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LP MICROLOCAL PROPERTIES FOR
MULTI-QUASI-ELLIPTIC PSEUDODIFFERENTIAL
OPERATORS

Gianluca Garello, Alessandro Morando

ABSTRACT. In the present paper microlocal properties of a class of suit-
able LP bounded pseudodifferential operators are stated in the framework of
weighted Sobolev spaces of LP type. Applications to microlocal regularity of
solutions to multi-quasi-elliptic partial differential equations are also given.

1. Introduction. Consider the class of pseudodifferential operators with
standard quantization:

(1) a(z, D)u = (2m)" / ¢ a(z, €)l€) de,

where x - £ = Z?Zl x;¢&;, u is the Fourier transform of u € C§°(Q2), Q is an open
subset of R™ and a(z, ) belongs to the class S{*(€2) of smooth symbols satisfying
for any compact set K CC € and all multi-indices «, 3 € Z'}:

a 96 m—-Llal n
(2) sup |0g 9y a(z,§)| < ckapAE)" #, R
zeK
A(§) is a continuous function with polynomial growth at infinitely, which satisfies

a slowly varying condition, that is 1/C < A(§)/A(n) < C when | —n| < c)\(ﬁ)i,
for suitable pu, C, ¢ > 0.
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Assume moreover that the symbol a(z,§) is elliptic in the generalized sense
la(x,€)] > CxgA(E)™, for z in any compact set K CC §2 and [¢| large. In the L2
framework, continuity, local solvability and regularity of solutions to pseudodif-
ferential equations, also in microlocal sense, are standard arguments, see R. Beals
[1], Rodino [10], Garello [4], and finally they may be in someway summarized in
the Weyl-Hormander pseudodifferential calculus [8, Ch. 18].

On the other hand, as it is specified in the next inclusion (25), the symbols in
S9(€2) are a generalization of the Hérmander class 5270(9), with p < 1, then as
well known the respective pseudodifferential operators are not LP bounded for
p#F2

A wide literature is devoted to the problem of LP continuity of classical pseudodif-
ferential operators with p < 1, we quote here only the paper of Fefferman [3].
Following the arguments in Taylor [11], the authors in [6] consider the class
M () of symbols satisfying 576ga(x,§) € S7(2) when the components of
v € Z} are equal to zero or one. They state the LP continuity for pseudodiffer-
ential operators of zero order and, in the generalized elliptic case, they show the
regularity of solutions to pseudodifferential equations, in the frame of A weighted
Sobolev spaces of LP type.

For introducing at this point the study of microlocal properties, the main

problem arises from the lack of any homogeneity of the weight \(§) and the
presence of the multiplicative factor £7, which do not allow us to use in a suitable
way conic neighborhoods in RE, as done in the classical definition of Hormander
wave front set, see [8].
The focus point in the present paper is then to find suitable neighborhoods of a
set X C R7?, which allow us to construct useful microlocal properties. To this
aim the slowly varying condition is relaxed in the form expressed in the next
Definition 1.

In §2 the weight functions and the respective weighted symbols are introduced
and their main properties stated. Then in §3 the attention is focused on the in-
troduction of microlocal Sobolev regularity of weighted LP type for a distribution
u € D'(Q2). Here the construction of suitable neighborhoods of a set X in the
phase space Rg is carefully described.

In §4 the authors prove that the microlocal regularity is preserved under the ac-
tion of pseudodifferential operators in M{*(€2) and the solutions of the equations
a(x, D)u = f keep the same microlocal Sobolev regularity of the data f, clearly
with different order, when a(x, D) is A-elliptic in microlocal sense.

In §5 applications to multi-quasi-elliptic equations are given.
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2. Weight Functions and Symbol Classes.

Definition 1 (Weight Functions). A continuous real valued map \(§),
¢ € R”, is a weight function if there exist suitable constants p > py > pg > 0,
C >12>c¢>0 such that, for any £,m € R"

Q S (I < M) < OO+ )™
D - 1 -1
() FEaB<c when Y16 -nl (oF + ) <e
j=1
We sa \ i i i =, i i AE)
y that A(£) is equivalent to (&), write A < A, if - < 5\(5) < C, for some

C > 1. It is trivial that A(€) is again a weight function.
As the reader can easily verify, the elliptic weight of order m € N, A\, (§) =

WJ1+ Z?Zl 5]2’", the quasi-elliptic weight of anisotropic order M = (myq, ..., my),
m; € N, inf;m; > 1, Ay(€) = /1+>70, {?mj, are weight functions. Other
examples will be given in the last Section.

Consider £, € R™ such that |§; —n;| <€ </\(77)% + ]m\), forany j =1,...,n.
At least one among (i) | — n;| < 26)\(77)% or (ii) |& — n;| < 2eln;| is surely

verified. In the case (i) with ¢ < € we obtain from (4), 1& —n4| < 25Ci)\(§)i <
n

1 1 1
2:C' <)\(§)11L + \{ﬂ). When ¢ < 5 we obtain from (ii) that (1 — 2¢)|n;| < |&] <
2e 2e 1
(1+2)l|. Tt then follows |¢; — 1] < =5-16;] < 75 (MO)# + ).
1 ¢

For any 0 < £ < min {5, —} we can say that |§; —n;| < H <)\(§)i + \{j\) when
n

1 2 1
for any i = 1,....n |& —n) < 5()\(n)i +|77¢]>, H = max{ﬁ,%cﬂlt}.
— 2

Moreover, taking &, as above, we have

NI + ] S A0 +1€5 — ] + 16| < (CF + H)AE)T + (HH)[g1,

M + 16 S MEF +1&5 — myl + Inj| < (CF + A + (e+1)ny].
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Takingnowe<2i,H:max{1 5z ,2eC'e },K:H—&—Ci we can conclude:
n p—
1 _AOF + g
m 1
gg%w and ¢ —n;| < H (A7 +1&1)
A(n) = =+ [n;]

(5) When

Zm wl (M) +lml) <<

The following proposition is then immediately obtained.
Proposition 1. Set

(6) NE) = MOF + g, j=1,....n.

