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Fractional Branching Processes

— Can the meaning of derivatives with integer order be
generalised to derivatives with non integer order?

— What if the order will be 1/2?

— It will lead to a paradox. From this apparent paradox, one

day useful consequences will be drawn.

Gottfried Wilhelm Von Leibniz
& Guillaume De I’Hépital
Around A.D. 1695






Chapter 1

Introduction

Summary

In this first chapter, along with the fundamental motivations that lead us to the study of fractional
branching processes, we review some basic classical properties of the point processes treated in
the following parts. We describe the Poisson as well as the nonlinear pure birth and pure death
processes and the linear birth-death process. Furthermore we highlight relations between Poisson
subordination and compound Poisson processes. At the end of the chapter, a brief overview of the
basic concepts of fractional calculus is given. The material presented in this chapter is necessary to
understand the construction of the fractional growth processes described in the succeding chapters.
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1.1 Motivations and basic facts on growth processes

The aim of the present work is to study a novel class of stochastic processes thought to modelling
growth phenomena. The proposed models are constructed on top of some well-known classical
point processes, namely those belonging to the class of birth-death processes, and then modified

by means of fractional calculus.

The structure of this dissertation is as follows. In the first chapter, we review some basic notions
about the Poisson, pure birth, pure death, and birth-death processes. A particular construction
of compound Poisson processes by means of the principle of subordination is also derived and
commented in section 1.1.1. The last section of the first chapter is devoted to a brief review of

some fundamental properties and notions of fractional calculus.

Following some recent developements in the theory of anomalous diffusion and fractional phe-
nomena in general, in the remaining chapters we construct fractional growth processes, thus
obtaining a substantial generalisation of classical processes. References on fractional processes in
general can be for example Wyss (1986), Schneider and Wyss (1988), Nigmatullin (1986), Za-
slavsky (2002), Zaslavsky (2006). In particular, we develop and analyse in details the fractional
nonlinear pure birth process (Chapter 2), the fractional nonlinear pure death process (Chapter 3)
as well as several specific cases. Due to the complexity of the general birth-death case, in Chapter
4, we just treat its linear case, deriving, amongst other properties, and as in the previous chapters,
the explicit form of the state probability distribution. Chapter 5 is devoted to studying the frac-
tional linear pure birth process (named also fractional Yule process) in more details. Therein the
inter-birth waiting time distribution is derived as well as some interesting representations involving
time-changed Poisson processes. Simulations of the fractional Yule process are also performed and
estimators based on the method of moments, defined and then tested on simulated data. The last
chapter concerns the study of various generalisations of the proposed models. In particular, In
order to furnish the process with further randomness, we construct subordinated birth processes,
substituting the deterministic time ¢ with random times represented as time-continuous stochastic

processes.

The fractional growth processes herein analysed can be succesfully implemented in modelling
real phenomena such as epidemics, anomalously expanding or contracting populations, branching
in fractals and so forth. Some possible applications are depicted in the chapters’ introductions.

1.1.1 Poisson process and related models

Recall that a continuous-time Markov chain is a stochastic process X (t), ¢ > 0, with continuous
time and finite or countable state space satisfying the Markov property, that is, for a sequence of
instants 0 <ty < --- < t,, we have that

Pr{X(tn) = in | X(to) = i0, ..., X(tn1) = in1} = Pr{X(tn) = in | X(tn_1) = in_1}. (L.1)

In other words, the future behaviour of the process is determined by the process’ state at the last

known time.

The homogeneous Poisson process f(¢), ¢t > 0, is a continuous-time Markov chain taking values
in NU {0}, defined by the following properties:

1. Pr{f(0) =0} =1,
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2. Pr{f(t,t + dt] = 1} = Adt + o(dt), where X > 0;
3. Pr{f(t,t+ dt] = 0} = 1 — Adt + o(dt);
4. Pr{f(t,t + dt] > 0} = o(dt);

5. If (¢1,t2) N (t3,t4) = 0, with ¢; < ty < t3 < ta, then N(¢1,%2) and N(¢3,%4) are independent

random variables.

The Poisson process is a model for the counting process associated to the random occurrence of
points events. Indeed, with N(1,¢] we indicate the number of events occurred in the time interval
(1,t] C R*. Considering the above properties, it is immediate to note that, in a small time interval
dt, the Poisson process £(t), ¢t > 0, can either remain in the current state, say 7, with infinitesimal
probability 1 — Adt, or move to the above state, 7 + 1, with probability Adt. Here A > 0 is the rate

of occurrence of events. Transitions are admitted only upwards.

The Poisson process is undoubtedly the simplest and most studied of all time-continuous Markov
chains. Over the years it has been considered as a model for completely different phenomena such
as the arrival of customers at a desk (queueing systems), or to describe other point events: floods,
eruptions, damages occurring in machining etc. Despite its simplicity, the Poisson process exhibits

interesting properties. In the following we will review some of them.
Consider the state probabilities for the homogeneous Poisson process, i.e.
b(t) = Pr{B(t) =k | (0) =0}, k>0, (1.2)

The state probabilities p,(t), ¢ > 0, k > 0, satisfy the following difference-differential equations:

apk(t) = = Ape(t) + App_1(2), k >0, (1.3)

subject to the initial condition

0, k=0,
p(0) = (1.4)
1, k>0,
and considering that p_,(¢) = 0.
In order to obtain equations (1.3), we write
pe(t + dt) = Pr{f(t + dt) = k} (1.5)

=Pr{(2(t) = k, D(t,t + dt) = 0) U (R(t) = k — 1, N(t, ¢ + dt) = 1)

k
Ul @) = k-4, 0(t,t +dt) = j)}
k
= p(t)(1 — Adt + o(dt)) +p_1 (t)(Adt + o(dt)) + > py;(£)o(dt).

j=2
By rearranging (1.5) and letting dt — 0, we immediately retrieve formula (1.3).

From equation (1.5), we derive the differential equation satisfied by the probability generating
function

O&(u,t) = iukPr{ﬁ(t) =k}, t>0, |ul <1, (1.6)
k=0
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is
F0(u,t) = Au — 1) 5, 6(u, 1),
&(u,0) =1
In turn, the solution to (1.7) is
—Mb(\t)*

_ At(u—1) _ o~ k€
&(u,t) = e )_Zu ol
k=0

(1.8)

A comparison of (1.8) with (1.6) makes clear that the state probabilities have the following form:

h(t) = Pr{e) = k| 8(0) = 0} = e 00

(Poisson distribution with parameter At). A peculiar characteristic of the Poisson distribution is

k>0,t>0 (1.9)

that its mean value equals the variance:

EN(t) = Varf(t) = At. (1.10)

Many other properties can be derived for the homogeneous Poisson process (for a complete
treatment, the reader can consult e.g. Bailey (1964) or Gikhman and Skorokhod (1996)); here we
just point out the following important fact. Let T4, ..., Tk, be the inter-arrival times (elapsed time
between two successive events), that is T} represents the time between the jth and (5 + 1)th event.
It can be easily proved that, for every continuous-time Markov chain, the inter-arrival times are
exponentially distributed with specific parameters depending on the structure of the chain. For

the homogeneous Poisson process of rate A, we have that Pr{T; <t} =1 — e At

A possible generalisation of the Poisson process consists of letting the arrival rate A to be

time-varying. The basic properties defining the process become:

1. Pr{Q(0) = 0} = 1;

(
2. Pr{QU(¢,t + dt] = 1} = A(¢t)dt + o(dt), where A(¢) > 0, ¢ > 0;
3. Pr{QU(t,t + dt] = 0} = 1 — A(t)dt + o(dt);

4. Pr{Q((t,t + dt] > 0} = o(dt);

5. If (t1,t2) N (t3,ta) = 0, with ¢; < ¢y < t3 < t4, then QY(¢1,t2) and N (¢3,t4) are independent
random variables.

The process QU(t), t > 0, satisfying the above properties is called non-homogeneous (or inhomo-
geneous) Poisson process, and the state probabilities p,(¢) = Pr{Q(¢) = k | Y(0) = 0} solve the
Cauchy problem

Lpg(t) = =A(E)px(E) + A(E)pg_1(2),
1, k=0, (1.11)
0, k>0,

taking into account that p_,(t) = 0. From equation (1.11), we also obtain the partial differential
equation satisfied by the probability generating function ®(u,t) = Y o0 o x(t), t >0, |u| < L.

5®(u,t) = A(t)(u — 1)B(u,t), At) >0,

®(u,t) = 1. (1.12)
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By means of standard methods, we arrive at the solution to (1.12):

B(u,t) = e~ (1o Me)ds (1.13)

oo t k
_ —[Ex(s)ds k(fo A(S)ds)
=e /o XA N "y B
k=0

Therefore, the probability distribution of the non-homogeneous Poisson process reads
: (JE A(s)ds)*
pe(t) = Pr{Q(t) = k | Y(0) = 0} = e /o M-*‘)‘“OT, k>0,t>0. (1.14)

In the homogeneous or non-homogeneous Poisson process, the jump width is always 1. A
possible generalisation leading to the compound Poisson process consists in letting the jumps to

have arbitrary (random) size.

Definition 1.1.1 (Compound Poisson process). Let f(t), ¢ > 0, be a homogeneous Poisson
process with rate A > 0. Furthermore, let {;, 3 =1,2,... be 1.4.d. random variables, sharing
the same mean E¢; =7, and independent of £(t). The compound Poisson process is defined

as

(¢)
Xt) =) &, t>0. (1.15)
j=1

The behaviour of the compound Poisson process (which is a rather broad generalisation of the
Poisson process) mainly depends on the structure of the i.i.d. random variable, for example if they
are completely positively skewed, the process is increasing. Now, we present the explicit form of
the mean and the moment generating function of the compound Poisson process X(t), ¢ > 0. The

mean value reads

EX(t) = iE{x(t) | § = E}YPr{0(t) = k} (1.16)
k=0

ad o (AR)E e ()R
:ane At(k') = nite Atz(k') = nAt,
k=0 ’ k=0 ’

while the moment generating function is

D)
Eexp (uX(t)) =Eexp | u Z & (1.17)
=Pr{f(¢t) =0} + f:E [6“27*151 ft) = k] Pr{f(¢) = k}
k=0
t = u (A —At = [AtEev)*
— e +;[]Ee 5]ke A (I:') — e A <1+;[ tk! ] >

In the following subsection we present an alternative way of constructing compound Poisson
processes; we give a simple example but the same technique can be exploited to obtain more

general compound processes.
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A compound Poisson process through subordination

Consider two independent homogeneous Poisson processes, say #1(¢), t > 0, with rate A > 0, and
5(t), t > 0, with rate 8, t > 0. We are interested in the subordinated process () = £, (£(t)),
t > 0. Subordination technique (Bochner, 1955) permits to introduce in the system further
randomness, thus permitting to model phenomena which exhibit either accelerated or slowed
down behaviour. In particular, the type of subordination implemented in this subsection is a little
different. Poisson processes have at most countable state space so that the inner Poisson process
,(t), t > 0, in addition to randomize the time, operates a sampling of the external process £4 (%),
t > 0. Note that this sampling allows the subordinated process to have jumps of arbitrary positive

discrete size.

The state probabilities §,(¢) = Pr{f};(N(t)) =k}, £ > 0, ¢t > 0, can be determined as follows.

x e~ A (\r)k e Bt > e AT k
Br(t)=>_ D) e P (pt) *ﬁtz ﬂt (1.18)

k! r!
r=0

By considering that

=S T — (), (1.19)

is the nth order Bell polynomial (for a review of Bell polynomials, the reader can consult for
example Boyadzhiev (2009)), we obtain that

. s
Belt) = e 7

By recalling the exponential generating function for Bell polynomials

Dy (Bte ),  k>0,t>0. (1.20)

> B(e) =Y, (1.21)
k=0
it is immediate to check that ) - §,(t) = 1. The mean value is directly calculated as follows.

e M)k e P BT SN e PHBE)T Ar)E
DPREEC AL LR Lt kzok(k') (1.22)

r=0 ’ ' r=0

E[£:(£2(8)] =

M8EM8

e‘ﬁt(ﬁt o B Ar(Bt)"
AT Ar Z k= 5*’7;0 -

Il
o

T

e Pt (,/3:')* =\Bt, t>0.

r=0

In order to determine the variance we first calculate the second order moment:

Zk2z Ar)k e=PY( ﬁt ﬁtz ﬁt —,\rzk2

r=0

(1.23)

Considering that

f:k2 ()\r)k _ i k (/\r)k .= i(k + 1)M (1,24)

k! (k-1 k!
k=0 k=1 k=0
_S OSSO
=2k i
k=1 k=0
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o0
(>\"')k+2 A
= Z 4+ Are’”
|
= k!

= Are’(Ar + 1),

we have
fy = &Pt TZO Ar(Ar -I;!l)(ﬁt =Pty Z (Ar :—_1 1,3t (1.25)
_ e’ﬁt)\i (Ar +)\‘f;!1)(/3t)r —e Py (A+1 i )T+t i": £)r+1
=0 =0 r=1
= A\ +1)Bt + e PtA? i ('3’27'% = A\ +1)Bt + (ABt)%.
r=0 ’
Therefore, the variance of the process reads
Var[£:(£:(t))] = A(A + 1)B¢, t>0. (1.26)

The probability generating function @(u, ) =0 ukﬁ(t) can be found in the following way:

Z Z —Ar )\7' efﬂt(ﬁt) o P2 Zu DB (Bte ) (1.27)

r!

_ efﬁt( - )eﬁte_k( u)\il) — eﬁt(ek(u—l)fl) t > 0’ |u| S 1.

)

A comparison of the probability generating function (1.27) of the process £(t), t > 0, with (1.17)

where E[e“é] = e™(¢"~1) 'makes clear that ﬁ(t), t > 0, is a compound Poisson process.

1.1.2 Pure birth process

In order to describe, for example, the evolution of a population, a useful model is that of pure
birth. The behaviour of this model depends in practice on the size of the population through its
birth rates Ay, > 0, k = 1,2,---. In the simplest particular case (so-called Yule-Furry process),
the birth rates are linear, that is Ay = kA, A > 0.

Let A((¢), t > 0, the number of component in the population at time ¢. The evolution of the

population is determined by the following properties.

1. Pr{(0) = 1};
Pri{a((t,t + dt] = 1| A(t) = k} = Aedt + o(dt);

&

w

Pr{a((t,t + dt] = 0 | A(t) = k} = 1 — Apdt + o(dt);
4. Pr{a((t,t + dt] > 1| A[(¢t) = k} = o(dt).

It can be shown that the state probabilities pi(t) = Pr{A((t) = k& | A(0) = 1} solve the Cauchy

problem

Lp(t) = —Akpk + Ao—1pp—1(t),
k=1, (1.28)
k=0.
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The solution to (1.28), can be obtained by means of induction. A complete proof for the more
general fractional case can be found in Chapter 2, and this can be adapted to the classical case

setting v = 1. The state probabilities then turn out to be

e—Amt

H )‘ Zm ]'Hz 1l¢m(>‘l ) )) k>1;

Prix(® =k} =1 7 o

(1.29)

Remark 1.1.1. The pure birth process can have different behaviour depending on the struc-
ture of the rates Ay, k > 1. For ezample, if > 4o (1/Ax) < oo the process can explode,
that s, an infinite number of events in a finite interval of time, can occur. This behaviour
can be wntuttively explained by noting that the series converges when the A\i’s (and thus
the infinitesimal birth probabilities) are small. For a proof of this result see Grimmett and
Stirzaker (2001), page 252.

In the linear case (the so-called Yule-Furry process, indicated here as N(t), ¢t > 0), originally

introduced by McKendrick (1914), the probability distribution (1.29), becomes much simpler. In
this particular case the rates are Ay, = kA, £ > 1, A > 0. By noticing that

[T =) =X 1-m)2-m)...(m-1-m)(m+1-m)...(k—m) (1.30)
= A1) ™ (m — 1)1k — m)!,

equation (1.29) can be written as

pi(t) = X7 Z AE=1( (k- m)l(_l)m*1 (1.31)
k k—1
— mt -1 (k —At(m+1 m (k_l)'

— (k-1
e M Z ( - >(_1)m6)\mt — ef)\t(l _ ef)\t)kfl’ k> 1.
m=0

The state probabilities (1.31) can be, in a more classical way, directly derived by solving the

governing difference-differential equations

Lor(t) = —Xkpr(t) + A(k — )pe_1(t),
k=1, (1.32)
0, k=0,

as follows.

Consider the probability generating function G(u,t) = Y oo, u¥pi(t), |u| < 1. From (1.32) we

arrive at

2G(u,t) = du(u — 1) 2 G(u,t),

G0~ (1.33)

The solution to (1.33) is G(u,t) = f (e *u/(1 — u)). By means of the initial condition and letting

v =u/(l—u), we obtain immediately that f(v) = v/(1—v). In conclusion, we arrive at the explicit
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form of the probability generating function

e—Mli ue—>t
f— —u —_—
Glut) =17 B M T u(l—e M) (1.34)
[ee] (oo}
= ue M Z uF(1—e M)k = Z uFe (1 — e M), (1.35)
k=0 k=1

and this confirms result (1.31).

From the above result, it is straightforward to obtain the mean value and the variance, which

are, respectively

EN(t) = e, t>0; (1.36)
VarN(t) = e (eM—1), t>0. (1.37)

1.1.3 Pure death process

Another stochastic process often used to modelling for example evolving populations and strictly
related to the pure birth process analysed in the preceding section is the pure death process.

Consider ng initial individuals subject to individual death according to the following rule:
Pr{M(t,t +dt] = 1| M(t) = k} = pugdt + o(dt), 0 <k < nyg, (1.38)

where M(t), t > 0, is the number of individuals in the population at time ¢, and uy > 0, 0 < k& < nyg,
are the death rates. The state probabilities pg(t) = Pr{M(¢t) = k | M(0) = ng}, are thus subject

to the difference-differential equations

Zok(t) = prraprra(t) — pepr(t), 0<k <mng,
1, k=no, (1.39)
0, 0<k < ng,

px(0) =

and

%Po(t) = p1p1(t),

; (1.40)
Epno (t) = KnoPng (t)
In this nonlinear case the solution to the Cauchy problem (1.40) reads
e Hnot, k = ng,
no 70 e l‘mt
[l > o 0<k<no,
j=k+1 m=Fk — lm
pelt) = AL, (b = tom) (1.41)
h#m
no no IU'h
1= 50T (S ) et k=0
m=1 h—1 Kr — Um
h#m

Obviously, for £ =0, ng = 1,
ph(t) =1 — e Ht, (1.42)
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In the simple linear case, that is when ux = ku, o > 0, 0 < k < ng, the state probabilities
pr(t) = Pr{M(¢t) = k | M(0) = no}, where M(t), t > 0 is the linear pure death process, take a
particularly neat form:

ow(t) = (7:’) e FHE(1 — gmHtyno—k 0 < k < ny. (1.43)

For more results on the pure death process see Chapter 3, where a sublinear death process is

also considered.

1.1.4 Birth-death process

Here, we summarise some basic results related to the linear birth-death process. Consider an
evolving population; the initial number of individuals is fixed at 1 and the components of the
population are subject to both birth and death, as specified by the following ruleset:

1 Pr{(0) = 1} = 1;
2. Pr{M(t,t + dt] = 1| N(t) = k} = kAdt + o(dt);

3. Pr{M(t,t + dt] = —1 | N(¢) = k} = kudt + o(dt);

4. Pr{M(t,t +dt] = 0| N(t) = k} = 1 — k(X + w)dt + o(dt);

5. Pr{|N(t, ¢ + dt]| > 1| N(¢) = k} = o(dt),

where A, > 0 are respectively the birth and death rates, and 91(¢), ¢ > 0, is the number of
individuals in the population at time ¢. The reader can immediately notice the linearity of this

model (rates proportional to the population size).

The difference-differential equations satisfied by the state probabilities, in this case, read
Zhk(t) = Ak = Dpr_1(t) — (A + w)kpr(t) + p(k + Dpraa(t), k>1 (1.44)
#Po(t) = up (), k=0

From equation (1.44) one can directly comes upon the partial differential equation governing the

moment generating function, thus obtaining

Sh(s,t) =M (e* = 1) + (e = 1)] Zh(s,1),
h(s,0) =

(1.45)

The above differential equation can be solved, for example, by recurring to Laplace transforms
as in the preceding sections. We therefore arrive, in the case A # u, at the explicit form of the
moment generating function
p(ef=1)er Wt
h(s, ) = — 2 H , (1.46)

Aes—1)e—p)t
e 1
e —u

and consequently to that of the probability generating function:
p(u—l)e(k”")t
Au—
®(u,t) = W, (14:7)
AUu—p -1
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which, in turn, leads to the state probability distribution of the linear birth-death process:

i =)t _q AeP—m)t_q AfeP—rIE_q k—1
pr(t) = {1 - )FE(A—M)t_#):I {1 - )&M—u)t_ﬂ)] [ £E(A—u)t_#)} , k>1
A—p)t (1.48)
(et _1)
po(t) = [W]» k=0.

When A = u, we obtain that the moment generating function and the probability generating
function, respectively read

1— (M —1)(e° — 1)

t) = 1.49
h(s’ ) 1—)\25(65—1) ) ( )

1—-(M-1)(u—-1)
6(u,t) = 1.50
() = e (1.50)

thus obtaining the following state probabilities:
N ) e
The mean value E91(2), ¢t > 0, from (1.47) and (1.49), can be written as
(A—p)t
€ )

EN(t) = s (1.52)

1, A=p,

which tells us that, for A # u, the mean value can be either increasing or decreasing depending
on the sign of (A — u). Also, in the other case (A = u), the mean value turns out to be constant
and equal to the initial number of progenitors. More insights on the evolution of the process, can
be revealed by analysing the limiting behaviour of the extinction probability po(t), ¢ > 0. From
(1.48) and (1.51), we obtain that

= (1.53)

. 1,
limpg(2) = .

Note that, in the case A = y, although E91(¢) = 1, the extinction occurs with probability 1.

For more in-depth information about the linear birth-death process, the reader can consult the
book by Bailey (1964).

1.2 A brief introduction to fractional calculus

Fractional calculus is meant as a direct generalisation of the usual integer-order calculus to arbitrary
order. The whole term “fractional calculus” is actually a misnomer, as it should be correctly
named instead “arbitrary-order calculus”. In the following, we present some basic definitions and

properties that prove to be useful in defining and analysing fractional growth processes.

1.2.1 Fractional integral, derivatives, and their properties

Consider the well-known Cauchy formula for evaluating multiple integrals:

I"f(z) :/Olc dwl/ozl da:z.../oznl F(@n)den (1.54)
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1

_ @/0 (& — 20)"" f(2n)dzn,

where I, n € N, is the multiple integral operator, and I'(z) is the gamma function, defined as

nin?®

I'z)= 1 . 1.55
(2) nlﬂn;loz(z—l—l)...(z—kn)’ z€C (1.55)
When z > 0, the following integral expansion also holds.
I'(z) = / y*le Ydy, z>0. (1.56)
0

For details on gamma function, the reader can consult any good book on special functions, e.g.

Lebedev (1972); here we present just few properties without proofs.

1. If n €N, then T'(n + 1) = nl.

2. It has poles in —n, n € NU {0}.

3. I'(z 4+ 1) = zI'(2).

4. T(2)(z + 1/2) = 21722 /7(2z).

Formula (1.54) permits us to get rid of the multiple integral and retain just a single convolution-

type integral. Formula (1.54) is also a perfect means to generalising the notion of multiple integral

to that of fractional integral.

Let us consider a slight modification of formula (1.54) in which n is replaced by a new parameter
a € C, R(a) € RT.

Definition 1.2.1 (Riemann-Liouville fractional integral). For an analytic function f(z), z €
R*, we have that

o0 = s | “(@ - 9)* F(y)dy. (L57)

The operator oI is called Riemann—Liouville fractional integral.

In particular, formula (1.57) is the Riemann formula. A more general definition is the following:

1 T
I f(e) = pos [ e 0)T ). (1.56)
I(e) Je
When ¢ = —o0, we obtain the Liouville formula. Note that the fractional integral can be no longer

interpreted as a repeated integral, exactly as a power with a real exponent cannot be interpreted
as a repeated product.

After having defined the fractional integral, it is now necessary to construct a derivative oper-
ator. We have several possibilities and in the following we will describe the two major definitions.
For a more in-depth explanation of possible construction of fractional derivatives operators, we
refer to the classical books by Podlubny (1999) or Kilbas et al. (2006).

Definition 1.2.2 (Riemann-Liouville fractional derivative). Let 0 < v < 1, we have that

Da;jf(x) = % [OII_”f(:I:)] , z € R. (1.59)
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By exchanging the order of the derivative and integral operators in (1.59), we arrive at the

second definition:
Definition 1.2.3 (Caputo fractional derivative). Let 0 < v < 1, we have that

@ = | 21@)],  aem (1.60)

For the fractional integral 4I”, the following two properties hold:

1. Linearity:

oI* ¥ (af(z) +bg(z)) = agI* 7 f(z) + boI* ¥ g(z), a,b arbitrary constants.  (1.61)

2. Semigroup property:

oI (oI f(2)) = oI "2 f(z) = oI (oI f(=)),  w1,12 € (0,1). (1.62)

For the Riemann-Liouville fractional derivative, the linearity property holds as well

S af(z) +ba(@)] = as (@) + b g(a), (1.63)
while the semigroup property does not hold:
i} V2 itz
Sa {Dm‘ﬂ f(w)} # Wf(x)’ vi,vs € (0,1). (1.64)

Another important fact is that, differently from the classical case (v = 1),

o' |2 16)] # 5(0) (169
but
= @) = ) (1.66)

A fundamental tool for our next analyses is the Laplace transform. Therefore, we highlight the

following relations involving Laplace transforms of the two main definitions of fractional derivative.

For the Riemann-Liouville fractional derivative we have:

[ pee = {00 b () = WLt - i@ (e

oz oz¥ 0 20

while for the Caputo fractional derivative we have:

[ e t@ie = £ { g r@) } 0 =L U@ - @)y (168)

dz? dz?






Chapter 2

Fractional Pure Birth Processes

Summary

In this chapter we consider a fractional version of the classical nonlinear birth process of which the
Yule-Furry model is a particular case. Fractionality is obtained by replacing the first-order time
derivative in the difference-differential equations which govern the probability law of the process,
with the Dzhrbashyan—Caputo fractional derivative. We derive the probability distribution of the
number A* (¢) of individuals at an arbitrary time ¢. We also present an interesting representation
for the number of individuals at time ¢, in the form of the subordination relationship A* (t) =
AN (Tsy (t)), where A (t) is the classical generalised birth process and 75, (t) is a random time whose
distribution is related to the fractional diffusion equation. The fractional linear birth process is

examined in detail in section 2.2 and various forms of its distribution are given and discussed.
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2.1 Introduction

We consider a birth process and denote by A( (¢), ¢ > 0 the number of components in a stochastically

developing population at time ¢. Possible examples are the number of particles produced in a

radioactive disintegration and the number of particles in a cosmic ray shower where death is not

permitted. The probabilities py (t) = Pr {A((¢) = k} satisfy the difference-differential equations
dpx

e —Appr + Ak—1Pk—1, k>1, (2.1)

where at time £t = 0

0) = ) ! 2.2
2 (0) {0, k> 2. (22)

This means that we have initially one progenitor igniting the branching process. For information

on this process consult Gikhman and Skorokhod (1996) page 322.

We here examine a fractional version of the birth process where the probabilities are governed

by
d’ pr

T —AkPr + Ak—1pk—1, k>1, (2.3)
and where the fractional derivative is understood in the Dzhrbashyan—Caputo sense, that is as
d” pi 1 720
= s d for 0 1 2.4
at r(1—u)/0(t_s)” S frdsr<d (24)

(see Podlubny (1999)). The use of Dzhrbashyan—Caputo derivative is preferred because in this
case initial conditions can be expressed in terms of integer-order derivatives.

