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ABSTRACT. Given a one-parameter family {gx: A € [a,b]} of semi Riemannian metrics
on an n-dimensional manifold M, a family of time-dependent potentials {Vx: A\ € [a, ]}
and a family {ox: A € [a,b]} of trajectories connecting two points of the mechanical
system defined by (g, Vi), we show that there are trajectories bifurcating from the trivial
branch o if the generalized Morse indices p(0q) and p(op) are different. If the data are
analytic we obtain estimates for the number of bifurcation points on the branch and, in
particular, for the number of strictly conjugate points along a trajectory using an explicit
computation of the Morse index in the case of locally symmetric spaces and a comparison
principle of Morse Schéenberg type.

1. INTRODUCTION

Perturbed geodesics (p-geodesics) are trajectories of a simple mechanical system on a
semi Riemannian manifold M of finite dimension n. They are critical points of the energy
functional defined on the space of paths on M by

(11) BO) = [ 50/ @). @)t — [ Vies(@)da

where ¢ is a semi Riemannian metric on M and V is a time-dependent potential. When
the metric is indefinite, the functional E is of strongly indefinite type and the ordinary
Morse index of its critical points is infinite. In [36], we associated to each non degenerate
perturbed geodesic v a generalized Morse index fi.pe.(7) € Z and showed that it coincides
with the conjugate index pi..,(7), an integer that counts algebraically the total number of
conjugate points along ~. In the present paper we will use the generalized Morse index
in order to study bifurcation of perturbed geodesics under various conditions including
variation of metric and potential.

Recently, several kind of bifurcation phenomena have been studied in differential ge-
ometry and in mechanics. The change of qualitative properties of closed geodesics under
one parameter variation of the metric was discussed in [30, Section 3.4], and [7]. How the
crossing of 0 by a simple eigenvalue of the index form influences the topology of geodesics
on a Lorentzian surface was studied in [6]. Bifurcation of relative equilibria of symmetric
mechanical systems from a point of view close to ours was analyzed in [12]. A similar ap-
proach to bifurcation of minimal surfaces on a Riemannian manifold was taken in [27]. In

this paper we will deal only with bifurcation of geodesics from a trivial branch. This is one
of the typical bifurcation phenomena for solutions of differential equations studied in non-
linear functional analysis. Roughly speaking, given a smooth branch o = {o): A € [a, b]}
of perturbed geodesics, a bifurcation point from the trivial branch o is a point A« in [a, b]
such that arbitrary close to the pair (A, o), ) there are pairs (A, y) where v, is a p-geodesic
with the same end points as o) but not belonging to the branch o.

If we take as trivial branch o) the restrictions of a given perturbed geodesic v: [0, 1] — M
to subintervals of the form [0, ] it is easy to see that bifurcation can occur only at points
which are conjugate to 0.

Jacobi found a geometric characterization of conjugate points along extremals of a varia-
tional integral fol L(z,y(x),y (x)) dz. He proved that conjugate points arise as intersection
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points of a given extremal with the envelope of the family of extremals through a point.
By the envelope theory, this fact has as a consequence that all conjugate points along
extremals of variational integrals are bifurcation points from the trivial branch. This was
known from the very beginning of the calculus of variation (cf. [8, page 63]), although it
was never formulated in terms of bifurcation simply because this theory was inexistent at
that time. Jacobi’s characterization extends to vector-valued variational integrals whose
Lagrangian L verifies the Legendre condition: Lg,4, is positive definite. For example, in
[23] this fact was used in order to give an alternate definition of conjugate point.

The energy functional of a Riemannian metric verifies the Legendre condition trivially.
Therefore all conjugate points along perturbed geodesics on Riemannian manifold are bi-
furcation points (cf. Corollary 4.11, [30, Complement 2.1.13]).

On semi Riemannian manifolds with indefinite metric the above conclusion does not hold
anymore and conjugate points split in two classes: those which are points of bifurcation
and those which are not. The present paper is devoted to the analysis of this situation.
One of the consequences of the theory developed here is that, in the framework of semi
Riemannian manifolds, bifurcation invariants become useful in order to find among all
conjugate points those at which bifurcation occurs. We will call them strictly conjugate
points here.

