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Abstract. The combination of the aleatory nature of the rock mass structure and the epistemic
errors related to the survey methods make rock mass characterization a challenge despite the
remarkable evolution of the survey tools and the research on the subject. In particular, significant
uncertainties affect block volume estimation: the need for simplification connected to the
engineering approach to rockfall problems, for instance, risks to mask the ripple effect of
uncertainties on the reliability of the results. Even considering a simplified shape of the block
created by three sets of discontinuities (i.e., a prism), the uncertainties on the geometrical
characteristics of the discontinuities (orientation, spacing, and persistence) greatly influence the
resulting volume distribution. It is a fact that a single value of the volume cannot be
representative of the rock mass: the In Situ Block Size Distribution (IBSD) should be built to
describe the variability of block volumes. Many statistical distribution functions can be used for
fitting spacing data (i.e., gamma, negative exponential, log-normal, Weibull). The choice of the
function must follow a rigorous evaluation of the goodness of fit. This research aims to assess
the influence of the uncertainties related to the discontinuities sets, with particular reference to
spacing samples, on block volume estimation. Through numerical examples and a case study,
this research shows that a reduction of uncertainty can be reached by rigorous statistical
processing of the data.

Introduction

Rock block is an important engineering parameter influencing the behavior of rock masses around
underground openings and surface excavations, extraction of blocks of commercial sizes of dimension
stones and in rock fragmentation processes by blasting or mechanical excavation techniques [1]. The
combination of the aleatory nature of the rock mass structure and the epistemic errors related to the
survey methods make rock mass characterization a challenge despite the remarkable evolution of the
survey tools and the research on the subject.

In particular, block volume estimation suffers from significant uncertainties: if, on the one hand, the
engineering approach to rockfall problems needs for easing in the identification of the design
parameters, on the other hand, a high level of simplification risks to mask the ripple effect of
uncertainties on the reliability of the results. Even considering a simplified shape of the block created
by three sets of discontinuities (i.e., a prism), the uncertainties on the geometrical characteristics of the
discontinuities (orientation, spacing, and persistence) greatly influence the resulting volume distribution.
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It is a fact that a single value of the volume cannot be representative of the rock mass: the In Situ Block
Size Distribution (IBSD) should be built to describe the variability of block volumes. It represents the
cumulative curve of the potentially detachable in situ blocks, and its construction considers the
frequency distributions of spacing values [2].

The first statistical distribution function used for fitting spacing data was the negative exponential
[3-5], which is a single parameter distribution.

Later, it was shown that both negative exponential and lognormal distributions can be used,
depending on the minimum measurement size (MMS), namely the minimum length of discontinuities
which are measured by operators on exposures [6]. By increasing the MMS, a great number of small
discontinuities will be ignored in the field measurement, operating a sort of censoring: as an effect, the
spacing of discontinuities will follow the lognormal law.

Many authors recommend [7, 8] use a Log-normal distribution for the analysis of discontinuity
spacing estimates since it provides greater flexibility by considering the average discontinuity spacing
and the variance of the discontinuity spacings. Gamma and Weibull family of distributions can also be
used to fit joint spacing data [9].

The log-normal distribution is a continuous single-tailed probability distribution of a random variable
whose logarithm is normally distributed, and its probability density function (pdf) can be expressed as:

=1 —(n-w?/20?
f) =—=e (1)

where f(x) is the frequency of a discontinuity spacing X, . and ¢ are the mean and standard deviation
of the logarithm of the joint spacing, respectively.

The Gamma distribution is a continuous probability distribution described by two parameters: a
shape parameter o and an inverse scale parameter p. Its pdf can be expressed as:

flx) = %x“‘le_ﬁx (2

The exponential distribution is a special case of the Gamma distribution, with the standard deviation
equal to the mean.

