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ABSTRACT. In this paper we obtain the constitutive equa-
tion for the second Piola-Kirchhoff stress tensor according to
the linearized finite theory of elasticity for hyperelastic con-
strained materials. We show that in such a theory the three
stress tensors (Cauchy stress tensor, first and second Piola-
Kirchhoff stress tensor) differ by terms that are first order in
the strain, while in classical linear theory of elasticity they
are indistinguishable to first order of approximation both for
unconstrained and constrained materials. Moreover we show
that the constitutive equations for the three stress tensors usu-
ally adopted in classical linear elasticity are not correct to first
order in the strain. Finally we provide an example for a par-
ticular material symmetry and for a particular constraint in
which the three stress tensors coincide, while in general they
are different.
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1. Introduction

This paper deals with the constitutive equations for the three
stress tensors (Cauchy stress tensor, first and second Piola-Kirchhoff
stress tensor) according to the so-called linearized finite theory of
elasticity for hyperelastic internally constrained materials (LFTE
in the following) formulated by Hoger and Johnson in [3]. In such
a theory the constitutive equations are derived by linearization of

the corresponding finite constitutive equations with respect to the
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displacement gradient (see [2], [3], [4] for more details); the consti-
tutive equations which hold in LFTE differ by terms that are first
order in the strain from those of the classical linear theory of elas-
ticity for constrained materials (CLTE in the following); for more
details concernig CLTE, we refer to [1], Section 58.

Application of LFTE to static or dynamical problems always pro-
vides unexpected results; static problems are discussed by Hoger
and Johnson in [2], by Marlow in [4] and by Tonon in [7], [8], while
wave propagation of acceleration waves is discussed by Tonon in
[5], [6]. In general both for static and dynamical problems the re-
sults provided by LFTE differ by terms which are first order in
the displacement gradient from the corresponding results obtained
by CLTE, since only LFTE guarantees the accuracy required by a
linear model.

This paper completes [3]: in fact in [3] only the constitutive equa-
tions for the Cauchy stress and the first Piola-Kirchhoff stress are
derived, while in this paper we also obtain the constitutive expres-
sion for the second Piola-Kirchhoff stress, according to LFTE.

It is worth noting that in continuum mechanics the knowledge
of a correct constitutive equation for the second Piola-Kirchhoff
stress tensor is of primary importance. For brevity, we only recall
two applications in which such a tensor plays a fundamental role:
the computational mechanics (FEM) and the method due to Green
and Spratt to solve boundary-value problems (see [9], Section 67).

Moreover in this paper we compare together the constitutive
equations which hold in LFTE for the three stress tensors; finally,
following [3] we compare our constitutive equations with those of
CLTE for constrained materials.

In Section 2, referring to [3], we briefly summarize the constitu-
tive equation for the Cauchy stress appropriate for LFTE and the
field equations used in such a theory. In Section 3 we recall the con-
stitutive equation for the first Piola-Kirchhoff stress given in [3] and
we obtain the constitutive equation for the second Piola-Kirchhoff
stress. Moreover we show that in LFTE the reaction stresses of the
three stress tensors differ by terms that are first order in the strain,
while the determinate stresses are the same. Finally we show that
the constitutive equations used in CLTE for the three stresses are
not correct to first order in the strain. In Section 4 the constitu-
tive equations for the three stresses are specified for incompressible



isotropic materials, for inextensible transversely isotropic materi-
als and finally for incompressible transversely isotropic materials;
only in the last case the three stresses are coincidentally indistin-
guishable. Our constitutive equations are also compared with those
provided by CLTE.

2. The Linearized Finite Theory of Elasticity for
hyperelastic constrained materials

In this section we briefly summarize the field equations of LFTE
for hyperelastic constrained materials (see [3]); in particular we
recall the constitutive equation for the Cauchy stress appropriate
for such a theory. As shown in [3], the constitutive equation for the
Cauchy stress usually adopted in CLTE is not correct to first order
of approximation.

Denote by B = f (By) the deformed configuration of the body,
where By is the reference configuration and f is the deformation
function; f carries the point X € By into the point x = f(X,t) € B,
where ¢ is the time. We define the displacement u, the deformation
gradient F and the displacement gradient H as

(1) u(X,t) =f(X,t) — X,
(2) F = Gradf,
(3) H=Gradu=F -1,

where Grad is the gradient operator taken with respect to X, while
I denotes the identity tensor.
The finite Green strain tensor is
1

(4) EG:§(C_I)7
where
(5) C=F'F

is the right Cauchy-Green deformation tensor.
For an elastic material subject to a single constraint, the possible
strains Eg are restricted by the finite constraint equation

(6) ¢(Eg) = 0.

