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1. Introduction

A vector weighted pseudodifferential operator is characterized by a smooth symbol
which in general satisfies the estimates:

10807 al@, €)| < cam(E)AE) " (L.1)

Here m(§) is a suitable positive continuous weight function, which indicates the
“order” of the symbol, and A() = (A1(§),...,A\n(§)) is a weight vector that esti-
mates the decay at infinity of the derivatives; see the next Definition 2.6.

The paper must be considered in the general framework given by the symbol
classes S*(¢, ) and S(m, g), introduced respectively by R. Beals [1] and L. Hor-
mander [10], [11]. Particularly we follow here the approach of Rodino [13], where
a generalization of the Hérmander smooth wave front set is given, and Garello [4],
where the extension to the inhomogeneous microlocal analysis for weighted Sobolev
singularities of L? type is performed.

In a previous work [7] we studied continuity and microlocal properties of quasi ho-
mogeneous LP type, for pseudodifferential operators of zero order, whose symbol



Vector weighted LP microlocal properties 3

satisfies the decay estimates at infinity:

k]

080w, €)| < cap [[€)0" (1.2)

Jj=1

where M = (mq,...,m,) € N, min m; =1 and (€)p = 4/1 +Z’7:1§2.m3'.
1<j<n 3=15j

Considering now the classical Hérmander symbol classes S5, see [11, Ch. 18], it
is a matter of fact that the quasi-homogeneous symbols, characterized by (1.2),
satisfy in natural way the condition

0la(z,€) € Spo, v e{0,1}", (1.3)

for suitable 0 < p < 1. The corresponding pseudodifferential operators are LP
bounded, see Taylor [14, Ch. XI, Sect. 4]. Note that the estimate (1.3) follows
1

m;

essentially from the fact that, (§),;/ > |¢;|, forany j =1,...,n.

Assuming that a similar condition is satisfied by the components of the weight
vector in (1.1) (see Definition 2.1), in Section 2 we obtain a family of weight vectors
which define, via (2.17), a class of L? bounded pseudodifferential operators.

In the study of the microlocal properties of these operators, the main problem
arises from the lack of any homogeneity of the weight vector A(£); this does not
allow us to use in a suitable way conic neighborhoods in R, as done in the classical
definition of the Hormander wave front set, see [11] and the quasi-homogeneous
generalization given in [7]. Following now the approach in [13], [4] and [8], suitable
neighborhoods of sets X C Rf are introduced in Section 4; they allow us to derive
in Section 5 useful microlocal properties.

Finally, in Section 6 the microlocal results are expressed in terms of m-filter of
Sobolev singularities, following the approach in [4].

2. Vector weighted symbol classes

Definition 2.1. A vector valued function A(§) = (A\1(£),..., A\n(£)), £ € R™, with

positive continuous components A;(€) for j = 1,...,n, is a weight vector if there
exist positive constants C, ¢ such that for any j =1,...,n:
c(€)° < A;(6) < €O (2.1)
Ai(€) = clgl; 2.2
Aj(m) - 1
c< S SC when > 1€ = ml ()Tt < e (2.3)
J k=1

As usual we denote, for £ € R™: (&) = /1 + [¢]?



4 G. Garello and A. Morando

Definition 2.2. A positive real continuous function m(§) is an admissible weight,
associated to the weight vector A(€), if for some positive constants N, C, ¢

m(n) < Cm(€) (1+In— &)™ ; (2.4)
é < :’;E’g <C when kZ:l 16 — 1 A(m) ! < e (2.5)

We say that a vector valued function A(€) = (A1(€), ..., An(§)) is slowly varying if
condition (2.3) is satisfied. Analogously, a function m = m(¢) satisfying condition
(2.5) is said to be slowly varying with respect to the weight vector A, while m is
temperate when condition (2.4) holds true.

Considering respectively £ = 0 and 1 = 0 in (2.4) it follows that & ()= <m(¢) <
™.

We say that two weights m(€), m(&) are equivalent, and write m(§) < m(€),
ife< :;Eg < C, for some positive constants ¢, C. Again i&(ﬁ) = (;\1(5), e S\n(g))
is equivalent to A(€), if X;(€) = A;(€), for any j = 1,...n. It is trivial that m(¢)
and A(&) are respectively admissible weight and weight vector.

Moreover set m(§) =~ m(n) if ¢ < m(n) < C, for some positive constants ¢, C.

m(§)

N\ 1/2
Ezample. 1. Consider (&) = (1 + Z?:l f?m]> quasi-homogeneous polyno-
mial , where M = (mq,...,m,) € N* and 1r<m£ mj; = 1. Then Ap () =
<j<n

((Q}Véml, e (fﬁ\//[m") is a weight vector.

