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Abstract

This paper provides qualitative properties of the iteratedfunction system (IFS) generated
by the optimal policy function for a class of stochastic one-sector optimal growth models. We
obtain, explicitly in terms of the primitives of the model (i) a compact interval (not including
the zero stock) in which the support of the invariant distribution of output must lie, and (ii) a
Lipschitz property of the iterated function system on this interval. As applications, we are able
to present parameter configurations under which (a) the support of the invariant distribution of
the IFS is a generalized Cantor set, and (b) the invariant distribution is singular.
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1 Introduction

This paper constitutes a contribution in the study of qualitative properties of the iterated function
system (IFS) generated by the optimal policy function for a class of stochastic one-sector optimal
growth models initially proposed by Brock and Mirman (1972)(see also Mirman and Zilcha,
1975). As an application, we investigate the nature of the invariant distribution which represents the
stochastic steady state of an optimal growth model under uncertainty, and the geometric properties
of its support.

The main qualitative properties of the iterated function system derived in this paper can be
described as follows. We obtain, explicitly in terms of the primitives of the model (i) a compact
interval (not including the zero stock) in which the supportof the invariant distribution of output
must lie, and (ii) a Lipschitz property of the iterated function system on this interval. We elaborate
below on each result, and relate them to what is available in the literature.

We try to keep our framework comparable to that of Brock and Mirman (1972), but we deal
only with the case in which the random production shock is multiplicative and can take on a finite
number of values. Our result (i), as well as its method of proof (see Proposition 2) provides
justification for the choice of this framework. It would be ofinterest to see if our result can be
obtained in somewhat more general frameworks.

The Brock-Mirman framework is more general as the random shock is allowed to take values
in an interval[α, β], where0 < α < β < ∞. However, with that set-up, and without any
further restrictions, the support of the invariant distribution cannot be shown to belong to a compact
interval bounded away from zero; for a concrete counter-example, see Mirman and Zilcha (1976,
pp. 124-126). A sufficient condition to ensure the result is that the probability of the random shock
taking on the valueα be positive. However, this condition rules out the case in which the random
shock has a density with support[α, β]; this point has already been made by Mirman and Zilcha
(1977, p. 389 and footnote 1).

In a recent paper, Chatterjee and Shukayev (2008) allow for the general framework of Brock-
Mirman, and show that if the utility function is bounded (below), then given any initial output
level, y > 0, there existsy′ ∈ (0, y), such that the Markov process generated by the IFS, which
starts fromy will stay in (y′,∞) for all time. In other words, the possibility of a map of the
IFS lying entirely below the 45 degree line (for all positiveoutput levels), for some realization of
the random shock, can be ruled out. This, however, still doesnot ensure that there is a compact
interval, that excludes the zero stock, in which the supportof the invariant distribution of output
must lie. Further, giveny > 0, Chatterjee and Shukayev (2008) do not provide a lower boundy′,
dependent ony and the primitives of the model.

Our result (ii) provides a useful qualitative property of the IFS generated by the optimal policy
function for a class of stochastic one-sector optimal growth models. Its principal merit is that the
Lipschitz constants (corresponding to the various maps of the IFS) can be expressed explicitly in
terms of the primitives of the model.1 This allows one to readily see (for instance) the connection
between the standard measure of relative risk aversion of the representative agent and the Lipschitz
property (see Theorem 1, and the remarks that follow its statement). Since there is a well-developed
theory for iterated function systems in which the componentfunctions are contractions, our result
also permits us to obtain restrictions on the parameters of our models under which that theory can

1This aspect is related to the method of proof, which might also be useful in other contexts.
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be invoked.
We have not been able to find properties similar to our result (ii) in the literature. Apart from

monotonicity and continuity of the component maps of the IFS, very few results of a general nature
are known about the IFS generated by the optimal policy function in stochastic one-sector optimal
growth models.

We apply our results to study the nature of the unique invariant distribution in the special
case in which the random shock takes on only two values. The first step along this direction was
taken by Mitra et al. (2004), who investigated how the natureof the invariant distribution and the
geometry of its support depend on the exponent of a Cobb-Douglas production function, and on
the probability of a random shock affecting multiplicatively such production, when the utility of
the representative agent is logarithmic. It was shown that the invariant distribution can exhibit a
sufficiently rich variety of features in this simple setting. However, unlike this special production-
utility specification, the difficulty in studying features of the invariant distribution in general is
that the maps of the IFS are derived from optimal consumptionand investment functions, and one
cannot typically solve for these functions explicitly in terms of the primitives.

Given this fact, the hope is that qualitative properties of the IFS (which can be checked given the
primitives) can provide the basis for qualitative statements about the invariant distribution, and this
is the line of research that has been pursued in Mitra and Privileggi (2004, 2006). The former paper
tackles the case of iso-elastic utility (and Cobb-Douglas production), and the latter the more general
case of production and utility represented by increasing concave twice continuously differentiable
functions satisfying the standard assumptions of neoclassical discounted optimal growth models. It
has been shown in these papers that when the maps of the IFS arestrictly monotone and contractive,
and a “no-overlap” property holds, then the support of the invariant distribution is a generalized
Cantor set.

However, while sufficient conditions for the no-overlap property were established in terms of
the parameters of the model, the assumption of an IFS with contractive maps was made exoge-
nously. The main result of this paper (Theorem 1) allows us toremove this shortcoming. We are
now able to present sufficient conditions, in terms of the primitives of the model, for the maps of
the IFS to be contractions, and satisfy the no-overlap property (Proposition 6).

Here is a brief outline of the paper. In Section 2, after stating the model, we recall some basic
properties of the optimal policy function necessary to characterize the support of the invariant dis-
tribution of the IFS generated by such a policy. The central contribution of this paper is contained
in Section 3, where we provide conditions under which the maps of the IFS are Lipschitz, with
Lipschitz constants which can be directly computed in termsof the parameters of the model.

Section 4 is devoted to the application of the results of Section 3. Section 4.1 makes precise
what we mean by a generalized topological Cantor set as the attractor of an IFS with nonlinear
maps. It provides parameter restrictions under which the maps of the IFS are contractions, and
they satisfy the no-overlap property, thereby ensuring that its invariant distribution is supported
on a generalized topological Cantor set. Section 4.2 identifies parameter configurations under
which the maps of the IFS are “sufficiently contracting” to ensure that the attractor of the IFS has
Lebesgue measure zero, and thus the invariant distributionis necessarily singular. Section 5 reports
some concluding remarks, while most of the proofs are gathered in the Appendix.
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2 The Framework

We consider a special case of the standard model of optimal growth under uncertainty as presented
in Brock and Mirman (1972) and Mirman and Zilcha (1975). Specifically, the production function
is one in which the shocks are multiplicative, so there is a function, h : R+ → R+, such that
f (x, r) = rh (x) for (x, r) ∈R+×Z. The setZ of values of the random variable,r, is{r1, . . . , rn},
where0 < r1 < · · · < rn. We interpretri [for i ∈ I = {1, . . . , n}] as a production shock which
occurs with probabilitypi ∈ (0, 1), where

∑n
i=1 pi = 1.