Then the vector-valued function A(§) = (A1(€), ... A\ (&) is a weight vector in the
sense that there exist suitable constants v1 > vy > 0, K > 1 > k > 0 such that,
foranyE€eR” andj=1,...,n

1 v 1%
(7) 7z (LHIEN™ = A;(8) = KA+ €)™

1 X . —1
8 — < < K when & —nilNi(n <k.
0 e > le i)
For details on the weight vectors notation see Beals [1] and Rodino [10].

1

In the following we write A\(§) ~ A(n) in D C R™ if, for some C' > 1, ol < % <

C, when £,n e D.

Definition 2 (Symbol Classes). We say that a(x,&) € C®°(Q x R") is a
symbol in S{*(Q), Q open subset of R", m € R, if for any compact K CC Q,
a, B € Z and some positive constants cx 3

Lo

(9) COla(@,6)| < cra MO, EER™

zeK

Moreover a(x,&) belongs to M{*(2) if:
(10) gwaga(:c,g) € SY'(2), for every v € K.

Here the set of multi-indices K := {0, 1}" C Z", is considered in such a way that
ag are the derivatives made at most one time with respect to any components.
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Proposition 2. For any a(z,§) € C*(Q x R™), m € R, the following prop-
erties are equivalent:

(11)  £0/a(z,§) € SY(Q), for any v € ZY;

77L7l « n
(12) sup \§V8§‘+785a(x,§)\ < Cagry,kAE) Wl for any o, B, € Z;
Te

(13) Su}r; |8§’j6§a(z,§)| < CoprNE"ANE)TY, forany v,BeZl.
A

Here K is a generic compact subset of ), Cy gk, Cup,Kx are suitable positive

n
constants and, with usual multi-index notation, A(§)™" := ‘H1 (&)Y
j:

The equivalence of conditions (11) and (12) is still true when v € K.

Proof. The equivalence of conditions (11), (12) is proved in [6, Proposition
3.4].
(12) = (13): For an arbitrarily fixed vector £ € R", we set

Ji=Ji(€) =€ {L,....,n}: I&] > MNE)#),
(14)

Jo = Jo(€) := {1,...,n} \ J1(6).

Moreover, we can split any multi-index v € Z'} in v = a++, with o = a(§) € Z7}
and v = y(§) € Z} defined by

vi, jJ€E€dJy 0, jekl
(15) aj = { ’ % 3:{

0, otherwise v;, otherwise.

By considering now o,y € Z'}, defined as in (15), § € Z} and K CC {2, the
estimate (12) reads:

16) ] lg110r0tate. )] < CopoxMO™ [[ MO F, Vo e K,

Jjedu J€J2

where C~’a75,% K is a suitable positive constant.
For any j € J; we get 2|&;| > A;(), hence

a7) [T 5 > TT 5 re

Jed1 JjeN1
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Similarly, for j € J, we have A;(€) < 2A(€)# , hence

(18) [Tr© < []29n©™.

jeJ2 jEJ2

Since a = «(§) and v = y(§), at a first glance the constant éoc,ﬁ,’y, K involved in
(16) seems to depend on £. However for any fixed v, 5 and K, the trivial estimate

Caprk < max {Ca .k}, where C, g~ i are the constants involved in (12),
at+y=v

shows that éawg’% K is independent of &.
Then (13) follows at once, collecting (16), (17) and (18).
(13) = (12): for given a, [, v and K, the estimate (13) with v = « + 7y gives

(19) 10610 a(@, €)] < Casayp i AE) AT
lo
Then (12) follows from the trivial inequality: [€7[A(§)™*7Y < A() ». O
Remark. Consider for m € R the class S}'(Q2) of smooth symbols a(z,§)
such that for any K CC 2

(20) sup ¢ 05 a(x,€)| < cup g NEAE)™ v,BETLL.

Then Proposition 2 easily shows that
(21) SR () € MY (92).

SN (€2) are particular cases of the symbol classes studied in [1], [10], [4] [9].
Moreover by means of Proposition 2, M{*(£2) may be identified with the symbol

class M\ (Q2), with p = %, introduced in [6]. Again M. (), (§) = /1+ €12,
0 < p <1, are the Taylor symbol classes M]*(Q), see [11, Ch. XI, §4]. Notice at

the end that M7 (Q2) is exactly the standard Hormander symbol class ST (€2).

Proposition 3. Any weight function A(&) admits an equivalent smooth weight
function \(€) € M} (R™).

Proof. For fixed € > 0, in the set of smooth compactly supported functions
C3°(R™), consider a non negative ¢(¢) such that |(;| < e in supp ¢(¢) and

©(¢) = 1 when |¢;| < g, j=1,...,n. Assuming \;(§) as in (6) set:

L §1—m &n —
(&) "90< N )
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Notice now that ®(&,7n) is supported in the set where, for any j = 1,...,n,

|&; — nj] < eXj(n) and it is identically equal to 1 when [£; — ;| < g)\j(n). Then,

k
assuming € < o and &,n in supp ®(£,n), (5) assures that, for some K, H > 0,
n

1
K

>

J(”)SK and ’fj_ndSHAj(€)7 i=1...,n.
;(6)

<

>

The same is true when ®(¢§,7) = 1 by changing the constant H with a suitable
smaller one H. Then

/ B(E,n) dn < [loloo / X (€ —m) dn = CH)" ol T (),

j=1
n

/‘P({,n) dn > /Xg(g)(f—n) dn = (21?)"1_[%'({)-

J=1

XB(¢) is the characteristic function of the cube B(§) = [[j_; [-HA;(§), HA;(§)]
and X j¢) is the same for the cube B(€) obtained by changing H with H. It then

follows that [ ®(&,n)dn =< [T A;(§). Set now:
j=1

(22) 3€) = [Amae.m [0 dn

J=1

Since for ¢ < QL and any j = 1,...,n, [§; —n;| < eXj(n) in supp ®(&,n), it
n

follows from (4) and (8), A(n) =~ A(§) and A;(n) = A;(§), for any j = 1,...,n,
then A(§) =< A(§). Moreover A(§) is obviously smooth and for any v € Z}:

vy _ v §1—m En — M & o\ —vi—1
@) A= [amere (G 5T )jr:[lmm i

Since supp ag p C supp ¢, we obtain, for some positive constant M:
(24) 0" MEI < MAEAE) ™,

which concludes the proof in view of Proposition 2, see also (21). O
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For any m € R we have the following relations with the usual Hérmander
symbol classes S77;(Q2) [8]:

