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BRAIDED BIALGEBRAS OF HECKE-TYPE

A. ARDIZZONI, C. MENINI AND D. STEFAN

ABSTRACT. The paper is devoted to prove a version of Milnor-Moore Theorem for connected
braided bialgebras that are infinitesimally cocommutative. Namely in characteristic different
from 2, we prove that, for a given connected braided bialgebra (A, c4) which is infinitesimally
A-cocommutative for some element A # 0 that is not a root of one in the base field, then the
infinitesimal braiding of A is of Hecke-type of mark A and A is isomorphic as a braided bialgebra
to the symmetric algebra of the braided subspace of its primitive elements.

INTRODUCTION

The structure of cocommutative connected bialgebras is well-understood in characteristic zero.
By Milnor-Moore Theorem [BM] such a bialgebra is the enveloping algebra of its primitive part,
regarded as a Lie algebra in a canonical way. This result is one of the most important ingredients in
the proof of Cartier-Gabriel-Kostant Theorem [, Bu|, that characterizes cocommutative pointed
bialgebras in characteristic zero as “products” between enveloping algebras and group algebras.

Versions of Milnor-Moore Theorem and Cartier-Gabriel-Kostant Theorem for graded bialgebras
(over Z and Zg) can be also found in the work of Kostant, Leray and Milnor-Moore. For other
more recent results, analogous to Milnor-Moore Theorem, see [[Gd, KO, CR, Ma3, K1, B2, ).

The Zs-graded bialgebras, nowadays called superbialgebras, appeared independently in the work
of Milnor-Moore and MacLane. From a modern point of view, superalgebras can be seen as
bialgebras in a braided monoidal category. These structures play an increasing role not only in
algebra (classification of finite dimensional Hopf algebras or theory of quantum groups), but also in
other fields of mathematics (algebraic topology, algebraic groups, Lie algebras, etc.) and physics.
Braided monoidal categories were formally defined by Joyal and Street in the seminal paper [[9],
while (bi)algebras in a braided category were introduced in [M=a1]. By definition, (A4, V,u, A, &) is
a bialgebra in a braided category 9, if V is an associative multiplication on A with unit u and A
is a coassociative comultiplication on A with counit € such that € and A are morphism of algebras
where the multiplication on A ® A is defined via the braiding. In other words, the last property of
A rereads as follows

AV=(VaV)(A®csa®A)(A®A), (1)

where cxy : X®Y — Y ® X denotes the braiding in 9%. The relation above had already appeared
in a natural way in [Bd|, where Hopf algebras with a projection are characterized. More precisely,
let A be a Hopf algebra and let p : A — A be a morphism of Hopf algebras such that p?> = p.
To these data, Radford associates an ordinary Hopf algebra B := Im(p) and a Hopf algebra
R={ac A| (A®p)Ala) = a® 1} in the braided category BYD of Yetter-Drinfeld modules.
Then he shows that A ~ R ® B, where on R ® B one puts the tensor product algebra and tensor
product coalgebra of R and B in the category BYD (the braiding of 5YD is used to twist the
elements of R and B). It is worth to notice that the above Hopf algebra structure on R ® B can
be constructed for an arbitrary Hopf algebra R in BYD. It is called the bosonization of R and it
is denoted by R#B. Notably, the “product” that appears in Cartier-Gabriel-Kostant Theorem is
precisely the bosonization of an enveloping Lie algebra, regarded as a bialgebra in the category of
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Yetter-Drinfeld modules over its coradical. The result of Radford was extended for more general
classes of bialgebras with a projection in [ENMSI, BARTSA].

Bosonization also plays a very important role in the “lifting” method for the classification of
finite dimensional pointed Hopf algebras, introduced by N. Andruskiewitsch and H.J. Schneider.
Roughly speaking, the lifting method requires two steps. If A is a pointed Hopf algebra, then grA,
the graded associated of A with respect to the coradical filtration, is a Hopf algebra with projection
onto the homogeneous component of degree 0. Hence, by Radford’s result, grA is the bosonization
of a graded connected Hopf algebra R in BYD, where B is the coradical of A. Accordingly to the
lifting method, first one has to classify all connected and graded Hopf algebras R in BYD such
that dim R = dim A/ dim B. Then one has to find all Hopf algebras A such that A ~ R#B, with
R as in the first step.

Therefore, in many cases, for proving a certain property of Hopf algebras, it suffices to do it
in the connected case. The price that one has to pay is that we have to work with Hopf algebras
in a braided category (usually gyDL and not with ordinary Hopf algebras. Motivated by this
observation, in this paper we will investigate connected and cocommutative bialgebras in a braided
category. Actually nowadays people recognize that it is more appropriate to work with braided
bialgebras, that were introduced in [MH] (see e.g. [Gn3] and [KH)).

To define a braided bialgebra we first need a braided vector space, that is a pair (A, ¢), where A
is a vector space and ¢ is a solution of the braid equation (#). Then we need an algebra (A, V, u)
and a coalgebra (A, A, €) which are compatible with the braiding (see Definitions 2 and ).
Now, for defining braided bialgebras, one can proceed as in the classical case; see Definition [A.

The prototype braided bialgebra is T := T'(V, ¢), the tensor algebra of a braided K-vector space
(V,¢). The braiding c lifts uniquely to an operator ¢y : T®T — T'®T'. The usual algebra structure
on T'(V) is compatible with ¢r, so T ®T is an algebra (for the multiplication, of course, we use ¢p
and not the usual flip map). Therefore, there is a unique coalgebra structure on T, so that V is
included in the space of primitive elements of T" and the comultiplication is an algebra map.

For constructing other examples of braided bialgebras, we focus on the case when (V)¢) is a
braided vector space such that ¢ is a braiding of Hecke-type of mark A\ € K*, that is ¢ is a root of
(X +1)(X — A). Then, to every K-linear map b : V ® V — V which is compatible with ¢ (i.e. a
so called braided bracket, see Definition EZ3) we associate a new braided bialgebra U(V ¢, b), called
enveloping algebra, as follows. The set

Xep={c(2) = Az=0b(2) | z€ VRV =T*V)}

contains only primitive elements in T'(V, ¢), so the ideal I, p generated by X, in T'(V, ¢) is a coideal
too. Hence the quotient U(V, ¢, b) of T'(V,¢) through I.p is a braided bialgebra. As a particular
case we obtain the braided symmetric algebra S(V,¢) := U(V,,0).

It is worthwhile noticing that the braided subspace (P, ¢p) of primitive elements of a connected
braided bialgebra (A, c4) can always be endowed with a braided bracket bp : P® P — P whenever
¢p is a braiding of Hecke-type. In this case one can consider the corresponding enveloping algebra
(see Theorem (E32)).

The main result of the paper is Theorem B3. In fact, we prove that, for a given field K with
char K # 2, if (A,c4) is a connected braided bialgebra which is infinitesimally A-cocommutative
for some regular element A # 0 in K, then

e the infinitesimal braiding ¢p of A is of Hecke-type of mark A\ and
e A is isomorphic as a braided bialgebra to the symmetric algebra S (P, cp) of (P, c¢p) when-
ever \ # 1.

We would like to stress that, since the symmetric algebra is indeed a universal enveloping algebra
with trivial bracket, the foregoing result could be thought as a strong version of Milnor-Moore
Theorem for connected braided bialgebras that are infinitesimally cocommutative.

We also point out that, when A = 1, A is isomorphic to the symmetric algebra S (P, cp) just as
coalgebra by means of Kharchenko’s results (see Remark B4 and [KH, Theorem 7.2]).

