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ABSTRACT

There are several examples in the literature showing that compactness-like
properties of a cardinal k cause poor behavior of some generic ultrapowers
which have critical point x (Burke [I] when & is a supercompact cardinal;
Foreman—Magidor [6] when x = w2 in the presence of strong forcing ax-
ioms). We prove more instances of this phenomenon. First, the Reflection
Principle (RP) implies that if 7 is a tower of ideals which concentrates
on the class GIC,,; of wi-guessing, internally club sets, then T is not
presaturated (a set is wi-guessing iff its transitive collapse has the wi-
approximation property as defined in Hamkins [I0]). This theorem, com-
bined with work from [16], shows that if PF AT or M M holds and there is
an inaccessible cardinal, then there is a tower with critical point wa which
is not presaturated; moreover, this tower is significantly different from the
non-presaturated tower already known (by Foreman-Magidor [6]) to ex-
ist in all models of Martin’s Maximum. The conjunction of the Strong
Reflection Principle (SRP) and the Tree Property at ws has similar impli-
cations for towers of ideals which concentrate on the wider class GIS.,, of
wi-guessing, internally stationary sets.

Finally, we show that the word “presaturated” cannot be replaced by
“precipitous” in the theorems above: Martin’s Maximum (which implies
SRP and the Tree Property at wz) is consistent with a precipitous tower
on GICy, .

1. Introduction

If the universe V' of sets satisfies ZFC, there is no elementary embedding
j:V — N where N is wellfounded and the least ordinal moved by j is “small”
(like wy or wy). Forcing with ideals and towers of ideals are two procedures
that can potentially produce such an embedding j : V' — N in some generic
extension of V' where the least ordinal moved by j is small. A tower of ideals
is a sequence of ideals I = (I | A < &) with a certain coherence property (see
Section 2.4]). The length of the sequence I is called the height of I and, if
each ideal in the sequence has the same completenessﬂ this completeness is
called the critical point of I. If T is a tower then there is a natural poset
IP; associated with I, and in the generic extension V¥ there is an embedding
ja : V= ult(V, G) where the least ordinal moved by j equals the critical point
of the tower; this embedding is called a generic ultrapower of V' by I and
ult(V, Q) is not necessarily wellfounded.

1 This will hold for all towers considered in this paper.
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Properties of the tower I and of its height affect the properties of the generic
ultrapower. Woodin proved that if § is a Woodin cardinal, then many of the
natural “stationary towers” of height § satisfy a very strong property called
presaturation (see [I3] and [18]). Foreman and Magidor [6] proved that if
0 is a supercompact cardinal then there are several natural stationary towers
of height ¢ which are precipitous (a property weaker than presaturation). For
simplicity let us only consider towers with critical point ws. Then one key
difference between the Foreman—Magidor stationary towers and the Woodin
stationary towers are that with Woodin’s examples, there are always some V-
regular cardinals which become w-cofinal in the generic ultrapower, whereas
they remain uncountably cofinal in the generic ultrapower in the Foreman-—
Magidor examples.

On the other hand, compactness-like properties of the critical point of the
tower can often prevent nice behavior of the tower. Burke [I] showed that, if
K is supercompact and § > k is inaccessible, then there is a tower of height §
with critical point xk which is not precipitous. Strong forcing axioms like the
Proper Forcing Axiom and Martin’s Maximum are known to make ws behave
much like a supercompact cardinal; so in light of Burke’s theorem we should
expect that strong forcing axioms prevent nice behavior of some towers with
critical point wy. Foreman and Magidor [6] proved that Martin’s Maximu
implies that a certain natural towen] with critical point ws is not presaturated
(see Example 9.16 of [5])@ On a related note, they also showed that the Proper
Forcing Axiom implies that there is no presaturated ideal on ws.

This paper provides more results along the lines of the Burke and Foreman—
Magidor theorems, that compactness properties of the critical point of certain
towers prevent nice behavior of the tower. We show that under strong forcing
axioms, there are certain towers with critical point ws which are not presatu-
rated; these towers are significantly different from the non-presaturated towers
produced in Foreman—Magidor [6] in a very strong senseld Specifically:

2 Really, just the saturation of NSy, .

3 Namely, the stationary tower concentrating on the wi-internally approachable structures.

4 However, their tower can be precipitous, and in fact always is precipitous if its height is
a supercompact cardinal.

5 Namely, while the Foreman-Magidor tower concentrated on internally approachable
structures, our ideals concentrate on structures which are definitely not internally
approachable.
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THEOREM 1: Assume RP(ws) holds. Whenever I is a tower which concen-
trates on the class GIC,, of wi-guessing, internally club sets, then I is not
presaturated.

In fact we show more: that RP(wz) implies there is no single ideal J such
that:

e J concentrates on GIC,, ; and
e J bounds its completeness.

The latter is a property introduced by the first author in [2] which is closely
related to saturation and Chang’s Conjecture. See Definition 25 and Theorem
1271

Using Theorem [I] and results from [16], we show:

THEOREM 2: Assume either PFAY or MM, and that § is inaccessible. Then
there is a tower of height 0 with critical point wo which is not presaturated (in
fact, this tower even fails to have the weak Chang Property; see Definition
and Corollary[24).

The hypotheses of Theorem [Tl can be strengthened to obtain a stronger con-
clusion:

THEOREM 3: Assume SRP(ws) and the Tree Property at wy. Whenever I
is a tower which concentrates on the class GIS,, of wi-guessing, internally
stationary sets, then I is not presaturated.

Again, similarly to Theorem [lwe actually show more: that SRP(ws) together
with the Tree Property at we implies there is no single ideal which concentrates
on GIS,, and bounds its completeness.

If we require the tower to be definable, then a theorem of Burke [I] together
with the Isomorphism Theorem from [15] yields:

THEOREM 4 (ZFC): If2¥ < ws, then there is no precipitous tower of inaccessible
height 6 which concentrates on GIC,, and is definable over (V, €).

Finally, we prove that in Theorems [Il through Bl the conclusion cannot be
strengthened to say there is no precipitous tower which concentrates on the
relevant class of sets, even if the hypothesis is strengthened to “plus” versions
of Martin’s Maximum:
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THEOREM b: If k is supercompact and § > k is inaccessible, then if P is the
standard iteration to produce a model of M MT“1, there is a precipitous tower
in V¥ of height & concentrating on GIC,,, .

The paper is organized as follows. Section [2] provides relevant background
on guessing models (1)), forcing axioms and reflection principles (Z2)), the
key Isomorphism Theorems for wq-guessing structures from [15] ([Z3]), towers of
ultrafilters and ideals (24]), and induced towers ([25]). Those last two subsections
@4 and 23] are used primarily for the consistency proof in Section [6] though
Definition [[8 and Fact [I[9 are used throughout the paper. Section B provides a
brief review of the weak Chang property and relevant theorems from [2] that
will be used in the later proofs in Sections Ml and [l (but not in Section []).
Section M proves Theorems[I} @ and 2l Section Bl proves Theorem [l The results
in Sections [4] and Bl are due to both authors. Section [f] proves Theorem [Bl and
is due to the first author. Section [7 ends with some open problems.

2. Preliminaries

2.1. THE crasses GIC,,, GIS,, AND GIU,,. Weiss [I7] introduced the no-
tion ISP, which is a significant strengthening of the Tree Property. In this paper
we use the alternative notion of a d-guessing model from [I5]. ZF~ denotes
Z F without the Power Set Axiom.