Both the production function,h, and the utility function,u, defined onR+, areC2 functions on
R++ satisfying the standard assumptions as in Brock and Mirman (1972), namely:

h (0) = 0, h′ (·) > 0, h′′ (·) < 0, lim
x→0+

h′ (x) = +∞, lim
x→+∞

h′ (x) = 0, (1)

u′ (·) > 0, u′′ (·) < 0, lim
x→0+

u′ (x) = +∞. (2)

Under (1), there is a numberk > 0 such thatrnh (k) = k, rnh (x) > x for all 0 < x < k and
rnh (x) < x for all x > k. Since0 < r1 < · · · < rn, the closed interval[0, k] can be taken
as the state space for our model. Thus, the “primitives” of our model are the functionsh and
u, parameters{r1, . . . , rn}, {p1, . . . , pn}, a discount factorδ belonging to(0, 1), and the positive
valuek which depends2 onh.

One can apply the standard theory of stochastic dynamic programming to obtain an (optimal)
value function,V : R+ → R+ and two (optimal) policy functions,g : R+ → R+ andγ : R+ →
R+, which we will interpret as the consumption and the investment functions respectively. That is,
given any output level,y ≥ 0, the optimal consumption out of this output is given byg (y), while
the optimal input choice (for production in the next period)is thenγ (y) = [y − g (y)]. We denote
h [γ (y)] by G (y); the output obtained in the next period, whenr takes the valueri (for i ∈ I), is
then given byriG (y). This convenient simplification comes from the multiplicative form of the
production shock.

Following Brock and Mirman (1972) and Mirman and Zilcha (1975), one can establish several
useful properties of the value and policy functions. We summarize these results (without proofs)
in the following Proposition.

Proposition 1 The value function,V , and the policy function,g, satisfy the following properties:

(i) V is concave onR+, and continuous onR++;

(ii) g is continuous onR+ and0 < g (y) < y for y > 0;

(iii) g (y) andγ (y) are both strictly increasing iny onR+;

(iv) V is continuously differentiable onR++, andV ′ (y) = u′ [g (y)] for y > 0;

(v) for y > 0, we have
u′ [g (y)] = δE {V ′ [rG (y)] rh′ [γ (y)]} ; (3)

2Denoting[h (x) /x] by H (x) for x > 0, we note thatH is a monotonic decreasing function, and has an inverse.
Then,k = H−1 (1/rn). In the case whereh is of the Cobb-Douglas form:h (x) = x1−α/ (1 − α) for x ≥ 0, where
α ∈ (0, 1) , it can be checked thatk = [rn/ (1 − α)]

(1/α).
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(vi) for y > 0, we have
u′ [g (y)] = δE {u′ [g (rG (y))] rh′ [γ (y)]} . (4)

The optimal policy function leads to the stochastic process:

yt+1 = rt+1G (yt) for t ≥ 0, (5)

wherert+1 ∈ Z = {r1, . . . , rn}. Alternately, one might say that the optimal policy function leads
to an iterated function system(IFS) {G1, . . . , Gn; p1, . . . , pn}, whereGi is defined fori ∈ I by
Gi (y) = riG (y) for y ∈ R+. It is known (Brock and Mirman, 1972) that there is a unique
invariant distribution,µ, of the Markov process described by (5), and the distribution of optimal
output at datet, call it µt, converges weakly toµ.3 We are principally interested in the nature
of this distributionµ and in the geometric properties of its support. The distribution function
corresponding toµ is denoted byF .

It can be checked that the functionsGi have positive fixed points, and all the fixed points
are less thank. Denote bya the largest fixed point ofG1, and byb the smallest fixed point of
Gn. Following Brock and Mirman (1972), one can establish thata < b. The interval[a, b] is
an invariant stable set of the stochastic process (5). In particular, the support ofF is contained
in [a, b]. Consequently, in studying the nature ofF , it is enough to concentrate on the stochastic
process (5), with initial outputy ∈ [a, b]. Equivalently, one need only to study the iterated function
system{G1, . . . , Gn; p1, . . . , pn} on the intervalX = [a, b].

However, the intervalX = [a, b] is not known to us (in terms of the primitives); nor are the
functions{G1, . . . , Gn}. They depend on the optimal policy functions, which typically cannot be
solved explicitly in terms of the primitives. Consequently, in order to study the behavior of the
iterated function system, we need to obtain some qualitative properties of the iterated function
system, which can be explicitly checked, given the primitives.

3 Lipschitz Continuity of the Iterated Function System

In this section, we present two of the main qualitative results of this paper. We obtain, explicitly
in terms of the primitives of the model (i) a compact interval(not including the zero stock) in
which the support of the invariant distribution of output must lie, and (ii) a Lipschitz property of
the iterated function system on this interval. To elaborate, the latter property establishes that each
functionGi (for i ∈ I) is Lipschitz continuous on this interval, with a Lipschitzconstant expressed
in terms of the primitives of the model.

3.1 A Bound on the Support of the Invariant Distribution

The following proposition establishes a positive lower bound for every fixed pointa′ of the (lowest)
mapG1; this lower bound (denoted byθ) is obtained explicitly in terms of the primitives of the
model. Thus,[θ, k] provides a compact interval (not including the zero stock) in which the support
of the invariant distribution of output must lie. The resultis crucial to all the subsequent analysis.

Note that we cannot find this lower bound on the fixed point of the lowest map if the “smallest”
value of the random shock does not occur with positive probability. This can happen when the

3For an alternate and simpler approach to this result, see Bhattacharya and Majumdar (2001).
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random shock can take on an infinite number of values, and in particular when the distribution of
the random shock has a density. This justifies our choice of a setting in which the random shock
can assume a finite number of values with positive probabilities.

Since the above observation can be appreciated by noting howthe lower bound is obtained, we
provide the proof of the proposition in the text itself (instead of in the Appendix).

For any functionf : R+ → R+ such thatf ′ (·) is strictly monotone onR+ we denote by
(f ′)−1 (·) the inverse function of its derivative onf (R+).