To achieve our result we characterize bialgebras of type one with infinitesimal braiding of Hecke
type (see Theorem ETI3). Moreover, for a given braided vector space (V,¢) of Hecke-type of mark
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A # 0,1, we show that b = 0 is the unique c¢-bracket on (V ¢) for which the K-linear canonical map
tep 0 V= U(V, ¢, b) is injective whenever (3)! # 0 (see Theorem E3).
It is worth noticing that, as a consequence of Theorem ETIH, we can prove (see Remark B8) that
for a connected braided Hopf algebra (H,cy) and A € K*, the following assertions are equivalent:
e H is cosymmetric in the sense of [KH, Definition 3.1] and its infinitesimal braiding is of
Hecke-type of mark A,
e M is infinitesimally A-cocommutative.

On the other hand, as a consequence of Theorem B33, we get (see Remark B) that a braided Lie
algebra introduced by Gurevich in [GI| has trivial bracket in the Hecke case.

1. BRAIDED BIALGEBRAS

Throughout this paper K will denote a field. All vector spaces will be defined over K and the
tensor product of two vector spaces will be denoted by ®.

In this section we define the main notion that we will deal with, namely braided bialgebras. We
also introduce one of the basic examples, namely the tensor algebra of a braided vector space.

DEFINITION 1.1. A pair (V,¢) is called braided vector space if ¢: V @ V. — V ® V is a solution of
the braid equation

€1C2C1 = €201 C2 (2)
where ¢; = c®V and ¢ = V ® ¢. A morphism of braided vector spaces (V,cy) and (W, cyy) is a
K-linear map f : V — W such that ¢y (f @ f) = (f @ f)ev.

Note that, for every braided vector space (V,¢) and every A € K, the pair (V, Ac) is a braided
vector space too. A general method for producing braided vector spaces is to take an arbitrary
braided category (M, ®, K, a,l,r,c), which is a monoidal subcategory of the category of K-vector
spaces. Hence any object V' € M can be regarded as a braided vector space with respect to
¢:=cyy. Here, cxy : X ®Y = Y ® X denotes the braiding in M. The category of comodules
over a coquasitriangular Hopf algebra and the category of Yetter-Drinfeld modules are examples
of such categories. More particularly, every bicharacter of a group G induces a braiding on the
category of G -graded vector spaces.

DEFINITION 1.2 (Baez, [Bd]). A braided algebra, or c-algebra is a quadruple (4, V, 1, ¢) where (4, )
is a braided vector space and (A4, V, 1) is an associative unital algebra such that V and u commute
with ¢, that is the following conditions hold:

(VRA)=(AV)(c® A)(A®r¢), (3)
(AV)=(VRA)(A®)(c® A), (4)
(1®a)=a®1, ca®1l)=1®a for all @ € A. (5)

A morphism of braided algebras is, by definition, a morphism of ordinary algebras which, in
addition, is a morphism of braided vector spaces.

REMARK 1.3. 1) Let (A4, V,u,¢) is a braided algebra. Then A ® A is an associative algebra with
multiplication Vaga == (V@ V)(A® c¢® A) and unit 1 ® 1. Moreover, A ® A is a c4ga-algebra,
where c4g4 = (AR c®@ A)(c®¢)(A®c® A). This algebra structure on A ® A will be denoted by
A, A.

2)If A is an object in a braided monoidal category M and ¢ := c4,4 then the above four
compatibility relations hold automatically, as the braiding c is a natural morphism.

DEFINITION 1.4. A braided coalgebra (or ¢-coalgebra) is a quadruple (C, A, e, c) where (C,¢) is a
braided vector space and (C, A, ¢) is a coassociative counital coalgebra such that the comultipli-
cation A and the counit € commute with ¢, that is the following relations hold:

(CRA)X=(cC)Co)(ARC), (6)
(A@C)=(Ca(cxC)(CoA), (7)
(e®C)(cad) =¢e(d)ec=(CRe)(d®c) for all ¢,d € C. (8)
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A morphism of braided coalgebras is, by definition, a morphism of ordinary coalgebras which, in
addition, is a morphism of braided vector spaces.

1.5. Recall that a coalgebra C is called connected if the coradical Cy of C' is one dimensional. In
this case there is a unique group-like element g € C' such that Cy = Kg. Sometimes, we will write
(C,g), to emphasize the group-like element g. We also ask that f(gc) = gp, for any morphism
f:(C,9¢c) — (D, gp) of connected coalgebras.

By definition, a c-coalgebra C' is connected if Cy = Kg and, for any = € C,

((r®g) =gz, (gz)=23g9. (9)

DEFINITION 1.6 (Takeuchi, [IH]). A braided bialgebra is a sextuple (A,V,1,A, ¢, ¢) where

e (A,V,1,¢) is a braided algebra,

o (A A e, ¢) is a braided coalgebra,

e A and € are morphisms of algebras (on the vector space A® A we take the algebra structure
A®:A).

REMARK 1.7. Note that A : A — A ®, A is multiplicative if and only if
AV=(VeV)(ARc® A)(A® A). (10)

1.8. We will need graded versions of braided algebras, coalgebras and bialgebras. By definition, a
braided algebra (A4,V,1,¢) is graded if A = @, .y A" and V(A" ® A™) C A", The braiding ¢
is assumed to satisfy ¢(A" @ A™) C A™ @ A™. In this case, it is easy to see that 1 € A°.

Therefore a graded braided algebra can be defined by means of maps V™ : A" @ A™ — Ant™
and ¢™™ : A" @ A™ - A™ ® A", and an element 1 € AY such that:

VMR (YT @ AP) = VTP (AT @ VTP), for all n,m,p € N, (11)

V"1 ®a)=a=V""a®1) for all a € A™",n € N, (12)

P (YT @ AP) = (AP @ V™) (P @ A™) (A" @ ¢™P) for all n,m,p € N, (13)

TP (AT @ VP) = (VP @ A™)(A™ @ P) (" @ AP) for all n,m,pe N,  (14)

O"1l®a)=a®1 and a®l)=1®a foralla € A", n e N. (15)

The multiplication V can be recovered from (V™™), ,,en as the unique K-linear map such that

V(iz®y) = VPi(zx®y) for all p,q € N,z € AP,y € A?. Analogously, the braiding ¢ is uniquely

defined by ¢(z @ y) = P (x @ y) for all p,q € N,z € AP,y € A?. We will say that V»™ and ¢"™™
are the (n, m)-homogeneous components of V and ¢, respectively.

Graded braided coalgebras can by described in a similar way. By definition a braided coalgebra
(C,Ae,¢) is graded if C = @,cnC™A(CT) €3, -, CP@CY, (C"®C™) C C™®C" and
ele, =0, for n > 0. If 7P denotes the projection onto CP then the comultiplication A is uniquely
defined by the maps AP-¢ : CPT4 — CP @ C4, where AP := (7 @ 79)A|gp+a. The counit is given
by a map €% : C° — K, while the braiding ¢ is uniquely determined by a family (¢™™),, e, as for

braided algebras. The families (A™™),, men, (¢™)n.men and €° has to satisfy the relations that
are dual to () — (), namely:

(A™™ @ CPY)A"T™P = (C™ @ A™P)A™™ TP for all n,m,p € N, (16)
(e ® CMAY" (¢) = c = (C" @ ") A™0(¢) for all ce C™",n € N, (17)
(CP @ A™™) "M = (P @ C™)(C™ @ ™) (A™™ @ CP) for all n,m,p € N, (18)
(A™P @ O™ P = (C™ @ ¢P) (™™ @ CP)(C™ @ A™P) for all n,m,p € N, (19)
(@ C)(c®d) =e(d)c=(C2e)c(doc) forallceC deCO (20)
We will say that A™™ is the (n, m)-homogeneous component of A.