Extensions of continuous-time point processes like the homogeneous Poisson process to the
fractional case have been considered in Jumarie (2001), Cahoy (2007), Laskin (2003), Wang and
Wen (2003), Wang et al. (2006), Wang et al. (2007), Uchaikin and Sibatov (2008), Repin and
Saichev (2000) and Beghin and Orsingher (2009b). A recently published paper (Uchaikin et al.
(2008)) considers a fractional version of the Yule—Furry process where the mean value EN” (¢) is

analysed.

By solving recursively the equation (2.3) (we write px (), ¢ > 0 in equations (2.3) and p}, (¢) for
the solutions) we obtain that

J=1 m=1

§(6) = Pr{n (1) = K} = JINCIERS
172711
El’,l (_)‘ltlj) ) k=1.

k=1 1
[TX > B (-Ant")p, k>1,

(2.5)

Result (2.5) generalises the classical distribution of the birth process (see Gikhman and Skorokhod
(1996) page 322, or Bartlett (1978), page 59) where instead of the exponentials we have the
Mittag—Leffler functions defined as

o h

T
E, = R, . 2.
1(2) £ T (vh +1) zE v>0 (2:6)

The fractional pure birth process has some specific features entailed by the fractional derivative

appearing in (2.4) which is a non-local operator. The process governed by fractional equations (and
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therefore the related probabilities pf (t) = Pr{A(” (t) = k}, k > 1) displays a slowly decreasing
memory which seems a characteristic feature of all real systems (for example the hereditariety and
the related aspects observed in phenomena such as the fatigue of metals, magnetic hysteresis and
others). Fractional equations of various types have proved to be useful in representing different
phenomena in optics (light propagation through random media), transport of charge carriers and
also in economics (a survey of applications can be found in Podlubny (1999)). We show below
that for the linear birth process N” (t), ¢t > 0 the mean values ENY (t), VarN” (¢) are increasing
functions as the order of fractionality v decreases. This shows that the fractional birth process
is capable of representing explosively developing epidemics, accelerated cosmic showers and in
general very rapidly expanding populations. This is a feature which the fractional pure birth
process shares with its Poisson fractional counterpart whose practical applications are studied in
recent works (see for example Laskin (2003) and Cahoy (2007)).

We are able to show that the fractional birth process A (t) can be represented as
N (8) =N (T2 (),  t>0,0<v <1, (2.7)

where Ts, (t), t > 0 is the random time process whose distribution at time ¢ is obtained from the

fundamental solution to the fractional diffusion equation (the fractional derivative is defined in

(2.4) 5 5

Yu U
subject to the initial conditions u (s,0) = 6 (s) for 0 < v < 1 and also u; (s,0) =0for 1/2 < v <1,
as

22Uy (s,t)ds for s > 0,
Pr{T,, (t) eds}:{ . 2 (8,%) for o <0 (2.9)

This means that the fractional birth process is a classical birth process with a random time
T, (t) which is the sole component of (2.7) affected by the fractional derivative. In equation (2.8)
and throughout the whole chapter the fractional derivative must be understood in Dzhrbashyan-

Caputo sense (2.3). The representation (2.7) leads to

Pr{a; (t) =k} = / Pr{a((s) = k} Pr{Tz, (t) € ds}, (2.10)
0
where iy
— —Am S
%Hlkaie , k>1,5>0,
Pr{n(s)=k}=4 ' = ™! TT v =Am) (2.11)
l;fm
e*1s, k=1,s>0.

Formula (2.10) shows that >, Pr{a¢ (¢t) =k} = 1 iff )" Pr{aA((t) = k} = 1. It is well-known
that the process A((t), t > 0 is such that Pr(A((¢) < c0o) = 1 for all ¢ > 0 (non-exploding) if
S Ap ' = 0o (consult Feller (1968), page 452).

A special case of the above fractional birth process is the fractional linear birth process where
Ar = Ak. The distribution (2.5) reduces in this case to the simple form

Z (J 1) 1Y B, (-MtY),  k>1,t>0. (2.12)

For v = 1, we retrieve from (2.12) the classical geometric structure of the linear birth process with
a single progenitor, that is

pt)=(1-e?) e k>1t>0 (2.13)
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An interesting qualitative feature of the fractional linear birth process can be extracted from (2.12);
it permits us to highlight the dependence of the branching speed on the order of fractionality v.
We show in section 2.3 that

}\no (dt)v

Pr{N" (dt) = no + 1| N* (0) = no} ~ 75,

(2.14)

and this proves that a decrease in the order of fractionality v speeds up the reproduction of

individuals. We are not able to generalise (2.14) to the case
Pr{N¥ (t+dt) =no+1|N”(t) = no}, (2.15)

because the process we are investigating is not time-homogeneous. For the fractional linear birth

process the representation (2.7) reduces to the form
N¥ (t) = N (Ts, (), t>0,0<v<1, (2.16)

and has an interesting special structure when v = 1/2". For example for n = 2 the random time

appearing in (2.16) becomes a folded iterated Brownian motion. This means that
1
N7 () = N (B (I1B2 (£)])]) - (2.17)

Clearly |Bs (t)| is a reflecting Brownian motion starting from zero and |B; (|Bz (¢)|)| is a reflecting

iterated Brownian motion. This permits us to write the distribution of (2.17) in the following form

Pr{N% (t) =k |N%(0) = 1} (2.18)

2 2
i k-1 ® e"iw e ur

— 1 _ e—>\s e—)\S 22
A ( ) { o V2m2 \/27r2

The case ¥ = 1/2™ involves the (n — 1)-times iterated Brownian motion

Ina (@) =B (B2 (- |Bn ()] ---) 1) (2.19)

with distribution

Pr{|Bi(|B2(-+|Bn(t)|--))| € ds} (2.20)

e 4w1 e 4wz e 4t_ dw
o \/47rw1 \/47rw2 o VArt not

For details on this point see Orsingher and Beghin (2009).

=ds2"

2.2 The distribution function for the generalised fractional

birth process

We present now the explicit distribution
Pr{n () |7A0(0) =1} =g (), t>0,k>1,0<v<1 (2.21)

of the number of individuals in the population expanding according to (2.3). Our technique is
based on successive applications of the Laplace transform. Our first result is the next theorem

below.
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Theorem 2.2.1. The solution to the fractional equations

d” px
dtv = —Appe + A—1p—1 K> 1,0<v <1,
1 k=1
0) = !
e (0) { 0 k>2,
1s gwen by
k—1 k 1
by Z{ i E,, (—Amt”)},
= _
) =Pring @) =k}=¢ " ™EI] (= Am)
m
El/l (—Altu),

Proof. We prove result (2.23) by a recursive procedure.
For k = 1, the equation

d”pl

dt?

= —)\1}71, P1 (0) =1,

is immediately solved by

For k = 2 equation (2.3) becomes

dl/
dtlzz =—Xep2 + MByy (—MtY),

2 (0) =0.

In view of the fact that

o] . /Jl/fl
THE, 1 () dt = ,
/o © 1 (FAaf?) w4+ A
the Laplace transform of (2.26) yields
Apr1 { 1 1
Ly (p) = _ .
2 (1) Az = Ay [+ A1 w4+ A

In light of (2.27), from (2.28) we can extract the probability g} (t)

AL
Ay — Ay’

Py (t) = [Buv1 (=Ait”) — By 1 (= 2AstY)]

Now the Laplace transform of

dup3 Ao
=-A
dtv 3Pt 3Ty

[Ey1 (—MtY) — By 1 (—Aat”)]

yields, after some computations

1 1
(A2 = A1) (As = Ag) w¥ + Xy
1 1 1

L3 (p) = AgAp” {

+
(
From this result it is clear that

1
(A2 = A1) (A3 — A1)

75 (1) = Ao ) [ Ey, 1 (—\t")

+ .
)\1 —)\2) ()\3 —Ag) ,Ll.V-f—Az ()\1 —Ag) (Az —>\3) /,LV+>\3

(2.22)

(2.23)

(2.24)

(2.25)

(2.26)

(2.27)

(2.28)

(2.29)

(2.30)

(2.31)

(2.32)
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1 1
B, (—Mat?) +
A1 —A2) (Az — A2) 1 (=2t (A1 = A3) (A2 — A3)

The procedure for k£ > 3 becomes more complicated. However the special case £ = 4 is instructive

E,1(—Xst”)| .

T

and we treat it first.

The Laplace transform of the equation
dyp4 1
= -2 A1 A2
dt 4t Adads {(Ag—,\l)(xs—xl)
! By1(—2at’) + !
A —Ag) (Ag — Ag) YR (A1 = A3) (A2 — A3)

By (—\t) (2.33)

. B (at)]

subject to the initial condition p, (0) = 0 becomes

1 1 1
Ly (1) = M A Aap” ™1 - 254
2 (1) = Mdadap [(AQ_Al)(AS_Al)()‘4_)‘1) {N"+)‘1 “v+)‘4} (234

1 1 1
_'_ —_
(A1 = A2) (A3 — A2) (Mg — A2) {M”-F)\z #”+A4}

+(>\1—)\3)()\2i)\3)(>\4—>\3) {#"41-)\3 - MVWILMH'

The critical point of the proof is to show that

—[(As = A2) (A = A2) (Mg — A3) — (As — A1) (A — A1) (As — Ag) (2.35)
+ (A2 = A1) (Mg = A1) (Aa = A2)] /[(A2 = A1) (Az — A1) (Mg — A1) (Az — A2)
X (Mg = A2) (Ag — Az)]
1
(A1 = A) (A2 = Aa) (A3 — Aa)’

We note that
1 1 1 1

1 1 1
1 1 1 1
0 = det = det )\2 Ag )\4 (236)
MoA Az a2 a2
PYEPY DY EIDY 2
1 2 3 4
1 1 1 1 1 1 1 1 1
—det Al )\3 )\4 + det )\1 )\2 A4 — det )\1 )\2 )\3
AMOA A AMOA A AMOA A

= (As = A2) (A4 = A2) (A = A3) = (As — A1) (A — A1) (s — Ag)
+ (A2 = A1) (Aa — A1) (Mg = A2) — (A2 — A1) (A3 — A1) (A3 — A2),

where in the last step the Vandermonde formula is applied.

By inserting (2.36) into (2.34) we now have that

1 1
L = A dpAzpr ™t 2.37
4(1“’) 1A2A3 ()\2_>\1)(>\3_)\1)()\4_)\1)/Jlj+>\1 ( )
n 1 1
(A1 = A2) (A3 — A2) (Aa — A2) ¥ + Az
" 1 1
()\1 - A3) (AQ - )\3) ()\4 - )\3) /.LV + )\3
1 1

+ )
(A1 = Aa) (A2 = Ag) (A3 — Ag) w¥ + g
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so that by inverting (2.37) we extract the following result

Aj{zz::lﬂh;(—Anﬁ”)}. (2.38)
’”11—[( m)

l;ém

pa (8) =

.
=t

We now tackle the problem of showing that (2.23) solves the Cauchy problem (2.22) for all k& > 1,

by induction. This means that we must solve

d” px =1 = 1
e = —Akpr + H Aj Z “7]17:/,1 (=Amt”) 2,

j=1

m=t H (A = Am) k>4. (2.39)
l;ém
pe (0) =0,
The Laplace transform of (2.39) reads
- 1/ 1 1 ,U,V_l k-1 1
Ly () = T] Zk T W Azk . (2.40)
= — MY FAm WY+ A —1
m=1 T (M = Am) m=1 [T (M = Am)
= =
;é#z 17m
We must now prove that
k—1 1 1
- - = — , (2.41)
=T e =2Am)  TT (v =)
[z =k
and this relationship is important also for the proof of (2.11).
In order to prove (2.41) we rewrite the left-hand side as
k—1 k
ko1 hl_[ ll_[h(Al —n) )
=10>
- Z k Tkl k ' (242)
™=t [T (M =2Am)  TT IT (A= 2s)
1=1 h=11>1
Il#m

and concentrate our attention on the numerator of (2.42). In analogy with the calculations in
(2.36) we have that

1 1 1
1 o1 -1
O=det| A1 Ay o Am oo g (2.43)
Ab=2 \k=2 Ak-2 Ap—2
% 1 1 1 1
= > ()" Mdet | A Am—1 Amii Ak
= M A A




2.2 The distribution function for the generalised fractional birth process 22

In the third step of (2.43) we applied the Vandermonde formula and considered that the n-th

column is missing. It must also be taken into account that

k k k
11;11 (M — A1) ll;lz (A —A2) z>g . (M= Am—1)
Om=21)  Om=2a) " O =) (244)
k k—1 k
[T = 2Am) A A IT IT (i = An)
B I] =) e T1 n= ) = R :
IL =) 27 e (ot TT (= Am)

From (2.42) and (2.43) we have that

k-1 &k

ki:l 1 _ — hl;[1 zl>_[h (e =) . 1 _ 1 _ (2.45)

- k k k=1 k k
LI e =2m) 0 mE T (e =2m) TTTT =) T (=)
=1 =1 i=11>3 =1
l#m l#m I#k
In view of (2.45) we can write that
k—1 k pr 1 1
Lew) = T1 A Y. — S (2.46)
=1 — M+ Ay
=TT (v = Am)
m

because the k-th term of (2.46) coincides with the last term of (2.40) and therefore by inversion
of the Laplace transform we get (2.23). O

Remark 2.2.1. We now prove that for the generalised fractional birth process the represen-
tation

A () = N (Tay (2)), t>0,0<v <1, (2.47)

holds. This means that the process under investigation can be viewed as a generalised birth
process at a random time T, (t), t > 0, whose distribution is the folded solution to the

fractional diffusion equation (2.8).

/Oo e G, (u,t)dt (2.48)
0

co k—1 k
by (2.23) /°° k E, 1 (=Amt?) ol
& KA S et T ) B (cant) bemtar
i {Z [Tv2 =

k=2 g=1 m=1 [ (A; — Am)

jFm
[’} k—1 k v—1 v—1
_ k . H 1 up
_Zu Ajz,u”—f-)\m P +#”+/\1
k=2 j=1 m=l T (A = Am)
j#Fm
Y k-1 k _
_ / {iuk s Z pt e S HAm) ues(*‘y“”}ds
= y -
O =2 j=1 m=1 T] (A — An)

= /oo G (u,s)u’"te " ds = /oo G (u,s) /00 e Htfr, (s,t)dtds
0 0

0

_ /Ooo o nt {/Ooog(u,s) fro, (5,0) ds} dt,
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where o
/ e P fn (s,t)dt = p’"lemH, s >0, (2.49)
0

s the Laplace transform of the folded solution to (2.8). From (2.48) we infer that

g, (u,t) = /000 G (u, s) fr,, (s,t)ds, (2.50)

and from this the representation (2.47) follows.

Remark 2.2.2. The relationship (2.47) permats us to conclude that the functions (2.23) are

non-negative because
Pr{a (t) =k} = /000 Pr{a((s) = k} Pr{Ty, (t) € ds}, (2.51)

and Pr{A\((s) =k} > 0 and ), Pr{A((s) =k} = 1 as shown, for example in Feller (1968),
page 452. Furthermore the fractional birth process is non-ezploding if and only if 3, (1/Ax) =
00, for all values of 0 < v < 1.

2.3 The fractional linear birth process

In this section we examine in detail a special case of the previous fractional birth process, namely
the fractional linear birth process which generalises the classical Yule-Furry model. The birth

rates in this case have the form
Ax = Ak, A>0,k>1, (2.52)

and indicate that new births occur with a probability proportional to the size of the population.
We denote by N (¢) the number of individuals in the population expanding according to the rates
(2.52) and we have that the probabilities

py (t) = Pr {N" (t) = k|N" (0) = 1}, k>1, (2.53)

satisfy the difference-differential equations

dl/

dtZ:k:_Akpk_")‘(k_l)pk—l, 0<v<1,k>1,

=41 k=1L (2.54)
Pl =Y 0 k>2

The distribution (2.53) can be obtained as a particular case of (2.23) or directly by means of a

completely different approach, as follows.

Theorem 2.3.1. The distribution of the fractional linear birth process with a simple tnitial

progenitor reads

Pk (8) =Pr{N"(t) =k [ N"(0) =1} (2.55)
k
- ; (f : i) (_1)j_1 Ey 1 (—Agt"), k>1,0<v <1,

=1

where E, 1 (z) is the Mittag—Leffler function (2.6).
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Proof. We can prove result (2.55) by solving equation (2.54) recursively. This means that p¥_, (¢)
has the form (2.55) so p% () mantains the same structure. This is tantamount to solving the

Cauchy problem

y k—1
EPe ) _ e )+ A 1) Z( 2) (—1Y L By (-Ait),

& -1 (2.56)
pe(0)=0, k>1
By applying the Laplace transform Ly , (1) = fooo e Mtpy (t) dt to (2.56) we have that
k—1
k-2 o pkt 1
Ly () = A (k-1 . -1y . . 2.57
o () = A (5~ 1) jzl(]_l)( e (257)
The Laplace transform (2.57) can conveniently be written as
1 1 1 1
L =pt - - (k-1 - 2.58
o (1) = H#"+/\ /.t”-f—)\k} ( )[u”+2/\ u”+)\k] (2:58)
E—1)(k—-2 1 1
IR . N
2 w3 pr kA
_ 1 1
+(k—1)(-1)F7? -
(k-1 Lt“r(k—l)A M”+AkH
k—1 k—1
1/ IZ( ) j—l 1 B ! Z(k 1)( 1)j—1'
P 7—1 MY+ A u+Ak 7—1
This permits us to conclude that
Ly (B) = p*~ 12( ) ) (2.59)
oS-t B+ A
By inverting (2.59) we arrive immediately at result (2.55). O

For v = 1 (2.59) can be written as
/ e Hpl (t)dt = / e MeHt Z < ) 1) e~ Mtqt (2.60)
0
(e o)
= / e Ht {e_>‘lt (1 — e_”)k_l} dt,
0

and this is an alternative derivation of the Yule-Furry linear birth process distribution.

Remark 2.3.1. An alternative form of the distribution (2.55) can be derived by writing ez-
plicitly the Mittag—Leffler function and manipulating conveniently the double sums obtained.
We have therefore

)™ &

F (vm +1)

e
+ i T z//r\riy+ml j: ( ) y Gy
_ Ce)E 1( + i L (=)™ kzl <k—. 1> (=1 G+ 1)™.

vk - ot (vm +1) o\

3
]
o
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The last step of (2.61) is justified by the following formulae (0.154(6) and 0.154(5) Gradshteyn
and Ryzhik (1980), page 4:)

N

SO (-1)F (JZ) (a+ k)"t =0, valid for N >n > 1, (2.62)

k=0

zn: ~0* (™) (a+ &) = (1) n!. (2.63)
k

k=0

What s remarkable about (2.63) is that the result is independent of a. This can be ascer-

tained as follows
53 =" (-1 (Z) S (’r‘) kT =Y ( )a" S (- ( >k” r+i-1, (2.64)
k=0 =0 r=0 =0

By formula 0.154(8) of Gradshteyn and Ryzhik (1980), page 4, the inner sum in (2.64)
equals zero for 1 < n—r+1 < n, that is for 1 < r < n. Therefore (see Gradshteyn and
Ryzhik (1980) formula 0.154(4), page 4)

5% = (Z) a® f: (1) <Z) k"t = (—1)"n!. (2.65)

k=0

We now provide a direct proof that the distribution (2.55) sums to unity. This is based on
combinatorial arguments and will subsequently be validated by resorting to the representation of

N? (t) as a composition of the Yule-Furry model with the random time T5, (¢).

Theorem 2.3.2. The distribution (2.55) is such that

PR AV ZZ ( > (=17 B (—Ajt") = 1. (2.66)
k=1

k=1j=1

Proof. We start by evaluating the Laplace transform L, (u) of (2.66) as follows

o-EEC L LS er i e

k=1 j=0

A crucial role is here played by the well-known formula (see Kirschenhofer (1996))

N N N
;(k’)(_l) t+k z(z+1)---(z+N) (2.68)

Therefore

e k— 1) e
LW == Z(“—”+1)(“7”+2---(“”+k)_ A 2

v v—1 1 v
7 7 K TN
3 E B (l +1, By + 1) = /0 E z(1—z)* dz (2.69)

where B (h,q) = f h=1(1 — ¢)? " d, for h,q > 0. This concludes the proof of (2.66). O
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The presence of alternating sums in (2.55) imposes the check that p% (t) > 0 for all k. This is

the task of the next remark.

Remark 2.3.2. In order to check the non-negativity of (2.55) we ezploit the results of the
proof of theorem 2.8.2, suitably adapted. The expression

v—1

[ee] fove) e3¢} v
Z/O e FpY (t)dt = “)\ > B <k “7 + 1) , (2.70)
k=1 k=1

which emerges from (2.69), permaits us to write that

) 1 qu—l u 1 #V—l W
/ e Hip¥ (t)dt = / k1 (1—2)>dz= / g 1E (-2 gy (2.71)
0 0 A 0 A
1 v—1 _wZ Z z” 1 v—1 v Vo,
:/ mk_lLe =" dz :/ mk_lﬂ e 5 I1 e~ dz.
0 A 0 A r=2
The terms o
e~ 5 = Ee #Xr = / e Htq7 (z,t) dt, (2.72)
0

1
are the Laplace transforms of stable r.v’s X, = S (0., 1,0) where g, = (i—: cos ”2—”) i’ (for details

v—1

on this point see Samorodnitsky and Taqqu (1994), page 15). The term Fo— exp(—#), 18

the Laplace transform of the solution of the fractional diffusion equation

%y _ 8%y
at2v. — )\ZW, O<v S 1) (273)
u(e,0)=46(z),
with the additional condition u; (z,0) =0 for 1/2 < v <1, and can be written as
1 tp, (z,5)
t) = L 2d 2.74
Uzy (xi ) 2AF(1—V)A (t_s)u S ( )

(see formula (8.5) Orsingher and Beghin (2004)), where p, (z,1) = gl (z,1) is the stable law
1

with 0y = (% cos ”2—”) v . We can represent the product

/J'yil zp? o pra’ & ¢
;y e A H e = / e Mt {/ Uy, (z,8) ¢ (z,t — 8) ds} dt, (2.75)
r=2 0 0

where

(o]
v,T

(o)
/ e g, (z,t)dt = H e 3 (2.76)
0

r=2
Thus g, (z,t) appears as an infinite convolution of stable laws whose parameters depend on
r and z. In light of (2.75) we have therefore that

oo oo 1 t
/ e Hip¥ (t)dt = 2/ e_”t/ zht / Uy (2, 8) gy (2, — ) ds dz dt. (2.77)
0 0 0 0

Since pY, (t) appears as the result of the integral of probability densities, we can conclude that
pr(t) >0 for allk>1 and t > 0.

We provide an alternative proof of the non-negativity of p} (t), t > 0, and of ), p} (t) = 1

based on the representation of the fractional linear birth process NV (¢) as

NY(t) =N (T2 (), O0<v<l, (2.78)
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where T, (t) possesses distribution coinciding with the folded solution of the fractional diffusion
equation
Ou _ B%u 0 <1
61> — ba?’ SYSS (2.79)
u(z,0) =4 (z),

with the further condition u; (2,0) =0 for 1/2 < v < 1.

Theorem 2.3.3. The probability generating function G, (u,t) = Eu¥"®) of N¥(t), t > 0 has
the following Laplace transform

/ G, (u ) dt = / T ue™ vlg-n'igy (2.80)
; e v (u, =, 1—u(1—e—>‘f)'u e . .

Proof. We evaluate the Laplace transform (2.80) as follows

/ e MG, (u,t)dt (2.81)
0

J:
%) k—1
12 3 k—l) j 1
A 2 . ( J (=) B t+1+47

o (k—1)!
R EE ) &
I
) (B +1+1)

v—1

_up
= =5 ZuB<l+1 +1>

= Zu 1—m*d$, for 0 <uz <1
A 0 =0

— up? /1 (1 _m)%dm
A o (1—uz)

(1fa:;e_”) /oo ue™ e_tﬂuuu_ldt
o l—u(l—e2) '

Remark 2.3.3. In order to extract from (2.80) the representation (2.78) we note that
/ {Z u* Pr{N (Ty, (t)) = k}} dt (2.82)
0

/ {/ ZukPT{N(S) =k} fr,, (s,t) ds} dt
ot e

0
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which coincides with (2.80). It can be shown that

/ e Ffn (s,t)dt = p’"temH, s >0, (2.83)
0

1s the Laplace transform of the folded solution to
o _ ot
oty Ps?’
with the initial condition u (s,0) =6 (s) for 0 < v <1 and also us(s,0) =0 for 1/2 <v < 1.

0<v<1, (2.84)

In force of (2.78) the non-negativity of p (t) is tmmediate because
[ee]
Pr{N”(t) =k} = / Pr{N (s) = k} Pr{T», (t) € ds}. (2.85)
0
The relation (2.85) leads to the conclusion that y .., Pr{N" (t) = k} = 1.

Some explicit expressions for (2.85) can be given when the Pr{T%, (¢) € ds} can be worked out
in detail.

We know that for v = 1/2™ we have that

Pr{TZn%l (t) € ds} = Pr{|B, (|B2 (- |Ba(®)]--)]) € ds} (2.86)

2

w
e
e 4w1 e 4w2 ® o~z

. ———dwn,_
0 \/47rw1 \/47rw2 0 At n-t

For details about (2.86) see theorem 2.2 of Orsingher and Beghin (2009), where the differences of
the constants depend on the fact that the diffusion coefficient in equation (2.84) equals 1 instead
of 2(1/2")=2 The distribution (2.86) represents the density of the folded (n — 1)-times iterated
Brownian motion and therefore By, - - - , B, are independent Brownian motions with volatility equal
to 2.

=ds2"

For v = 1/3 the process (2.78) has the form N1 (¢) = N (|.A(t)|), where A (¢) is a process whose
law is the solution of )
2 2
u _ %, u(z,0) =6 (z). (2.87)

ot3
In Orsingher and Beghin (2009) it is shown that the solution to (2.87) is
31 |z] )
uz (z,t = A; , 2.88
(@) = 5o (259
where

L[ ) g 2.89
Az(m)—;/o cos(am+3> a, (2.89)

is the Airy function. Therefore the distribution (2.85) in this case reads

L & —
i (t) :/ e (1—e ) 2y <s> ds, k>1,t>0 (2.90)
0 3t 3t

Remark 2.3.4. From (2.54) it is straightforward to show that the probability generating
function G, (u,t) = EuN"®) satisfies the partial differential equation

o” 0

= —1) — <
Bt”G(u’t) Au(u—1) BuG(u’t)’ 0<rv<l,
G(u,0)=u

(2.91)



29 Fractional Pure Birth Processes

and thus ENY (t) = 2¢ 1s the solution to

Bu lu=1
ﬂIEN”:)JEN” 0<rv<l1
T 7 =1 (2.92)
ENY (0) = 1.
The solution of (2.92) is
EN” (t) = Ey 1 (M), t>0. (2.93)

Clearly, result (2.93) can be also derived by evaluating the following Laplace transform
o [e) s (o]
/ e MEN” (t) dt:/ e Kt Zk/ Pr{N (s) = k} Pr{Ts, (t) € ds} 3 dt
0 0 w1 Yo

oo o0
_ / e Ht / e PriTy, (£) € ds} dt
0 0

oo

:/ exsp”’lefs*‘yds

0

,U,V_l [ee]

- :/ e B, (M) dt,
- 0

and this confirms (2.93). The mean-value (2.93) can be obtained in a third manner.

/Ooo e MENY (t) = ikzk: (f:i) (-1)7 7t /Ooo B, (—Ajt") e~ Mdt (2.94)

k=1 j=1

o E—1 - ’U’vfl
:ZkZ(. )(—1)1 -
Pl 7—1 W+ A7

yv—1 k—1
= k . -1 W .

