛𝑥 − 𝑖 + 1
2 ), while for partitions (2) the multiplicity at the interval extrema is to be taken into

account. Such basis functions satisfy the usual good properties of non negativity, partition of unity, minimal compact support. In
particular the support of 𝐵𝑖 is [𝑥𝑖−2, 𝑥𝑖+1]. Moreover they can be generated by the well known Cox-de Boor recurrence relation [9]

𝐵𝑖,𝑑 (𝑥) =
𝑥 − 𝑥𝑖−𝑑
𝑥𝑖 − 𝑥𝑖−𝑑

𝐵𝑖−1,𝑑−1(𝑥) +
𝑥𝑖+1 − 𝑥

𝑥𝑖+1 − 𝑥𝑖−𝑑+1
𝐵𝑖,𝑑−1(𝑥), 𝑖 = 0,… , 𝑛 + 𝑑 − 1 (3)

with

𝐵𝑖,0(𝑥) =

{

1 if 𝑥 ∈ [𝑥𝑖, 𝑥𝑖+1),
0 otherwise

for B-splines of degree 𝑑.
Let us consider the quadratic version of the variation-diminishing Schoenberg-Marsden operator 𝑆 ∶ 𝐶(𝐼∗) → 𝑆1

2 (𝛬𝑛), defined as

𝑆𝑓 =
𝑛+1
∑

𝑖=0
𝑓 (𝑠𝑖)𝐵𝑖, (4)

here 𝐼∗ is an open interval containing 𝐼 and where

𝑠𝑖 =
𝑥𝑖−1 + 𝑥𝑖

2
= 𝑎 +

(2𝑖 − 1)
2

ℎ, 𝑖 = 0,… , 𝑛 + 1

or partitions (1) and

𝑠0 = 𝑥0, 𝑠𝑖 =
𝑥𝑖−1 + 𝑥𝑖

2
, con 𝑖 = 1,… , 𝑛, 𝑠𝑛+1 = 𝑥𝑛.

or partitions (2) are the so-called Greville sites [9]. Moreover 𝑆 reproduces P1 and ‖𝑆‖ = 1.

Theorem 2.1. Let 𝑓 ∈ 𝐶(𝐼), where 𝐼 is the closure of 𝐼∗. Then

‖𝑓 − 𝑆𝑓‖𝐼 ≤ 𝜔
(

𝑓, 3
2
ℎ
)

(5)

or sufficiently small ℎ. If 𝑓 ∈ 𝐶1(𝐼), then

‖𝑓 − 𝑆𝑓‖𝐼 ≤ ℎ𝜔
(

𝑓 ′, ℎ
2

)

nd, if 𝑓 ∈ 𝐶2(𝐼), then

‖𝑓 − 𝑆𝑓‖𝐼 ≤ 1
4
ℎ2‖𝑓 ′′

‖,

where ‖ ⋅‖𝐼 denotes the maximum norm on 𝐼 and 𝜔(𝑓, 𝛿) = max{|𝑓 (𝑥) − 𝑓 (𝑦)|, 𝑥, 𝑦 ∈ 𝐼 ∶ ‖𝑥−𝑦‖ ≤ 𝛿} is the classical modulus of continuity
of 𝑓 on 𝐼 .

Proof. The proof of (5) is trivial by using the partition of unity property of B-splines. Note that 3
2ℎ is the ‘radius’ of the support of
2

𝐵𝑖, for any 𝑖.



Journal of Computational and Applied Mathematics 445 (2024) 115804E. Fornaca and P. Lamberti

w

w

i

Suppose now 𝑓 is 𝐶1(𝐼). Let 𝑗, 𝑗 = 1,… , 𝑛, such that ‖𝑓 −𝑆𝑓‖𝐼 = ‖𝑓 −𝑆𝑓‖[𝑥𝑗−1 ,𝑥𝑗 ]. Then by the Mean Value Theorem it results

𝑓 (𝑥) = 𝑝1(𝑥) + (𝑓 ′(𝑢) − 𝑓 ′(𝑠𝑗 ))(𝑥 − 𝑠𝑗 ) (6)

for some 𝑢 = 𝑡𝑥 + (1 − 𝑡)𝑠𝑗 , 0 ≤ 𝑡 ≤ 1, where 𝑝1(𝑥) = 𝑓 (𝑠𝑗 ) + 𝑓 ′(𝑠𝑗 )(𝑥 − 𝑠𝑗 ). Since 𝑆 reproduces P1 and ‖𝑆‖ = 1, then from (6)

‖𝑓 − 𝑆𝑓‖[𝑥𝑗−1 ,𝑥𝑗 ] ≤ (1 + ‖𝑆‖)‖𝑓 − 𝑝1‖[𝑥𝑗−1 ,𝑥𝑗 ] ≤ ℎ𝜔
(

𝑓 ′, ℎ
2

)

.

Finally, if 𝑓 ∈ 𝐶2(𝐼), by Taylor’s formula we have 𝑓 (𝑥) = 𝑝1(𝑥) +
1
2𝑓

′′(𝑢)(𝑥 − 𝑠𝑗 )2 and then, similarly to the previous case, it results

‖𝑓 − 𝑆𝑓‖[𝑥𝑗−1 ,𝑥𝑗 ] ≤ (1 + ‖𝑆‖) 1
2
‖𝑓 ′′

‖

(ℎ
2

)2
= 1

4
ℎ2‖𝑓 ′′

‖. □

3. The multilevel variation-diminishing Schoenberg-Marsden operator

The aim of modifying the operator (4) is to reach better performances by defining a multilevel operator starting from the
corresponding base one.

3.1. The bilevel variation-diminishing Schoenberg-Marsden operator 𝑆1𝐿

In order to define 𝑆 on two levels we start by setting ℎ(0)𝑖 = ℎ, 𝑥(0)𝑖 = 𝑥𝑖. Given an even integer 𝑛 and a partition of type (1), we
define 𝛤 (0) ∶= {𝑠(0)𝑖 = 𝑠𝑖, 𝑖 = 0,… , 𝑛

20 + 1} and 𝛤 (1) = {𝑠(1)𝑖 , 𝑖 = −1,… , 𝑛
21 + 2} where

𝑠(1)𝑖 =
𝑥(1)𝑖−1 + 𝑥(1)𝑖

2
=

𝑥2𝑖−2 + 𝑥2𝑖
2

(7)

ith 𝑥(1)𝑖 = 𝑥21𝑖. Based on these new knots, we define

𝑆(1)𝑓 =

𝑛
21

+2
∑

𝑖=−1
𝑓 (𝑠(1)𝑖 )𝐵(1)

𝑖 , (8)

with 𝐵(1)
𝑖 (𝑥) = 𝐵( 𝑛

21 𝑥 − 𝑖 + 1
2 ), 𝑖 = −1,… , 𝑛2 + 2 and the first error function

𝛥1𝑓 = 𝑓 − 𝑆(1)𝑓. (9)

Then we compute

𝑆(0)𝛥1𝑓 =

𝑛
20

+1
∑

𝑖=0
𝛥1𝑓 (𝑠𝑖)𝐵

(0)
𝑖 , (10)

where 𝐵(0)
𝑖 = 𝐵𝑖 and so 𝑆(0) = 𝑆, in order to obtain the two-level spline function

𝑆1𝐿𝑓 = 𝑆(1)𝑓 + 𝑆(0)𝛥1𝑓. (11)

From (8), (9), (10) it can be also written as

𝑆1𝐿𝑓 =

𝑛
2+2
∑

𝑖=−1
𝑓 (𝑠(1)𝑖 )𝐵(1)

𝑖 +
𝑛+1
∑

𝑖=0
𝑓 (𝑠𝑖)𝐵

(0)
𝑖 −

𝑛+1
∑

𝑖=0

𝑛
2+2
∑

𝑗=−1
𝑓 (𝑠(1)𝑗 )𝐵(1)

𝑗 (𝑠𝑖)𝐵
(0)
𝑖 = 𝑆(1)𝑓 + 𝑆(0)𝑓 − 𝑆(0)𝑆(1)𝑓. (12)

Then in case of partitions (1), taking into account Table 1, obtained from (3) and where it is underlined the degree of B-splines
ith

𝐵(1)
𝑖,0 (𝑥) =

{

1 if 𝑥 ∈ [𝑥2𝑖, 𝑥2𝑖+2)
0 otherwise,

t is possible to give the following explicit expression of (12), ready to be considered for numerical integration

𝑆1𝐿𝑓 =
𝑛+1
∑

𝑖=0
𝑓 (𝑠𝑖)𝐵

(0)
𝑖 + 𝑓 (𝑠(1)−1)

[

𝐵(1)
−1 −

1
32

𝐵(0)
0

]

+ 𝑓 (𝑠(1)0 )
[

𝐵(1)
0 − 22

32
𝐵(0)
0 − 9

32
𝐵(0)
1 − 1

32
𝐵(0)
2

]

+𝑓 (𝑠(1)1 )
[

𝐵(1)
1 − 9

32
𝐵(0)
0 − 22

32
𝐵(0)
1 − 22

32
𝐵(0)
2 − 9

32
𝐵(0)
3 − 1

32
𝐵(0)
4

]

+

𝑛
2−1
∑

𝑖=2
𝑓 (𝑠(1)𝑖 )

[

𝐵(1)
𝑖 − 1

32
𝐵(0)
2𝑖−3 −

9
32

𝐵(0)
2𝑖−2 −

22
32

𝐵(0)
2𝑖−1 −

22
32

𝐵(0)
2𝑖 − 9

32
𝐵(0)
2𝑖+1 −

1
32

𝐵(0)
2𝑖+2

]

(13)

+𝑓 (𝑠(1)𝑛 )
[

𝐵(1)
𝑛 − 1 𝐵(0) − 9 𝐵(0) − 22𝐵(0) − 22𝐵(0) − 9 𝐵(0)

]

3

2 2 32 𝑛−3 32 𝑛−2 32 𝑛−1 32 𝑛 32 𝑛+1
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Table 1
B-splines 𝐵(1)

𝑖 , 𝑖 = −1,… , 𝑛
2
+ 2, on partitions (1).

𝐵(1)
−1,2(𝑥) =

(𝑥(1)0 −𝑥)2

8ℎ2 𝐵(1)
−1,0(𝑥)

𝐵(1)
0,2(𝑥) =

[

(𝑥−𝑥(1)−2 )(𝑥
(1)
0 −𝑥)

8ℎ2 + (𝑥(1)1 −𝑥)(𝑥−𝑥(1)−1 )
8ℎ2

]

𝐵(1)
−1,0(𝑥) +

(𝑥(1)1 −𝑥)2

8ℎ2 𝐵(1)
0,0(𝑥)

𝐵(1)
𝑗,2(𝑥) =

(𝑥−𝑥(1)𝑗−2 )
2

8ℎ2 𝐵(1)
𝑗−2,0(𝑥) +

[ (𝑥−𝑥(1)𝑗−2 )(𝑥
(1)
𝑗 −𝑥)

8ℎ2 +
(𝑥(1)𝑗+1−𝑥)(𝑥−𝑥

(1)
𝑗−1 )

8ℎ2

]

𝐵(1)
𝑗−1,0(𝑥) +

(𝑥(1)𝑗+1−𝑥)
2

8ℎ2 𝐵(1)
𝑗,0(𝑥),

𝑗 = 1,… , 𝑛
2

𝐵(1)
𝑛
2
+1,2

(𝑥) =
(𝑥−𝑥(1)𝑛

2 −1
)2

8ℎ2 𝐵(1)
𝑛
2
−1,0

(𝑥) +
[ (𝑥−𝑥(1)𝑛

2 −1
)(𝑥(1)𝑛

2 +1
−𝑥)

8ℎ2 +
(𝑥(1)𝑛

2 +1
−𝑥)(𝑥−𝑥(1)𝑛

2
)

8ℎ2

]

𝐵(1)
𝑛
2
,0
(𝑥)

𝐵(1)
𝑛
2
+2,2

(𝑥) =
(𝑥−𝑥(1)𝑛

2
)2

8ℎ2 𝐵(1)
𝑛
2
,0
(𝑥)

Table 2
B-splines 𝐵(1)

𝑖 , 𝑖 = 0,… , 𝑛
2
+ 1, on partitions (2).