(25) S’%’O(Q) C SY(Q) C Sl/%o’o(ﬂ), h(k) = min(max){mpug, mu1 };
@) ST@) M) C @, No=n (o)
(27) () M) = (1] ST(Q) = (] So(2) == 57(Q).

meR meR meR

Generally speaking we say that two symbols a(z, £), b(z, §) in some of the previous
classes are equivalent if a(z,§) — b(x, &) € ST°(2) (we write a(x,§) ~ b(x,§)).
Let now {a;}32; be a sequence of symbols a;(z,§) € Sy (€2)(M," () such that

mj > Mjp1, My 2% _ 0. Then there exists a symbol a(z, &) € Sy (Q)(M" (2))
such that

(28) a(m,f) ~ Zaj(x7§)a

where (28) means in particular a(z,&) — > aj(xz,&) € Sy (Q)(M™(Q)).
j<N

Here and in the following we can refer to [11] and [6] for omitted proofs and
details.

We denote with S{*(€Q2) (MY (2)) the class of pseudodifferential operators
introduced in (1) with symbols in SY*(2) (M{*(2)).
Recall that a pseudodifferential operator is said properly supported provided that
it maps C§°(€2) to £'(€2) and the same happens for its transposed, hence a(x, D) :
C>(Q) — D'(Q). For any a(z,§) € ST(Q)(M*(2)) there exists a'(z,&) €
ST () (M*(2)) such that a/(z, D) is properly supported and a'(z,§) ~ a(z,§).
For the classes of properly supported pseudodifferential operators with symbols
respectively in S7(Q) (M*(Q)), we use the notation Sy*(1) (MT(Q))

Proposition 4 (Symbolic Calcqlus). For any m,m' € R, consider the op-
erators a(z, D) € MY(Q), b(z, D) € MY (Q). Then c(z, D) := b(z, D)a(x, D) €
MTJ”"/(Q) and moreover:

(29) oz, &) ~ ) éaé"b(l‘,é)D?a(%é)» D = (=i)*0%.
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Definition 3 (Sobolev Spaces). For s €¢ R and 1 < p < oo , we define the
spaces:

(30) Hy? :={uecS'R") ; AD)’ueL’(R")};
(31) Hy () :={ueD(Q) ; @ueHY foranyp e C*(Q)};
(32)  HT, (Q):= H{?NE(Q),

Proposition 5. Consider a(x,&) € M{*(2), m € R. Then for any 1 < p <
o0, s €R

(33) a(z, D) : HI™P (Q) — HT,.(Q),  continuously.

A, comp

If moreover a(x, D) is properly supported,

(34) a(xz,D) : Hf\jgg’p((l) = Hyp (), continuously;
(35) a(z,D) : Hf\’tg?{lg(ﬁ) = HyY o (), continuously.

We say that a symbol a(z,£) € ST () is M-elliptic if for every compact set
K CC Q there exist two positive constants Ci, Ri such that:

(36) la(z,§)] = Cx (€)™, whenz e K, [¢] > Rk.

Proposition 6. Consider a(x,§) € M3"(2) A-elliptic symbol. Then there ex-
ists a properly supported operator b(x, D) € M ™ () such that b(zx, D)a(x, D) =
identity + r(x, D), where r(z,£) € ST*°(Q).

We conclude the Section with the following

Proposition 7. Let a(x,&) € M () be a A-elliptic symbol. For 1 <p < oo
and s € R assume that a(x, D)u € Hy1 () andu € E'(Q), thenu € Hf\tg”mg(ﬂ)

If moreover a(x, D) is assumed properly supported and u € D'(Q), we obtain that
u € H)S\Jlrgzp(ﬂ)

3. Microlocal Properties in M".

Definition 4. We say that a(z,{) € M () is A-microelliptic in X C RY at
the point xqg € € if for some positive constants M, R:

(37) (a0, ) = MA™(€), when €€ X, ¢ > R.
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Define now the A-neighborhood of X C R™ with length ¢ > 0 as:

(38) Xovi=|J {l& -1 <en(€”), forj=1,...,n}.
eXx

Moreover for xg € ) we introduce:
(39) X(wo) :=={mo} x X, Xca(wo) := Be(wo) X Xen,
where B.(z¢) is the open ball centered at zy with radius equal to e.

k
Remark. Consider 0 < &* < o and § € (Xc+)).+y. Then for some e Xy

n
and €° € X we have |& — €| < [§; — | + & — &7 < " Aj(&) + (€0 <
2Ke*\;(€9), for any j =1,...n. Then for any fixed X C R” and ¢ > 0:

£

. k
(40) (XE*/\)E*)\ C XE)\, fOI' 5* < min {%, ﬁ} .

k
Fix now & > 0, let £* satisfy (40) and consider, for £° < o £€ (R"\ Xer)oy C
(R™\ (Xe#2)oep)oy- So for some &' € (R™\ (Xexp)..y) and any j = 1,...,n:
1§ — §J1| < e°);(€h) < Ke°)j(€). Assuming now Ke® < ¢* we can verify that ¢

cannot belong to X.«y, since for any ( € X+, and some j =1,...,n ]fjl -Gl >
e*Xj((). Since R™\ Xy C R™\ X0y we conclude that for any fixed e > 0:

o ) k €
(41) (Rn \ Xg)\)so/\ C Rn \ X&-O)\, fOI‘ g < min {%, ﬁ} .

Proposition 8. Any symbol a(z,§) € MY (1), A\-microelliptic in X C R at
the point xy € U, satisfies the same property in X x(xo), for suitable € > 0, that
is for some M, R > 0:

(42) la(z,§)] = MAE)™,  for(x,§) € Xea(zo), [€] > R.

