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Abstract

We study uniqueness property for the Cauchy problem ' € 9V (z), (0) = £, where
V : R™ — R is a locally Lipschitz continuous, quasiconvex function (i.e. the sublevel
sets {V < ¢} are convex) and 0V (z) is the generalized gradient of V' at x. We prove
that if 0 ¢ OV (z) for V(z) > b, then the set of initial data £ € {V = b} yielding non
uniqueness of solution in a geometric sense has (n—1)-dimensional Hausdorff measure

zero in {V = b}.

Ref. S.I.S.S.A. 77/95/M (June 1995)



1. INTRODUCTION AND STATEMENT OF THE RESULT

In this work we study uniqueness property for Cauchy problems of the type

(Pe) { f((t)) E ?V(x(t»

When V' : R™ — R is convex and locally Lipschitz continuous, 0V (x) is the sub-
differential in the sense of convex analysis and the multifunction z — 9V (z) is a
maximal monotone operator in R™. This implies that for every £ € R™ the problem
(P¢) admits at least a solution, which is unique in the past. Moreover, as proved
by Cellina [C] in a more general setting, for almost every £ € R"™ the problem (Pg)
admits a unique solution.

The interest in this subject arises from some questions in the calculus of varia-
tions. In this framework V would be a solution to a minimization problem and the
hypothesis of convexity for V' seems to be too strong.

It is more natural to consider the case in which V' : R™ — R is locally Lipschitz
continuous and its sublevel sets are convex. In this case OV (x) is the generalized
gradient, introduced by Clarke [Cl]. Since the multifunction x — 0V (z) is upper
semicontinuous with compact convex values, for any £ € R™ the problem (P¢) admits
at least a local solution.

We point out that in general the operator OV (-) is not monotone (actually it
is monotone if and only if V' is convex, see [Cl, Proposition 2.2.9]) and therefore
nothing can be said about uniqueness of solutions of (P¢). Hence it is natural to
consider uniqueness property in a geometrical sense. Precisely, two solutions to (Pg)
are geometrically distinct in the future if, for positive times they draw two different
curves in R"”.

We prove the following result.

Theorem. Let V : R” = R and a,b € R, b > a, satisfy:

(V1) V s locally Lipschitz continuous;

(Vo) the sets {V < c} are convex for every ¢ > a;

(V3) 0 ¢ 0V (x) for every x € {V > b}.

Let ) be the set of the points £ € R™ such that the problem (P¢) admits (at least) two
geometrically distinct solutions in the future. Then the (n—1)-dimensional Hausdorff
measure of the set {V = b} NQ is zero.

As immediate consequence of the theorem we get the following result.

Corollary. LetV : R™ — R be a locally Lipschitz continuous function whose sublevel
sets are convexr and 0 & OV (x) for V(z) > inf V. Then the n—dimensional Lebesque

measure of {) is zero.

Remarks. (i) We point out that, thanks to (V1)—(V3), for any ¢ > b the level set

{V = ¢} is covered by a countable collection of (n — 1)-dimensional rectifiable sets.
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(79) When V' is convex, the generalized gradient OV (x) coincides with the stan-
dard subdifferential in the sense of convex analysis. In addition two different solutions
to (Pg¢) are geometrically distinct in the future.

(747) The hypothesis (V3) cannot be omitted, as we emphasize in the example

below.

2. NOTATIONS AND PRELIMINARY RESULTS

Let V : R™ — R be a locally Lipschitz continuous function. By Rademacher’s
Theorem, the function V' is differentiable almost everywhere (in the sense of Lebesgue

measure) on R™. Moreover the generalized gradient OV (z) can be defined as the set
(2.1) oV(x)=co{limVV(zx;) : (x;) CD, limx; =z, 31imVV(zx;)}

where D = {z € R" : 3VV (x) }.

A first useful property that we need concerns the relationship between the gen-
eralized gradient 0V (z) and the cone of normals to {V < V(z)} at the point z.

To state it, we introduce some standard definitions, following [AC] and [C]].

Given a convex closed nonempty subset C' of R™ and a point 2 € R™ we set d¢(z) =

inf{|lx—y|:yeC}. It holds that:

(2.2) the function x — de(z) is convex and |do(z) —de(y)| < |z —y| for any z,y € R™;
1

(2.3) for any x,v € R™ there exists tli?(?)% —(de(x+tv) —de(x)) = di(z;v).