A graded braided bialgebra is a braided bialgebra which is graded both as an algebra and
as a coalgebra.
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REMARK 1.9. Let C = @,y C" be a graded braided coalgebra. By [Ew, Proposition 11.1.1], if
(Cr)nen is the coradical filtration, then C,, C € C™. Therefore, if C° is one dimensional then
C'is connected.

m<n

DEFINITION 1.10. A graded braided coalgebra will be called 0-connected if its homogeneous com-
ponent of degree 0 is of dimension one.

LEMMA 1.11. Let (C,¢) be a connected braided coalgebra. Then ¢ induces a canonical braiding cgx ¢
on grC such that (gr C, cgr ¢) is a 0-connected graded braided coalgebra, where gr C' is constructed
with respect to the coradical filtration on C.

Proof. Let (Cy)nen be the coradical filtration. Since C' is connected, we have Cy = Kg, where
g is the unique group-like element of C. We claim that ¢(C,, ® Cy,) C C,, ® C,. For n = 0 this
relation holds true as, by definition, ¢(z ® g) = ¢ ® = for all z € C. We choose a basis {y; | i € I}
on Cp, and we assume that the above inclusion is true for n. Let z € C, 41 and y € C,,. Since
Cp+1 = Cpi1' ® Kg, by [BH, Proposition 10.0.2], A(z) =2 ®g+g®@x + > i_, 2} ® x}, where
z), xy € Cp. Moreover,

((z®y) = Zidyi ® i,
with x; € C, and the set {i € I | z; # 0} finite. Since (C ® A)c = (¢ ® C)(C ® ¢)(A ® C) we get

p p p q
Yo ui®A@) =) yin®gt)y  pi®gen+(ce0)(Co)(d ooy

By induction hypothesis, (¢ ® C)(C®¢)(>i_, 2}, ® 2} @y) € Cr, @ C,, @ Cyy, so this element can
be written as ), ; y; ® z;, with z; € C, ® C,, and the set {i € I | z; # 0} is finite. Hence, for all
t € I, we have
Alz)) =2, @9+ g@xi + 2.
Thus z; € Cpy1, s0 ¢(x ®y) € Cp, ® Cpy1. Hence, by induction, ¢(C,, @ Cy,) C Cp, @ Cyy, S0
(Crn-1®Cry + Cp @Cry1) CCp @ Cp1 + Cppm1 ® Gy

Therefore ¢ induces a unique K-linear map cgfg gr"C@gr™C — gr™C ® gr™C. We define
CorC 1= @n m ng’ Now it is easy to see that (gr C, ¢gr ) is a graded braided coalgebra. ([l

REMARK 1.12. If (C, ¢, g) is a connected braided coalgebra then ¢ induces a canonical braiding cp
on the space P(C) ={ce C | A(c) =c® g+ g ® c}, of primitives elements in C. Indeed, by [,
Proposition 10.0.1] we have P(C) = (Kere)NC;. Thus ¢ maps P(C) ® P(C') to itself, see the proof
of the preceding lemma.

LEMMA 1.13. Let (A,V,u,c) be a c-algebra and let A : A — A Q. A be a morphism of algebras.
We fiz x,a € A such that A(a) =a®1+1®a. Then
(V

A(za) = A)(A®)[A(r)®a] + (A® V)[A(z) ® a]. (21)
Proof. Let A(z) =Y"_, } @ z/. Then

A(za) = A(m)-(a@l—i—l@a):ijl(mgéawy)-(a@l—i—l@a)
= Zj: zic(z) ® a) Z T, ®zla
= (VeA)Ae Al @d+(Ae V)[A@) @a.

O

PROPOSITION 1.14. To any braided vector space (V, ¢) we can associate a 0-connected graded braided
bialgebra (T =T (V,¢),Vr, 11, Ar,er, cr) where
o (T'=T(V,¢),Vrp,1r) is the tensor algebra T (V) i.e. the free algebra generated by V.
e cp is constructed iteratively from c.
e Ar : T — T ®, T is the unique algebra homomorphism defined by setting Ar (v) =
lr@v+v® 1y for everyv € V.
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e cr : T — K is the unique algebra homomorphism defined by setting ep (v) = 0 for every
veV.

REMARK 1.15. Note that At is the dual construction of the quantum shuffle product, introduced
by Rosso in [Ed]. The K-linear map ¢ is given in the figure below:

where each crossing represents a copy of c.

REMARK 1.16. If A = @, .y A" is a 0-connected graded c-bialgebra then A™? = A®" = Id4n.
Indeed, the proof given in the case A = T'(V') works for an arbitrary connected graded c-bialgebra.

THEOREM 1.17. Let (V,¢) be a braided vector space. Then iy : V. — T(V) is a morphism of
braided vector spaces. If (A,V a,14a,ca) is a braided algebra and f : V. — A is a morphism of
braided vector spaces then there is a unique morphism f: T(V,¢) — A of braided algebras that lifts
f. If, in addition, A is a braided bialgebra and f(V') is contained in P(A), the set of primitive
elements of A, then ]""V s a morphism of braided bialgebras.

1.18. Recall ([Ed, page 74]) that the X-binomial coefficients (}) . are defined as follows. We set
(0)x = (0)!x = 1 and, for n > 0, define (n)x :==14+X+---+X"Land (n)lx = (1)x(2)x --- (n)x.

Then:

n)!
(b)x = (k)'X((m( (22)

It is well known that (}) , is a polynomial. Therefore we may specialize X at an arbitrary element
A € K. In this way we get an element (), € K. Note that, if X is a root a unity, then (), may be
zero. If char(K) = 0 and A = 1, the formula shows that (2)1 is the classical binomial coefficient.
DEFINITION 1.19. We say that a braided vector space (V,c) is of Hecke-type (or that ¢ is of
Hecke-type) of mark m(c) = X if

(¢ +Idyez)(c — Aldyez2) = 0.
REMARK 1.20. For every Hecke-type braiding ¢ of mark A, the operator ¢ := —A~!c is also of
Hecke-type. We have m(¢) = A~!. Note that, for 9 = ¢, one has 0 = ¢.

2. BRAIDED ENVELOPING ALGEBRAS

In this section we introduce the main example of c-bialgebras that we will deal with, namely
the enveloping algebra of a ¢-Lie algebra.

Given a vector spaces V,W and a K-linear map o : V® V — W, we will denote o ® V' and
V ® a by a1 and as respectively.

DEFINITION 2.1. Let (V,¢) be a braided vector space. We say that a K-linear map b: V@V =V
is a c-bracket, or braided bracket, if the following compatibility conditions hold true:

cb; = bacyco and cby = bycacy (23)
Let b be a c-bracket on (V,¢) and let b’ be a ¢’-bracket on (V’,¢’). We will say that a morphism
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Let b be a bracket on a braided vector space (V,¢) of Hecke-type with mark A. Let I.p is the
two-sided ideal generated by the set

Xeo={c(2) = Az—b(2) | ze VRV =T*V)}
The enveloping algebra of (V, ¢, b) is by definition the algebra

U=U(V,c,b) = Vo).
Ic,b
We will denote by 7 : T'(V,¢) = U(V, ¢, b) the canonical projection.
When b = 0, the enveloping algebra of (V,¢,0) is called the c¢-symmetric algebra, or braided
symmetric algebra, if there is no danger of confusion. It will be denoted by S(V,¢).