2. For any positive continuous function A(§) satisfying (2.1) and the slowly
varying condition

n L 1
Am) ~ AE), when > Jn = & () + s} < c, for somec, >0, (2.6)

j=1

the vector A(§) := ()\(f)i + &1, -, )\(S)i + |§n|) is a weight vector, see [8,

Proposition 1] for the proof. In such frame emphasis is given to the multi-

1/2
quasi-homogeneous polynomials Ap(§) = (ZaEV(P) §2°‘> / , where V(P) is
the set of the vertices of a complete Newton polyedron P as introduced in [9],
see also [2]; in this case, the value u in the definition of A(¢) and in condition
(2.6) is the formal order of P.

3. Any positive constant function on R” is an admissible weight associated to
every weight vector A(€).

4. For any s € R, the functions (£)3,, A(§)® are admissible weights for the weight
vectors respectively defined in 1. and 2.
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Remark 2.3. Consider a function \(£) satisfying the slowly varying condition (2.6).
Since |€—n|* < eA(n) implies A(n) < CA(&) < CA(&) (1 + € — n])*, using moreover
(2.1), we obtain that A(§) satisfies the temperance condition (2.4) with constant
N = pu.

Proposition 2.4. For A(€) = (A1(€),..., A (§)) weight vector, the function:

7€) = min A,(O), (R (2.7

is an admissible weight associated to A(€) and it moreover satisfies (2.6).
n
Proof. In view of (2.2) and (2.7), the assumption > |&x — ni| (x(n) + |m]) " < ¢
k=1

n
directly gives > |&x — i \k(n)~! < & where ¢ > 0 depends increasingly on c.
k=1

Then for suitany small ¢, we obtain from the slowly varying condition (2.3) and
some C' > 0: £A;(§) < Aj(n) < CA;(§), for any j = 1,...,n. It then follows:

Lr(€) = dminki(§) < 7(n) = mink;(n) < Cmin;(¢) = Cr(€). Thus (¢)
satisfies (2.6) and in the same way we can prove that it fulfils (2.5). Then by
means of the previous remark we conclude the proof. O

Lemma 2.5. If m,m’ are admissible weights associated to the weight vector A(§),
then the same property is fulfilled by mm’' and 1/m.

Proof. m(n) < Cm(&) (L+[€—n)" <= 1/m(¢) < Cl/m(n) (1 + ¢ —n)™;
then interchanging ¢ and 7 we immediately obtain that 1/m is temperate. The
remaining part of the proof is then trivial. O

Definition 2.6. For Q open subset of R, A(§) weight vector and m(§) admissible
weight, the symbol class S, 2 (€2) is given by all the smooth functions a(z,§) €
C>(2xR™), such that, for any compact subset K C  and «, § € Z7, there exists
Ca,8,k > 0 such that:

sup 005 a(x,€)| < capx mEAE)Y, EER” (2.8)

where, with standard vectorial notation, A(§)Y = [T,_; Ae(€)7".

Sm.A(€2) turns out to be a Fréchet space, with respect to the family of natural
semi-norms defined as the best constants ¢, g x involved in the estimates (2.8).

Remark 2.7. Let A(€) be the weight vector according to Definition 2.1 then:

1. considering now the constants C,c in (2.1) and N in (2.4), the following
relation with the usual Hormander [11] symbol classes S7%5(£2),0 <6 < p <1,
is trivial:

Sma(Q) € SN (Q). (2.9)
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2. If mq, my are admissible weights such that mq < Cmg, then S,,, A(Q) C
Sins,A(€2), with continuous imbedding. In particular the identity Sy, A(£2) =
Sima,A(€2) holds true, as long as my < mo.

When the admissible weight m is an arbitrary positive constant function, the
symbol class Sy, 4 (€2) will be just denoted by Si(Q2) and a(x,&) € SA(Q) will
be called a zero order symbol.

