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LP(R™)-CONTINUITY OF TRANSLATION INVARIANT
ANISOTROPIC PSEUDODIFFERENTIAL OPERATORS:
A NECESSARY CONDITION

S. CORIASCO AND M. MURDOCCA

ABSTRACT. We consider certain anisotropic translation invariant pseudodifferential op-
erators, belonging to a class denoted by op(ﬂ$), where A and ¥ = (y1,...,9y) are the
“order” and “weight” functions, defined on R”, for the corresponding space of symbols.
We prove that the boundedness of a suitable function Fp: R — [0,+00), 1 < p < oo,
associated with A and v, is necessary to let every element of op(ﬂu’}) be a LP (R")-
multiplier. Additionally, we show that some results known in the literature can be re-
covered as special cases of our necessary condition.

1. INTRODUCTION

A translation invariant pseudodifferential operator o (D), or multiplier, is defined by
means of a symbol o which depends only on the covariable ¢ € R", that is, as m =
oil, where ~ denotes the Fourier transform. Of course, for such a definition to make
sense, o has to fulfill some suitable additional properties, depending on the domain
of definition and the desired properties of (D). For instance, even just g € L (R") is
enough to ensure that

(1.1 o(D): R - E€°R": u—~ [cD)ul(x) =

o | E“Powae

is a linear continuous map. When the domain of o (D) is a different functional (or distri-
butional) space, more regularity of the symbol is usually needed to achieve continuity.
Common choices are the space of temperate distributions .#’(R"), for which o must be
smooth and of at most polynomial growth, together with all its derivatives, and LP (R").
In the latter case, the situation is more involved, if one wants to obtain, for any symbol
o belonging to a fixed class, a linear continuous map o(D): L?(R") — L (R™), that is, a
LP (R™)-multiplier.

The L”(R™)-continuity for pseudodifferential operators is a classical and extensively
studied problem, for multipliers as well as for general symbol classes: we mention just a
few issues of the vast literature on the subject, which are more strictly related to the sit-
uation on which we will be focused. For instance, consider the (global) classes S (R")

0,0
introduced by L. Hérmander, see [15, 16, 17]:

DEFINITION. Let m, p,d € R, and assume 0 < § < p < 1. Denote by S;’%([R%”) the class of
functions a € €>°(R" x R") such that, for any «, f € Z", there exists a constant C, g such

2000 Mathematics Subject Classification. Primary 35S05; Secondary 47A05, 47B38, 47G30.
Key words and phrases. Anisotropic, translation invariant, pseudodifferential operator, LP(R")-
boundedness.



that
1.2) |DEDLat, )] < Cap(1 +1EN™PIAOW - (x,) e R x R".

Denote by A = a(x, D) the operator associated with a(x,¢), given by

(1.3) (Au)(x) = [a(x,D)u](x) =

(zn)nfei<§'x>a(x’€)ﬁ(f)d§» ue LR.

For the case p = 2, we recall the fundamental result proved by A. Calderon and R. Vail-
lancourt [5]:

THEOREM. Let a(x,¢) be a function defined on R} x R? such that

10808 a(x, &) < Cap, (x,8) ER" xR,
forag, f;=0,1,2,3, k,1=1,...,n. Then, the operator (1.3) can be extended to a bounded
operator A: L>(R") — L?(R™).

A version of the Calderon-Vaillancourt Theorem which holds for operators with sym-
bols in the class Sgyp([RZ"), p €1[0,1), can be found, e.g., in the book by M. Taylor [34].

The case 1 < p <00, p # 2, has been investigated by many authors in different situ-
ations, see, e.g., R. Beals [3], C. Fefferman [9], L. Hormander [14], D. S. Kurtz and R. L.
Wheeden [20], J. Marcinkiewicz [23], see also [32, 33], G. Mihlin [24, 25], A. Nagel and E.
Stein [29]. For the class S?'O(R”) the following result holds (for a proof see, e.g., the book
by M. W. Wong [36] and the references quoted therein):

THEOREM. Let 0 € S?'O([R"). Then, for 1 < p < oo, a(D) can be extended to a bounded
operator from LP (R") to itself.

A main role in the proof of the previous theorem is played by the following Mihlin-
Hormander Theorem, see the references mentioned above:

THEOREM. Let t € € (R"\{0}), k > n/2. Assume that there exists a positive constant B
such that

I(D*H(&) < BIEIT, & #0,

foranya €7, |al < k. Then, for 1 < p < oo, there exists a positive constant C, depending
only on p and n, such that

I Tullpwry < CBllullppwry, ue SR,
where T is the pseudo differential operator (1.3) with symbol t.

The investigation of multiplier theorems of Mihlin type is a field of active research:
such results can be proved in settings different from the one recalled above, see, e.g.,
H. Amann [1], M. Girardi and L. Weis [10], T. Hytonen [18] and the references quoted
therein.