Proposition 2 Define:

η = (h′)
−1

(

1

δp1r1

)

, (6)

θ = r1h (η) . (7)

(i) For every positive fixed pointa′ of the mapG1, we have:

a′ > θ. (8)

(ii) For everyy ∈ (0, θ], we have:
G1 (y) > y. (9)

(iii) For every positive fixed pointa′ of the mapG1, we have:

γ (a′) > γ (θ) > η, (10)

h′ [γ (a′)] < h′ [γ (θ)] < h′ (η) =
1

δp1r1
. (11)

Proof. (i) Using (4) fory = a′, wherea′ is an arbitrary positive fixed point ofG1, we get:

u′ [g (a′)] = δ
n

∑

i=1

piu
′ {g [riG (a′)]} rih

′ [γ (a′)]

> δp1u
′ {g [r1G (a′)]} r1h

′ [γ (a′)]

= δp1u
′ [g (a′)] r1h

′ [γ (a′)] ,

the last line following from the fact thatr1G (a′) = a′. Then, sinceh′ is a strictly decreasing
function, we obtain:

γ (a′) > η. (12)

Using (12) and the definition ofa′, we obtain:

a′ = r1h [γ (a′)] > r1h (η) = θ,

which is (8).
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(ii) Suppose, on the contrary, there is somey ∈ (0, θ], such that (9) does not hold. Since all
positive fixed points ofG1 exceedθ, we must haveG1 (y) < y for all y ∈ (0, θ]. Then, for all
y ∈ (0, θ], we can use (4) to obtain:

u′ [g (y)] = δ
n

∑

i=1

piu
′ {g [riG (y)]} rih

′ [γ (y)]

> δp1u
′ {g [r1G (y)]} r1h

′ [γ (y)]

> δp1u
′ [g (y)] r1h

′ [γ (y)]

> δp1u
′ [g (y)] r1h

′ (y) ,

where the last but one line holds asG1 (y) = r1G (y) < y. Hence,

δp1r1h
′ (y) < 1 for all y ∈ (0, θ] ,

but this leads to a contradiction, since the Inada conditionentailsh′ (y) → ∞ asy → 0.
(iii) Using (9) and (7), we have:

h [γ (θ)] = G (θ) >
θ

r1
= h (η) . (13)

Combining (8) and (13) yields (10). Now, (11) follows from (10), (6) and the fact thath′ is a
strictly decreasing function.

A useful observation that can be obtained from the above result is that the intervalY = [θ, k]
is an invariant stable set of the stochastic process (5). SinceGi is an increasing function for each
i ∈ I, Proposition 2(ii) yields for ally ∈ Y = [θ, k], and alli ∈ I,

θ < G1 (θ) ≤ Gi (y) ≤ Gn (y) = rnh [γ (y)] ≤ rnh (y) ≤ rnh (k) = k,

so that eachGi mapsY into Y .

3.2 A Lipschitz Property

We will now show that the iterated function system{G1, . . . , Gn; p1, . . . , pn} on the intervalY =
[θ, k] has the Lipschitz property; that is, the mapsGi (for i ∈ I) are Lipschitz continuous onY . It
is sufficient for this purpose to show thatG is Lipschitz continuous onY .

The Lipschitz continuity of policy functions in non-stochastic models has been studied by
Montrucchio (1987). Given the structure of our model, we areable to take a fairly direct approach.
The Lipschitz constant relative to functionGi will depend only on the parameters of the model.
In obtaining this result, use is made of the facts that (i) thedeterministic component,h, of the
production function exhibits uniformly bounded elasticity of marginal product, and (ii) the utility
function u exhibits uniformly bounded elasticity of marginal utility(a measure of relative risk
aversion). These facts, reported as (R.1) and (R.2) below, follow from our assumptions onh andu
in Section 2.

Keeping this objective in mind, we first obtain a positive lower bound on the optimal propensity
to consume,[g (y) /y]. This result is clearly also of independent interest as a property of the optimal
consumption function.
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The following Lemma establishes an intermediate value (which depends on the parameters
of the model) separating the optimal investments at the fixedpointsa and b. Let ρ = E (r) =
∑n

i=1 piri denote the expected value ofr.

Lemma 1 Valuesγ (a) andγ (b) satisfy the following relation:

γ (θ) < γ (a) ≤ (h′)
−1

(

1

δρ

)

≤ γ (b) ≤ γ (k) . (14)

The proof is reported in the Appendix. It is convenient to label the intermediate value in (14)
as follows:

σ = (h′)
−1

(

1

δρ

)

. (15)

Proposition 3 Assume that:
θ

k
>

σ

rnh (σ)
. (16)

Then, we have the following lower bound on the optimal propensity to consume:

g (y)

y
>

θ

k
−

σ

rnh (σ)
for all y ∈ Y. (17)

The proof is reported in the Appendix.

Remark 1

(i) Note that condition (16) in Proposition 3 does not depend on the utility functionu, sinceθ [see
(7)] andσ [see (15)] are both independent ofu.

(ii) If h (x) has the Cobb-Douglas form, that is,h (x) = x1−α/ (1 − α) for x ≥ 0, whereα ∈
(0, 1), then[σ/h (σ)] = (1 − α) δρ. Then, (16) is equivalent to:

(p1)
(1−α)/α [δ (1 − α)](1−2α)/α

(

r1

rn

)(1/α)

>
ρ

rn

(18)

To interpret (18), let us measure risk by any continuous increasing function of the spread
(rn − r1) of the random shocks{r1, . . . , rn}. Then, given any risk, there isα close enough
to 1 (capital share in income small enough) for which (18) is satisfied.

To establish the main result of this subsection (the Lipschitz continuity of the functionG) we
will use the following properties, which hold on4 Y = [θ, k], given our assumptions onh andu in
Section 2.

4We thank an anonymous referee who helped us to improve on a previous statement of Facts 1 and 2.
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Fact 1 There exist numbersA andA′ such that0 < A ≤ A′ < ∞, and for allx ∈ Y ,

A ≤ E (x) ≤ A′, (19)

whereE (x) = [−xh′′ (x) /h′ (x)] for all x > 0. Further, there existsA′′ ∈ (0, 1) such that:

e (x′)

e (x)
≥ A′′ for all x, x′ ∈ Y, (20)

wheree (x) = xh′ (x) /h (x) for all x > 0.