PROPOSITION 2.2. Let b be a bracket on a braided vector space (V,c¢) of Hecke-type with mark
A. Then I.p is a coideal in T(V,c). Moreover, on the quotient algebra (and coalgebra) there is a
natural braiding ¢y such that (U(V,¢,b),cy) is a braided bialgebra.

Proof. We denote T'(V,¢) and T™(V,¢) by T and T™, respectively. We first prove that ¢r maps
Ieo @T intoT®Icp and T®Icp into [ p @T. Let x € T, y € T™,t € TP and 2z € T2. Since ¢
verifies the braid equation and (E3) we get:

c"+m+2’p(T" RcRT™®TP) (TPRT"®c® Tm)c"+m+2’p,

cn—&-m—&-l,p(iz—vn Rb® T ® Tp) _ (Tp ® T Rb® Tm)cn+m+2,p_

Then
cr (TP @ (c—Aldp2 —0)@T™) @TP] = [TP @ (T" ® (¢ — Mldp2 — b) @ T™)] ¢,
relation that shows us that ¢z maps I, ® T into T ® I.,. The other property can be proved
similarly.
We claim that X, is a coideal in 7. In fact we will prove that X, contains only primitive
elements in 7. Let z € T?. By Proposition [T we have

Ar(z) = z@14+z+¢(2)+1®z,
Ar(e(2)) ¢(2) ® 1+ c(2) + 2(2) + 1@ c(2).
Thus Ap(c(z) —Az) = (¢(2) = A2) @1+ 1@ (¢(z) — Az), as ¢ is a Hecke braiding of mark A. It follows
that ¢(z) — Az € P(T). Since b(z) € V we deduce that ¢(z) — Az — b(z) € P(T), so X.p C P(T).
Now, by (E1), it easily follows that I. p, the ideal generated by X, is a coideal. It remains to
show that ¢ factors through a braiding ¢y of U := U(V, ¢, b), that makes U a braided bialgebra.

Let mp : T'— U be the canonical projection. By the foregoing, ¢y maps the kernel of 7. p ® 7
into itself, so there is a K-linear morphism ¢y : U ® U — U ® U such that

v (Te,o @ Tep) = (Tep @ Te,p)Cr.

Since T is a c¢p-bialgebra, this relation entails that U is a c¢y-bialgebra and that the canonical
projection 7. becomes a morphism of braided bialgebras. O

REMARK 2.3. Let (V,c¢) be an arbitrary braided vector space. Let K" := Ker(&,) where &,
denotes the quantum symmetrizer [BS, 2.3]. It is well-known that @, K" is an ideal and a
coideal in T(V,¢), see [BS, section 3]. Since

"I K"+ KT CK"T"+T" @ K"
it follows that B(V,c) = T(V,¢)/ (,,cy K™) is a quotient graded braided bialgebra of T'(V,¢),
that is called the Nichols algebra of (V,¢). Let us now assume that cis a braiding of Hecke-type of
mark A. By the definition of Hecke operators we have

Im(c — Mldp2) € Ker(Idg= +¢) = K2 C . K",

n

Therefore, there is a morphism of braided bialgebras ¢ : S(V,¢) — B(V,¢) such that ¢|y = Idy.
Obviously ¢ is surjective, since B(V,¢) is generated by V. Later (see Theorem EZTd) we will see
that the space of primitive elements in S(V,¢) and the homogeneous component S'(V,¢) =V are
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identical. By [Md, Theorem 5.3.1], it follows that ¢ is injective too. Thus, S(V,¢) and B(V,c) are
isomorphic braided bialgebras.
We are going to investigate some basic properties of these objects.

PROPOSITION 2.4. Let (A,V,1,A e,c4) be a connected braided bialgebra. Let P be the space of
primitive elements of A. Assume that there is A € K* such that cp := ca|pgp is a braiding of
Hecke-type on P of mark \. Then:

a) V(cp—Aldpe:z)(P®P) C P, so we can define bp : PQP — P by bp = V(cp—Aldpez)|pgp-

b) The map bp is a braided bracket on the braided vector space (P, cp).

¢) Let f : (V,¢,b) = (P, cp,bp) be a morphism of braided brackets and assume that ¢ is a braiding
of Hecke-type with mark A. Then there is a unique morphism of braided bialgebras f: UV,c,b) > A
that lifts f.

Proof. First, observe that, by Remark I3, ¢4 (P ® P) C P® P so that it makes sense to consider
cp: PP —-PQP.
a) By assumption, cp is a Hecke operator on P of mark \. For z € P ® P, by (EI) we get:

AV(z) = V()®14+z2z+cp(2)+1V(2),
AVep(z) = Vep(2)®@1+cp(2)+ch(2) +1@ Vep (2).

Therefore V(¢cp — Aldpe2) () € P. This shows that V(¢cp — Aldpe2)(P ® P) C P.

b) We have to prove the compatibility relation between ¢ and b, that is we have (E3). But these
relations follows immediately by the braid relation and the fact that A is a c4-algebra.

¢) Apply the universal property of T(V, ¢) (see Theorem ICTQ) to get a morphism f': T'(V,¢) — A
of braided bialgebras that lifts f. Since f is a morphism of braided brackets, by the definition
of bp, it results that f/ maps ¢(z) — Az — b(2) to 0. Therefore f' factors through a morphism
f:U(V,c,b) — A, which lifts f and is compatible with the braidings (note that U(V,c,b) is a
braided bialgebra in view of Theorem P2). ]

PROPOSITION 2.5. Let (A,V,1,A e,ca) be a connected braided bialgebra. Let P denote the prim-
itive part of A. Assume that there is A € K* such that Vca = AV on P® P. If ¢p = ca|lpopr
then ¢p is of Hecke-type on P of mark A. Moreover, if (V,¢) is a braided vector space such that ¢
is a Hecke operator of mark X and f : (V,¢) — (P, cp) is a morphism of braided vector spaces then

tiwm is a unique morphism of braided bialgebras f : S(V,¢) — A that lifts f. If A is graded then
f respects the gradings on S(V,c¢) and A.

Proof. For z € P® P, by (E0) we get:
AV(z) = V(2)@1+z+ca(z)+10V(2),
AVea(2) = Vea(z)@14ca(2)+c4(2)+1@Vea (2).
By assumption, Ve (z) = AV(z) whence
0=rca(2)+%4(2) = Az — Aca(z) = (ca +Idge2) (ca — Ad ge2) (2)
Thus ¢p is a Hecke operator of mark A. By taking b = 0 in Proposition P4, it results that there
is f that lifts f. |

REMARK 2.6. The above proposition still works under the slighter assumption Vcg = AV on
Im f ® Im f.

2.7. Let T" := T™(V) and let T<" := @, ,, <, I By construction 7 p is a morphism of algebras
and coalgebras from T(V,¢) to U(V,¢,b). Thus U}, := 7 p(T=") defines a braided bialgebra
filtration on U(V,¢,b), i.e. (U} )nen is an algebra and coalgebra filtration on U(V, ¢, b) which is
compatible with c¢yy. It will be called the standard filtration on U(V, ¢, b). In general, this filtration
and the coradical filtration (Up,)nen are not identical, but we always have U], C U,,, for any n € N.