Definition 6: Let H be a transitive ZF~ model and § € REGH. We say that
H has the j-approximation property iff (H,V) has the d-approximation
property as in Hamkins [I0]. In other words, for every n € H: whenever A C 7
is such that 2N A € H for every z € H with |2/ < §, then A € H.

If M is a set or class which believes “N; exists” and €] (M x M) is extensional
(so that M has a transitive collapse)—for example, if M < (Hp, €) for some
0 > wo—we say M is wi-guessing iff its transitive collapse Hy; has the ws-
approximation propertyE We let G, denote the class of M such that |M| =
w1 C M and M is wy-guessing; opr : Hyy — M will always denote the inverse
of the Mostowski collapse of M.

6 This definition is slightly different but equivalent to the definition in [I5]. Further, note
that since we’re assuming M < Hg and w1 C M, then |2|HM = w iff |2] = w (for any
FAS H]w).
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We use several other common classes of structures (see Foreman and Todor-
cevic [§]). A set M is wi-internally club iff M N [M]¥ contains a club in
[M]¥; wi-internally stationary iff M N [M]“ is stationary in [M]¥; and w;-
internally unbounded iff M N [M]“ is C-cofinal in [M]“. Let

A:={M | (M, e) satisfies ZF~, wy C M, and |M| = w1 }.

We let IC,,, IS.,,, and IU,, refer respectively to the class of M € A which
are wi-internally club, w;-internally stationary, and wi-internally unbounded.
The classes IC,,, IS,,, and IU,, can be equivalently characterized in ways
analogous to internal approachability:

o M € IA,, iff there is a C-continuous €-chain (N¢ | € < wi) such that
M = U, Ne and (Ne | £ < () € M for every ¢ < wy;

o M € IC,,, iff there is a C-continuous €-chain (N¢ | € < wi) such that
M =, Ne and Ne € M for every § < wi;

o M € IS, iff there is a C-continuous sequence (N¢ | € < wq) such
that M = U£<wl N¢ and Ng € M for stationarily many & < wy. It
is straightforward to see that M € IS, iff there is some stationary
Th C wy such that for every C-continuous sequence N with union M ,
{€<w1 | Ng EM} =NS TME

o M € IU,, iff there is a C-continuous sequence (N¢ | £ < wq) such that
M =, Ne

Set GIC,,, := Gy, NIC,,, GIS,, := Gy, NIS,,, and GIU,, = G,, NIU,,.
Note that

(1)  Gu,N{M < (Hyp,€) | MNH,, € TA,,} is empty for all § > ws.

To see (Il): suppose to the contrary that there were some such M, and that
N = (N¢ | € < wy) witnessed that M N H,, € IA,,. Then for every countable
z € M there is some & < wy such that zNN = 2N (N | €) € M. Since this
holds for every countable z € M, and since H,, € M and M € G, , this would
imply that N € M and so M N H,, = U range(N) € M. But it is not possible
that M N H,,, € M, because H,, — M # 0 and M < (Hy, €).

Note also that all of the classes mentioned are invariant under isomorphism
(i.e., M is in the class iff its transitive collapse H)s is in the class). Viale and

Weiss proved:

7 For A, B C w1, A =ng B means that AAB is nonstationary.
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THEOREM 7 (Viale-Weiss [16]): PFA implies that GIC,,, N, (Hy) is station-
ary for all regular 6 > ws.

Their proof actually produced models which were not only in GIC,,, but
persistently so; that is, these models remain in GIC,, in any outer model
which has the same w;. This used the following generalization of a theorem of
Baumgartner. For a poset R and a possibly non-transitive set M, let us say
that a filter ¢ C R is (M, R)-generic iff gn DN M # () for every D € M which
is dense in R.

THEOREM 8 (Viale-Weiss [16]): For each regular & > wo there is a proper poset
Ry such that:

(1) Rs € Hg+;
(2) g, H € GIC,,, where H := HY ;
(3) whenever M is a (possibly non-transitive) ZF~ model such that |M| =
w1 C M and there exists some g which is (M, Ry)-generic, then:
e M NH; e GIC,,;
e if W is any transitive ZF model such that (M, g,Rs) € W and
wiV =wl, then W = “M € GIC,,,”. (Here W could, for example,
be any outer model of V' which has the same w;.)

Viale proved:
LeEmMA 9 (Viale): FA,, implies G, C IU,,; so G,, = GIU,,.

Proof. Viale [15] proved that if M is wi-guessing and |M| is strictly less than
the so-called pseudo-intersection number, then M € IU,,; FA,, implies that
the pseudo-intersection number is > ws.

Finally, we point out the standard fact that all of these classes project:

LEMMA 10: Let Z be any of the classes G, Ay, IC,,, IS,,, or IU,,. If
M € Z and 0 > ws is a regular cardinal then M N Hy € Z.

Proof. Here it will be more convenient to work with the following “non-transiti-
vised” characterization of Gy,,: M €G,, iff for every ne M and every ACnNM:
if ANz € M for every countable 2 € M, then there is some A’ € M such that
A'NM=A.
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Now suppose M € G, and 6 > ws is regular; we want to see that
MNHyeG,,. Let ne MNOand A CnN M, and suppose zNA € M N Hy
for every countable z € M N Hy. Then clearly 2N A € M for every countable
z € M, since A C 0. Since M € G, , then there is an A’ € M with A’'NM = A.
Set A” := A'Nne M N Hy. Then A” N (M N Hy) = A.

For the other classes, we present the argument for IC,,,; the rest are similar.
Suppose M € IC,,, as witnessed by a sequence (N¢ | £ < wq) where Ne € M
for every £ < wy. Let 6 be a regular uncountable cardinal. Clearly the sequence
(NeN Hp | € < wy) is C-increasing and C-continuous with union M N Hy; we
just need to see that Ne N Hy € M N Hy for every £ < wy. If 6§ € M this is
trivial. If @ ¢ M then since M € IC,,,, M NORD is an w-closed set of ordinals
and so sup(M N 6) has uncountable cofinality. Then for each £ < w; there is
some ne < 0, ne € M, such that Ne N Hy = N¢ N H,y,; and the latter is in M
since both 7¢ and N¢ are in M.

It is interesting to point out that by the argument of Proposition 2.4 of [@], if
Z is any of the classes [ A, , ICy,, IS.,, or IU,,, then Z also lifts with respect
to the nonstationary ideal; that is, if S is a stationary subset of ZN g, (Hy) and
0’ >> 0, then ZN{M € p,,(Hyp') | MNHy € S} is also stationary. This implies
that (NS | (Z N pw,(Hg)) | § € ORD) forms a tower (see Section [3). On the
other hand, this can trivially fail for the class Z = G, because Gy, N @, (Hp)
might be nonstationary for large 6. Even if G, N p.,(Hp) is stationary for
every regular 6 > wy (as is the case under PFA), it is still not clear—and seems
doubtful—that (NS | G, N pw,(Hs) | 6 € ORD) necessarily forms a tower.