3. Since for any k € Z, the admissible weight 7(£)~" is less than CF(¢)~¢F,
then for m admissible weight we have

() Smr-rsa(@ C [ S0 (@) =5">(Q).

kEZ+ NezZy
On the other hand a(z,£) € S™°°(£2) means that
sup |8£(‘3§‘a(x,§)| < caplE)o forany peR, K cc Q. (2.10)
zeEK

Recall now that, for suitable N,C' > 0, m(&) > &)™V, (&) < C(¢)
and \;(§) < C(6)°. Then setting, for any fixed a € 7% and arbitrary
k€ Zy p=—-N—k—(C—1)|af in (2.10), we obtain \858?@(90,5” <
Ca,pm(E)T(E)7FA(E)~?, for suitable ¢, g, that is a(z,£) € S,p-rA(Q) for
any k € Z. Then

() Smr-ra() = S72(9). (2.11)
k€EZ 4
4. Using (2.8), (2.4), (2.1) and (2.2), it immediately follows that for any o,y €

7y, K @ Q,

sup |€70 7 a(,€)] < Moy 1 (€)1
T

with some positive constant My . Then Sy, A(Q2) € M2;(Q). Here M7 (),
0 < p < 1, are the symbol classes defined in [14] given by all the symbols
a(z,§) € S},(Q) such that for any v € {0,1}", £79/a(z, &) € S ((D).

By means of the arguments in [12] Proposition 1.1.6 and [1] jointly with
Remark 2.7 we obtain the following asymptotic expansion.

Proposition 2.8. Given a weight vector A(§) = (A(€),..., A (&), let m = 7(§)
be the admissible weight defined by (2.7). For any sequence of symbols {ay}rez, ,
ar(x,€) € Spr—r (), there exists a(x,§) € S a(2) such that for every integer
N >1:

a(lL’,f) - Z ak(xaf) S Sm‘n'*N,A(Q) . (212)
k<N
Moreover a(z,§) is uniquely defined modulo symbols in S—>°(2).

We write .
a(z, &) ~ > ax(x,8), (2.13)
k=0

if for every N > 1 (2.12) holds.
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Proposition 2.9. Any admissible weight m(§) admits an equivalent smooth admis-
sible weight m(&) € Sy A (R™) = Si A (R™).

Proof. For fixed € > 0, in the set of smooth compactly supported functions
C§°(R™), consider a non negative ¢(¢) such that |(;| < e for every j =1,...,nin
supp ¢(¢) and ¢(¢) = 1 when [(;| < §, j = 1,...,n. Taking now the weight vector

A(6) = (M1(6), -+, Au(§)), we set:

. §&1—m & — M
(&) “S”< N ) ) ‘

Notice now that in the support of ®(&,7) one has [£; — n;| < e\j(n), for any
Jj=1,...,n, and ®(§,n) is identically equal to 1 when [§; —n;| < $A;(n). Then,

assuming € < 5~ and &, in supp ®(&,7n), (2.3) assures that, for some C' > 0,
H =¢C:

>

i
(€
The same is true when ®(&,7) = 1 by changing H with H = gC’. Then

c< <C and |§—n|<HNG, j=1,...,n

>

Je€nan<lvl [ o€~ ndn= el [

Jeemn= [xpele - man= ey T[ne.

Here xp(¢ and Xj(e) are the characteristic functions respectively of the cube

B(&) = Ty [-HX;(€), H);(§)] and B(&) = [}, [—ﬁxj(g),ﬁAj(g) . It then
n

follows that [ ®(&,n)dn = [ ;(£). Set now:

(E) = / m(n)® (€, )Ty s ()~ dy, (2.14)

Since for ¢ < - and any j = 1,...,n, |§; —n;| < eX;(n) in supp ®(&,7), it follows
from (2.3) and (2.5), m(n) = m(§) and A;j(n) = X;(§), for any j = 1,...,n, then

m(&) < m(§). Moreover m(§) is obviously smooth and for any o € Z7} :

o (€)= [ mlmoge (5;1‘(7;;1 o f;n‘(:)") L[ tan @19

Since supp 8?@ C supp , we obtain, for some positive constant My:
|0°m(&)| < Man(§)A(E)™7, (2.16)

which concludes the proof. O
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Thanks to the relations with the Hormander symbol classes (2.9), we can
define for a(x,&) € S, A (2) the pseudodifferential operator

a(z, D)u := (277)‘”/6”‘561(:6,5)11(5) d¢, weC5(). (2.17)

Op Sm,a(€2) denotes the class of all the pseudodifferential operators with symbol
in Sm,A(Q).

Any symbol a(x, &) € Sy a(€2) defines by means of (2.17) a bounded linear opera-
tor: a(z, D) : C§°(Q) — C°°(Q), which extends to a linear operator from &'(f2) to
D'(Q). Let now évam,A(Q) be the class of properly supported pseudodifferential
operators, that is the operators which map C§°(2) to £'(€) and the same happens
for their transposed.

For any a(z,&) € Sma(R), there exists a’(z,&) € Sy, a(R) such that o'(z, D) is
properly supported and o' (z, &) ~ a(x,§), that is o’ (z,£) — a(z,£) € ST2(Q).