A ; j_o( J ( )”7+1+J

v—1

7 (k—1)!
= k—r7 =

A ; (5 +1) (5 +Fk)
e ikr(k)r(*gﬂ)

AT T(+ kD)

qu—l 1 o wY
e} A kak_l(l—m)T

0 k=1

/Jiufl e} .
= = e ME, 1 (AtY) dt

K= A /0

The result of remark 2.3.4, ENY (t) = E, ; (At") should be compared with the results of Uchaikin
et al. (2008).

An interesting representation of (2.93) following from (2.78) gives that

ENY (t) = / ” e Pr{Ty, (t) € ds} = / ” EN (s)Pr{Ts, (t) € ds}. (2.95)

Remark 2.3.5. By twice deriving (2.91) w.r.t.u we obtain the fractional equation for the

second-order factorial moment

E{N”(t) (N"(t) = 1)} = 9. (1), (2.96)
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Figure 2.1: Mean number of individuals at time ¢ for various values of v.

that s o
i — v <
51 (t) = 2Xg, (t) + 2XAENY (t), O0<v <1, (2.97)
g, (0) =0.
The Laplace transform of the solution to (2.97) is
oo AP 1 1
H,(t) = / e Mg, (t)dt = =our ! { — } ) 2.98
©=1, B = = =2 IS (2.98)
The inverse Laplace transform of (2.98) is
E{N” () (N” (t) — 1)} = 2E, 1 (2A\t*) — 2E, 1 (At") . (2.99)
It 1s now straightforward to obtain the variance from (2.99)
VarN” (t) = 2E,1 (2A\t") — E, 1 (At") — E,il (AtY). (2.100)

For v =1 we retrieve from (2.100) the well-known ezpression of the varitance of the linear
birth process
VarN'! (t) = e (eM - 1). (2.101)

Remark 2.3.6. If X1, -, X, are i.t.d. r.v’s with common distribution F (z) = Pr(X < z)
then we can write the following probability

Pr{max (Xl,--~ ,XNV(t)) < :D} (2.102)
= (Pr{X <a})* Pr{N" (t) = k}

k=1
by (2.78) /Oo G (F (z),s) Pr{Ty, (t) € ds}
0



31 Fractional Pure Birth Processes

i T e—)\s
B /0 1- FF(EC))(1 —e ) Pr{T,, (t) € ds}.

Analogously we have that
Pr{min (X1, -+, Xnv) > 2} (2.103)

o 1— F(z))e >
- /0 1- (5 - F(i);)(l _ eﬂs)P”{Tn (t) € ds}.

Remark 2.3.7. If the initial number of the components of the population s ng then the p.g.f.

becomes
E (uN”(t) |N, (0) = no) (2.104)
[ee]
o0 k-1
= Zu’”‘"" / e=A2mo (no +k ) (1- e_AZ)k Pr{T,, (t) € dz}.
k=0 0

From (2.104) we can extract the distribution of the population size at time t as
Pr{N”(t)=k+mno | N” (0) =ng} (2.105)

E—1\ [
= (”0 +k > / e (1— )" Pr{T,, (t) € dz}, k>o0.
0

If we write k + ng = k' we can rewrite (2.105) as

Pr{N” (t) = ¥' | N* (0) = no} (2.106)
Ko1\ [® -

_ / e Mo (1) ™ primy, () e dz}, K > no,
k’ - no 0

where k' is the number of individuals in the population at time t. For ng = 1 formulae
(2.105), (2.106) coincide with (2.55). The random time T3, (t), t > 0, appearing in (2.105)
and (2.106) has a distribution which is related to the fractional equation

Pou_ o
otz 9z2’
It is possible to change a little bit the structure of formulae (2.105), (2.106) by means of the

transformation Az =y so that the distribution of Ts, (t) becomes related to equation

O<v<l. (2.107)

0% u 0%u
=2 O<v<i, 2.108
ot2v 3y2 — ( )

where (2.52) shows the connection between the diffusion coefficient in (2.108) and the birth
rate.

Remark 2.3.8. If we assume that the initial number of individuals wn the population is
N¥ (0) = ng we can generalise the result (2.55) offering a representation of the distribution
of N¥ (t) alternative to (2.106). If we take the Laplace transform of (2.106) we have that

/oo e “Pr{N"(t) =k+ng|N”(0) =no}dt (2.109)

o0 —_ (e
= / <n0 +kk 1) / e~ Mo (1 - e*AZ)k Pr{T,, (t) € dz} dt
0 0

by (2.88) 7 (no+k—1 —Azng S L R
= 1-— K24
/O ( B e (1 et e g
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— (nO +k )/J'V_l/ e—z(Am;-&-,u. ) (1 _ e—)\z)k dz
0
ng+k— ) v—1 ( ) /oo —2(Ano+ATHu¥)
= e dz
( Z 0

:<n0+k_1> VlZ() (no+1r)+u”'

By taking the inverse Laplace transform of (2.109) we have that

Pr{N" (t) = k +no | N” (0) = no} (2.110)

= <”0 +k’“ - 1) z; (’:) (=1)" By (— (no + 1) M) .

From (2.110) we can infer the following interesting information.

Pr{N”( t) = ng + 1| N” (0) = ng} (2.111)

o (T) 1 (= (no +7) A (dt)")

= nO E,, no)\ (dt) ) Ey,l (_A (nO + 1) (dt)v)]

A(d )

Tt 1)

by writing only the lower order terms. This shows that the probability of a new offspring at
the beginning of the process is proportional to (dt)” and to the initial number of progenitors.
From our point of view this is the most important qualitative feature of our results, since it

makes explicit the dependence on the order v of the fractional birth process.

Theorem 2.3.4. The Laplace transform of the probability generating function G, (t,u) of the

fractional linear birth process has the form

x
H, (u,u) :/ e MG, (t,u) dt (2.112)
0
v—1 1 o
]_ — BN
_ Uk /( 2 g, 0<u<i, u>0.
A o l—zu

Proof. We have seen above that the function G, solves the Cauchy problem

&G, 8G,
= — <
EYo Au(u—1) 50 0<rv<l, (2.113)
Gy (u,0) =u
By taking the Laplace transform of (2.113) we have that
H
WH, —p’tu=du(u—1) 0 v, (2.114)
Ou
By inserting (2.112) into (2.114) and performing some integration by parts we have that
2v—1 1 u
uUp (1 — .’B) A v—1
dz — 2.115
A /0 1_zu U ( )
wr—t ot (1—9:)£ upr~1 ! (l—m)%m
=Au(u—1) / dz + / 5—dz
A Jo l—=zu A Jo (1—-zu)
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v v

v—1 1 B v—1 5
1— x 1—2)~>
=Au(u—1) K / (1-2) dz + © z(1-2)
0

z=1

A 1—zu A 1—zu

v—1 1 il 2v—1 1 i -1
1— x 1— x
u /‘ ( z) u / z( z)
A Jo (1—1zu) A2 (1—2zu)

v

— 1) vt 1 1— -1
_u(u-lp / z(l-2)> "
0

A (1-—zu)
2v—1 1 s
S (1-2)%
= — dz.
ue A /o (1—2zu) ’
This concludes the proof of theorem 2.3.4. O

Remark 2.3.9. We note that H, (;L,u)|u:1 = 1/u because G, (t,1) = 1. Furthermore

0H, (p,u)
ou

L [
- - / e M E, 1 (M) dt, (2.116)
0

which accords well with (2.93).






Chapter 3

Fractional Pure Death Processes

Summary

This chapter is devoted to the study of a fractional version of nonlinear M* (t), ¢ > 0, linear M*(t),
t > 0 and sublinear ¥ (¢), t > 0, death processes. Fractionality is introduced by replacing the
usual integer-order derivative in the difference-differential equations governing the state probabil-
ities, with the fractional derivative understood in the sense of Dzhrbashyan—-Caputo. We derive
explicitly the state probabilities of the three death processes and examine the related probability
generating functions and mean values. A useful subordination relation is also proved, allowing
us to express the death processes as compositions of their classical counterparts with the random
time process T»,(¢), t > 0. This random time has one-dimensional distribution which is the folded

solution to a Cauchy problem of the fractional diffusion equation.
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3.1 Introduction

We assume that we have a population of ng individuals or objects. The components of this
population might be the set of healthy people during an epidemic or the set of items being sold
in a store, or even, say, melting ice pack blocks. However even a coalescence of particles can
be treated in this same manner, leading to a large ensemble of physical analogues suited to the
method. The main interest is to model the fading process of these objects and, in particular, to

analyse how the size of the population decreases.

The classical death process is a model describing this type of phenomena and, its linear version
is analysed in Bailey (1964), page 90. The most interesting feature of the extinguishing population
is the probability distribution

ou(t) = Pr{M(t) = k | M(0) =no}, ¢>0,0<k<no, (3.1)

where M (t), t > 0 is the point process representing the size of the population at time ¢. If the death
rates are proportional to the population size, the process is called linear and the probabilities (3.1)

are solutions to the initial-value problem

Lok(t) = p(k + 1)prsa(t) — pkpx(t), 0 <k < no,

1, k= no, (3.2)
pr(0) =
0, 0<k < ny,
With ppg+1(t) = 0.
The distribution satisfying (3.2) is
Mo\ _pukt —ut\o—k
pk(t):<k>e” (1—6#) , nggno (33)

The equations (3.2) are based on the fact that the death rate of each component of the population

is proportional to the number of existing individuals.

In the nonlinear case, where the death rates are pg, 0 < k < ng, equations (3.2) must be
replaced by
#Pe(t) = pr1pera(t) — ppr(t), 0 <k < no,
1, k=no, (3.4)

pr(0) =
0, 0<FEk < no.

In this chapter we consider fractional versions of the processes described above, where fraction-
ality is obtained by substitution of the integer-order derivatives appearing in (3.2) and (3.4), with

the fractional derivative called Caputo or Dzhrbashyan—Caputo derivative, defined as follows

t !
& F(t) _ 1 f'(s) ds. 0
= , <v<l,
dt I'(1-v) /0 (t — S)V (35)

78, v=1.

The main advantage of the Dzhrbashyan—Caputo fractional derivative over the usual Riemann-

Liouville fractional derivatives is that the former requires only integer-order derivatives in the

initial conditions.

The fractional derivative operator is vastly present in the physical and mathematical literature.

It appears for example in generalisations of diffusion-type differential equations (see Wyss (1986),
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Schneider and Wyss (1988), Nigmatullin (1986) and Mainardi (1996)), hyperbolic equations such
as telegraph equation (see Orsingher and Beghin (2004)), reaction-diffusion equations (see Saxena
et al. (2006)), or in the study of continuous time random walks (CTRW) scaling limits (see Bening
et al. (2007), Meerschaert et al. (2002)). Fractional calculus has also been considered by some
authors to describe cahotic Hamiltonian dynamics in low dimensional systems (see e.g. Zaslavsky
(1994), Saichev and Zaslavsky (1997), Saxena et al. (2002), Saxena et al. (2004a) and Saxena et al.
(2004b)). For a complete review of fractional kinetics the reader can consult Zaslavsky (2002) or
the book by Zaslavsky (2006). In the literature are also present fractional generalisations of point
processes, such as the Poisson process (see Repin and Saichev (2000), Laskin (2003), Mainardi and
Gorenflo (2004), Cahoy (2007), Uchaikin and Sibatov (2008) and Beghin and Orsingher (2009b))
and the birth and birth-death processes (see Uchaikin et al. (2008), Orsingher and Polito (2010),
Orsingher and Polito (2011)). Fractional models are also used in other fields, for example finance
(Meerschaert and Scalas (2006), Scalas et al. (2000)).

The population size is governed by
Loon(t) = prr1op11(t) — prpr(t), 0 <k <no,

1, k= No, (36)
0, 0<k<mng,

px(0) =

and is denoted by M¥(¢t), t > 0.

Let us assume that a crack has the form of a process T3, (¢), t > 0. For v = 1/2, this coincides
with a reflecting Brownian motion and has been described and derived in Chudnovsky and Kunin
(1987). For v # 1/2, the process T2, (t), t > 0, can be identified with a stable process (see for
details on this point Orsingher and Beghin (2009)). The ensemble of ng particles moves on the
fracture and, at the same time, undergoes a decaying process which respects the same probabilistic

rules of the usual death process. For the number of existing particles, we have therefore

o
PO = [ puloPr (T (t) € i} (3.7)
0
We observe that
Pr{T2,(t) € ds} = q(s,t)ds, (3.8)
is a solution to
2v 2

atﬁq(sat) = @q(sit)) s> 01 t> 07 (39)

with the necessary initial conditions. Furthermore we recall that
o0 v
/ e “tq(s,t)dt = 2" te™% ¢, z>0,s>0. (3.10)
0

The distribution g(s,t) is also a solution to
14

otv

0
q(S,t) = _Eq(sﬂf)) s> 01 (311)

as can be ascertained directly. If we take the fractional derivative in (3.7) we get

G0 = [ o) g PriTate) € ds) (5.12)

=— /(;OO pk(s)%q(s,t)ds
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~as (o)l + [ e g(o, s

/ [ i(5) + is1prra(s)] a(s, t)ds
0
= —prPr () + pr1Pky1 (1)

This shows that replacing the time derivative with the fractional derivative corresponds to consid-

ering a death process (annihilating process) on particles displacing on a crack.

We now give some details about (3.11). By taking the Laplace transform of both members of

(3.11) we have that
oo ay a o0
—zt _ _ —zt
/0 e o g(s,t)dt = B </o e q(s,t)dt) (3.13)

Furthermore,

oo Fod S
/ et 2 _q(s, t)dt = 2 / e q(s, t)dt — 2 q(s,0) (3.14)
0 ot 0

— v (zu—le—sz"> — 2 15(s),

and therefore, for s > 0, this establishes that g(s,t) solves equation (3.11). We note that a gas
particle moving on a fracture has inspired to different authors the iterated Brownian motion (see
DeBlassie (2004)).

The distribution
pn(t) =Pr{M”(t) = k| M”(0) = no}, 0 <k < mny, (3.15)

is obtained explicitly and reads

Et/,l(_,u'noty)y k= No,
no N By (—pmt”
i M‘ZM, 0< k< no,
v =kl m=k Mp — K
Pr(t) = hl;[k ( m) (3.16)
h#m
no no
1- <“") Byi(—pimt’), k=0, ng> 1.
m=1 h=1 Mh — Hm
h#m

Obviously, for £k =0, ng = 1,
po(t) = 1= BEy1(—pit”). (3.17)

The Mittag-Lefler functions appearing in (3.16) are defined as

o0 h

T
E, = R, v,7>0. 3.18
(@) T (vh +7) Te nr (3.18)

For v = v =1, E;1(z) = e® and formulae (3.16) provide the explicit distribution of the classical

nonlinear death process.

For up = ku the distribution of the fractional linear death process can be obtained either

directly by solving the Cauchy problem (3.6) with ux = k - 4 and pp,+1(t) = 0, or by specialising
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(3.16) resulting in the following form

o= (7) 3 (" )0 Buath+ ), (3.19)

r
r=0

A technical tool necessary for our manipulations is the Laplace transform of Mittag—Leffler
functions which we write here for the sake of completeness:
2V

* —ztyy—1 v _ 1
/O B, (£ = S () > (ol (3.20)

Another special case is the so-called fractional sublinear death process (for sublinear birth
processes consult Donnelly et al. (1993)) where the death rates have the form p; = pu(ng+1—k).
In the sublinear process, the annihilation of particles or individuals accelerates with decreasing

population size.

The distribution g% (t), 0 < k < ng of the fractional sublinear death process ¥ (t), t > 0, is
strictly related to that of the fractional linear birth process N¥(t), t > O (see, for details on this
point, Orsingher and Polito (2010)):

Pr {M¥(t) = 0| M*(0) = no} = Pr{N*(t) > no | N*(0) = 1} . (3.21)

In general, the connection between the fractional sublinear death process and the fractional linear

birth process is expressed by the relation
Pr{OM"(t) =ne — (k —1) | M"(0) = no} (3.22)
=Pr{N"(t) =k | N”(0) = 1}, 1<k <ng.

This shows a sort of symmetry in the evolution of fractional linear birth and fractional sublinear

death processes.

For all fractional processes considered in this chapter, a subordination relationship holds. In

particular, for the fractional linear death process we can write that
MY (t) = M(T2, (1)), O<vr<l,t>0, (3.23)
where T5, (t) is a process for which
Pr{Ts,(t) € ds} = q(s,t)ds, (3.24)

is a solution to the following Cauchy problem (see Beghin and Orsingher (2009a))

2v

Zea(st) = Zxa(s,t), t>0,5>0,
Zals,t)],_, =0, (3.25)
Q(S:O):é(s)v 0<rv <,

with the additional initial condition

q:(s,0) =0, 1/2<v <1 (3.26)

In equation (3.23), M(t), t > 0, represents the classical linear death process. Subordination
relations of this type are extensively treated in Orsingher and Beghin (2009) and Kolokoltsov
(2009).

We also show that all the fractional death processes considered below can be viewed as classical

death processes with rate u - Z, where = is a Wright-distributed random variable.
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Figure 3.1: Plot of p)"(¢) (in black) and p}, (¢) (in grey), both with ny = 10.

3.2 The fractional linear death process and its properties

In this section we derive the distribution of the fractional linear death process as well as some

interesting related properties and interpretations.

Theorem 3.2.1. The distribution of the fractional linear death process M¥(t), t > 0 with ng

wnitral individuals and death rates puy = p - k, is given by

pi(t) = Pr{M"(t) = k| M*(0) = no} (3.27)
no—k _
- (T;;:O) Z <nOT k) (_1)TEV,1(—(k+T‘)/,LtV),

where 0 < k < mng, t >0 and v € (0,1]. The function E, 1(z) ts the Mittag—Leffler function
previously defined in (3.18).

Proof. The state probability p;, (t), t > 0 is readily obtained by applying the Laplace transform
to equation (3.6), with ux = p - k, and then transforming back the results, thus yielding

P (t) = By 1(—nout”), t>0,ve(01] (3.28)

When k = ng — 1, in order to solve the related differential equation, we can write

v—1

~ (o = 1)L {Png-1} (2) (3.29)
1 _ 1
2V +nou z¥+ (ng—1)u

& E{pnol}(z):noz"l( ! ! )

2V 4+ (no+ p  2¥ + nop

2" L{pn,-1}(2) = #nom

& L{pn-1}(2) = pnoz" "

By inverting equation (3.29), we readily obtain that

Pro—1(t) = 10 (By1(=(no — ut”) — By 1(—nopt”)) . (3.30)
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Figure 3.2: Plot of p;;

ng—1

(£) (in black) and pp,_4(t) (in grey). Here ng = 10.

For general values of k, with 0 < k& < ng, we must solve the following Cauchy problem:
dl/

o =ute () (3:31)

no—k—1
x Z <n0 o 1) (—1)"Ey1(—(k + 1+ r)ut”) — pkpk(t),

subject to the initial condition pg(0) = 0 and with v € (0,1]. The solution can be found by

resorting to the Laplace transform, as we see in the following.

L3 :) =tk + 1), ) (3:32)

’I‘Lg*k

X

Y g —k—1 , zvt
() e - R )

r=0

The Laplace transform £ {px} (2) can thus be written as

L{pi} () o
_ (f;) f;_ (”:;1’“) (~1)2 ( - s o r)u>
_ (’;) zj (”Oj‘ ’“) (—1y 1z ( K P (11 +j)u>
- (%) zj (v s
L HE=
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no\ = (ng — k : vt n vt
-(0) 2 () rsmmmm e (3)
k 7 2V +(k+J)u k)zv+ku
no—k v—1
g ng —k : z
= . _1 J —_— .
<k>z( J >( )z”+(k+1)u

O

By taking now the tnverse Laplace transform of (3.33), we obtain the claimed result (3.19).

Remark 3.2.1. When v = 1, equation (3.19) eastly reduces to the distribution of the classical

linear death process, 1.e.

pr(t) = (T:’) e hut (1 — e rtyoTF t>0,0<k<ne. (3.34)

In the following theorem we give a proof of an interesting subordination relation.
Theorem 3.2.2. The fractional linear death process M*(t), t > 0 can be represented as
MY ()2 M(To(t)),  t>0,v€(0,1], (3.35)

where M(t), t > 0 is the classical linear death process (see e.g. Bailey (1964), page 90) and
Tou(t), t > 0, is a random time process whose one-dimensional distribution coincides with
the folded solution to the following fractional diffusion equation

2 a(s,t) = Zoq(s,t), t>0,ve(01],
q(s,0) = &(s),

with the additional condition ¢(s,0) =0 «f v € (1/2,1] (see Beghin and Orsingher (2009a)).

(3.36)

Proof. By evaluating the Laplace transform of the generating function of the fractional linear
death process M”(t), t > 0, we obtain that

" e (u, 1)t (3.37)
I
_ /0oo et :; u* <’;°> TZ: ("Or_ "’) (=1)" By (— (k + r)ut*)dt

W (%) 5 (" e
5 k) = r 2V +(k+7)u
ngfk
Z (nO - k) (_1)rzu—1e—s(z"+(k+r),u)ds
o e no —k r —s(k+r)p
k Z . (=1)"e ds

)
TR
- /0oo e = vl { . (’;")e“sk nzk (n°r_ k)(—l)’e"“} ds
(B (2)
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_ / ot / “iukpr{M(s)=k}fT2V(s,t)dsdt
=0

:/oo {ZukPr{M(TQV(t)):k}}dt

k=0

and this is sufficient to prove that (3.35) holds. Note that we used two facts. The first one is that
/ et fp, (s,t)dt = 2" te %%, s>0,z>0, (3.38)
0

is the Laplace transform of the solution to (3.36). The second fact is that the Laplace transform
of the Mittag—Leffler function is

v—1

& z
/0 e *'E, 1 (—0t")dt = e (3.39)

O

In figures 3.1 and 3.2, we compare the behaviour of the fractional probabilities pg'g (t) and
P97, (t) with their classical counterparts p;, (¢) and p;, _;(t), t > 0. What emerges from the
inspection of both figures is that, for large values of ¢, the probabilities, in the fractional case,
decrease more slowly than p;, (¢) and p},,_;(t). The probability pno 1(t), increases initially faster

than p} ,(t), but after a certain time lapse, p},, ;(t) dominates p%” ,(¢).

Remark 3.2.2. For v =1/2, in view of the integral representation

29

2 oo
E. (z)= T/ emw W gy z €R, (3.40)
0

we extract from (3.19) that

no—k
1 2 ° 2 (n 2 ng — k r o owlktr)uts
pﬁ(t):ﬁ/o e (k") > ( OT )(—1) e 2wlktriut (3.41)

r=0
[e%) _3’2
e 4 4
= —— dy = Pr{M(|B(t =k y
| ety = Priy(B) - 1)
where B(t), t > 0 is a Brownian motion with volatility equal to 2.

Remark 3.2.3. We can interpret formula (3.19) in an alternative way, as follows. For each

integer k € [0,nq] we have that
pL(t) = Pr{M"(t) = k| M”(0) = ng} (3.42)

/ §)Pr{Ts, (t) € ds}

n no ¥ ine—k o0
k r 0
n no ¥ ine—k o0
k T 0
no k _k o
) (k) ( Yoo [ -
0

| W (P (M) = | Me(0) = mo)
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where W_, 1_,(—£) is the Wright function defined as

W—u,l—u(_g) = ; T (1 (__52: + 1))) O<v <L (343)

We therefore obtain an interpretation in terms of a classical linear death process Mz(t), t > 0
evaluated on a new time scale and with random rate u - =, where Z 1s a random variable,
¢ € RT, with Wright density

fa(§) = W_p1-0(=6), £eR". (3.44)

From equation (3.6) with ux = k - u, the related fractional differential equation governing the
probability generating function, can be easily obtained, leading to

g:,, G (u,t) = —pu(u — 1)6%G”(u,t), v e (0,1],

(3.45)
GY(u,0) = u™o
From this, and by considering that EM¥(¢) = %G" (u, t)|u:1, we obtain that
LSEMY(t) = —uEM*(t), v € (0,1],
LM (1) = ~uEMY(t), v € (0,1) 5.46)
EMY(t) = no.
Equation (3.46) is easily solved by means of the Laplace transforms, yielding
EMY(t) = noE, 1 (—ut”), t >0, ve(01] (3.47)
Remark 3.2.4. The mean value EM*(t) can also be directly calculated.
EM?(t Z koY (t) (3.48)

_ Zk@f) i( k’“) )R B, (~rut”)

_ Z Bya(—rut’)(=1)" krl k (”°> (”0 _kk> (—1)*

_ Z By (—rut”)(~1)"ng (7:(’__11) s (Z - i) (—1)F
=noE, 1 (—ut").

This last step in (3.48) holds because

—

r—

Z(Z_l)— :Z(r—1> 1y ;1, r=1, 5.45)

k=1 k=0 , r > 1.

3.3 Related models

In this section we present two models which are related to the fractional linear death process. The
first one is its natural generalisation to the nonlinear case i.e. we consider death rates in the form
tr > 0, 0 < k < np. The second one is a sublinear process (see Donnelly et al. (1993)), namely
with death rates in the form py = pu(no + 1 — k); the death rates are thus an increasing sequence

as the number of individuals in the population decreases towards zero.
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3.3.1 Generalisation to the nonlinear case

Let us denote by M*(¢t), ¢ > 0 the random number of components of a nonlinear fractional death

process with death rates ux >0, 0 < k < ng.

The state probabilities p(t) = Pr{M”(t) =k | M¥(0) =no}, t > 0,0 < k < ng, v € (0,1] are
governed by the following difference-differential equations

Lopi(t) = rr1pe41(t) — prpr(t), 0 <k < ng,

£op0(t) = papa(t), k=0,

a7 Pro(t) = —ing Py (1), k = no, (3.50)
07 0 S k < no,

px(0) =
1, k= ng.

The fractional derivatives appearing in (3.50) provide the system with a global memory; i.e. the
evolution of the state probabilities p}(t), t > 0, is influenced by the past, as definition (3.5) shows.
This is a major difference with the classical nonlinear (and, of course, linear and sublinear) death

processes, and reverberates in the slowly decaying structure of probabilities extracted from (3.50).

In the nonlinear process, the dependence of death rates from the size of the population is
arbitrary, and this explains the complicated structure of the probabilities obtained. Further gen-
eralisation can be considered by assuming that the death rates depend on ¢ (non-homogeneous,

nonlinear death process).

We outline here the evaluation of the probabilities p%(t), t > 0, 0 < k < ng, which can be
obtained, as in the linear case, by means of a recursive procedure (similar to that implemented in
Orsingher and Polito (2010) for the fractional linear birth process).