If the elastic material is also hyperelastic, we denote by W=W (Eg)

the strain energy function.
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In finite elasticity for hyperelastic constrained materials the Cauchy
stress T is the sum of the determinate stress T, and the reaction
stress T, that is

(7) T=T,+T,,
where T, and T, are defined as follows
(8) T,= (detF)"' F 8—W(EG)FT
O0Eq
oc
9 T, = ¢F Eq)F7,
(9) q 8EG< a)

respectively (see [3], formula (3.3)); in (9) ¢ denotes a Lagrange mul-
tiplier. Note that in (8), (9) both W (Es) and ¢ (E¢g) are function
of the polynomial invariants of the strain appropriate for the mate-
rial symmetry of the body; denoting by {(E¢) the complete liste of
the polynomial invariants of Eq, we have W(Eq) = ©(I(E¢)) and
¢(Ec) = {((Eg)).

For isotropy, I(E¢) is given by
(10) (Eg) ={6L,1,15} = {I~Eg,I-Eé,I-E‘é};
for transverse isotropy with axis of symmetry k, {(Eg) is given by
(11) l<EG) = {117]27I37I47I5} =

— {I-E¢,I - E2,1-E} k-Eck k- E2k} .

Now we briefly summarize the method introduced in [3] to lin-
earize constitutive equations (7), (8), (9) with respect to H. By
(3), (4), (5) we have

1
(12) Eg =0+ (H+H") + o(H),
where O is the zero tensor; the tensor E defined as
1
13 E=_(H+H"
(13) 5 (H+H)

is the infinitesimal strain tensor.
In virtue of (12), for the constraint function ¢(Eg) in (6) the
following expansion holds

(1) &Be) = é0)+ 2 %

3 9B (0)- (H+H") + o(H);
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moreover in (14) we set ¢(O) = 0, in virtue of (6). Then by com-
bining (6) with (14) we obtain
1 o¢

(15) 2 OEq

(0)- (H+H") 4+ o(H) =0,

so that in terms of the infinitesimal strain tensor E the linearized
constraint equation is

(16) HE) =0,
. oc

where we have set ¢(E) = (O) - E.
O0Eq

ow
In order to linearize (8) we use for the term OT(EG) the linear-
e

ity of the derivative and (12); moreover the requirement that the

residual stress vanish provides W (0) =0.
) OE¢q
ow : .
Then for (E¢) the following expansion holds
OE¢q
oW 1 *W
17 —(Eg) == ——(0)(H+H" H).
(01 o (Be) = 5 g (O) (H+ HY) +o(tD)
From (3) we have
(18) detF =1+ trH + o(H),
so that
(19) (detF)™' =1 — trH + o(H).

Then by using (3), (17), (19) and discarding terms of order o(H)
we obtain the linearization of (8) appropriate for LFTE

02W

1
(20) Ta=3 OEGOEG

(0)] (H+H"),

where the subscript ¢ denotes evaluation on the linearized con-
straint equation (16) (see [3], formula (3.21)).

-

Since W(Eg) = w(l(Eg)), the fourth-order tensor a—VV(O)
8EG8EG

appearing in (17), (20) can be written explicitly in terms of the

polynomial invariants of the strain as follows
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iy
OEc

PW z”: "9 al,

TEGOEG ) = a1,01, ({0 5E, ()

(O)+
p=1 g=1
LE", 021

= i
+p§_; a1, 5E ok,

(21)
(O)’

where n is the number of the polynomial invariants and the symbol
® denotes tensor product (see [3], formula (3.13)).

In order to linearize (9), we write for the term aTC(EG) the
a
following expansion

oc oc 1 9%

99 B, = ¢ 1 9%
(22) 55 Fe) = 55-0)+ 3 35 K.

(0) (H+H") + o(H).

Then by using (3), (22) and discarding terms of order o(H) we
obtain the linearization of (9) appropriate for LFTE

96 ¢
75, 9t o8,

T, = q{ oc (0)+H (O)H" +

OEq
L1_o
) OEqOEG

(23)
(0) (H+ HT)}

(see [3], formula (3.9)). Since ¢(Eq) = £(I(Eg)), the derivatives
of ¢ appearing in (23) can be written explicitly in terms of the
polynomial invariants of the strain; for instance, the first derivative
takes the form

dé O al,

(0).

Equations (20), (23) provide the following expression for the Cauchy
stress T

1 W . dé dé
T= 5—0EG8EG(O) ~(H+H )+q{aEG(O)+HaEG(O)+
(24)
o¢ , 1 9% -
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In LFTE the field equations for the deformed configuration B are
given by (3), (13), (16), (24) and the equation of motion

(25) divT + pb = pu,

where div is the divergence operator taken with respect to x, p and
b are the mass density and the body force density of B, respectively,
while the superposed dot denotes time differentiation.