The definition of pseudodifferential operator has been extended to many other (also
non-smooth) symbol classes. For instance, in R. Beals [2], a symbol a(x,¢) belongs to
the class Sé, (p(R"), associated with the “order” A and the “weight functions” ®, ¢, if it
satisfies the estimates

(1.4) |DEDLatx,&)] < Cape P00, Mo, TP, (x,8) eR" xR",
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with A, ®, ¢ fulfilling suitable hypotheses. Clearly, when ¢(x,&) = (1 +[&))™0, ®(x,¢) =

(1+ &P and A(x,&) = mIn(l + |€]), the class Sé,w(lR”) coincides with the class S,'J”(s(R”)

recalled above. Also with the symbols in Sé' W(R”) it is possible to associate the corre-
sponding pseudodifferential operators (1.3), and similar results for the continuity on
L?(R™) can be obtained. L. Rodino [30] studied a class of pseudodifferential opera-
tors defined by means of amplitudes c(x, y,¢) rather than symbols, satisfying weighted
estimates similar to (1.4), and investigated corresponding conditions for their L?(R")-
boundedness. L. Hormander [16] has considered an even further generalization of the
pseudodifferential calculus on R”, see also [17].

To get closer to the results proved the present paper, we recall the definition of the
multiplier class Sy considered by R. Beals in [3]:

DEFINITION. Let ¢ be a non-decreasing, positive function on R". Sy, denotes the space
of symbols o € €°(R") such that, for @ € Z", there exists a positive constant Cy, de-
pending only on «, such that

|D%0(©&)| = Caw (€N, EeR™.

In that same paper, the following theorem of L (R")-boundedness for operators with
symbols in Sy, was proved:

THEOREM. Let 1 < p < 0o, p # 2. A necessary and sufficient condition to have that any
pseudodifferential operator with symbol o € Sy is a LP R")-multiplier is that there exists
6 >0 such that

iy =6, t>0.
An immediate consequence of the previous theorem is the following

COROLLARY. Ify/(t) = (1 + 1)P, then any symbol in Sy, gives rise to a LP (R")-multiplier if
andonlyifp = 1.

The corollary was well-known: in fact, necessity followed by counterexamples by LI.

Hirschmann [13] and S. Wainger [35], while sufficiency was a consequence of the Marcin-
kiewicz and Mihlin-H6rmander multiplier theorems. The same observation concerning

the sufficiency of the condition can be done for the theorem, where the new aspect was

the necessity.

We will deal with an anisotropic generalization of the symbol class Sy, denoted by
M&} We remark that “anisotropic structures” often arise in various contexts. In par-
ticular, they are a typical feature in the analysis of Carnot-Carathéodory metrics and
Carnot groups, as well as of the study of natural operators and functional spaces arising
in sub-Riemannian geometry, see, e.g., Der-Chen Chang, I.G. Markina [6], M. Gromov
[11], G.L. Leonardi, R. Monti [21], ]J. Mitchell [26], R. Monti [27], R. Monti, D. Morbidelli
[28], and the corresponding reference lists. In particular, classes of anisotropic pseudo-
differential operators, Sobolev spaces and Besov spaces have been investigated by many
authors, see, e.g., A. Bényi, M. Bownik [4], G. Grubb [12], N. Jacob [19], H.-G. Leopold
[22], A. Nagel, E.M. Stein [29], M. Yamazaki [37, 38], and the references quoted therein.

The elements of the symbol class Jlu}; which we consider in this paper, with “order”
A and vector-valued “weight” v, are characterized as follows:
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1.1. DEFINITION. Let ¥ = (y1,...,¥y), ¥ € € ([R") strictly positive, j = 1,...,n, and 1 €
€ (R"), strictly positive and bounded. We denote by MJ,L the space of functions o €
€°(R") such that, for any a € Z7 there exists a non-negative constant Cg, satisfying

(1.5) |D0(&)| < Cad @y (&)™, EeR,

n
where (&)™ = [ v(&)™*. We call symbols all the functions o € /.

i=1
Clearly, for A({) = (1 +[¢)™ and y;(&) = A+ &P, j=1,...,n, J%lf; = S;"’O(R”), while
for A({) =1 and ¥1(&) = -+ = v,(&) = w(éD, MJ,L = Sy. With the standard notation
op ('/%1;}) we denote the space of pseudodifferential operators o (D) with symbol o € '/%1;}

As usual, we can introduce a family of seminorms py on dﬂu;,t, N=1,2,3,..., by consid-
ering the best constants C, appearing in (1.5), namely

pn)= Y sup{a@ 'p© D0 @]}, oe.sy.
la|<NeR”

It is immediate to verify that the family of seminorms py, N = 1,2,..., makes ./%$ a
Fréchet space and that the following results hold:

1.2. PROPOSITION. €)] JZJ} is a closed subspace of €*°(R").
2) Leto,T € JZJ} Then, ot € M$
(3) Any pseudodifferential operator (D) € op(dﬂu’}) is a linear continuous map
o(D): LR") — E°R").

The present paper is devoted to proving a condition that must be satisfied in order to
let any element of op (M$) be a LP (R™)-multiplier, in the spirit of the paper by R. Beals

[2]. Sufficient conditions, in the cases where M,j} does not coincide with symbol classes
already known in the literature, will be treated in a subsequent paper, where we plan to
adapt some of the techniques used by L. Rodino in the paper [30] quoted above, whose
reading has partly motivated us to study these topics.