Let K = ng. By means of the Laplace transform applied to equation (3.50) we immediately
obtain that

Pro () = By1 (= pinot"). (3.51)
When k£ =ng — 1 we get
zvfl
2" L{ph,—1}(2) = —pno—1L{Pro—1} (2) + bing 5 (3.52)
Z2¥ + png
zv~1 1
& LY = .
{pnoil} (Z) Hno ¥ + Hng ¥ + Hng—1
1 1 1
e L{ph _ 2) = pp 2" 71 { _ ]
{P ° 1}( ) Hino z2Y + lng 2¥ 4+ fng—1] Hng—1 — Hng
At p‘lV/IO*l(t) = Hno {Ev,l(_p‘ngtu) - Eu,l(_,u'noltu)}~
Hng—1 — Hng

For k = ng — 2 we obtain in the same way that

L 2} () (3.53)

v—1 v—1

/J'no/J'no—l { z _ VA :|
Hng—1 = Mng z¥ + Hng z¥ + Hng—1

= —png—2L{ph, 2} (2) +
so that

i, 2} (2) (3.54)
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_ _HnoHno—1 -1 |: 1 _ 1 :| 1
Hro—1 — Hng Z¥ 4 lng Z2¥ 4 png—1] 2¥ + png—2

_ _Hnobno1 oy K 1 1 ) 1
Hnog—1 — Hng 2V 4 fhng  Z¥ F png—2 ) Hng—2 — Mng

(i 7)o o]
zv + Krng—1 zZv + Hnog—2 Hng—2 = Mng—1 .
By inverting the Laplace transform we readily arrive at the following result

Ev,l(_:unotu)

Pro—2(t) = Bnobno—1 [(uno_l T (3.55)
i Eu,l(_/ingf2ty) _ Et/,l(_/-‘noflty)
(/‘I’no*l - :u‘no)(:u‘n()*Q - :u‘no) (:u‘n()*l - :u‘no)(:u‘nO*Q - :U‘n()*l)
Et/,l(_/d'nofztu) ]
(/J‘"D—l - /J’no)(/J'no—Q - /J'ng—l)

EV,l(_/“notV)
Fing—1 = Hng) (Bng—2 — Hing)
+ Eu,l(_l"no—2tv) ( 1 _ 1 )
(Bng—1 = Bng) \HMno—2 — Mno—1  Hno—2 — Hno
_ EV,l(_Nno—ltV) ]
(Bno—1 = Hno)(Bno—2 — Hno—1)

= HnoMny—1 |:(

EI/,l(_/J"notV)
Hrng—1 — /J'no)(/J'ng—Q - /-1‘710)
Et/,l(_ﬂnofztu) Ev,l(_/v‘ngfltv) :|

= HnoMny—1 |:(

(Bno—2 = Hng—1)(Bno—2 — Bng)  (Kno—1 — Hng)(Kno—2 — Kng—1)

The structure of the state probabilities for arbitrary values of k = ng — [, 0 <[ < ng, can now

be easily obtained. The proof follows the lines of the derivation of the state probabilities for the
fractional nonlinear pure birth process adopted in Theorem 2.1 in Orsingher and Polito (2010).
We have that

-1 L Bya(—tng-mt”
HO/J’nofj Z 1 V,l( Hno—m ) ) 1< I < No,
v J]= m=0 —
Phoi(t) = L1 (Hno—n = fino—m) (3.56)
h#
By (—pnot”), 1=0.

By means of some changes of indices, formula (3.56) can also be written as

no N By (—pmt”
H /‘I'J'ZM’ 0 < k < ng,
IR m=k [T (un — pim)
v h=k
Pr(t) = hfm (3.57)
E,,,l(—,unot”), k = Ngo.

For the extinction probability, we have to solve the following initial value problem:

no .
%Po(t) = ﬁ i Z M, ng > 1,
772 m=1 ] (4 — pm)
=y (3.58)
22 po(t) = p1 By 1 (—pit”), ng =1,
po(0) =0, ng > 1.
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When ng > 1, starting from (3.58) and by resorting to the Laplace transform once again, we have

that
y no 0 1 21
L5} (2) =Tl 15 Y — o (3.59)
=hom= 11 (e = ) "

h;ém

The inverse Laplace transform of (3.59) leads to

Py (t f;[ Z

- t* By yir (—pimt”) (3.60)
H (Bn — Hm)
h;zm

h=1
h#m
o no u no no U
- )2 () B
= Z - Hm )
m=1 h=1 <'uh_/“tm m=1p=1 \FhTH
h#m h#m
- ﬁ Hn
=1- < ) Eu,l(_ﬂ'mt )
m=1 p=1 \Hh T Hm
h#m

Note that, in the last step, we used the following fact:

Z H (#h _#m) =1. (3.61)

m=1 h=1
h#m

This can be ascertained by observing that

H (pp — ) =det A = Z ay ;( 7+1M1n1 g (3.62)
1<h<I<ng
where
1 1 .. 1
K1 K2 <o Hng

2 2 2

A= uy J7Es R - (3.63)
N

is a Vandermonde matrix and Min, ; is the determinant of the matrix resulting from A by removing
the first row and the j-th column.

When ng = 1 we obtain

z*l

L{pt}(2) = 3.64
Lo} () = m o (364

so that the inverse Laplace transform can be written as
po(t) = p1t” Bypi1(—pat”) (3.65)

=1—-E,1(—pt”).
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We can therefore summarise the results obtained as follows:

"0 o~ Bua(—pmt”)
- m=k — Um
pU(t) = 11 (kn = pm) (3.66)

h;rn
Eu,l(_#ngty); k= Nog, No Z 1,

and

no no
1->" 1] (“”) By (—pmt”), 7m0 > 1,

po(t) = M=l b2l Hn  Hom (3.67)
1-— El/,l(_/.llltv), Nng = 1.

3.3.2 A fractional sublinear death process

We consider in this section the process where the infinitesimal death probabilities have the form
Pr{I(t,t + dt] = —1 | M(t) = k} = p(no + 1 — k)dt + o(dt), (3.68)
where ng is the initial number of individuals in the population. The state probabilities
pr(t) = Pr{M(t) = k| M(0) =no},  0<k < no, (3.69)
satisfy the equations

2 o(t) = —u(no + 1 — k)pr(t) + pw(no — k)prs1(t), 1<k <ng,

d

Gt00(t) = pnop1(t), k=0, (3.70)
1, k = Ny,

pr(0) =
0, 0<k< no.

In this model the death rate increases with decreasing population size.

The probabilities g} (t) = Pr {9 (t) = k | MM¥(0) = no} of the fractional version of this process

are governed by the equations

%Pk(t) = —p(no +1—k)px(t) + u(no — k)prr1(t), 1<k < ng,

4 00(t) = pnopi(t), k=0,
a0 (t) = pnop1(t) (3.71)
1) k= 70,
or(0) =
0, 0<k<ngp.
We first observe that the solution to the Cauchy problem
dl/
W&Ono (t) = —HKBn, (t)v (372)
60710(0) = 17
is p,”m(t) =E,1(—ut"), t > 0.
In order to solve the equation
& Pno—1(t) = —2Upne—1(t) + pBy 1 (—pt"),
a7 no—1(t) pgono—1(t) + pBy,1 (—pt”) (3.73)

pno—l(o) - 01
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Figure 3.3: Plot of p%7(t) (in black) and 2(t) (in grey), with ng = 2.

we resort to the Laplace transform and obtain that

L4k = pz""! - 3.74
{8, 1} (2) = uz 7 1h i (3.74)
- z”+/.z_z”+2,u)'
By inverting (3.74) we extract the following result
Pro-1(t) = By (—pt”) — By 1 (—2ut”). (3.75)
By the same technique we solve
7 no-2(t) = —3Hpong2(t) + 24 [By1 (—pt") — By (—2ut")], (5.76)
6071/072(0) = 01
thus obtaining
L{ph o} (z)=2uz""" L _ (3.77)
mo— 2V +u zZ¥+2u| zv + 3u
1 1 1 1 1
= 2uz - — —
ZV+u zv+3u 2V 4+2u 2V +3u) p
Zu—l zu—l 2
p— — + .
2V 4+ u 2V + 2 z¥ +3u
In light of (3.77), we infer that
Pno—2(t) = Bu,1(—put”) — 2B, 1(—2ut") + Ey,1 (—3ut”). (3.78)
For all 1 < ng —m < ng, by similar calculations, we arrive at the general result
" /m
pzo*m :Z (l )(_1)IEV,1 (_ (l+1)/‘1'ty)7 1 SnO_m Sno- (379)

=0
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Figure 3.4: Plot of p%7_,(¢) (in black) and %7, (t) (in grey), with ng = 2.

Introducing the notation ng — m = k, we rewrite the state probabilities (3.79) in the following

manner

no k
-k
o=y () ) B e, 1<k<ne
=0

For the extinction probability we must solve the following Cauchy problem
awo(t) = o 351% (") (< 1) Bu (= (14 1) ),
$0(0) = 0.

The Laplace transform of (3.81) yields

et =m S ()0 ey

v—1

The inverse Laplace transform can be written down as
ol g —1
0—
= - (™ e

The integral appearing in (3.83) can be suitably evaluated as follows

/0 By (—(1+ 1)ps”) (t — )7

— = ( (l+1) )m ’ vm(s _ \w—1
_mX:OF(Vﬂl—Fl)/O s¥(t — s)" ds
= (1 + Dp)m #mFOT () (vm + 1)
_Z T(vm + ) Flvm+v+1)

() o~ (= + u)m
ETE) 01“ v(m+1)+1)
(
l

ey [ (= (0 + 1)ut”) — 1]

w1 (—(L+ D)us®) (t — s)” tds.

(3.80)

(3.81)

(3.82)

(3.83)

(3.84)
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By inserting result (3.84) into (3.83), we obtain

no—1 . I+1
) ="o Z ( i 1) lir)l [Byi (= (0 + 1)pt”) — 1] (3.85)

ngl

— Z (l n 1) DY B, (—(1+ Dut”) — 1]
) "“1 (n;) (1) Bua(bt') = 3 ("IO) (

Remark 3.3.1. We check that the probabilities (3.80) and (3.85) sum up to unity. We start

by analysing the following sum:

no ng no—=k .
e =3 3 (") ") 1B+ D), (3.86)
k=1 k=1 =0

In order to evaluate (3.86), we resort to the Laplace transform

2V 1 no no—k ng —
Zﬁ{m} Z > ( ) )’m. (3.87)

k=1 1=0

By using formula (6) of Kirschenhofer (1996) (see also Graham et al. (1994), formula
(5.41), page 188), we obtain that

ng , _Zu—l 0 F(no—k+1)
;ﬁ{m}@)_ L ;(Z;+1) (%+2)_“<%+1+n0_k) (3.88)
v 1 F(%+1)
7 I‘(%+1+no—k)
v—1 "o

z Lo
Z/ e (1 —z) Fd
K 0

F(no—k+1)

k=1

k=1
P
= / zr T [1—(1—2)"]dz
K Jo
1 Zu—l

1 v
=-- / 2% 11— z)™dz
0

z #
— v—1 o 2V
(cme=w) 1 _z / e VE (1—e )™ dy
2 K Jo
(]
Wzw) 1 v / eV (1— e %)™ du
2z 0

n
_1_ 2Vt 0 (no) (—1)* /°° e kR gy,
z k
k=0 0
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The inverse Laplace transform of (3.88) is therefore

Soet) =13 (77 ) (-1 Bua(-ukt’) (3.89)

k=1 k=0

By putting (3.85) and (3.89) together, we conclude that
no
PINAGESS (3.90)
k=0

as 1t should be.

Remark 3.3.2. We observe that, in the linear and sublinear death processes, the extinction
probabilities coincide. This implies that although the state probabilities p(t) and p}(t) differ
for all 1 < k < ng, we have that

no no
PHOEDBNAGE (3.91)
k=1 k=1

This can be checked by performing the following sum

> L{pk(t)} (2) (3.92)
k=1

=S (0 (e s

k=1 r=0
_ zu—l no <n0> ngz—k <n0 . k) (_ )T 1
= 7
e LY r Wtk
n

:ﬁ 0 <n0> (ng — k)!
b=\ k (”+k)(%+k+1)...(%+no)
r

(no—k+1)r(%+k)

[ F<%+no+1)
zu—l /1 v no no
= (1—1:)7712 ( )m"o_k(l—m)kdx
K Jo 1 k
vt ot ¥
= / (1—z)% (1 —z")de
K Jo
]. Zy_l 1 Fid
=- - / ™ (1 —z)% ‘dz.
4 K Jo

This cotncides with the fourth-to-last step of (3.88) and therefore we can conclude that

no , no n , no ,

S0k == (7 ) (-1 Bua-uk) = Y- k(o) (399)
k=1 k=1 k=1

Mean value

Theorem 3.3.1. Consider the fractional sublinear death process MY (t), t > 0 defined above.
The probability generating function ®”(u,t) = Y% uFp¥(t), t > 0, |u| < 1, satisfies the
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following partial differential equation:

5
ot

1 o}
&Y (u,t) = pu(no + 1) (u — 1) [BY(u,t) — pg(t)] + p(u — l)a—uc’j”(u,t). (3.94)
subject to the wnitial condition &¥(u,0) = u™, for |u| <1, t > 0.

Proof. Starting from (3.71), we obtain that

&’ X
7 Z uF e (2) (3.95)
k=0
no ng—1
=—py uF(no+1-k)p(t) +p Y uF(no — k)pkia(t),
k=1 k=0
so that
61’ v v v 6 v
26" (wt) = — plno +1)[6" (w,0) ~ p5(0)] + pun 6 (u,1) (3.96)
/.I,(TLO + 1) v v _ i v
+ B0 e a,0) — ()] — oy (3, )

—uno +1) (£ 1) [07(w,1) = ()] + wlu— 1) 5,0 ()
O

Theorem 3.3.2. The mean number of indiwiduals EO”(t), t > 0 wn the fractional sublinear

death process, reads

o 1
EMY(t) =) (’;:Il >(—1)’“+1Ev,1(—/¢kt”), t>0,ve(01] (3.97)
k=1

Proof. From (3.94) and by considering that E9(t) = %Qﬁ”(u,t”
following initial value problem:

u_1» We directly arrive at the

LEM (t) = —p(no + 1) [1 — py(t)] + LEM (2),

(3.98)
EM*(0) = ng,
which can be solved by resorting to the Laplace transform, as follows:

vt =% (o e 2071 1
L {EM” (¢ = 1 -1 : 3.99
(0} () = no T o+ 1Y e L

Lv—1 no ng + 1 X av—1 av—1
= -1 - .
noZ”—u+z<k+1>( ) [z”—# 2¥ + pk

k=1

In (3.99), formula (3.85) must be considered. By inverting the Laplace transform we obtain that

EON (t) (3.100)
v e no +1 v v
= noB,1(pt") + ; ( k41 ) (—1)* (B (ut”) — By 1 (—kt”)]

no
v v ng+1
= naBa(ut) + Bualu) 3 (5 ) (-0
k=1
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) Z (Zojll) 1) By, (—pkt")

no
no+1 k+1 _ v

as desired. O

Remark 3.3.3. The mean value (3.97) can also be directly derived as follows.

EM (¢t Z kek (t) (3.101)

‘nok

_Zk Z <"0 ) (—1)' By 1 (—(1 + 1)pt”)

k=1 =1

ng no+1—1 n k
— 1 0~
= LU Ba-ue) ) k( z—1>

no+1-1
Ng — k B ng + 1
> k<1_1>_(l+1>. (3.102)
Indeed,

"oi*l "’(nlo__lk> -5 (no — k) (l f 1) (3.103)

k=1 k=l—-1
ng—l

k
k=l-1

I
f)
+
=
]

ng—1 ng—1
k E+1
Y

k=1—1 k=1—1

7o k no+1
:(n0+1)z(l ) zz< )

—1 k=i+1

)17
-1
I+1

The cructal step of (3.103) is justified by the following formula

31 i R P R iy B )

Figure 3.5 shows that in the sublinear case, the mean number of individuals in the population,

decays more slowly than in the linear case, as expected.

Note that (3.97) satisfies the initial condition E9(0) = ng. In order to check this, it is sufficient
to show that
no+1

S (o

r=2
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Time (arb.units)

Figure 3.5: Plot of EM?7(t) (in black) and E9N%7(¢) (in grey), no = 2.

no+1
No +-1 r No +-1
r=0
The details in (3.105) explain also the last step of (3.100).

Comparison of 9" (t) with the fractional linear death process M”(t) and the fractional
linear birth process N¥(t)

The distributions of the fractional linear and sublinear processes examined above display a be-
haviour which is illustrated in Table 3.1.

Table 3.1: State probabilities p%(¢) for the fractional linear death process M¥(t), t > 0, and g} (t)

for the fractional sublinear death process 9t (¢).
State Probabilities

g (t) = Bu,1(—pnot”)
©ne(t) = By, (—ut”)

Pro—1(t) = no [Bu,1(—(no — 1)ut”) — By a(—nout”)]
©no—1(t) = Bva(—pt”) — By, (—2ut”)

K@) = (7)) X0 () (~ 1) Bua (—(k + Dut®)

pz(t 1o " ("7 (=1) By (= (L+1) pt)

pY(t) = no 105 (™Y (— (—(1+ut)
eY) =707 (") (- ’Eul — (1) pt¥)
08 (1) =212 (") (1) B, (~1st")

#5(t) = 2120 () (—1) Bua(=1ut”)
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Table 3.2: Mean values for the fractional linear birth N¥(t), fractional linear death M*(t) and
fractional sublinear death 9”(¢) processes.

EN¥(t) = B, 1(At")
EMY(t) = noBy,1(—ut")

BV () = 300, ("0 (~1)FH By 1 (—pukt)

The most striking fact about the models dealt with above, is that the linear probabilities decay
faster than the corresponding sublinear ones, for small values of k; whereas, for large values of k,
the sublinear probabilities take over and the extinction probabilities in both cases coincide. The
reader should also compare the state probabilities of the death models examined here with those

of the fractional linear pure birth process (with birth rate A and one progenitor). These read

k
P =3 (50 )y B, k2 (3.106)

=

Note that p7(t) = E,,1(—At") is of the same form as g}, (t) = E,,1(—ut”). We now show that

> Pkt =1-> i) (3.107)
k=no+1 k=1

k=1 j=1 1-1
= = (k-1
S-S Baean L (50])
j=1 k=3
nog
=13 (-1 (’;)E L(~At)
7j=1

= (3.85) with A replacing u.

Note that in the above step we used formula (3.104).

By comparing formulae (3.4) of Orsingher and Polito (2010) and (3.80) above, we arrive at the
conclusion that (for A = p)

Pr{N"(t) = k | N*(0) = 1} (3.108)
k
= ; (lj _ i) (—1)7 1By (—)t")

=Pr{M"(t) =no+1—k|M(0) =ne}, 1<k < ng.

For k = 0 the probability of extinction corresponds to the probability of the event {NV(t) > ng}

for the fractional linear birth process.



Chapter 4

Fractional Linear Birth-Death

Processes

Summary

In this chapter we introduce and examine a fractional linear birth-death process M (t), t > 0,
whose fractionality is obtained by replacing the time-derivative with a fractional derivative in the
system of difference-differential equations governing the state probabilities p% (¢), ¢ > 0, k£ > 0. We
present a subordination relation connecting 9 (¢), ¢t > 0, with the classical birth-death process
N (t), t > 0, by means of the time process Ts, (t), t > 0, whose distribution is related to a time-
fractional diffusion equation. We obtain explicit formulae for the extinction probability pg (t),
and the state probabilities p% (t), t > 0, £ > 1, in the three relevant cases A > u, A < u, A = p
(where A and p are respectively the birth and the death rates) and discuss their behaviour in
specific situations. We highlight the connection of the fractional linear birth-death process with
the fractional pure birth process. Finally the mean values EN” (¢) and Var0t” (¢) are derived and

analysed.



4.1 Introduction 58

4.1 Introduction

In Chapter 2 (see also Orsingher and Polito (2010)) we constructed a fractional version of the pure
birth process A” (t),t > 0 (both in the general and in the linear case), by considering the fractional
equations governing their distributions. In this chapter we examine the linear birth-death process
MY (t), t > 0, where the state probabilities

pi () = Pr{90" (¢) = k| " (0) = 1}, (4.1)

are assumed to satisfy the fractional difference-differential equations

d’py (t)
dtv

withk>1,0<v <1.

== (A1) kpe (t) + A (k= 1) pr—s (8) + p (B + 1) prya (1), (4.2)

The fractional operator appearing in (4.2) is defined as

f) 1 ' &l ()
e _1"(1—1/)/0 ot 0<v<L, (4.3)
(), v=1.

The derivative (4.3) is usually called Caputo or Dzhrbashyan—Caputo fractional derivative and
differs from the classical Riemann-Liouville derivative by exchanging the integral and derivative
operators (see Podlubny (1999)). An advantage of Caputo over Riemann-Liouville is that Caputo
does not require fractional-order derivatives in the initial conditions which is good for practical

purposes. The positive parameters A and u are respectively the birth and death rates.

The exact distribution of the linear birth-death process reads (see Bailey (1964) page 91, Feller
(1968) page 454)

(A(1—eomy)*
(A — e~y FHE 7

Pi(8) = (A — ) emAmt k>1,t>0, p# A\ (4.4)

When A = p the distribution (4.4) is much simpler and takes the form

k—1
ph () = )

—W, t>0, kzl- (4.5)

The exact expressions for the extinction probabilities are

At

" A=p
1+ Xt '
pé (t) = lu — Me—t()\—,u,) (46)
A — ,ue*t()‘*ﬂ) A7 b
From (4.2) we can infer that the probability generating function of 9 (¢), ¢t > 0,
G, (u,t) = Eu™®), lu <1,0<v<1,t>0, (4.7)
satisfies the Cauchy problem
zG (u,t) = (A )( 1)£G (u,t) (0,1 <1
Bt” v u; - U—/.L u — 6u v u) ) Ve ) ]7 |’U.| = 4 (48)

G, (u,0) = u.
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We will show below that from (4.8) one can arrive at the subordination relation
N () 'L N(Th (1), t>0, (4.9)

where T, (t), t > 0, is the random time process whose distribution is obtained by folding the

solution of the following fractional diffusion equation

62uq azq
5 = 33 O<v<lz€eR,t>0, (4.10)
q(q;,O):(s(iL‘)-

The process 91(t) , ¢ > 0, found in (4.9), is the classical linear birth-death process whose distribution
is given in (4.4), (4.5) and (4.6). A relation similar to (4.9) holds also for the fractional pure birth
process (Orsingher and Polito (2010)) and the fractional Poisson process (Beghin and Orsingher
(2009b)). In this context it represents the main tool of our analysis and leads to a number of
interesting explicit distributions. We consider the subordinator related to (4.10) because the p.g.f.
of the distribution of (4.9) satisfies the simplest fractional equation generalising the classical one.

For the extinction probabilities of the fractional linear birth-death process we have the following

attractive formulas

—+o0
BoA—p AN vy
)\—Anlz_:l()\) B,y (=t (A—p)m), A>u,
v A=
pg (t) = _k—A A ¥ (y— (4.11)
0 1 S m; p E,i(—t" (u—X)m), X\<u,
“+o0
1—/ e By, 1 (—At"w) dw A=p.
0

fort >0,0<v <1,
The function E, g (z), appearing in (4.11) is the generalised Mittag—Leffler function, defined as
xm

+oo
E, =y — R, , . 4.12
5 (2) mz::oP(O‘erﬂ) zER, a>0, >0 (4.12)

From (4.11) we can easily retrieve the classical extinction probabilities (4.6) for v = 1 by holding
in mind that E; ; (z) = €*.

For the state distributions p% (¢), ¢ > 0, £ > 1 we have formulas similar to (4.11) but with a

more complicated structure.

B s e

=0

kS

-1

X (-n)" (k;1)E,,,1(—(l+r+1)()\—u)t”), A> o,

o= () () 56 9

x (AV(””)mJea+r+nm—Awﬂ,A<m

<

a1 pe () A
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Also from (4.13), for v = 1 one can reobtain the distributions (4.4), (4.5).

We will show below that the probabilities p% (), t > 0, k > 1, appearing in (4.13) are strictly
related to the distributions of the fractional linear pure birth process N¥(t), ¢ > 0, with an arbitrary
number of progenitors and a birth rate equal to A — p with A > y. In particular, we can extract
from the first of (4.13) that

Pr {0 (¢) = k| N (0) = 1} (4.14)

A —p S d
:A“; [<1+k(>\#—#)> Pr{Q:l}-l-%@Pr{g:l}
x PL{N" () =k +1| N (0) = 1 + 1},

where .

Pr{g=1}= (1 - g) (%) . 1>0, (4.15)
is a geometric law for the number of progenitors. We also note that the distribution (4.13), for
A = p can be expressed in terms of the extinction probability (4.11):

(_1)k—1 A\k—1 gk
Pr{M (¢t) =k} = Tw[k(l—l’r{‘ﬁ” (t) =0})], E>1,t>0. (4.16)
The extinction probability (4.11) can be viewed as being a suitable weighted mean of the waiting
times of the fractional Poisson process P} (), t > 0, for which it is well-known that (Beghin and
Orsingher (2009b))
Pr{?} (t) =0} = E,; (—At"), t > 0. (4.17)

The fractional linear birth-death process dealt with in this chapter, provides a generalisation
of the classical linear birth-death process and may well prove to be capable of modelling queues
in service systems, epidemics and the evolution populations under accelerating conditions. The
introduction of the fractional derivative furnishes the system with a global memory. Furthermore,
the qualitative features illustrated in the last section show that the fractional counterpart of the
linear birth-death process has a faster mean evolution (and variance expansion) as was pointed
out in similar fractional generalisations, e.g. for the Poisson process (see Cahoy (2007), Uchaikin
and Sibatov (2008), Laskin (2003) and Beghin and Orsingher (2009b)), for fractional branching
processes (Uchaikin et al. (2008)) and for pure birth processes (Orsingher and Polito (2010)).

4.2 The extinction probabilities

We begin this section by proving the subordination relation (4.9) which is interlaced with all the
distributional results of this chapter.

Theorem 4.2.1. The fractional linear birth-death process M (t), t > 0, can be represented
as
N (t) = N(Toy (t), t>0,0<v<1, (4.18)

where N (t), t > 0, s the classical linear birth-death process and Ty, (t), t > 0, is a ran-
dom process whose one-dimensional distribution coincides with the folded solution to the
fractional diffusion equation

82uq azq

7 = B2 O<v<1lz€eR, t>0, (4.19)
subject to the wnitial conditions q(z,0) =6 (z) for 0<v <1 and ¢ (2,0) =0 for 1/2 < v <1.
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Proof. The Laplace transform G, (u,z) = fooo e *tG, (u,t) dt, applied to the fractional p.d.e.

%Gy(u,t)z(Au—u)(u—l)%GV(u,t), 0<rv<l, (4.20)
G, (u,0)=u
yields
2°G, (u,2) — 2" u = u —p) (u—1) E%éy (u,2), 0<v<1,2>0 |u/<1. (421)
We now observe that
G, (u,2) = /O " eat li uFPr {0 (¢t) = k}] dt. (4.22)
k=0

u,z) = e zt E uk I r .)t S) = k}I r{jzt, t E ds}'\ dt 423

_ /Ooo et [/Ooo G (u,s)Pr{Ts, (t) € ds}] dt
_ /OooG(u,s) s

In the last step we applied the folded version of equation (3.3) in Orsingher and Beghin (2004) for
¢ = 1, that being therefore

/ e FPr{Ty, (t) € ds} = e %% 2" 1ds. (4.24)
0
We now show that (4.23) satisfies equation (4.21); by inserting the Laplace transform into (4.21)
we obtain
2 2v 7t / G(u,s)e " ds — 2" tu=(Au—p) (u—1)2z""" iG (u,s)e™**"ds.  (4.25)
0 o Ou
The inversion of the integral with 8/0u is justified because
8 k-1
‘auG Z kuk~1Pr {M(s) < Z EPr {M(s) = k} = EN(s) < co. (4.26)
Taking into account that G (u,t) satisfies the first-order p.d.e.
oG oG
s =(Au—p)(u—-1) M (4.27)
from (4.25), we have that
* 9 v
/ 2 ds —u = —G(u,s)e ** ds (4.28)
o Os

=0

=—-u+2z" / G (u,s)e ** ds.
0

This shows that (4.18) holds for the one-dimensional distributions. This concludes the proof of
theorem 4.2.1. O
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Remark 4.2.1. For v =1/2" n € N, the density fr,, of the random time Ty, appearing in

(4.18) becomes the probability density of an (n — 1)-iterated Brownian motion, i.e.

Pr{ﬂ% (t) € ds} = Pr{|B, (|32 (1B ()] -+)] )| € ds} (4.29)

“h1
4w1 e 4w2 oo e~

. ——dw,,
A A R M

as can easily be inferred from Theorem 2.1 in Orsingher and Beghin (2009). The differences

=ds2"

between (4.29) and its corresponding formula in the cited paper, is that here the diffusion

coefficient is equal to 1.