The Weibull distribution is a continuous probability distribution described by two parameters: a
shape parameter k and a scale parameter A. Its pdf can be expressed as:

k (x\k-1 —(x/)k
f(x)={ 2G) e x=o0 3)
0 x<0

The choice of the best distribution for a set of spacing measurements must follow a rigorous
evaluation of the goodness of fit. The one-sample Kolmogorov—Smirnov, for example, quantifies a
distance between the empirical cumulative distribution of the sample and the cumulative distribution
function (cdf) of the reference distribution. Therefore, it is possible to test different distributions, create
a ranking and choose the best one.

In doing so, the epistemic uncertainty on spacing is reduced, particularly the component related to
the data processing, but not eliminated, therefore it will be propagated in volume calculation.
Consequently, block volume distribution will contain both aleatory and epistemic errors, too.

Many studies [10, 11] proved that the pdf of the block size follows a lognormal distribution.
However, studies usually report only the cdf of block volume. A particularly simple method for IBSD
construction in the form of cdf was proposed by [12, 13]. Anyway, block volume distribution must be
statistically robust, in order to associate with each value a reliable probability of not being exceeded
[14].
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This research aims to propose an approach to fill the gap between field surveys and data treatment
for rock mass characterization. In particular, it assesses the influence of the uncertainties related to the
discontinuities sets on block volume estimation through numerical examples and a case study.
Evaluation of the goodness of fit of spacing and volume distributions is performed to show that the
selection of the proper distribution is a fundamental step for the creation of the IBSD.

1. Fitting of spacing data
As described in [9], the cdf of a discontinuity set spacing, denoted as F(x) = P{X < x}, defines the
probability that a given spacing value X is less than x.

A set of 100°000 input spacing values was randomly generated from a Normal distribution with a
mean s equal to 1 and standard deviation o5 equal to 0.001 (0.1% of the mean): the corresponding cdf
was obtained. It can be considered as the true distribution, in which the epistemic error is null and only
the aleatory component of the uncertainty exists. The same process was done assuming different values
of the standard deviation: 0.01, 0.1, 0.25, corresponding to 1%, 10%, and 25% of us, respectively.

The one-sample Kolmogorov—Smirnov test in MATLAB's Statistics Toolbox was used to compare
the samples cdf and the hypothesized cdf, among Normal, Gamma, Log-normal and Weibull
distributions. The null hypothesis is that the data come from a specific distribution. The test accepts the
null hypothesis if the p-value is higher than the significance level, which in this case is assumed to be
equal to 0.01 (1%). Small values of p cast doubt on the validity of the null hypothesis.

Table 1 reports, for each generated sample, the logical value of h: if it is equal to 0, the null
hypothesis is accepted, if it is equal to 1, it is rejected, that is, the distribution is not suitable for
describing the data. The p-value of the distributions returned as a scalar value in the range [0,1] is shown,
too. In the case of more than one accepted distribution, the best performance corresponds to the highest
p-value.

Normal distribution was found to provide the best fitting of spacing samples, of course, since it is
the true one from which data were generated. However, to demonstrate that a test is the only reliable
way to identify the best fitting distribution, we repeated this simple exercise reducing the numerosity N
of the data in each sample to 100. As expected, the number of data influences the test strongly: it is
evident from the results in the last three columns in Table 1 that small samples lead to uncertainty in the
identification of the best fitting distributions because the test is not able to reject the null hypothesis.
Therefore, all the tested distributions are accepted, and similar p-values are not very helpful in assessing
the best fitting distribution.

2. Block volume distribution

To investigate the possible effects of spacing uncertainties, a simple exercise is performed. We consider
blocks created by the intersection of three discontinuity sets (K1, K2, K3). The three sets are assumed
mutually perpendicular, therefore the effect of orientation in volume calculation is null and volume is
simply the product of the three spacing values.

First, we consider the case in which spacing distribution is equal for the three sets (mean and standard
deviation constant for K1, K2, K3). The spacing samples described in Section 1 are used to perform a
Montecarlo simulation: the sample with os equal to 0.001 is created by inverting the true distribution in
correspondence of 1000 randomly generated values from 0 to 1, and it is called S1. The same is done
again for creating S2 and S3. So, even if values in S1, S2 and S3 come from the same distribution, in
general they are different. Therefore, by multiplying the three i-th values from S1, S2 and S3 we obtain
the volume of a generic prismatic block.