The constitutive equation for T used in CLTE significantly differs
from (24), as shown in [3]. In CLTE it is assumed that T can be
written as

oW ¢
2 T = E —(E
(26) () + e (),

where WE(E is the quadratic strain energy function for the equiva-
lent unconstrained material that has been evaluated with ¢(E) = 0,
where ¢(E) = 0 is the linear constraint equation (16) (see [3], for-
mula (5.1)).

A detailed comparison between (24) and (26) is given in [3], Sec-
tion 5; constitutive equation (24) contains some terms dropped in
(26), all of which are first order in the strain.

In CLTE such terms disappear since this theory is based on hy-
potheses of three kinds: the strain energy function is evaluated on
the linear constraint equation before differentiation, the constraint
function is linearized before the differentiation is carried out and
finally the product of the Lagrange multiplier and the deformation
gradient is neglected.

3. The three stress tensors according to the Linearized
Finite Theory of Elasticity

In this section we recall the expression for the first Piola-Kirchhoff
stress tensor given in [3] and we obtain the constitutive equation
for the second Piola-Kirchhoff stress tensor appropriate for LEFTE.

Comparison of the expressions for the three stress tensors pro-
vided by LETE shows that they differ by terms that are first order in
the strain, while in CLTE the three stress tensors coincide. More-
over we show that the constitutive equations for the three stress
tensors usually adopted in CLTE are not correct to first order of

approximation.
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According to the procedure of linearization exposed in Section 2,
the starting-point to obtain the relations between the first Piola-
Kirchhoff stress S and the Cauchy stress T or between the second
Piola-Kirchhoff stress T and the Cauchy stress T are the corre-
sponding relations provided by the finite theory of elasticity.

In finite elasticity S and T are defined in terms of T through the
relations

(27) S = (det F)TF 7

(28) T = (det F)F'TF 7T

(see [9], formulas (43A.11);, (43A.11)3, respectively).
From (3) we have F = I+ H; then the following expansions hold

(29) F'=1-H+o(H)

(30) F7=1-H"+0o(H).

By using (18), (29), (30) and discarding terms of order o(H), rela-
tions (27), (28) become

(31) S=T+ (trH)T — TH”
(32) T=T+ (ttH)T - HT — TH,
respectively.

Then the explicit expressions for S and T in LFTE can be ob-
tained by substituting (24) into (31), (32), respectively; of course
after substitution only terms that are linear in H must be retained.

This procedure of linearization provides for S and T the following
expressions

1 W - dé
S = 3 —aEGaEG(O) (H+H") +¢ {(1 + trH)—aEG(O)+
(33)
oc 1 0%¢
H S H+ H”
+Hap(0)+ 5 sp.0m, (O (H+ )}
and
-1 MW . dé
(34)
1 0% .
+§—6EG8EG(O) (H—I—H )},

respectively (for constitutive equation (33), (see [3], formula (3.23)).
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Moreover note that in LFTE the tensor T is symmetric, while
S is not symmetric; the same occurs in finite theory of elasticity.
In this sense LFTE retains the ”‘memory”’ of the finite theory of
elasticity.

Finally, for the sake of completeness we obtain the other relations
involving T, S, T within the framework of LFTE. The starting-
point are the relations which hold in finite elasticity, that is

(35) T=F"'S
(36) T = (det F)"'SF’
(37) T = (det F)"'FTF’
(38) S =FT;

by using (29), (19) and the procedure of linearization exposed
above, in LFTE relations (35), (36), (37), (38) become

(39) T=S-HS

(40) T =S - (trH)S + SH”
(41) T=T- (ttH)T +HT + TH"
(42) S=T+HT,
respectively.

Now we devote our attention to the comparison of expressions
(24), (33), (34) obtained for the three stress tensors: we see that the
determinate stress is the same, while the reaction stress is different,
so that we can claim that in LFTE the three stress tensors differ
by terms that are first order in the strain.

Constitutive equations (24), (33), (34) are fundamentally dif-
ferent from the corresponding equations used in CLTE. In such a
theory the three stress tensors are indistinguishable to this order
of approximation (T = S = T) both for unconstrained and con-
strained materials; they become distinguishable only if quadratic

terms in the deformation gradient are taken into account.