We start by fixing some hypotheses on the “shape” of the “balls” associated with “metric”
defined by the functions y;, i = 1,..., n. We focus on the case p # 2, since the bounded-
ness of the function A implies the L?(R")-continuity of any operator in op(%{,}).

1.3. ASSUMPTIONS. Let 1 < p < oo, p # 2. With any ¢ € R" associate the set
SO ={neR":y;m=<y;@,j=1,...,n}.

We assume that there exist suitable positive constants ¢, C, independent of ¢, such that,
for any & e R", €| = C, there exists a n-dimensional interval

(1.6) I ={neR":In;I<1;©),j=1,...,n},
with [;(§) = cy (&), j =1,..., n, such that
(1.7 1) =S and  p(S(E) = Cull©),

where p is the Lebesgue measure on R”.



Let us define the function F({) as

. sl
(18) Fp(s)=(ngsl(faﬂt(n))(u(sm)j]:[leof) e

Note that, under the Assumptions 1.3, F,(¢) is well defined, and assumes non-negative
real values for |¢| = C. We can now state our main results:

1.4. THEOREM. Let Assumptions 1.3 be satisfied and let the function F)({) be unbounded.
Then, the map

op:. My — L(LPR")

o—0o(D)

is unbounded. Namely, there exists a sequence of symbols {0} M$ fulfilling (1.5) with
constants Cy independent of k, such that

lim [|o (D)l ¢(zr@®ny) = co.
k—o0

Theorem 1.4 is the main step of the argument showing our necessary condition for the
LP (R™)-continuity of any operator with symbol in the class MJ,L, namely, the bounded-
ness of the function F,(¢). The proof of the next theorem is easily obtained by contra-
diction, via a standard application of the Closed Graph Theorem, see Section 2 below:

1.5. THEOREM. Let Assumptions 1.3 be satisfied and let the function I, (¢) be unbounded.
Then, there exists a symbol o € MJ,L such that

lo (D)l £(Lp @)y = 00.
Equivalently, under Assumptions 1.3,
op(My) = L(LPR™) = F, is bounded.

In the next Section 2 we give the detailed proofs of Theorems 1.4 and 1.5. Some corol-
laries and remarks are then discussed in Section 3.
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2. PROOF OF THEOREMS 1.4 AND 1.5

For an open subset Q of R”, we denote, as usual, by €5°(Q) the subspace of all the
smooth functions defined on Q2 whose support is compact.
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2.1. LEMMA. Let f € #(R) withfe EyR) satisfy 1= f(0) = f(£) =0 forall t € R. Then, f
can be chosen so that

1 1
2.1 Y fu-ks- if ==
kez\{0} 3 2

Proof. Let y € €7°(R) be such that y(¢) = 0 for any ¢ € R. Defining

A = fu_\qx(é +m)x (&) dé,

itis clear that A € €3°(R). Moreover, A is positive-definite (cfr. Appendix B). Let us now
set

_y A
2.2) gmn) =2n C

where C = [ A() dn. We then define
~ 1 ; 1 1
- i{n,t) - ¥ =~
(2.3) f=5 fR Mg dn = g1 = I

By (2.2) and (2.3), and from Theorem B.2, we obtain f eR),1= f(O) > f(t) = 0 for any
t € R. Let h be a positive real scalar. We set

— Fhp = | pitnn _ 1z
f=f(hy)= anRe gmdn= 2ng(ht),

It follows, obviously, 1 = £(0) = f(£) = 0. Since g € #(R), g(n) < 2xM(1 +1*) " for all
1 € R, then we find, for |#| < 1/2,

(012

1

1
Y fu-k= ) —ght-ksM ) —F5——=<2M) ———
keZ\(0} kez (0} 27 kezvioy 1+ P2 (1= k)2 11+ k2 (k- 1)
2M 1 2M 1 A?
=Y —— <4+ Y S = .
NE ,gl(k_%)f hZ( ,;11@) 312
The property (2.1) is then fulfilled by choosing i = A. The proof is complete. (I

Proof of Theorem 1.4. Let f € & (R) be chosen as in Lemma 2.1 and pick r > 0 such that
(2.4) [Tl =7r = f(1)=0.

Let us also set L =4nr and fy(x) = f(x1) - f(x,). Moreover, by a duality argument, it is
not restrictive to assume 1 < p < 2.