If b = 0 then S(V,¢) := U(V,¢,0) is a graded cg-bialgebra, S(V,¢) = @, xS (V,¢). The
standard filtration on S(V,¢) is the filtration associated to this grading.

neN
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PROPOSITION 2.8. Let b be a c-bracket on a braided vector space (V,c¢) of Hecke-type. Then
U(V,c,b) is a connected coalgebra. Moreover, for every braided vector space (V,¢), S(V,¢) is a
0-connected graded braided coalgebra.

Proof. We know that the tensor algebra of an arbitrary braided vector space is a 0-connected
coalgebra. By definition, U(V,¢,b) is a quotient coalgebra of T'(V,¢), where A = m(c). Then, in
view of [Md, Corollary 5.3.5], U(V, ¢, b) is connected. In particular, braided symmetric algebras are
connected coalgebras. They are also 0-connected since they are graded quotients of T(V/¢). O

REMARK 2.9. Let b be a c-bracket on a braided vector space (V, ¢) of Hecke-type. The composition
of the inclusion V' — T'(V, ¢) with the canonical projection 7. p gives a map

Leo: V = UV, c,b).

Its image is included in the space of primitive elements of U(V,¢,b). In general ¢ is neither
injective nor onto. Our purpose now is to investigate when ¢, p is injective (see Theorem (E33)).

DEFINITION 2.10. Let (B,Vp,15,Ap,ep,cp) be a graded braided bialgebra. For every a,b,n € N,
set
B .__ b A ab
Lppi= V5 AL

LEMMA 2.11. Let (B,Vp,1p,Ap,ep,¢5) be a 0-connected graded braided bialgebra. Then
AR (2)=2®1p and A% =15 ® 2, for every z € B™.
Moreover
AFE =Tdpegp + (Vi " o B) (B e gt) (A @ BY). (24)
Proof. The first assertion follows by Remark [CI3. Since B is a graded bialgebra we have
(V’,;’O ® V%’l) (B" ®%’® Bl) (A’,;’O ® A%’l) +

An,lvn,l —
B VB i (V%_l’l ®V}1B,o) (B"‘l ® Cgl ® BO) (A%—l,l ®A}B,O)

= lpep + (Vi e8! (B adgt) (A e B,
so that () holds. O

DEFINITION 2.12. Let (A,V,14) be a graded algebra. We say that A is a strongly N-graded
algebra whenever V% : A; ® A; — A;y; is an epimorphism for every i,7 € N (equivalently
vl A, ® Ay — A,y is an epimorphism for every n € N).

Dually, let (C,A,¢) be a graded coalgebra. We say that C is a strongly N-graded coalgebra
whenever A% : C; — C; ® C; is a monomorphism for every i, j € N (equivalently A™! : Cj 1 —
C,, ® C1 is a monomorphism for every n € N).

For more details on these (co)algebras see e.g. [N

DEFINITION 2.13. An element A € K* is called n-regular whenever (k) # 0, for any 1 < k < n.
If A is n-regular for any n > 0, we will simply say that A is regular.

REMARKS 2.14. 1) Note that A # 1 is regular if and only if X is not a root of one, while 1 is regular
if and only if char(K) = 0.
2) If ) is n-regular (respectively regular) then A~ is also n-regular (respectively regular).

THEOREM 2.15. Let (B,Vp,1p,Ap,ep,c5) be a 0-connected graded braided bialgebra and let \ €
K* be regular. The following are equivalent.
(1) B is a bialgebra of type one and c]15;1 is a braiding of Hecke-type of mark .
(2) B is strongly N-graded as a coalgebra, Vgl is surjective and cjlg’l is a braiding of Hecke-type
of mark \.
(3) B is strongly N-graded as a coalgebra and (c}g’l — )\Ide) A}él =0.
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(4) B is strongly N-graded as an algebra, A}B’l 1s injective and c}él s a braiding of Hecke-type
of mark .
(5) B is strongly N-graded as an algebra and Vgl (cgl — )\IdB2) =0.

Proof. (1) = (2) By definition, B is strongly N-graded both as a coalgebra and as an algebra.
(2) = (3) We have

0= (ci' = Ndp2 ) (c5* + 12 ) @ (b = Al ) ARV

Since V}B’l is an epimorphism, we get (cg’l - /\Ide) A}él =0.
(3) = (1) We have

A%’lrfg _ A%,lv%,lA%,l @) A%J n (V%—l,l ®Bl) (Bn—l ® c}él) (A};‘l’l ® Bl) A%,l
= A%’l + (V%ﬁLl ®B1) (Bn—l ® CEIA21> A'réfl,Q
= Ayt + (Ve ) (B eaayt) At

= AR EA(VE AL e B AR < A AT, 0 BY) A

so that

AB'TE = AR+ N(PE | @ BY) AL (25)
Let us prove by induction that

I'P) = (n+1),Idgas1, for every n > 1. (26)
n = 1) We have

Loz
ALTE, @ AL aal! - (2), A5
Since, by hypothesis, A}él is injective, we obtain I’fl = (2)q Idg:.
n —1 = n) We have

n m n n n n n
ABJFEJ @ AB’1 +A (Ff—m ® B') Alé1 = ABJ +A(n)y AB’1 =(n+1), ABﬁl

Since, by hypothesis, A%’l is injective, we obtain Fﬁl = (n+1), Idgn+:.
We have so proved (E3).
Since A is regular, we have (n 4 1), # 0 so that

(zm)

VAR =18 "= (n+ 1), ldgn+

is bijective for every n > 1. Therefore V%’l is surjective for every n > 1. Equivalently B is strongly
N-graded as an algebra and hence of type one. Moreover
(' = Ndp2 ) (e +1dpe ) & (e = Ndpe ) ARV =0
(1) = (4) & (5) It follows by dual arguments. O

DEFINITION 2.16. A graded coalgebra C' = €, _nC" is called strict if it is O-connected and

P(C) = C".

THEOREM 2.17. (cf. [BS, Proposition 3.4]) Let (V,¢) be a braided vector space of Hecke-type with
reqular mark X. Then S (V,¢) is a bialgebra of type one. In particular S(V, <) is a strict coalgebra.

neN

Proof. By definition, we have
(Ve
(c(z)=Az|zeVaV)
Thus, since S is a graded quotient of the graded braided bialgebra T (V ¢) , we get that S is strongly
N-graded as an algebra. Moreover V}S’l (c}g’l — )\Id52) = 0. By Theorem T3, we conclude. O

S:=85V,c)=U(V,¢,0) =




12 A. ARDIZZONI, C. MENINI AND D. STEFAN

3. CATEGORICAL SUBSPACES

DEFINITION 3.1. [KH, 2.2] A subspace L of a braided vector space (V] ¢) is said to be categorical
if

(LeV)CV®L and (VL) CL®V. (27)
THEOREM 3.2. Let (V,¢) be a braided vector space of Hecke-type of mark A. Assume X\ # 0, 1. Let
L be a categorical subspace of V. Then L =0 or L=1V.

Proof. From (¢ +Idygy) (¢ — Mldygy) = 0 and X # 1, we get ¢ = (A—1)"" (¢ = Mdygy) so
that

(22)
c(LRV)= o1 (C2—/\IdV®V) (LeV) C LaV.

Then

c(LeoV)C(VeL)N(LeV)=L® L. (28)
From (¢ + Idygy) (¢ — AMldygy) = 0 and X # 0, we get Idygy = A™! (¢ + (1 — A) ¢) so that

1,, (23), (22)
LoV=+ (F+(1-Nc)(L®V) C L®L.