4. Examples

In this section the general constitutive equations for T, S, T ob-
tained in Section 3 are specified for incompressible isotropic mate-
rials, for inextensible transversely isotropic materials and finally for
incompressible transversely isotropic materials. For incompressible
transversely isotropic materials the constitutive equations provided
by LFTE for the three stress tensors coincide. Our constitutive

equations are also compared with the corresponding equations used
in CLTE.

(i) Incompressible isotropic materials
For the constraint of incompressibility, equations (6), (16) be-
come

(43) det(2Eqg +1I)—1=0
and

(44) trE = 0,
respectively.

For isotropy, the complete list of the polynomial invariants of Eq
is given by (10), so that the first derivatives of the invariants are

@]1 812 813 2
1 — 9B, —> —3E2.
OEq = OEgq @ OEq G

(45)

By (45) the second derivatives of the invariants, written in compo-
nent form, are

01 0
I(Eq)i;0(Ec)m
0%1,
uey  OBodlBa ot
I3 3
= —H0i(Eg)i + 61 (Eq)wi+
I(E¢)ij0(Eq)u 2{ K(Ee)ji + 01 (Ec)

+ 0k (Ec)i + 0u(Eq)k; } -
10



Substitution of (45), (46) into (21) provides for the components of

~

2

the tensor m(O) the expression
0*W
(47) a(EG)ija(EG)kl( ) 5Okt + 1(0ikdjt + dudjn)
where A and p are the Lamé moduli defined as follows
0w
(48) o
w
= —((0)).
S 1(0)
Moreover, from (43) we have
oc
0)=9;
8(EG)zj( ) J
(49) 0?¢
a(EG)ija(EG>kl (O) = — 261]{53‘[ - 261[(5]']4; + 452]5kl

By substituting (47), (49) into (24), (33), (34) and using (44) we
obtain the following expressions for the three stress tensors

(50) T =pu(H+H") + ¢l
(51) S=upuMH+H") +q¢I-H")
(52) T=uH+H) +¢I-H-H

(for T and S, see [3], formulas (4.15), (4.16). Though the final
formulas for the tensors T and S obtained in [3] are correct, in
such a paper some mistakes occur in the formulas which provide
the second derivatives of the polynomial invariants and the second
derivatives of TV and ¢é).

In CLTE the Cauchy stress tensor T is given by (26). The linear
constraint equation (44) provides
oc
53 — =1
(53) St
since for a linearly elastic isotropic material the strain energy func-
tion is
(54) W(E) = MtrE)? + ptr(E?),
11



we have

(5) WalE) = potr(E2)
and
(56) O (B) = oy

Then in this particular case equation (26) reduces to (50), so that
the constitutive equation for T used in CLTE is coincidentally cor-
rect. .

Moreover CLTE requires S = T = T, since in such a theory
the terms involving a product of the Lagrange multiplier and the
deformation gradient are neglected, while in (51), (52) they are
retained; then in virtue of (51), (52) the expressions for S and T
usually adopted in CLTE are not correct to first order in the strain.

(ii) Inextensible transversely isotropic materials
For the constraint of inextensibility, denoting by k the axis of
inextensibility, equations (6), (16) take the form

(57) (k@k)-Eg =0
and

(58) kok)-E=0,
respectively.

For a transversely isotropic material whose axis of symmetry co-
incides with the axis of inextensibility k, the complete list of the
polynomial invariants of E¢ is given by (11).

The first derivatives of the five invariants are

ol

.|
OB
ol,
_9F
OE¢ ¢
oL, . .,
(59) o5, = 9B
ol,
—k®k
oE, %
%—k@@(E k) + (Egk) ® k
OE, G G :

12



By (59) the second derivatives of the five invariants, written in
component form, are

01

=0
0(E¢)ij0(Eg)u
9%,
— bt + 66
d(Eq);j0(Eq)y
0?1,

) (e~ 3 B BBt
+ 0k;(Ec)u + 6 (Eg)rk; }
L
0(E¢)i;0(Eg)u
Pl 1
9(Eq)i;0(Ec) 2

Substitution of (59), (60) into (21) provides for the components
-

(kikléjk + kikkéjl +/€j k;lélk —|—/<:jkk5h) .

of the tensor W(O) the following expression
lele) el
O*W
I(Ec)i;0(Ec)u (0) = 1050k + a2(0ikiky + kik;o)+
ij

61 1
( ) + Oégkikjk‘kk'l + 044((5ik5jl + 5il(5jk) + 50&5 (/{Zkldjk‘f’
+ ik + kikida, + kikida)
where the coefficients aq, s, a3, ay, as are defined as follows
0%
(O
510 [1( (0))
0%w

ar01,10))

o) =

g —

0*w
62 =
(62) o1 = 5ror(10))

Ow
Oy = 8_1'2(1(0))
Ow
Q5 = 8_L3(l(0))
13




From (57) we have

oc
I(Eq)is (0) =Kk
(63) 026
0(E¢)i;0(Eq)u (0)=0.