Proof. Consider a(z,§) € M{*(Q) A-microelliptic in X C R™ at the point
ro €  and fix an arbitrary point £° € X. For (z,&) € X.\(zo) set (x4, &) =
(1 =t)zo + tw, (1 = )¢ +£8), [t| < 1. Since [ — 7| = [tl|§; — &}, i =1,....m,
it follows from of (4), (5) and ¢ < QL: A(E) ~ A(E) ~ A(€9), and the same for

n
X&), j=1,...,n.
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By means of Taylor expansion we have, for any (z,§) € Xca(zo):

a(a, §) = a(20,€%)| < XJy |7 — af|usalar, )| + Ig — 196, alar, €] <
<nm<ft> + &S0 A (€0 I0g alar, €] <

< nereA (€)™ + K= Y5y ()10 alan, €] <

< nereA(€)™ + Knere (€)M AE)™ H + Ke X, |¢0g,alen,€)] <

< 3KncieA(€H)™ < 3KC’|m|n01£/\(§0)m

where C, K, ¢; are respectively the positive constants in (4), (8), (9). Since, for

suitable M, R > 0, |a(zo, &%) > MA(°)™ when [£°] > R, considering 0 < € < QL
n

such that r = 3KC!™lnee < M and suitable R > 0, we obtain for any (z,¢) €
. M —

Xea(wo). 6] > Re Ja@, &)l = (M —r)ME)™ = “ZrrM(€)™, which ends the
proof. O

We can notice that the class SQ(2) defined in (20) is exactly the symbol
class S9() considered in [10], by setting ¥(£) = (A1(€),..., A (€)). Then the
following Lemma can be obtained from [10, Lemma 1.10] and (21). For sake of
completeness we provide however a detailed outline of the proof.

Lemma 1. Fiz e > 0 and X C R". Then there exists o(§) € MJ(R™) such
that suppo C Xy and o(§) = 1 when & € Xy, for suitable 0 < &’ < e.

Proof. Fixe > 0 and X C R”, then by means of (40), (41) we can find
0 < &’ < &/2 such that

(43) (R™\ Xejop) 1y 0 (KX)o = 0.
Let u be the characteristic function of the set (X)) and take ¢ € C5°(R™)
1 1]"
such that /go(t)dt =1 and suppy C [—5, 5} . Then we set
1 c1(§1 —m cn(§n — M
@) o) = e /u(n)w( Gom)  eln=m))
8 HJ 1 j Aj ( ) 8)‘1(6) 5)‘11(5)

For each integer 1 < j < n the function S\j(f) is defined by (22), where the
weight-function A(§) is replaced by \;(£) introduced in (6) and ¢; is some positive
constant such that

(45) MO KO Ser(©). VECR.

€
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Arguing as in the proof of Proposition 3, it tends out that for any o € Z’} and
1 < j < n there exists a constant C, ; > 0 such that

(46) 08X (€)] < Cadj(O)A(E)™, VEER,

where A(§) = (A1(€), ..., A (9)).

Let us show, firstly, that o belongs to the symbol class M{(R"). Actually, we will
prove a little more, namely that o € SS(R") C MY(R™), see (21). For a given
multi-index « € Z" , Leibniz’s formula and differentiation under the integral sign
give

(41 ogole) =< Y00 ME) A [ ot (o (Cem) .
1 fl _771) ) Cn(fn_nn)> is
(©)

where the vector valued function ((&,n) = (c ( = e =

e’ (€) &'\,
introduced. Moreover the sum in the right-hand side of (47) is performed over
all sets {3, ..., 8", v} of n+ 1 multi-indices such that 81 +---+ 3" +v = «, and
the positive constants C' only depends on the multi-indices o, v, 51, ..., 3"

Faa di Bruno’s formula and (46) easily give

(48) 07 X671 < Cudi(OTTAE© T, vEeR”,

for each index 1 < j < n a suitable constants Cﬁj.
On the other hand, again by Faa di Bruno’s formula we compute for v # 0

FpEm) = > @) CEm)x

0<[d|<v|

vigfuldl=p

ay51+...+5n_1+1 (cn(gn — nn)> P <cn(§n — nn)>
e X6 )T e )

where, for each 6 € Z7 such that 0 < |§| < |v|, the second sum in the right-hand
side of (49) is performed over all sets {v!,..., 1%} of multi-indices v/ # 0, for
1 < J < 8], such that v! +--- + 0 = v with Cysir,.. e > 0.

Once again, Leibniz’s rule and (48) yield that for each 1 < j < n and v € Z}
there exists a constant C,, ; > 0 such that

f] ‘6] ‘ —v n
o (52) < (552 ) i, veeme

(50)
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From (49), (50) we then get

'/ u(m) (¢ (C(€m)) dn’
8
0<%y|/ a é- 77 } H ( j 6/) dT]

(51) S |6| S
S | C Y GI IS (1+;) / 2 ()¢
Jj=1 0<|d|<[v|
<Cee "[[ 5" N©OAT(), VEER™,
j=1

where the change of variables ¢ = ((&,n) has been performed under the integral
in the second line above. Finally, from (47), (48), (51) it follows that

(52) 0% (&) < CawA™(€), VYEER™,

with C, o > 0, which in view of (45) proves that o € S§(R").

Now for proving that o vanishes identically on R™ \ X.,, consider { € R™ and

c1(§} — m),...,cn(&f — 77n)> . In view of (45) we
'\ (f) 5/)\n(§)

set for simplicity g¢(n) := ¢ <
have that

e - .
supp ge C {77 ER™: |n;j =&l < 5=A(§), 1<j < n}

(53) 2¢;

C{neR™: |n—¢&l <X, 1<j<n}.

For £ € R™\ X., it follows that suppge C (R™\ Xcz)n (cf. (38)), hence we

obtain from (43) that o(§) = 0 for any £ € R™ \ X_,.

It follows that o is identically one on X. observing that from (53) we get

supp ge € (Xoa)ern, as long as £ € Xovy. Thus for £ € Xy, passing once again

¢ (& —nj)
e'A;(8)

(Xo2)era We obtain at once that o(§) = [¢({)d¢=1. O

to the new integration variables (; = in (44) and using that u =1 on

Consider xo € C§°(2) such that supp xo C B:(xo) and xo(x) = 1 when
x € Bo(xg). Then by means of the previous Lemma, for any zg € Q, X C R"
and € > 0 we can construct mo(z,§) = xo(z)o(§) such that:

(54) 70(x, &) € M/(\)(Q), supp 7y C Xea(zo), 70(x,&) =1 1in Xy (o).
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Definition 5. A symbol a(x,&) € SY(2), m € R is said to be rapidly de-
creasing in © C QxR™ if there exists ag(x, &) € ST (Q) such that a(x, ) ~ ao(z, &)
and ap(z,£) =0 in ©

Theorem 1. For m € R, zyp € Q, X C R", consider a(z,D) € MT(Q)
whose symbol is A\-microelliptic in X (xo). Then there exists b(x, D) € M ™(Q)
such that

(55) b(xz, D)a(x, D) = identity + c¢(x, D),
where c(z,£) € MY(Q) is rapidly decreasing in X,x(zq) for some some r > 0.