+1
Then we define the tangent cone to C at x as

(2.4) To(x)={veR" : d (x;v) =0}
and the normal cone to C at = as
(2.5) Ne(z) ={yeR" : (y,v) <0Vv e Tc(x)}.

The sets To(x) and Ne(x) are closed convex cones in R™ and T (x) N Ne(z) = {0}.
In addition, since C' is convex, N¢(z) coincides with the cone of normals to C' at x

in the sense of convex analysis, namely
(2.6) Ne(@)={eR" : ({,z—y)>0VyeC}

(see [Cl, proposition 2.4.4]).

Lemma 1. Let V : R® — R and a € R satisfy (V1) and (Va). Then 0V (x) C
Niv<v()y(x) for every x € {V > a}.

Proof. Let C = {V < V(x)}. By (2.1), since C is a closed convex subset of R", it
is enough to prove that {limVV(x;) : (z;) C D, limz; = x, 31imVV(x;)} C
Ne(z).



Arguing by contradiction, let (z;) C D be such that limxz; = x and lim VV (z;) = ¢
with £ € Nco(z). Then, by (2.6), there exists y € C such that ({,y —x) > 0. Since
z,y € C and C'is convex, do(z+t(y—x)) = 0forall0 <t < 1andso di(z;y—z) =0,
that is y — x € Te(x).

Hence, setting v =y — x we have
(2.7)  wveTe(x);
(28) z+ved,
(2.9) (& v) >0.

Now we build a sequence (v;) C R™ in the following way: setting C; = {V < V(z;)},
we define v; = v if v € T, (z;). Otherwise we take v; € R” such that |v — v;| <
de,(z; +v) + % and z; + v; € C;. In any case, by the convexity of C;, we have that
(2.10) wv; € Te, ().

Noting that d¢, (z; +v) < de,(x 4+ v) + |z; — x|, since limz; = z, we can conclude
that

(2.11) limv; = v

provided that we prove that lim d¢,(x + v) = 0. But this is true, because otherwise
there is € > 0 and a sequence (i) C N such that Ba(z + v) N C;, = 0 for every
k € N. Without loss of generality, we can also assume that the sequence (V' (z;,)) is
monotone, so that {V < V(z)} € Uy>; Np>k Cin- Hence Bac(z+v){V < V(z)} =0
and consequently Be(x +v)NC = 0 in contradiction with (2.8).

Since VV (z;) € N¢,(x;), by (2.10) and (2.6) we get (VV (z;),v;) < 0 for every i € N.
Passing to the limit ¢ — oo, by (2.11) we conclude that (£,v) < 0 in contradiction
with (2.9). U

Now we discuss some properties about the Cauchy problem (P¢). First of all we
point out that the mapping x — 0V (z) is an upper semicontinuous compact convex
multifunction defined on R™ (see [Cl]). This implies that for any £ € R™, problem (Pg)
admits at least a solution, namely a function z(-,&) € AC,.(I,R™), where I is an
interval containing 0, such that x(0,&) = £ and 2/(¢, &) € 9V (x(¢,&)) for almost every
t € I. Moreover, maximal solutions are defined on R and the reacheable set at time ¢,
denoted by R(t,&), is connected (see [AC]). In addition the following properties hold.

Proposition 2. Let V:R" — R and a,b € R, a < b, satisfy (V1)-(Vs).
(i) If x(-, &) € AC10c(R,R™) is a solution of the problem (P¢) for & € {V > b}, then
x(t,§) € {V > b} for every t > 0, the function t — V(x(t,£)) is increasing and
LY (2(t,€)) > 0 for almost every t € R such that z(t,&) € {V > b}.
(ii) If V(&) = V(&) = b and t1,ta > 0 are such that V(xz(t1,&1)) = V(x(t2,£2))
then |z (t1,&1) — o(t2,&2)| > [&1 — &2
(7i1) For any & € {V > b} there is a unique t < 0 such that z(t,§) € {V = b}.
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Proof. (i) Let x(-,&§) € AC0(R,R") be a solution of (P¢). The function t —
V(z(t,£)) is locally Lipschitz continuous and then differentiable almost everywhere

on R. First of all we prove that
(212) 4V (x(t,£)) > 0 for almost every ¢ € R such that z(t,€) € {V > b}.