In general, conjugate points of perturbed geodesics need not to be isolated and when the
metric is indefinite the same holds even in the geodesic case [26]. Because of this, we will
adopt an approach to bifurcation invented by Krasnoselskij and his collaborators in the
sixties [31]. This approach is based on topological invariants that are stable under pertur-
bations and allows to deal with non isolated potential bifurcation points. An alternative
non perturbative approach in the case of geodesics was explored in [40, 25].

The methods are of functional analytic type. Although the book [30] is concerned with
Riemannian manifolds only, it represents a main source for the analytic setting used here.
The definition of the generalized Morse index in [36] is based on the concept of spectral
flow of a family of Fredholm quadratic forms. It was shown in [19] that non vanishing of
the spectral flow of the family of Hessians along the trivial branch leads to bifurcation of
critical points of strongly indefinite functionals of Fredholm type. We will use an improved
version of this result in order to prove our main theorem:

Let M, g,V o be as described above. Assume that p-geodesics o, and oy, are non degen-
erate (and hence have a well defined generalized Morse indez).

If 1(oq) # p(oy), then there must be at least one point Ay € (a,b) which is a bifurcation
point from the trivial branch.

If oy is degenerate only at a finite number of points A € I, e.g. when all data are analytic,
then there are at least |u(o,) — u(op)|/n distinct bifurcation points \ € (a,b).

In particular if the manifold and potential are analytic then along any non degenerate
perturbed geodesic vy there are at least |u(7y)|/n strictly conjugate points.

The precise statement is in Section 4, Theorem 4.2, where we also derive other conse-
quences regarding the number of strictly conjugate points along a perturbed geodesic. The
proof of the theorem is deferred to Section 8.

When the manifold is a locally symmetric space, the contribution of the curvature tensor
to the generalized Morse index can be computed quite explicitly, since the matrix of the
curvature operator in a parallel orthonormal frame is constant.

Let J be the canonical flat metric of index v in R™. In Section 5, for each symmetric
matrix S we define an index, analogous to the index for periodic solutions of linear au-
tonomous Hamiltonian systems, considered in [24, 13, 20|, but associated to the Dirichlet
boundary value problem for second order system Ju” + Su = 0. The index indy(S) can be
computed from the eigenvalues of the matrix J.S plus a correction term which can be easily
estimated. The generalized Morse index of a geodesic on a locally symmetric space equals
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the index of the system arising from the equation for Jacobi fields written in a parallel
orthonormal frame. Therefore, in Section 6, we take indj(S) as our basic invariant and use
it in Corollary 6.1 and Corollary 6.2 in order to obtain computable criteria for bifurcation
and estimates for the number of bifurcation points along geodesics on locally symmetric
spaces.

If the potential is time independent and the p-geodesic o, = p and o, = ¢ are constant,
then the number of bifurcation points along any trivial branch of perturbed geodesics
with end points o, and o0, can be estimated from below by the index of the Hessian
of the potential V at p and ¢ respectively. This is the content of Corollary 6.3. On
symmetric spaces this can be used in order to study bifurcation of periodic p-geodesics
from an equilibrium point (cf. Corollary 6.4).

In a more general setting we can still obtain bounds from below for the number of
bifurcation points using the previous calculations and a comparison principle. For geodesics
this principle is an extension of the classical Morse-Schéenberg comparison theorem to semi
Riemannian manifolds. For lightlike and timelike geodesics on Lorentzian manifolds it was
proved earlier by Beem, Ehrlich and Easley [5].

The comparison principle is formulated in Section 7, Theorem 7.1 and proved in Section
9. In Section 7, we use Theorem 7.1 in several ways both for geodesics and for perturbed
geodesics. In Corollaries 7.3 and 7.4 we estimate the number of strictly conjugate points
along a geodesic on analytic semi Riemannian manifolds by comparison with a locally
symmetric space of the same dimension and index. A similar approach leads to an estimate
for the number of strictly conjugate points along a horizontal geodesic on a warped product
with locally symmetric base in Corollary 7.5.

Finally, in Theorem 7.6 we obtain an estimate for the number of bifurcation points from
a trivial branch of p-geodesics on a locally symmetric space by comparing the Morse index
of a non degenerate p-geodesic with the Morse index of a geodesic with the same starting
point.