Proof. It is not restrictive to assume that A(D)™™ € M~™(Q2) is properly
supported. Then multiplying a(z, D) by A(D)~™ we are reduced to the case
m = 0.

Assuming then a(z, &) € MY(Q) A-microelliptic in X (z9) and using Proposition
8 we can find € > 0 such that a(x,§) is still A-microelliptic in Xy (xo). Take now
70 € M(Q) as in (54) and set

o(z,§)
(56) bo(a,€) = a(me) O (@8 € Xaalwo),
0 otherwise.

Since a(x,§) satisfies (42), bo(x,&) is well defined for large |£| and moreover it
belongs to MY (), see [6, Lemma 6.3] .
Then arguing by recurrence, consider for j =1,2,...
Dia(x,¢§)
= X w08 jya(@ = for (2,€) € Xea(wo),
b—j(*%&) = 0<|a|<y ACherath CL(?L‘,f) :
0 otherwise.

For large |£], b_;(z, &) is well defined, it belongs to M;j () and it is supported in
Xea(xo). Using then standard arguments we can construct b(z,&) ~ > b_j(x,&)
Jj=0

in such a way that b(z, D) € M (Q). Notice now that, thanks to (29), the symbol
c1(z, ) of the product b(x, D)a(x, D) realizes to be equivalent to mo(z,§), then
the symbol c(z, £) of the operator b(z, D)a(z, D) — identity belongs to M} () and
it is rapidly decreacreasing in X,.»(z¢) for any 0 < r < &/, assuming ¢’ as in (54).
The proof is then concluded O
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Proposition 9. For zp € Q, X CR", u € D'(Q), s e R, 1 < p < oo, the
following properties are equivalent:

i) there exists a(x, D) € MS(Q) with symbol a(z, &) A\-microelliptic in X (x),
such that a(z, D)u € HyY, (Q);

ii) o(D)(¢u) € HYP for some ¢ € C3°(2), ¢(zg) =1 and 0 € MI(R"), such
that suppo C Xex, 0(§) =1 when € € Xy, for suitable e > ' > 0.

Proof. Assume that a(z,D) and u satisfy the assumptions in i). Then there
exists b(z, D) € M} (Q) such that b(z, D)a(z, D) = identity + c(z, D), where the
symbol c(z,&) € M{(Q) is rapidly decreasing in X.(z¢), for some 0 < ¢ < 1.
Then:

(57) u = b(z, D)a(x, D)u — ¢(z, D)u.

Using Lemma 1 we can consider, for suitable 0 < & < ¢, ¢ € M}(R") such
that suppo C X.y, 0(§) = 1in Xy and ¢ € C°(Q2), with supp¢ C B.(xo),
¢(zo) = 1. Then

(58) o(D)(¢pu) = o(D)p(x)b(x, D)a(x, D)u — o(D)p(x)c(x, D)u.

Since a(z, D)u € HyY, (), from (34) we obtain o(D)¢(2)b(x, D)a(x, D)u € Hy".
Assuming now ¢(x, D) properly supported we can find qg(:r) € C5°(Q) such that
¢(z)c(x, D)u = ¢(x)c(x, D)(du). Moreover for some co(z,€) € MY () supported
in (QxR™)\ Xca(zg) we have c(z,§) = co(x, &) + p(z,§), with p(z,§) € ST°(Q).
Consider now the operator d(z, D) = o(D)¢(z)co(x, D), whose symbol obtained
by (29) is d(z,§) ~ Zi‘@?a(f)Dg(qb(x)co(x,{)). Observe that: Jgo(§) = 0
o al

when & ¢ X.y; co(z,&) = 0when £ € X,y and x € B.(x); ¢(x) = 0 when £ € X,
and « ¢ Be(xo). Then 9¢o(§)Dg(¢(z)co(x,€)) = 0, thus d(z,£) € S7>().
Observing that o(D)(¢(x)e(x, D)u) = d(z, D)($u) + o(D)(¢(x)p(z, D)($u)), we
conclude that ii) follows from i). .

Consider now ii) satisfied by o € MY(R"), ¢ € C§°(9) and take a(z, D) € MY (Q)

1
equivalent to the operator o(D)¢(x). Since a(z,§) ~ > a@ga(f)D§¢(3{:) realizes

to be A-microelliptic in X (xg), i) easily follows. O
Definition 6. For X C R™ we say that that u € D'(Q) is X microlocally

reqular in X at the point xg € ), we write u € Hf\’pX(aco), if one of the equivalent
properties in Proposition 9 is satisfied.



86 G. Garello, A. Morando

4. Microlocal Sobolev Continuity and Regularity.

Theorem 2. Let zg € § and X C R" be given. Then for every m,s €
R, p €]1,+o0[, a(z,D) € MP(Q) and u € Hy ™PX(x9) one has a(z, D)u €
Hf\’pX(l‘o).

~ Proof.  From Proposition 9, we know there exists an operator b(z, D) €
M%(Q) with symbol A—microelliptic in X at zg € €, such that b(x, D)u €
HS

o (€2). From Theorem 1 there also exists an operator c(z, D) € MS(Q)

such that
(59) ¢(xz, D)b(x, D) = identity + p(x, D),

where p(z,£) € MY(Q) is rapidly decreasing in X,(zg) for some 0 < r < 1.
Using (41), 0 < 7* < r may be chosen in such a way that

(60) (Rn \ XT)\)T*)\ CR" \ Xiex -

By means of Lemma 1 we can consider a symbol o = o(§) € M} (R"), satisfying
suppo C X,+x, 0 = 1 on X, for a suitable 0 < 7" < r*, and define as in (54)
a symbol 7o(z,§) = xo(z)o(§), with xo(§) € C§°(2) supported in B,«(xp) and
identically equal to one on B,/ (zp). Of course, one has that

(61) supp 19 C X+ (20) and 70 =1 on X,7x(z0) .