Let ¢ € R be such that z(¢,&) € {V > b}, z(-,&) and V(z(-,§)) are differentiable at ¢
and LV (z(t,£)) < 0. Then there is § > 0 such that V(z(t+h,€)) < V(z(t,£)) for 0 <
h < 4. Hence, setting Cy = {V < V(x(t,€))} we have 2/(t,£) € Te, (x(t,&)) because
the tangent cone is closed. On the other hand, by Lemma 1, 2/(¢,£) € N¢,(z(t,€))
and this implies that 2'(¢,£) = 0, in contradiction with (V3). Therefore (2.12) is
proved. Now we check that the function t — V' (z(t,£)) is strictly increasing. By the
contrary, let us suppose that there exists an interval [¢1,¢2] in which the function is
constant, let us say equal to ¢. For any ¢t € [t1,t2] and h such that ¢t + h € [tq, 2],
by a convexity argument we have x(t + h,&) — z(t,§) € T¢,(z(t,€)) and again a
contradiction, as before. Now we prove that z(¢,€) € {V > b} for every ¢t > 0. By
the upper semicontinuity of OV (-), there is € > 0 and § > 0 such that |2/(¢,&)| > 0
for almost any t for which V(§) —e < V(z(t,€)) < V(£). Using this remark the
conclusion follows arguing as above.

(ii) Let b = V(&) = V(&) and ¢ = V(x(t1,£1)) = V(z(t2,£2)). We denote by 7; the
inverse function of V(z(,&;)), defined by V(x(7(a),&;)) = a for a € [b,c]. It is an
absolutely continuous increasing function and

22 on(@),6) - a(ma(a) &)
o1y = E1(0,6) - #((0), &), ¥ (1(0). 6) @) — @' (m(0), &) (0)

)
= (z(n1(@), &) = 2(72(a), &), 2 (11(@), &) 71 ()
+ (2(r2(@),&2) — z(11(a), &), 2" (r2(), £2)) T2 ().

4y (2(r;(a),€)))~! > 0 for almost every a € [b,c]. In
addition, by lemma 1, 2’(7;(«), &;) belongs to the normal cone to {V < V(z(7;(«), &)}
at the point z(7;(«),&;). Then, by (2.6), the last term in (2.13) is non negative and
this proves (i7).

(797) Arguing by contradiction, let £ € {V > b} be such that z(¢,£) € {V > b} for all
t < 0. Then, by the part (i), the function ¢ — V(x(¢,&)) is strictly increasing on R
and there exists tiimoo V(z(t,§)) =1€[b,V()). Firstly we prove that

(2.14)  theset {z(t,£) : t <0} is bounded.

Indeed, let us take &€ € {V = [}. By the part (), there exists 5 > 0 such that [ <
V(z(5,€)) < V(€). In addition there exists £ < 0 such that V(z(t,€)) = V(x(5,£)).
Moreover, since V(z(t,€)) decreases to [ as t — —oo, for any ¢ < ¢ there is s € [0, §]
such that V(z(t,€)) = V(x(s,£)). Hence, by the part (i), we get |z(t,&) — x(s, )| <
0. a0, Sttng 1 = o1, (5. ond K = {3 R Iy~ (s <
r, s € [0,5] }, it holds that K is compact and z(t,§) € K for all ¢t < ¢. Thus (2.14)

is proved.

Now we remark that 7/(a) = (



By (2.14), we can take a sequence (t;) C R such that ¢; — —oo, z(t;,€) — & and
z(t; + 1,€) — (¢ for some &, € {V = I}. Then, setting & = x(t;,€), it holds
that z(t,&) = x(t; + t,€) for every t € [0,1] and, by (2.14), [|[2'(-,&) | L>=(0,1) <
const. Therefore, up to a subsequence, z(-,&;) converges uniformly on [0, 1] to some
y(-) € AC([0,1],R™) and 2/(-,&) — ¥'(:) in the weak® topology of L°°(0,1). By

[AC, Theorem 1, pag. 104] the function y(-) is a solution to the problem (Pg¢) on the

interval [0,1] and y(1) = =(1,§) = ¢. In addition I < V(y(t)) = lim V (z(t + t;,§)) <
LimV (x(t; + 1,€)) = [, that is x(t,£) € {V = [} for all ¢ € [0,1], which contradicts
the part (). Thus we proved that for any £ € {V > b} there exists at least a value
t < 0 such that z(¢,£) € {V = b}. The uniqueness of such a value ¢ follows from the
part (7). U

We now introduce the notion of geometrically distinct solutions for the Cauchy prob-

lem (P¢).