𝐵(1)
0,2(𝑥) =

(𝑥(1)1 −𝑥)2

4ℎ2 𝐵(1)
0,0(𝑥)

𝐵(1)
1,2(𝑥) =

[

(𝑥−𝑥(1)0 )(𝑥(1)1 −𝑥)
4ℎ2 + (𝑥(1)2 −𝑥)(𝑥−𝑥(1)0 )

8ℎ2

]

𝐵(1)
0,0(𝑥) +

(𝑥(1)2 −𝑥)2

8ℎ2 𝐵(1)
1,0(𝑥)

𝐵(1)
𝑗,2(𝑥) =

(𝑥−𝑥(1)𝑗−2 )
2

8ℎ2 𝐵(1)
𝑗−2,0(𝑥) +

[ (𝑥−𝑥(1)𝑗−2 )(𝑥
(1)
𝑗 −𝑥)

8ℎ2 +
(𝑥(1)𝑗+1−𝑥)(𝑥−𝑥

(1)
𝑗−1 )

8ℎ2

]

𝐵(1)
𝑗−1,0(𝑥) +

(𝑥(1)𝑗+1−𝑥)
2

8ℎ2 𝐵(1)
𝑗,0(𝑥),

𝑗 = 2,… , 𝑛
2
− 1

𝐵(1)
𝑛
2
,2
(𝑥) =

(𝑥−𝑥(1)𝑛
2 −2

)2

8ℎ2 𝐵(1)
𝑛
2
−2,0

(𝑥) +
[ (𝑥−𝑥(1)𝑛

2 −2
)(𝑥(1)𝑛

2
−𝑥)

8ℎ2 +
(𝑥(1)𝑛

2
−𝑥)(𝑥−𝑥(1)𝑛

2 −1
)

4ℎ2

]

𝐵(1)
𝑛
2
−1,0

(𝑥)

𝐵(1)
𝑛
2
+1
(𝑥) =

(𝑥−𝑥(1)𝑛
2 −1

)2

4ℎ2 𝐵(1)
𝑛
2
−1,0

(𝑥)

+𝑓 (𝑠(1)𝑛
2+1

)
[

𝐵(1)
𝑛
2+1

− 1
32

𝐵(0)
𝑛−1 −

9
32

𝐵(0)
𝑛 − 22

32
𝐵(0)
𝑛+1

]

+ 𝑓 (𝑠(1)𝑛
2+2

)
[

𝐵(1)
𝑛
2+2

− 1
32

𝐵(0)
𝑛+1

]

.

In case of partition (2), where 𝑠(1)0 = 𝑎, 𝑠(1)𝑛
2+1

= 𝑏 and 𝑠(1)𝑖 , 𝑖 = 1,… , 𝑛2 is given by (7), taking into account Table 2, by a similar
rgument we get

𝑆1𝐿𝑓 =
𝑛+1
∑

𝑖=0
𝑓 (𝑠𝑖)𝐵

(0)
𝑖 + 𝑓 (𝑠(1)0 )

[

𝐵(1)
0 − 𝐵(0)

0 − 9
16

𝐵(0)
1 − 1

16
𝐵(0)
2

]

+𝑓 (𝑠(1)1 )
[

𝐵(1)
1 − 13

32
𝐵(0)
1 − 21

32
𝐵(0)
2 − 9

32
𝐵(0)
3 − 1

32
𝐵(0)
4

]

+

𝑛
2−1
∑

𝑖=2
𝑓 (𝑠(1)𝑖 )

[

𝐵(1)
𝑖 − 1

32
𝐵(0)
2𝑖−3 −

9
32

𝐵(0)
2𝑖−2 −

22
32

𝐵(0)
2𝑖−1 −

22
32

𝐵(0)
2𝑖 − 9

32
𝐵(0)
2𝑖+1 −

1
32

𝐵(0)
2𝑖+2

]

(14)

+𝑓 (𝑠(1)𝑛
2
)
[

𝐵(1)
𝑛
2

− 1
32

𝐵(0)
𝑛−3 −

9
32

𝐵(0)
𝑛−2 −

21
32

𝐵(0)
𝑛−1 −

13
32

𝐵(0)
𝑛

]

+𝑓 (𝑠(1)𝑛
2+1

)
[

𝐵(1)
𝑛
2+1

− 1
16

𝐵(0)
𝑛−1 −

9
16

𝐵(0)
𝑛 − 𝐵(0)

𝑛+1

]

.

.2. The three-level variation-diminishing Schoenberg-Marsden operator 𝑆2𝐿

Similarly to the bilevel operator, we introduce a positive integer 𝑛 divisible by 22, a partition of type (1) and 𝛤 (2) = {𝑠(2)𝑖 , 𝑖 =
−1,… , 𝑛

22 + 2} where

𝑠(2)𝑖 =
𝑥(2)𝑖−1 + 𝑥(2)𝑖

2
=

𝑥4𝑖−4 + 𝑥4𝑖
2

, 𝑖 = −1,… , 𝑛
4
+ 2 (15)

with 𝑥(2)𝑖 = 𝑥22𝑖. Based on these new knots, we define

𝑆(2)𝑓 =

𝑛
22

+2
∑

𝑖=−1
𝑓 (𝑠(2)𝑖 )𝐵(2)

𝑖 ,

ith 𝐵(2)
𝑖 (𝑥) = 𝐵( 𝑛

22 𝑥 − 𝑖 + 1
2 ), 𝑖 = −1,… , 𝑛

22 + 2 and the error function 𝛥2𝑓 = 𝑓 − 𝑆(2)𝑓 . Then we compute

𝑆(1)𝛥2𝑓 =

𝑛
21

+2
∑

𝛥2𝑓 (𝑠
(1)
𝑖 )𝐵(1)

𝑖 ,
4

𝑖=−1
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Table 3
B-splines 𝐵(2)

𝑖 , 𝑖 = −1,… , 𝑛
4
+ 2, on partitions (1).

𝐵(2)
−1,2(𝑥) =

(𝑥(2)0 −𝑥)2

32ℎ2 𝐵(2)
−1,0(𝑥)

𝐵(2)
0,2(𝑥) =

[

(𝑥−𝑥(2)−2 )(𝑥
(2)
0 −𝑥)

32ℎ2 + (𝑥(2)1 −𝑥)(𝑥−𝑥(2)−1 )
32ℎ2

]

𝐵(2)
−1,0(𝑥) +

(𝑥(2)1 −𝑥)2

32ℎ2 𝐵(2)
0,0(𝑥)

𝐵(2)
𝑗,2(𝑥) =

(𝑥−𝑥(2)𝑗−2 )
2

32ℎ2 𝐵(2)
𝑗−2,0(𝑥) +

[ (𝑥−𝑥(2)𝑗−2 )(𝑥
(2)
𝑗 −𝑥)

32ℎ2 +
(𝑥(2)𝑗+1−𝑥)(𝑥−𝑥

(2)
𝑗−1 )

32ℎ2

]

𝐵(2)
𝑗−1,0(𝑥) +

(𝑥(2)𝑗+1−𝑥)
2

32ℎ2 𝐵(2)
𝑗,0(𝑥),

𝑗 = 1,… , 𝑛
4

𝐵(2)
𝑛
4
+1,2

(𝑥) =
(𝑥−𝑥(2)𝑛

4 −1
)2

32ℎ2 𝐵(2)
𝑛
4
−1,0

(𝑥) +
[ (𝑥−𝑥(2)𝑛

4 −1
)(𝑥(2)𝑛

4 +1
−𝑥)

32ℎ2 +
(𝑥(2)𝑛

4 +1
−𝑥)(𝑥−𝑥(2)𝑛

4
)

32ℎ2

]

𝐵(2)
𝑛
4
,0
(𝑥)

𝐵(2)
𝑛
4
+2,2

(𝑥) =
(𝑥−𝑥(2)𝑛

4
)2

32ℎ2 𝐵(2)
𝑛
4
,0
(𝑥)

Table 4
B-splines 𝐵(2)

𝑖 , 𝑖 = 0,… , 𝑛
4
+ 1, on partitions (2).

𝐵(2)
0,2(𝑥) =

(𝑥(2)1 −𝑥)2

16ℎ2 𝐵(2)
0,0(𝑥)

𝐵(2)
1,2(𝑥) =

[

(𝑥−𝑥(2)0 )(𝑥(2)1 −𝑥)
16ℎ2 + (𝑥(2)2 −𝑥)(𝑥−𝑥(2)0 )

32ℎ2

]

𝐵(2)
0,0(𝑥) +

(𝑥(2)2 −𝑥)2

32ℎ2 𝐵(2)
1,0(𝑥)

𝐵(2)
𝑗,2(𝑥) =

(𝑥−𝑥(2)𝑗−2 )
2

32ℎ2 𝐵(2)
𝑗−2,0(𝑥) +

[ (𝑥−𝑥(2)𝑗−2 )(𝑥
(2)
𝑗 −𝑥)

32ℎ2 +
(𝑥(2)𝑗+1−𝑥)(𝑥−𝑥

(2)
𝑗−1 )

32ℎ2

]

𝐵(2)
𝑗−1,0(𝑥) +

(𝑥(2)𝑗+1−𝑥)
2

32ℎ2 𝐵(2)
𝑗,0(𝑥),

𝑗 = 2,… , 𝑛
4
− 1

𝐵(2)
𝑛
4
,2
(𝑥) =

(𝑥−𝑥(2)𝑛
4 −2

)2

32ℎ2 𝐵(2)
𝑛
4
−2,0

(𝑥) +
[ (𝑥−𝑥(2)𝑛

4 −2
)(𝑥(2)𝑛

4
−𝑥)

32ℎ2 +
(𝑥(2)𝑛

4
−𝑥)(𝑥−𝑥(2)𝑛

4 −1
)

16ℎ2

]

𝐵(2)
𝑛
4
−1,0

(𝑥)

𝐵(2)
𝑛
4
+1
(𝑥) =

(𝑥−𝑥(2)𝑛
4 −1

)2

16ℎ2 𝐵(2)
𝑛
4
−1,0

(𝑥)

and 𝛥2
1𝑓 = 𝛥1(𝛥2𝑓 ) = 𝛥2𝑓 − 𝑆(1)𝛥2𝑓 to evaluate

𝑆(0)𝛥2
1𝑓 =

𝑛
20

+1
∑

1=0
𝛥2
1𝑓 (𝑠𝑖)𝐵

(0)
𝑖

in order to obtain the three-level spline function

𝑆2𝐿𝑓 = 𝑆(2)𝑓 + 𝑆(1)𝛥2𝑓 + 𝑆(0)𝛥2
1𝑓

that can be also written as

𝑆2𝐿𝑓 = 𝑆(2)𝑓 + 𝑆(1)𝑓 + 𝑆(0)𝑓 − 𝑆(1)𝑆(2)𝑓 − 𝑆(0)𝑆(2)𝑓 − 𝑆(0)𝑆(1)𝑓 + 𝑆(0)𝑆(1)𝑆(2)𝑓. (16)

Then in case of partitions (1), taking into account Table 3, obtained from (3) and where it is underlined the degree of B-splines
with

𝐵(2)
𝑖,0 (𝑥) =

{

1 if 𝑥 ∈ [𝑥22𝑖, 𝑥22𝑖+22 )
0 otherwise,

it is possible to give an explicit expression of (16), as reported in Appendix A.1.
In case of partitions (2), where 𝑠(2)0 = 𝑎, 𝑠(2)𝑛

4+1
= 𝑏 and 𝑠(2)𝑖 is given by (15), but with 𝑖 = 1,… , 𝑛2 , taking into account Table 4, by

similar argument we get the expression reported in Appendix A.2.

.3. The 𝑝-level variation-diminishing Schoenberg-Marsden operator 𝑆𝑝𝐿

Even if it is not interesting from a computational point of view for increasing computational cost [3], from a theoretical one we
are interested in giving a general expression of multilevel spline operators.

We define 𝛤 (𝑝) = {𝑠(𝑝)𝑖 , 𝑖 = −1,… , 𝑛
2𝑝 + 2}, where 𝑥(𝑝)𝑖 = 𝑥2𝑝𝑖 and

𝑠(𝑝)𝑖 =
𝑥(𝑝)𝑖−1 + 𝑥(𝑝)𝑖

2
=

𝑥2𝑝𝑖−2𝑝 + 𝑥2𝑝𝑖
2

, 𝑖 = −1,… , 𝑛
2𝑝

+ 2.

If 𝑛 is not even, then we can only define base, but not multilevel, operators.
If 𝑛 is even, then 𝑝 is at least 1, so it is possible to define a bilevel operator.
If 𝑛 is an even integer decomposed as 𝑛 = 𝑢 ⋅ 2𝑝, with 𝑢, 𝑝 ∈ N and 𝑢 odd, then it could be apparently possible to construct a

multilevel spline operator at most with 𝑝+1 levels. In fact, since the indices in the set 𝛤 (𝑝), 𝑖 = 0,… , 𝑛
2𝑝 +1 must be positive integers,

then the quotient 𝑛
2𝑝 must be an integer, i.e. 𝑛 must be a multiple of 2𝑝. However for partitions of type either (1) or (2) it seems

easonable to stop to 𝑝 = 2, and in general to 𝑝=degree of B-splines, otherwise too many extra knots to the extended partitions
5

hould be added.
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On 𝛤 (𝑝) we define the QI spline

𝑆(𝑝)𝑓 =

𝑛
2𝑝 +2
∑

𝑖=−1
𝑓 (𝑠(𝑝)𝑖 )𝐵(𝑝)

𝑖 ,

ith 𝐵(𝑝)
𝑖 (𝑥) = 𝐵( 𝑛

2𝑝 𝑥 − 𝑖 + 1
2 ), 𝑖 = −1,… , 𝑛

2𝑝 + 2.
The first error function is 𝛥𝑝𝑓 = 𝑓 − 𝑆(𝑝)𝑓 , in order to get

𝑆(𝑝−1)𝛥𝑝𝑓 =

𝑛
2𝑝−1

+2
∑

𝑖=−1
𝛥𝑝𝑓 (𝑠

(𝑝−1)
𝑖 )𝐵(𝑝−1)

𝑖 .

Let now 𝛥2
𝑝−1𝑓 = 𝛥𝑝−1(𝛥𝑝𝑓 ) = 𝛥𝑝𝑓 − 𝑆(𝑝−1)𝛥𝑝𝑓 be the error function related to 𝑆(𝑝−1)𝛥𝑝𝑓 for which we compute

𝑆(𝑝−2)𝛥2
𝑝−1𝑓 =

𝑛
2𝑝−2

+2
∑

𝑖=−1
𝛥2
𝑝−1𝑓 (𝑠

(𝑝−2)
𝑖 )𝐵(𝑝−2)

𝑖 .