2.2. FORCING AXIOMS, PROJECTIVE STATIONARITY, AND REFLECTION PRIN-
cIPLES. Let T' be a class of posets and 3 an ordinal. FA+#(I") means that for
every P € T', for every wj-sized collection D of dense subsets of P, and for every
sequence (Se | € < ) such that IFp “S¢ C w, is stationary” for every & < 3,
then there is a filter F' C P meeting every D € D and such that for every £ < 5:
(Se)r:={a<w | g€ F)(qIFa e S¢)} is stationary. FA(T') means FA%(T)
and FAT(T') means FAT(T'). Martin’s Axiom is FA(ccc posets), the Proper
Forcing Axiom (PFA) is F A(proper posets), and Martin’s Maximum (MM) is
F A(posets preserving stationary subsets of w1). We caution that elsewhere in
the literature the notation PFA™ and MM™™ are sometimes used for what
we call PFAT“1 and MM™*“1. Tt is widely known that the standard iteration
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used to produce a model of MM (resp. PFA) actually produces a model of
MM+t (resp. PFA+<1).

For a regular cardinal § > wy, RP(f) means that whenever S C [0]“ is
stationary, then there is an X such that w; C X, |X| = w1, and SN [X]¥ is
stationary in [X]¥. Tt is well-known that F AT (o-closed) implies RP(6) for all
regular @ > wy (so in particular RP follows from PFA™); and by [7] this is
also implied by MM. A set P C [X]“ is projective stationary iff for every
stationary T' C wi, {Y € P | Y Nw;y € T} is stationary in [X]“. For 6 > wo,
the Strong Reflection Principle at 6 (SRP(0)) is the statement: for every
projective stationary P C [Hy|¥, there is a C-continuous elementary €-chain
(Ne¢ | € < wr) of countable models such that every N¢ is an element of P (i.e.,
there is some wy-sized subset X of 6 such that P N [X]¥ contains a club in
[X]“). It was shown in [3] that Martin’s Maximum implies SRP(f) for all
regular 6 > ws. Extending a result of Gitik [9], Velickovié proved the following
theorem (see Section 3 of [14]):

THEOREM 11: Whenever C' C [wg]* is club, z € R, and T C w; is station-
ary, then there are a,b,c € C such that aNwy; = bNw; = cNw; € T and
x € Ly,la,b,cl.

COROLLARY 12: IfW is a transitive ZF~ model with we C W and R—W # 0,
then [ws]¥ — W is projective stationary.

Proof. Let T C wy be stationary; we need to show that
{dewa]” |d¢ W and dNwy € T}

is stationary in [we]*. Suppose not; then there is a club C' C [w2]¥ such that
CN\T:={deC|dnwy €T} CW. Let z € R be arbitrary and let a,b,c € C
be as in Theorem [IT], so that x € L, [a,b,¢] and aNwy =bNwi =cNw; € T}
so a,b,c € C T C W. Since wa C W E ZF~ and a,b,c € W then
L,[a,b,c] € W. So xz € W; since x was arbitrary we’ve shown R C W,
contrary to the assumptions.

2.3. IsoMORPHISM THEOREMS FOR GIC,, AND GIS,,. We use the Isomor-
phism Theorems from Viale [I5]. For transitive ZF~ models H and H’, we say
that H is a hereditary initial segment of H' iff H = H’ or there is some
X € Card®" such that H = (H,\)Hl. We provide a slight simplification of both
the formulation and the proof of the Isomorphism Theorems from Viale [I5]:
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THEOREM 13 (Viale [I5]): Assume H and H' are transitive ZF~ models such
that:

(a) HNR = H' NR;

(b) for every transitive A € H N H': the set

(2) HnNH n{d]| (d,e€) is extensional}

is C-cofinal in both ([A]*)# and in ([A]“)H/E
(¢c) H, H are in G,,.

Then one of H, H' is a hereditary initial segment of the other.

Proof. Note that since H and H' are transitive ZF~ models, then item (@) of
the hypothesis of the theorem is equivalent to saying that HNH,, = H' N H,,;
the latter equality will be more convenient for the current proof.

We first prove the following, by induction on 7:

(3) V,NH =V, N H' for every n < min(ht(H), ht(H")).

If n is any limit ordinal and (B]) holds at all * < 7, then it clearly holds at n
as well. So we only need to show the successor step of the induction: assume
@) holds at some ordinal n < min(ht(H), ht(H')), and prove that (8] holds
at n+1. Set A:=V, N H =V, NH' Since H is a transitive ZF~ model,
its rank function is correct, and so (since we’re assuming n < ht(H)) then
V, N H = (V,;)#; similarly for H'. In particular, A € H N H'.

We show p(A) N H C H’; the proof that p(A) N H' C H is similar. Let
Z € p(A)N H. Since A € H' and H' is wy-guessing, then to show that Z € H’
it suffices to show that ZNd € H’ for C-cofinally many d in ([A]*)?". By
assumption [blin the hypothesis of the theorem and the fact that A is transitive,
it in turn suffices to show that ZNd € H' for every d € H N H' N ([A]*)’
such that (d, €) is extensional. Pick any such d, let d be its transitive collapse,
and 74 : (d,€) — (d,€) be its Mostowski collapsing isomorphism; note that
ng € HNH'. Then Zg := n3“(ZNd) € HNH,, = H NH,. And ZNd =
wcl_l“Zd. Since mq and Z; are both in H’, this implies that ZNd € H' and
concludes the proof of ().

8 Recall that by Mostowski’s Collapsing Theorem, every d in the set from (@)
has the property that there is a unique transitive d and a unique map my such that
7g : (d, €) — (d, €) is an isomorphism.
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Suppose now that H and H’ have different heights; without loss of generality
assume [ := ht(H) < ht(H'). Then 8 is a cardinal in H'; suppose it were not,
and let ¢ := [8|”" < B. Then there is some b € H' N p(¢) which codes (via
Godel pairing) a bijection between ¢ and 8. Since § is a limit ordinal then
(+1< B8 =ht(H);soVez1NH =Vey1NH by @) and thus b € H. Since
H is a ZF~ model it can compute the ordertype coded by b and so 8 € H, a
contradiction.

Essentially the same argument of the last paragraph shows that H = H é{ "if

€ Hé{,, then there is some ¢ < S and a b € H' Np(¢) = H N p({) which codes
a in a way that is absolute across transitive ZF~ models, so, in particular,
ac H.

Note that if 2 = ws, ¢ is some wellorder of R in order-type ws, and M, M’
are elementary substructures of (Hy, €, ¢) for some 6 > wy such that M Nwe =
M’ Nws =: a > wi, then the pair Hy; and Hjyp (the transitive collapses of
M and M’, respectively) satisfy item (@) from the hypothesis of Theorem [I3]
(because Hyy NR = ¢“a = Hy NR).

COROLLARY 14 (Viale [15]): Assume H and H' are transitive ZF~ models such
that HNR = H' NR.

(1) Suppose that H and H' are in GIS,,, where Ty C wy and Tyr C wy wit-
ness that H, H' are wy-internally stationary (respectively). If Ty N Ty
is stationary, then one of H, H' is a hereditary initial segment of the
other. (See Section [Z] for the meaning of the notation Ty and Ty .)

(2) Suppose that H and H' are in GIC,,,. Then one of H, H' is a hereditary
initial segment of the other.

Proof. We first prove part (I); let H and H' be as in the hypothesis. We
will show that H, H' satisfy requirement (B) of the hypothesis of Theorem I3
Fix any C-increasing and C-continuous sequence (N¢ | € < wi) of countable
elementary substructures of (H,€) such that H = [J._,, N¢; similarly fix a
sequence (N'¢ | & < wi) of substructures of (H',€). Let Ty, T witness
(respectively) that H, H' are in IS, (i.e., Ty is stationary and N € H for
every £ € Ty; similarly for T/ ). Let A be any transitive set which is an element
of HNH'. Set B:={N:NA|{€TyNTy}. Then BC HNH and B is a
stationary—in particular C-cofinal—subset of [A]* (in the sense of V). So then
clearly B is also C-cofinal in each of ([A]*)H and ([4]“)H". Note that for each
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& <wi, (N, €)is extensionalE Since (N, €) is extensional and A is transitive,
then (Ne N A, €) is extensional. So B consists entirely of extensional sets. So
we have shown that item [b] of the hypothesis of Theorem [I3] holds for the pair
H, H’, which completes the proof of part (D).