Let 7(x,D) be a properly supported operator in ./\;l(/)\(Q) such that 7(x,&) ~
70(z,€) and set Og(x,&) == 7(x,&) — 10(x,&) € ST>°(). It turns out that the
symbol 7(x,&) is A—microelliptic in X (z¢); indeed for (x,€&) € X,/x(xo) one has:

(62)  |7(2,8) > |7o(2, &) — 0o(,6)] =1 =A™ (§) > 1/2, i |¢] > Ro,

for a suitable constant ¢y > 0 and Ry > 1 sufficiently large. Moreover

(63) 7(x,§) = bo(z,§) € S7(Q),  for (2,£) & Xp=r(20) -

For proving 7(z, D)a(x, D)u € Hy7, (), consider that in view of (59) we have
7(z, D)a(z, D)u = 7(x, D)a(x, D)c(x, D) (b(x, D)u) — 7(z, D)a(z, D)p(z, D)u.

Since 7(x, D)a(z, D)c(z, D) € MP(Q) and b(x, D)u € H; t"™P(2), from Proposi-
tion 5, 7(x, D)a(z, D)c(x, D) (b(x, D)u) € Hy7y, (Q) follows at once.
As to 7(x, D)a(x, D)p(x, D), we will see that 7(x, D)a(z, D)p(z, D)u € Hf\”ZOC(Q)
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for every t € R; this amounts to prove that ¢(x)7(x, D)a(x, D)p(x, D)u belongs
to Hf\’p, for every ¢ € C§°(2). Since 7(x, D)a(x, D)p(z, D) is properly supported,
there exists another function ¢ € C§°(€2) such that

go(x)T(x,D)a(x,D)p(ac,D)u = Lp(x)T(x,D)a(x,D)p(:c,D) ((/Bu) .
Let po(x,€) be a symbol in MY (Q) such that

(64)  po=0in X;a(zo) and  &(x,§) :=p(z,§) — po(x,§) € STF(Q).
Hence

p(x)7(z, D)a(x, D)p(x, D)(Pu)
= ¢(x)7(z, D)a(x, D)po(x, D)(Pu) + ¢(x)7(z, D)a(x, D)o (z, D)(pu)

Since d(z,&) € S™°(Q) and gu € &£'(N), 7(x,D)a(z, D)s(xz,D)(pu) € C*()
hence ¢(z)7 (2, D)a(z, D)é(z, D)(¢u) € C(Q) € HLP, for any t € R. Con-
cerning the operator n(z, D) := 7(x, D)a(z, D)po(z, D), in view of the symbolic
calculus in Proposition 4, for an arbitrary positive integer N the following iden-
tities hold for any (x,§) €  x R”

W8 = 5 08 (rha) (e, €) D polw, ) + R (5,),

la|j<N
(65)
1
Tha(z,§) = > —0¢7(x.§)Dya(z,§) + Sn(z,8),

|a|<N

where Ry(z,&),Sn(x,&) € M;R_N/“(Q) and 7#a(x,&) denotes the symbol of
7(z, D)a(x, D).
Since the set X,.)(zg) is open, from (65) and (64) it follows that

(66)  n(x,€) = Ru(w,&) € My VMQ),  V(2,€) € Xoa(wo).
On the other hand, as a consequence of (60) it can be proved that
(67) (Q % R™) \ X () C imt (2 x B") \ Xpor(0))

where intS denotes the interior of a set S C  x R™. Thus from (63) and (65)
we have

Tﬁa(l‘,f) = Z éaé‘XeO(xvg)Dga(xvé-)+SN(1:7€)

(68) jal<N
=i T(,€) € My~ " (@),
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hence for any (z,£) € (2 x R™) \ X, (zo):

©9) 6= 3 STV EDIp(r.E) + Ru(r,€) € My V(@)
|a|<N :

From (66), (69) we conclude that n(z,&) € M,"~ N/“(Q) for all integers N > 1,
hence n(z,£) € S™°(Q) (see (27)). Thus, for any t € R, p(x)n(z,D)(pu) €
Cee(Q) C Hy?, and the proof is concluded. O

) Theorem 3. For given g € Q, X C R", m € R, assume that a(x,D) €
M) has A—microelliptic symbol in X (xo). Then for every s € R, p €)1, 4+00[
and u € D'(Q) such that a(z, D)yu € Hy? X (xq) one has u € Hy ™" X (x0).

Proof. We follow the arguments used in the proof of Theorem 2.
Let uw € D'(Q) satisfy the assumptions of Theorem 3. Using Proposition 9, we
can find an operator b(z, D) € M$ (), with A—microelliptic symbol, such that

(70) b(x, D)a(z, D)u € HyT, (Q).

By Theorem 1 there exist some operators c(z, D) € M$(Q), g(z, D) € M;™(Q)
such that

c(x, D)b(x, D) = identity + p(x, D),

(71) _
q(z, D)a(z, D) = identity + o(z, D)

hold true, for suitable symbols p(z,¢),0(z,&) € M} (Q) rapidly decreasing in
X,a(zp) and some constant 0 < r < 1.

Choose r* > 0 correspondingly to r as in the proof of Theorem 2 (see (60)).
In the same way consider the symbols mo(z, &), 7(z,&) € MY(1), satisfying (61),
(62), (63).

For proving that u € Hy™?(X (z0)), we will check that 7(z, D)u € Hf\JerTZp(Q)
By the use of (71) we can write

7(z,D)u = 7(z,D)q(z, D) (a(z, D)u) — 7(z, D)o(z, D)u
(72) = 7(z,D)q(z, D)c(z, D) (b(z, D)a(z, D)u)
—7(x, D)q(x, D)p(x, D)a(z, D)u — 7(x, D)o(z, D)u.
Since 7(x, D)q(z, D)c(x, D) € M; ™ (), then

(73) 7(x,D)q(x, D)c(z, D) (b(x, D)a(x, D)u) € H;J;;ZP(Q)



LP microlocal properties for PsDO 89

follows from (70) by Proposition 5.