Going on this way, we perform the last steps where the error function is 𝛥𝑝−1
2 𝑓 = 𝛥2(𝛥

𝑝−2
3 𝑓 ) = 𝛥𝑝−2

3 𝑓−𝑆(2)𝛥𝑝−2
3 𝑓 for the approximation

𝑆(1)𝛥𝑝−1
2 𝑓 =

𝑛
21

+2
∑

𝑖=−1
𝛥𝑝−1
2 𝑓 (𝑠(1)𝑖 )𝐵(1)

𝑖

and finally 𝛥𝑝
1𝑓 = 𝛥1(𝛥

𝑝−1
2 𝑓 ) = 𝛥𝑝−1

2 𝑓 − 𝑆(1)𝛥𝑝−1
2 𝑓 for

𝑆(0)𝛥𝑝
1𝑓 =

𝑛
20

+1
∑

𝑖=0
𝛥𝑝
1𝑓 (𝑠𝑖)𝐵

(0)
𝑖 .

Then the (𝑝 + 1)-level QI spline is given by

𝑆𝑝𝐿𝑓 = 𝑆(𝑝)𝑓 + 𝑆(𝑝−1)𝛥𝑝𝑓 + 𝑆(𝑝−2)𝛥2
𝑝−1𝑓 +⋯ + 𝑆(2)𝛥𝑝−2

3 𝑓 + 𝑆(1)𝛥𝑝−1
2 𝑓 + 𝑆(0)𝛥𝑝

1𝑓

or equivalently

𝑆𝑝𝐿𝑓 =
𝑝+1
∑

𝑘=1

𝑝
∑

𝑖1 ,𝑖2 ,…,𝑖𝑘=0
𝑖1<𝑖2<⋯<𝑖𝑘

(−1)𝑘+1𝑆(𝑖1)𝑆(𝑖2) …𝑆(𝑖𝑘)𝑓.

Moreover by the definition of error functions simple computations show it is possible to write a QI spline with 𝑝+1 levels, depending
on the one with 𝑝 levels as follows

𝑆𝑝𝐿𝑓 = 𝑆(𝑝)𝑓 + 𝑆(𝑝−1)𝐿𝛥𝑝𝑓, (17)

with 𝛥𝑝𝑓 = 𝑓 − 𝑆(𝑝)𝑓 .
In general the following results hold.

Theorem 3.1. The operator 𝑆𝑝𝐿, 𝑝 ≥ 0, reproduces linear polynomials, i.e. 𝑆𝑝𝐿𝑓 = 𝑓 if 𝑓 ∈ P1.

Proof. If 𝑓 ∈ P1, as 𝑆 reproduces P1, then 𝑆(𝑝)𝑓 = 𝑓 . So 𝛥𝑝𝑓 (𝑥) = 0, ∀𝑥, and also 𝑆(𝑝−1)𝛥𝑝𝑓 (𝑥) = 0, ∀𝑥. Therefore the error function
elated to 𝑆(𝑝−1)𝛥𝑝𝑓 , 𝛥2

𝑝−1𝑓 (𝑥) = 0, ∀𝑥. Thus also 𝑆(𝑝−2)𝛥2
𝑝−1𝑓 (𝑥) = 0, ∀𝑥. Going on this way we see that from 𝑝 + 1 function terms,

efining 𝑆𝑝𝐿𝑓 , only the first term, i.e. 𝑆(𝑝)𝑓 is non zero. So it results 𝑆𝑝𝐿𝑓 (𝑥) = 𝑆(𝑝)𝑓 (𝑥) = 𝑓 (𝑥), ∀𝑥. □

heorem 3.2. If 𝑓 ∈ 𝐶𝜇(𝐼), 𝜇 = 1, 2, then 𝑆𝑝𝐿, 𝑝 ≥ 0, satisfies at least ‖𝑓 − 𝑆𝑝𝐿𝑓‖𝐼 = 𝑂(ℎ𝜇), 𝜇 = 1, 2.

Proof. If 𝑓 ∈ 𝐶𝜇(𝐼), 𝜇 = 1, 2, then from Theorem 2.1 and the norm of 𝑆

‖𝑓 − 𝑆𝑝𝐿𝑓‖𝐼 = ‖𝑓 − 𝑆(𝑝)𝑓 − 𝑆(𝑝−1)𝛥𝑝𝑓 − 𝑆(𝑝−2)𝛥2
𝑝−1𝑓 − 𝑆(𝑝−3)𝛥3

𝑝−2𝑓 −⋯ − 𝑆(2)𝛥𝑝−2
3 𝑓 − 𝑆(1)𝛥𝑝−1

2 𝑓 − 𝑆(0)𝛥𝑝
1𝑓‖𝐼

= ‖𝛥𝑝𝑓 − 𝑆(𝑝−1)𝛥𝑝𝑓 − 𝑆(𝑝−2)𝛥2
𝑝−1𝑓 − 𝑆(𝑝−3)𝛥3

𝑝−2𝑓 −⋯ − 𝑆(2)𝛥𝑝−2
3 𝑓 − 𝑆(1)𝛥𝑝−1

2 𝑓 − 𝑆(0)𝛥𝑝
1𝑓‖𝐼

= ‖𝛥2
𝑝−1𝑓 − 𝑆(𝑝−2)𝛥2

𝑝−1𝑓 − 𝑆(𝑝−3)𝛥3
𝑝−2𝑓 −⋯ − 𝑆(2)𝛥𝑝−2

3 𝑓 − 𝑆(1)𝛥𝑝−1
2 𝑓 − 𝑆(0)𝛥𝑝

1𝑓‖𝐼 (18)

= ‖𝛥3
𝑝−2𝑓 − 𝑆(𝑝−3)𝛥3

𝑝−2𝑓 −⋯ − 𝑆(2)𝛥𝑝−2
3 𝑓 − 𝑆(1)𝛥𝑝−1

2 𝑓 − 𝑆(0)𝛥𝑝
1𝑓‖𝐼 .

terating this procedure of collecting the first two terms of the sum in norm by the corresponding error function, we write (18) as
𝑓 − 𝑆𝑝𝐿𝑓‖𝐼 = ‖𝛥𝑝

1𝑓 − 𝑆(0)𝛥𝑝
1𝑓‖𝐼 = ‖(1 − 𝑆(0))𝛥𝑝

1𝑓‖𝐼 . Now step after step we use the definition of error function:

‖𝑓 − 𝑆𝑝𝐿𝑓‖ = ‖(1 − 𝑆(0))𝛥𝑝𝑓‖ = ‖(1 − 𝑆(0))(𝛥𝑝−1𝑓 − 𝑆(1)𝛥𝑝−1𝑓 )‖ = ‖(1 − 𝑆(0))(1 − 𝑆(1))𝛥𝑝−1𝑓‖ ,
6

𝐼 1 𝐼 2 2 𝐼 2 𝐼
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obtaining

‖𝑓 − 𝑆𝑝𝐿𝑓‖𝐼 = ‖(1 − 𝑆(0))(1 − 𝑆(1))(1 − 𝑆(2))… (1 − 𝑆(𝑝−2))(1 − 𝑆(𝑝−1))𝛥𝑝𝑓‖𝐼

= ‖(1 − 𝑆(0))(1 − 𝑆(1))(1 − 𝑆(2))… (1 − 𝑆(𝑝−2))(1 − 𝑆(𝑝−1))(𝑓 − 𝑆(𝑝)𝑓 )‖𝐼

≤ (1 + ‖𝑆(0)
‖)(1 + ‖𝑆(1)

‖)(1 + ‖𝑆(2)
‖)… (1 + ‖𝑆(𝑝−2)

‖)(1 + ‖𝑆(𝑝−1)
‖)‖𝑓 − 𝑆(𝑝)𝑓‖𝐼 = 𝑂(ℎ𝜇), 𝜇 = 1, 2. □

However partitions (1) have an unexpected effect on the multilevel operator 𝑆𝑝𝐿, 𝑝 > 0, stated in the following theorem.

Theorem 3.3. On partitions (1) the operator 𝑆𝑝𝐿 reproduces P2, i.e. 𝑆𝑝𝐿𝑓 = 𝑓 if 𝑓 ∈ P2.

Proof. We prove by induction. We start by showing that 𝑆1𝐿 reproduces P2.
Indeed let us consider the function 𝑓 (𝑥) = 𝑥2 and show 𝑆1𝐿𝑓 = 𝑓 on [𝑥𝑖, 𝑥𝑖+1], for any 𝑖. Let us evaluate (11) at 𝑥𝑖:

𝑆1𝐿𝑓 (𝑥𝑖) = 𝑆(1)𝑓 (𝑥𝑖) + 𝑆(0)𝑓 (𝑥𝑖) − 𝑆(0)𝑆(1)𝑓 (𝑥𝑖)

=

𝑛
2+2
∑

𝑗=−1
𝑓 (𝑠(1)𝑗 )𝐵(1)

𝑗 (𝑥𝑖) +
𝑛+1
∑

𝑗=0
𝑓 (𝑠𝑗 )𝐵

(0)
𝑗 (𝑥𝑖) −

𝑛+1
∑

𝑗=0

𝑛
2+2
∑

𝑘=−1
𝑓 (𝑠(1)𝑘 )𝐵(1)

𝑘 (𝑠𝑗 )𝐵
(0)
𝑗 (𝑥𝑖).

n computing 𝑆(1)𝑓 (𝑥𝑖) only B-splines 𝐵(1)
𝑗 , whose support contains 𝑥𝑖, are involved: 𝐵(1)

𝑖
2

with support [𝑥(1)𝑖
2−2

, 𝑥(1)𝑖
2+1

] = [𝑥𝑖−4, 𝑥𝑖+2],

𝐵(1)
𝑖
2+1

with support [𝑥(1)𝑖
2−1

, 𝑥(1)𝑖
2+2

] = [𝑥𝑖−2, 𝑥𝑖+4], 𝐵
(1)
𝑖
2+2

with support [𝑥(1)𝑖
2
, 𝑥(1)𝑖

2+3
] = [𝑥𝑖, 𝑥𝑖+6].

From the definition of 𝐵(1)
𝑗,2 in Table 1 we have

𝐵(1)
𝑖
2
(𝑥𝑖) =

1
2
, 𝐵(1)

𝑖
2+1

(𝑥𝑖) =
1
2

and 𝐵(1)
𝑖
2+2

(𝑥𝑖) = 0.

herefore

𝑆(1)𝑓 (𝑥𝑖) =
1
2
𝑓 (𝑠(1)𝑖

2
) + 1

2
𝑓 (𝑠(1)𝑖

2+1
).

n computing 𝑆(0)𝑓 (𝑥𝑖) only B-splines 𝐵(0)
𝑗 , whose support contains 𝑥𝑖, are involved: 𝐵(0)

𝑖 with support [𝑥𝑖−2, 𝑥𝑖+1], 𝐵
(0)
𝑖+1 with support

𝑥𝑖−1, 𝑥𝑖+2], 𝐵
(0)
𝑖+2 with support [𝑥𝑖, 𝑥𝑖+3].

From Cox-de Boor recurrence formula (3) it results

𝐵(0)
𝑖 (𝑥𝑖) =

1
2
, 𝐵(0)

𝑖+1(𝑥𝑖) =
1
2

and 𝐵(0)
𝑖+2(𝑥𝑖) = 0.

nd then

𝑆(0)𝑓 (𝑥𝑖) =
1
2
𝑓 (𝑠𝑖) +

1
2
𝑓 (𝑠𝑖+1).

In computing 𝑆(0)𝑆(1)𝑓 (𝑥𝑖) only B-splines 𝐵(0)
𝑗 , whose support contains 𝑥𝑖, are involved, i.e. 𝐵(0)

𝑖 (𝑥𝑖), 𝐵
(0)
𝑖+1(𝑥𝑖), 𝐵

(0)
𝑖+2(𝑥𝑖) = 0, already

omputed above.
So it follows

𝑆(0)𝑆(1)𝑓 (𝑥𝑖) =
1
2

𝑛
2+2
∑

𝑘=−1
𝑓 (𝑠(1)𝑘 )𝐵(1)

𝑘 (𝑠𝑖) +
1
2

𝑛
2+2
∑

𝑘=−1
𝑓 (𝑠(1)𝑘 )𝐵(1)

𝑘 (𝑠𝑖+1).

Now let us check which B-spline 𝐵(1)
𝑘 supports contain 𝑠𝑖 and which 𝑠𝑖+1.