Since L C V, we deduce that L=0or L =V. O

PROPOSITION 3.3. Let b be a c-bracket on a braided vector space (V,¢) of Hecke-type of mark \.
Assume X\ # 0,1. Then b is zero or surjective.

Proof. Let L =Im (b) C V. We have that

by = bQC1C2:>C(L®V)gV®L,
by = 51C2C1=>C(V®L)QL®V.
Thus L is a categorical subspace of V. By Theorem B3, we get that L=0or L=1V. ]

PROPOSITION 3.4. Let V' be an object in the monoidal category gyD of Yetter-Drinfeld modules
over some Hopf algebra H. Assume that cy,v is a braiding of Hecke type of mark X and that A # 0, 1.
Then V is simple in ZJ}D.

Proof. Any subspace of V in YD is categorical. We conclude by Theorem B2. O

4. TRIVIAL BRAIDED BRACKETS

Let b be a braided bracket on (V,¢). Our aim now is to answer the following natural question:
when is ¢ p : V — U(V, ¢, b) injective?

PROPOSITION 4.1. Let b be a c-bracket on a braided vector space (V, ¢) of Hecke type. If gr'U(V, ¢, b)
is the graded associated to the standard filtration on U(V, ¢, b), then gr'U(V,c,b) is a graded braided
bialgebra and there is a canonical morphism 0 : S(V,¢) — gr'U(V, ¢, b) of graded braided bialgebras.
Moreover 0 is surjective.

Proof. Let T<" := @y, <, T™ and let (U},)nen be the standard filtration on U := U(V, ¢, b). Let
Vu and ¢y be the multiplication and the braiding of U := U(V, ¢, b), respectively. If T := T(V, c)
and c¢p is the braiding of T then the canonical projection ny : T — U is a morphism of braided
bialgebras. Since cp(T<"®@T<™) C T<™ @ T<" we deduce that ¢/ (U, @ U},) C U}, @ U}, for any
n,m € N. Hence ¢y induces a braiding ¢gy : gr'U ® gr'U — gr'U @ gr’U. The standard filtration
is a coalgebra filtration, as m is a morphism of coalgebras, so gr'U is a coalgebra. One can prove
easily that, with respect to this coalgebra structure, gr'U becomes a graded braided bialgebra.
Let A = m(c). We define 6' : V. — U{/Uj by 0* = picp, where p : U] — U{/Uj is the
canonical projection. The image of #' is included in the component of degree 1 of gr'U, so Im ' C
P(gr'U). Clearly 6' is a map of braided vector spaces. One can check that Vgyy gy = AVgru
on Ui /Ul @ Uj/Uj. By Proposition B3 (see also Remark P@) there is a unique morphism of
graded braided bialgebras 6 : S(V,c¢) — gr'U that lifts §'. On the other hand, gr'U(V,c,b) is
generated as an algebra by Uj/Uj. Since Uy /U} is included into the image of 8, we conclude that
0 is surjective. |
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REMARK 4.2. The second statement in the following theorem is well known, see [IGall]. Nevertheless
we include it for sake of completeness.

THEOREM 4.3. Let K be a field with char K # 2. Let b be a c-bracket on a braided vector space
(V,¢) of Hecke-type of mark X # 0 such that (3)!) # 0.
Assume that the K-linear map tcp : V — U(V, ¢, b) is injective.
o [fA#1, thenb=0.
o IfA=1, then b fulfills
bc= -0 and bbl(Idv®3 —C2 + CQCl) =0 (29)
i.e. (V,c,b) is a generalized Lie algebra in the sense of [Gil.

Proof. Denote by T" the n-th graded component of T =T (V, ¢) and set T<" := @, ., T™ and
TZ” = @m>n .

Let v := ¢ — Mdg2 — b, let F :=1Im () and R := Im (Adye> — ¢). We denote the component
of degree 1 of the map @ of Proposition B0 by 6 : V — U] /U{.

Let z € Ker@'. It follows that ¢ p(z) € U], so there is a € K such that  — al € (F). Since
(F) CT=" we get a = 0. It results that ¢ ,(z) = 0, so x = 0. In conclusion, 6 is injective. But, in
view of Theorem T4, S(V,¢) is a strict coalgebra so that P (S(V,c¢)) = S*(V,¢) = V. Thus, since
', the restriction of § to V, is injective, by [Md, Lemma 5.3.3] it follows that 6 is injective too.
Since 6 is always surjective, we conclude that 6 is an isomorphism of braided bialgebras.

The algebras S(V,¢) and U(V,¢,b) are the quotients of T'(V,¢) through the two-sided ideals
generated by R and F', respectively. Set

¢ = (Mdyes — ¢1)(A2Idyss — Aca + cac1) = (Aldyss — o) (A2Tdyes — Act + c1ca).

Since (2), # 0, one can easily see that R = {z € T? | ¢(z) = —z} (note that if z is in this set, then
(Mdy ez —¢)(z) = (2)az) and since (3)!) # 0 one gets that

(RV)N(VR)={z@T*V)|c(r)=c(r) = -z} =Im(. (30)

Since the canonical map 6 : S(V,b) — gr'U(V,c,b) is an isomorphism, by [BQ, Lemma 0.4], it
follows that the following conditions are satisfied:

FNTs'=0 (31)
(T='-F-T=")YNT=*=F. (32)
We claim (BI) implies
be = —b. (33)
In fact we have
v (c+1Idp2) = (¢ — Aldg2 — b) (¢ + Idg2) = —b (¢ + Idp2) (34)

so that Im [b (¢ + Id2)] = Im [y (¢ + Idz2)] . We will prove that Im [y (¢ + Idy2)] = F N T<!, from
which the conclusion will follow.

Q) It follows by (B4).

D) Let y € FNT=<'. Then there is x such that y = v (z) = ¢ (z) —Az—b (z) . Since y, b (x) € T<!
and ¢ (x),z € V@V, it results ¢(x) = Az and y = —b(z). Thus

v (e+1Idr2) (x) = (2), v (z) = (2), y. Since (2), # 0, we get y € Im [y (¢ + Idz2)].

Now, we define o := — (2);1 b|g. From (B3), we deduce that

1
(I = ) (¢ = Aldg2) = ¢ = Aldga + (5b (¢ = Aldgz) = 7
A
so that F = Imy = Im [(Idy2 — «) (¢ — Mld72)] = {z — a(z) | « € R}. By [BQ, Lemma 3.3] (B2)
implies that « satisfies the following two conditions:
(a@V)(z)—(Vea)(z) € R foralze(ReV)N(V®R),
aa®V -Vea)(z) = 0 forallz € (R®V)N(V ® R).
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The second property is equivalent to the fact that b(b; — bs) = 0 on Im{, which at its turn is
equivalent to

bbi¢ = bba(. (35)
Let us prove that b satisfies the following conditions
bb1 (A2 Idyes — Aeg 4 cac1) = 0, (36)
bba(A\?Idyes — Ay + cic2) = 0. (37)
We have
bb5¢ 2 bbocicaC 2 bebr¢ ) —pby¢

In view of (BH), we obtain bby( = 0 = bb1¢ as char (K) # 2. We have

0 = bb1¢ = bby (Aldyes — ¢1)(A2Idyes — Acs + cae1) = (2)2bby (A2Idyes — Aca + c201).
and