The same process was done for each of the four generated spacing samples of Table 1, producing
four volume distributions. Then the one-sample Kolmogorov—Smirnov test was used to compare the
samples cdf and the hypothesized cdf, among Normal, Gamma, Log-normal and Weibull distributions.

Table 2, which has the same structure as Table 1, refers to volume distributions. Observing volume
generated from samples of numerosity N = 1000, it is possible to notice that best fitting distribution
changes: in particular, for os equal or smaller than 0.1 Log-normal distribution well fits the data (high
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p-value), while increasing os Gamma distribution performs better. The strong influence of sample
numerosity is evident: again, reducing N to 100 the test is not able to reject the null hypothesis.

Table 3 shows the statistics of the spacing samples and those of the obtained volume samples. In this
example, the standard deviation on volume is almost twice the one on spacing.

Table 1. The goodness of fit of spacing distributions evaluated through the Kolmogorov—-Smirnov test
(significance level o = 0.01) for N = 1000 and N = 100.

N = 1000 N =100
Volume Best Best
Gs  Distribution h p-Value Performance h p-Value Performance
Normal 0 0.8007 0 0.4118
Gamma 0 0.7925 0 0.4048 .
0001 | ognormal 0 07931 Normal 0  o04ogs \Weibull
Weibull 1 0.0032 0 0.5949
Normal 0 0.4747 0 0.6190
Gamma 0 0.4530 0 0.5956
001 | og-normal 0 04504  Normal 0 o579y  Normal
Weibull 1 0.0011 0 0.2943
Normal 0 0.9150 0 0.7876
Gamma 0 0.5564 0 0.6076 .
01 ognormal 0 03245  Normal 0 05444  Veibull
Weibull 1 0.0036 0 0.7905
Normal 0 0.9059 0 0.9996
Gamma 0 0.0575 0 0.7106
0.25 Log-normal 1 0.0014 Normal 0 0.4064 Normal
Weibull 0 0.4639 0 0.9929

Table 2. The goodness of fit of volume distributions evaluated through the Kolmogorov—-Smirnov test
(significance level o= 0.01) for N = 1000 and N = 100.

N = 1000 N =100
Volume Best Best
S Distribution h p-Value Performance h p-Value Performance
Normal 0 0.9147 0 0.9753
Gamma 0 0.9229 0 0.9688
0001 | ognormal 0 oggay Logmormal o 4475,  Log-normal
Weibull 1 0.0000 0 0.4460
Normal 0 0.8980 0 0.9775
0.01 Gamma 0 0.9551 Log-normal 0 0.9717 Log-normal
' Log-normal 0 0.9719 0 0.9781
Weibull 1 0.0000 0 0.4430
Normal 0 0.0974 0 0.8373
01 Gamma 0 0.8390 Gamma 0 0.9634 Log-normal
' Log-normal 0 0.6840 0 0.9718
Weibull 1 0.0001 0 0.5160
Normal 1 0.0001 0 0.3260
0.25 Gamma 0 0.8505 Gamma 0 0.8322 Log-normal
' Log-normal 0 0.0167 0 0.8637
Weibull 0 0.0157 0 0.5850
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Figures 1 and 2 show the comparison between cumulative frequency distributions obtained
considering the different combinations in Table 3, for numerosity of the spacing sample for each of the
three sets forming the block equal to 1000 and 100, respectively.

Table 3. Statistics of spacing samples (mean and standard deviation) and of obtained volume samples.

spacing data calculated volume
N = 1000 N =100
Hs Cs pv ov pv ov
(m) (m (m’) (m) (m) (m)
1 0.001 1.0000 0.0017 1.0001 0.0015
1 0.01 1.0000 0.0172 1.0005 0.0150
1 0.1 1.0005 0.1734 1.0035 0.1502
1 0.25 1.0023 0.4465 1.0006 0.3803
100 . -
_ 9%
< 80
5 70 L
% 60 —=— 5 =0.001
= 50
g 40 c=0.01
5 30 5 =0.1
2 20
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0
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Figure 1. Cumulative frequency distributions of block volumes obtained for N = 1000.
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Figure 2. Cumulative frequency distributions of block volumes obtained for N = 100.