For 𝑠𝑖 we have 𝐵(1)
𝑖
2−1

with support [𝑥(1)𝑖
2−3

, 𝑥(1)𝑖
2
] = [𝑥𝑖−6, 𝑥𝑖], 𝐵(1)

𝑖
2

with support [𝑥(1)𝑖
2−2

, 𝑥(1)𝑖
2+1

] = [𝑥𝑖−4, 𝑥𝑖+2], 𝐵(1)
𝑖
2+1

with support

[𝑥(1)𝑖
2−1

, 𝑥(1)𝑖
2+2

] = [𝑥𝑖−2, 𝑥𝑖+4] and from Table 1 their values are

𝐵(1)
𝑖
2−1

(𝑠𝑖) =
1
32

, 𝐵(1)
𝑖
2
(𝑠𝑖) =

22
32

and 𝐵(1)
𝑖
2+1

(𝑠𝑖) =
9
32

.

or 𝑠𝑖+1 we have 𝐵(1)
𝑖
2

whose support is [𝑥(1)𝑖
2−2

, 𝑥(1)𝑖
2+1

) = [𝑥𝑖−4, 𝑥𝑖+2), 𝐵
(1)
𝑖
2+1

whose support is [𝑥(1)𝑖
2−1

, 𝑥(1)𝑖
2+2

) = [𝑥𝑖−2, 𝑥𝑖+4), 𝐵
(1)
𝑖
2+2

whose

support is [𝑥(1)𝑖
2
, 𝑥(1)𝑖

2+3
) = [𝑥𝑖, 𝑥𝑖+6) and from Table 1 their values are

𝐵(1)
𝑖
2
(𝑠𝑖+1) =

9
32

, 𝐵(1)
𝑖
2+1

(𝑠𝑖+1) =
22
32

and 𝐵(1)
𝑖
2+2

(𝑠𝑖+1) =
1
32

.

herefore

𝑆(0)𝑆(1)𝑓 (𝑥𝑖) =
1
[

1 𝑓 (𝑠(1)𝑖 −1) +
22𝑓 (𝑠(1)𝑖 ) + 9 𝑓 (𝑠(1)𝑖 +1)

]

+ 1
[

9 𝑓 (𝑠(1)𝑖 ) + 22𝑓 (𝑠(1)𝑖 +1) +
1 𝑓 (𝑠(1)𝑖 +2)

]

7
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a

𝑥

T

S

r

= 1
64

𝑓 (𝑠(1)𝑖
2−1

) + 31
64

𝑓 (𝑠(1)𝑖
2
) + 31

64
𝑓 (𝑠(1)𝑖

2+1
) + 1

64
𝑓 (𝑠(1)𝑖

2+2
).

Finally we obtain

𝑆1𝐿𝑓 (𝑥𝑖) =
1
2
𝑓 (𝑠(1)𝑖

2
) + 1

2
𝑓 (𝑠(1)𝑖

2+1
) + 1

2
𝑓 (𝑠𝑖) +

1
2
𝑓 (𝑠𝑖+1) −

1
64

𝑓 (𝑠(1)𝑖
2−1

) − 31
64

𝑓 (𝑠(1)𝑖
2
) − 31

64
𝑓 (𝑠(1)𝑖

2+1
) − 1

64
𝑓 (𝑠(1)𝑖

2+2
)

= 1
2
𝑓 (𝑠𝑖) +

1
2
𝑓 (𝑠𝑖+1) −

1
64

𝑓 (𝑠(1)𝑖
2−1

) + 1
64

𝑓 (𝑠(1)𝑖
2
) + 1

64
𝑓 (𝑠(1)𝑖

2+1
) − 1

64
𝑓 (𝑠(1)𝑖

2+2
),

where 𝑠(1)𝑖
2−1

= 𝑥𝑖−3, 𝑠(1)𝑖
2

= 𝑥𝑖−1, 𝑠(1)𝑖
2+1

= 𝑥𝑖+1, 𝑠(1)𝑖
2+2

= 𝑥𝑖+3.

Having 𝑓 (𝑥) = 𝑥2, it results

𝑆1𝐿𝑓 (𝑥𝑖) =
1
2

(𝑥𝑖−1 + 𝑥𝑖
2

)2
+ 1

2

(𝑥𝑖 + 𝑥𝑖+1
2

)2
− 1

64
(𝑥𝑖−3)2 +

1
64

(𝑥𝑖−1)2 +
1
64

(𝑥𝑖+1)2 −
1
64

(𝑥𝑖+3)2

and, since 𝑥𝑖 = 𝑎 + 𝑖ℎ,

𝑆1𝐿𝑓 (𝑥𝑖) =
1
2

(

𝑎 + 2𝑖 − 1
2

ℎ
)2

+ 1
2

(

𝑎 + 2𝑖 + 1
2

ℎ
)2

− 1
64

(𝑎 + (𝑖 − 3)ℎ)2

+ 1
64

(𝑎 + (𝑖 − 1)ℎ)2 + 1
64

(𝑎 + (𝑖 + 1)ℎ)2 − 1
64

(𝑎 + (𝑖 + 3)ℎ)2

that after some computations provides 𝑆1𝐿𝑓 (𝑥𝑖) = 𝑎2 + 𝑖2ℎ2 + 2𝑎𝑖ℎ = (𝑎 + 𝑖ℎ)2 = 𝑓 (𝑥𝑖). Similar argument can be carried out for 𝑥𝑖+1
nd 𝑠𝑖+1 and we get

𝑆1𝐿𝑓 (𝑥𝑖+1) = 𝑎2 + 𝑖2ℎ2 + ℎ2 + 2𝑖ℎ2 + 2𝑎𝑖ℎ + 2𝑎ℎ =
(

𝑎 + (𝑖 + 1)ℎ
)2

= 𝑓 (𝑥𝑖+1),

𝑆1𝐿𝑓 (𝑠𝑖+1) = 𝑎2 + 𝑖2ℎ2 + 1
4
ℎ2 + 𝑖ℎ2 + 2𝑎𝑖ℎ + 𝑎ℎ =

(

𝑎 + 2𝑖 + 1
2

ℎ
)2

= 𝑓 (𝑠𝑖+1).

Now let us assume 𝑆(𝑝−1)𝐿 reproduces P2, i.e. 𝑆(𝑝−1)𝐿𝑓 = 𝑓 if 𝑓 ∈ P2. Let us consider 𝑓 (𝑥) = 𝑥2 and show 𝑆𝑝𝐿𝑓 (𝑥) = 𝑓 (𝑥) at
𝑖, 𝑠𝑖+1, 𝑥𝑖+1, for any 𝑖. From (17) we have at 𝑥𝑖:

𝑆𝑝𝐿𝑓 (𝑥𝑖) = 𝑆(𝑝)𝑓 (𝑥𝑖) + 𝑆(𝑝−1)𝐿𝛥𝑝𝑓 (𝑥𝑖) = 𝑆(𝑝)𝑓 (𝑥𝑖) + 𝑆(𝑝−1)𝐿𝑓 (𝑥𝑖) − 𝑆(𝑝−1)𝐿𝑆(𝑝)𝑓 (𝑥𝑖).

Compute

𝑆(𝑝)𝑓 (𝑥𝑖) =

𝑛
2𝑝 +2
∑

𝑗=−1
𝑓 (𝑠(𝑝)𝑗 )𝐵(𝑝)

𝑗 (𝑥𝑖),

involving B-splines 𝐵(𝑝)
𝑗 whose support contains 𝑥𝑖, i.e. 𝐵(𝑝)

𝑖
2𝑝

with support [𝑥(𝑝)𝑖
2𝑝 −2

, 𝑥(𝑝)𝑖
2𝑝 +1

] = [𝑥𝑖−2𝑝+1 , 𝑥𝑖+2𝑝 ], 𝐵(𝑝)
𝑖
2𝑝 +1

with support

[𝑥(𝑝)𝑖
2𝑝 −1

, 𝑥(𝑝)𝑖
2𝑝 +2

] = [𝑥𝑖−2𝑝 , 𝑥𝑖+2𝑝+1 ], 𝐵
(𝑝)
𝑖
2𝑝 +2

with support [𝑥(𝑝)𝑖
2𝑝
, 𝑥(𝑝)𝑖

2𝑝 +3
] = [𝑥𝑖, 𝑥𝑖+3⋅2𝑝 ]. From the expression of 𝐵(𝑝)

𝑗,2, similar to the ones in
ables 1 and 3, we obtain

𝐵(𝑝)
𝑖
2𝑝
(𝑥𝑖) =

1
2
, 𝐵(𝑝)

𝑖
2𝑝 +1

(𝑥𝑖) =
1
2

and 𝐵(𝑝)
𝑖
2𝑝 +2

(𝑥𝑖) = 0.

Then

𝑆(𝑝)𝑓 (𝑥𝑖) =
1
2
𝑓 (𝑠(𝑝)𝑖

2𝑝
) + 1

2
𝑓 (𝑠(𝑝)𝑖

2𝑝 +1
),

where 𝑠(𝑝)𝑖
2𝑝

= 𝑥𝑖−2𝑝−1 , 𝑠(𝑝)𝑖
2𝑝 +1

= 𝑥𝑖+2𝑝−1 , so becoming

𝑆(𝑝)𝑓 (𝑥𝑖) =
1
2
(𝑥𝑖−2𝑝−1 )

2 + 1
2
(𝑥𝑖+2𝑝−1 )

2.

It follows

𝑆(𝑝−1)𝐿𝑆(𝑝)𝑓 (𝑥𝑖) = 𝑆(𝑝−1)𝐿
( 1
2
(𝑥𝑖−2𝑝−1 )

2 + 1
2
(𝑥𝑖+2𝑝−1 )

2
)

= 1
2
(𝑥𝑖−2𝑝−1 )

2 + 1
2
(𝑥𝑖+2𝑝−1 )

2.

Then

𝑆𝑝𝐿𝑓 (𝑥𝑖) =
1
2
(𝑥𝑖−2𝑝−1 )

2 + 1
2
(𝑥𝑖+2𝑝−1 )

2 + 𝑥2𝑖 −
1
2
(𝑥𝑖−2𝑝−1 )

2 − 1
2
(𝑥𝑖+2𝑝−1 )

2 = 𝑥2𝑖 = 𝑓 (𝑥𝑖).

imilar argument for 𝑥𝑖+1 and 𝑠𝑖+1, obtaining

𝑆𝑝𝐿𝑓 (𝑥𝑖+1) = 𝑓 (𝑥𝑖+1), 𝑆𝑝𝐿𝑓 (𝑠𝑖+1) = 𝑓 (𝑠𝑖+1),

espectively. □
8
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P

f
𝑓
c
p

4

k

S

4

Table 5
Weights 𝛺𝑖, 𝑖 = −1,… , 𝑛

2
+2 in quadrature formula (19), where 𝛺𝑖, 𝑖 =

𝑛
2
, 𝑛
2
+1, 𝑛

2
+2, are obtained

by symmetry.

𝑖 𝛺𝑖

−1 𝜔(1)
−1 −

1
32
𝜔0

0 𝜔(1)
0 − 22

32
𝜔0 −

9
32
𝜔1 −

1
32
𝜔2

1 𝜔(1)
1 − 9

32
𝜔0 −

22
32
𝜔1 −

22
32
𝜔2 −

9
32
𝜔3 −

1
32
𝜔4

𝑖 = 2,… , 𝑛
2
− 1 𝜔(1)

𝑖 − 1
32
𝜔2𝑖−3 −

9
32
𝜔2𝑖−2 −

22
32
𝜔2𝑖−1 −

22
32
𝜔2𝑖 −

9
32
𝜔2𝑖+1 −

1
32
𝜔2𝑖+2

Theorem 3.4. If 𝑓 ∈ 𝐶𝜇(𝐼), 𝜇 = 1, 2, 3, then 𝑆𝑝𝐿, 𝑝 > 0, satisfies at least ‖𝑓 − 𝑆𝑝𝐿𝑓‖𝐼 = 𝑂(ℎ𝜇), 𝜇 = 1, 2, 3.

roof. The proof follows the same algebraic computations carried out in Theorem 3.2. □

Theorem 3.3 shows that 𝑆𝑝𝐿 gains in polynomial reproduction in case of partitions (1) and we provide a numerical confirmation
or the test function 𝑓3 in Table 6. In this case data points outside [𝑎, 𝑏] are needed. However either they could be not known or

could be not defined outside [𝑎, 𝑏]. For partitions (2) all evaluation points are either inside [𝑎, 𝑏] or at the endpoints, but in this
ase 𝑆𝑝𝐿 only reproduces linear polynomials. However, when 𝑛 increases, partitions (1) and (2) tend to coincide so that 𝑆𝑝𝐿 with
artitions (2) ’tends to reproduce’ P2 (see also [2,3]).

. Numerical integration based on 𝑺𝒑𝑳

Approximating the integral I(𝑓 ) = ∫ 𝑏
𝑎 𝑓 of a function 𝑓 on an interval [𝑎, 𝑏] by quadrature formulas based on QI splines is a well

nown topic in literature (see for example the wide bibliography in [18]). For the operator 𝑆 we have

I𝑆 (𝑓 ) =
𝑛+1
∑

𝑖=0
𝑓 (𝑠𝑖)∫

𝑏

𝑎
𝐵𝑖.

ince 𝜔𝑖 = ∫ 𝑏
𝑎 𝐵𝑖 =

𝑥𝑖+1−𝑥𝑖−𝑑
𝑑+1 , 𝑖 = 0,… , 𝑛 + 1, for degree 𝑑 = 2 we have 𝜔0 = 𝜔𝑛+1 = ℎ

3 , 𝜔1 = 𝜔𝑛 = 2 ℎ
3 , 𝜔𝑗 = ℎ, 𝑗 = 2,… , 𝑛 − 1 with

𝜔𝑛−𝑖+1 = 𝜔𝑖, 𝑖 = 0,… , 𝑛 + 1 in case of symmetric partitions. Then

I𝑆 (𝑓 ) =
𝑛+1
∑

𝑖=0
𝜔𝑖𝑓 (𝑠𝑖) =

ℎ
3

[

𝑓 (𝑠0) + 𝑓 (𝑠𝑛+1)
]

+ 2ℎ
3

[

𝑓 (𝑠1) + 𝑓 (𝑠𝑛)
]

+ ℎ
𝑛−1
∑

𝑖=2
𝑓 (𝑠𝑖).