With any given n-tuple of positive integers N = (IVy, ..., N,) associate the functions

gn(x) = Y eI £ (),
| le()’l ~~~~~ }"IL)TZn
<N, ..., al=N,
(2.5) Y1 Lol ‘
hn(x) = Y e B fi(x—y).
Y=0r1,0Yn)€Z"

[Y1IEN1,0lYnlSNy
For the functions gy, hy defined in (2.5) and 1 < p < 2 the following estimates hold:

n 1_%
lgnllr@ny < C(H Nj) ,
2.6) =

n 1
AN r®ey = C(H Nj)p,

-
Il
—



with ¢, C positive constants independent of N (see, e.g., R. Beals [3], M. Dyachenko [7],
M. Dyachenko and S. Tikhonov [8], A. Zygmund [39] and Appendix A).
To prove the unboundedness of op : ”ﬂu/} — L(LP([R")), we will build a sequence

{o&}, taking values in Mu’}, such that for any a € Z” there exists a constant Cy, indepen-
dent of k, such that for any ¢ € R” we have
@2.7) |DY0k(&)] < Cad @y ()%,

That is, {04} is a bounded subset of Jlu’} Moreover, the sequence {0} is built in such a
way that

ok (D) 2 @r@nyy — oo,

for k — oo.
Let {¢©} be a sequence in R” satisfying F,,(¢'¥) — co. The unboundedness hypothe-
sis of F, and (1.6) imply the existence of a sequence of n-dimensional intervals

2.8) 160 = fner":injl < 1;E®), j=1,....n},
such that
" (3-3)
(2.9) Ak(jl"[_1 1;EPyy; (é”“)‘l) — 00,
with
(2.10) Ak = nEél(lff(k))/l(ﬂ),
and satisfying
(2.11) v <y EW), j=1,...,n,
for any ¢ € I(¢W), and
(2.12) 1;E®) = ey ;&) j=1...n,

where ¢ is a suitable positive constant. Let Ny, ; be the largest positive integer such that
3 _
(2.13) Ni,j@Ngj+1) < c_lj (g(k))wj((f(k)) 1
1

By (2.12) it follows that ¢;11;(¢®)y ;(¢®)~! = 1. Then, (2.13) implies N, ; = 1. More-
over, since

3 _
(2.14) Nij@Njj+1) < C—llj(ﬁ(’“))wj(f(k’) L< (N + DNy, +3),
dividing (2.14) by N,%J. we get
3 5 3
LERyy <2 —+ ——,
2 7] J . 2
N Nej Nij

that is, there exists a costant C such that

LEPwy ™ <eng .
We then find, in view of (2.9),
n

(5-1)
Nlc,j) —> OQ.
J

(2.15) Ak(
1

7



Let us now choose a cut-off function ¢ € €3°(R") such that
) = {1 Injl<L/4, forallj=1,..,n,
0 Injl=L/2, forsomej=1,...,n,
where L =47nr > 0 is the constant present in the expressions (2.5). We start by defining
Pel) = > eI - Ly),

Y=1,-Yn)EZ"
[Y11=Nk 100l Y =Nk n

and observing that

1
(2.16) supp @ {n eR":n;l <L(Nk'j + z),j = 1,...,n},
| k()] < ) D5 (7T - Ly)|
Y=1e0¥n)€Z"
Y11= Nk 150V nl =Nk n
= 2 3 lohe " ||og P - Ly)]
y=01,-yn)€Z”  Psa
2.17) Y1 <N 1ol Fnl <N
< y 1 Y 105 Ppm—Ly)|
Y=Y1,Yn)€Z" f=a
[Y1ISNg 1500l Y nISNg n
< CyN{,
with constants C/, independent of Ny. We then introduce the dilations
(2.18) =1k,
where
_ _3 ) -1 S
(2.19) nj—Tkjfj—EL(Clw]'(ff INE )¢5 j=1...mn
and set
(2.20) 01 (8) = L@ (T4 ().
In view of (2.17), (2.18) and (2.20), we have
2.21) ID{o k(@) < Cureyp )74,

and, observing that
supp o = supp(Ag(Pgo7y)) = supp(Pr o Ti),
taking into account (2.16) and (2.19), we find
SL(CIU/j(f(k))Nk,j)_lfj < L(Nk,j + %) )
which implies
3y ;0N TIE < N j@ Ny +1).
Then, by (2.13), we have ¢; < [; (%)), hence

suppo c I(E(k)).

In view of (2.8), (2.13), (2.16) and (2.18), the estimates (2.7) then follow by (2.10) and
(2.11): we have proved that {o} Jl&}, and that is a bounded set.

8



We will now show that [|o (D)l ¢r®m) — oo, building a sequence {uy} in & (R"),
uy # 0, such that
lo k(D) ugl e @y

Il Lp )
Recalling the definition of gy, in (2.5), we define uy as

1 (S) = gn (T ().
Now, taking into account (2.4), the definition and properties of f; and the fact that
¢(n) =1 for any n € supp fo, it is immediate to check that

Qi (&N, (1)
— Z e‘i<7’"’>(p(n ~Ly) Z (ei(L%x) fo(x))A(n)
Y=1¥Yn)€Z" Y=1e¥n)€Z"
[Y1I1=Ng, 150V nl=Ni,n [Y11=Ng, 150l nlSNg,n
— Z e_i<Y’77>ﬁ)(17 —Ly)
Y=(1,Yn)€Z"
[Y11=Ng 150 lYnl=Ngn
= hn, ),
so that we find

01O (&) = M Pr (1)) 8, (T1(E)) = AP, (T1(E)).