The remaining sections are as follows: Section 2 contains a discussion of Jacobi’s geo-
metric characterization of conjugate points mentioned above. Section 3 is a short review
of the results in [36] with the purpose to introduce the notations. In the appendix we
sketch the proof of the vector bundle neighborhood theorem needed for the reduction of
our problem to the framework considered in [19].

2. CONJUGATE POINTS AND BIFURCATION OF EXTREMALS IN CALCULUS OF VARIATION

As a motivation for the theory developed here, let us make a digression on the relation
between the Jacobi’s geometric characterization of conjugate points and bifurcation from
the trivial branch.

Consider the one dimensional variational integral ¢(y) = fol L(z,y,y") dz. Assume that
L is smooth with non vanishing partial derivative g—g. Assume moreover that the initial
value problem y(0) = 0,4'(0) = z for the Euler Lagrange equation of the functional ¢ has
a solution y(z, z) defined on the whole interval [0, 1].

The plane curve given by the graph - of the function yo(x) = y(x,0) is naturally em-
bedded into a one parameter family of curves 7, given by the graphs of y,(x) = y(x, 2),0 <
x < 1, passing through the point (0, 0).

The envelope & of this family of plane curves is by definition the set & = {(z,y) |y —
y(z,z) =0, %(az, z) = 0}. Jacobi characterized the points of the extremal vy conjugate to
v0(0) as intersection points of 79 with £. Since £ can be also seen as the set of limit points of
intersections of nearby curves in the family (the set of intersections points of two consecutive
curves, in the pictoresque terminology of G. Peano [39]), Jacobi’s characterization leads to

the following conclusion (cf. [8, page 63)):
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Proposition 2.1. If the point Q. = Yo(z«) is conjugate to ~vy(0) along o, then for small
enough z the extremal v, intersects vy at a unique point Q, = Yo(x,) such that Q, — Q.
as z — 0.

The proof of Proposition 2.1 is quite simple. It can be reduced to a very special case
of one of the basic results in bifurcation theory, known as Crandal-Rabinowitz bifurcation
theorem. For this, let us consider the variable = as a parameter. Let f: [0,1] x R — R be
defined by f(z, z) = y(x, z) —y(x,0). Then the equation f(x,z) = 0 has a trivial branch of
solutions of the form (z,0). Since Q. € £, we have that %(:r*, 0) = %(x*, 0) = 0. On the
other hand, %(m, 0) is a Jacobi field along yo derived from a nontrivial deformation of yy by
extremals. Since %(w*, 0) = 0, the partial %(x*, 0) = %(m,O) cannot vanish. Thus,
we are in the hypothesis of the Crandal-Rabinowitz theorem [16]. Under this hypothesis a
nontrivial branch of solutions of f(x,z) = 0 of the form (x(2), z) = 0 with z(0) = x, can
be found by developing in Taylor series the rescaled function g(w) = f(zx + zw, z) dividing
by z? and solving in w using the implicit function theorem. Then the points Q, = (z(z), 2)
are intersection points of =y, with 7y such that Q, — Q. as z — 0.

Of course, the relation of the envelope of a family of curves with bifurcation, understood
in the broad sense, is not limited to the variational setting. It is one of the main subjects
of singularity theory.

The approach to bifurcation of perturbed geodesics which we will use in this paper is a
reinterpretation of Proposition 2.1 from the point of view of nonlinear functional analysis.
Let us explain this using our example.

We look for solutions of a parametrized family of boundary value problems for the
Euler-Lagrange equations of the variational integral that are close to the restrictions of
our distinguished solution yp to subintervals [0, \], but in order to work in a fixed space
of functions, we reparametrize them. To be more precise, we choose a § > 0 such that
on 7o([0,0]) there are no conjugate points to Qo = (0,0). Then, for \ € [d, 1] we consider
gx(z) = y(A-x,0). The path §: [§,1] — C?[0,1] defined by () = 7 will be considered as
a trivial branch of solutions of the family of boundary value problems

(2.1) %Lu/()\,aﬁ,u,u’) — Ly(\z,u,u’) =0, u(0) =0, u(l) = yo(N).
where L(\, z,y,2) = L(Az,y, 1/\z).