.1. Numerical integration based on 𝑆1𝐿

A quadrature formula I𝑆1𝐿 (𝑓 ) associated to 𝑆1𝐿 is obtained by computing 𝜔(1)
𝑖 = ∫ 𝑏

𝑎 𝐵(1)
𝑖 =

𝑥(1)𝑖+1−𝑥
(1)
𝑖−2

3 , 𝑖 = −1,… , 𝑛2 + 2, where
𝑥(1)𝑖 = 𝑥21𝑖, ℎ(1) = 2ℎ and again 𝜔(1)

𝑛
2−𝑖+1

= 𝜔(1)
𝑖 . They are: 𝜔(1)

−1 = 𝜔(1)
𝑛
2+2

= 0, 𝜔(1)
0 = 𝜔(1)

𝑛
2+1

= 2 ℎ
3 , 𝜔(1)

1 = 𝜔(1)
𝑛
2

= 4 ℎ
3 , 𝜔(1)

𝑖 = 2ℎ, 𝑖 = 2,… , 𝑛2 −1.
In case of partitions (1) from (13) we can write

I𝑆1𝐿 (𝑓 ) =
𝑛+1
∑

𝑖=0
𝜔𝑖𝑓 (𝑠𝑖) +

𝑛
2+2
∑

𝑖=−1
𝛺𝑖𝑓 (𝑠

(1)
𝑖 ) (19)

with 𝛺𝑖 given in Table 5.
Now, taking into account the symmetries of 𝜔𝑖 and 𝜔(1)

𝑖 , we get

I𝑆1𝐿 (𝑓 ) = ℎ
3

[

𝑓 (𝑠0) + 𝑓 (𝑠𝑛+1)
]

+ 2ℎ
3

[

𝑓 (𝑠1) + 𝑓 (𝑠𝑛)
]

+ ℎ
𝑛−1
∑

𝑖=2
𝑓 (𝑠𝑖)

− ℎ
96

[

𝑓 (𝑠(1)−1) + 𝑓 (𝑠(1)𝑛
2+2

)
]

+ 7ℎ
32

[

𝑓 (𝑠(1)0 ) + 𝑓 (𝑠(1)𝑛
2+1

)
]

− 7ℎ
32

[

𝑓 (𝑠(1)1 ) + 𝑓 (𝑠(1)𝑛
2
)
]

+ ℎ
96

[

𝑓 (𝑠(1)2 ) + 𝑓 (𝑠(1)𝑛
2−1

)
]

.

In case of partitions (2) from (14) we can write

I𝑆1𝐿 (𝑓 ) =
𝑛+1
∑

𝑖=0
𝜔𝑖𝑓 (𝑠𝑖) +

𝑛
2+1
∑

𝑖=0
𝛺𝑖𝑓 (𝑠

(1)
𝑖 )

where 𝛺𝑖 are the ones of Table 5, except for

𝛺0 =𝜔
(1)
0 − 𝜔0 −

9
16

𝜔1 −
1
16

𝜔2, 𝛺1 = 𝜔(1)
1 − 13

32
𝜔1 −

21
32

𝜔2 −
9
32

𝜔3 −
1
32

𝜔4,

𝛺 𝑛 =𝜔(1)
𝑛 − 1 𝜔𝑛−3 −

9 𝜔𝑛−2 −
21𝜔𝑛−1 −

13𝜔𝑛, 𝛺 𝑛 = 𝜔(1)
𝑛 − 1 𝜔𝑛−1 −

9 𝜔𝑛 − 𝜔𝑛+1.
9

2 2 32 32 32 32 2+1 2+1 16 16
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Now, taking into account the symmetries of 𝜔𝑖 and 𝜔(1)
𝑖 , we get

I𝑆1𝐿 (𝑓 ) = ℎ
3

[

𝑓 (𝑠0) + 𝑓 (𝑠𝑛+1)
]

+ 2ℎ
3

[

𝑓 (𝑠1) + 𝑓 (𝑠𝑛)
]

+ ℎ
𝑛−1
∑

𝑖=2
𝑓 (𝑠𝑖)

−5ℎ
48

[

𝑓 (𝑠(1)0 ) + 𝑓 (𝑠(1)𝑛
2+1

)
]

+ 3ℎ
32

[

𝑓 (𝑠(1)1 ) + 𝑓 (𝑠(1)𝑛
2
)
]

+ ℎ
96

[

𝑓 (𝑠(1)2 ) + 𝑓 (𝑠(1)𝑛
2−1

)
]

.

4.2. Numerical integration based on 𝑆2𝐿

In case of 𝑝 = 2 a quadrature formula associated to 𝑆2𝐿 is obtained by computing 𝜔(2)
𝑖 = ∫ 𝑏

𝑎 𝐵(2)
𝑖 =

𝑥(2)𝑖+1−𝑥
(2)
𝑖−2

3 , 𝑖 = −1,… , 𝑛4 + 2,
where 𝑥(2)𝑖 = 𝑥22𝑖, ℎ(2) = 22ℎ with 𝜔(2)

𝑛
4−𝑖+1

= 𝜔(2)
𝑖 , i.e.: 𝜔(2)

−1 = 𝜔(2)
𝑛
4+2

= 0, 𝜔(2)
0 = 𝜔(2)

𝑛
4+1

= 4 ℎ
3 , 𝜔(2)

1 = 𝜔(2)
𝑛
4

= 8 ℎ
3 , 𝜔(2)

𝑖 = 4ℎ, 𝑖 = 2,… , 𝑛4 − 1.

For partitions (1) from the expression of 𝑆2𝐿𝑓 in Appendix A.1 we can write

I𝑆2𝐿 (𝑓 ) =
𝑛+1
∑

𝑖=0
𝑓 (𝑠𝑖)𝜔𝑖 +

𝑛
2+2
∑

𝑖=−1
𝑓 (𝑠(1)𝑖 )𝛺𝑖 +

𝑛
4+2
∑

𝑖=−1
𝑓 (𝑠(2)𝑖 )𝛤𝑖 (20)

with 𝛺𝑖 defined in the bilevel case and 𝛤𝑖 given in Appendix A.3.
Now, taking into account all symmetries of 𝜔𝑖, 𝜔

(1)
𝑖 and 𝜔(2)

𝑖 , it results

𝛤−1 = 𝛤 𝑛
4+2

= − 5
768

ℎ, 𝛤0 = 𝛤 𝑛
4+1

= 133
256

ℎ, 𝛤1 = 𝛤 𝑛
4
= −133

256
ℎ, 𝛤2 = 𝛤 𝑛

4−1
= 5

768
ℎ,

𝛤𝑖+2 = 0, 𝑖 = 1,… , 𝑛
4
− 4

from which we get

I𝑆2𝐿 (𝑓 ) = ℎ
3

[

𝑓 (𝑠0) + 𝑓 (𝑠𝑛+1)

]

+ 2ℎ
3

[

𝑓 (𝑠1) + 𝑓 (𝑠𝑛)

]

+ ℎ
𝑛−1
∑

𝑖=2
𝑓 (𝑠𝑖)

− ℎ
96

[

𝑓 (𝑠(1)−1) + 𝑓 (𝑠(1)𝑛
2+2

)

]

+ 7ℎ
32

[

𝑓 (𝑠(1)0 ) + 𝑓 (𝑠(1)𝑛
2+1

)

]

− 7ℎ
32

[

𝑓 (𝑠(1)1 ) + 𝑓 (𝑠(1)𝑛
2
)

]

+ ℎ
96

[

𝑓 (𝑠(1)2 ) + 𝑓 (𝑠(1)𝑛
2−1

)

]

− 5ℎ
768

[

𝑓 (𝑠(2)−1) + 𝑓 (𝑠(2)𝑛
4+2

)

]

+ 133ℎ
256

[

𝑓 (𝑠(2)0 ) + 𝑓 (𝑠(2)𝑛
4+1

)

]

− 133ℎ
256

[

𝑓 (𝑠(2)1 ) + 𝑓 (𝑠(2)𝑛
4
)

]

+ 5ℎ
768

[

𝑓 (𝑠(2)2 ) + 𝑓 (𝑠(2)𝑛
4−1

)

]

.

For partitions (2) from the expression of 𝑆2𝐿𝑓 in Appendix A.2 we can write

I𝑆2𝐿 (𝑓 ) =
𝑛+1
∑

𝑖=0
𝑓 (𝑠𝑖)𝜔𝑖 +

𝑛
2+2
∑

𝑖=−1
𝑓 (𝑠(1)𝑖 )𝛺𝑖 +

𝑛
4+2
∑

𝑖=−1
𝑓 (𝑠(2)𝑖 )𝛤𝑖 (21)

with 𝛺𝑖 defined in the bilevel case and 𝛤𝑖 given in Appendix A.4.
Now, taking into account all symmetries of 𝜔𝑖, 𝜔

(1)
𝑖 and 𝜔(2)

𝑖 , it results

𝛤0 = 𝛤 𝑛
4+1

= − 7
768

ℎ, 𝛤1 = 𝛤 𝑛
4
= − 5

512
ℎ, 𝛤2 = 𝛤 𝑛

4−1
= − 5

1536
ℎ, 𝛤𝑖+2 = 0, 𝑖 = 1,… , 𝑛

4
− 4

from which we get

I𝑆2𝐿 (𝑓 ) = ℎ
3

[

𝑓 (𝑠0) + 𝑓 (𝑠𝑛+1)

]

+ 2ℎ
3

[

𝑓 (𝑠1) + 𝑓 (𝑠𝑛)

]

+ ℎ
𝑛−1
∑

𝑖=2
𝑓 (𝑠𝑖)

−5ℎ
48

[

𝑓 (𝑠(1)0 ) + 𝑓 (𝑠(1)𝑛
2+1

)

]

+ 3ℎ
32

[

𝑓 (𝑠(1)1 ) + 𝑓 (𝑠(1)𝑛
2
)

]

+ ℎ
96

[

𝑓 (𝑠(1)2 ) + 𝑓 (𝑠(1)𝑛
2−1

)

]

− 5ℎ
768

[

𝑓 (𝑠(2)0 ) + 𝑓 (𝑠(2)𝑛
4+1

)

]

+ 5ℎ
512

[

𝑓 (𝑠(2)1 ) + 𝑓 (𝑠(2)𝑛
4
)

]

− 5ℎ
1536

[

𝑓 (𝑠(2)2 ) + 𝑓 (𝑠(2)𝑛
4−1

)

]

.

5. Numerical results

Now we present some numerical results, obtained both on approximation and numerical integration and based on the operators
studied throughout this paper, applied to the following test functions:

• 𝑓1(𝑥) = 2𝑥, 𝑥 ∈ [0, 1];
• 𝑓2(𝑥) =

1
1+16𝑥5 , 𝑥 ∈ [0, 1];

• 𝑓3(𝑥) = 2𝑥2 − 5𝑥 + 4, 𝑥 ∈ [2, 3.5];
• 𝑓4(𝑥) =

1
3 e

(− 81
16 (𝑥−

1
2 )

2), 𝑥 ∈ [1.5, 6];
• 𝑓 (𝑥) = sin(4.5𝑥), 𝑥 ∈ [1.5, 3];
10
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Table 6
Maximum norm of error related to multilevel operators applied to test functions for partitions (1).

n 𝐸𝑆 𝐸𝑆1𝐿 𝐸𝑆2𝐿 𝐸𝑆 𝐸𝑆1𝐿 𝐸𝑆2𝐿

𝑓1 12 6.66(−16) 1.11(−15) 1.33(−15) 𝑓5 3.93(−02) 9.53(−03) 1.11(−02)
28 6.66(−16) 1.11(−15) 1.55(−15) 7.23(−03) 5.40(−04) 1.02(−03)
56 4.44(−16) 8.88(−16) 1.11(−15) 1.82(−03) 6.18(−05) 1.34(−04)
112 4.44(−16) 1.33(−15) 1.78(−15) 4.54(−04) 7.32(−06) 1.71(−05)
224 4.44(−16) 1.11(−15) 1.33(−15) 1.14(−04) 9.32(−07) 2.15(−06)

𝑓2 12 8.17(−03) 2.51(−03) 2.82(−03) 𝑓6 1.42(−05) 1.45(−06) 3.09(−06)
28 1.57(−03) 2.19(−04) 3.02(−04) 2.60(−06) 9.30(−08) 1.89(−07)
56 3.95(−04) 2.20(−05) 4.19(−05) 6.49(−07) 1.15(−08) 2.42(−08)
112 9.91(−05) 2.51(−06) 5.56(−06) 1.62(−07) 1.39(−09) 3.05(−09)
224 2.48(−05) 3.07(−07) 6.95(−07) 4.06(−08) 1.68(−10) 3.83(−10)

𝑓3 12 7.81(−03) 5.32(−15) 8.88(−15) 𝑓7 2.73(−02) 2.67(−02) 2.67(−02)
28 1.43(−03) 7.11(−15) 1.07(−14) 1.02(−02) 6.08(−03) 6.08(−03)
56 3.58(−04) 8.88(−15) 1.24(−14) 2.61(−03) 7.61(−04) 6.59(−04)
112 8.96(−05) 7.10(−15) 1.24(−14) 6.59(−04) 7.02(−05) 1.05(−04)
224 2.24(−05) 1.07(−14) 1.07(−14) 1.66(−04) 7.14(−06) 1.56(−05)