Taking the inverse Fourier transformations and applying the (2.6), we have, for a suitable
constant ¢ >0,

lorD)vlirrmry  Nop(D)ul e @n
lorD)lgur@y = sup -———— LD ITCTT TLPRY
verr®m)  IVllzpwn gl or ey
2
5-1)

AN N p @n L (
= Akl PED > A T] Ve :
lgn Nl Lr ®m) j=1

so that (2.15) gives the claim. The proof is complete. (|

Proof of Theorem 1.5. If op(ﬂlﬁ) c ZL(LP(R™)), it is then easy to check that op: Jluﬂ; -
ZL(LP(R™) is a linear closed map. Since Jl,f; is a Fréchet space and £ (LP (R™)) is a Ba-

nach space, the Closed Graph Theorem can be applied, and implies that op: MJ} —
Z(LP(R™)) is continuous, that is, bounded. If F,(¢) is unbounded, this is a contradic-
tion, by Theorem 1.4. O

3. COROLLARIES AND REMARKS

The proof of Theorem 1.5 suggests some extensions of the result. For instance, it is
clear that, in the hypotheses, we could assume
3.1 wim = Cyj(S), ji=1...n,

for any ) € I(¢) and a suitable constant C, independent of ¢, instead of 1(¢) < S(¢). More-
over, it is enough to assume that the conditions hold only for a sequence {¢ ®)}in R" such
that F,, (W) — co. Further, we could omit the assumption u(S(¢®)) < Cu(1(¢™)) and
substitute Fj, (¢¥) — co with the following condition:

|

n 1_
= i (k) k) -1 )rl
3.2) Or= (n;&f(k))/l(ﬂ)) (#(I € j|:|1 wiE™) ) — o0.

D=

9



Let us now assume
(3.3) Y1) ==y, =YD e A=A,

with ¥, A continuous and positive functions defined on [0,00), ¥ non-decreasing and
A non-increasing, respectively.

3.1. COROLLARY. Lety, A be as in (3.3), and let

1.1
Gp(t)zA(t)(t\P(trl)""’ f, >0,
be unbounded. Then, there exists 0(D) in op(ﬂu’}) not LP (R™) -bounded.

3.2. REMARK. For instance, when ¥ (#) = 1+ 1)?, A(t) = (1+ )™, p and m non-negative
real numbers, we have

—m+(1—p)n’%—%|
’

Gp(t) ~t

which is unbounded if p < 1 and m < (1 - p)n|l/p —1/2|. We then reobtain a result
proved by C. Fefferman in [9]. For A = 1 we reobtain the result proved by R. Beals in [3].

t — 00,

Proof of Corollary 3.1. Let {1} be a sequence such that G, () — oco. Taking into account
(3.3), it is possible to build a sequence of n-dimensional cubes I(t;) whose sidelength
Iy is proportional to f; and such that

I(t) < {§eR™: 18] < 1} < S(y),

for |n| = 1. Since G (#x) — oo implies 1Y (t;) ! — oo, the condition I = c¥ () is cer-
tainly fulfilled. So, in agreement with the observations at the beginning of the section,
we only need to check (3.2). In the present case

inf A > A(ty),
(oot (1D = A%)

since A is non-increasing, and then
O = cGp(ty).

This shows that 6 — oo and concludes the proof. |
Let us now assume the functions v e A to be slowly varying, that is

c<yiE+my© 7 <C, j=1...n,

c<AE+MAO ' =C,
for Ingl = cyy (&), h=1,...,n, and fixed constants ¢, C > 0. Moreover, let ¢ be decreasing
and A be increasing, respectively, when “coordinates grow”, that is

wim=y;@), ji=1,...nm,
Am) = A,

(3.4)

(3.5)

for [npl <I&pl, h=1,...,n.

3.3. COROLLARY. Assume that v and A satisfy conditions (3.4) and (3.5), and that the
function

n l%_%|
I'fjllllj(ff)l) ,
j=1

Fy &) =AQ) (

is unbounded. Then, there exists an operator o(D) in op(/l&}) which is not LP(R")-
bounded.
10



3.4. REMARK. Fix a n-tuple of positive integers L = (Ly,...,Ly), a n-tuple of real scalars
p=(p1,...,pn), With0<p; <1, j=1,...,n, and set

n
Elp =1+ 1&1M5.
j=1

Consider A(¢) = [¢];™, m = 0, and y(¢) = ([E]TLI,...,[Q*]Z”L”), denoting by J%L‘;J” the

corresponding symbol class, considered by A. Nagel and E. Stein [29]. It is possible to
prove that conditions (3.4) and (3.5) are fulfilled, and, evaluating F ; (&) in the points with
coordinates ¢ ; = tLi, j=1,...,n, t>0,wefind that, if

1 1

n
m< Y A-ppLj,
2| &

there exists o(D) not L (R")-bounded with symbol in ./} ;". Choosing A =1 in Corol-
lary 3.3, we reobtain a result proved by R. Beals in [3].