In the following theorems we derive separately the three different expressions of the probability
of extinction in the cases A > u, A < p and A = u. We prefer to treat them separately because

their proofs are somewhat different.

Theorem 4.2.2. For a fractional linear birth-death process with rates A > u the probability

of extinction has the following form
P ()= Prin (i) =0y = & 2B (MY g (- ym),  (480)
m=1
fort>0,0<v <1, and where E, 1 (z) is the Mittag-Leffler function (4.12).

Proof. In light of the subordination relation (4.18) of Theorem 4.2.1 and by taking into account

the extinction probability of the classical linear birth-death process

— petA—w)
S e 2
Pr{N() =0} = § =g, 6> 0, (4.31)
we can write that
. +oo w— Ne*S(A*H)

for all ¢t > 0 and 0 < v < 1. By taking the Laplace transform of (4.32) we obtain that

/ ~ e #tPr {MN” (¢) = 0} dt (4.33)
0

The above steps are valid because 0 < (u/M)e **~#) < 1 for A\ > u. By keeping in mind the
Laplace transform of the Mittag-Lefler function E, ; (—zt”)

su—l

/ e St B, 1 (—zt")dt = (4.34)
0

sV +z’
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we readily arrive at the claimed result. O

Remark 4.2.2. When v = 1, from (4.30) we obtain the form of the eztinction probability
(4.31) for the classical birth-death model.

Prim(s) =0y = L2 Ff (5)" emormmme

m
N 4.
+4 (4.35)

_#—/\[ 1 1] #_#—A[ Re fOw

w uw— /_‘Le_tO‘_l")
P P e Y 1 BetOn)

+ A A —pet-n)’

A
From (4.32) forv =1, Pr{T,(t) € ds} =6 (s —t) and again we retrieve result (4.31).
Remark 4.2.3. From (4.30) we note that

Priow (t) = 0} "5 ‘A‘ Ve (0,1] (4.36)

which 1s the asymptotic extinction probability irrespective of the value of v.

Let us now deal with the case A < u, i.e. when the rate of birth is strictly lower than the rate
of death.

Theorem 4.2.3. For u > X the probability pg (t) = Pr{0M” (t) = 0} of complete extinction of
the population s

_ +oo m
0 =1-22 5 (2) B (-t a0y, (4.37)

m=1

wheret >0, 0<v <1 and B, (z) is the Mittag-Leffler function (4.12).

Proof. We start by rewriting (4.31) as

—t(u—A) _
Y 2
po(t) = by (4:38)
Using (4.18) we are able to write
+oo e—s(p—2) _
v pe 2
pg (t) = /0 PPy e— #Pr {T>, (t) € ds}. (4.39)
By applying the Laplace transform to (4.39) we obtain that
+oo L —s(u—A) _ too o—s(p—A) _ 1
v _ HE Moy —sz e v—1_—sz¥
Lg (2) —/O e N ds —/O Sy e EA ds (4.40)
M
+oo N +0o0o (5) m
s [T (e e 55 s
i Z

=0

+oo m  ptoo
A v
— ,v-1 n o o—s(p=X) —sz¥ —s(p—A)m
z E_ <#> /0 (1 e ) e e ds
v—1 = <>‘>m /+00 —s(p—A)m—sz” —s(p—A)(m+1)—sz”
=z E — e —e ds
0

n

= +(X;(/A1>711{(/L—A)17rz+z” _(M—A)("i“)*z"}
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={f G) o2 G) (u—x)lm}
R MO (e

bR Q) ]

- EC) e

m=1

By inverting (4.40) by means of (4.34) we retrieve formula (4.37). O

Remark 4.2.4. When v =1 from (4.37) we reobtain the extinction probability of the classical
birth-death process (4.38).

+ m
M= )‘:| ()‘> —(p—A)mt
= 2) e (4.41)
{ A — \ 4

B — 1 4
)\ 1 — 2e—(p—A)
u
)\ e~ Mu—A)t
< ) l e (u— A)t]
u
A
w

A om(=Nt _ \e=(k=Nt o~ (u-A)t

1+

A — A2 e—(u—A) T = 22— (uAt
“ b

1— e_(l"_A)t _ #e_t(l"_A) — U

1— %e—(l"—x)t - )\e*t(#*)‘) — /J,

Remark 4.2.5. Population eztinction in the long run is evident from (4.37) as
Pr{m” (t) =0} 251 (4.42)

due to the death rate exceeding the birth rate for all 0 < v < 1.

In the next theorem we treat the remaining case i.e. when u = A.

Theorem 4.2.4. For the fractional linear birth process, when the rate of birth equals the rate
of death (i.e. when X = u), the extinction probability pj (t) reads

Y +o0 +oo
pg (t) = —/ e YE,, (—wAt")dw =1- / e Y E,1 (—At"w) dw (4.43)
v Jo 0

witht >0, 0<v <1 and E,;(z) ts the Mittag-Leffler function (4.12).
Proof. Resorting again to (4.18) we write

+oo s
)= [ PriTu 0 eds). (4.44)

We now apply the Laplace transform once again thus obtaining

+o0 )\szu—le—z”s
Lg = —d 4.45
s = [ A (.45)
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400 400
= )\z”_l/ se % 5/ e~ ¥Ost D gy ds
0 0

—+o0 —+o0
= )\z"*l/ e*w/ se % TN s du
0 0

=s(z¥+ 2w Foo Foo d
(y=s(z"+2w)) ,\z”*l/ e,w/ Y v W
0 o 2+ Aw zZ¥ + dw

“+oo v—1
1
= )\/ e v B dw.
0

2V + 2w zZYV 4+ dw

By inverting the Laplace transform we obtain the integral form

+oo t
pg (t) = )\/ e ™ / v E,, (—wAu¥) By (—wA (t — w)”) du dw, (4.46)
0 0

which involves convolutions of generalised Mittag-Leffler functions E, g (t), defined, for example
in Podlubny (1999), page 17, equation (1.56). The inner integral in (4.46) can be worked out
explicitly as follows

t
[ w7 B (—wd) By (—wa (¢ = )") du (4.47)
0
— i i (—w)\)m (_w)\)r /t uy—luym (t _ u)l/‘r d'U.
m:Or:OF(Vm+V)P(VT+1) 0
— i i (—w)\)m+r hv(mtn) Fyvm+v)T'(vr+1)
m:Or:OF(Vm+V)F(VT+1) Tv(m+r)+v+1)
(mAr=n) e (_w>‘)n trtvn viun
mz::()n;nl"(un—ku+1 Zpyn+y+1) (n+1)

N (—wath)” tv
_ Zwi):;zw(—ww).

The extinction probability now reads

AtV [0
po (1) = > / e By, (—wAt’) dw. (4.48)
0
Using the following relation
d 1
2B (z)= ~E,, (z), 4.4
L Buop (@) = 2B (2) (1.49)
the extinction probability (4.48) takes the alternative form (4.43), because
—wAtV= AtY *°
w6 T 2 [ B et ay (450
0
/ By, (v) et dy =) / v (y) dy
=1- e B, (y)dy (v :_MV) 1—/00 e YE, 1 (—\t'w) dw.
Atl/ _ ’ 0 ’
This concludes the proof of (4.43). O

Remark 4.2.6. From (4.43), when v =1, again we retrieve the classical form

At
po(t) = Nl (4.51)

as expected.
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Remark 4.2.7. The limiting extinction probability when u = X s

t—+oo

Pr{M (t)=0} — 1 (4.52)
for all values of 0 < v < 1.

Remark 4.2.8. The last expression in (4.43) s in some way similar to the Riemann limat
for u— X of (4.30) and (4.37).

Remark 4.2.9. We can rewrite the probabilities (4.11) in an alternative form which permats

us to give an interesting interpretation to their structure.

For the case A > y we can write
o =L 1= 228 S (Y g e (- ym) (453)
0 A p) p) ’

:% [1— ZPr{g:m|ng}EV’l(_tu()\_#)m)],

m=1

where G 1s a geometric r.v. with distribution

Pr(G = A— m A
Pr(G=m|Gg>1)= P:((g >T)) - A“ (%) Loom2l (4.54)

The treatment of the opposite case A < u is simular except that a different conditional

geometric r.v. G' must be introduced, defined as

Pr(g'=m| g >1)= % <2) “T_A m 2> 1, (4.55)

and thus

Py (t) =1 Pr(¢'=m|G' >1) B, (~t" (n—A)m)). (4.56)

m=1

A well-known property for a fractional Poisson process 5 (t),t > 0, of degree 0 < v <1
and parameter X > 0 s that (Beghin and Orsingher (2009b))

Pr{#4(t) = 0} = By1 (—t°)) = Pr(T, > 1) (4.57)

where T, = inf (s: PY (s) = 1). This permits us to rewrite the extinction probabilities also in

terms of waiting times of a fractional Poisson process with a random rate AG.

For the case A = u the interpretation s straightforward because the waiting time of the
related fractional Poisson process has a rate A\E where € s an exponentially distributed r.v.

with parameter equal to 1.

Remark 4.2.10. In the case u = A, it is well-known that the extinction probability in the

classtcal birth-death process, po (s), s > 0 satisfies the nonlinear Riccati differential equation
pp (8) + 220 () = A + Alpo ()] (4.58)

By using (4.58) we can provide an alternative proof for the subordination relation (4.18)

/000 po (8) Pr(Ty, () € ds) + 2Apg () = A+ A /000 [po (s)]z Pr(Ty, (t) € ds) (4.59)
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(o] oo 2.2
@/ APr(Tzu()EdS)+2>\pg(t):)\+>\/ %Pr(TQ,,(t)eds)
(14 As)? o (14 Xs)
)\22
o / A=) b (T (8) € ds) = A — 295 (1)
1+)\s
@/wl_A Pr(Ty, (t) € ds) =1 — 2p} (t)
o l+as o 5= Po
<:>2V(t)—2/°o A pr (T (t) € ds)
Po a o l4+2As v
v [T Xs
<y (t)_/0 1+)\3PT(T2V(t)€dS). (4.60)

Remark 4.2.11. By ezploiting the subordination relation (4.18) and the fact that the extinc-
tion probability in the classical case satisfies the following integral equation

t t
po (t) = / e v ydy + / Ae” AFW o (¢ — )] du (4.61)
0 0

we can offer an integral form for p§ (t) as

Py (t) = /0 e { /O T e Ota)u pdu + /O T Ae—(ayu [bo (s — w)]? du} Pr{Ty, (t) €ds}. (4.62)

We note that the first integral of (4.62) can be worked out explicitly as follows

1
e ?t ~O v prlT dsydu|dt ="~ — " 4.63
“/ [/ / r{Tov (¢) € ds} du )\-i—,u+z” (4.63)
This can be directly inverted so as to obtain
[o's) s t
/ / e~ OFWu Yy PriTy, (t) € ds}du = ,u/ W' E,, (— (A 4 p)w) dw (4.64)
o Jo 0
P ()" p
= — = 1-E,1(—(A t)].
v Z:O(m—kl)l"(z/mﬁ-l/) )\+u[ SRS

4.3 The state probabilities

Here we present three theorems concerning the structure of the state probabilities Pr {0" (¢) = k},
t > 0, with 0 < v < 1. Three cases must be distinguished and treated separately as in section 4.2,
namely A > u, A < g and A = p.

Theorem 4.3.1. For the case A > pu, the state probabilities p% (t), k> 1,t>0,0<v <1 1in
the fractional linear birth-death process M (t), t > 0, have the following form

pr () (4.65)

:(A;“) ;(l“")( )Z:l ( 1)Ev,1(—(l+r+1)(>\—,u)t”).

Proof. By exploiting the subordination relation (4.18) and by conveniently rewriting the well-

known form of the state probabilities of the classical linear birth-death process, we have that

(1 _ e—(A—M)S)kfl
()\ _ #ei(xip‘)s)kJrl

pY (t) = (A — p)® AFL /O " e-O-ws Pr (Ts,(t) € ds). (4.66)
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By applying the Laplace transform we obtain

(1 _ e—(/\—u)S)kfl
A — #e*()‘*u)s)k+1

-1
_(k+1) 1 (K t —(k+1)

Z( l (=1) (X) A
. (k a 1) (_1)7‘ L1 /0~oo efsz"ef()\fu)slef()\fp,)sref()\—u)sds
A=)\ SR (L kY (k-1 ! %0

= (2—F - 1y (B vt —s(2¥ (A —p) (14 41))
(5) m () e () [ i
A=\ ik (k-1 N L1

= _— -1 -
(3) 22 ()0 e ) sramrey

=0 r=0

(oo}
L% (z) = (A —#)2,\’6*1/ e*@*M)S( 2/ te " ds (4.67)
6]

which can be easily inverted by using (4.34), thus obtaining (4.65). O

Remark 4.3.1. We check that, for v = 1, formula (4.65) converts into the well-known
distribution of the linear birth-death process, thus being its fractional extension. For v =1
we get from (4.65) that

o= (254) S () (&) S (F oo ey

=0 =0

<

We now observe that

k—1
O L GG A —oeupt)
(—1) ( ) )e _(1—e ) , (4.69)
r=0
N (T+EY (! —(A—p)tl B ()T
Z( : >(>\) e =(1-3 ) (4.70)

where in (4.70) we applied the binomial expression

i <a N l) b= i (_ (al+ 1)> (=) = (1-b) . (4.71)

=0 =0

This permaits us to write

k—1
Ao\ (1 et
L) = | —— (A=)t A 4.72
o= (P5) o e e (72)

which coincides with (4.4).

Remark 4.3.2. In order to prove that >, p4(t) = 1 for X\ > u (formula (4.65)), we can
resort again to the Laplace transform and prove that ZZ’;O fooo e *tp¥(t)dt = 1/z. We first
calculate

> /O ECOL (4.73)

i (l J; k) (k ; 1) (=1) (;)l 27+ (A —Z;)_El +r+1)
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By keeping in mand formulae (4.69) and (4.70), we have that

fove) 0 oo 1— —S(A—#) k—1 5
Z/ e #tpY Z )22k 1/ e~ 5(A—n) (1-e )le”_le_” ds (4.74)
k=170 0 (

k=1 A— ,ue*s("*#))

v—1 = eiszy
=(A-w)z / X e

By using the Laplace transform of the extinction probability (second line of formula (4.33))

we finally obtain

> / ” e #tpY (t)dt (4.75)
k=0 0

e} —sz¥ © —s(A—pu)
_ _ v—1 € K — pe v—1_—sz"
=(A—-u)z /0 = pe—s0mn) + /o N = pe—s0h) z" e ds
00
v 1
_ v—1_—sz ds = =
/o zV e s=-,

as desired.

Remark 4.3.3. The distribution (4.65) can be expressed in terms of the probability law of a
fractional linear birth process with rate A — p which reads

pi (t) = Pr{N" (t) = k+ 1| N* (0) = 1 + 1} (4.76)
k—1
= <k2‘i—1 1) Z(_l)r <k;1>Ey,l (—(r+1+D) A —p)t")
r=0

where |+ 1 initial progenitors are assumed (see Orsingher and Polito (2010) formula (3.59)).
If we write

!
Pr{G=1}= (1 - g) (%) . 1>0, (4.77)
then formula (4.65) can be rewritten as
, A—p\ L4k py! ) )
Py (t) = (/\“) — (;) PriN¥(t) =k +1| N*(0) = [ + 1} (4.78)

k(A —w) k du
x Pr{N" (t) = k+1| N* (0) =1+ 1},

_ Ak [1+“>Pr(G D+ P prG=1)
=0

because
same-y= (-8 () ey

Result (4.78) shows that for large values of k we have the following interesting approzimation

Py (t) ~ f: 1) Pr{N" (t) =k +1| N” (0) = 1 + 1}.
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Theorem 4.3.2. For a fractional linear birth-death process MY (t), t > 0, with u > A, the
probabilities p}, (t) = Pr{M" (t) = k}, k > 1, have the following form

w0 (52 ()£ ()

k—1

X Z(—l)r (k;1)E,,,1(—(l+r+1)(u—)\)t”).

=0

Proof. By resorting again to relation (4.18), in virtue of formula (4.4) suitably rearranged, we can

write
(e~ (BNs — 1)’“—1

(Ae=(r=2s — ) **1

By applying the Laplace transform we have (we skip here some steps similar to those of the proof

pY () = /0 ” (1 — A)% e (BA)s k-t Pr (Ts, (t) € ds). (4.81)

of the previous theorem)

o0 _ 1 — e~(w=ns)F71 o
L (z) = /0 (b — 22 e s (—p)F k(+1 - ) - o2 e ds (4.82)
(=) (1= e (v 2e)
-G 206
7 7 =\ 7
k—1 k1 oo
" Ly ( )zu—l/ o= s (2 (=) (D) g
Tgo( >, ;
-(2) G 6
K % =\ 1 ©
k—1
k—1 zv7t
X -1)" .
7;0( ) ( r )z”+(,u—)\)(l+r+1)
By transforming equation (4.82) we easily arrive at the result (4.80). O

Remark 4.3.4. When k =1 equation (4.65) takes a simple form

i = (52) S0 (&) B ar 0w (1.89)

=0
_ (A;“) i gz (;)H Byy (1 (A —p)t").

where A > . For the case A < u we obtain essentially the same expression with A and u

exchanged.

An interpretation similar to that in (4.78) is valid for the case u > X as well. The following
theorem describes the structure of the state probabilities p (t), ¥ > 1 in the case where p = A,
i.e. when the birth rate equals the death rate.

Theorem 4.3.3. In the case u = X the probabilities p}, (t) = Pr{M" (t) = k} of the fractional

linear birth-death process read

Vel yk—-1 gk
P () =4y = T A ), (4.84)

with k> 1 and t > 0.
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Proof. The explicit form of the distribution Pr {9 (¢) = k},k > 1, for the fractional linear birth-
death process, in the case A = y, can be evaluated in the following manner. In light of (4.9) we
have that

Pr {9V (t) = k} = / " pr{M(s) = K} Pr{Ty, (2) € ds} (4.85)
so that - " -
LY (2) = /O e~*tPr {0 (t) = k} dt = /O mzv—le—””ds. (4.86)

This is because for the A = u case of the classical birth-death process, we have that (see Bailey
(1964), page 95, formula (8.53))

Pr{‘)’t(t)—k}—ﬂ E>1 (4.87)
(14 At)ktt’ - '
We note that the extinction probability cannot be extracted from the above formula since it reads
At
P t) =0} = . 4.88
() =0} = (4:83)

This implies that we have a different expression for ¥ > 1 and k£ = 0 for the fractional linear

birth-death process as well.

Formula (4.86) can be worked out as

(=1)F AR—1 gk /°° 1 1 e
()= 2@ [ 2 iy 4.89
£ (2) K v f, s(ltas). 0 ® (4.89)
A

(_1)k )‘kil dk /oo 1 v—1_-—sz¥
)2 = z_ d
K dAR s 1+xs)° ¢ %
_ ( Ak 1 g* _ _w(142s) 1 B
— ! dAk ws Ae w k3 ) v— SZ ds dw

(1) aE 1z” /°° e ¥ dw+/°° dw
N k! d)\k 0 WA+ 2z 0 w+z¥]|’

By inverting the Laplace transform we have that

P v () = ky = SN AT g Y) = e wt?)) d
r{N" (t) =k} = TH |, (By1 (—wt”) — Xe L1 (—Awt”)) dw (4.90)
_ 1\l yk-1 gk oo
= (DTA% {)\/0 e YEy,1 (—/\wt”)dw]
( )k Lyk—1 gk
e Y ROV
Formula (4.84) is thus proved. O

It is important to note how all the state probabilities p (¢) depend on the extinction probability
pg (2)-

Remark 4.3.5. For v =1 we can eztract from (4.84) the classical formula (4.87) because

Ykl yk—1 gk
bi(6) = Pr{m() = k} = 2 k!)\ ddA’“{l-i\/\t]

(4.91)

and by considering that

d* A & dkI 1
drk [1+>\t} _Z< )d)\ﬂ)\d/\k—j <1+/\t> (4.92)

j=0
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dk 1 dF-t 1
= A +k
d \k \ 14 Xt dXE=1 \ 14+ Xt

(-1)* kit (=1 (k- 1kt

(1+ a)FF (14 xt)*
) W (=D =2kt + (14 2e) K]
_ R e
(1+)\t)k+1 '

Remark 4.3.6. From the representation on the last line of (4.90) it is possible to give an

alternative proof of the subordination relation (4.18) when k > 1 as follows

( )k 1)\kldk

W)= - ()] (4.93)
-1 k—1 )\k: 1 dk (e AQ
:( )k! d/\k[)\_/o " )\PT(TQV()EdS)]
(=1)F AR poo gk A
o { /0 - [ — } r(Tsy (£) € ds)] . (4.94)

Ezploiting (4.92) we readily obtain

Py (£) / ¥ Q9 Pr(Ty, (t) € ds) (4.95)
= 2v . .
k o (1+xs)FH!
Remark 4.3.7. Here we present two other interesting relations. The first one 1s simply a
particular case of formula (4.84) when k =1, i.e. the probability of having one individual in
the process at time t 1s

P () =1} = = (1 - B ()] (1.96)

The second relation is again a particular case of formula (4.84) with v = 1/2. In that case,

recalling that

2 [
E = Tyt 4.97
b e) == / e y (4.97)
we obtain
prlob gy =gl = COTXT A 4
{0 =k} = P (1w )] (4.98)
_ (_1)k—1 }\k—l dk r o] S N
R A/ By, (—Mtiw) dw

_ (_1)’671 Ak_l dk —w e Y —Qy)\th
- k! aE | / / dw dy

(—1)k_lkk‘1ik
k! d\F _ﬁ 0 1+2)\y\f

_klak—1 gk [ 0 _w?
R EY = dw]
0

k! a3k | 14+ A2w V2rt
C(—1)FTh AR g { 2\ ]
- k! d\* 14 AV2B(t)

where B (t), t > 0, is a standard Brownian motion.



73 Fractional Linear Birth-Death Processes

4.4 Some further properties

The analysis of the moments of the fractional linear birth-death process gives us useful information

on the behaviour of the system. Starting from (4.8) we easily see that

oG
ENY (t) = — , (4.99)
du u=1
is the solution to &
el v _ _ v <
dt”Em A—pEN, 0<v<l, (4.100)
EN” (0) = 1.
By resorting again to the Laplace transform we have that the solution to (4.100) is
EN"(t) = Eyp (A —p)t"), t>0. (4.101)

In the case A > u, result (4.101) shows that the mean size of the population coincides with that
of a fractional linear pure birth process with rate (A — 1) > 0 (see Orsingher and Polito (2010)).
Result (4.101) can also be derived by means of the subordination relation: (4.18)

EN (¢) = i kPr {0 (t) = k} (4.102)
k=0

_ Zk/w Pr{9(s) = k} Pr{Ts, (¢) € ds}
k=0 0

x>
:/ eQ=MPr{Ty, (t) € ds}.
0

The Laplace transform of (4.102) yields

[ee] o0 L,
/ e FENY (t) dt :/ eQmIs gr=te=sz" s (4.103)
0 0

zu—l

= m :/0 e ” Ev,l (()‘ - /J’) tu)dt;

and this confirms (4.101).
By again applying (4.8) it is also possible to derive the variance Var)t” (¢), ¢t > 0, of the number
of individuals in the population at time . We start by evaluating the second order factorial

moment w2y (t) = E[M (¢) (M (¢) —1)], t > 0. From (4.8), after some straightforward steps, we
see that

v y %G
e () =B (@) (N () -] = 55 (4.104)
u=1
is the solution to the following differential equation
dV
il - v _ <
t(2) (0) = 0.
In order to solve (4.105) we apply the Laplace transform obtaining, in the case A # p,
/oo e (£)dt = 22— 5 : (4.106)
0 ® 2 —(A—p) 22 —2(A-p) '
2XAzv 1 1 1

A—p 2 =2(A—p) 2zv—(A—p)
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The Laplace transform (4.106) can be inverted thus leading to the explicit expression of the second

order factorial moment as

by () = 5 (B (200 = 0)#) = By (A= ) #)]. (4.107)

From the first expression of the Laplace transform in (4.106) we also have that
¢
wiay (£) = 2 / 1B, (2(A - 1) s*) Byx (A — 1) (t — 5)°) ds. (4.108)
0

By applying similar calculations to those of (4.47) we prove result (4.107).

From (4.107) we can easily write that

W () =5 B QO W)~ B (A=) (4.100)
+ By (A= 0 #) = B2 (0= m)¥)
— 2B 20— W) - R B (- ) - B (- ) ).

Remark 4.4.1. When v =1, from (4.109), we obtain the expression for the variance of the

classical linear birth-death process as follows

22 A
Var () = 1~ #ezt(kfu) . +z etA—h) _ g2t k) (4.110)
_AtH ( 2(A—u) _ etww) _ AT B e (etwu) _ 1) .
g I A—u

Remark 4.4.2. When u = 0, that is in the case of pure linear birth, we obtain from (4.110)
the expression of the variance of the classical linear pure birth process and from (4.109) that
of the fractional linear birth process (see Orsingher and Polito (2010)).

In the case A = y, from (4.105), it is easy to show that

22t

Vart” (t) = To+D

(4.111)

in accordance with the well-known result of the classical linear birth-death process for A = g,
which reads Vardi (¢) = 2At.

Remark 4.4.3. We can directly evaluate the mean value EN(t) for A = u in the following

way:
(o) )\t)k 1 0 k—1
EN(t) = k 4.112
2 ; <1+/\tk+1> 1+)\t2; ( ) (4112
1 iizk 1 d oz
(L+x)dz 5" | (+a)deloz|
- TS =T

1 1
(14 xt)* (1 -2)°

=1

At
1+Xt

The assumption that A\ = p implies that the mean size of the population EN¥(¢), t > 0, is
equal to one (number of original progenitors) for allt > 0, and for all 0 < v < 1 (this 1s
confirmed also by (4.101) for A = u).



Chapter 5

Simulation and Estimation for the

Fractional Linear Birth Process

Summary

In this chapter, we propose some representations of the generalised linear birth process called
fractional Yule process (fYp). We also derive the probability distributions of the random birth
and sojourn times. The inter-birth time distribution and the representations then yield algorithms
on how to simulate sample paths of a fYp. We also attempt to estimate the model parameters.
The estimation procedure is then tested using simulated data. We also illustrate some major

characteristics of fYp which will be helpful in practice.
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5.1 Introduction

The pure birth process is undoubtedly considered as one of the simplest branching processes. It
has a Markovian structure and has already been extensively studied in the past. When the birth
rate is linear, it is then usually called the pure linear birth or classical Yule or Yule—Furry process
(Yp). The pure linear birth process has been introduced by McKendrick (1914), and has been
widely used to model various stochastic dynamical systems such as cosmic showers, epidemics,
and population growth to name a few. In finance, a birth process was recently used by Ding et
al. (2009) to study the valuation and risk analysis of multiname credit derivatives. In particular,
a time-changed birth process was introduced to model correlated event timing in portfolios of

credit-sensitive securities such as bonds and loans.

For the sake of completeness, we review some known properties of the classical Yule process
which will be used in the succeeding discussion. Let N(¢) be the number of individuals in a Yule
process with a single initial progenitor and birth intensity A > 0. The kth state probability or
the probability of having exactly k individuals py(t) = Pr{N(¢) = k| N(0) =1} in a growing
population at time ¢ > 0 solves the following Cauchy problem:

20k(t) = —2kpe(t) + A(k — Dpp_1(t), k> 1,
k=1, (5.1)
k>1,

where pg(t) = 0. The explicit solution to (5.1)
pe(t) = e M(1—e )1 t>0, k>1, (5.2)

with mean EN(t) = e*. To make the Yule process more flexible in taking into account more
complex non-Markovian behaviour, some authors (Cahoy (2007), Orsingher and Polito (2010))
proposed a more general model called the fractional Yule process (fYp). A similar generalisation
of other point processes such as the Poisson process has previously been carried out by Repin and
Saichev (2000), Jumarie (2001), Laskin (2003), Wang and Wen (2003), Mainardi (1996), Wang et
al. (2006), Wang et al. (2007), Mainardi et al. (2005), Cahoy (2007), Uchaikin and Sibatov (2008),
Uchaikin et al. (2008) and Orsingher and Beghin (2004).