𝑓4 12 3.92(−03) 1.34(−03) 2.05(−03) 𝑓8 2.97(−02) 2.66(−02) 2.61(−02)
28 6.46(−04) 5.41(−04) 5.41(−04) 1.25(−02) 1.10(−02) 1.08(−02)
56 1.58(−04) 3.97(−05) 4.89(−05) 5.93(−03) 5.13(−03) 5.13(−03)
112 3.94(−05) 3.52(−06) 6.63(−06) 2.63(−03) 2.22(−03) 2.22(−03)
224 9.84(−06) 4.04(−07) 8.41(−07) 1.00(−03) 7.98(−04) 7.98(−04)

Table 7
Observed approximation order related to multilevel operators applied to test functions for partitions (1).

n 𝑟𝑆 𝑟𝑆1𝐿 𝑟𝑆2𝐿 𝑟𝑆 𝑟𝑆1𝐿 𝑟𝑆2𝐿

𝑓1 28 – – – 𝑓5 – – –
56 – – – 1.99 3.13 2.93
112 – – – 1.99 3.04 2.98
224 – – – 1.99 3.01 2.99

𝑓2 28 – – – 𝑓6 – – –
56 1.99 3.31 2.85 2.00 3.02 2.97
112 1.99 3.13 2.91 2.00 3.04 2.98
224 1.99 3.04 3.00 2.00 3.06 3.00

𝑓3 28 – – – 𝑓7 – – –
56 2.00 – – 1.96 3.00 3.21
112 2.00 – – 1.99 3.44 2.65
224 2.00 – – 1.99 3.30 2.76

𝑓4 28 – – – 𝑓8 – – –
56 2.02 3.77 3.46 1.08 1.10 1.08
112 2.00 3.49 2.88 1.17 1.21 1.21
224 2.00 3.12 2.98 1.39 1.48 1.48

• 𝑓6(𝑥) = arctan(100(𝑥 − 0.3)), 𝑥 ∈ [2, 4];
• 𝑓7(𝑥) = e−𝑥 sin(5𝜋𝑥), 𝑥 ∈ [2.8, 5];

• 𝑓8(𝑥) =

{

𝑥2, 0 ≤ 𝑥 < 1
2

− 𝑥
2 + 1

2
1
2 ≤ 𝑥 ≤ 1

.

.1. Numerical results on approximation

For 𝑄 = 𝑆, 𝑆1𝐿, 𝑆2𝐿 we set 𝐸𝑄(𝑓 ) = ‖𝑓 −𝑄(𝑓 )‖∞, evaluated on 500 equispaced points in [𝑎, 𝑏]. Moreover we define the observed
(or numerical) approximation order as follows:

𝑟𝑄 = log2
𝐸𝑄|𝑛=7⋅2𝑙−1

𝐸𝑄|𝑛=7⋅2𝑙
for 𝑄 = 𝑆, 𝑆1𝐿, 𝑆2𝐿 and 𝑙 = 3, 4, 5,

with 𝐸𝑄 ∶= 𝐸𝑄(𝑓 ), when it is not necessary to point out 𝑓 .
As we can see in Tables 6–9, in general multilevel operators improve the results obtained with the corresponding base operators.

e also remark that there are not big differences in the behaviour of 𝑆1𝐿 e 𝑆2𝐿, so that, at least from a computational point of
view, it is convenient to use 𝑆1𝐿, as already confirmed in [3]. Moreover P1 and P2 reproduction for multilevel operators with 𝑝 > 0
on partitions (1) and (2) and on partitions (1), respectively, are confirmed. However we underline that in case of partitions (2) we
11

note a sort of ’numerical reproduction’ of P2 when 𝑛 increases and partitions (1) and (2) tend to coincide (see also [2,3]).



Journal of Computational and Applied Mathematics 445 (2024) 115804E. Fornaca and P. Lamberti

f

Table 8
Maximum norm of error related to multilevel operators applied to test functions for partitions (2).

n 𝐸𝑆 𝐸𝑆1𝐿 𝐸𝑆2𝐿 𝐸𝑆 𝐸𝑆1𝐿 𝐸𝑆2𝐿

𝑓1 12 4.44(−16) 6.66(−16) 1.11(−15) 𝑓5 3.93(−02) 1.17(−02) 1.42(−02)
28 4.44(−16) 6.66(−16) 1.33(−15) 7.23(−03) 1.60(−03) 1.26(−03)
56 4.44(−16) 8.88(−16) 1.33(−15) 1.82(−03) 3.73(−04) 1.84(−04)
112 4.44(−16) 1.11(−15) 1.33(−15) 4.54(−04) 9.14(−05) 3.27(−05)
224 4.44(−16) 1.11(−15) 1.33(−15) 1.13(−04) 2.27(−05) 6.83(−06)

𝑓2 12 8.17(−03) 2.51(−03) 2.80(−03) 𝑓6 1.07(−05) 3.42(−06) 2.20(−06)
28 1.57(−03) 2.19(−04) 3.02(−04) 2.30(−06) 6.42(−07) 2.96(−07)
56 3.95(−04) 2.21(−05) 4.19(−05) 6.10(−07) 1.61(−07) 5.90(−08)
112 9.91(−05) 3.74(−06) 5.56(−06) 1.57(−07) 4.03(−08) 1.26(−08)
224 2.48(−05) 9.18(−07) 6.95(−07) 3.97(−08) 1.01(−08) 2.84(−09)

𝑓3 12 7.81(−03) 1.95(−03) 4.88(−04) 𝑓7 2.60(−02) 2.56(−02) 2.57(−02)
28 1.43(−03) 3.59(−04) 8.97(−05) 1.02(−02) 6.08(−03) 6.08(−03)
56 3.59(−04) 8.97(−05) 2.24(−05) 2.61(−03) 8.15(−04) 6.53(−04)
112 8.97(−05) 2.23(−05) 5.58(−06) 6.59(−04) 8.85(−05) 1.03(−04)
224 2.24(−05) 5.55(−06) 1.39(−06) 1.66(−04) 1.11(−05) 1.42(−05)

𝑓4 12 5.23(−04) 4.59(−04) 4.55(−04) 𝑓8 2.97(−02) 2.66(−02) 2.61(−02)
28 2.05(−04) 1.37(−04) 1.32(−04) 1.25(−02) 1.10(−02) 1.08(−02)
56 8.36(−05) 3.87(−05) 3.41(−05) 5.93(−03) 5.13(−03) 5.13(−03)
112 2.85(−05) 9.81(−06) 6.95(−06) 2.63(−03) 2.22(−03) 2.22(−03)
224 8.34(−06) 2.44(−06) 1.25(−06) 1.00(−03) 7.98(−04) 7.98(−04)

Table 9
Observed approximation order related to multilevel operators applied to test functions for partitions (2).

n 𝑟𝑆 𝑟𝑆1𝐿 𝑟𝑆2𝐿 𝑟𝑆 𝑟𝑆1𝐿 𝑟𝑆2𝐿

𝑓1 28 – – – 𝑓5 – – –
56 – – – 1.99 2.10 2.77
112 – – – 1.99 2.03 2.49
224 – – – 1.99 2.01 2.26

𝑓2 28 – – – 𝑓6 – – –
56 1.99 3.31 2.85 1.91 1.99 2.33
112 1.99 2.56 2.91 1.96 2.00 2.23
224 1.99 2.02 3.00 1.98 2.00 2.15

𝑓3 28 – – – 𝑓7 – – –
56 2.00 2.00 2.00 1.96 2.90 3.22
112 2.00 2.01 2.00 1.99 3.20 2.66
224 1.99 2.00 2.00 1.99 3.00 2.86

𝑓4 28 – – – 𝑓8 – – –
56 1.29 1.82 1.95 1.07 1.10 1.07
112 1.55 1.98 2.30 1.17 1.21 1.21
224 1.77 2.00 2.48 1.39 1.48 1.48

5.2. Numerical results on integration

For numerical integration we compare results obtained by quadratures I𝑆 (𝑓 ), I𝑆1𝐿 (𝑓 ), I𝑆2𝐿 (𝑓 ) to evaluate the integral of some
unctions whose exact value is known.

Let us set 𝐸𝑄(𝑓 ) = I(𝑓 ) − I𝑄(𝑓 ) and

𝑟𝑄 = log2
|𝐸𝑄|𝑛=2𝑙−1

|𝐸𝑄|𝑛=2𝑙
for 𝑄 = 𝑆, 𝑆1𝐿, 𝑆2𝐿 with 𝑙 = 8, 9, 10.

In the following tables (Tables 10–13) we approximate

I(𝑔1) = ∫

1

−1

1
1 + 16𝑥2

𝑑𝑥 = 1
4

[

arctan(4) − arctan(−4)
]

≈ 0.662908831834016,

I(𝑔2) = ∫

1

−1
𝑥𝑒𝑥𝑑𝑥 = 2

𝑒
≈ 0.735758882342885,

I(𝑔3) = ∫

1

0
|𝑥2 − 0.25|𝑑𝑥 = 1

4
,

I(𝑔4) = ∫

1

0
𝑒−𝑥 sin(5𝜋𝑥)𝑑𝑥 =

5𝜋(𝑒 + 1)
𝑒(25𝜋2 + 1)

≈ 0.086730404755780.
12
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Table 10
Absolute errors for I(𝑔1) with partitions (2).
𝑛 𝐸𝑆 𝑟𝑆 𝐸𝑆1𝐿 𝑟𝑆1𝐿 𝐸𝑆2𝐿 𝑟𝑆2𝐿

128 6.86(−06) 1.29(−07) 6.70(−06)
256 1.70(−06) 2.00 1.57(−08) 3.00 1.56(−06) 2.10
512 4.24(−07) 2.00 1.93(−09) 3.02 3.77(−07) 2.04
1024 1.06(−07) 2.00 2.39(−10) 3.00 9.27(−08) 2.02

Table 11
Absolute errors for I(𝑔2) with partitions (2).
𝑛 𝐸𝑆 𝑟𝑆 𝐸𝑆1𝐿 𝑟𝑆1𝐿 𝐸𝑆2𝐿 𝑟𝑆2𝐿

128 1.65(−04) 1.66(−06) 7.57(−05)
256 4.13(−05) 1.99 2.10(−07) 2.98 1.96(−05) 1.95
512 1.03(−05) 2.00 2.63(−08) 2.99 4.99(−06) 2.00
1024 2.59(−06) 1.99 3.30(−09) 2.99 1.26(−06) 2.00

Table 12
Absolute errors for I(𝑔3) with partitions (2).
𝑛 𝐸𝑆 𝑟𝑆 𝐸𝑆1𝐿 𝑟𝑆1𝐿 𝐸𝑆2𝐿 𝑟𝑆2𝐿

128 2.03(−05) 5.09(−06) 5.09(−06)
256 5.09(−06) 1.99 1.27(−06) 2.00 1.27(−06) 2.00
512 1.27(−06) 2.00 3.18(−07) 2.00 3.18(−07) 2.00
1024 3.18(−07) 2.00 7.95(−08) 2.00 7.95(−08) 2.00

Table 13
Absolute errors for I(𝑔4) with partitions (2).
𝑛 𝐸𝑆 𝑟𝑆 𝐸𝑆1𝐿 𝑟𝑆1𝐿 𝐸𝑆2𝐿 𝑟𝑆2𝐿

128 1.63(−04) 1.54(−06) 2.92(−04)
256 4.09(−05) 1.99 1.27(−07) 3.60 4.36(−05) 2.74
512 1.02(−05) 2.00 1.18(−08) 3.42 6.98(−06) 2.64
1024 2.56(−06) 2.00 1.22(−09) 3.27 1.24(−06) 2.49

In conclusion, while for partitions (1) the results of base operator e multilevel operators on such test integrals are comparable,
o that we do not report them here, in the above four tables we can see a good improvement in case of partitions (2), in particular
sing 𝑆1𝐿. Moreover the observed approximation order confirms the theoretical one, obtained by theorems on approximation, up
o a multiplicative constant.
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ppendix

.1. 𝑆2𝐿𝑓 On partitions (1)

𝑆2𝐿𝑓 =
𝑛+1
∑

𝑖=0
𝑓 (𝑠𝑖)𝐵

(0)
𝑖 + 𝑓 (𝑠(1)−1)

[

𝐵(1)
−1 −

1
32

𝐵(0)
0

]

+ 𝑓 (𝑠(1)0 )
[

𝐵(1)
0 − 22

32
𝐵(0)
0 − 9

32
𝐵(0)
1 − 1

32
𝐵(0)
2

]

+𝑓 (𝑠(1)1 )
[

𝐵(1)
1 − 9

32
𝐵(0)
0 − 22

32
𝐵(0)
1 − 22

32
𝐵(0)
2 − 9

32
𝐵(0)
3 − 1

32
𝐵(0)
4

]

+

𝑛
2−1
∑

𝑓 (𝑠(1)𝑖 )
[

𝐵(1)
𝑖 − 1 𝐵(0)

2𝑖−3 −
9 𝐵(0)

2𝑖−2 −
22𝐵(0)

2𝑖−1 −
22𝐵(0)

2𝑖
13

𝑖=2 32 32 32 32



Journal of Computational and Applied Mathematics 445 (2024) 115804E. Fornaca and P. Lamberti
− 9
32

𝐵(0)
2𝑖+1 −

1
32

𝐵(0)
2𝑖+2

]