Proof of Corollary 3.3. Define
c .
1) = {neR":In;l < R GEE 1...,nf.
Applying first (3.4) and then (3.5), we see that (3.1) is fulfilled. Taking into account that
inf A(n) = CA(S),
R (m ©)

again in view of (3.4) and (3.5), and of

n
pU@) >[I,
j=1

the statement follows by the observations at the beginning of the section. ]

APPENDIX A. LP(R) NORMS OF TEMPERED TRIGONOMETRIC POLYNOMIALS

For the convenience of the reader, we give here the proof of the estimates (2.5). They
are consequence of the properties of the function f stated in Lemma 2.1, of the follow-
ing Lemma A.1, see [2], and of the properties of the Dirichlet kernels recalled in Lemma
A2, see e.g, [7, 8,39].

A.l. LEMMA. Let M € Z,. and define zy(t) = Y. ' f(¢~ j), r > 0, with the function
ljlsM
1
f € Z[) chosen as in Lemma 2.1 and L = 4nr > 0. Then, |zp ()| = 5 on the intervals
1
[k-6,k+01,0=6(f)¢€ (0, E),foranyke Z such that k| < M.
A.2. LEMMA. Let M € Z., and consider the M-th Dirichlet kernel Dp (1) = ) | et Then,
ljl=M
for each p € (1, +00) there exists a suitable positive constant K, depending only on p, such
that 1
IDllzro2m < KM' 7.
A.3. COROLLARY. Let zp;, M € Z, be defined as in Lemma A.1. Then, for any p € [1,00)
and a suitable positive constant b, depending only on p and f,

1
lzpmllLr @) = DM P.

11



Proof. Indeed, Lemma A.1 implies

p +oo k+1 k+3
”ZM”Lp(R):f |ZM(t)|pdt: Z 1 |ZM(t)|pdt2 Z X IZM(t)|pdt
T kez k=3 =M Jk=3
k+0 1
> zuPdt = — 26
> s |zp (2)] 27 >
|kl=sM |kl=sM
12 4 1
3||ZM||U7(R)Z(5”2"’ )Mf’,
as claimed. O

A.4. COROLLARY. The function hy(x), N = (Ny,..., Ny), defined in (2.5) satisfies the esti-

mate
1

n 1
ANl e ®e) = C(H Nj) ", pell, +oo),
j=1
with a positive constant c depending onlyonn, p and f.

Proof. The statement follows immediately from Corollary A.3, observing that, obviously,
forany x = (xy,...,x,) e R",

hn(x) = [] 2n; (xp).
j=1

O
A.5. COROLLARY. For p € (1,+00), L=4nr >0 and a function f € #R) as in Lemma 2.1,
we have
+0o Lo 4
f F@1?| Y e'tt| de<BMPTY,
—o0 ljlsM

with a suitable positive constant B depending onlyon L, p and f.

Proof. Rescaling the integration variable by the factor L, recalling that f(s) = |f(s)| <
A(1+]s>)~! for a suitable constant A > 0, and denoting by D), the M-th Dirichlet kernel,
we easily obtain

oo P 1 20407 [ (£)\1P 1P
[ g o a2 o] o
—o0 ljlsM L iy Jakn L ljlsM

1 2n t+2km\]”
=—Zf f( ) IDM()IP dt
Lz Jo L
p
2 » A
SZIIDM||LP(0,2n)kEXZ:+ —(an)z )
1+|—
L
and the result follows by Lemma A.2 above. (]

A.6. COROLLARY. The function gn(x), N = (Ny,...,Ny,), defined in (2.5) satisfies the esti-
mate

n —_
||gN||LP([R")5C(H Nj) . pe(l, +oo),
j=1

with a positive constant C depending onlyonn, L, p and f.
12



Proof. Similarly to Corollary A.4, we observe that

n .
gn@ =[] [fxp) Y etri%i
Jj=1 lyjI<N;
n +00 . 14
= lgnlrwn =] [P Y. et dxj,
j=1J-00 ly;I=N;

with f € #(R) as in Lemma 2.1. The result then follows immediately by Corollary A.5.
O
Proofof Lemma A.1. Since f(0) = 1, the continuity of f implies that there exists § =
8 1
6(f) >0suchthat [f] <6 = f() = 1 Obviously, we can assume 6§ € (0, 5) Then, for
telk—06,k+0], ke z, |kl < M, weimmediately have

leam=| Y, M fe—pl=|e™fu-k+ Y e fe-j)
ljl=M Ijl=M,j#k
=fu-k-| Y eMfe-plzfa-b- Y fa-j
Ijl<M,j#k 1jI=M, j#k
1
=ft-k- ) [fu-k-(G-k)>=,
jez,j#k 2
by the choice of 8, since f(#) =0 for all £ € R and (2.1) holds. (]

Proof of Lemma A.2. For t € (0,27) we have

sin

o2}
)

Dy(1)
M

Dy (n) =

while Dys(0) = Dpy(27n) =2M + 1. Then, forall M > 1, ‘ <3forany t € Rand

. S\ |P

i Mn Sln(5+m)

1D = | Dy’ dr=MP"! ——=2] ds

LP(0,27) . N

- ~Mz Msm(—)
2M

. s\ (P
sin (s+ _ZM)
X(-Mn M) (S)

p
1Dy p 0,27 _[+°° ds = duy
" LPO2m _ ; =dy.
—®© Msin (—)
2M

MpP-1

The claimed result follows observing that, by dominated convergence!, the sequence
{dp} admits a finite limit for M — +oo, and is then bounded by a positive constant K”.
O

7 2 N S
IThe elementary inequality |¢| = — = |sint| = —|¢| gives s € [-Mnr, Mn] = ‘sin(—” > L The inte-
2 b3 2M Mn

p
grand in the expression of dj; can then be bounded, for all M = 1, by (%) ,p>1,for|s|=¢>0,and by a

constant for |s| < €.