Now notice that part [2)) of the corollary is just a special case of part (I):
if H and H' are in IC,,, then Ty and T+ each contain a closed unbounded
subset of wy. So in this case Ty N Ty in fact contains a club, so part () of the
corollary applies.

Finally we state a corollary which will only be used in the proof of Theorem

4
COROLLARY 15 (Viale [I5]): Let B C R. Set

GIC’f1 :={H € GIC,, | H is a transitive ZF~ model and H R = B}.
Then GI1 Cfl is totally ordered by the “hereditary initial segment’ relation.

Proof. This follows immediately from Corollary [I4l

2.4. TOWERS OF MEASURES AND TOWERS OF IDEALS. Suppose Z is a set and
F C p(Z) is a filter. The support of F (supp(F)) is the set |JZ. For all
instances in this paper, the support of a filter will always be a transitive set
(typically some Hy) and Z will always be of the form g, (Hp) for some regular
k < 6. (Ultra) filter will always mean a normal!] countably complete, find!
(ultra) filter. If F is a filter then F' denotes its dual ideal; similarly if I is
an ideal then I denotes its dual filter. If T is a class, we say that a filter F
concentrates on I' iff there is an A € F such that A C I'; if [ is an ideal
we say that I concentrates on I' iff its dual filter concentrates on I'. A set
S c |JI is I-positive (written S € IT) iff S ¢ I.

Definition 16: If Z C Z', I C p(Z) and I' C p(Z’) are ideals, we say that I is
the canonical projection of I’ to Z iff for every A C Z,

Ael = (M ez |M'n|JZzeA}er.

9 Because (H, €) is extensional (by transitivity of H) and (Ng,€) < (H,€).

10 F is normal iff for every regressive g : Z — V there is an S € F1 such that g [ S is
constant.

1 Namely, for every b € supp(F') there is an A € F such that b € M for all M € A. Note
if F' is fine then its support is equal to |JJ F'.
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For filters F' C p(Z) and F' C p(Z'), we say that F is the canonical projection
of F' to Z iff F is the canonical projection of F” to Z. For filters, this is
equivalent to saying

F={{M'n|Jz | M cA}|AeF}.

Suppose W is a transitive model of set theory and U is a (possibly external)
W—normal fine ultrafilter, say U C p(Z) where Z € W (for example, Z might
be p!V (HV)). It is a standard fact that if ju : W =y ult(W,U) = (YWNnW)/U
is the ultrapower and |J Z is transitive, then:

e ju“(UZ) is an element of ult(W,U) and is represented by
lidz]u;

o if the wellfounded part of ult(W, U) has been transitivized,
then j | (| Z) is an element of ult(W, U) and is represented
by [f]u where f(M) :~ the inverse of the Mostowski col-
lapse map of M.

(4)

Of course if U € W then ult(W,U) is wellfounded, but the comments above
show that |JZ is always an element of the (transitivised) wellfounded part
of ult(W,U), even when U is external to W. One common example of this
“external” case is generic ultrapowers. Suppose I C p(Z) is an ideal and
let Py := (I‘ﬂCi. If G is (V,Pr)-generic, then G is an ultrafilter on " (2)
which is normal4 with respect to sequences from V. In particular, (@) holds
and jg [ (UZ) € wlt(V, Q).

Now consider generalizations of these notions to sequences of filters which
cohere via the “canonical projection” relation in Definition

Definition 17: Let W be a transitive model of set theory, and § a regular cardinal
in W. Let (Z) | A <) € W and, for simplicity, assume each |J Z) € ViV and
each |JZ is transitive, and (J,_sUZx = V}V. Suppose (Ux | A < §) is a
(possibly external to W) sequence of W-normal ultrafilters, where Uy C p(Zy)
for each A < §. Also assume there is a fixed x < § such that each U, has
completeness k. We will call U a tower of W-normal measures iff for every
A < XN < 4§, Uy is the canonical projection of Uy to Zy (as in Definition [I6]).

12 Namely, normal with respect to sequences from W.
13 Recall we are assuming all ideals are normal, fine, and countably complete.
14 By a density argument and the fact that I was a normal ideal.
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If U is a tower of W-normal measures, then there is a commutative system
of maps obtained by the various ultrapower maps jy, : W —y, ult(W,U,) and
for A < N, maps ky, v,, : ult(W,Ux) = ult(W,Uy ) given by

oy = M = (M 0 Z0)]u,,-

The direct limit map of the system is denoted j; : W —5 Ng. If Ue W, then
this direct limit will always be wellfounded and closed under < § sequences
from W; so if in addition j;(k) = d, then j; can witness the almost-hugeness
of cr(jg) in WL

A (possibly external) direct limit embedding j; : W —5 Ny can also be
viewed as an ultrapower embedding as follows. Given a (partial) function
f: VIV — W with f € W, let supp(f) denote the least cardinal A < § such
that f(z) only depends on z N Hy. Let

BY:={feW | f:Vy¥ - W and supp(f) < 6}.
Define an equivalence relation ~; on BZ; by: f ~5 g iff
{M e 2Zx| f(MNHy)=g(MnNH\)} € Ux

for all sufficiently large A < 6. Define a relation €5 on BY;/ ~ in the obvious
way (this will be well-defined). Then the direct limit (N, E;) will be isomor-
phic to (BY;/ ~,€5); for this reason we will write ult(W, U) for this direct
limit. The Los Theorem will hold in the following form: for each fy,..., fn in
BY and each formula ¢, Ny = o([folg, .- - [falg) iff

{M e Zx | W o(fo(M),..., fu(M))} € Uy
for every sufficiently large A < §. The following analogues of ) always hold
when taking (possibly external) ultrapowers by a tower of W-normal measures:
For every transitive X € V{V:

e j;7“X is an element of ult(W, U) and is represented by the

(5) function [M — M N X]5;
e js | X is an element of ult(W, U') and is represented by
M > the inverse of the Mostowski collapse map of M N X.

Just as forcing with the positive sets of an ideal gives rise to external ul-
trapowers of V by a single V-normal measure, forcing with a tower of ideals

15 See Theorem 24.11 of Kanamori [12] for technical criteria on U which will guarantee that
Ji is an almost huge embedding.
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(defined below) gives rise to an external ultrapower of V' by a tower of V-normal
measures.

Definition 18: A sequence (I | A < 0) is called a tower of ideals of height §
iff for every A < X < 4, I is the canonical projection (in the sense of Definition
m of I)\/ to Z)\.

We will also require for simplicity that for each A, if Z, is such that
I, C p(Z)), then |JZx = Hy. In this paper Z) will always be of the form
P (Hk) .

For a class I', we say that I concentrates on I iff every ideal in the sequence
concentrates on I'.