0 = bboC = bby(Aldyes — o) (A2Idyes — At + c16) = (2)3bba (A2Idy s — Act + c1¢2).
so that b satisfies (B8) and (82). We have

02y [bicacy — cba] = bbycac; — beby = bbycyer + bby = bbs (_)\Qldvm + Aca) + bb

so that bby = Abb; (AIdyes — ¢o). Similarly using ¢by = bacicy in (E3), (B3) and (Bd) we get
bb; = Abbs (Aldyes — ¢1) . Using these formulas we obtain

bbg = )\bbl (/\Idv®3 — Cg) = /\/\bbg ()\Idv®3 — Cl) (/\Idv®3 — Cg)
= )\beg ()\QIdv®3 — A1+ ¢1c9 — )\CQ) (E:J) —/\3b52C2 (E::) /\3be

so that ()\3 - 1) bbs = 0. Assume b is not zero. By Proposition B3, if A # 0,1, we get that b is
surjective. Thus bby = b (V ® b) is surjective too and hence A\*> = 1, contradicting (3)y # 0. |

REMARKS 4.4. Concerning the converse of Theorem B3, let us note that if b = 0 then the map ¢, :
V = U(V,¢,b) = S(V,¢) is clearly injective. On the other hand, let K be a field of characteristic
zero. Given a c-bracket b on a braided vector space (V,¢) where ¢? = Idygy (i.e. (V,¢) of Hecke-
type of regular mark 1), then the canonical map ¢.p : V — U(V, ¢, b) is injective whenever b fulfills
(29) (see [KH, Theorem 5.2]).

EXAMPLE 4.5. [M=ad] Let K be a field with char (K) = 2. Let V = Kz and let ¢ : V@V —
VeV,e=Idygy. Define b: V@V — V by b (z ® z) = az for some a € K\ {0}.

Assume there exists A € K\ {0,1} such that (3)!y # 0 i.e. such that X is not a primitive third
root of unity. Clearly (¢ + Idygy) (¢ — Aldygy) = 0 so that c¢ is of Hecke-type of mark A. Moreover
b is a c-bracket on the braided vector space (V,¢). Thus we can consider the universal enveloping
algebra

) N K [X]
(c(z) =Az=b(2) |zeVaV) (1-N)X%2-aX)
The canonical map ¢ p : V — U(V, ¢, b) is clearly injective. Nevertheless b # 0.

REMARK 4.6. Let (V,I & I* = V®2 []) be a braided Lie algebra in the sense of [Gid, Definition
1] such that I := I_ = Im(qldye: — S) and I* := I, = Im(Idye2 + S) where I1 C V®? are as in
[GI2, Section 1]. Here S : V®2 — V®2 is a braiding of Hecke-type of mark ¢q. Let b := —(2),[,].
Then b is a morphism in the braided monoidal category 2 is defined as before [[Gid, Definition 1].
Thus b is compatible with the braiding in 2. This entails that b: V ® V' — V is a S-bracket. In
view of [Gud, Proposition 5], we have that the map 6 : S(V,¢) — gr'U(V,c, b) of Proposition BT
is an isomorphism. This implies that the canonical map tgp : V — U(V,S,b) is injective. In fact
let € V be in the kernel of tgp. Then my(x) = tgp(z) = 0 so that 8(x) = my(z) + U) = 0+ UY.
Since 0 is injective, we get that x = 0. Therefore, in view of Theorem B33, if ¢ # —1 is not a cubic
root of one, we deduce that b = 0 and hence [,] = 0 (note that in [GI2] the characteristic of K is
assumed to be zero).

U=U(V,cb) =
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Anyway, we outline that the case considered in [[Gxd] does not require, in general, neither that
I :=1_ = Im(gldysz —S) nor that I* := I, = Im(Idye2 + 5). In fact the aim of [Gud] is to
introduce a braided counterpart of the notion of S-Lie algebra (for S involutive) such that the
corresponding enveloping algebra is a quadratic algebra. Here S needs not to be of Hecke-type.

5. A MILNOR-MOORE TYPE THEOREM FOR BRAIDED BIALGEBRAS

In this section we prove the main result of this paper, Theorem B3A, which represents a variant
of Milnor-Moore Theorem for braided bialgebras. Then we deduce some consequences of this
theorem, including applications to certain classes of bialgebras in braided categories.

DEFINITION 5.1. Let (A,c4) be a connected braided bialgebra. Let P := P(A). The braiding
cp = ca|pgp will be called the infinitesimal braiding of A.

REMARKS 5.2. Let (A4,c4) be a connected braided bialgebra. Let P := P(A) and let cp be the
infinitesimal braiding of A. If gr A denotes the graded associated with respect to the coradical
filtration, then gr A is strictly graded. Thus

P(grA) =gr'A~ P(A) = P.

Through this identification, cé’rlA is equal to ¢p. In conclusion the infinitesimal braiding of gr A is
the infinitesimal braiding ¢p of A.

DEFINITION 5.3. Let (A, c4) be a connected braided bialgebra and let P := P(A). The component
A;lA : Ag/A1 — A1 /Ay ® A1 /Ao = P ® P is called the infinitesimal comultiplication of A.

Let ¢cp = ca|pgp and let A € K*. We will say that A;;lA is A-cocommutative (or that (A, ca) is

infinitesimally \-cocommutative) if ¢p o A;’rlA = /\A;’rlA, that is we have:

1,1 1,1 1,1
cgrA ° AgrA = )‘AgrA' (38)

PROPOSITION 5.4. Let K be a field with char K # 2. Let A be a connected braided bialgebra and
assume that its infinitesimal braiding is of Hecke-type of mark A # 0,1 such that (3)!y # 0. Let P
be the space of primitive elements of A and let bp = V(cp — Aldpez)|pgp be the cp-bracket on the
braided vector space (P, cp) defined in Proposition BZ. Then bp = 0.

Let f : (V,¢,b) = (P, cp,0) be a morphism of braided brackets and assume that ¢ is a braiding of
Hecke-type with mark X. Then there is a unique morphism of braided bialgebras f: UV,c,b) > A
that lifts f.

Proof. By Proposition E2(b) it follows that bp is a cp-bracket on (P, cp), hence we can apply
the universal property of U := U(P,cp,bp). There is a unique morphism of braided bialgebras
¢4 : U — A that lifts Idp. Observe that the canonical map ¢.p : P — U is injective, as ¢atcp is
the inclusion of P into A. Now apply Theorem E=3 to obtain that bp = 0. The last part follows
by E34. O

THEOREM 5.5. Let K be a field with char K # 2. Let (A, ca) be a connected braided bialgebra which
is infinitesimally A-cocommutative for some regular element A # 0 in K. Let P = P(A). Then

e the infinitesimal braiding cp of A is of Hecke-type of mark A and
e A is isomorphic as a braided bialgebra to the symmetric algebra S (P, cp) of (P, cp) when-
ever A # 1.