13



APPENDIX B. POSITIVE-DEFINITE FUNCTIONS

For the sake of completeness, we recall here a definition and some basic properties
of positive-definite functions. For more details, see, e.g., [31].

B.1. DEFINITION. Let f be a complex-valued function defined on R”. f is said to be a
positive-definite function if, for any finite family of vectors (x;);=1,. n, the matrix

.....

.....

is positive semi-definite, that is, for any finite family of complex scalars (p;);=1
have

N, We

.....

M=
M=

(B.1) f(xi—xj)piﬁjzo.

i

1j=1

B.2. THEOREM. Let f be a positive-definite function. Then, f has the following properties:

@ fO)z0,
®) f(=0=F0),
© 1f ()] =< f0).

Proof. LetI=1{1,2}, x1 =x,x2=0,p1 =1€C, pp =1. Applying (B.1), we find
(B.2) FO+ @A+ F=0A+ fO)IA? = 0.

Since (B.2) holds for any A, choosing A = 0 we find f(0) = 0, as claimed.
(B.2) and (a) imply

(B.3) FOOA+ f(-x)AER.

Since f(x)A+ f(x)A =2Re(f(x)A) € R, substracting (B.3), we find (f(x) - f(—x))A € R for
any A € C. Then, choosing A = i(f(x) — f(—x)) we have

(B.4) —i|f) - fF-0| R,

and (B.4) holds if and only if f(—x) = f(x), which is property (b).
In view of (b), (B.2) implies also

F(0) +Re(Af(x)) + F(O)|A> =0, AecC.

If f(0) =0, when A = — f(x) we have —If(x)l2 = 0= f(x) = 0. In the other hand, when
f(0) >0, choosing

f’

we obtain £(0)? = | f(x)|?. The proof is complete. O
B.3. THEOREM. Let f € L2(R") and g be given by

g0 = [ ra+nfoiay

Then, g is a continuous positive-definite function.

14



Proof. Obviously, g = f * f with f(x) = f(—x), which implies the continuity of g on R”,
by the properties of the convolution. Let (x;);=1,..,n be afamily of vectors and (p;);=1,.. N
a family of complex scalars as in Definition B.1. We then have

N N _
Zguﬁﬁmﬁf=Z(LJUrﬁﬂﬂﬁwmym@
i=1 i1

(B.5)

N -
> fR pifxi—x;+y)p;fy)dy.
ij=1

By the changes of variable y — y + x;, the last expression in (B.5) turns into the integral

N
fR( > Pif(xi+y)‘ij(xj+y))dy

ij=1

ZA;<UHfUﬁ+yHﬁLMN,unfuﬁ+yHﬁLwN> dy

Mn,l

which is non-negative? and gives the desired result. O

REFERENCES

[1] H. Amann, Operator-valued Fourier Multipliers, Vector-valued Besov Spaces, and Applications, Math.
Nachr. 186 (1997), 5-56.

[2] R. Beals, A General Calculus of Pseudodifferential Operators, Duke Math. J. 42 (1975), 1-42.

[3] R. Beals, LP and Hdlder Estimates for Pseudodifferential Operators: Necessary Conditions, Proc. Symp.

Pure Math. XXXV (1979), 153-157.

A. Bényi, M. Bownik, Anisotropic classes of homogeneous pseudodifferential symbols, Studia Math. 200, 1

(2010), 41-66.

A. Calderon, R. Vaillancourt, On the Boundness of Pseudodifferential Operators, J. Math. Soc. Japan 23

(1971), 374-378.

Der-Chen Chang, I. G. Markina, Geometric Analysis on Quaternion Anisotropic Carnot Groups, Dokl.

Math. 77, 1 (2008), 124-129.

M. L. Dyachenko, Norms of Dirichlet Kernels and some other Trigonometric Polynomials in LP -spaces,

Russ. Acad. Sci. Sb. Math. 78, 2 (1994), 267-282; translation from Mat. Sb. 184, 3 (1993), 3-20.

M. Dyachenko, S. Tikhonov, A Hardy-Littlewood theorem for multiple series, J. Math. Anal. Appl. 339

(2008), 503-510.

[9] C.Fefferman, LP Bounds for Pseudo-Differential Operators, Israel J. Math. 14 (1973), 413-417.

[10] M. Girardi, L. Weis, Operator-valued Fourier Multiplier Theorems on Besov Spaces, Math. Nachr. 251
(2003), 34-51.

[11] M. Gromov, Structures metriques pour le varietes Riemanniennes, CEDIC, Paris (1981).

[12] G. Grubb, Solution dans les espaces de Sobolev LP anisotropes des problémes aux limites pseudo-
différentiels paraboliques et des probléemes de Stokes, C. R. Acad. Sci. Paris Sér.  Math. 312, 1 (1991), 89-92.