Proposition 2.10 (symbolic calculus). Let m(&), m’(§) be admissible weights as-
sociated to the same weight vector A(§) and ai(x, D) € Op Sy, A (), az(x, D) €
Op Sy A(Q). Then ay(z, D)ax(z, D) = b(z, D), where b(x,&) € Syum: A(Q), and

b &) ~ Y é@?al(x,f)Dgag(m,ﬁ) D= (—i)lelge (2.18)

Consider now m(§) = 1, then by means of the arguments in Remark 2.7(4), Sx ()
is contained in the Taylor class MB’O(Q), for suitable 0 < ¢ < 1. Let us recall that
a symbol a(z,£) belongs to M? (), if §707a(z,§) € 520(€2) for all multi-indices
~v € {0,1}™. Then applying the arguments in Taylor [14], see also [6, Theorem 4.1,
Corollary 4.2], the following property immediately follows.

Proposition 2.11. If a(x,£) € SA(Q), then, for any 1 < p < oo
a(z, D) : LE,, () — LT (Q).

comp

3. Weighted Sobolev spaces

Consider the class of global symbols Sy, o given by the smooth functions a(x,&) €
C*>°(R?") which satisfy

sup 0805 a(,€)| < capm(E)AE)™Y, EER™ (3.1)
Then the pseudodifferential operators in OpSy, a defined by (2.17) map contin-
uously S(R™) to S(R™) and may be extended to bounded linear operators from
S'(R™) into itself. Thanks again to the arguments in Remark 2.7, every pseudo-
differential operator with zeroth order symbol in Sy, maps continuously LP(R™)
to LP(R™), 1 < p < oo. The symbolic calculus in Proposition 2.10 is true again for
a(z, D) € Op Sy,.a and b(x, D) € Op Sy, a. Moreover Proposition 2.9 assures that
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m(§) admits an equivalent weight which is a symbol in S, ». Without loss of gen-
erality, from now on we consider m(&) € Sy, . We can then define for 1 < p < oo
the weighted Sobolev space of L? type:

HP :={u e S'(R"), suchthat m(D)u € LP(R™)}. (3.2)

HP may be equipped in natural way by the norm |[ullpm = ||m(D)ullL» and
it then realizes to be a Banach space (Hilbert space in the case p = 2 ). With
standard arguments it can be proved that S(R") C HE, C S§'(R™), with continuous
embeddings and moreover S(R™) is dense in HE,, 1 < p < oo. For any open subset

Q C R” the following local spaces may be introduced:

an,comp(Q) = gl(Q) N HSL; (33)
HY, 106(Q) = {u € D'(Q) such that, for any ¢ € C5°(Q), pu € HE,} .(3.4)

It is now trivial that C>°(Q) C H}, |,.() for any 1 < p < oc.

Proposition 3.1. Consider m,m’ admissible weights and ay(x,€) € Spma, as €
S A (), then for any p €]1, 00| we have:

ay(z,D) : H? Hf;/m,; (3.5)

az(x, D) : HY, comp(€2) = Hﬁ)’@/m/JOC(Q). (3.6)
If moreover a(x, D) is a properly supported operator in ONpSm/,A(Q) then:

0@, D) 5 Hl ooy (@) > HE (), (3.

a(z, D) : H, ,,.(2) = H’r’;z/m’,loc(ﬂ)' (3.8)

Proof. Since m/m’ is an admissible weight, the symbolic calculus in Proposition
2.10 assures that

[m/m/] (D)ax(z, D)u = m(D)[1/m'|(D)ax (2, D)[1/m](D)ym(D)u, u € S(R")
and m(D)[1/m'](D)a; (z, D)[1/m](D) is a pseudodifferential operator with symbol
in Sx. Thanks now to the LP continuity of Op .Sy, we obtain:

lax(z, D)ull/m = || Im/m/] (D)as (2, D)ul r < K[m(D)ul|r> = K|ullp,m-
Since S(R™) is dense in HE,, then a;(x, D) extends univocally to a bounded linear

operator from HP, to an/m,.

By standard arguments the proof applies to (3.6),(3.7), (3.8). O

Definition 3.2 (elliptic symbols). A symbol a(z, &) € S a(Q) is elliptic if for any
compact K CC € there exist cx > 0 and Rg > 0 such that:

la(z,8)] = cxm(§), ze K, [§|= Rk. (3.9)
Proposition 3.3 (parametrix). Let a(xﬁ) € Sm,a () be a elliptic symbol. Then a
properly supported operator b(x, D) € OpSy/m A () exists such that:
b(z, D)a(x, D) = Id + p(x, D), (3.10)
where p(x,€) € ST*(Q) and Id denotes the identity operator.
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See [12, Theorem 1.3.6] for the proof of the above result.