The aim of this chapter is twofold: We want to derive related representations of fYp in terms
of some classical or standard processes, and we want to construct algorithms on how to simulate

a fYp and estimate the parameters.

We organize the rest of the chapter as follows: Section 2 shows the fractional generalisation
of the pure linear birth process. Section 3 illustrates that a pure linear birth process can also be
viewed as a classical linear pure birth process with Wright-distributed random rates evaluated on
a stretched time scale, i.e.,

NY(t) £ No(t*), v e(0,1], (5.3)

where = is a random variable having the Wright probability density function

oo —6 r
W_y1-0(=¢) = ZO 1"'(1—(1/(3~+1)) (5.4)

r=

Furthermore, a representation in terms of a mixed non-homogeneous Poisson process with

intensity function A(t) = QAZe*=! is derived, where  is a negative-exponential distributed random
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variable with mean 1. The following equalities in distribution:

N(t) L M [Q (e)‘TZ"(t) - 1)] . t>0,ve(01], (5.52)

M(t) < {z" (log (é + 1))] ., t>0,v€(0,1], (5.5b)

are also proved, where M(t) is a homogeneous Poisson process with rate 1, and T¥(¢) is a process

with the following one-dimensional distribution (given in terms of Fox functions):

(1=1/v,1fv) ] ds. (5.6)

1,10 |,_1
Pr{%Y(t)€ds} =t vH;; [t vs
{ () } 1,1[ (0,1)

Section 4 derives the birth and inter-birth time distributions. The structural representation,
fractional moments of the sojourn and birth times are also shown. The algorithms for generating
sample paths of a fYp are in Section 5. Section 6 proposes an estimation procedure using the
moments of the log-transformed data, and shows some empirical results. Section 7 concludes the

chapter with a discussion on the key points and possible extensions of this study.

5.2 Generalisation of the Yule process

The fractional generalisation of the pure linear birth process was first carried out in Cahoy (2007),
Section 8, and is described as follows: The authors defined the following difference-differential
equations governing the state probabilities pj(t) = Pr {N“(t) = k | N*(0) = 1}:

[ud tv
— =A t — 4 0,1, k> 1 5.7
5P ZP! )Pr—i1(t) — Px(?) +I‘(1—1/) K1y ve(0,1], k>1, (5.7)
where the initial condition
1, k=1,
px(0) = (5.8)
0, £>1,

is incorporated into equation (5.7) through the Kronecker delta 8 1. The fractional derivative

appearing in (5.7) is the so-called Riemann-Liouville operator, which is defined as

v _ d s
%pk(t) - 1"(1171/) dt fO (lzk(s))"d Ve (0: 1)1

DL (t), v=1 (59
Furthermore, the mean number of individuals in the system was found to be
E[N”(t)] = B, 1 (M), t>0,ve(01] (5.10)
where - .
_T):ZF((O;‘T-})-ﬁ), a,B, 7€ RT, (5.11)

r=0

is the generalised Mittag—Leffler function.

Let N¥(t) be the number of individuals in a fractional linear birth process or fractional Yule
(fYp) up to the time ¢t > 0. The state probabilities p}(t) = Pr{N*(t) = k | N¥(0) = 1} solve the
following Cauchy problem:

Lope(t) = —Akpi(t) + A(k — Dpe—1(t), k> 1,
k=1, (5.12)
E>1,
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which is a fractional generalisation of (5.1). The fractional derivative involved in (5.12) is the

Caputo operator, which is defined as

v B f 5)
;t” - F(l l/) fO (t S)V ds Ve (0’ 1)’ (5‘13)
fl(t)’ v=1

Moreover, the Riemann-Liouville (5.9) and the Caputo (5.13) fractional derivatives are linked
together by the following relation (see Kilbas et al. (2006), page 91):

10

IO =310 - £ 25t ve. (5.14)

From (5.14), it is easy to see that both fractional derivatives coincide when f(0) = 0 for each
k > 1. The solution to the Cauchy problem (5.12) is
F (k-1
pit)=>_ ( )(—1)11Ey,1(—,\lt”), k>1,ve(01] (5.15)

-1
=1

Note that the mean number of individuals E[N”(t)] in the fractional Yule process is the same
s (5.10). From here on, we emphasize that the fractional derivative operation is performed in

Caputo’s sense.

5.3 Stretched Yule process with random rates and related
representations
In this section, we present some relevant and interesting representations of the fractional Yule

process (fYp). We start by proving a subordination relation that links the fractional Yule process

with its classical counterpart.

Theorem 5.3.1. Let N¥(t) be the number of individuals in a fractional Yule process at time
t > 0. Then the following equality in distribution holds:

N(t) £ N(Tz (1)), (5.16)

where N(t) 1s a classical Yule process, v € (0,1], and Ts,(t) is a random time whose distri-

bution coincides with the solution of the following fractional diffusion equation:

o g(z,t) = Zg(z,t), z>0,
9@, =0, (5.17)
9(,0) = §(z),

with the initial condition gi(z,0) =0, when 1/2 <v < 1.

Proof. Let G¥(u,t), t > 0, |u| < 1, be the probability generating function of the fractional Yule
process. To prove (5.16), it is sufficient to observe that

/ e *G” (u, t)dt (5.18)
0
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k=1 =1
[e%9) k
k-1

_ k -1 _v—-1 —s(Al+2z")
= 1 d

Sy (§ ) e :

k=1 =1

%) k

— /oo Zuk Z <k - 1) (_1)lflefs)\lzvflefsz”ds

k
/00 u® Z kol Tl Als /00 e “'Pr{Ty,(t) € ds}dt
0 -1 0

:/Oooezt /Oooiuk ; (1_1) 1 ”sPr{T2,,()€ds}] it
:/Oooe—zf -Zuk/wpr{N —k}Pr{Tgy()eds}] dt

k=1

_ / " et iukPr{N(Tz,,(t)):k}] dt
0

Lk=1

O

Remark 5.3.1. In the proof of Theorem 5.3.1, we have taken into account the Laplace
transform of Pr{T,,(t) € ds} which s

x
/ e F Pr{Ty,(t) € ds} = 2" Le %" ds, s> 0. (5.19)
0

In the next Theorem, we derive a random-rate representation of the fractional Yule process

using the preceding subordination relation.

Theorem 5.3.2. (Representation A) Lett >0 and v € (0,1]. Then the following equality in
distribution holds:
N*(t) £ N=(t¥), (5.20)

where N=(t¥) s a classical linear birth process with random rate A= evaluated at t¥, = is a
Wright-distributed random variable with probability density function W_, 1_,(=§) in (5.4).

Proof. To prove equation (5.20), we use the subordination relation (5.16) as follows:
Pr{N”(t) =k | N”(0) = 1} (5.21)

= /oo P]’.‘{N( )— k | N(O) = l}PI{TZV(t) S ds}

/ (l 1)(—1)l_le_>‘l5t_”W,,,1,,(—t_”s)ds

/ (z _ 1) (1) e Wy (—€)de
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= Am Pr {NE(tV) =k | Ng(O) = 1} qu,lfll(_g)d£1

and this leads to (5.20). O

Note that in the second step of formula (5.21), we used the explicit form of the solution to the
fractional diffusion equation (5.17) which is (see Podlubny (1999))

Pr{To,(t) €ds} =t7"W_, 1_,(—t""s)ds, s> 0. (5.22)

Remark 5.3.2. As noted above, representation (5.20) holds for the one-dimenstonal state
probability distribution pi(t), t > 0, k > 1. This, however is suffictent in the sense that the
process Nz (t¥) has distribution that solves (5.1).

We now prove a further interesting representation of the fractional Yule process in terms of a
specific mixed non-homogeneous Poisson process.

Starting from the second-to-last step of formula (5.21), we obtain

o ko )
o= [0 (12 )0 e W e (5.23)

= / e~ Met” [1 — e_’\gtu},ﬁl W1 v(=€)d¢

0
! At k-1
- /0 e [ —1]" W (o)
Recalling the identity
/ ez dr = o~ ("t r € N, R(a) >0, (5.24)
0
we get
o poo w AetY 1 k-1
pi(t) = / / e wet wkfluw_y 1y (—€)dw de (5.25)
o Jo (k= 1! ’
oo poo 7w[exst”71] k—1 [ AétY 1] k-1
- / / e Wl Wy (—€)dw dE
o Jo (k—1) ’

v v k—1
/_Oo /Oo e /i wrge ds [fot w)\fe’\gsds]
o Jo

(k—1)! e W 1 p(—&)dw dg.

Thus, we have obtained a representation in terms of a mixed non-homogeneous Poisson process
with intensity function

At) = QAEe =, t >0, (5.26)

where the distribution of 2 is negative-exponential with mean equal to 1, and = has probability

density function (5.4). Note that the random variable Q, conditional on = = ¢, is such that

Ne(t”)  as.
m 22 Q, (5.27)

as t — oo (see e.g. Keiding (1974), Waugh (1970), Harris (2002)).
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Remark 5.3.3. A simple change of variable also allows us to obtain a representation in
terms of a mized non-homogeneous Poisson process evaluated at the random time T, (t),
t > 0. From the second step of formula (5.25), we have

w0 poo w1 gt e kel
no=[ [ ° ‘(‘;_1[; U ow i (—e)duwde (5.28)

o oo e h 1 s )t g
€ w e ol _i
B /o /o (k —1)! € W Wi ( tV> ds dw.

Consider a non-homogeneous Poisson process QU(t) with intensity function A(t) = QMe*t.

Then the state probabilities of the fractional Yule process can be written as

pR(t) = /000 e /000 Pr{Q{(s) =k — 1} Pr{Ts,(t) € ds}dw (5.29)

= EqQU(T2, ().

In addition, the subordinated non-homogeneous Poisson process (T2, (¢)) conditioned on
2 = w could be interesting as the fractional homogeneous Poisson process admits a similar repre-
sentation (Orsingher and Beghin, 2004).

Let p(t) be the state probabilities of XY(T5,(t)), i.e.,

pe(t) = Pr{(T2,(¢)) = k — 1}, t>0, k>1. (5.30)
Then 1) -
00 o—wle -1 wk—1[ers — 1
pe(t) = / [ | Pr{T,,(t) € ds}. (5.31)
0 (k—1)!
Applying the Laplace transform to (5.31), we have
o o0 _w[eAS_l]wk,]_ [e)\s _ 1] k-1
A dt:/ ‘ volgmszy 5.32
e | — e ds (532)
o Ceds k—1
— / e¥ e v Wkt [1 — e)\s] (_1)kflzuflefsz"ds’
o (k—1)!

and by taking into account the relations

_weAs . i
e => —r (5.33)

ko1 e (k-1 e
[1—e]" "= ( , >(—1)J el (5.34)
we arrive at the equality
/ e “tpY (t)dt (5.35)
0

- l
Z (_ZL'U) eAls <k J_ 1) (_1)je)\sjzvflefsz"ds

0

k—1
e k=1 k-1 Zoo (—w) k-1 it [0 s oAt )]
= W(_l) w N . (_1) z o e ds
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Applying the inverse Laplace transform to equation (5.35), we obtain the explicit expression of

the state probabilities as

e¥(—w)e—1 X2 _wzk . )
) = S lz;( u)]_Zl(f_i)(—l)ﬂ—lEy,l[A(ZH)t"], E>1 (5.36)

Remark 5.3.4. From eguation (5.36), it is straightforward to obtain the classical form of
the state probabilities of the (conditional) non-homogeneous Poisson process (v = 1) with
intensity function A(t) = wXe*t,t > 0.

Theorem 5.3.3. (Representation B) Let f)(t) be a homogeneous Poisson process of rate 1.

The time-changed process can be defined as
OES) (Q [e”’zv(” - 1]) , (5.37)

wheret > 0, v € (0,1], Q s a negative-ezponential distributed random variable with parameter
equal to unity, and Ts,(t) is a random time whose one-dimensional distribution ts a solution
to the fractional diffusion equation (5.17).

Proof. The proof directly follows from (5.29) and Theorem 1 of Kendall (1966). O

We introduce a definition and a lemma below which will be helpful in transforming fYp into a
non-homogeneous Poisson process with rate 1.

Definition 5.3.1. Let T¥(t) be a random time process whose one-dimensional distribution s

gwen by

Pr{3*(t)  ds} = h(t,s)ds = ¢ * H1S [tis ‘ E; ‘1)1/ n1/v) ] ds, (5.38)

wheret >0, s >0, v € (0,1], and the function

10 -2, (L=1/n1/v)
HY [t ‘ 0.1) ] (5.39)

is a Foz function. Furthermore, h(t,s) has Mellin transform
x
r _
/ sTLh(t, s)ds = #t% (5.40)
0

(see Mathat et al. (2010)).

Lemma 5.3.1. Let N*(t) be a fractional Yule process with rate A > 0 and t > 0. Then the

process N¥(%¥(t)) is a classical Yule process with rate .

Proof. Define G¥(u,t) and G(u,t), t > 0, |u| < 1 as the probability generating functions of fYp

and the classical Yule process, respectively. Then

/OOG”(u,s)h(t,s)ds:/ Zukz<]_1) 1)7 1B, 1 (—Ajs")h(t, s)ds. (5.41)

0 0
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Using the Mellin-Barnes representation of the Mittag—Leffler function

+100 2 .
Boale) = % /:ioo lmlw;))xzdz’ (5.42)
we obtain
/oo GY (u, s)h(t, S)dS (543)
0
= k (—1)1 [T+ D(H)T(1 - 2) ., [® h(t,s)
- kZ::l Z:: <] - 1> 2m /yioo m(_)‘” /0 STds dz.

By applying formula (5.40), we can write

/00 G”(u, s)h(t, s)ds (5.44)
X s (k-1 Y-l TR D01 - 2) T(l-vz),_,
=2 v, 1) B (e S e

(=Agt)"%dz

1)7-1 /v+wo
Y

k=1 j=1 ] 1
o

_ Z uke M [1 —At]k
k=1

=G(w,?)

O

Remark 5.3.5. Note that it 1s stratghtforward to generalize Lemma 5.3.1 to the more general

(non-linear) case.

Remark 5.3.6. Letting u =1 in (5.44), we have
(o] o) [o'e)
Z/ pi(s)h(t, s)ds = > pil(t) (5.45)
k=10 k=1

<:>/ h(t,s)ds = 1.
0

Theorem 5.3.4. Consider a fractional Yule process N”(t) with birth rate A > 0, t > 0, and

€ (0,1]. Then the random time-changed process

e (52

has a one-dimensional distribution which coincides with that of a non-homogeneous Poisson

process (t) with rate 1.

Proof. It readily follows from (5.29), Lemma 5.3.1 and Theorem 1 of Kendall (1966). O
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5.4 Wait and sojourn time distributions

We now show that the sojourn or inter-birth time for fYp follows the Mittag—LefHler distribution.
Let T?, ¢ > 1, denote the time between the (¢ — 1)th and ¢th birth. This means that T is the
time it takes for the population size to grow from z to 7z + 1. More specifically, we will show that

the sojourn times T}’s are independent and T} is distributed
fre(t) = MY B, (—iAtY), 1> 1 (5.47)
Recall that when v = 1, the inter-birth times T;’s of the Yp are independent and Tj is exponentially
distributed with rate 2\, 2+ > 1. Moreover, the waiting or birth time distribution for the pure linear
birth process (v = 1) satisfies the following two equalities:
Pr(W; =Ty +---+T; <t) =Pr(N(t) > j + 1|N(0) = 1) (5.48a)
and

p(£) = Pr(2;_1 <) — Pr(0, < 1). (5.48b)

Let 207 = TY + T; + --- + T} be the waiting time of the jth birth of the fYp. We now show
that the preceding two equations hold true as well for the fractional or general case (0 < v < 1),
ie.,

Pr(20% <t) =Pr(N”(t) >j+1|N"(0)=1), j>1, (5.49a)
and

pY(t) = Pr(WY_, < t) — Pr(2¥ < ). (5.49b)

Using (5.15), we obtain

Pr(N¥(t) > j + 1|N"(0) = Z Pr(N”(t) = k|N"(0) = 1) (5.50)
k=j+1
J
=1- ) Pr(N*(t) = k|N*(0) = 1)
k=1

XL:Z (l _ 1) (-1 By a (- N).

This implies that the jth waiting time 207 has distribution

ik
far(8) =) (k B 1) (=D)Y AT, L (-, t>0, v € (0,1]. (5.51)

/oofm; Z Z (l - 1) )it (5.52)

k=11=1

j k-1 J
-y (f e = e

k=1 1=0 k=1

The non-negativity of foy(t) follows from the non-negativity of p(t) (see Orsingher and Polito
(2010)), and the last line of (5.50) is a monotone increasing function of ¢. To see this, we can write

—ii(l_l) ) By (— ) (5.53)

k=11=1
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k=1
] k
=1->> (?:f) (=1)"Pr(Ty > t)
k=11=1
7k
- (’;:f) (—1)""*Pr(T; < t).
k=11=1

Indeed, fgg;{ (t) is a probability density function. Note also that fm]]u, (t) has the following integral

representation:

oo 7 k -
TORE S ) D) 1 (g (G GO (5.54)

k=11l=1
where g(n) = sin(an)/[1(n*+n~*+2cos(an))] (see Repin and Saichev (2000)). We now show that
if the sojourn times are distributed as in (5.47), the cumulative distribution function Pr(20% <)

of the waiting or birth time equals the right-hand side of (5.49a). When 7 = 1, we get
Pr(20%¥ <t)=Pr(T¥ <t)=1-E,;(-M") =1-p¥(t). (5.55)

In the succeeding calculations, we use the following identities (see page 26 of Podlubny (1999)):

/t By (=it — w))u” 2B, (~ A )du = jEu,u+1(—j>\tV; _llEu,u—i-l(_l)‘tV)tv (5.56)
. -
and Byi(¢) -1 .
Ey,1(8) = ,T’ 1<y (5.57)
Now,
Pr(20% <t) = /O t Pr{T} + T} < t|T} = u}dFr»(u) (5.58)

_ /t[l — By1(=2)(t — w)") M’ 1B, (— M) du

=1— B, (~M*) — AV By 1(—20") — ' B, 11 (—AtY)]
=1— By (~A) = [By1(=At") — By (—2XtY)]

=1- 2B, 1(—\") + By, 1(—2)t")
2

k=1

Pr(4 < t) (5.59)

t
_ / Pr{T}{ + T + T35 <t|T{ + T = u}dFry 1y (u)
0

= /O [1—-E,1(=3X(t - u)”)][2/\u”’1{E,,,,,(—)\u”) - B, ,(—2Xxu")}]du
= 21— Bya(~A8))] — [1 - B (—20")]

¢
- / E, 1 (—3A(t —w)¥)2Xu” 1B, ,(—Au”)du
0

t
+/ E, 1 (—3\(t —w)")2 \u’ " B, (—2)u”)du
0
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= 2[1 = B,y (~M)] — [1 — By (~22¢")]
— BA By, 1(—3M7) — AtV B,y 41 (—At7)]
+ [BAEY By i1 (—3XEY) — 2AY B,y (—228))]

=21 — By (~A)] = [1 — By 1(=2M")] = [Byr(—A) — B, 1 (—3M")]
+2[Ey,1(—2M") — By,1(—3Mt")]

=1-3E,1(—t") + 3E,1(—2\t") — B, 1(—3)\t")

3
k=1
and in general, we can show by induction that
Pr(Y <) (5.60)

¢
= / Pr{07 < t|QUj”-_1 = u}dFyr  (u)
0

_ /0 [ = By (At — w)")] fove_, (u)du

) 22 (I;: ) ) (1N / By (=Mt = )’ By (-Alu*)du
S (7)) ) - B
B () (s - L mace)
:1_2211'“1 (321 0 LB
EE Yo tnin

-1 k j—1 j—1
k-1 1 o k-1
-1 — = -1 — 5.61
Z<1—1>( N =075 -1 (5-61)
k=11=1 =1 k=l
S 5 ()
=1 At i-1
7—1
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=1-) rk(t), 1<k<s
That is, equality (5.49a) is attained. Notice that when v = 1, we get Pr(20; < t) = (1 — e *¥)J

which corresponds to the birth time distribution of the classical Yule process. Moreover, equality

(5.49b) can be straightforwardly evaluated as

j—1 &
Pr(WY_, < t) — Pr(2W¥ <t) = (1 -3 (’;:11>(—1)“Ey,1(—A1t")> (5.63)

k=11=1
j J—
— <1 - ; ; <’;_ 11) (—1)’1E,,,1(—Alt")>
! J - 1 —1 v
-3 (121 Bat-ne)
=p;(t)

In addition, the Laplace transform of the probability density fr(t) is

/oo e_thTiv (t)dt =
0

This suggests that the distribution (eqn (5.47)) leads to the following known mixture or structural

A
A+ z¥

(5.64)

representation (see Cahoy et al. (2010)) of the inter-birth times as
T Ly, (5.65)

where V; has the exponential distribution with parameter 2}, i.e.,
fv.(v) =ixe ™Y, v >0, (5.66)

and is independent of the positive Lévy or v-stable distributed random variable S, having the
Laplace transform of the density function e=% . This also suggests that the gth fractional moment

of the sth inter-birth time is given by

(14 q)
(1A)aT(g/v) sin(wq/v)I'(1 — q)’

which further implies that the gth fractional moment of the jth wait or birth time is

E fawy]" = Aqr(q/u)fn((ln:/i T(1—q) Z zk: (z _ 1) i (;) ’ (5.68)

k=11=1

E[T]" =

0<g<v, (5.67)

where 0 < g < v.

5.5 Sample paths of fYp

From Sections 2 and 3, it is now straightforward to simulate a trajectory of a fYp. However, we
only propose the two simplest algorithms on how to generate a sample path of the fYp as the
others follow. In particular, the random-rate representation (Representation A, Theorem 5.3.2)

yields the algorithm below.

ALGORITHM 1:
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1) Generate = from the Wright distribution W_, ;_,(—¢), and obtain ¢.
i) Simulate a classical Yule process with birth rate A¢.

iii) Stretch the time scale to t¥.

A simpler way to generate a realisation of fYp with n births is to directly exploit the known
birth and/or sojourn time distributions as follows: Generate V; from the exponential distribution
in (5.66) with parameter ¢\, and S, from the strictly positive stable distribution with parameter

v.

ALGORITHM 2:
i) Let : = 1 and N¥(0) = 1.
ii) Simulate T} = Vil/VS,,, and let 0y =T¢ +T5 +---+ T, .

iii) N¥(20¥) =i+ 1,and i =1+ 1.

We now use the algorithms above to highlight some unique properties of the fractional Yule
process that are related to its true mean given in (5.10). Figure 5.1 below shows both Yp and fYp
as jump processes of size 1 in the time interval (0,5) with » = 0.5, and A = 1. Using the same
set of parameters, Figure 5.2 displays sample trajectories of a different/independent fYp and Yp
which model a binary-split growth process. An important attribute that can be directly observed
from these two graphs is that on the average, fYp grows more rapidly than the classical Yp shortly
after it starts.

4 50

2

0 W 0 5

10

Figure 5.1: Sample trajectories of the standard Yule process (top) and the fractional Yule
process (bottom) in the interval (0,5) with parameters (v, A) = (0.5,1).

In addition, another characteristic of fYp is illustrated in Figure 5.3. The particular realisation
of fYp below used the parameter values v = 0.25, A = 1, and is observed in the time interval (0, 5)
. It clearly suggests that fYp is more explosive than Yp when v — 0. In general, the plots strongly
validate the plausibility of fYp to model exploding and strictly growing processes. Note also that
Representation A implies that the interaction between the random rate and time stretching of the

classical Yule process can rapidly speed up or slow down fYp at any given time instance.
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Figure 5.2: Sample paths of the pure linear birth process (top) and the fractional Yule process
(bottom) in the interval (0,5) with parameters (v,A) = (0.5, 1).

400 600 800

200

400 600 800

200

Figure 5.3: Sample paths of the classical Yule process (top) and the fractional Yule process
(bottom) wn the interval (0,5) with parameters (v,A) = (0.25,1).
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5.6 Method-of-Moments (MoM) estimation

We now propose a method-of-moments estimation procedure for the parameters v and A to make
fYp usable in practice. In this procedure, we assume that a particular realisation or complete
history of the process is observed until the population is n, i.e., there are n births. We then

attempt to use all the available data from the observed sample path of the fractional Yule process.

In particular, we use all the available inter-birth or sojourn times of the observed sample tra-
jectory of the fractional Yule process. A direct way of estimating the parameters is to use the
fractional moment estimators as follows: Choose constants ¢, < v,m = 1,2, and solve for the

estimates A and ¥ using the equations
Z?:l [T 1% _ (1 + gm) 2?21 1/48m
n S‘qmr(qm/i)) Sin(ﬂ-Qm/’;)P(l - Qm) n

Another approach is to use the first two integer-order moments of the log-transformed sojourn
times (see Cahoy et al. (2010)) which are

, m=12. (5.69)

—1In(z))

Eln[T}] = » -C, (5.70)

and )
1 1 In(z))
2 _ 2
This further suggests that the parameter estimates can be computed using the two equations:
Z?:l In [sz] — — Z?:l ln(l)\) _ (C, (572)

n vn

and 2 n 2
>y (In[T7]) _ a1 1 1 In(z})

where C = 0.577215664901532 is the FEuler-Mascheroni constant. A major advantage of this
procedure over the fractional moment technique is that it does not require selection of constants a
priori which will be dangerous in practice. Note also that the maximum likelihood estimators are

more challenging to compute due to the required evaluation of the Mittag-Leffler function.

In addition, we tested our parameter estimation procedure. In doing so, we generated 10 random
samples of inter-birth times of size 10000 each for v = 0.14+0.1m, m =0,...,9 and A = 0.2, 10. For
each simulated data set, we computed the estimates using the first n observations in the set with
n = 100,1000, and 10000. The tables below show the simulation results for a single run, which
further indicate that the proposed procedure performs relatively well. Note that these estimates

could also serve as good starting values of an iterative estimation procedure.