If Iis a tower, there is a natural poset P> associated with I. Conditions are
pairs (A, S) where A < § and S € I". A condition (), S) is strengthened by
increasing A to some X\ and refining the lifting of S to Hy,. More precisely:
(N, 8) < (A S) it M > X and

S’ C 8% = {M' € Zy | M'nH), € S}.
If G is generic for Py, let
proj(G,A) :={S € " (Z) | (A, 5) € G};

this is an ultrafilter on " (Z,) which is normal with respect to sequences from V'
(though proj(G, ) need not be (V, Py, )-generic!) and (proj(G,A) | A < d) is a
tower of V-normal measures as in Definition[I7} in particular, (Bl holds and one
can prove the following general facts (in the case of towers, we use the notation
Jja 1V —¢ ult(V,G) to denote the ultrapower embedding j; : V — 5 ult(V, 0)
where U = (proj(G,\) | A < 8)):

Fact 19: If T is a tower of height § where § is inaccessible and G is generic for
f, then:

(1) For every D € Vs, jo | D € ult(V,G).

(2) For every 0 < &: proj(G,0) = {S € ¥ (Zs) | jc“He € jc(S)}. This
fact, combined with item [l and the assumption that ¢ is (strongly)
inaccessible, implies that proj(G, 8) € ult(V,G) for every 6 < 4.

(3) For every 6 < ¢ and every Y € Vs, the relations =p,,;(q,0)! (Hoy)V
and €,,05(c0)] (F°Y)V are elements of ult(V, G) (this follows from the
previous bullets: both (#¢Y)V and proj(G, 0) are elements of ult(V, G)).
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(4) If I concentrates on {M | A C Mand M N At € At} and
Jproj(c,e) : V. — ult(V, proj(G,0)) is the ultrapower map by proj(G,0),
then kproj(G,@),proj(G,@’) I‘jproj(G,@)()\-’—) =id.

A tower I is called precipitous iff ult(V, G) is wellfounded for every generic
G C Py. We refer the reader to Foreman [5] for the general theory of towers,
and to Larson [I3] and Woodin [I8] for the specific cases where all the ideals Iy
in the tower are of the form NS | Zy (towers of this form are called stationary
towers).

2.5. INDUCED TOWERS OF IDEALS. We adjust Example 3.30 from [5] to towers:
Definition 20: Suppose Q is a poset, § is inaccessible, and (Uy | A < 4) is a
sequence of Q-names such that Q I+ “(} is a tower of V-normal ultrafilters”.
For each A < 4, let I be the collection of A such that for every (V,Q)-generic
object H, A ¢ (Ux)g. The sequence (In | A < &) will be called the tower of

ideals derived from the name U.

It is straightforward to check that this indeed forms a tower of ideals.
Recall that if j : V' — N is an embedding with critical point xk and P € V is a
poset such that j [ P: P — j(P) is a regular embedding@ then j(P) is forcing
equivalent to P x j(IP)/j “G where @ is the canonical P-name for the P-generic.
Further, whenever G * H is generic for P« j(P)/j“G then j can be lifted (in
V|[G][H]) to an elementary j¢*H : V[G] — N[G][H]; the map j“*¥ is defined

by
(6) 76 = §(T) @

where G C j(P) is the generic obtained from G % H by the forcing equivalence
of j(P) with P+ 5(P)/j“G. Suppose d is a V-cardinal such that for every \ < 6,
j“Hy € N. Then for every \ < §,

(7) USH .= {A| Ae V[G] and jS*H<H,[G] € ;9T (A)}

is a V[G]-normal ultrafilter. Then from the point of view of V[G], the poset
j(P)/G forces that <U/\G*H | A < 0) is a tower of V[G]-normal measures (external
to V]G], of course). Then in V[G], let (I | A < &) be the tower of normal ideals
derived from the name (U “H | \ < 6) as in Definition 20 (here V[G] is playing
the role of V and j(P)/G is playing the role of Q from Definition 20]).

16 Namely, whenever A C P is a maximal antichain then j“A is a maximal antichain in j(P).
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Definition 21: The tower I € V|G] described in the last paragraph will be called
the tower induced by j.

We caution that if j; : V' — Ny is an embedding by a tower of V-normal
measures, j; [ P : P — j;(P) is a regular embedding, G is (V,P)-generic,
and I € V]G] is the tower induced by Ji as in Definition 2I] then for each
A < § it will not in general be the case that the dual of I extends U,. This
is because of the way that the measure UJ*H is defined in (7): the measure
UG*H concentrates on elementary substructures of Hy[G], not on elementary
substructures of Hy. This is only a minor technical issue, however; generally
Ng N jg*H“HA[G] = jg “Hyx, and it follows that for every A < ¢ there are
US*H_many M < H,[G] such that M NV € V (see Corollary B2 for the use of

derived towers in this setting).

3. The weak Chang property and ideals which bound their complete-
ness

In this section we discuss presaturation of towers and some concepts introduced
by the first author in [2] which will be used in the proofs of Theorems [27] and
These concepts are related to Chang’s Conjecture, bounding by canonical
functions, and saturation. For the reader’s convenience all relevant proofs are
included here.

A tower of height § is called presaturated iff 4 always remains a regular
cardinal in generic extensions by the tower. Such a tower is always precipitous
and ult(V,G) is closed under < § sequences from V[G] (see Proposition 9.2 of
[5]). Woodin showed that if § is a Woodin cardinal, there are several stationary
towers of height § which are presaturated. We use the following weakening of
presaturation introduced in [2]:

Definition 22 (Cox [2]): A tower of inaccessible height § has the weak Chang
property iff whenever G is generic for the tower, then § is an element of the
wellfounded part of ult(V, G) and is regular in ult(V, G) (though not necessarily
in V[G)).

LEMMA 23: Let n = A*. If a tower I of height § concentrates on
I:={M | |M|=XC M}, then I has the weak Chang property iff it forces
that ja(n) = 0.
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Proof. The fact that I concentrates on I implies that p will be the critical point
of jg and je(u) 2 ¢ for any generic G (see [5]). Since jg (i) is the successor of
A in wlt(V, G), the equivalence follows easily.

COROLLARY 24: Let u = AT and assume I is a tower of height & which con-
centrates on I' := {M | |[M| = A € M}. If I is presaturated then it satisfies the
weak Chang Property.

For the next lemma we will use the following definition, which is also related
to saturation properties of ideals (see [2]):

Definition 25 (Cox [2]): Let J be a normal ideal over p(H) where
w = completeness(J) C H.

We say J bounds its completeness iff for every f : p — p there are j-many
M such that otp(M NORD) > f(M N p).

LEMMA 26: Suppose I = (I | 0 < 6) is a tower of inaccessible height 8, has
completeness p := AT, concentrates on {M | |[M| = X C M}, and has the weak
Chang property. Then:
(1) For every generic G and every 0 < 0, jproj(c,0) (1) < 0.
(2) There is a restriction of some ideal in the tower which bounds its com-
pleteness.

Proof. PART [Ik Suppose not; let x4 := AT and let G and 6 be such that
jproj(G,@)(lu) > J. BY assumption, ]G(:u) = 57 so in fact § = jproj(G,O)(:u) =

{fprojcoy | f € (P2w)V}. By Fact IX {[flprojicoy | £ € (P71)V} is an
element of ult(V, G); moreover

{lprojc0) | f € (P 3 VD < |(Fo )V [0V < (P )V <

(by inaccessibility of § in V). This contradicts that § is regular in wlt(V, G).

PArT 2k By part[[with 0 := p, there is a condition («, A) in the tower which
decides the value of Tproj(Cop) (1) as some 1 < 6. Without loss of generality,
assume

(8) n<a.