Definition. Given & € R" two solutions z;(-,&) € AC,(R,R™), i = 1,2 to the
problem (P¢) are geometrically distinct in the future (respectively in the past) if the
sets {x;(t,&) : t > 0} (resp. {x;(t,&) : t <0}) are different. We say that the problem
(Pe) has uniqueness of solution in the future (resp. in the past) if there do not exist

two solutions geometrically distinct in the future (resp. in the past).

Remark 1. Property (ii) of Proposition 2 implies that, for any £ € R™, problem

(P¢) has uniqueness of solution in the past.

Remark 2. For any ¢ > b we can define a function f. : {V =¢} — {V =b} in
the following way: f.(y) = £, where £ is such that there exist a solution z(-,&) of
problem (P¢) and a value ¢ > 0 satisfying x(¢,{) = y. Property (iii) of Proposition 2
guarantees that this function is well defined and, thanks to (ii), it satisfies the global
Lipschitz condition |f.(x) — f.(y)| < |z —y| for any z,y € {V = c}.

Example. When hypothesis (V3) is not satisfied it may happen that some level set
{V = ¢} has Hausdorff dimension greater than n — 1. Even assuming that any level
set {V = ¢} has Hausdorff dimension n — 1, the hypothesis (V3) plays a fundamental
role. Indeed, let us consider the function V' : R — R defined by
] if |z| <1

(x—1)3 ifx>1

(—x—1)3 ifzx<-—1.

V() =

LIN W =3

It is easy to check that 0 € OV (x) if x € {V = 1}. For any 0 < £ < 1 we have that

e+t ifo<t<1-—¢
“Gf)_{1 ift>1-¢

and
£+t fo<t<1-—¢

332(7575):{}1(15—1)24-1 ift>1-¢
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are two geometrically distinct solutions of the problem (Pk).

3. PROOF OF THE THEOREM

Let €2 be the set of initial data such that the Cauchy problem (P¢) has at least
two solutions geometrically distinct in the future. We denote by H?® the s—dimensional
Hausdorff measure and by £" the Lebesgue measure in R™.

We want to prove that H*~1(QN{V =b}) = 0. For £ € {V = b} and ¢ > b we denote
R.(&§) ={ye{V =c} : fely) =&} where f. is given as in Remark 2. We devide
the proof in the following steps.

Step 1. For every £ € QN {V = b} there is ¢ > b, ¢ € Q such that HO(R.(£)) = oo.
Let (C;) be a countable collection of compact sets that cover R™.

Step 2. For every £ € QN {V = b} there exists ¢ > b, ¢ € Q and j € N such that
HO(R.(&) N C5) = oo.
Step 3. Application of the coarea formula.

Step 1. Let £ € {V = b} be such that there exist two solutions x;(-,€) (i = 1,2) of the
problem (P¢) geometrically distinct in the future. We can say that there are a rational
¢ >band ti,t; > 0 such that z;(¢;,§) € {V =c} (i = 1,2) and x1(t1,§) # x2(t2,).
We define

to = sup{t € [0,22] : d(22(t, ), 1) = 0}

1 = w2(t2,§).
We remark that & € 1 N e, there exists 1 such that & = x1(f1,€) and z;(t — ¢;,€)
are solutions of problem (P¢, ). Moreover, if y(-,&;) is a solution of (P¢,) in [0, +00),

then .0 0.7]

o xT; t,é fort € O,tl

ﬂj‘(t)— {y(t—t_i,fl) fOI't>t_i
is a solution of (P¢). Then R(t,&1) C R(t + t;,&) for any ¢ > 0 and, by Proposition
2, part (i), R(t,&1) € {V > V(&)} for any t > 0. We have also R(t,&) Ny # 0
and R(t,&) Ny N2 = 0. We can suppose that R(t,&1) C {V (&) <V <c}iftis
sufficiently small. In fact, if it is not the case we can substitute x5 (-, ) with an other
solution, denoted again by xs(-, ), in such a way the above inclusion holds. We state
the following
Claim: there is a solution x3(-,&) of the problem (P¢) and a value t3 > 0 such that
x3(ts, &) € {V = c} and x3(t3,§) # xi(t;, ) for i = 1,2.

Indeed for any o € {V(y) : y € R(t,&1)} and i = 1,2 there is a unique 2¢, € v; N{V =
a} and 2l # 22. Moreover there exists a € {V(y) : y € R(t,&)} for which the set
{V =a} N R(t, &) contains a third point 23 # 2!, i = 1,2. Let y3(-,£) be a solution
to the problem (P¢) such that, for a suitable ¢, it is y3(¢,&) = 23.
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If limi— 400 V(y3(t,€)) > c then there exists t3 > 0 such that V(ys(t3,£)) = ¢ and
ys(ts, &) # xi(t;, &) for i = 1,2. In this case we put z3(-, &) = y3(+,&).