By substituting (61), (63) into (24) and using (58) we obtain for
the Cauchy stress tensor T the form

T= a(trH)I+ ax(trH)k @ k + ay(H + HT)+
1
(64) 505 {Hk @ k) + H (k@ k) + (k @ k) H+

+kokH "} +g{kok+Hkok)+(k@kH"}.

The constitutive equations for the first and the second Piola-
Kirchhoff stress tensor are given by (33), (34), respectively; with
the use of (58), (61), (63) they take the form

S= a(trH)I + ay(trH)k ® k + ay(H + H?)+

(65) —f-%% (Hkok) + H (ko k) + (ko kH:

+kokH "} +¢{k @ k + Hk @ k)+ (trH)k ® k}
T= a,(trH)I+ ap(trH)k ® k + ay(H + HT)+

(66) %@5 {Hkok)+H (k@ k) + (k@ k)H+

+ (ko kH"} +¢{k @ k + (rH)k @ k}

(for T and S, see [3], formulas (4.27), (4.28). Also for this example
we note that the formulas obtained in [3] for T and S are correct,
but in such a paper the expressions written for the second deriva-
tives of the polynomial invariants and for the second derivatives of
W contain some mistakes).

In CLTE the stress tensor T is given by (26). The linear con-
straint equation (58) provides
oc

(67) e

E)=k®k
14



For a transversely isotropic material the strain energy function is
) W(E) = 31 (trE)? + Botr(E?) + B3k @ k) - E* 4
+01{(k® k) - E} + 5(0E) {(k® k) - E};

in virtue of constraint equation (58), (68) reduces to
(69)  Wa(E) = Bi(trE)* + fotr(E?) + fs(k © k) - E;
therefore
OW;
OE

By substituting (67), (70) into (26) we obtain for the tensor T the
form

(71) T=26(rE)I+2%E+ 03 {(k® k)E + E(k ® k)} + ¢k ® k,

usually adopted in CLTE.

Comparison of (64) with (71) shows that in CLTE both the de-
terminate stress and the reaction stress are not correct to first order
in the strain. The same holds for S and T.

(70) (E) =26,(trtE)I + 25E + 3 {(k ® k) E+ E(k ® k)} .

(iii) Incompressible transversely isotropic materials

In this case (61), (62) hold, while the linear constraint equation
given by (44) provides (49).

By substituting (49), (61) into (24) and using (44) we have for
the stress T the following form

T :%O‘?{(k@)k)'(HJrHT)}IJr
1 . i
72 505 {(k@k) - (H+H")} k@ k+as(H+H)+
+%O‘5{(k®k)H+(k®k)HT+H(k®k)+

+H'(kok)} + 4L

Moreover, by substituting (49), (61) into (33), (34) and using (44)
we obtain both for S and T expression (72). Then we can claim
that in this particular case the constitutive equations provided by

LFTE for the three stress tensors coincide.
15



In order to compare our expressions for the three stress tensors
with the corresponding expressions in CLTE we substitute the lin-
ear constraint equation (44) into the strain energy function (68);
then (68) reduces to

(73)  Wi(E) = Botr(E*) + B3(k @ k) - E* + B, {(k ® k) - E}”.

Therefore
oW

(74) OE

(E)= 25E+3:{(k®okE+Ek®k)}+

+ 26 {(k® k) -E}k® k.

Substitution of (53), (74) into (26) provides for the tensor T in
CLTE the form

T= 26E+3{(kekE+Ekok)}+

(75)
+ 28, {(k®k) -E}k @k + ¢l.

If we compare (72) with (75), we see that the expression for the
determinate stress obtained in CLTE is not correct to first order
of approximation. In fact, the first term in the determinate stress
appearing in (72) is missed in (75), while the other terms coincide;
the first term is missed because in CLTE the constraint equation is
linearized before the differentiation is carried out.

5. Conclusions

In this paper by using the linearized finite theory of elasticity
we obtain the constitutive equation for the second Piola-Kirchhoff
stress tensor appropriate for constrained hyperelastic materials.
Moreover we show that to first order of approximation in such a
theory the three stress tensors are different, while in classical linear
theory of elasticity they are indistinguishable.

For the moment we stop here our analysis; nevertheless it is worth
noting that the results obtained in this paper represent the starting-
point in order to derive correct expansions up to terms of second
order in the displacement gradient for the three stress tensors in
constrained hyperelastic materials. We leave this study for our

next paper.
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