Concerning the other terms 7(x, D)q(z, D)p(z, D)a(z, D)u, 7(x, D)o(z, D)u, ap-
pearing in the right-hand side of (72), following the argumets used in the proof
of Theorem 2 we can prove that for any t € R

(74) 7(x,D)q(x, D)p(z, D)a(x, D)u, 7(x,D)o(x,D)u € Hi’f;oc(Q).

Arguing explicitly on 7(z, D)o (x, D)u, we need that ¢(z)7(z, D)o (x, D)u € HY,
for every ¢ € C§°(€2). Since the operator 7(x, D)o(z, D) is properly supported,
for every ¢ € C5°(Q2), another function ¢ € C§°(Q2) exists such that

o(x)1(x,D)o(x, D)u = ¢(x)7(x, D)o(z, D)(Qu) .

Since o(z, &) is rapidly decreasing in X, (z¢), there exists oo(z,£) € M} () such

that, for any (-T,g) € XTA($0)7 0-0(1:75) = 0 and T]O(J:?é) = O-(xvé-) - 00(1:75) S
S7°(Q). Let us decompose ¢(z)7(x, D)o(z, D)(pu) as

p(x)7(z, D)o (z, D)(pu) = @(x)7(z, D)oo(z, D)(u) + ¢(z)7(z, D)no(z, D)(pu) .
Since no(x,€) € S7°(Q) and pu € &£'(NQ), we can easily obtain that, for any
t € R, p(x)7(x, D)no(z, D)($u) € CF°(Q) € H,".

For the operator 7(z, D)og(z, D), one may argue on the asymptotic expansion of
its symbol THog(x, &), as it was done in the proof of Theorem 2:

(75) rhoo(a,£) = Y ~0fr(x, ) Djoo(,€) + Bx (),

|a|<N

with Ry (x,§) € M/\_N/“(Q), for every integer N > 1. Since o¢(z,&) = 0 for any
(x,€) in the open set X,.x(xg), (75) gives THog(z,&) = Ry(z,§) € M)\_N/“(Q), for
any (z,£) € X,a(xo). Since r* is chosen such that (67) is still true, from (75) and
(63) one obtains again THog(x, &) € M;N/“(Q) for any (z,&) € (2 xR™)\ X;a (o).
Since N > 1 is an arbitrary integer, as in Theorem 2 we conclude that 7#oq(z,§) €
S7%(9Q), hence ¢(z)7(z, D)og(z, D)(¢u) € C(Q) C HyP for any t € R.
The same arguments above can be applied to prove the first statement in (74).
Then 7(x, D)u € Hf\JerTZp(Q) follows from (72)-(74), and the proof is complete. O
Let a(x, D) be a properly supported pseudodifferential operator with symbol
a(z,§) € M{*(Q) and zg € Q. Following [4], [10], we can define, for any g € €,

e )\ filter of Sobolev singularities of u € D'(2):

(76) WyP\u:={X CR";ue HYP(R"\ X)(z0)}, se€R,1<p<oo;
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e )\ characteristic filter of a(z, D) € MP(Q), m € R:

(77) Ei‘oa(x, D) :={X CcR", a(x,&)is Amicroelliptic in (R" \ X)(z¢)} .

It is trivial that W>” iau and Xy, za(z, D) are actually filters in the sense that
they are closed w1th respect to the intersection of a finite number of sets and any
YO Xe Wxi’ u (22, a(z, D)u) belongs to the same set family.

It is also straightforward to show that the results of Theorem 2, 3 can be restated
as follows.

Proposition 10. Let a(x, D) € MY(Q), 29 € Q, s € R and p €]1,+00| be
given. Then the following inclusions are satisfied

Wb sa(@, D)un Y2 a(z, D) C WPy c W oaaa(w, D)u, VueD(Q).

) T,

5. Complete polyhedra of R™ and applications to multi-quasi-
elliptic equations. An useful tool in the study of hypoelliptic partial differ-
ential equations is given by the weight functions associated to a complete poly-
hedron, introduced by Gindikin and Volevich [7], see also [2].

Recall that a convex polyhedron P C R™ may be obtained as the convex hull of
a finite subset V(P) C R™ of convex-linearly independent points called vertices
of P and univocally determined by P. Moreover there exist two finite subsets

No(P), N1(P) C R™ such that:
(78) P={CeR%v-(>0,Vve Ny(P)} n{CeR"v ¢ <1,Vv e N1(P)}.

Again Ny(P), N1(P) C R" are univocally determined by P, if it has a non-empty
interior. The boundary of P is made of the faces F,,, which are the convex hull of
the vertices of P lying on the hyperplane H,, orthogonal to v € Ny(P) U N1 (P)
of equation v-( =0 if v € Ny(P), v-( =11if v € N1(P).

A convex polyhedron P C [0, +oo[" is said complete polyhedron if:

e V(P)c N (0,...,0) € V(P) and V(P) # {(0,...,0)},

e N1(P) CJ0,+oo[", No(P) = {ej}7_y, where e; = (0,..., Lj—entry, - - -, 0).
We can now associate to any complete polyhedron P the positive function Ap,
defined by

1/2

(79) pEO=| Y, &

~eV(P)
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It can be easil roved that \ satisfies (3) with = min and
y P P(£) (3) o = min ol

= max .
= max 7|

For proving that Ap(€) satisfies also (4), we introduce the following two lemmas,
whose proof may be found in [5], [6].

Lemma 2. For every a € Z'} one has that
(80) €] <Ap(©P, er”,
where we have set k(a, P) :=inf{t >0 : tla € P} =max{r-a: ve N (P)}.

Lemma 3. For any o,y € Z'} and m € R there exists a constant Cp, o, > 0
such that

¢4 m m,M n

(81) €10 AR (O] < Crandp(©™ 0, EERT,
1

where 1 := max {— cj=1,...,n, ve Nl(P)} is called formal order of P.
vj

In view of Proposition 2, Lemma 3 yields that Ap(§) € M (R"), for every
m € R.
We can prove now the following result.