Proposition 3.4 (Regularity of solution to elliptic equations). Consider p €]1, o],
the admissible weights m(&), m/(§), and the m'—elliptic symbol a(x,&) € Sy A (Q).
Then for every u € &'(Q) such that a(z,D)u € Hi/m' 10c(€2), we have u €

Hr (Q). If a(x, D) is properly supported, then v € HP JOC(Q) for every u €

m,comp m

D'(Q) such that a(x,D)u € Hy |, 1,.(2).

Proof. Thanks to Proposition 3.3, there exists b(z, D) € (,)Vp S1/m A (€2), such that
b(x, D)a(x, D) = I+p(x, D), with p(x, &) € ST°(Q). Since p(x, D) is a regularizing
operator and a(x,D)u € Hﬁb/m, 10c(€2), we can conclude from (3.6) that u =

b(z, D) (a(x, D)u) — p(x, D)u € HY, 1,.(Q). O

4. Microlocal Properties of pseudo-differential operators with
symbols in S,, A(£2)

Definition 4.1. A symbol a(z,§) € Sy, A (€2) is microlocally elliptic in a set X C Rf
at the point x( € 2 if there are positive constants cg, Ry such that

la(zo,&)| > com(§), when €€ X, || > Ro. (4.1)

The A-neighborhood of a set X C R™ with length ¢ > 0 is defined to be the open
set:

Xep = U {1& — & <er;(€”), forj=1,...,n}. (4.2)

£0eXx

Moreover for xy € €2 we set:
X(xo) :={xo} x X, Xea(xo) := Be(x0) X Xen, (4.3)

where B.(z) is the open ball in  centered at o with radius e.

Noticing that A(§) is a weight vector according to [13], the following properties of
A-neighborhoods can be immediately deduced from [13, Lemma 1.11] (see also [8]
for an explicit proof). For every ¢ > 0 a suitable ¢* (depending only on € and A),
satisfying 0 < €* < €, can be found in such a way that for every X C R™:

].. (XE*A)E*A C XgA;
2. (R™\ Xcp)p CR™\ Xesp

In view of [13, Lemma 1.10], one can also prove that for arbitrary ¢ > 0 and
X C R"™ there exists a symbol 0 = o(§) € Sp such that suppoc C X.p and
o(§) = 11if € € X, for a suitable ¢/, 0 < ¢’ < ¢ depending only on & and
A. Moreover for every zy € € there exists a symbol 7o(z,£) € Sx(Q) such that
suppTo C Xea(zo) and 7o(x,&) = 1, for (x,€) € Xe«a(x0), with a suitable e*
satisfying 0 < e* < e.
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Proposition 4.2. If a symbol a(x,§) € Sy, a(S2) is microlocally elliptic in X C R
at the point xo € Q, there exists a suitable ¢ > 0 such that (4.1) is satisfied in
Xea(zo), that is for suitable constants C, R > 0

la(z,8)| = Cm(§),  for(x,€) € Xea(wo), [€]>R. (4.4)

Proof. Let the symbol a(z, ) € Sy, A (R2) be microlocally elliptic in X C R™ at the
point zg € Q and let €2 € X be arbitrarily fixed. Since () is open, a positive ¢*
can be found in such a way that Be«(zg) := {z € R" : |z — x¢] < e*} C ; for
0<e<e*and (2, € Xcoa(xg), a Taylor expansion of a(x, £) about (zg,£°) gives
n ) .
a’(x7£) - a(an 50) = Z (.’E] - xg))awﬂ a(xtv ft)dt + (5] - gg)afja(xtv ft)dtv (45)
j=1
where it is set (24,&") := ((1 — t)zo + tx, (1 — t)§° + t) for a suitable 0 < t < 1.
Since |€! — €9] = [t]l¢; — €9] < 2)y(€7) and [] — 23| = [f]l27 — | < e, from (2.8)
there exists C* > 0, depending only on *, such that
n
la(z, &) — a(wo, £%)] < Zl eCm(€r) +eX; (€°)C m(ENAT (). (4.6)
J:
In view of (2.3), (2.5), € > 0 can be chosen small enough such that

1 1 .
SNED SXNE) S ONE), GmE) smE) <Om(E),  1<j<n,
(4.7
for a suitable constant C' > 1 independent of ¢ and €. Then (4.6), (4.7) give
la(@,€) — a(w,€%)] < Cem(&°), (4.8)

with a suitable constant C' > 0 independent of ¢.