[13] I.I. Hirschmann, Multiplier Transformations I, Duke Math. J. 26 (1956), 222-242.

[14] L.Hoérmander, Estimates for Translation Invariant Operators in LP Spaces, Acta Math. 104 (1960), 93-140.

[15] L. Hérmander, Pseudo-differential Operators and Hypoelliptic Equations, Proc. Symp. on Singular Inte-
grals, Amer. Math. Soc. 10 (1967), 138-183.

[16] L. Hormander, The Weyl Calculus of Pseudodifferential Operators, Comm. Pure Appl. Math. 32 (1979),
355-443.

[17] L. Hormander, The Analysis of Linear Partial Differential Operators, Vol. I-111, Springer-Verlag, 1983, 1985.

[18] T. Hytonen, Fourier Embeddings and Mihlin-type Multiplier Theorems, Math. Nachr. 274-275 (2004), 74—
103.

[19] N.Jacob, A Gdrding inequality for certain anisotropic pseudodifferential operators with nonsmooth sym-
bols, Osaka J. Math. 26, 4 (1989), 857-879.

(4

[5

[6

[7

[8

ZRemember that the (n x n)-dimensional matrix Mp,1 with all entries equal to 1 is positive semi-definite,
since one of its eigenvalues is equal to n, while all the others vanish. Such a matrix defines the bilinear form
evaluated at (v, v), v = (p,-f(xi + y)) N which is present in the last integral.

15

i=1,..



[20]
[21]
[22]
[23]
[24]

[25]

[26]
[27]

[28]
[29]
[30]
(31]
[32]
[33]
[34]
[35]
(361
[37]
[38]

[39]

D. S. Kurtz, R. L. Wheeden, Results on Weighted Norm Inequalities for Multipliers, Trans. Amer. Math. Soc.
255 (1979), 343-362.

G. L. Leonardi, R. Monti, End-point equations and regularity of sub-Riemannian geodesics, Geom. Funct.
Anal. 18, 2 (2008), 552-582.

H.-G. Leopold, Boundedness of anisotropic pseudodifferential operators in function spaces of Besov-
Hardy-Sobolev type, Z. Anal. Anwendungen 5, 5 (1986), 409-417.

J. Marcinkiewicz, Sur les Multiplicateurs des Series de Fourier, Studia Math. 8 (1939), 78-91.

S. G. Mihlin, On the Multipliers of Fourier Integrals, Dokl. Akad. Nauk SSSR 109 (1956), 701-703 (Russian).
S. G. Mihlin, Fourier Integrals and Multiple Singular Integrals, Vestnik Leningrad. Univ., Ser. Matem. Meh.
Astr. 7 (1957), 143-155 (Russian).

J. Mitchell, On Carnot-Carathéodory metrics, J. Diff. Geom. 21 (1985), 35-45.

R. Monti, Distances, boundaries and surface measures in Carnot-Carathéodory spaces, PhD Thesis in
Mathematics, Universita di Trento (2001).

R. Monti, D. Morbidelli, Positive solutions of anisotropic Yamabe-type equations in R", Proc. Amer. Math.
Soc. 136, 12 (2008), 4295-4304.

A. Nagel, E. M. Stein, A new class of pseudo-differential operators, Proc. Nat. Acad. Sci. 75, 2 (1978), 582—
585.

L. Rodino, On the I? continuity of a class of pseudo differential operators, Ark. Math. 14, 1 (1976), 141-155.
L. Schwartz, Analyse IV, Applications a la Théorie de la Mesure, Hermann, Paris, 1993.

E. M. Stein, Singular integrals and differentiability properties of functions. Princeton University Press,
Princeton, 1970.

E. M. Stein, Harmonic analysis. Princeton University Press, Princeton, 1993.

M. E. Taylor, Pseudodifferential Operators, Princeton Univ. Press, Princeton, 1981.

S. Wainger, Special Trigonometric Series in k Dimensions, Mem. Amer. Math. Soc. 59 (1965).

M. W. Wong, An Introduction to Pseudo-Differential Operators, 2nd ed., World Scientific, Singapore, 1999.
M. Yamazaki, Continuité des opérateurs pseudo-différentiels et para-différentiels dans les espaces de Besov
et les espaces de Triebel-Lizorkin non-isotropes., C. R. Acad. Sci. Paris Sér. I Math. 296, 13 (1983), 533-536.
M. Yamazaki, Boundedness of Product Type Pseudodifferential Operators on Spaces of Besov Type, Math.
Nachr. 133 (1987), 297-315.

A. Zygmund, Trigonometric Series I and II, Cambridge Univ. Press, New York, 1959.

DIPARTIMENTO DI MATEMATICA, UNIVERSITA DI TORINO
INSTITUT FUR ANALYSIS, LEIBNIZ UNIVERSITAT HANNOVER
E-mail address: sandro.coriasco@unito.it

C/0'S. CORIASCO, DIPARTIMENTO DI MATEMATICA, UNIVERSITA DI TORINO

16