Fact 2 There exist numbersB andB′ such that0 < B ≤ B′ < ∞, and for allc ∈ Y ,

B ≤ R (c) ≤ B′, (21)

whereR (c) = [−cu′′ (c) /u′ (c)] for all c > 0.

SinceY is a non-empty compact set, andE (x) is a continuous function onY , it has a maximum
and a minimum on this set. Denote the minimum byA and the maximum byA′. Then,0 < A ≤
A′ < ∞, sinceE (x) is a positive function onY ; further, (19) clearly holds. Sincee (x) is also
a continuous function onY , it has a minimum onY . Denote this minimum byA′′. Then, since
e (x) ∈ (0, 1) for all x > 0, we haveA′′ ∈ (0, 1), and clearly[e (x′) /e (x)] ≥ A′′/e (x) ≥ A′′ for
all x, x′ ∈ Y . This establishes Fact 1.

SinceY is a non-empty compact set, andR (c) is a continuous function onY , it has a maximum
and a minimum on this set. Denote the minimum byB and the maximum byB′. Then,0 < B ≤
B′ < ∞, sinceR (c) is a positive function onY ; further, (21) clearly holds. This establishes Fact
2.

Denote the right hand side of condition (17),[θ/k]− [σ/rnh (σ)], bym. Note thatm < 1. For,
if m ≤ 0, then this is trivially true, while ifm > 0, then this inequality follows from Proposition
1(ii) and Proposition 3.

Theorem 1 Suppose that (16) holds; that is,m > 0. Define:

L =
β ′ (1 − m)

δp1r1 [β ′ (1 − m) + α′m]
, (22)

whereα′ = (A2A′′/A′) andβ ′ =
[

(B′)2 /B
]

, and constantsA, A′, B andB′ are given in Facts 1
and 2. Then, for ally, z ∈ Y , we have:

|G (y) − G (z)| ≤ L |y − z| . (23)

The proof is reported in the Appendix.
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Remark 2

(i) If h (x) has the Cobb-Douglas form, that is,h (x) = x1−α/ (1 − α) for x ≥ 0, whereα ∈
(0, 1), andu (c) is of the iso-elastic type, that is,u (c) = c1−β/ (1 − β) for c ≥ 0, where
β ∈ (0, 1), then it is easily seen thatA = A′ = α, A′′ = 1 and B = B′ = β, and thus
also(A2A′′/A′) = α and

[

(B′)2 /B
]

= β. Therefore, in this case, the Lipschitz constantL
defined in (17) turns out to be:

L =
β (1 − m)

δp1r1 [β (1 − m) + αm]
≤

β (1 − m)

δp1r1αm
. (24)

(ii) Sincem is independent of the utility function, (24) provides a particularly convenient form of
the Lipschitz constant. Given the other parameters of the model such thatm > 0, one can
ensure that eachGi (for i ∈ I) is a contraction by choosingβ ∈ (0, 1) to be small enough.
In particular, if β satisfies:

β <
δp1r1αm

rn (1 − m)
, (25)

then eachGi (for i ∈ I) is a contraction. Sinceβ is a measure of relative risk aversion, this
tells us that low risk aversion leads to an IFS with the contraction property.

3.3 General Results from the Theory of IFS

In this section we briefly recall the main facts known in the standard theory of IFS (see,e.g.,
Hutchinson, 1981; Barnsley, 1993; Lasota and Mackey, 1994;Falconer, 1997, 2003). We slightly
generalize the setting by considering any collection of continuous maps{H1, . . . , Hn} defined
on some compact subsetX of the real line; that is, we shall study a generic IFS{H1, . . . , Hn;
p1, . . . , pn}, abstracting from the maps{G1, . . . , Gn} discussed so far.

Let X ⊂ R be a compact set. LetB (X) denote the sigma-algebra of Borel measurable subsets
of X andP (X) the space of probability measures onB (X). Recall that theBarnsley operator
S : B (X) → B (X) is defined by

S (E) =
n

⋃

i=1

Hi (E) for E ∈ B (X) , (26)

and theMarkov operatorM : P (X) → P (X) is defined by

Mµ (B) =
n

∑

i=1

piµ
[

H−1
i (B)

]

for µ ∈ P (X) , andB ∈ B (X) ,

whereH−1
i (B) denote the inverse-image sets of the setB through the mapsHi. OperatorM

describes the evolution of probabilities under the stochastic process:

yt+1 = Hzt
(yt) , (27)

wherezt are i.i.d. over{1, . . . , n} with distribution{p1, . . . , pn} for all t ≥ 0. We shall denote the
iterates of such operators bySt (E) = S [St−1 (E)] andM t (µ) = M [M t−1 (µ)] for all t ≥ 1, with
S0 (E) = E andM0 (µ) = µ.
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In the next proposition are reported (without proof) the main results regarding the attractor and
the unique invariant distribution of the IFS{H1, . . . , Hn; p1, . . . , pn} on the spaceX ⊂ R induced
by the stochastic process (27) when the mapsHi arecontractions.

Proposition 4 If constantsℓi exist such that0 < ℓi < 1 and |Hi (y) − Hi (z)| ≤ ℓi |y − z| for all
y, z ∈ X, i ∈ I, then the IFS{H1, . . . , Hn; p1, . . . , pn} satisfies the following properties:

(i) there is a unique (invariant) compact setA∗ ⊆ X such thatS (A∗) =
n
⋃

i=1

Hi (A
∗) = A∗;

(ii) for any compact setA0 such thatS (A0) ⊆ A0, denotingAt = St (A0) for t ≥ 1, we have
A0 ⊇ A1 ⊇ A2 ⊇ · · · ⊇ A∗; furthermore eachAt is compact, and:

d (At, A
∗) → 0 ast → ∞

whered is the Hausdorff distance between compact sets inX.

(iii) A∗ is the support of the unique (invariant) probability distribution,µ∗ ∈ P (X), satisfying

µ∗ (B) =

n
∑

i=1

piµ
∗
[

H−1
i (B)

]

for all B ∈ B (X) ;

(iv) for µ ∈ P (X), denotingµt = M t (µ) for t ≥ 1:

(a) the support ofµt = St (support ofµ),

(b) µt converges weakly toµ∗.

Proposition 4 certainly holds for the IFS{G1, . . . , Gn; p1, . . . , pn} on Y whenever the Lip-
schitz constantL defined in (22) of Theorem 1 is such thatL < (1/rn). We shall callA∗ the
attractor of the IFS{G1, . . . , Gn; p1, . . . , pn} onY .

For the IFS{G1, . . . , Gn; p1, . . . , pn}, A∗ is thus the support of the invariant distributionµ∗ to
which the distribution of optimal output in the one-sector growth model (discussed in the previous
section) converges asymptotically.