3. Case study
In order to assess the influence of uncertainties related to discontinuities sets on block volume
estimation, the case study of the Elva valley road (Northern Italy) was used as an example. The so-called
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“Strada del Vallone” is located in the orographic left of the Maira Valley (Piedmont, Northern Italy) and
directly connects the village of Elva (located at about 1637 m a.s.l.) with the Maira valley bottom road.
This road stretches for about 9 km of the carriageway with overhanging rock walls, in which non-contact
techniques have been applied to survey certain geometrical features of discontinuities, such as their
orientation, spacing, and persistence [15].

Three main sets have been identified through a geostructural survey: a bedding plane (K0) and two
conjugated sets (K1 and K2) perpendicular to the bedding plane. These planes remain perpendicular to
each other but change their orientation along the road. Moreover, through these indirect techniques, it
was possible to measure the spacing between the joints belonging to the three different sets. A sample
of 1369 spacing data was collected for KO, while a sample of 934 data was obtained for K1 and K2
together. The mutual perpendicularity of the planes is in agreement with the assumptions made
previously and therefore the effect of orientation in volume calculation is null and volume can be simply
assumed as the product of the three spacing values.

The one-sample Kolmogorov—Smirnov test accepted only Log-normal distribution for both the
spacing samples. Montecarlo simulation based on these distributions was performed to obtain a sample
of 1000 volume data, whose best fitting distribution was found to be Log-normal. Figure 3 shows
spacing frequency distributions of sets KO, K1, and K2 and their respective Log-normal best-fitting
distributions.

For testing the effect of a wrong choice of spacing distributions, another Montecarlo simulation was
performed: Normal distributions adapted to spacing samples were considered to obtain a sample of 1000
volume data. Table 4 reports the mean and standard deviation of the spacing and volume distributions
obtained with the correct procedure (both spacing and volume best-fitting distributions are Log-normal):
in this case study the volume standard deviation is almost twice the spacing one. Table 4 reports also
the mean and standard deviation of the spacing and volume distributions obtained with the incorrect
procedure: in this case Normal spacing distributions produce a Weibull volume distribution. It is
possible to notice that statistics are very different in the two cases.

Figure 4 shows the cumulative frequency distribution of the volume sample obtained with the correct
and the wrong procedure. The difference between the two cdfs is evident: in this case, the choice of the
design block for a flexible barrier could be strongly over-estimated if the wrong cdf was considered.
Considering for example the volume corresponding to the 90% cumulative frequency, namely the 10%
probability of being exceeded, the wrong procedure gives a value three times larger than the one
estimated through the correct procedure.

Table 4. Parameters of the best-fitting distributions of spacing samples and calculated volume sample
(in round brackets equivalent values in logarithmic format); parameters of the wrong distributions of
spacing samples and calculated volume sample.

spacing data calculated volume
set df Hs 9s df H ov
P (m) (m) P (m?) (m?)

KO Log-normal 0.271 (-1.307) 2.616 (0.962) Log-normal
0.015 (-4.228) 4.530 (1.511)
Kland K2 Log-normal 0.238 (-1.435) 2.304(0.835) Log-normal
KO Normal 0.428 0.464 Weibull

K1 and K2 Normal 0.349 0.407 Weibull

0.1 1.432
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Conclusions

This study, through simple numerical examples and a case study, contributed to demonstrate the

influence of the uncertainties related to spacing samples on block volume estimation. Moreover, it

showed that a reduction of the uncertainty can be reached by a rigorous statistical processing of the data.
Sample high numerosity, rigorous evaluation of the best fitting distribution for spacing samples by

means of statistical tests, and a robust Montecarlo simulation are mandatory for reducing epistemic

errors in block volume estimation.
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