Lemma 4. There exist C > 0 and 0 < g9 < 1 such that for 0 < e < ¢gg
n ) -
(82)  Ap(n) < CAp(€)  holds when Y |n; — &1 (&) + &))" <e.
j=1

Proof. Foran arbitrary £ € R™, we define the subsets J; = J1(§) and Jo = J5(§)
contained in {1,...,n} as in the proof of Proposition 2 (see (14)). There exist
some constants C, > 1 and €, < 1, independent of 7, &, such that for 0 < e < e,
the following can be proved

i) T |y — &] < eOp(€)¥ +1¢]) and j € Jy(€) then - 1&5] < il < Culg).

ii) TF [n; — & < e ()7 +1&]) and j € Jo(€) then [n;] < Cudp(€).

We assume, for a while, that statements i, i are true, and we go on to prove (82).
Let us take n,£ € R” satisfying

(83) S = &l ©F + 1) <€,
j=1
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with 0 < & < g,. The arbitrary vertex v € V(P) of P is decomposed as v = ¥+7%,
where the multi-indices ¥ = 4(£) and 4 = 4(&) are defined by setting

(84) 5 = {w, j € J1(§),

0 otherwise

and 4 1=y — 7.
Using (83), the statement 7 and Lemma 2, we get

(85) 77% - H |77j’27j < Cf|:¥| H ’£j|2’7j — Cf|5’|€2ﬁ < Cf|’¥|)\7)(£)29@7
Jen j€n

where 7 € N1(P) is chosen such that -5 = k(7,P).
On the other hand, from (83) and the statement i it follows

N . 2|4 2191 2|4 -~
(86) 2 =TT gl < Cp(e) 7 < c2Mp(e)?,
JjEJ2
_ 1, .
where we have also used that 7; > — is true for every j =1,...,n.

i
From (85), (86), considering that v =4 +4 and v -y < 1, we get
(87) n2’y _ 7]2%]2& < C’fhl)\p(g)?ﬁ” < Cf'ﬂ)\P(f)Q.

Finally, summing (87) over all vertices v € V(P) yields

(88) o) = > n*T<CPap(€)?,
YEV(P)
where we have set C? := > o2,
eV(P)

To complete the proof of the Lemma, it remains to show the statements 7 and 4.
1
Statement i. Assume that j € Jyi, that is Ap(§)» < |§;], and

(89) I — &1 < ep(€)F + 1) -

Using now the triangle inequality we get ||n;] — |&;|| < 2¢|¢;|, hence (1 —2¢)|;] <
1
Inj| < (142¢)|&;]. Then ¢ follows for 0 < e < €, by choosing for instance ¢, < 1

and C, > 2.
1
Statement 4. We assume now that j € Jo, that is [£;] < Ap(§)#, and (89) are
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1
satisfied. Again, in view of the triangle inequality, we get [|n;| — ;|| < 2eAp(&)#,

hence [n;| < (1 + 25))\7>(§)i. Then i follows for 0 < € < g, if e, and C, are
chosen as before.
The proof of the Lemma is then completed. O

As a consequence of the previous Lemmas 2-4, we prove now the following
result.

Proposition 11. There exist positive constants C' > 1 and €9 < 1 such that
for any 0 < e < eg we have

(90) ZAp(©) < Ap() < CAp(6), when D by ~&lOw(E)F + gD <.

Jj=1

Proof. Let n,§ € R" satisfy (83). By means of Taylor expansion we get the
estimate

’Ap l‘ —Ap

Zrm 5]\/ ;MY dt

(1)
_ &!/ oABE a3 fg\/ MY d

j€J1 j€J2(E)

where £ := (1 —1t)é +1tn, and J1(£), Jo(€) are defined as in the proof of Lemma 4.
Considering the definition of J2(£) and applying estimates (81), we have

> — & J5 105 A“ (€)|dt < Cyzdp(&)F Iy Ap (€13 dt
(92) jer(s)

< 029\73(5)%,

for 0 < € < e, and a suitable positive constant Cy, independent of ¢.
On the other hand, observing that

93) & =&l = (1= & +tn; — & = thyy — &) < cOp(©) 7 + [&))



94 G. Garello, A. Morando

using the definition of J;(£) and applying the statement i with ¢! instead of 7
(see Lemma 4), we also have

> gjy/ 9;Ap(E1) % | dt < 2¢ > \gj\/ 10, Ap (€17 | dt

JEN(E) JEN(E)
(94)

<2C.e Y / \gj\axpgtu\dt

jGJl

for € as above and the constant C, involved in the statements ¢ and 7.
Again applying estimates (81), (82) and in view of (93) we obtain

T =

(95) EN10AP(E) 5] < Cidp(E)F < CiAp(E)w

where C'j is a suitable positive constant, independent of e. Combining (94), (95)
yields

1 1 1
(96) XIW—M/V%ﬂﬁﬂﬁéaaﬂ&u
JETL(E) 0

where again C] is a positive constant independent of €. By adding (92), (96),
1 1 1
from (91) we deduce that ‘/\p(n)ﬁ —Ap(§)n (&)=, hence

(97) (1= Ce)Ap(€) < Ap(n) < (1+Ce)lAp(€),

with a suitable e—independent positive constant C. Estimates (97) imply at once
(90) by taking any e > 0 sufficiently small. O

Directly from [6] we have the following

Lemma 5. For P complete polyhedron let Q = > aq(x)D* be a linear par-
acP

tial differential operator with coefficients aq(x) € C*°(Q). Then Q € M}\P ().
We say moreover that the operator @ is multi-quasi-elliptic if for any compact

K cC Q two positive constants Ck, Ry, exist such that:

(98) D aa(@)| > CrAp(§), z € K, [¢] > Ry,
aeF(P)
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where F(P) = U Fo.
veN1(P)
In the same way, as in Definition 4, we can consider an operator microlocally

multi-quasi-elliptic in X C R at the point 29 € 2. Since [2, §1.8] shows that
a multi-quasi-elliptic operator is A,-elliptic in the usual sense considered in (36),
using Theorem 3 we obtain the following

Proposition 12. For P complete polyhedron, consider the partial differential

operator Q = > aqo(x)D*, with smooth coefficients. Assume moreover that Q
acP
is microlocally multi-quasi-elliptic in X C RY at the point xo. If u € D'(Q) and

Qu € Hf\;fX(aco) then u € Hf\;l’pX(mo), for every 1 < p < oo and s € R.
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