+ 𝑓 (𝑠(1)𝑛
2
)
[

𝐵(1)
𝑛
2

− 1
32

𝐵(0)
𝑛−3 −

9
32

𝐵(0)
𝑛−2 −

22
32

𝐵(0)
𝑛−1 −

22
32

𝐵(0)
𝑛 − 9

32
𝐵(0)
𝑛+1

]

+𝑓 (𝑠(1)𝑛
2+1

)
[

𝐵(1)
𝑛
2+1

− 1
32

𝐵(0)
𝑛−1 −

9
32

𝐵(0)
𝑛 − 22

32
𝐵(0)
𝑛+1

]

+𝑓 (𝑠(1)𝑛
2+2

)
[

𝐵(1)
𝑛
2+2

− 1
32

𝐵(0)
𝑛+1

]

+ 𝑓 (𝑠(2)−1)
[

𝐵(2)
−1 −

9
32

𝐵(1)
−1 −

1
32

𝐵(1)
0 + 23

1024
𝐵(0)
0 + 9

1024
𝐵(0)
1 + 1

1024
𝐵(0)
2

]

+𝑓 (𝑠(2)0 )
[

𝐵(2)
0 − 22

32
𝐵(1)
−1 −

22
32

𝐵(1)
0 − 9

32
𝐵(1)
1 − 1

32
𝐵(0)
2 − 37

1024
𝐵(0)
0

+ 5
1024

𝐵(0)
1 + 29

1024
𝐵(0)
2 + 31

1024
𝐵(0)
3 + 23

1024
𝐵(0)
4 + 9

1024
𝐵(0)
5 + 1

1024
𝐵(0)
6

]

+𝑓 (𝑠(2)1 )
[

𝐵(2)
1 − 1

32
𝐵(1)
−1 −

9
32

𝐵(1)
0 − 22

32
𝐵(1)
1 − 22

32
𝐵(1)
2 − 9

32
𝐵(1)
3 − 1

32
𝐵(1)
4

+ 5
1024

𝐵(0)
0 − 37

1024
𝐵(0)
1 − 61

1024
𝐵(0)
2 − 61

1024
𝐵(0)
3 − 37

1024
𝐵(0)
4 + 5

1024
𝐵(0)
5

+ 29
1024

𝐵(0)
6 + 31

1024
𝐵(0)
7 + 23

1024
𝐵(0)
8 + 9

1024
𝐵(0)
9 + 1

1024
𝐵(0)
10

]

+𝑓 (𝑠(2)2 )
[

𝐵(2)
2 − 1

32
𝐵(1)
1 − 9

32
𝐵(1)
2 − 22

32
𝐵(1)
3 − 22

32
𝐵(1)
4 − 9

32
𝐵(1)
5

− 1
32

𝐵(1)
6 + 9

1024
𝐵(0)
0 + 23

1024
𝐵(0)
1 + 31

1024
𝐵(0)
2 + 29

1024
𝐵(0)
3 + 5

1024
𝐵(0)
4

− 37
1024

𝐵(0)
5 − 61

1024
𝐵(0)
6 − 61

1024
𝐵(0)
7 − 37

1024
𝐵(0)
8 + 5

1024
𝐵(0)
9

+ 29
1024

𝐵(0)
10 + 31

1024
𝐵(0)
11 + 23

1024
𝐵(0)
12 + 9

1024
𝐵(0)
13 + 1

1024
𝐵(0)
14

]

+

𝑛
4−4
∑

𝑘=1
𝑓 (𝑠(2)𝑘+2)

[

𝐵(2)
𝑘+2 −

1
32

𝐵(1)
2𝑘+1 −

9
32

𝐵(1)
2𝑘+2 −

22
32

𝐵(1)
2𝑘+3 −

22
32

𝐵(1)
2𝑘+4

− 9
32

𝐵(1)
2𝑘+5 −

1
32

𝐵(1)
2𝑘+6 +

1
1024

𝐵(0)
4𝑘−1 +

9
1024

𝐵(0)
4𝑘 + 23

1024
𝐵(0)
4𝑘+1

+ 31
1024

𝐵(0)
4𝑘+2 +

29
1024

𝐵(0)
4𝑘+3 +

5
1024

𝐵(0)
4𝑘+4 −

37
1024

𝐵(0)
4𝑘+5 −

61
1024

𝐵(0)
4𝑘+6

− 61
1024

𝐵(0)
4𝑘+7 −

37
1024

𝐵(0)
4𝑘+8 +

5
1024

𝐵(0)
4𝑘+9 +

29
1024

𝐵(0)
4𝑘+10

+ 31
1024

𝐵(0)
4𝑘+11 +

23
1024

𝐵(0)
4𝑘+12 +

9
1024

𝐵(0)
4𝑘+13 +

1
1024

𝐵(0)
4𝑘+14

]

+𝑓 (𝑠(2)𝑛
4−1

)
[

𝐵(2)
𝑛
4−1

− 1
32

𝐵(1)
𝑛
2−5

− 9
32

𝐵(1)
𝑛
2−4

− 22
32

𝐵(1)
𝑛
2−3

− 22
32

𝐵(1)
𝑛
2−2

− 9
32

𝐵(1)
𝑛
2−1

− 1
32

𝐵(1)
𝑛
2

+ 1
1024

𝐵(0)
𝑛−13 +

9
1024

𝐵(0)
𝑛−12

+ 23
1024

𝐵(0)
𝑛−11 +

31
1024

𝐵(0)
𝑛−10 +

29
1024

𝐵(0)
𝑛−9 +

5
1024

𝐵(0)
𝑛−8

− 37
1024

𝐵(0)
𝑛−7 −

61
1024

𝐵(0)
𝑛−6 −

61
1024

𝐵(0)
𝑛−5 −

37
1024

𝐵(0)
𝑛−4

+ 5
1024

𝐵(0)
𝑛−3 +

29
1024

𝐵(0)
𝑛−2 +

31
1024

𝐵(0)
𝑛−1 +

23
1024

𝐵(0)
𝑛 + 9

1024
𝐵(0)
𝑛+1

]

+𝑓 (𝑠(2)𝑛
4
)
[

𝐵(2)
𝑛
4

− 1
32

𝐵(1)
𝑛
2−3

− 9
32

𝐵(1)
𝑛
2−2

− 22
32

𝐵(1)
𝑛
2−1

− 22
32

𝐵(1)
𝑛
2

− 9
32

𝐵(1)
𝑛
2+1

− 1
32

𝐵(1)
𝑛
2+2

+ 1
1024

𝐵(0)
𝑛−9 +

9
1024

𝐵(0)
𝑛−8

+ 23
1024

𝐵(0)
𝑛−7 +

31
1024

𝐵(0)
𝑛−6 +

29
1024

𝐵(0)
𝑛−5 +

5
1024

𝐵(0)
𝑛−4

− 37
1024

𝐵(0)
𝑛−3 −

61
1024

𝐵(0)
𝑛−2 −

61
1024

𝐵(0)
𝑛−1 −

37
1024

𝐵(0)
𝑛 + 5

1024
𝐵(0)
𝑛+1

]

+𝑓 (𝑠(2)𝑛
4+1

)
[

𝐵(2)
𝑛
4+1

− 1
32

𝐵(1)
𝑛
2−1

− 9
32

𝐵(1)
𝑛
2

− 22
32

𝐵(1)
𝑛
2+1

−22
32

𝐵(1)
𝑛
2+2

+ 1
1024

𝐵(0)
𝑛−5 +

9
1024

𝐵(0)
𝑛−4 +

23
1024

𝐵(0)
𝑛−3

+ 31
1024

𝐵(0)
𝑛−2 +

29
1024

𝐵(0)
𝑛−1 +

5
1024

𝐵(0)
𝑛 − 37

1024
𝐵(0)
𝑛+1

]

+𝑓 (𝑠(2)𝑛 )
[

𝐵(2)
𝑛 − 1 𝐵(1)

𝑛 − 9 𝐵(1)
𝑛 + 1 𝐵(0) + 9 𝐵(0) + 23 𝐵(0)

]

.

14

4+2 4+2 32 2+1 32 2+2 1024 𝑛−1 1024 𝑛 1024 𝑛+1
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A.2. 𝑆2𝐿𝑓 On partitions (2)

𝑆2𝐿𝑓 =
𝑛+1
∑

𝑖=0
𝑓 (𝑠(0)𝑖 )𝐵(0)

𝑖 + 𝑓 (𝑠(2)0 )
[

𝐵(2)
0 − 𝐵(1)

0 − 9
16

𝐵(1)
1 − 1

16
𝐵(1)
2

+ 14
512

𝐵(0)
1 + 30

512
𝐵(0)
2 + 31

512
𝐵(0)
3 + 23

512
𝐵(0)
4 + 9

512
𝐵(0)
5 + 1

512
𝐵(0)
6

]

+𝑓 (𝑠(2)1 )
[

𝐵(2)
1 − 13

32
𝐵(1)
1 − 21

32
𝐵(1)
2 − 9

32
𝐵(1)
3 − 1

32
𝐵(1)
4 − 42

1024
𝐵(0)
1

− 90
1024

𝐵(0)
2 − 92

1024
𝐵(0)
3 − 60

1024
𝐵(0)
4 − 4

1024
𝐵(0)
5 + 28

1024
𝐵(0)
6

+ 31
1024

𝐵(0)
7 + 23

1024
𝐵(0)
8 + 9

1024
𝐵(0)
9 + 1

1024
𝐵(0)
10

]

+𝑓 (𝑠(2)2 )
[

𝐵(2)
2 − 1

32
𝐵(1)
1 − 9

32
𝐵(1)
2 − 22

32
𝐵(1)
3 − 22

32
𝐵(1)
4 − 9

32
𝐵(1)
5

− 1
32

𝐵(1)
6 + 14

1024
𝐵(0)
1 + 30

1024
𝐵(0)
2 + 29

1024
𝐵(0)
3 + 5

1024
𝐵(0)
4

− 37
1024

𝐵(0)
5 − 61

1024
𝐵(0)
6 − 61

1024
𝐵(0)
7 − 37

1024
𝐵(0)
8 + 5

1024
𝐵(0)
9

+ 29
1024

𝐵(0)
10 + 31

1024
𝐵(0)
11 + 23

1024
𝐵(0)
12 + 9

1024
𝐵(0)
13 + 1

1024
𝐵(0)
14

]

+

𝑛
4−4
∑

𝑘=1
𝑓 (𝑠(2)𝑘+2)

[

𝐵(2)
𝑘+2 −

1
32

𝐵(1)
2𝑘+1 −

9
32

𝐵(1)
2𝑘+2 −

22
32

𝐵(1)
2𝑘+3 −

22
32

𝐵(1)
2𝑘+4

− 9
32

𝐵(1)
2𝑘+5 −

1
32

𝐵(1)
2𝑘+6 +

1
1024

𝐵(0)
4𝑘−1 +

9
1024

𝐵(0)
4𝑘 + 23

1024
𝐵(0)
4𝑘+1

+ 31
1024

𝐵(0)
4𝑘+2 +

29
1024

𝐵(0)
4𝑘+3 +

5
1024

𝐵(0)
4𝑘+4 −

37
1024

𝐵(0)
4𝑘+5 −

61
1024

𝐵(0)
4𝑘+6

− 61
1024

𝐵(0)
4𝑘+7 −

37
1024

𝐵(0)
4𝑘+8 +

5
1024

𝐵(0)
4𝑘+9 +

29
1024

𝐵(0)
4𝑘+10 +

31
1024

𝐵(0)
4𝑘+11

+ 23
1024

𝐵(0)
4𝑘+12 +

9
1024

𝐵(0)
4𝑘+13 +

1
1024

𝐵(0)
4𝑘+14

]

+𝑓 (𝑠(2)𝑛
4−1

)
[

𝐵(2)
𝑛
4−1

− 1
32

𝐵(1)
𝑛
2−5

− 9
32

𝐵(1)
𝑛
2−4

− 22
32

𝐵(1)
𝑛
2−3

−22
32

𝐵(1)
𝑛
2−2

− 9
32

𝐵(1)
𝑛
2−1

− 1
32

𝐵(1)
𝑛
2

+ 1
1024

𝐵(0)
𝑛−13 +

9
1024

𝐵(0)
𝑛−12

+ 23
1024

𝐵(0)
𝑛−11 +

31
1024

𝐵(0)
𝑛−10 +

29
1024

𝐵(0)
𝑛−9 +

5
1024

𝐵(0)
𝑛−8 −

37
1024

𝐵(0)
𝑛−7

− 61
1024

𝐵(0)
𝑛−6 −

61
1024

𝐵(0)
𝑛−5 −

37
1024

𝐵(0)
𝑛−4 +

5
1024

𝐵(0)
𝑛−3 +

29
1024

𝐵(0)
𝑛−2 +

30
1024

𝐵(0)
𝑛−1 +

14
1024

𝐵(0)
𝑛

]

+𝑓 (𝑠(2)𝑛
4
)
[

𝐵(2)
𝑛
4

− 1
32

𝐵(1)
𝑛
2−3

− 9
32

𝐵(1)
𝑛
2−2

− 21
32

𝐵(1)
𝑛
2−1

− 13
32

𝐵(1)
𝑛
2

+ 1
1024

𝐵(0)
𝑛−9 +

9
1024

𝐵(0)
𝑛−8 +

23
1024

𝐵(0)
𝑛−7 +

31
1024

𝐵(0)
𝑛−6 +

28
1024

𝐵(0)
𝑛−5

− 4
1024

𝐵(0)
𝑛−4 −

60
1024

𝐵(0)
𝑛−3 −

92
1024

𝐵(0)
𝑛−2 −

90
1024

𝐵(0)
𝑛−1 −

42
1024

𝐵(0)
𝑛

]