Let the condition (4.1) be satisfied by a(x, ) with positive constants cp, Ry. Pro-
vided 0 < ¢ < €* is taken sufficiently small, one can find a positive R, depending
only on Ry, such that [{] > R and |¢; — §?| < eXj(€0) for all 1 < j < n yield
|€%] > Ro; indeed, from (2.1)

6= <D 1G — &) <D M(E%) <nCer(1+16)°,

j=1 j=1
and then
€] < 16°) + 1€ — €°1 < [€°] + nCe™ (1 + |67
Hence, it is sufficient to choose R such that R > Ry + nCs* (1 + Ry)©.
Since |€°| > Ry, the microlocal ellipticity of a(z,¢) yields
|a(z0,€%)| > com(€°); (4.9)
then (4.8) and (4.9) give for (z,£) € Xca(xo) and |§| > R

ja(z,€)| = la(zo,€%)| — la(w, €) = a(wo,°)| = (co — Cem(€”) = Tm(€°), (4.10)

up to a further shrinking of € > 0. From (4.10), the condition (4.4) follows at once,
by using that m(¢) ~ m(&°). O

C

=+ ‘\"‘o
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Definition 4.3. We say that a symbol a(x,&) € S,,,4(€2) is rapidly decreasing in
© C Q x R” if there exists ag(z,£) € S a(Q) such that a(z,§) ~ ap(z,§) and
ap(z,§) =01in ©

Theorem 4.4. For every symbol a(z,£) € Sy a(2) that is microlocally elliptic in
X CR™ at a point xo € 2 there exists a symbol b(x,&) € Sy /m () such that the
associated operator b(x, D) is properly supported and

b(z, D)a(x,D) = Id+ c(z, D), (4.11)
where c(x,&) € Sp(Q) is rapidly decreasing in X a(xo) for a suitable r > 0.
Proof. We follow the same arguments used for the proof of [8, Theorem 1]. By
Proposition 4.2, there exists € > 0 such that a(z,&) is microlocally elliptic at

Xea(zo). Let 79(z,€) be a symbol in Sy (2) such that 79 = 1 on X a(x0), for a
suitable 0 < &’ < ¢, and supp 19 C X.a(29). We define bg(x, &) by setting

7—0('7;75)
bo(2,€) =1 a(x,§) for (2,€) € Xea(20),
0 otherwise .

Since a(x, ) satisfies (4.4), with suitable constants C, R, by(z, &) is a well defined
C>°—function on the set  x {|¢| > R}. For k > 1, the functions b_(z, &) are
defined recursively on  x {|¢| > R} by

(4.12)

- 1 9o Dga(z,£)
bok(w,§) = 0<%Sk 21080 gy jal(2,6) a@.8) for (z,€) € Xe(2o),
0 otherwise.

(4.13)
The b_g(z,£) can be then extended to the whole set Q x R™, multiplying them by
a smooth cut-off function that vanishes on the set of possible zeroes of the symbol
a(x,&); for each k > 0, the extended by, is a symbol in S;—x /p, 2 (). In view of
the properties of the symbolic calculus, a symbol b € S}/, 4 (£2) can be chosen in

such a way that
b~

k>0
and b(x, D) is a properly supported operator. By construction, the symbol of
b(xz, D)a(z, D) is equivalent to 7o(x,&); thus the symbol of b(z, D)a(x, D) — Id
belongs to Sx(2) and is rapidly decreasing in X, (xo) for 0 < r <¢'. O

Proposition 4.5. For zp € Q, X C R", u € D'(Q), 1 < p < oo, the following
properties are equivalent:

i) there exists an operator a(x,D) € 6vaA(Q) whose symbol is microlocally
elliptic in X at the point xg, such that a(x, D)u € H&JOC(Q);

i) there exist a symbol 0 = o(§) € Sy, such that suppo C Xcp, 0(§) = 1 when
& € Xy for suitable 0 < &' < e, and a function ¢ € C§°(Q), with ¢p(x) =1,
satisfying o(D)(ou) € HE,.
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Proof. i) = ii): Let the operator a(z, D) EA(?E)SA(Q) satisfy the assumptions in
i); from Theorem 4.4 there exists b(x, D) € OpSx () satisfying

b(z, D)a(x,D) =1d + ¢(z, D), (4.14)
where ¢(x, &) € Sa(Q) is rapidly decreasing in X.a(xg) for some 0 < £ < 1.