4 Application to Cantor Type Attractors

The principal difficulty in obtaining the invariant distribution of output (using Proposition 4) is
that the stochastic process for the output is generated by the functionsGi which are derived from
optimal consumption and investment functions, and which one cannot typically solve for in terms
of our primitives.

However, the qualitative properties of theGi (established in Section 3), whichcanbe checked
given the primitives, allow one to make some qualitative statements about the invariant distribution,
depending on the primitives of our model. In this section, weillustrate this by focusing on the case
in which there are just two possible outcomes,r1, r2, of the random shock,r1 occurring with
probabilityp1 = p andr2 occurring with probabilityp2 = 1 − p, and demonstrate the possibility

11



of generating invariant distributions which are (a) of the Cantor type, and (b) singular with respect
to Lebesgue measure.

The latter illustrates that the support of the invariant distribution can be a “small” subset of5

[a, b] (more precisely, can be a set of Lebesgue measure zero). In particular, the invariant distribu-
tion generated by our model need not be absolutely continuous (that is, need not have a density).

The former illustrates that the support set need not even be aconnected set in[a, b]. There can
besubintervalsof [a, b], which are not included in the support of the invariant distribution.

Feature (a) depends on theGi being contractions, and on a property of the IFS, which we call
theno-overlap property. This is discussed in the first subsection.

Feature (b) depends on theGi being “sufficiently contracting” in a sense that can be made
precise. This is discussed in the second subsection.

4.1 The No-Overlap Property and Contractions

It is well known that ifX = [0, 1] and the mapsH1 andH2 of an IFS of the type described in
Section 3.3 are linear with slopeζ , where0 < ζ < 1/2, the attractorA∗ of the IFS is a “middle-α”
Cantor set, whereα = 1 − 2ζ (see,e.g., Mitra et al., 2004).

The maps of the IFS{G1, G2; p, 1 − p} characterizing the model discussed in the previous
sections are clearly nonlinear. The natural question that arises is thus under what conditions such
an IFS has an attractor that resembles the typical features of a Cantor type set.

We say that the two mapsG1 andG2 satisfy theno-overlap property if:

G1 (b) < G2 (a) , (28)

so that the maximum of theG1 function is less than the minimum of theG2 function on the interval
[a, b]. An example of maps satisfying the no-overlap property is reported in Figure 1.

The following result, whose proof can be found in Mitra and Privileggi (2006), provides con-
ditions on the primitives of the model, specifically,{r1, r2}, p, h, δ andk, which ensure the no-
overlap property.

Proposition 5 Suppose the following condition is satisfied:

θ

k
≥

(

r1

r2

)2

(29)

whereθ is defined in (7). Then the IFS{G1, G2; p, 1 − p} on Y = [θ, k] has the no-overlap
property (28).

In view of Section 3, we are now in a position to fully characterize situations where the attractor
A∗ is a generalized Cantor set directly in terms of the primitives of the model. Proposition 5 gives a
sufficient condition for the no-overlap property to hold, and Theorem 1 provides a tool to establish

5Recall that at the end of Section 2 we have defineda = G1 (a) as the largest fixed point ofG1, and byb = Gn (b)
the smallest fixed point ofGn; clearly,X = [a, b] ⊂ [θ, k] = Y . Even if the support of the invariant distribution is
either[a, b] itself or a proper subset of[a, b], consistently with Section 3 in the sequel we shall continueto consider
our IFS as defined on the larger invariant setY = [θ, k].

12



y

0 a b

G1

G2

G1 (a) = a

G1 (b)

G2 (a)

G2 (b) = b

FIGURE 1: an example of functionsG1 andG2 satisfying the no overlap property.

when the mapsG1, G2 are contractions entirely in terms of the parameters of the model; that is,
whenever the constantL defined in (22) is less than(1/r2).

We shall adopt a general definition of Cantor set based on topological properties. Recall that a
setE ⊆ X, where(X, d) is a metric space, is said to betotally disconnectedif its only connected
subsets are one-point sets: formally, for any two distinct pointsx, y in E, there are two non-empty
open disjoint setsU andV such thatx ∈ U , y ∈ V and(U ∩ E) ∪ (V ∩ E) = E; also, a set
E ⊆ X is said to beperfectif it is equal to the set of its accumulation points; that is, it is a closed
set which contains no isolated points.

Definition 1 We shall say that a setC ⊂ R is a generalized (topological) Cantor set on the real
line if it is totally disconnectedandperfect.

This definition is fully justified in view of the result in Hocking and Young (1961, Chapter 2),
where it is established that any compact metric space that istotally disconnected and perfect is
homeomorphic to the classical “middle-third” Cantor set.

The next result concludes the work started by Mitra et al. (2004) and successive generalizations
in Mitra and Privileggi (2004, 2006) by establishing sufficient conditions entirely in terms of the
parameters of the model for the stochastic one-sector optimal growth framework of the Brock and
Mirman (1972) type to converge to an invariant distributionsupported on a generalized Cantor set.
It follows directly by applying Theorem 3 in Mitra and Privileggi (2006), and Proposition 5 above.
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Proposition 6 If L < (1/r2), whereL is the constant defined in (22) of Theorem 1, and condition
(29) of Proposition 5 holds, then the attractorA∗ of the IFS{G1, G2; p, 1 − p} on Y = [θ, k],
associated to the stochastic process (5), is a generalized (topological) Cantor set.

Remark 3

(i) For the Cobb-Douglas form of the production function, it has been already noticed [see Remark
1(iii) in Mitra and Privileggi, 2004] that if the exponent ofthe production function is suffi-
ciently close to zero, then condition (29) and therefore theno-overlap property (28) always
holds. In other words, a Cobb-Douglas production function with a low capital coefficient
is capable of producing an optimal policy which generates anIFS {G1, G2; p, 1 − p} with
maps that do not overlap.

It is of interest that a low capital coefficient, which ensures that condition (16) holds (and
thereby ensures a positive lower bound on the propensity to consume), as indicated in Re-
mark 1, also ensures that (28) holds (and thereby ensures that the no-overlap property holds).

If we combine such a production function with a utility function of the iso-elastic type with
exponent(1 − β), then, as indicated in Remark 2, a low value ofβ will ensure thatL <
(1/r2), so that eachGi is a contraction onY = [θ, k].

Thus, we may conclude that, at least for the Cobb-Douglas production plus iso-elastic utility
case, a representative agent with low risk-aversion, operating in an economy with a low
capital share in income, will generate an invariant distribution of income supported on a
generalized Cantor set.