We show that I, [ A bounds its completeness; a similar argument shows that
Iz | A%5 bounds its completeness for every 3 € [a, 6).



Vol. 197, 2013 MARTIN’S MAXIMUM AND TOWER FORCING 365

Let f : u — p. Suppose for a contradiction that there were some A" C A
such that A’ is I,-positive and for every M € A’, otp(M NORD) < f(M N p)
(note also that M NORD = M N« for all M € A’). Let G be generic for the
tower with (a, A’) € G. Then A’ € proj(G, «) and so

n<oa= [M — Otp(M N a)]proj(G,a) < [M = f(M N :u)]proj(G,a)-
Now f maps into p, so

[f]p?“oj(G,,u) < jproj(G,,u) (/J’) =1.

Hence by part H of Fact M9, [f]pr0j(q,p) is not moved by kyroj(,u),proj(Gia):

[f]proj(G,u) = kproj(G,u),proj(G,oz)([f]proj(G,u)) = [M = f(M N :u)]proj(G,a)-

But this implies 7 < 7, a contradiction.

4. RP and towers on GIC,,

In this section we prove Theorems [ 4] and

4.1. PrRoOOF OF THEOREM [Il Theorem [ follows from Corollary 24l Lemma 26]
and the following;:

THEOREM 27: Assume RP(wz). Then there is no ideal I which bounds its
completeness and concentrates on GIC,, .

Proof. Todorcevic proved that RP(ws) implies 2¢ < wq (see Theorem 37.18 of
[11]). If CH holds, then for every 6 > wy the set of wi-guessing submodels of
Hy is nonstationary (see [15]) and the theorem holds trivially.

So suppose from now on that 2 = wy. Suppose for a contradiction that [ is a
normal ideal concentrating on some stationary subset S of GIC,,, (at some Hy),
and that I bounds its completeness (which is wy). Without loss of generality we
assume that for every M € S, M < (Hy, €, A, ¢) where ¢ is some enumeration
of the reals of order-type we. For each o € proj(S,ws) := {M Nws | M € S}
let T'(«) be the collection of all transitive sets of the form Hps, where M € S
and M Nwy = a.

Let I be the projection of I to ws.

CLAIM 27.1: For I-measure-one many «, s, := sup{ht(H) | H € T(a)} is at
least ws.
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Proof of Claim Suppose not; so there is some S’ which is I-positive and
for every M € S’ $pw, < we. Let f: wy — wo be defined by sending « — s,
if 84 < wa, and f(a) = 0 otherwise. Since I bounds its completeness, there is
some C € I such that for every M € C, otp(MNORD) = ht(Hys) > f(MNws).
Then for every M € CNS’, f(MNws) = sprnw, < ht(Hyr). Fix any M € CNS’
and let & := M N wo; then

(9) Sa < ht(HM)
yet Hy, € T(&); this is clearly a contradiction to the definition of s4.

Fix any « such that sq = ws, and let W := |JT(«). Now S C GIC,,, so by
Corollary 4] whenever H and H' are elements of T'(«) and ht(H) < ht(H’),
then H is a hereditary initial segment of H’; this implies that W is a transitive
ZFC model (of height ws). Since H € IC,, for every H € T'(«), then:

(10) For every 8 < wa, W N [B]“ contains a club.

To see why (I0) holds, let 8 < ws. Pick an H € T(a) such that 8 < HNORD,
and let (Ng | £ < wy) witness that H € ICy,,. Then {Ne NS | € <wi}is a
closed unbounded subset of [3]*, and each N¢ N S is an element of H C W.

Now RNW = ¢[a]; in particular R—W # (). By Theorem[Idl R := [ws]“ — W
is stationary (in fact projective stationary). By RP(w2), there is a < ws such
that RN [B]¥ is stationary This contradicts (I0Q).

4.2. PRoOOF OF THEOREM [ Now we prove Theorem [} that is, if RP is omit-
ted from the hypothesis of Theorem [ the Isomorphism Theorem for GIC,,
prevents precipitous towers on GIC,,, which are definable.

Proof. If CH holds there are no Gy, structures so the theorem is trivial. So
assume 2¢ = wso and let A be a wellorder of R of order-type ws. Suppose
I'=(Iy | 6 < 6) were such a tower. By Lemma 4.3 of Burke [1], a precipitous
tower is not an element of the generic ultrapower Since we are assuming the
tower is definable over Vj, to obtain a contradiction it suffices to show that Vj

17 This uses the fact that {B | w1 < B < wa} is a club subset of [w2]“l and that RP(w2)
implies the following apparently stronger statement (see Theorem 3.1 of Feng—Jech [4]):
for every stationary R C [w2]%, there are stationarily many Z C [w2]“? such that wy C Z
and RN [Z]¥ is stationary.

18 1f the generic embedding moves J§, which is always the case if the tower concentrates on
{M | |M|=XC M}.
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is an element of some generic ultrapower by the tower. Let G be generic for
the tower, let B :=RY = jg(A)“wy € ult(V,G), and let (GICE )“*(V:&) be as
in Corollary[[5} i.e., (GICE )“*(V:) is the collection of transitive ZF~ models
in wlt(V,G) which are GIC,, (from the point of view of wlt(V,G)) and whose
intersection with R“*(V:&) equals B.

By Fact[Md, jo“H) € ult(V,G) for each § < §. Since I concentrates on GIC,,,
and wy < cr(jg), then by the Los Theorem, ult(V,G) | “jo“HY € GIC,,”
for each § € REGY N[wy,§). Also note that RN jg“H) = RN H) = B, so in
particular by Corollary [[5 we have

(11) V0 € REGY N wy,8): wlt(V,G) = HY € GICE .

Note that () is from the point of view of V[G]; we do not know yet that
(HY | @ € REGY N §) is an element of ult(V,G). Let

W= J(GICE )"V e uit(V, G).

Fix any V-regular 6 € [wy,6); by (D) and Corollary M8 H) = H})Y. Working
inside V[G] (not inside ult(V,G)) it follows that H}" = Upcppavnas He = Vs-
Since HYV € ult(V,G) this implies that Vs € ult(V,G), a contradiction.

4.3. PROOF OF THEOREM [2l Finally we prove Theorem 2l It is well-known
that either MM or PFAY implies RP; so Theorem [ will follow from Theorem
@ and the following;:

LEMMA 28: Assume PFA and let 6 be inaccessible. Then there is a tower of
height § which concentrates on GIC,,, .

Proof. In [16] it was shown that PFA implies that GIC,,, N, (Hp) is stationary
for all regular 8 > wo.

For each A < ¢ set Zy == {M N H\x | M € GIC,, N pu.,(Vs)} and set
I, := the projection of NS | GIC,,, N ©@u.,(Vs) to a normal ideal on Zy. It
is straightforward to check that a sequence of ideals defined in this way is a
tower. By Lemma [I0, each Zy C GIC\, N pu,(Hx).

Alternatively, one can check that the sequence (Zy | A < §) satisfies Lemma
9.49 of [5], and then use Burke’s “stabilization” technique to produce a tower
of ideals concentrating on the Zys. It is not clear whether this yields the same
tower as the previous paragraph.
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5. SRP and towers on GIS,,

In this section we prove Theorem Bl We actually prove a slightly stronger
theorem, namely, the assumption SRP(ws) from Theorem Bl can be weakened
to the conjunction of RP(w3) with saturation of NS, (these are both implied
by SRP(w2); see Theorems 37.22 and 37.23 of Jech [11]). Recall the Tree
Property at k (T'P(k)) is the statement that every tree of height x and width
< k has a cofinal branch, and saturation of NS,,, means that p(wq)/NS,, has
the ws-chain condition.