Let o(§) € Sp and ¢(z) € CF*(£) satisfy the conditions in 4i) with suitable
0 <&’ <e. From (4.14) we write

a(D)(¢u) = a(D)p(x)b(x, D)a(z, D)u — o(D)¢p(x)c(x, D)u. (4.15)
Since a(z, D)u € H? | (Q), by Proposition 3.1 a(D)¢(x)b(x, D)a(z, D)u € HP,.

m,loc

As regards to the second term o(D)¢(z)c(x, D)u in the right-hand side of (4.15),
the operator ¢(x, D) is known to be properly supported (since a(x, D) and b(x, D)
are so and (4.14) holds true). Then a function ¢ € C§°(92) can be found in such a
way that

O(w)c(w, D)u = ¢(w)c(w, D)(ou). (4.16)
Since c(x, §) is also rapidly decreasing, there exist cg(x, &) € Sp (), supported in
(@ x R™) \ X a(z0), such that

plx, &) :=c(x,&) — co(x,€) € ST(Q). (4.17)

Then _
o(D)(¢(x)c(z, D)u) = o(D)(¢(z)c(x, D)(¢u))
B B (4.18)
= o(D)(¢(x)co(x, D)(¢u)) + o(D)(d(x)p(z, D)(du)) -

We immediately get o(D)(¢(z)p(z, D)(du)) € S(R™) C H?,.
Now, let us set d(z,D) = o(D)¢(x)co(x, D); from the symbolic calculus, the
symbol of d(z, D) enjoys the asymptotic expansion

&) ~ 3 L 020(€) DI ((x)eolr, ). (4.19)

Since suppo C Xep, 0go(§) = 0 as long as § ¢ Xca. On the other hand, co(z, ) =
0 for € € XEA and z € B (xo) and ¢(x) = 0 for = ¢ B.(xo). Hence for all o € Z7

co(§)Dg (¢(x)eo(w,8)) =0, for (,£) € 2 x R"; (4.20)

thus d(z,£) € S°(Q) and we get o(D)(¢(z)co(x, D)(du)) = d(z, D)(du) €
C*(9). On the other hand, the two operators o(D) and ¢(x)co(z, D) have global
symbols o(£) and ¢(x)co(x,€) in Sy; then d(x, &) is a global symbol in S™°° and
d(z,D)(¢u) € S(R™) C HP,.

i) = i): Let o(§) € Sp and ¢(z) € C3°(R), satisfying the assumptions in i), be
such that o(D)(¢u) € HE,. Since Sy C Sp(€2), there exists o(x,&) € SA () such
that o ~ ¢ and o (z, D) is properly supported. Let us set a(z, D) := o(x, D)¢p(x) €
Op SA(€); we also have

6~ 3 0, DI (4.21)
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In particular, 7(z,§) = a(x,§) — d(x,£)o(x) € Sr-1,4(R2) and p(z,§) := o (x,§) —
o(§) € S7>(Q). Hence

a(z,€) = (a(§) + p(x,€))p(x) + 7(2,§) = o(§)d(x) + 0(x, ), (4.22)
where 0(x,&) = p(z,§)o(x) + 7(x,§) € Sp-14(R). This proves that a(z,§) is
microlocally elliptic in X at zp; indeed for £ € X (and in view of (2.1))

la(wo, €)| 2 ()] = |0(x0,€)] =1 — Com™(§) 21~ C1(6) ™, (4.23)

hence |a(zo,£)| > § when (| > R and R > 0 is taken sufficiently large. Finally,
one computes

a(z, Dyu = 6 (x, D)(¢u) = o(D)(¢u) + p(x, D)(¢u) € Hy, 1, (),
which completes the proof. O
Definition 4.6. For X C R", zp € Q and p €]1, 00[ we say that that u € D'(Q) is

microlocally HE, —regular in X at the point 2 € €2, and write u € mclHP, (X (z¢)),
if one of the equivalent properties in Proposition 4.5 is satisfied.

5. Microlocal Sobolev Continuity and Regularity

In the following, we will provide a microlocal counterpart of the properties of
boundedness and regularity for pseudodifferential operators developed in Section
3. In the sequel, m,m’ are two admissible weights associated to the same weight
vector A.

Proposition 5.1. Let 9 € Q, X C R", a(z,D) € OY)Sm,A(Q) be given. Then for
p €1, 00 and u € mclHY , (X (z0)) one has a(xz, D)u € mcle;,/m(X(xo)).