(ii) It is also worth noting that, wheneverG1 andG2 are contractions, that is, whenL < (1/r2),
then eachGi (i = 1, 2) has a unique fixed point:a for G1 andb for G2.

4.2 Singular Invariant Distributions

When the setA∗ is of the Cantor type, the question arises as to whether this Cantor-type set has zero
Lebesgue measure. This question is non-vacuous since Cantor type sets can have positive Lebesgue
measure. They are known as “fat Cantor sets” or Smith-Volterra-Cantor sets. For construction of
such sets, see for instance Example 14b in Royden (1968), p. 63, or the example on p. 88 in
Hocking and Young (1961).

An important implication of having an attractor of zero Lebesgue measure is that the invariant
probability distribution supported on it [see Proposition4 (iii) and (iv)] is singular. In the following
result, we provide a sufficient condition under which the attractorA∗ of a IFS with two maps,
{H1, H2; p, 1 − p}, has zero Lebesgue measure.

Proposition 7 Suppose that the mapsHi : X → X, i ∈ {1, 2} are strictly monotone on some
closed intervalX and constantsℓi exist such that0 < ℓi < 1 and |Hi (y) − Hi (z)| ≤ ℓi |y − z|
for all y, z ∈ X and fori ∈ {1, 2}. If the Lipschitz constantsℓi satisfy

ℓ1 + ℓ2 < 1 (30)

then the supportA∗ of the unique invariant distributionµ of the stochastic process (27) is a set of
Lebesgue measure zero, andµ is singular with respect to Lebesgue measure.

14



The proof is reported in the Appendix. In the context of the IFS {G1, G2; p, 1 − p} on Y =
[θ, k], the property (30) ensures that the no-overlap property (28) also holds. To see this, note that

G1 (b) − G2 (a) = G1 (b) − G1 (a) + G1 (a) + G2 (b) − G2 (a) − G2 (b)

≤ (ℓ1 + ℓ2) (b − a) + G1 (a) − G2 (b)

< (b − a) + (a − b)

= 0.

So the following Corollary is immediate from Theorem 3 in Mitra and Privileggi (2006), and
Proposition 7.

Corollary 1 If (r1 + r2) L < 1, whereL is the constant defined in (22) of Theorem 1, then the
supportA∗ of the unique invariant distributionµ of the IFS{G1, G2; p, 1 − p} on Y = [θ, k],
associated to the stochastic process (5) is a generalized Cantor set of Lebesgue measure zero, and
µ is singular with respect to Lebesgue measure.

5 Concluding Remarks

The results of this work fill a gap left by Mitra and Privileggi(2006) in the study of the geometric
properties of the support of the invariant distribution in one-sector stochastic optimal growth mod-
els. In this paper, Lipschitz continuity of the iterated function system, generated by the optimal
consumption and investment policies, is established directly (in Theorem 1) in terms of the prim-
itives of the model introduced in Section 2. Whenever the parameters of the model are such that
the maps of the IFS are contractions, we are able to apply a general result (Proposition 4) on the
support of the unique invariant distribution, which is the attractor of IFS.

In the special case where the random shock takes one of only two values, we provide addi-
tional conditions on the parameters of the model which ensure that the IFS satisfies a no-overlap
property, and the invariant distribution is supported on a Cantor type set (Proposition 6). A rough
interpretation of Proposition 6 is that a low risk-averse representative agent, operating in an econ-
omy with a low capital share in income, can generate an invariant distribution of income supported
on a generalized Cantor set.

In the special case mentioned above, we provide a sufficient condition on the primitives of
the model so that the Cantor type attractor has zero Lebesguemeasure and therefore the invariant
distribution is singular. The sufficient condition allows us to quantify the Hausdorff dimension of
the attractor, and this is our key tool for the result. If the IFS is smooth, alternative approaches
might be used to obtain the result, leading possibly to othersufficient conditions. This is suggested
by the work of Matsumoto (1988) and Bedford (1991). However,in general, it can be difficult
to specify conditions on the primitives leading to smoothness of the IFS (see, e.g., Araujo, 1991;
Santos, 1991; Santos and Vigo-Aguiar, 1998). This topic is the matter of future investigation.
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Appendix

Proof of Lemma 1. By using the stochastic Ramsey-Euler equation (4) [see Proposition 1(vi)] at
y = a, we have:

u′ [g (a)] = δE {u′ [g (rG (a))] rh′ [γ (a)]}

≤ δu′ [g (r1G (a))] h′ [γ (a)] E (r)

= δu′ [g (a)] h′ [γ (a)] E (r) ,

where the inequality (in the second line) holds since, forr ≥ r1, we haverG (a) ≥ r1G (a) ⇐⇒
g [rG (a)] ≥ g [r1G (a)] ⇐⇒ u′ {g [rG (a)]} ≤ u′ {g [r1G (a)]}, and the equality (in the third line)
holds sincer1G (a) = a. Thus we get

1 ≤ δh′ [γ (a)] E (r) ,

which [recall that(h′)−1 (·) is a decreasing function] yields the left inequality in (14).
Similarly, by using the stochastic Ramsey-Euler equation (4) aty = b, we have:

u′ [g (b)] = δE {u′ [g (rG (b))] rh′ [γ (b)]}

≥ δu′ [g (rnG (b))] h′ [γ (b)] E (r)

= δu′ [g (b)] h′ [γ (b)] E (r) ,

where the inequality (in the second line) holds since, forr ≤ rn, we haverG (b) ≤ rnG (b) ⇐⇒
g [rG (b)] ≤ g [rnG (b)] ⇐⇒ u′ {g [rG (b)]} ≥ u′ {g [rnG (b)]}, and the equality (in the third line)
holds sincernG (b) = b. Thus we get:

1 ≥ δh′ [γ (b)] E (r) ,

which yields the right inequality in (14).

Proof of Proposition 3. Sinceγ (θ) = θ − g (θ), (14) and (15) imply:

θ − g (θ) < σ ≤ γ (b) .

From the left inequality we get
g (θ) > θ − σ. (31)

Sinceb = rnG (b) = rnh [γ (b)], we haveγ (b) = h−1 (b/rn), and thus the right inequality in (14)
yields:

h−1

(

b

rn

)

≥ σ,

from which (sinceh is increasing) we get

b

rn

≥ h (σ) ,

which, asb ≤ k, implies
k ≥ rnh (σ) . (32)
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Summing up, we have, for ally ∈ Y = [θ, k],

g (y)

y
≥

g (θ)

k
>

θ

k
−

σ

k
≥

θ

k
−

σ

rnh (σ)
,

where the second inequality uses (31) and the last inequality uses (32).