Theorem Bl follows from Corollary 24] Lemma 26, and the following theorem:

THEOREM 29: Assume RP(ws), NS, is saturated, and T'P(ws). Then there
is no ideal concentrating on GI1S,,, which bounds its completeness.

First we prove:

LEMMA 30: Assume RP(wz), NS, is saturated, and W is a transitive ZF~
model of height wy such that W N [B]¥ is stationary for al B < wg. Then
RcCW.

Proof. For each 8 <w», fix any C-increasing and continuous sequence (a? li<wr)
in [B]“ whose union is [8]*, and set T := {i < w1 | a? € W1; note that our
assumptions on W imply that each Tj is stationary@ Also, if 8 < ' then
T3 >ns Tp. Since (T | f < wo) is a <ng-descending sequence of a stationary
subset of w; and NS, is saturated, then the sequence stabilizes, i.e., there is
some 8 < we such that T := Tg =ng Ty for all 3’ € [B,wa).

Now suppose for a contradiction that R — W # (). Then by Corollary
R := [w9]¥ — W is projective stationary; so in particular, R \, T is stationary
By RP(ws), there is some 3’ € [8,w2) such that (R, T) N [8'] is stationary.
But

(R\.T)N[B'” ZNS{aiB/ o’ e Randi=d” Nw € T}

[ 7
=ns{a’ |a? ¢ W andie Ty}
which, by the definition of T3/, is nonstationary. Contradiction.

19 Equivalently, cofinally many.

20 Also, modulo NS, Tg does not depend on the particular sequence @®. This is not
needed in the current proof, however.

21 Recall R\, T denotes {N € R | NNw; € T}.
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Now back to the proof of Theorem Suppose for a contradiction that I
concentrates on some stationary S C GIS,, and bounds its own completeness
(which is wy). Without loss of generality we can assume that for every M € S,
M < (Hg, €,¢) where ¢ is some wellorder of the reals of order-type ws and
Hy is the support of I. For each M € S let Tjy C w; be the stationary set
witnessing that M € IS,,. For each o € proj(S,ws) define

T(a):={Hpy | M € Sand a =M Nwsy};

the downward closure of T'(«) under the hereditary initial segment relatio
forms a tree of height < ws.

Cram 30.1: For each a € proj(S,ws), the tree T(a) has width < ws.

Proof. Fix such an « and a level < wy of the tree T'(«). Note that if
H is at the 7-th level, then there is some M € S such that H = (H,)H™
where A is the n-th regular cardinal of Hy; (or A = Hpy N ORD). With-
out loss of generality we assume n > 2; then it is straightforward to show
that oy [H] = M N H, w(n) € GIS,,, and that the set Thy—which witnesses that
M € IS,,—also witnesses that M N Hs 00 € I1S,,.

Suppose for a contradiction that level  had at least ws-many distinct nodes
(He | € < wa), and say T¢ C wy witnesses that He € IS,,. Note all the
H¢s have the same intersection with the reals (namely ¢[a]; so they have the
same intersection with H,, as well). For any distinct pair & and &', since
H¢ # Hgr then T¢NT is nonstationary by Corollary[I4l But then {7T¢ | £ < w2}
would be an wo-sized antichain for NS, contradicting the fact that NS, is
saturated.

Let I be the projection of I to ws.
CrLAIM 30.2: For I-measure-one many o < wa, the tree T'(a) has height wo.
Proof. The proof of Claim P7.1] can be repeated verbatim.

So by Claims BOI] and B0.2] for I-measure-one many o < wo, T'() is a thin
tree of height wy. Fix such an a. By TP(ws), T(«) has a cofinal branch.
The union of this branch is a transitive ZFC model W of height w, such that
RNW = ¢“« (so in particular R — W # () and cofinally many proper initial

22 Namely, the nodes of T'(«x) consists of transitive models of the form Hps and models of
the form (Hy)"M where A\ € REGHTM
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segments of W are in IS, ; so in particular WN[B]* is stationary for all § < ws.
This contradicts Lemma

6. Consistency of MM™ with a precipitous tower on GIC,,

Now we prove Theorem Bl First, we need a “tower” version of Proposition 7.13
from [5].

THEOREM 31 (modification of Proposition 7.13 from [5] for towers): Suppose
Q € V is a poset and 1g - “§ remains inaccessible, (Uy | A\ < &) is a tower
of V-normal measures, and ult(V,U) is wellfounded”. Suppose also that in V
there are functions @, h, and for each q € Q a function f, such that:

e ), h, and each f, each have bounded support in Vs;
e for every Q-generic object H:

- @l =

= [h]g, = H;

— for every q € Q, [fq]ﬁy =q.

If I € V is the tower derived from the name U as in Definition 20, then Py is
precipitous, forcing equivalent to Q, and generic ultrapowers by I are exactly

those maps of the form jﬁy .V — ult(V,Uy) where H is (V,Q)-generic.

Proof. First, we note that if I is a tower where each ideal Iy C ©(Zy), then the
poset Py (as defined in Section 2.4)) is forcing equivalent to the poset obtained
as follows: Define an equivalence relation on P7 = {(A,5) | A < d and S € I}
by

(A, S) ~ (B,T) iff S%» A T?#n € I, for some (equivalently: every)

(12) 7 > max(A, 8).

Let ]P”f := Py/ ~ and partially order ]P”f in the natural way inherited from the
partial ordering of PP f

Now let I be the tower derived from the name U as in the statement of the
theorem. Similarly to the way Proposition 7.13 from [5] is proved, we define a

23 Another way to view the poset ]P”I.. is to consider the directed system of “canonical liftings”
i 9(Z0)/In = 9(Zx) /Iy (for X < X') defined by [S]1, — [SZ/\/]I/\/. Then ]P”I.. is

the direct limit of this system.
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map ¢ : IE”'f — ro(Q) by

(13) (A S))= = | o

Jg, “(UZA) € Jg, (5

It is straightforward to check that this map is well-defined and preserves order
and incompatibility. Further, identifying Q with its isomorphic copy in ro(Q),
the assumptions of the theorem imply that Q C range(¢): given ¢ € Q, let f,
be as in the statement of the theorem, and let A, < ¢ be the support of f, (and
without loss of generality assume A, is also greater than the support of h and
Q). Then ¢ maps the condition [(A,{M € Zy, | fq(M) € h(M)})]~ to q.

Finally, we show why generic ultrapowers by I are exactly those embeddings
of the form j & for some H which is (V,Q)-generic; we thank the referee for
pointing out a simpler proof than our original proof. Let G and H be generics
for P’'; and Q, respectively, such that ¢“G = H (more precisely, such that H is
the upward closure of $“G). Then for each A < ¢ and each S C Zj,

S € proj(G,\) <= [\, S~ €G <= ¢(\,S]~) € H <= S € (U\)n.

It follows that (proj(G,\) | A < &) = (Ux)m | A < ), and so they yield the
same ultrapower.

COROLLARY 32: Suppose U €V is a tower of normal ultrafilters of inaccessible
height 6 and jz : V —5 Ny is the ultrapower. Suppose P € Vs and that
Jg I PP — jz(P) is a regular embedding. Let G be (V,IP)-generic, and let
I € V[G] be the tower of height & induced by Ji as in Definition

Then in V[G], I is precipitous, Py is forcing equivalent to j;(P)/jz“G,
and generic ultrapowers of V[G] by I are exactly those maps of the form
jg*H : VIG] = Ng[G|[H] where H is j;(P)/j; “G-generic over V[G].