If limy— 400 V(ys(t,€)) < ¢, by Proposition 2, part (i) V(ys(t,€)) < ¢ for any ¢ > 0.
Considering the problem (P, (1, ¢)), we have that for any t > 0 {V > c}NR(t+11,£) D
R(t,z1(t1,£)) # 0. Moreover R(t +t1,£) N{V < ¢} # 0. Then for any ¢ > 0 there
exists z € R(t+t1,&) N{V = c¢}. We want to prove that z # x;(t;,£). Let us suppose
that z = x1(¢1,&). Then x1(¢1,€) € R(t+1¢1,¢) for any t > 0. In other words, for any
t > 0 we can find a solution y(-) to the problem (P¢) such that y(t+t;) = z1(¢1,£) and
for any 7 € [0, + t;1] there exists s € [0, 1] such that y(7) = z1(s,§). For s € [0,11]
the curve described by x1(s,&) (the same described by y(7) for 7 € [0,t + t1]) is
contained in a compact set K C {b <V < ¢}, so there exist two positive constants
m, M such that for any v € 9V (x), z € K it is m < |v| < M. Computing the lenght

of this curve we have
t+t1 t1
mt+t) < / (7)) dr = / 12 (s,€)|ds < Mt,
0 0

and we get that t < t; (% — 1), contradicting the fact that ¢ is an arbitrary positive
value. Then repeating the same argument for zs(t2,€), and choosing ¢ sufficiently
large, we can denote by x3(-,&) a solution to the problem (P¢) for which there exists
ts such that x3(t3,£) = z. Hence the claim is proved.
Let now 3 = {z3(t,£) : t > 0}. We can suppose without restriction that v, N3 C
Yo N 3. Let t3 = sup{t € [0,t3] : d(x3(t,€),72) = 0} and & = x3(¢3,&). Now, we
can repeat the same argument to construct a sequence (x;(-,£)) of solutions of the
problem (P¢) and a corresponding sequence (t;) C RT such that x;(¢;,§) € {V = ¢}
and z;(t;,§) # x;(t;,§) for i # j. Hence we have that x;(t;,£) € R.(§) for any i € N
and then H°(R.(£)) = oo, being H° the counting measure.
Step 2. Arguing by contradiction, let us suppose that for any € > 0 and k > 0 there
exists 4. € N such that for any i > iy it is [x1(t1(b+ €),&) — 2 (ti(b+€),&)| > k.
Hence lim. g+ |x1(t1(b+€),&) —zi(ti(b+€),£)| > k and this contradicts the fact that
for any i € N lim,_o+ x;(t;(b+€)) =&.
Step 3. By the step 2, we have

(v=ona=J J {&:HR()NC))=o0}.

JEN ceQ,c>b

We now apply the coarea formula (see [M, Theorem 3.13])
| an@artie) = [ R nC)are),
{V:C}ij {V:b}

The left hand side is finite because f, is Lipschitzean and H" ' ({V = ¢} N C}) < oo.
Then for any ¢ € Q, ¢ > b and for any j € N

H P ({V =b}n{¢:HO(R(§) N Cy) = o0}) = 0.



We conclude this section proving the Corollary.

Proof of the Corollary. We can apply the Theorem with a = inf V. Then K" 1({V =

b} N Q) =0 for any b > a and using again the coarea formula, we get
/ TV (2) dH" (z) = / HL({V = b} N QN Cy) dHA (b) = 0
QNC; R

where (C;) is a covering of R™ of compact sets. By (V3), JV(x) > 0 for H"-almost
every x € R\ {V = a}. Moreover, if {V = a} # ), the set QN {V = a} is contained
in the boundary of the convex set {V = a} in R", denoted 9{V = a}. Indeed if
¢ € R™ is an interior point of {V = a} then the only solution to (P¢) is the constant
function z(t,£) = £. Since the Hausdorff dimension of 0{V = a} is strictly less
that n, JV(z) > 0 for H"-almost every « € . Therefore H"(2 N C;) = 0 for any
j € N. Since H" coincides with the Lebesgue measure L™, we have that () is Lebesgue
measurable and £"(2) = 0.

U
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