Proof. From Proposition 4.5, there exists b(x, D) € 6£)SA(Q), with microlocally
elliptic symbol, such that b(z, D)u € H), ,.(Q). From Theorem 4.4 there also

exists an operator ¢(z, D) € 6vaA(Q) such that
e(, D)blz, D) = 1d + p(x, D), (5.1)

where p(x,£) € Sp(Q) is rapidly decreasing in X, (zp) for some 0 < r < 1. Let
r* > 0 be such that

(Rn \ XrA)r*A CR" \ XA ’ 0<r < T, (52)
and take a symbol 7o(x,£) € Sa(Q2) satisfying
supp 7o C Xy=a(20) , 7o =1 on X,a(20),

with a suitable 0 < 7/ < r*. Finally, let 7(x,£) be a symbol such that 0y (z,§) :=
T(z,8) — 10(x,&) € ST°(Q) and 7(x, D) € OpSa(©2). One can check (see [8] for
details) that 7(x,£) is microlocally elliptic in X at z¢; in particular, 7(z,&) =
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Oo(x, &) € §7°¢(Q) for (z,€) & Xpwn(z0)-
Arguing as in the proof of [8, Theorem 2], from (5.1) we write

7(x, D)a(x, D)u = 7(x, D)a(z, D)c(x, D)(b(x, D)u) — 7(x, D)a(x, D)p(z, D)u

(5.3)

Since 7(x, D)a(z, D)c(x, D) € OpSp, A(Q) and b(x, D)u € H}, () then we get

7(z, D)a(z, D)c(x, D)(b(z, D)u) € HY, ' fmojoc(§2)- Moreover, it can be shown that
in view of (5.2)

o(z)7(x, D)a(z, D)p(z, D)u € C5°(Q) C H?

m'/m
for every ¢ € C§°(Q), so that 7(z, D)a(x, D)p(x,D)u € HP m! Jm, 10c(€2) (see [8,
Theorem 2]).
This proves that 7(z, D)a(x, D)u € H? ' /m.joc(§2) and ends the proof. O

Proposition 5.2. For zg € Q, X C R", let the symbol of a(x, D) € 6vam7A(Q) be
microlocally elliptic in X at the point xo. Then for every p €]1,00[ and u € D'(Q)
such that a(z, D)u € mclHﬁL//m(X(mo)) one has uw € melHY (X (x0)).

Proof. From Proposition 4.5, there exists an operator b(z, D) € 6})5 A () microlo-
cally elliptic in X at z¢ such that

b(z, D)a(x, D)u € H? ' 1oc(80) - (5.4)

From Theorem 4.4 there exist ¢(z, D) € OpSs(Q) and ¢(z, D) € (/)val/m,A(Q)
such that

c(x, D)b(x, D) =1d + p(z, D), q(z,D)a(x,D) =1d + o(x, D), (5.5)

with p(z,£),0(x,&) € S™°(Q) rapidly decreasing in X, (xg) for a suitable 0 <
r <1

Let the symbols 7q(z, ), 7(x, &) € SA(2) be constructed as in the proof of Propo-
sition 5.1. It can be proved that 7(x, D)u € H? | (), by writing

m,loc

7(z, D)u = 7(x, D)q(z, D)c(x, D) (b(x, D)a(x, D)u) 50
—7(x, D)q(z, D)p(x, D)a(x, D)u — 7(x, D)o(x, D)u '

where the identities (5.5) have been used, and applying similar arguments as in
the proof of Proposition 5.1 (see also [8, Theorem 3]). O

6. The m—filter of Sobolev singularities

Let a(z, D) be a properly supported pseudo-differential operator with symbol

a(z,§) € S a(Q) and zo € Q. Following [4], [13], we can define, for any x( € 2,
o the m—filter of Sobolev singularities of u € D'(£2) by

WP u:={X CR"; ue€mcHE (R"\ X)(z0))}, 1<p<oc; (6.1)

m,xo
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e the m—characteristic filter of a(x, D) € a)Sm)A(Q) by

Smaea(z, D) :={X CR", a(z, &) is microlocally elliptic in R™ \ X at xo} .
(6.2)
It is trivial that W}, , w and X, ;,a(z, D) are filters in the sense that they are
closed with respect to the intersection of a finite collection of their members and
it X e Wh, , u(Bmzpa(z,D)) and X CY then Y € Wh . u (X oa(z, D)).
It is also straightforward to show that the results of Propositions 5.1, 5.2 can be
restated as follows.

Proposition 6.1. Assume that m, m' are two arbitrary admissible weights and
let a(x,D) € OpSpma(), zo € Q and p €]1,00[ be given. Then the following
inclusions are satisfied for every u € D'(Q):

wr a(z, D)yuN ¥y, zoa(r, D) CW), , u C WP

m’/m,xo m m'/m,xo

a(x,D)u. (6.3)
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