Proof. Let G be (V,P)-generic. We check the conditions of Theorem BI} here
V[G] will play the role of the V' from Theorem 31l and j;(P)/j; “G will play
the role of the Q from Theorem [311

Work in V[G]. For all H which are (VI[G],j;(P)/jg“G)-generic, for every
A < 4, there are US*H-many M’ such that:

(1) M'nV e V denote this set M.
(2) V E “M NP is a regular subposet of P”.

24 This holds for UAG*H—many M’ because Nz N jg*H“HA G = Jg “Ha.
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Since we assume [P € V;, there is some Ap < § such that P € Hy,. Now consider
the following functions defined in V[G] on

A% = {M' < V5[G] | M'NV €V and M’ NP is a regular subposet of P} :

e Q(M') :=P/(GN M'); note this equals P/(GNM' N HY ).

e h(M') := the generic for P/(G N M') obtained from G and the forcing
equivalence between P and (M’ NP) * (P/(G N M')). Note this only
depends on M’ N H)‘\/P

e For any ¢ € j;(P)/G, note that ¢ € V' and there is some f, : Vs — V
with support A\, < ¢ such that ¢ = [f;];. Then define (in V[G]) the
function fy by M+ fo(M' N HY ).

Note that each of these functions has bounded support in Vs (@ and h have
support Ap, and fé has support \,;). Now we check that for every H which is
(VIG], jz (P) /5 “G)-generic:

(1) [Qlge.n = ig[P)/ig“G;
(2) [Plge.n = H;
(3) for each g € j3(P)/jz“G, [folgeen = -

We will show () to give the reader the idea of how this is done; the others
are similar. Let j := j; and let G C j(P) be the (V, j(P))-generic obtained from
G * H via the forcing equivalence of j(P) with P % j(P)/j“G. By the definition
of j&*H (see (@) and the fact that P C Hy, (so G C j(Hy,)),

]G*H(G) — é and jG*HuG — juG — G« mj“H)\.

Let idy, denote the function with domain A% and support A\p defined by
M — M N H/‘\/[P Then (in what follows, the equivalence classes are with

respect to the equivalence relation ~;q. for the tower UG-H ; see Section 24):
4G =GN j“Hy = GN[idy] = j97(G) N [idy,]
=[M"— G| Nidy,] = [M'— GN M N HyJ.

Note also that G C V so [M' — GNM' N Hy,] = [M' — GnNM']. Hence we
have shown

(14) JG =M = GO M.
Now combining (I4]) with the fact that j(P) = [M’ — P] yields that
Qlge-n = [M' = P/(GNM")] =M —P|/[M"—GNM]=jzP)/jz“G
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which is what we wanted to show. The other equalities are proved in a similar
manner. The conclusion then follows by Theorem [B11

=

It is interesting to note that if I € V[Cﬂ is as in Corollary 32 and ¢ is always
moved by generic embeddings of V by I

then generic ultrapowers of V[G] by
I do not have P 7 as an element (by Lemma 4.3 of [I]). However, these generic
ultrapowers do have a poset—mnamely j;(P)/j; “G—which, from the point of
view of V[G], is forcing equivalent to Py (and all the generic ultrapowers even
have a V[G]-generic for that poset).

Now back to the proof of Theorem Bl Suppose « is supercompact and ¢ > k
is inaccessible. Let Lav : kK — V,, be a Laver function for s, and P the standard
RCS iteration of length x which yields a model of Martin’s Maximum as in [7];
this actually produces a model of MM*«1. In V let U be a normal measure
on . (H,) for some regular 7 > § such that jy(Lav)(xk) = Rs, where Ry is
the poset from Theorem B and R is the canonical P-name for (R(;)V]P. Let
U := (Ux | A < 8) be the tower of normal measures produced from projections
of U to px(Hy) for A < 0. Let jz : V — Ng;
sequences so in particular j; [ Hx € N for every A < 4. Since IP has the x-cc,

recall Nﬁ is closed under < &

then jgz [ P =id: P — j;(P) is a regular embedding, so the discussion before
Definition 2T] applies. Fix some G which is (V,P)-generic, and in V[G] let I be
the tower of ideals induced by j; as in Definition 21l By Corollary 321

(15) I is precipitous.

So we only have left to show that I concentrates on GIC,,,. First we note:

CLAIM 33: j(Lav)(x) = Rs

Proof. By standard arguments there is a k : Ny — ult(V,U) such that ko
Jg =Jju and k [ 6 = id. Now Rs = ju(Lav)(k) = k o jij(Lav)(k(k)) =
k(jg(Lav)(k)); so Rs € range(k). Recall from Theorem [§ that the poset Ry is
always an element of Hs+; so the canonical P-name Ry for R(‘{P is an element of
HY = Hgit(V’U). Hence |Rs|“*(V:U) = §. Then since Rs € range(k), we have
§ = [Rs|“*V:U) ¢ range(k). This implies that cr(k) > & (equivalently, that
Jg(k) > 0) and that k=1 (Rs) = Rs.

Consider an arbitrary H which is (V[G], j;(P)/G)-generic. Let H* denote
the s-th component of H. Now Ny[G][H*] = V5[G] € GIC,, because H*

25 This is always the case if each Uy in the original tower concentrates on @.(H)).
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is (Nﬁ[G],Révﬁ[G})—generic (note Vs = V(;N‘7 because Ny is closed under < ¢
sequences from V). Since Nz[G][H] is an outer model of N3[G][H*] with the
same w1, then Theorem [ implies

By (@8] and (the transitivised variant of) Theorem
(17) For every V-regular X € [,d]: Nz[G][H] = HA\[G] € GIC,,.

Since jg*H [ HA[G] is an element of N;[G][H] for every A < § and the class
GIC,, is closed under isomorphism, then (I7) implies:
For every V-regular X € [k,6), Ny[G][H] |= “j¢*" “H\[G] is an
element of GIC,,”.
Since (I8) holds for arbitrary generic H, then by the definition of each I:

(18)

(19) For each A < §, I concentrates on GIC,,, .

This concludes the proof of Theorem

7. Questions

We end with some questions.
We proved that under RP([w2]*), there is no presaturated tower which con-
centrates on GIC,,,. This suggests a couple of questions:

Question 34: Is it consistent with RP(Jw2]) that there is a presaturated tower
concentrating on GIS,,,?

Question 35: Is it consistent with ZFC to have a presaturated tower which
concentrates on GIC,,,?

One way to produce a presaturated tower on GIS,,, is to perform a “Mitchell
collapse” so that an almost-huge cardinal becomes ws; however, RP[ws]* fails
in this model, so it does not provide an affirmative answer to Question [341

We also showed that M M implies there is no presaturated tower on GI.S,,,,
which suggests:

Question 36: Is it consistent with M M that there is a presaturated tower con-
centrating on GIU,,, 7
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Question 37: If the answer to either of the previous questions is “yes”, can this

tower be a stationary tower? Or any other kind of “natural” tower?

Finally, in Theorem @ we showed there is no precipitous tower on GIC,,
which is definable over Vs (where ¢ is the height of the tower).

Question 38: Suppose NS, is saturated. Does this imply that there is no
precipitous tower on GIS,,, which is definable over Vs (where J is the height of
the tower)?
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