Proof of Theorem 1. We will first prove thatG is locally Lipschitzon Y , with Lipschitz
constantL. That is, we will show that there is someε > 0, such that, whenevery, z ∈ Y , and
0 < |y − z| ≤ ε, (23) holds withL defined by (22).

Denote bym′ the minimum value of[g (y) /y] on Y ; this is well defined by continuity of
[g (y) /y] on the (non-empty) compact setY . By Proposition 3, we havem′ > m. Now, define

λ =

[

1 −
ε

γ (θ)

]2

(33)

and chooseε > 0 sufficiently small so that

λm′ > m. (34)

It is sufficient to show that, with this choice ofε, whenevery, z ∈ Y and0 < z − y ≤ ε, the
inequality (23) holds.

So, let us pick arbitraryy, z ∈ Y with 0 < z − y ≤ ε. Now, write the equation (3) [see
Proposition 1(v)] aty and atz:

u′ [g (y)] = δE {V ′ [rG (y)] rh′ [γ (y)]} , (35)

u′ [g (z)] = δE {V ′ [rG (z)] rh′ [γ (z)]} . (36)

Subtracting (36) from (35), we obtain:

u′ [g (y)] − u′ [g (z)] = δE {V ′ [rG (y)] rh′ [γ (y)] − V ′ [rG (z)] rh′ [γ (z)]} .

SincerG (z) > rG (y), we haveV ′ [rG (z)] ≤ V ′ [rG (y)], and this yields:

u′ [g (y)] − u′ [g (z)] ≥ {h′ [γ (y)] − h′ [γ (z)]} δE {V ′ [rG (y)] r} . (37)

We use the Mean Value theorem to obtainξ satisfyingg (y) ≤ ξ ≤ g (z), such that:

u′ [g (y)] − u′ [g (z)] = u′′ (ξ) [g (y) − g (z)] . (38)

Similarly, we can findζ satisfyingγ (y) ≤ ζ ≤ γ (z), such that:

h′ [γ (y)] − h′ [γ (z)] = h′′ (ζ) [γ (y) − γ (z)] . (39)

Using (38) and (39) in (37) and changing sign, we obtain:

−u′′ (ξ) [g (z) − g (y)] ≥ −h′′ (ζ) [γ (z) − γ (y)] δE {V ′ [rG (y)] r} .
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Dividing through byu′ [g (y)] and using (35), the last inequality becomes:

−
u′′ (ξ)

u′ [g (y)]
[g (z) − g (y)] ≥ −

h′′ (ζ)

h′ [γ (y)]
[γ (z) − γ (y)] ,

which, sinceγ (z) = z − g (z) andγ (y) = y − g (y), may be rewritten as

−
u′′ (ξ)

u′ [g (y)]
[g (z) − g (y)] ≥ −

h′′ (ζ)

h′ [γ (y)]
{(z − y) − [g (z) − g (y)]} .

Rearranging terms, we get

g (z) − g (y)

z − y
≥ −

h′′ (ζ)

h′ [γ (y)]

{

−
u′′ (ξ)

u′ [g (y)]
−

h′′ (ζ)

h′ [γ (y)]

}

−1

. (40)

It remains to convert the right-hand side into terms involving the parameters of our model.
Note that sinceξ satisfiesg (y) ≤ ξ, we have:

−u′′ (ξ) ≤
B′u′ (ξ)

ξ
≤

B′u′ [g (y)]

g (y)
≤

(

B′

B

)

{−u′′ [g (y)]} ,

so that:

−
u′′ (ξ)

u′ [g (y)]
≤

(

B′

B

) {

−
u′′ [g (y)] g (y)

u′ [g (y)]

}

1

g (y)
≤

(B′)2

Bg (y)
=

β ′

g (y)
. (41)

Sinceζ satisfiesζ ≤ γ (z), we have:

−h′′ (ζ) ≥
Ah′ (ζ)

ζ
≥

Ah′ [γ (z)]

γ (z)
≥

(

A

A′

)

{−h′′ [γ (z)]} ,

so that:

−h′′ (ζ)

h′ [γ (y)]
≥

(

A

A′

) {

−
h′′ [γ (z)]

h′ [γ (z)]

}{

h′ [γ (z)]

h′ [γ (y)]

}

=

(

A

A′

) {

−
h′′ [γ (z)]

h′ [γ (z)]

}[

γ (z)

γ (z)

]{

h′ [γ (z)]

h′ [γ (y)]

}

≥

(

A2

A′

) [

1

γ (z)

]{

h′ [γ (z)]

h′ [γ (y)]

}

=

(

A2

A′

) [

γ (y)

γ (z)

]2 {

h′ [γ (z)] [γ (z)]

h′ [γ (y)] [γ (y)]

} [

1

γ (y)

]

≥

(

A2

A′

) [

γ (y)

γ (z)

]2 {

A′′h [γ (z)]

h [γ (y)]

} [

1

γ (y)

]

≥ α′

[

γ (y)

γ (z)

]2 [

1

γ (y)

]

> α

[

1 −
ε

γ (θ)

]2 [

1

γ (y)

]

,
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where the last but one inequality holds thanks to (20) in Fact1 and the last inequality uses the
assumptionz − y ≤ ε, as the following inequalities show:

γ (y)

γ (z)
=

γ (z) − [γ (z) − γ (y)]

γ (z)
= 1 −

z − g (z) − [y − g (y)]

γ (z)
> 1 −

z − y

γ (z)
≥ 1 −

ε

γ (θ)
.

In view of (33), we thus obtain:

−
h′′ (ζ)

h′ [γ (y)]
>

α′λ

γ (y)
. (42)

Using (41) and (42) in (40) and rearranging terms, we get:

g (z) − g (y)

z − y
> α′

[

λg (y)

y

]{

β ′

[

1 −
g (y)

y

]

+ α′

[

λg (y)

y

]}

−1

which boils down to

g (z) − g (y)

z − y
>

α′m

β ′ {1 − [g (y) /y]} + α′m
>

α′m

β ′ (1 − m) + α′m
, (43)

where the first inequality holds since, by definition ofm′ and by (34),[λg (y) /y] ≥ λm′ > m;
similarly, the second one follows from[g (y) /y] ≥ m′ > m.