5.7 Concluding remarks

We have derived one-dimensional representations of the fractional Yule process, which led to
algorithms for simulating its sample paths. These representations are also deemed necessary in
understanding the properties of fYp further. We have derived the birth and inter-birth or sojourn
time distributions, which are of Mittag—Leffler type. The structural representation of the random

sojourn time also led to an algorithm for simulating sample trajectories of fYp. We have also
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Table 5.1: Parameter estimates (U, \) for fYp with v = 0.1(0.1)1 and A = 0.2.

| | n = 100 n = 1000 n =10000 |
(v=01,A=0.2) || (0.095, 0.198)  (0.096, 0.185)  (0.100, 0.205)
(v=02,A=0.2) || (0.228,0.249)  (0.193,0.189)  (0.199, 0.193)
(v=03,A=0.2) || (0.283,0.185)  (0.292, 0.193)  (0.303, 0.228)
(v=104,A=0.2) | (0.381,0.178)  (0.407, 0.218)  (0.402, 0.209)
(v=05A=02) | (0.481,0212) (0.501,0.197)  (0.500, 0.197)
(v=06,1=0.2) | (0.599,0.211)  (0.602, 0.186)  (0.595, 0.186)
(v=07,A=0.2) | (0.759, 0.257)  (0.728, 0.250)  (0.700, 0.198)
(v=108,=0.2) | (0.818, 0.220)  (0.819, 0.229)  (0.803, 0.204)
(v=109,A=0.2) | (0.850,0.193)  (0.899, 0.211)  (0.907, 0.215)
(v=1.0,A=0.2) | (0.977,0.183)  (0.991, 0.199)  (0.999, 0.202)

Table 5.2: Parameter estimates (7, \) for fYp with v = 0.1(0.1)1 and A = 10.
| | n=100 n = 1000 n =10000 |

(v=0.1,A=10) || (0.107,13.067) (0.101, 10.599)  (0.101, 10.730)
(v=102,A=10) | (0.203,10.737)  (0.206, 12.384)  (0.201, 10.555)
(v=103,A=10) || (0.299, 11.027)  (0.297, 9.359)  (0.295, 8.593)
(v=04,A=10) | (0.391,7.598)  (0.396, 8.899)  (0.397, 9.086)
(v=105A=10) | (0.517,10.939) (0.509, 11.428)  (0.501, 10.269)
(v=106,A=10) || (0.630,11.379)  (0.586, 8.308)  (0.597, 9.162)
(v=0.7,A=10) || (0.716, 12.413)  (0.699, 10.634)  (0.710, 11.679)
(v=108,A=10) | (0.782,8.713)  (0.786, 8.186)  (0.804, 10.498)
(v=109,A=10) || (0.919, 11.420)  (0.899, 9.043)  (0.897, 9.684)
(v=1.0,A=10) | (0.969,8.712)  (1.000, 10.427)  (1.001, 10.434)
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proposed an estimation procedure using the moments of the log-transformed inter-birth times,

which performed quite satisfactorily especially for larger populations.

Although some properties of fYp have already been studied, there are still a lot of open problems
that need to be figured out. For instance, understanding fYp in more depth and the construction
of more efficient estimators like the maximum likelihood would be worth pursuing in the future.

Also, the application of fYp in finance is still in progress.






Chapter 6

Randomly Stopped Nonlinear

Fractional Birth Processes

Summary

We present and analyse the nonlinear classical pure birth process A((t), ¢ > 0, and the fractional
pure birth process A¥(¢), t > 0, subordinated to various random times, namely the first-passage
time T} of the standard Brownian motion B(t), ¢t > 0, the a-stable subordinator 5%(t), o € (0, 1),
and others. For all of them we derive the state probability distribution px(t), £ > 1 and, in some

cases, we also present the corresponding governing differential equation.

We also highlight interesting interpretations for both the subordinated classical birth process
ﬁ[(t), ¢t > 0, and its fractional counterpart A(” (t), t > 0 in terms of classical birth processes with

random rates evaluated on a stretched or squashed time scale.

Various types of compositions of the fractional pure birth process A¥(¢) have been examined
in the last part of the chapter. In particular, the processes N (T:), N ($%(t)), N (T2 (¢)), have
been analysed, where T5,(t), t > 0, is a process related to fractional diffusion equations. Also the
related process A(S%(T2.(t))) is investigated and compared with A(T2, (5%(t))) = A¥(S%(t)). As
a byproduct of our analysis, some formulae relating Mittag—Leffler functions are obtained
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6.1 Introduction

We here consider the pure birth process A(t), ¢ > 0, (linear and nonlinear) composed with different
processes like the first-passage time of Brownian motion T} (possibly iterated n-times), the sojourn
time of Brownian motion I'; and bridge &, and a-stable processes S*(¢).

The subordination of processes (first introduced by Bochner (1955)) has been studied by several
authors, over the years, in connection, for example, to modelling the wear of instruments during
the real working time, or security trading which takes into account fluctuations of the economic
activity during the time elapse ¢ (see Lee and Whitmore (1993))).

The second part of the chapter concerns the subordination of the fractional pure birth process
AY(t), t > 0,0 < v < 1, with the processes S*(¢) and T5,(t), establishes that A¥(5%(¢)) =
AN (T2, (5%(t))), and discuss its connection with A((S%(T5.(t))).

Subordinated processes connected with fractional and higher order partial differential equations
are treated in numerous recent papers. Most of them concern compositions of time-continuous
processes (see for example Baeumer et al. (2009)), but also point processes (Laskin (2003), Mainardi
and Gorenflo (2004), Uchaikin et al. (2008), Beghin and Orsingher (2009b), Meerschaert et al.
(2010)).

Birth processes stopped at different random times can be useful to model branching processes
under laboratory conditions. For diseases started off artificially, the spread of the infected pop-
ulation can be stopped when the experiment leads to convincing conclusions. The cost of the
investigation can play a certain role in stopping the artificially constructed experiment. The fluc-
tuations of the temperature during the effective time ¢ can influence the growth rapidity of cells or
of bacteria and thus the population size can be thought as a function of the temperature modelled
as a random time process. The same reasoning underlies experiments in physical studies on chain
reactions. In the case of A((I';), where I'; is the sojourn time of a Brownian motion on the positive
half-line, the experiment can be interrupted immediately (if it proves useless), or at the end of the

time interval [0, ¢] (in the case that no evidence can be attained in a short time).

We recall that the distribution of the nonlinear fractional birth process (with one progenitor)

reads
k—1 k By1(=Amt?)
T I e T B
Pr {Ny(t) — k | NV(O) — 1} _ l_[]_l ] Zm_l H?:l,l#m(Al_Am) (61)
Ey1(—A1t"), k=1,
where
0 h
T
B, = - 2

is the Mittag-Leffler function and Ak, £ > 1, are the birth rates (see Orsingher and Polito (2010)).

For A\x = X - k (fractional linear birth process), formula (6.1) takes the simple form
k

Pr{N*(t) =k|N"(0)=1}= ) (

m=1

k-1

o 1> (-1)™ 1B, 1 (—Amt”), k>1,t>0  (6.3)

For v = 1, we retrieve from (6.1) and (6.3) the classical distributions of nonlinear and linear

pure birth process, by taking into account that E; ;(z) = e®.
The simplest subordinator considered is the first-passage time

T =inf {s: B(s) =t}, (6.4)
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where B is a standard Brownian motion, independent of the birth process considered. For us it is
relevant that the probability density of (6.4)

q(t, s)ds = Pr{T; € ds}, (6.5)
satisfies the following equation
52 0
wq(t,s) = 2£q(t,s), t>0,s>0, (6.6)

as a direct check shows.

In view of (6.6) we can establish the following relation between the state probabilities
Pr(t) = Pr{n"(Ty) = k} (6.7)
and (6.1):
d? . e d
GO =2 [t S P20 = by as (63)
For v = 1, equation (6.8) becomes the second-order difference-differential equation

d2

RO =2 — M ®)], k21 (6.9)
Furthermore, for v = 1, the probability distribution (6.7) can be worked out explicitely and
becomes
k=14 —k e—tV2Am
P(t) = s=x X 2o ey B> 1220 (6.10)
etV E=1,t>0.

For 0 < v < 1, in light of the well-known integral representation of the Mittag—Leffler function

Byy(—A8") = sinvm /°° r
0

1
Vflefr)\?t

7" 72 4 2r¥ cosvm + 79 ve(0,1), (6.11)

we obtain several different representations of the distributions of the subordinated processes.

For v = 1/2, we have the following result

Lo V21 a B
F0 =7 [ T 60 = K 1%6(0) = B, (612)

which shows that A(*/?(T}) is equivalent in distribution to a fractional pure birth process (denoted
by Ao (t)) with rates Ay - W, where W is a folded Cauchy distribution with scale parameter equal

to ﬂ
We have also that

~

EINI

(t) = /Ooo Pr{n(s) = k} Pr { |C(Vat)| € ds} . (6.13)

In other words, A(*/?(T}) is also equivalent in distribution to A/(|C(v/2t)]), C being a Cauchy

process.

We generalise the previous framework by considering the iterated process

N () = N |:T'1]4_2 } ,  t>0, (6.14)
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where T}, ..., Ty, are independent first-passage times and
T2, = inf {s: Bi(s) = TiL } . j=1,...,(n—1), (6.15)
Ty Ty

where B7(t), t > 0, 1 < j < n, are independent Brownian motions. In particular, for v = 1 we
show that the state probabilities

Pr{AC(t) = k} = k), (6.16)
satisfy the 2"th order equations
L om—1 1 1
ka(t) =2 {Akl’k(t) - )‘kflpkfl(t)}' (6.17)

The distribution A% (¢) = A((¢) (for short) is directly derived and reads

P (1-5%)
e—trm 2y 27

k—1 k
szl Aj D m—1 T i i) E>1,

(t) = N § (6.18)
et 2(1=3) k=1
For n — oo, we obtain from (6.18) that
. e_2t7 k= 1)
lim p(2) = (6.19)
n—s00 0, k>1.

In the last part of the chapter we examine different types of compositions of the fractional pure
birth process with positively skewed stable processes s*(¢),t >0, 0 < a < 1. For o = v, we show
that

AY(SY (1) 2 A(eW,),  O<v<l (6.20)
For the stable random variables Sy, S, it is well-known that the ratio
v\ a
Wa = <51u> (6.21)
52
(sometimes called Lamperti law), has probability density equal to

- r_1q
sivm T

r)= v v ’ r>0. 022
fwa(r) = —— r2% + 2r& cosvm + 1 o2

Furthermore, we show that A (s5”(¢)) = N(T2. (S5 (%)) i;z N (S8Y(T»,(t))). We are also able to

prove that _
N (Taa(t) = N(Tow (Toa(t))) "= N(Tovalt) = A%(2). (6.23)

As a byproduct of our analysis we obtain the following integral relation between Mittag—Leffler
functions of different indices:

sinvm [ rr—1 1
Byai(—Amt"®) = E (— A:nt“) d 6.24
va1(=Amt™) 7r /o P20 4 2rv cosvm + 10\ 4 (6.24)

sinar [* ro—l 1
= E, (—r)\‘"t”)dr 0<av<l.
T /0 re 4 2recosam +1° " m ' =
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6.2 Subordinated nonlinear birth processes

In this section we study in detail the nonlinear pure birth process stopped at T; and we derive
the state probabilities p = Pr{A(T:) = k| A{(0) =1}, k& > 1, and the corresponding governing
differential equations.

We give some information about the process A(t), ¢ > 0, evaluate explicitly its mean value

EA((t), and discuss also the linear birth process (sometimes referred as Yule-Furry process).

6.2.1 Preliminaries

The state probabilities pg(t) = Pr{A((t) = k | A(0) = 1} read (see e.g. Gikhman and Skorokhod
(1996), page 322)

—Amt

]‘[ Azm 117—11#,”(%: St E>1,t>0,
eMt, k=1,t>0.

pe(t) = (6.25)

For the case of ng progenitors (see Chiang (1968), page 51), formula (6.25) must be replaced by

—Amt

HJ =ng JZm no [T nolimo‘l Am)’ k> no, >0,

pe(t) = (6.26)

7>‘"0, k=mng, t>0.

We assume that )", 1/Ax = oo in such a way that the process is non-exploding (see Feller (1968),
page 452). For a discussion on this point, consult Grimmett and Stirzaker (2001), page 252. The
probabilities (6.25) satisfy the following difference-differential equations:

d
apk(t) = _)\k}’k(t) + Ak—lpk—l(t); k > 1. (627)

We have our first result in the next theorem.

Theorem 6.2.1. The mean value of the nonlinear birth process s

oo k k
)=1+> <1->" ] #e—xmt . (6.28)
k=1 m

m=11=1,l%£m

Proof. From equation (6.27), we have that

oo
d
k— kX kX 6.29
kz::l Zox(t) Z ke (t Z k- 1Pk-1 (6.29)
[ee]
= > Xep(t)
k=1
By integrating both members in (0,t), we obtain
oo e t
Do km) 1= 2 | mtsras (6.30)
k=1 k=1 0

tk 1 S

_>\1/ Pl dS+ZAk / € I\ )dS

m=1 Hl 1,l#m ()‘l
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k
k=2 \j=1 L Am ll;ém( Am)

so that formula (6.28) emerges. In the second-to-last step of (6.30), we applied formula (3.12) of
Orsingher et al. (2010) and, in the last step, we considered that, for £ = 1, the set of numbers
{1<1<1,l#m =1} is empty and the

=

(6.31)

is taken equal to 1 by convention. O

Remark 6.2.1. As a check we can eztract, from (6.28), the mean value in the linear case

Am =m - A. Since

k k Al
> 11 me*mt (6.32)

2 (m—1)(m —2) SRENTE (k—m)e
£ k' —mt
__mzzl m!(k—m)'( e
k
:_Z :;)( 1)m —Amt

we have that
k k

Al —Amt _ —At\k

m=11=1,l#4m

From this we readily have that

i e M) (6.34)

1 At
:1 7—1: .
M ) ¢

The aim of this section is to compose the growth process A((t) with the first-passage time
T; = inf(s: B(s) =t), where B is a Brownian motion independent of A((t).

Remark 6.2.2. The probability density of T: = inf{s: B(s) =t}, t > 0, where B(t) is a

standard Brownian motion, namely

PriT, € ds} /ds = q(t,s) = teT, (6.35)
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1s the solution to the Cauchy problem

g%q(t,s) =224(t,s), t£>0,5>0,
q(O,S) = 6(3),

(6.36)

as a stmple check shows.

6.2.2 Pure birth process stopped at T;

Theorem 6.2.2. Let A\((t), t > 0 be a classical nonlinear pure birth process and let q(t,s),
s> 0,t>0, the law of Ty. The process ﬂ(t) = N(T:), t > 0, has the following distribution

—ty/22m
Be(t) = [J RV U | ;;:(: sy k>1t>0, 6.37)
etV E=1,t>0,
and mean value equal to
E?\[(T):1+i 1—273 f[ N v (6.38)
t k=1 m=11=1,l%m M= Am . .

The distribution (6.37) is non-exzploding under the condition that ), 1/ = o0

Proof. The state probabilities are derived by straight calculations and by resorting to the Laplace

transform of g(t,s) which reads

oo & te*%
—ys _ —ys _ —t/2y
/o e 7q(t,s)ds = /o e P ds=e . (6.39)

We treat the case k > 1 as follows. The case k = 1 is analogous.

pelt) = Pr{a(T) = k[ 20) =1} = | " p(s)alt, s)ds (6.40)

/ook 1 e AmsS te 5 p
S
Hl Lizm (A = Am) V2msd

= ! e_t‘/m.
H ZHZ ll;ém( = Am)

In view of Theorem 6.2.1, we can evaluate the mean value

2

EN(T,) = / E(s 6.41
)= [ B G (641
] k k Y
— ! very.
=1+ Z 1-— H PV e
k=1 m=11=1,l#m
O
In the linear case (6.38) can be written as
EN(Ty) = > )  (=1)me tV2Am, (6.42)

k=0m=0
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On the other side, this sum diverges because
(e 0]
EAN(Ty) = / eMPr{T; € ds} = oo. (6.43)
0

Remark 6.2.3. Note that Vi, pr(t), k > 1 s a proper probability distribution because of the
composition ﬂi[(t) = A\(T%). The process can be appropriately interpreted by rewriting (6.40)

as follows

2
1 had te_%s

A §: / e s —___ds (6.44)
H Hl 1,i£m (At = Am) Jo Vams®

o0 k—1

1 2 e
= DA, e Mt ———dv
/o H Z Tt isem (9N — 9Am) Vord?

S

The process ﬂ(t), t > 0 can be viewed as a classical nonlinear pure birth process evaluated at
time t2 with random birth rates O\, k > 1, where © is an inverse Gaussian random variable
with p.d.f.

e

NGLTEN

The composition of A((t), ¢t > 0, with T} leads to a second-order time derivative in the governing

S

fo(¥) = 9 € R. (6.45)

equations, as shown in the next theorem.

Theorem 6.2.3. Let pi(t), t > 0, k > 1, be the distribution of the process N(t) = N(T}),
t > 0, where T; s the first-passage time process of the standard Brownian motion, having
transition density q(t,s), s > 0, t > 0. The state probabilities py(t), t > 0, k > 1, satisfy the
follownng difference-differential equations

%;?k(t) =2 [Mp(t) = Ae—ape—a ()], k21, (6.46)

where A, k > 1 are the birth rates of the nonlinear classical birth process N[(t), t > 0.

Proof. Since
()= [ miats)ds (6.47)
0

by taking the second-order derivative w.r.t. ¢, in view of Remark 6.2.2, we have that

d? . o )
@pk(t) = 2/0 pk(s)aq(t,s)ds (6.48)
§=00 o d
= 2q(t,s)pk(s)|5:0 —2/ d—pk(s)q(t,s)ds
o ds
[ee)
= —2/ a(t,s) [=Xepr(s) + Ax—1pr—1(s)] ds
0
=2 P\ki’k(t) — Ak—lf’k—l(t)] ds.
In (6.48), we considered that px(0) =0, for & > 1. O

Remark 6.2.4. In the linear case, some calculations suffice to show that

-1 v
Pr(t) = Pr{N(T;) = k} = Z ( 1) (—1)mlemtv2Am, kE>1,t>0, (6.49)
and the state probabilities satisfy the equation

2

@ﬁk(t) = 22Pk(t) — 2A(k — 1)Pe—1(2), k>1. (6.50)
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Iterated compositions

Theorem 6.2.4. Let N(t), t > 0, be a classical nonlinear birth process. Let T}, TZ,..., TV,
n € N, be first-passage times of n independent standard Brownian motions. The process

A(t) = N|:T’11'"2 ] t>0, (6.51)

has the following distribution

oy modral o) k>1,t>0
H Zm YT i pem i=2m)? et (6.52)

L
n

072l ) k=1,¢>0.

’

pe(t) =

Proof. We start by proving the case n = 2 since the case n = 1 is already proved in Theorem
6.2.2. We omit the details for the case £ = 1 and directly treat the case £ > 2. We have that

Be(®)a(t, s / ds (6.53)
/o H mz l Litm (M — Ap) V21s3
m

/ —5v2Am te” 25 dS
Vors?

k
N
m=1 l ll;ém
k
2.

1 e—t 22X m,

= H ; -
j=1 =1 nlzl,l;ém (At = Am)

It is now straightforward to generalise formula (6.53) for n compositions, as follows

k—1 k
P(t) = Z L *“2" P (6.54)
j=1 m=l l 1,l#m (A — Am)
k-1 k
| E1 D MR S
j=1 m=1 l 1,l#m (>‘ - >\m)
O
When n — oo, equation (6.52) becomes
e 2t DY =0, k>1,
lim py(t) = H Em LT 1l¢m()‘l Am) (6.55)
nee e 2, k=1

because of formula (3.4), page 51 of Chiang (1968). Therefore, the process (6.51) can either assume

the state k = 1 with probability e~%, or explode with probability 1 — e~

Theorem 6.2.5. Let p(t), t >0, k> 1, be the distribution of the process
A(t) = N[T;z ] t>0. (6.56)
"

The state probabilities pi(t), t > 0, k > 1, satisfy the following difference-differential equa-
tions

2" gn_q . .
dtﬁpk(t) =2 {Depe(®) = Me—1pe—1(2)}, (6.57)

where A\, k > 1, are the birth rates of the nonlinear classical birth process N(t), t > 0.
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Proof. For n =1, equations (6.57) reduce to equations (6.46). For n = 2 we have that

d* o4
dt4pk / / Pk ’LU]_) (’lU2,’LU1)at4 q(t ’le)d'LUl d’IU2 (658)

:22/
0

f’k(wl)W(J(w% w1)q(t, wz)dw; dws
w3

=93

L

o) oo 82

27 betwn) gt wdattws)dus dus
0 0 611}2

. 0
Pk(wl)iq(wz; w1)q(t, wy)dw; dw,

= —23/ / 7 — i (w1)q(w2, wy)q(t, wy)dw; dw,
W1
=28 {pe(t) — Ae1pe-1(t)}.

The above reasoning can be generalised, thus arriving at equation (6.57). O

6.2.3 Other compositions

In this part we present the distributions of the classical nonlinear birth process A((¢), ¢t > 0, stopped
at various random time processes, namely the sojourn time I'; of a standard Brownian motion,
the sojourn time ®; of a standard Brownian bridge and the stable subordinator $*(¢) of order
a € (0,1].

We start first by considering the nonlinear birth process at time I'; = fot Ij0,00)(B(s))ds =
meas {s < t: B(s) > 0}. The process A(I't), is a slowed down birth process. In the next theorem
we provide its distribution.

Theorem 6.2.6. We have that

% mlo( Am)
l_[ )\ Zm LT ipm(i=2m) k>1,1>0,

e Mo (EN), k=1,t>0,

Pr{a(T:) = k} = (6.59)

where
X /z\2k 1

18 the zero-order Bessel function with imaginary argument.

Proof. The derivation of (6.59) is based on the evaluation of the following integral:

t
d ¢ t
/ . R LYY A (Am) : (6.61)
0 /s (t—s) 2

O
Remark 6.2.5. In view of the integral representation of the Bessel function
1 2m o
I = — 2 oSV dy 6.62
o) = 55 [ eeras, (6.62)

we can give the following alternative, interesting representation of (6.59).

Pr{x(T) =k} = o /OZW Pr{ﬁ\[j (t sin’ ;’) = k} as. (6.63)
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In other words,
; ©
A(Ty) &« (t sin? 2) , (6.64)
where © s a random variable uniform wn [0, 27].

Theorem 6.2.7. For the nonlinear birth process stopped at

®t:/o ][O’M)(B(S))ds, (6.65)

B(s), s > 0, being a Brownian bridge, we have that

1

Pria(®,) = k} = { (=S M (3257 e ) k> 1,

(6.66)
L —Aqt
1 fltl , k=
Proof. The calculation
k—1 k 1 t
Pr{a((®:) =k} =[N\ - / e *Pr{®; € ds}, (6.67)
j=1 m=1 Hl:l,l;ém (At = Am) Jo

is sufficient to arrive at result (6.66), once the well-known fact that (6.65) is uniformly distributed

in [0, t] is considered. O

Remark 6.2.6. For the the linear birth process, the distribution (6.66) takes a very simple

form as the calculations below show. Since for Ay = A -k, A > 0, we have that

A\ k m—
2= () e, (6.68)
I=1m LT M
we can write that
1 Lk
P’I"{N(@t) = k} = % (1 — Z < )(_1)m—1e—>\mt> (669)
m=1 m
1k
_ - _1\ym_ ,—xmt
_)\ktmz_o<m>( 1)7e
_ - k>1
N Akt =

The distribution (6.69) is logarithmic with parameter 1—e~*t. In the logarithmic distribution
with parameter 0 < ¢ < 1, we have that

q

EL = — , 6.70
(1 —q)log(1l—gq) (670)

q q
VarL = — 14 } . 6.71
(1—g)*log(1—g) { log (1—-¢) (670

In our case g =1 — e so that
eM 1

EN(6;) = (6.72)

At

At At 1 1— —At
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For large values of t we have that

e’ EN(t)
EN ~— = .74
(@)~ = N0, (6.74)
e*(er —1)  VarN(z)
VarN(®;) ~ v =7 (6.75)

Theorem 6.2.8. For the nonlinear birth process stopped at an a-stable time $*(t) with dis-

tribution g, (t,s) and Laplace transform fooo e #q4(t,s)ds = e ", we have that

A

k=1, —k e
Hj:l Aj Zm:l H;C:Llim()‘l_kmi), E>1,

Pr{N(s*(t)) = k} = (6.76)
e AT E=1.
Proof. The following calculation is sufficient to prove result (6.76):
1 (o]
Pr{a((s%(t)) = k} = H by Z / e g, (t, 8)ds. (6.77)
- m=1 nz 1,1#£m (A = Am) Jo
O

Remark 6.2.7. Formula (6.76) can be further worked out as follows.
H Z e tA
Pr{a((s* =k}= Aj (6.78)
Hl 1izEm (A= Am)

by emploztmg the self-stmilarity of S°(t)

k—1 k
1

(o)

= Aj / e Mmstag (1 tfés)ds

k ald
j=1 m=1 Hl:l,l;ﬁm (A= Am) Jo

k—1 1 o N
-1 > o o

m= 11_[1 1l;£m()‘ -

The last result implies the following representation:

.d.

N(s%(8)) =

where Z has distribution g,(1,(), ( > 0.

z (t Z) (6.79)

Remark 6.2.8. If we assume a = 1/2™ in the first line of (6.78), and s = tol-=2r ip (6.52),
the distribution (6.78) suggests the following unezpected relation:

Pr{.‘?\[ (52%(t)) = k} = PT{N[T%?TJ = k} ,  k>1 (6.80)

Remark 6.2.9. Many other compositions can be envisaged and in some cases they provide
curious results. For example, we consider the standard Cauchy process C(t), with law h(t, s),
t >0, s € R, satisfying the Laplace equation
8°h  8%h
otz ' 952
We can show that A(|C(t)]), t > 0, is a birth process whose state probabilities pi(t), t > 0,

satisfy the difference-differential equations

(6.81)

d2
Epi(t) = = A2pe(t) + A1 Mk + Aem1) prq (B) — Ak 1 Xe—2ph_o(2). (6.82)
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6.3 Subordinated fractional birth processes

In a previous work of us (see Orsingher and Polito (2010)) we constructed and analysed a fractional
(possibly nonlinear) pure birth process A (t), t > 0, v € (0, 1] by exchanging the integer-order time
derivative with the Dzhrbashyan—Caputo fractional derivative in the difference-differential equation
(6.27) governing the state probabilities. We recall that the Dzhrbashyan-Caputo derivative has
the form, for 0 < v <1

v t f'(s
av _ )t I/)f(t(s))vds O<v<l,

6.83
a” 7®) vt (6.8

In this section we examine properties of the subordinated processes A (T%), t > 0, A*(T25(t)),
and A*(5%(¢)),t > 0, v, ¢, B € (0, 1], bringing to the fore some interesting relations and discussing

the interpretation for the results obtained.

6.3.1 Preliminaries

The state probabilities gy (t) = Pr{A(t) = k}, k > 1 of the fractional pure birth process have the
following form

B, 1(=Amt”)
) = { Y D TS B> L >0 (6.84)
E',,,l(—)\lt ), k=1,t>0,

where B, 1 (—(t") is the Mittag-Leffler function defined as

by N ()"
(—CtY) ;}FWHl CER, v>0, (6.85)
and with Laplace transform
oo Zv-1
/0 e “'E, 1 (—(t*)dt = prwa v >0. (6.86)
A useful integral representation for B, ;(—(t") reads
1
By (—(t) = Smﬂ”” /0 = fz:fcc:y; —dr, ve(). (6.87)

In a previous work (see Orsingher and Polito (2010)) we proved a useful subordination rep-
resentation for the fractional pure birth process (6.84). This can be viewed as a classical birth
process stopped at a random time Th, (t) possessing density function coinciding with the folded

solution to the fractional diffusion equation

621/ _ 62
6t2g - 37;27: 0 <v S 1: (688)
g9(2,0)=16(z),

with the additional condition g; (z,0) = 0 for 1/2 < v < 1. In other words A¥(t) = N (T2, (2)),
t > 0. It can be shown that fr, (s,t) = Pr{T,(t) € ds} is also a solution to
f _0f

otr ~  Bs (6.89)

(see Orsingher et al. (2010)).
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Theorem 6.3.1. The fractional nonlinear pure birth process is a renewal process with inter-

mediate waiting times Ty with law
Pr{T} € ds} = A\gs* 1B, ,(—Axs”)ds, k>1,s>0, (6.90)

where T} is the random time separating the kth and (k + 1)th burth.