+𝑓 (𝑠(2)𝑛
4+1

)
[

𝐵(2)
𝑛
4+1

− 1
16

𝐵(1)
𝑛
2−1

− 9
16

𝐵(1)
𝑛
2

− 𝐵(1)
𝑛
2+1

+ 1
512

𝐵(0)
𝑛−5

+ 9
512

𝐵(0)
𝑛−4 +

23
512

𝐵(0)
𝑛−3 +

31
512

𝐵(0)
𝑛−2 +

30
512

𝐵(0)
𝑛−1 +

14
512

𝐵(0)
𝑛

]

+𝑓 (𝑠(1)0 )
[

𝐵(1)
0 − 𝐵(0)

0 − 9
16

𝐵(0)
1 − 1

16
𝐵(0)
2

]

+ 𝑓 (𝑠(1)1 )
[

𝐵(1)
1 − 13

32
𝐵(0)
1 − 21

32
𝐵(0)
2 − 9

32
𝐵(0)
3 − 1

32
𝐵(0)
4

]

+

𝑛
2−1
∑

𝑖=2
𝑓 (𝑠(1)𝑖 )

[

𝐵(1)
𝑖 − 1

32
𝐵(0)
2𝑖−3 −

9
32

𝐵(0)
2𝑖−2 −

22
32

𝐵(0)
2𝑖−1 −

22
32

𝐵(0)
2𝑖 − 9

32
𝐵(0)
2𝑖+1 −

1
32

𝐵(0)
2𝑖+2

]

+𝑓 (𝑠(1)𝑛
2
)
[

𝐵(1)
𝑛
2

− 1
32

𝐵(0)
𝑛−3 −

9
32

𝐵(0)
𝑛−2 −

21
32

𝐵(0)
𝑛−1 −

13
32

𝐵(0)
𝑛

]

+𝑓 (𝑠(1)𝑛 )
[

𝐵(1)
𝑛 − 1 𝐵(0) − 9 𝐵(0) − 𝐵(0)

]

.
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A.3. Weigths for quadrature formula (20)

𝛤−1 = 𝜔(2)
−1 −

9
32

𝜔(1)
−1 −

1
32

𝜔(1)
0 + 23

1024
𝜔0 +

9
1024

𝜔1 +
1

1024
𝜔2;

𝛤0 = 𝜔(2)
0 − 22

32
𝜔(1)
−1 −

22
32

𝜔(1)
0 − 9

32
𝜔(1)
1 − 1

32
𝜔(1)
2 − 37

1024
𝜔0 +

5
1024

𝜔1

+ 29
1024

𝜔2 +
31
1024

𝜔3 +
23
1024

𝜔4 +
9

1024
𝜔5 +

1
1024

𝜔6;

𝛤1 = 𝜔(2)
1 − 1

32
𝜔(1)
−1 −

9
32

𝜔(1)
0 − 22

32
𝜔(1)
1 − 22

32
𝜔(1)
2 − 9

32
𝜔(1)
3 − 1

32
𝜔(1)
4

+ 5
1024

𝜔0 −
37
1024

𝜔1 −
61
1024

𝜔2 −
61
1024

𝜔3 −
37

1024
𝜔4 +

5
1024

𝜔5

+ 29
1024

𝜔6 +
31
1024

𝜔7 +
23
1024

𝜔8 +
9

1024
𝜔9 +

1
1024

𝜔10;

𝛤2 = 𝜔(2)
2 − 1

32
𝜔(1)
1 − 9

32
𝜔(1)
2 − 22

32
𝜔(1)
3 − 22

32
𝜔(1)
4 − 9

32
𝜔(1)
5 − 1

32
𝜔(1)
6

+ 9
1024

𝜔0 +
23
1024

𝜔1 +
31
1024

𝜔2 +
29
1024

𝜔3 +
5

1024
𝜔4 −

37
1024

𝜔5 −
61
1024

𝜔6 −
61
1024

𝜔7

− 37
1024

𝜔8 +
5

1024
𝜔9 +

29
1024

𝜔10 +
31
1024

𝜔11 +
23
1024

𝜔12 +
9

1024
𝜔13 +

1
1024

𝜔14;

𝛤𝑖+2 = 𝜔(2)
𝑖+2 −

1
32

𝜔(1)
2𝑖+1 −

9
32

𝜔(1)
2𝑖+2 −

22
32

𝜔(1)
2𝑖+3 −

22
32

𝜔(1)
2𝑖+4 −

9
32

𝜔(1)
2𝑖+5 −

1
32

𝜔(1)
2𝑖+6

+ 1
1024

𝜔4𝑖−1 +
9

1024
𝜔4𝑖 +

23
1024

𝜔4𝑖+1 +
31
1024

𝜔4𝑖+2 +
29
1024

𝜔4𝑖+3 +
5

1024
𝜔4𝑖+4

− 37
1024

𝜔4𝑖+5 −
61
1024

𝜔4𝑖+6 −
61
1024

𝜔4𝑖+7 −
37
1024

𝜔4𝑖+8 +
5

1024
𝜔4𝑖+9 +

29
1024

𝜔4𝑖+10

+ 31
1024

𝜔4𝑖+11 +
23
1024

𝜔4𝑖+12 +
9

1024
𝜔4𝑖+13 +

1
1024

𝜔4𝑖+14, with 𝑖 = 1,… , 𝑛
4
− 4;

𝛤 𝑛
4−1

= 𝜔(2)
𝑛
4−1

− 1
32

𝜔(1)
𝑛
2−5

− 9
32

𝜔(1)
𝑛
2−4

− 22
32

𝜔(1)
𝑛
2−3

− 22
32

𝜔(1)
𝑛
2−2

− 9
32

𝜔(1)
𝑛
2−1

− 1
32

𝜔(1)
𝑛
2

+ 1
1024

𝜔𝑛−13 +
9

1024
𝜔𝑛−12 +

23
1024

𝜔𝑛−11 +
31
1024

𝜔𝑛−10 +
29
1024

𝜔𝑛−9

+ 5
1024

𝜔𝑛−8 −
37
1024

𝜔𝑛−7 −
61
1024

𝜔𝑛−6 −
61
1024

𝜔𝑛−5 −
37

1024
𝜔𝑛−4

+ 5
1024

𝜔𝑛−3 +
29
1024

𝜔𝑛−2 +
31
1024

𝜔𝑛−1 +
23
1024

𝜔𝑛 +
9

1024
𝜔𝑛+1;

𝛤 𝑛
4
= 𝜔(2)

𝑛
4

− 1
32

𝜔(1)
𝑛
2−3

− 9
32

𝜔(1)
𝑛
2−2

− 22
32

𝜔(1)
𝑛
2−1

− 22
32

𝜔(1)
𝑛
2

− 9
32

𝜔(1)
𝑛
2+1

− 1
32

𝜔(1)
𝑛
2+2

+ 1
1024

𝜔𝑛−9 +
9

1024
𝜔𝑛−8 +

23
1024

𝜔𝑛−7 +
31
1024

𝜔𝑛−6 +
29
1024

𝜔𝑛−5

+ 5
1024

𝜔𝑛−4 −
37
1024

𝜔𝑛−3 −
61
1024

𝜔𝑛−2 −
61
1024

𝜔𝑛−1 −
37

1024
𝜔𝑛 +

5
1024

𝜔𝑛+1;

𝛤 𝑛
4+1

= 𝜔(2)
𝑛
4+1

− 1
32

𝜔(1)
𝑛
2−1

− 9
32

𝜔(1)
𝑛
2

− 22
32

𝜔(1)
𝑛
2+1

− 22
32

𝜔(1)
𝑛
2+2

+ 1
1024

𝜔𝑛−5

+ 9
1024

𝜔𝑛−4 +
23
1024

𝜔𝑛−3 +
31
1024

𝜔𝑛−2 +
29
1024

𝜔𝑛−1 +
5

1024
𝜔𝑛 −

37
1024

𝜔𝑛+1;

𝛤 𝑛 = 𝜔(2)
𝑛 − 1 𝜔(1)

𝑛 − 9 𝜔(1)
𝑛 + 1 𝜔𝑛−1 +

9 𝜔𝑛 +
23 𝜔𝑛+1.
16

4+2 4+2 32 2+1 32 2+2 1024 1024 1024
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A.4. Weigths for quadrature formula (21)

𝛤0 = 𝜔(2)
0 − 𝜔(1)

0 − 9
16

𝜔(1)
1 − 1

16
𝜔(1)
2 + 14

512
𝜔1 +

30
512

𝜔2 +
31
512

𝜔3 +
23
512

𝜔4 +
9
512

𝜔5 +
1
512

𝜔6;

𝛤1 = 𝜔(2)
1 − 13

32
𝜔(1)
1 − 21

32
𝜔(1)
2 − 9

32
𝜔(1)
3 − 1

32
𝜔(1)
4 − 42

1024
𝜔1 −

90
1024

𝜔2 −
92
1024

𝜔3 −
60
1024

𝜔4 −
4

1024
𝜔5

+ 28
1024

𝜔6 +
31
1024

𝜔7 +
23
1024

𝜔8 +
9

1024
𝜔9 +

1
1024

𝜔10;

𝛤2 = 𝜔(2)
2 − 1

32
𝜔(1)
1 − 9

32
𝜔(1)
2 − 22

32
𝜔(1)
3 − 22

32
𝜔(1)
4 − 9

32
𝜔(1)
5 − 1

32
𝜔(1)
6

+ 14
1024

𝜔1 +
30
1024

𝜔2 +
29
1024

𝜔3 +
5

1024
𝜔4 −

37
1024

𝜔5 −
61
1024

𝜔6 −
61
1024

𝜔7

− 37
1024

𝜔8 +
5

1024
𝜔9 +

29
1024

𝜔10 +
31
1024

𝜔11 +
23
1024

𝜔12 +
9

1024
𝜔13 +

1
1024

𝜔14;

𝛤𝑖+2 = 𝜔(2)
𝑖+2 −

1
32

𝜔(1)
2𝑖+1 −

9
32

𝜔(1)
2𝑖+2 −

22
32

𝜔(1)
2𝑖+3 −

22
32

𝜔(1)
2𝑖+4 −

9
32

𝜔(1)
2𝑖+5 −

1
32

𝜔(1)
2𝑖+6

+ 1
1024

𝜔4𝑖−1 +
9

1024
𝜔4𝑖 +

23
1024

𝜔4𝑖+1 +
31
1024

𝜔4𝑖+2 +
29
1024

𝜔4𝑖+3 +
5

1024
𝜔4𝑖+4

− 37
1024

𝜔4𝑖+5 −
61
1024

𝜔4𝑖+6 −
61
1024

𝜔4𝑖+7 −
37
1024

𝜔4𝑖+8 +
5

1024
𝜔4𝑖+9 +

29
1024

𝜔4𝑖+10

+ 31
1024

𝜔4𝑖+11 +
23
1024

𝜔4𝑖+12 +
9

1024
𝜔4𝑖+13 +

1
1024

𝜔4𝑖+14, with 𝑖 = 1,… , 𝑛
4
− 4;

𝛤 𝑛
4−1

= 𝜔(2)
𝑛
4−1

− 1
32

𝜔(1)
𝑛
2−5

− 9
32

𝜔(1)
𝑛
2−4

− 22
32

𝜔(1)
𝑛
2−3

− 22
32

𝜔(1)
𝑛
2−2

− 9
32

𝜔(1)
𝑛
2−1

− 1
32

𝜔(1)
𝑛
2

+ 1
1024

𝜔𝑛−13 +
9

1024
𝜔𝑛−12 +

23
1024

𝜔𝑛−11 +
31
1024

𝜔𝑛−10 +
29
1024

𝜔𝑛−9

+ 5
1024

𝜔𝑛−8 −
37
1024

𝜔𝑛−7 −
61
1024

𝜔𝑛−6 −
61
1024

𝜔𝑛−5 −
37

1024
𝜔𝑛−4

+ 5
1024

𝜔𝑛−3 +
29
1024

𝜔𝑛−2 +
30
1024

𝜔𝑛−1 +
14
1024

𝜔𝑛;

𝛤 𝑛
4
= 𝜔(2)

𝑛
4

− 1
32

𝜔(1)
𝑛
2−3

− 9
32

𝜔(1)
𝑛
2−2

− 21
32

𝜔(1)
𝑛
2−1

− 13
32

𝜔(1)
𝑛
2

+ 1
1024

𝜔𝑛−9

+ 9
1024

𝜔𝑛−8 +
23
1024

𝜔𝑛−7 +
31
1024

𝜔𝑛−6 +
28
1024

𝜔𝑛−5 −
4

1024
𝜔𝑛−4 −

60
1024

𝜔𝑛−3 −
92
1024

𝜔𝑛−2 −
90
1024

𝜔𝑛−1 −
42
1024

𝜔𝑛;

𝛤 𝑛
4+1

= 𝜔(2)
𝑛
4+1

− 1
16

𝜔(1)
𝑛
2−1

− 9
16

𝜔(1)
𝑛
2

− 𝜔(1)
𝑛
2+1

+ 1
512

𝜔𝑛−5 +
9
512

𝜔𝑛−4 +
23
512

𝜔𝑛−3 +
31
512

𝜔𝑛−2 +
30
512

𝜔𝑛−1 +
14
1024

𝜔𝑛.
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