By definition ofG, we have:

G (z) − G (y)

z − y
=

h [γ (z)] − h [γ (y)]

z − y

≤
h′ [γ (y)] [γ (z) − γ (y)]

z − y

= h′ [γ (y)]
(z − y) − [g (z) − g (y)]

z − y

≤ h′ [γ (θ)]

[

1 −
g (z) − g (y)

z − y

]

≤ h′ [γ (θ)]

[

1 −
α′m

β ′ (1 − m) + α′m

]

= h′ [γ (θ)]

[

β ′ (1 − m)

β ′ (1 − m) + α′m

]

≤
β ′ (1 − m)

δp1r1 [β ′ (1 − m) + α′m]
= L,

where in the fifth line we used (43) and the last line follows from condition (11) in Proposition 2.
This establishes thatG is locally Lipschitz onY , with Lipschitz constantL.

It follows from the above result thatG is Lipschitz continuous onY with Lipschitz constant
L. To see this, pick anyy′, z′ ∈ Y with 0 < z′ − y′. We can find a positive integern, such
that nε ≥ (z′ − y′), whereε was used in the definition of (33). Defineη = (z′ − y′) /n; then
0 < η ≤ ε. We useη to define:

(y0, y1, . . . , yn) = (y′, y′ + η, . . . , y′ + (n − 1) η, z′)
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Then, we have, using the fact thatG is locally Lipschitz [with the choice ofε used in the definition
of (33)] with Lipschitz constantL, and0 < (yj+1 − yj) = η ≤ ε for j = 0, 1, . . . n − 1,

G (z′) − G (y′) =
n−1
∑

j=0

[G (yj+1) − G (yj)] ≤ L
n−1
∑

j=0

(yj+1 − yj) = L (z′ − y′) .

This establishes thatG is Lipschitz continuous onY , with Lipschitz constantL.

Proof of Proposition 7. By Proposition 9.6 in Falconer (2003), p. 135, the Hausdorffdimen-
sion ofA∗ cannot exceed the (unique) positive rootd̃ of the equation:

ℓd
0 + ℓd

1 = 1.

Given (30), we must havẽd < 1. Thus, the the Hausdorff dimension ofA∗ is less than1. By
definition of Hausdorff dimension (see Chapter 2 in Falconer, 2003), the Hausdorff outer measure
of A∗ is zero. Since Lebesgue outer measure coincides with Hausdorff outer measure onR, the
Lebesgue outer measure ofA∗ is zero. SinceA∗ is closed, it is measurable, and hence the Lebesgue
measure ofA∗ is zero.

SinceA∗ is the support ofµ, by definition of support (see,e.g., Chung, 1974, p. 31)µ (X − A∗) =
0. We have just seen thatν (A∗) = 0, whereν is Lebesgue measure; thus,µ is singular with respect
to Lebesgue measure (see Billingsley, 1979, p. 374).

References

[1] Araujo A., The Once but not Twice Differentiability of the Policy Function.Econometrica
1991;59; 1383-1393.

[2] Barnsley M. F.,Fractals Everywhere (second edition). Academic Press: Boston; 1993.

[3] Bedford, T., Applications of Dynamical Systems Theory to Fractals – a Study of Cookie-
Cutter Cantor Sets. In: Bélair J., Dubuc S. (Eds),Fractal Geometry and Analysis. Kluwer
Academic Publishers: Dordrecht; 1991. p. 1-44.

[4] Bhattacharya R., Majumdar M., On a Class of Stable RandomDynamical Systems: Theory
and Applications.Journal of Economic Theory2001;96; 208-229.

[5] Billingsley, P.,Probability and Measure.John Wiley & Sons: New York; 1979.

[6] Brock W. A., Mirman L. J., Optimal Economic Growth and Uncertainty: the Discounted
Case.Journal of Economic Theory1972;4; 479-513.

[7] Chatterjee, P., Shukayev, M., Note on Positive Lower Bound of Capital in the Stochastic
Growth Model.Journal of Economic Dynamics and Control2008;32; 2137-2147.

[8] Chung K. L.,A course in probability theory. Academic Press: New York; 1974.

[9] Falconer K. J.,Techniques in Fractal Geometry. John Wiley & Sons: New York; 1997.

20



[10] Falconer K. J.,Fractal Geometry: Mathematical Foundations and Applications (second edi-
tion). John Wiley & Sons: Chichester; 2003.

[11] Hocking J. G., Young G. S.,Topology. Addison-Wesley Reading: Massachusetts; 1961.

[12] Hutchinson J., Fractals and Self-similarity.Indiana University Mathematics Journal1981;
30; 713-747.

[13] Lasota, A. and M. C. Mackey,Chaos, Fractals, and Noise, Stochastic Aspects of Dynamics.
Springer-Verlag: New York; 1994.

[14] Matsumoto S., Measure of Exceptional Minimal Sets of Codimension One Foliations. In:
Matsumoto Y., Mizutani T., Morita S. (Eds),A Fête of Topology:Papers Dedicated to Itiro
Tamura. Academic Press; 1988. p. 81-94.

[15] Mirman L. J., Zilcha I., On Optimal Growth under Uncertainty. Journal of Economic Theory
1975;11; 329-339.

[16] Mirman L. J., Zilcha I., Unbounded Shadow Prices for Optimal Stochastic Growth Models.
International Economic Review1976;17; 121-132.

[17] Mirman L. J., Zilcha I., Characterizing Optimal Policies in a One-Sector Model of Economic
Growth Under Uncertainty.Journal of Economic Theory1977;14; 389-401.

[18] Mitra T., Montrucchio L., Privileggi F., The Nature of the Steady State in Models of Optimal
Growth Under Uncertainty.Economic Theory2004;23; 39-71.

[19] Mitra T., Privileggi F., Cantor Type Invariant Distributions in the Theory of Optimal Growth
Under Uncertainty.Journal of Difference Equations and Applications2004;10; 489-500.

[20] Mitra T., Privileggi F., Cantor Type Attractors in Stochastic Growth Models.Chaos, Solitons
and Fractals2006;29; 626-637.

[21] Montrucchio L., Lipschitz Continuous Policy Functions for Strongly Concave Optimization
Problems.Journal of Mathematical Economics1987;16; 259-273.

[22] Royden H. L.,Real Analysis. MacMillan: New York; 1968.

[23] Santos M. S., Smoothness of the Policy Function in Discrete-Time Economic Models.Econo-
metrica1991;59; 1365-1382.

[24] Santos, M. S., Vigo-Aguiar J., Analysis of a New DynamicProgramming Algorithm Applied
to Economic Models.Econometrica1998;66; 409-426.

21