Proof. We prove this result by induction. Denoting Z; = T¢ + --- 4+ T}, we can certainly write
that

¢
Pr{T{ + --+T¢ Edt}:/ Pr{T{ € d(t—s)}Pr{TY + -+ Tj_, € ds}, (6.91)
0

where Pr{T¢ + .-+ Ty_, € ds} /ds = £Pr{n*(t) > k}. By resorting to Laplace transforms,
from (6.91), we obtain that

(@)
/ e MPr{Ty +--- +T¢ € dt} (6.92)
0
[e%S) t

= / e*“tdt/ Pr{T{ € d(t —s)}Pr{T{ +---+ T} _, € ds}

0 0
= / Pr{T{ + - +T{ , € ds}/ e MPr{Ty € d(t—s)}

0 s

:/ e WPr{Ty +---+Ty_, € ds}/ e MPr{T}; € dy}
0 0

ko0 k s
= —#Pr {TY € ds} = i_,
]1_[1/0 P T € dsy Hu“r/\j

i=1

We observe that

d
Pr{T, € ds} /ds = EPr {7 (s) > 2} (6.93)
d
=——FE,1(—A1s”
ds 1(=hs”)
= AlsyflEy,V(—)\ls”),
and that
Pr{Ty +T; € ds} (6.94)
d
= o5 [1 = Pri{af(s) =1} = Pr{a("(s) = 2}]
Eyy(—A1s” Eyy(—Azs”
= AlsyflEy,y(—)\ls”) + X\ |:)\1 V')i;(_ )\11 ) + Az 1/,):/1(_ )\22 ) v—1
A1
= )\2 1_ 2)\1 Syil [EV’V(_)\]_SV) — EV,V(—)\QSU)] .
For k = 2, relation (6.92) simplifies to
o A1 Az
e M Pr {TY + TV € dt} = , 6.95
| eeeimy ey ey = (6.95)
and this coincides with the Laplace transform of (6.94). O

Theorem 6.3.2. The mean value EN*(t), for the fractional nonlinear pure birth process has

the form:
k k

EAY(t)=1+> ¢1-> ] » i\lx Ey1(~Amt”) b (6.96)
k=1 m

m=11=1l%m
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Proof. In light of the subordination relation A (t) = A(T%, (%)), and of result (6.28), we can write
that

EN®(t) = /0  EA(s)Pr {Tow () € ds} (6.97)

k=1 m—11=1,l#£m
O
In the previous steps we assumed that
/ e S fr (t,s)ds = / e A Pr{Ty,(t) € ds} = By 1(—Amt”). (6.98)
0 0

We give here some details of this result. The density fz, (z,s), z > 0, s > 0, is obtained by folding

the solution of the fractional diffusion equation

2v 2

gz;j ‘Z;; : (6.99)

which reads ) s
u(z,8) = Worio (—;) . s>0,2>0. (6.100)

Therefore
o © x k
zi” e Wy (_zi”) ds = zi” e kz_o (_zi”) k!F(—z/k1+ T4 (6101
1 & (—1)* 1

zv o AP (—vk+1 —v) (2¥)F

1 1
© AmzY Boviv <_)\mz”>

(by formula (5.1) page 1825, Beghin and Orsingher (2009b))
= Ey1(—Mm2").

Remark 6.3.1. We can eztract, from (6.96), the mean value of the fractional linear birth
process obtained in Orsingher and Polito (2010), formula (3.42), as follows. By considering
that Ay, = A -m, formula (6.96) becomes

(o) k
ENY =14 { > (- kkirn)'Eu,l(_)\mtV)} (6.102)
k=1 m=1 )
(o) k
:1+Z{1+Z ( ) (—,\mt")}
k=1 m=1

I
i

hE

M?r

(v
)

N—

(=1)™E, 1 (~Am¢t*)

£
= |l
-
i
o

o

—1)™E, 1 (—Amt").

=
I
o
3
L
—
3 =
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In order to obtain the desired result we pass to Laplace transforms and eztract from (6.102)
that

k

(%S [e] k
/ e MENY(t)dt=> Y

)(—1)’“/000 e "B, (—Amt")dt (6.103)

55 (4) e

k=0m=0

o O

= /j’_l/ Ze‘“’" (1-e*)" dw
0 k=0

v—1 00 e—wp."
= d
# /0 1—(1—e )

:/JV—]./ e—wp”+w)\dw

0
’uufl

By wnverting the Laplace transform above, we can conclude that
EN”(t) = E, 1(AtY), (6.104)

thus confirming our previous result.

Here we remark that another interpretation in terms of random birth rates can be highlighted.

If we write
(@) =Pr{A”(t) =k | AN”(0) =1} = / pr(8)Pr{T2,(¢t) € ds} (6.105)
0
k—1 i 1 o
=11 - / e "mPr{Ts,(t) € ds}
=1 m=1 Hl:l,l;ﬁm ()\l - Am) 0
k—1 k
1 & 1 s
= )\_’l / C_Amsfuwfy’lfy i ds
j=1 m=1 Hlkzl,l;ém (A1 = Am) Jo t ( t )
k—1 k

1 . et
N | e W)
j=1 m=1 r[l:l,l;ém (A = Am) Jo

— /Ooo W_y1-o(—E)Pr{n:(t") = k | 2¢(0) = 1} d,

we have that a fractional nonlinear pure birth process can be considered as a classical nonlinear
pure birth process evaluated at a rescaled time ¢t¥ and with random rates Ax=, k > 1, where = is

a random variable with density function

o) =Worin(=€), E€RT (6.106)

and where W_, ;_,(—¢) is a Wright function defined as

Woroo(=6) = 2 rIT (1 (—_721" +1)) (6.107)

=0
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From (6.105), the following interpretation also holds:
N (2)

id.

A (E). (6.108)

Note also that, from (6.87) and (6.105), we have that

® . sinvm [ 1 rv—1
E,1(—2zt") = W1, (—r)dr = / Trevt dr, (6.109
(-2t / e alnydr = ZE [ et —ar, (5.109)

which illustrates an interesting relation between the Wright function and the law of W, (see (6.21)).
Equation (6.109) can be derived directly as follows.

[ee]
1
/O e WW_“_V( )\tv)dx (6.110)
- 1)m 1 /oo —yz,m
— d
)\ z::m'l"(—%—kl—y)()\t”)m 0 €T
A e —%4—1—1/) (YAt2)™

1 1
- 7E—V —v |
yagr ( ﬂt”)

(by formula (5.1), page 1825, Beghin and Orsingher (2009b))

= By,1(—72t")
sinvm /°° e= (V) ¥ tr -1 p
= r.
™ Jo (¥ +cosvm)® +sinvm

This yields (6.109) for z = yA.

For further details on fractional pure birth process the reader can refer to Orsingher and Polito
(2010) while Mittag-Leffler functions are extensively analysed in Kilbas et al. (2006).

6.3.2 Fractional pure birth process stopped at T;

We consider here the composition of a fractional nonlinear pure birth process, denoted as A (t),
t >0, v € (0,1] with the first-passage time T; of a standard Brownian motion. In the following
theorem we derive an interesting integral representation for the state probabilities p}(t), t > 0,
k>1,of AZ(t) = A% (Ty), t >0, ve(01).

Theorem 6.3.3. Let A*(t), t >0, v € (0,1), be a fractional nonlinear pure birth process and
T; be the first-passage time process of the standard Brownian motion with distribution q(t, s).
The state probabilities py (t) = Pr{N*(T:) = k | A (0) = 1} possess the following integral form

20 imy 2w —imy
1 00E2u,1(7$ e )7E21/,1( e )

k—1 k 1
[T52 A5 2 ome1 777 ir dz, k>1

= =177 #zm(Ar=2Am) 27 JO )/ = ! !

ﬁZ(t) = o Eo 1( Y zlnul)l Bo 1( 2Ve—i7ru) 2+ 2Am
L = z dz E=1.
w Jo 1 ?
z+1/ 22}
(6.111)

Proof. 1t is sufficient to prove (6.111) in the case k > 1, since the case k = 1 is analogous. We

have

pr(t) = /Ooo pr(s)a(t, s)ds (6.112)
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t2
- 1 /OO te™ =
= H Z Ey1(—Ams”) ——ds.
j=1 m= T 112m (A — Am) Jo V2rs?
In order to prove (6.111), by taking into consideration formula (6.87), we do the following calcu-
lations
1
te— & ® te— 3 sinvm rY—le—TAx
B drd 6.113
/ val mS)\/27rs3 0 \/W/o T 7 4+ 2r¥cosvm + 1 Tas ( )

v—1 [} 1 —t
__ sinvw r —rags t€ 5
= 5 e dsdr
T o T +2r¥cosvm+1 J, v2ors3

: (e @) v—1 1

sin v T _ v

= 5 e W 2rAm gy
m o T +2r”%cosvm+1

1
1/ v
,’,vfleft 2rA Y,

sinvm /°°
= - - dT‘
T 0 (.,.v + ezm/) (T‘V + efmrl/)

[’} 1
— 1 1 _ 1 ,’,V—le—t 2rA 5, dr
21‘7-(- 0 rY 4+ et rY 4 etV

_ i = 1 _ 1 2v—1 —tw Zkid
T am 0 w2V 4 eimv w2V 4 e—imV w € w
_ i 00 w21/—1 B w2u—1 .y QAidw
T 0 w2v 4 ety w2Y 4 e—imY )
By using the Laplace transform (6.86) we obtain
oo _i2
Ly L€ 3
Ey1(—Apms”)—=ds (6.114)

0 ' Voms3

1 00 00 ) 00 ) T
= — |:/ e—szgy,l(_:rQVewru)dm _ / e—szgy,l(_$2ue—zwu)dm:| e—tw 220 dw
0 0 0

T
_ i o EZV,l ( 2v 17r1/) E21/l ( 2ue—i7ru) s,
1 Jo 1
T+t 2)\,‘7’1
Formula (6.111) is then proved by combining (6.112) and (6.114). O

Remark 6.3.2. If Ay = kX, k > 1, the state probabilities p}(t) = Pr{N"(T:) = k | N*(0) = 1}

of a fractional linear pure birth process stopped at T; read

B B B wgim) g 22V e—imy
Z,:n:lo (77:1711)( 1)m 1 1 000 P ,1( z )\/ 2 1( e )d.’I), k>1,

pr(t) = L poo E'2V1( 22ve zwu) E2u1( 2Ve—i7ru) z+tV230m (6.115)
ir Jo : dm, k=1

-+t V2)\v

This result can be obtained by means of methods similar to those of Theorem 6.3.3.

Remark 6.3.3. By constdering formula (6.112) and the representation (6.87) we can give
an interesting interpretation of the process NV/2(t) = AM3(Ty), t > 0, as follows (again, we
treat the case k > 1 since the case k = 1 1s analogous)

B(t) = / P ()a(t, s)ds (6.116)
i te*%

1 /oo
E,(—=Apms’)——=ds
(A — Am) Jo Al )\/ 273

3 oo v—1 1
1 sinym 4 —#/ 2rAz
5 e dr
o T +2r%cosvm+1

> .
N

e

k

P

m=1 l 1,l£m
k

U

m—1

[limsim i =) 7
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. oo V= 1 k—1 k T

]. v

_ sin 1/7r/ R 1 Z etV 2r2E 4.
™ re¥ +2r¥cosvm + 1 - B l 1z¢m()‘ —Am)

If v =1/2 we obtain the following ezpression

k

- r ! e*t\/g)‘m T
/ NACE) r+1 ]:[ (Varx) T (Vo — Vo) dr  (6.117)

m=1

kol N\»—-

f/ () P60 = %(0) = 1}dv

where Ay (t), t > 0, is a classical nonlinear birth process (6.25) with random birth rates
(WAk), k> 1 where W 1s a folded Cauchy r.v. with p.d.f.

V2

—_, € RT. 6.118
r(Z+1) " (6.118)

fw(w) =

It 1s possible to highlight a further interpretation by rewriting formula (6.117) wn the following

way

3
K‘m»—\

1 k 1
Z e~*Amds (6.119)
m=1

v _
/ 1:[ l 1,l#£m ()‘ _)‘m)
:/0 Prin(s) = k} Pr{|c(vat)| e ds}

where C(y/2t), t > 0 is a Cauchy process with rescaled time, possessing transition density

folt,s) = liz, t>0,s€cR. (6.120)
()
The process \(*/2(t) = \(V/2(T;) can thus be written as A(/2(t) = A(|C(v2t)]).

Iterated compositions

In the next theorem we present the explicit form of the state probabilities p}(¢), ¢t > 0, k > 1, for

the process
N () = A [quz } t>0,ve(,1]. (6.121)
“ap
and in the following remark an interesting interpretation for that process when v = 1/2", n € N,
is given.

Theorem 6.3.4. Let A¥(¢t), t >0, v € (0,1], be a fractional nonlinear pure birth process and
let T}, TZ, ...T™, n € N, be n independent first-passage time processes at t of the standard

Brownian motion. The process
N () = A {quz } t>0,ve(01] (6.122)
“ap

has the following distribution
1 Ll _1
)\ sinym (00 pY—le—tr27 ALY 2(1 2n)
H Zm 117; 1 ()\l Am) T 0 P2V 1 2rY cos vt 1

1)
sinyw [° ¥ le “‘2" (f >

7w 0 r2V+2rV cosvm+1

dr, k>1,t>0,

Br(t) =
dr, k=1,1t>0.
(6.123)
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Proof. We start by proving the case n = 2 since the case n = 1 is already proved in Theorem
6.3.3. We omit the details for the case £ = 1 and directly treat the case k£ > 2. We have

/000 P (t)q(t, s)ds (6.124)

2

k—1 k . t
1 sinvmw [ rv—1 o 1.5 te =
1IN Y | [
1 oma  lim M= 2Am) ™ Joo T Y +2r¥cosvm + 1 2ms3
= A i 1 sinvm /°° rv—1 B 2”‘%d
= . e mar.
=1 ’ 1 Hf:u#m M—=Am) ™ Jo 7 +2r¥cosvm+1

It is now straightforward to generalise formula (6.124) for n compositions, as follows

k

» t):kl:[)\‘z 1 sinwr/Oo vt 7,5,4%)\,)271221 121
e szl Hl’“:”#m()\l_/\m) T Jo P20 4 21 cosum 4 10

(6.125)
_ kl:[l i 1 sinvm /°° rv=1 e_tr%wﬁjl—z%)dr
=1 omo L 1l¢m(’\l Am) T Jo T +2r¥cosvm+1 '
O

Remark 6.3.4. Analogously to Remark 6.3.3, for v =1/2", n € N, it 1s possible to interpret
formula (6.123) as follows

52" (1) (6.126)

k oo w1 1 (- L
_ v 1 sin 5 ram o 2”)>\md
n ’ k A A ™ 171 oL s ¢ ’
=1 Hl:l,l;ém( 1= Am) 0 72"l +2r27 cosqgy + 1

sin =~ [ dr 1
2m 1—
P { (t 2 2") = k} .
= /0 72 4+ 2rcos o +1 T

Therefore, the following representation holds

AP [qu,_z n] z (tml**) (6.127)

o
where Q 1s a random variable with density

= 1
fa(r) = S22 ,  reRr%. (6.128)

ga T2+ 2rcosg; +1

The density 1s a unimodal law which, for n — oo, becomes

1

+

flr) =

6.3.3 Fractional pure birth process stopped at 5*(t)

We consider the fractional nonlinear pure birth process stopped at a stable time 5%(¢) of order
0 < a < 1 with Laplace transform

o

Ee—25%(®) :/ e 7 %q,(t,s)ds = et (6.130)
0
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where g, (¢, ), s > 0, is the density of the stable process $%(t), ¢t > 0.

We have that the probabilities

Pr(t) = Pr{a"(s%(¢)) = k | A*(0) = 1} (6.131)
k—1 k
= )‘j % / Eul Am$ )qa(t s)d
i1 me T gem (
k—1 k .
1 o vl 0 7
~TT A, Z i smwr/ i r / e Mg (¢, 5)ds dr
e — T 1l¢m(Al Am) T o T +2r%cosvm+1 J
s k 1 sinvmr [ rv—1 s
-1 = T
P21 me T 1l7£m()\ ~Am) T o T +2r¥cosvm+1
k—1 k . v_ o
_ " Z ; 1 sinvm /°° - wz ! e~ AmW gy
io1 met [limagm (= Am) @7 Jo wTe 4 2we cosvm + 1
k-1 k 1 o
— by Z Ee—tAhWe
j=1 m= l_lz 1izm (A1 = Am)

where W, is a random variable with density

sinvm wa™!

w) = - , w>00<rv<], 6.132
Fwe(w) am  w?s + 2wa cosvm + 1 ( )

(first obtained by Lamperti (1958)). The density (6.132) coincides with the probability distribution
of N
SV
W, = (1) , (6.133)
S5

where SY, S%, are independent stable random variables with Laplace transform

Ee *5" =e™*,  2>0,0<v<l (6.134)

1
If a =1, Ee?»We = B, (—)\,,t") and (6.131) are the state probabilities of a fractional pure

—tAn W

birth process, while for « = v, Ee v are the state probabilities of a pure birth process at time

tW, or, equivalently, a pure birth process at time ¢ with rates Ay W, .

If we compare (6.131) with (6.78), we can conclude that the process

N (8%(8)) = N(Tou (5%(2))), (6.135)
can be represented as
N (5"‘/ v (tWa)) , (6.136)
fo<a<v<l

Remark 6.3.5. From formula (6.131), when a takes the form a =v /2", n € N, we have

. 2 P
sinyvm Am

e dr. 6.137
Pk() T /O T‘2V-I-27‘VCOSI/7T+1H Z Hl 1l.—,ém()\l A ) r ( )

For n — oo, we obtain that p%(t) — 0, k > 1, and p¥(t) — e~t. This shows that for n — oo,

etther the population istantaneously ezxplodes or does not produce offsprings with exponential

probability.
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An alternative way of presenting the state probabilities (6.131) is based on the Mellin—Barnes

representation of the Mittag-Leffler function

1 (7T D01 - 2)
E = BRSO AR SEPy| 1
V,,bt(m) 27[_2 /y_ioo F(N _ l/z) z Z, (6 38)

with v > 0, z € C, |arg(—z)| < 7 (see Kilbas et al. (2006), page 44, formula (1.8.32)).

In view of (6.138), we can write (6.131) as follows

4100 — 2z
-y [ [T RO ey e

Hz 1 l;ém 1 —vz)
(6.139)
1:[ L L /AH_ioo w);ﬁ /00 $7Y*qq(t, s)ds dz,
j=1  m=1 [ 1im (A= Am) 278 J oo I(1-vz) 0
where in the last member of (6.139) the Mellin transform of g, (¢, s) appears.
The Mellin transform of the stable subordinator $¢(t), with Laplace transform
Ee *5"() = t2% (6.140)
reads
E(s*(t)"" = /Ooo s ga(t, s)ds (6.141)

1_[1-n 1 na
— (== T1) = %
a<a>l“(1—77)

By inserting (6.141) into (6.139), we arrive at

u a +io Pz -z z —2
B(t) = AjZ: - — L Wm P(rzl;gm )_FV(Z) ) (Amt) "dz  (6.142)
k

k
l_[l 1,l#m (A = Am) 2m

1 1.2, v
= )\j % a 1H2’3 [Amta
j=1 m=1 nzzl,z;ém (A = Am)

(0,1),(0,v)
(0’ 1)’ (O’ I//a)’ (0’ V)

We examine now in detail the case a = v in the next theorem.

Theorem 6.3.5. We have the following distributions:
1. Pr{af(s"()) = k} = Pr{a(To (5" (1)) = k} = Pr{a(tW,) = k},
2. Pri{n((s*(Tzy(t))) = k} = Pr{N(tW:) = K},

fork>1,t>0, where

SY\“
a = ) .14
W, (Szv> (6.143)

and has distribution (6.132).

Proof. For k > 1 we can write that

Pr{n\(T2, (5" (t))) = k} (6.144)
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x
|
[

I
>

.

107+

ooe_Ams r v s

Jj=1 m=1
k—1 k ) - -
— A / e Ams / I, (2,8)q.(t, 2)dz ds
j=1 m=1 Hl 1,l#m (A = Am) Jo 0
k—1 k 1 -
- As Hk ()\ A Ev,l(—AmZ")qu(t,z)dz
j=1  m=11ll=1l#m
o A : 1 sinvm / / V- 1 *Al/“zr (t )d
B 7 ,2)dz
j=1 m=1 Hz 1,l#£m (A = Am) T3 4+ 2rY cosvm + 1
k—1 )\ k 1 Sin U /oo Tyfleit(,,.Aiﬂ{u)u d
- T
Hz Lizm At —Am) T Jo 72V 4 2r¥ cos v + 1

r2v 4 2r¥ cosvm + 1
— Pr{N(OWY) = k} = Pr{7(tW,) = k}.

This concludes the proof of the first result. In order to prove the second result we write

=/;°°P{ o) =iy BT

Pr{n( (8" (T2 (t))) = k} (6.145)
k—1 k
=11 / / e *%q,(z,8) fr,, (2,t)dz ds
j=1 m=1 Hz 1l7£m (A —
k—1 k 1
=11 /\J' / e *»* fr,, (z,t)dz
j=1 = Hlk—l J#m (>‘l - Am) 0 ’
by(6 98) H 1 v
Aj Z By 1 (=At7)
Hz 1,l#m (A = Am) "
_ /oo 1:[ Z 1 sinvm PV le T Amtr i
~Jo j=1  m=1 nl 1,itm MN=—2An) T r2¥ + 2r¥ cosvm + 1
sinvm rv=1
= P tr) =k d
/o r{n(tr) =k} 2 4+ 2r¥ cosvm + 1 4
=Pr{aA(tW,) = k}.
O

Remark 6.3.6. By slightly changing the above calculations, we arriwve at the following result
(compare with (6.131)):

]Eeft)\;,’l W1 .

Pr{a (5% (T2, (¢)

=k} = H)\ Z ! (6.146)

) T g = Am)

Remark 6.3.7. An alternative form of the distribution (6.131), for a = v, can be given as

follows.

(6.147)

k
1 1 [ 1 1 i
= )‘j Z k 22U / (w + e—imv o w + ei7r1/> € Ydw
m= 1_[ = ()\l - )\m) 0

I:et)\me_“”’El (t>\m€7imj) _

et)\mei"” El (t)\m eim/) ]



6.3 Subordinated fractional birth processes 118

1 )\mt cos VT

- H Z [et)\m sinl/‘/r]__—,:1 (tAme—iwu) _ et)\m sinmrEl (t}\mei"w)] ’

m= 11_[1 1l¢m(/\l A ) 2wm

where the function Bq(z) = [~ &

Z dt |arg z < 7|, is the ezponential integral.

6.3.4 Fractional pure birth process stopped at T, (%)

In this section we consider the process A*(T24(t)), t > 0 (see the discussion related to formula
(6.88). As we did before, here we treat the case k > 2. The state probabilities can be written as

follows.

pe(t) =Pr {N”(Tza(t)) =k|[”(0) =1} (6.148)

1 (o)
B, 1(—Ams”)Pr{Ts,(t) € ds}.
H animuz ) B P (Taa(e) € 4

The integral in (6.148) can be further worked out by means of the Laplace transform:

/ E, (- ms)/ e 'Pr {Ty,(t) € ds} dt (6.149)

—/ By 1(=Ams”)z*~ le=s2%4s
0

w1 (za)u—l _ Zow—l

2% 4+ A 2% 4+ A

By taking the inverse Laplace transform of the above formula, we immediately obtain that
o0
/ By 1(—Ams”)Pr{T24(t) € ds} (6.150)
0 x
:/ By 1(—Ams" 2t *W_qa,1—a(—t"*s)ds
0
= E,,a,l(—AmtVa).

Therefore, the state probabilities for the process A¥(T2q(t)), t > 0, result in the following form:

1
H by Z Bro1(—Amt’®) = p2%(t),  k>2. (6.151)
nl 1,l#m (A = Am)

Note that the case ¥ = 1 can be treated in the same manner. We thus obtain the following

equalities in distribution:
NV(T&x(t)) = N{T2V(T2C¥(t))} = N(TQVO((t)) = Nua(t), t > 0. (6152)

Let now n, = [], v;, where n € N, and v; are n indices such that »; € (0,1] for 1 <1 < n.

Formula (6.152) can be generalised as

NATzw; (Tows (- Tov, (1) - )} = N(To, () = A (¢),  ¢>0 (6.153)
where A" (t) is a nonlinear fractional birth process.

Formula (6.148) can also be worked out in an alternative way. In the following calculations we

will make use of the integral representation (6.87).

e () = Pr{n’(Ta(t)) = k | A(0) = 1} (6.154)
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k

k—1 00
- I ! / By1 (—Ams”) Pr{Tsa(t) € ds}
i1 Al — Am) Jo

m=1 Hl*l J#£m ( l
1

ook 1
/ Hl ll;ém()‘l A )

sinvm rv-1 i
X e~ "TASPrITs, () € ds) dr
/0 T 7T 4 2r¥ cosvm + 1 {T2a(?) ¥

v—1

_ L .
1 *® sinvm r 1
jljl 2 [T N = Arm) /o T rt2rcosvm+1 ot U

m=1

Remark 6.3.8. By comparing formulae (6.151) and (6.154), it is clear that the following
expansion holds:

sinvmr [ rv—1 1
Byo 1(=Apt®) = E (— A,Vnto‘)d, 0,1], 0,1].
va,l( m ) - A 720 1+ orv cosum + 1 a,l T T Ve ( ] a € ( ]
(6.155)
We give a direct proof of (6.155) by applying the Laplace transform to both members. Of
course
[eS] ,uvafl
/ e M B a1 (—Amt’*)dt = ——— . (6.156)
0 /J'Va + >‘m
Then, we must calculate the twofold integral
sinvm rv—1 1
eht Boi (~rAit*) dtd 6.157
/ / 72 4 or¥ cosym + 10 ! 4 4 ( )
sinvym rv—1 uet
= 2v 2V 1 1 dr
m o T +2r¥cosvm + U+ TG

1

o v

sinvm uotrv—le (M +M")
= dr dw

7'2” +2r¥ cosvm + 1

by(687/ #a “wEul( Ame)dw
0

(#a)u—l#a—l _ Nua—l
(b +Am ¥+ A

Remark 6.3.9. A number of interesting relations follow from formula (6.155).

The following integral relation holds:

sinvmw [ 1 1.1
Boy (—r5 Ant™) dr 6.158
v /0 2+ 2rcosvm+1 " ( )
i o 1 Lz
_ sinvar / e TEEAESE g
vo o Tr®+2rcosvam+1

A sort of commutativity is valid for (6.155):

sinar [ ra-l 1
By 1 (~At®) = E, (— A“t”), 0,1], 0,1].
A ) s /0 r2 4 2racosam +1° 2t rm ve (01, ae]]
(6.150)

For a = 1 we recover, from (6.155), the integral representation of Mittag-Leffler functions.
By considering that
Tufl
fulr) = r2¥ 4+ 2r¥ cosvm + 1’

forv =1, becomes a delta function with pole at r = 1, we extract, from (6.155), an tdentity.

(6.160)
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Furthermore, it is worth noticing that formulae similar to (6.155) can be derived by re-

peated applications of the same formula. For example we have:

sinvm [ vl 1
E At Boapi (~r2t*?) d 6.161
vap,1 (- )= /0 720 4 2rv cosm + 1 2P \TTAm ’ ( )
1
sin v sin am v w1 By (—wre A tP)
= dw dr.
72 4+ 2r¥ cosvm + 1)(w?* 4+ 2w cosam + 1)

Let v;, 1 <1 < n be n indices such that for all 1 <1 < n, v; € (0,1], and let us denote
Ny = H?:l vi. In general, for n > 2, we obtain that

By 1 (=Amt™) (6.162)

oo n—1 Tl_’j—l 1 1 1
J vivo n 2 ’7 1 4V
/ / 2u] By, 1 ( Tiry Tt Am T n) H dr;
+ 2r cosv; + 1

=F {E,,ml <—<1>w1<2>wl"1(3>wl"1"2 ...(”_1)W1’7"2)\,’;{‘1t”">} ,

where DW;, 1 < j < n—1, are independent random variables, each with distribution (6.132),

with a =1 and v =v;.
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