Proof. Let B := grA. Clearly B is strongly N-graded as a coalgebra (see e.g. [ER3Z, Theorem 2.10]).
By assumption (A4,c4) is infinitesimally A-cocommutative and hence the same holds for (B, ¢p)

ie. (c}él - )\Ide) A}B’l = 0. Since B is also 0-connected, by Theorem ZI3, B is a bialgebra of

type one and c}i,’l is a braiding of Hecke-type of mark A. In particular the infinitesimal braiding
of A is of Hecke-type of mark A and B is generated as an algebra by B' so that A is generated
as a K-algebra by P = P (A) = B!. Therefore, the canonical braided bialgebra homomorphism
f :U(Pcp,bp) — A, arising by the universal property of the universal enveloping algebra, is
surjective. Assume A # 1. By Proposition B4, bp = 0 hence U (P,¢p,bp) = S (P,cp). On the
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other hand, by Theorem PZI4, P is the primitive part of S (P, cp) and the restriction of f to P is
injective so that f is injective by [Md, Lemma 5.3.3]. In conclusion f is an isomorphism. ]

REMARK 5.6. Let (H,cg) be a connected braided Hopf algebra and let B := grH be the graded
coalgebra associated to the coradical filtration of H. Let A € K*. Since B is always strongly
N-graded as a coalgebra (see e.g. [BEMZ, Theorem 2.10]), in view of Theorem ETI3, the following
assertions are equivalent:

e H is cosymmetric in the sense of [EKH, Definition 3.1] (see also [KH, Theorem 3.5]) and C}B’1
is a braiding of Hecke-type of mark A,
° c}g’l o A}él = )\A}B’l i.e. H is infinitesimally A-cocommutative.

REMARK 5.7. With hypothesis of Theorem B3, if A = 1 then A is isomorphic as a braided bialgebra
to the universal enveloping algebra U (P, cp,bp) of (P,cp,bp). In fact regularity of A in this case
means char (K) = 0. By Theorem B3 bc = —b and bb; (Idye3 —c2+cac1) = 0 so that [KH, Theorem
6.1] applies.

COROLLARY 5.8. Let K be a field with char K # 2. Let (V,¢) be a braided vector space such that ¢
is a braiding of Hecke-type of reqular mark X\ # 0,1. Let A be a braided bialgebra such that gr A is
isomorphic as a braided bialgebra to S(V,c) then A is isomorphic to the symmetric algebra S(V,¢)

of (Vy¢).

Proof. Obviously the infinitesimal comultiplication of S(V,¢) is A-cocommutative and, by Propo-
sition 8, S(V,¢) is connected. Thus gr A has the same properties. Hence A itself is connected
and by Remark B3, (A, c4) is infinitesimally A-cocommutative. We conclude by applying Theorem
B3 O

ACKNOWLEDGEMENTS

We would like to thank the Referee for helpful comments and suggestions.

REFERENCES

[AM1] A. Ardizzoni and C. Menini, Braided Bialgebras of Type One, Comm. Algebra, to appear.
(X math . CI70702604).

[AM2] A. Ardizzoni and C. Menini, Associated Graded Algebras and Coalgebras, submitted. (EEXIZIZ_ZTORTA)

[AMS1] A. Ardizzoni, C. Menini and D. Stefan, A Monoidal Approach to Splitting Morphisms of Bialgebras, Trans.
Amer. Math. Soc., 359 (2007), 991-1044.

[AMS2] A. Ardizzoni, C. Menini and D. Stefan, Weak Projections onto a Braided Hopf Algebra, J. Algebra, Vol.
318(1) (2007), 180-201.

[AS] N. Andruskiewitsch, H.-J. Schneider, Pointed Hopf algebras, in ‘New directions in Hopf algebras’, S. Mont-
gomery et al. (eds.), Cambridge University Press. Math. Sci. Res. Inst. Publ. 43, 1-68 (2002).

[Ba] J. C. Baez, Hochschild homology in a braided tensor category, Trans. Amer. Math. Soc. 334 (1994), 885-906.

[BG] A. Braverman and D. Gaitsgory, Poincaré-Birkhoff-Witt Theorem for Quadratic Algebras of Koszul Type, J.
Algebra 181 (1996), 315-328.

[Di] J. Dieudonné, “Introduction to the Theory of Formal Groups”, Marcel Dekker, New York, 1973.

[Go] F. Goichot, Un théoréme de Milnor-Moore pour les algébres de Leibnitz, in Dialgebras and related operads,
J.-L. Loday ed., Springer LNM 1763 (2001).

[Gul] D. I. Gurevich, Generalized translation operators in Lie groups, Soviet J. Contemp. Math. Anal., 18 (1993),
57-70.

[Gu2] D. Gurevich, Hecke symmetries and braided Lie algebras. Spinors, twistors, Clifford algebras and quantum
deformations (Sobtka Castle, 1992), 317-326, Fund. Theories Phys., 52, Kluwer Acad. Publ., Dordrecht, 1993.

[Gu3] D. I. Gurevich, The Yang-Bazter equation and the generalization of formal Lie theory. Soviet Math. Dokl.
33 (1986), no. 3, 7T58-762.

[JS] A. Joyal and R. Street, Braided monoidal categories, Adv. Math. 102 (1993), 20-78. Formerly Macquarie Math.
Reports No. 850087 (1985) and No. 860081 (1986).

[Kh] V. K. Kharchenko, Connected Braided Hopf algebras, J. Alg. 307 (2007), 24-48.

[Ka] C. Kassel, “Quantum groups”, Graduate Text in Mathematics 155, Springer, 1995.

[LR] J.-L. Loday and M. Ronco, On the structure of cofree Hopf algebras, J. Reine Angew. Math. 592 (2006),
123-155.

[Mal] S. Majid, Exzamples of braided groups and and braided matrices, J. Math. Phys. 34 (1993), 3246-3253.

[Ma2] A.Masuoka, Formal groups and unipotent affine groups in non-categorical symmetry. J. Algebra 317 (2007),
no. 1, 226-249.


http://arxiv.org/abs/math.CT/0702604
http://arxiv.org/abs/0704.2106v2

BRAIDED BIALGEBRAS OF HECKE-TYPE 17

[Mas] A. Masuoka, Private communication to the authors.

[MM] J.W. Milnor and J.C. Moore, On the structure of Hopf algebras, Ann. of Math., 81 (1965), 211-264.

[Mo] S. Montgomery, “Hopf Algebras and their actions on rings”, CMBS Regional Conference Series in Mathematics
82, 1993.

[Ra] D.E. Radford, Hopf algebras with projection, J. Algebra 92 (1985), 322-347.

[R1] M. Ronco, Eulerian idempotents and Milnor-Moore Therem for certain non-cocommutative Hopf algerbas, J.
Algebra 254 (1) (2002), 152-172.

[R2] M. Ronco, A Milnor-Moore theorem for dendriform algebra, Contemp. Math., 267 (2000), 245-263.

[Ro] M. Rosso, Quantum groups and quantum shuffles, Invent. Math. 133 (1998), 399-416.

[St] C. R. Stover, The equivalence of certain categories of twisted Lie and Hopf algebras over a commutative ring.
J. Pure Appl. Algebra 86 (1993), no. 3, 289-326.

[Sw] M. Sweedler, “Hopf Algebras”, Benjamin, New York, 1969.

[Ta] M. Takeuchi, Survey of braided Hopf algebras, Contemp. Math. 267 (2000), 301-324.

UNIVERSITY OF FERRARA, DEPARTMENT OF MATHEMATICS, VIA MACHIAVELLI 35, 1-44100, FERRARA, ITALY.
email: alessandro.ardizzoni@unife.it

UNIVERSITY OF FERRARA, DEPARTMENT OF MATHEMATICS, VIA MACHIAVELLI 35, 1-44100, FERRARA, ITALY
email: men@Qunife.it

UNIVERSITY OF BUCHAREST, FACULTY OF MATHEMATICS, ACADEMIEI 14, RO-010014, BUCHAREST, ROMANIA.
email: dstefan@al.math.unibuc.ro