If in Proposition 2.1 we take z, = 1/n, A\, = z,, and y,(x) = y(\, -, z,), then we have
that A\, — , the sequence y, converges to 7(x.) in C?[0,1], and each ¥, is a solution of
(2.1) not in the branch §. Thus, by the very definition of bifurcation point, any conjugate
instant A = z, along y is a bifurcation point for solutions of (2.1) from the trivial branch

7.

In the particular case considered above a whole smooth curve of nontrivial solutions
y.(z) = y(z, z,z) branches of from ¢ at gy(x.). However under the general topological
assumptions of our main theorem we will only obtain a sequence of nontrivial solutions

converging to the trivial branch.

3. PERTURBED GEODESICS AND THE ENERGY FUNCTIONAL

Let M be a smooth connected manifold of dimension n. Let g be a semi Riemannian
metricon M and let V: I x M — R be a smooth time-dependent potential. We will denote
by D the associated Levi-Civita connection and by % the covariant derivative of a vector
field along a smooth curve . Here we use the notation introduced by Milnor, in [35].

A perturbed geodesic (p-geodesic) is a solution 7: [0,1] — M of the second order differ-
ential equation

(3.1) %7'(:6) + VV(z,y(z)) =0
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where V is the gradient of a function on M with respect to the metric g.

Let © be the manifold of all H'-paths in M. It is well known that  is a smooth
Hilbert manifold modelled by H'([0,1];R™). The tangent space T,2 at the point v can be
identified in a natural way with the Hilbert space H!(y) = {¢ € HY([0,1];TM): 7€ = v}
of all H'-vector fields along v. Here 7: TM — M is the projection of the tangent bundle
of M to its base.

Any choice of a Riemannian (positive definite) metric on M endows 2 with an associated
Riemannian structure and hence with a distance which makes {2 a metric space. The end-
point map

T Q= M x M;  7(y) = (v(0),7(1))
is known to be a submersion and therefore for each (p,q) € M x M the fiber

Qg={r€Q:7(0)=p, (1) =q}

is a sub-manifold of codimension 2n whose tangent space 75,2, , is the subspace H} () of
H'(v) given by
Hy(y) = {€ € H'(v) : £(0) = £(1) = 0}.
Since  is a submersion, the family of Hilbert spaces H} (%) is a Hilbert bundle TF(r) =
ker T over €, called the bundle of tangents along the fibers. The reference for all the

above, and for everything else in this section is [36]. B
Associated to each pair (g, V') there is an energy functional E:  — R defined by

1 1
(3.2) B6) = [ 50/@) A @) — [ Vi)
The critical points of the restriction E = E, , of E to the sub-manifold ,, are precisely
the p-geodesics through p, ¢ with kinetic energy % g9(#',") and potential energy V. To be
more precise, critical points of the energy functional are weak solutions of (3.1), which turn
out to be smooth classical solutions by elliptic regularity.

In [36], we associated two integers to each non degenerate critical point of the energy
functional. The first integer is the generalized Morse index fi,..(7), defined as the negative
of the spectral flow of the Hessians of the energy functionals along the path 4 canonically
induced by « on €2. Since several points related to the construction of the generalized Morse
index will be used in the proof of our main theorem, we will briefly recall the construction
here.

The linearization of the boundary value problem

{ 27 (@) + VV(z,(x) =0
7(0)=p, ~(1)=¢
at the critical point ~y is the equation of Jacobi fields

(3.3) B2€(t) + R(Y(6), () (1) + Dy VV (£, 7(1) = 0,

subjected to Dirichlet boundary conditions £(0) = 0 = £(1). Here £ is a vector field along
7, R is the curvature tensor of the connection D and Dg ) VV (z,7(7)) is the Hessian of
V(x, —) with respect to the metric g, viewed as a symmetric operator of Ty M.

Its weak solutions (HJ-Jacobi fields) are vector fields £ € H}(v) such that for any
n € Hy(v)

1
(3.4) 0 = Hy(en) = /O o(2e(), Ba(e)) do +

1
- /0g(R(W'(-'B)’E(fL‘))W'(x)+Dg(z)VV(ﬂfm(ﬂC))a??(fﬂ))dﬂf-
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Thus, Jacobi fields in H}(v) are the elements of the kernel of the bilinear form H.,. The
Hessian of E), , at 7 is the quadratic form h.: H}(v) — R associated to H,.
Since the embedding of H}(v) into L?(y) is compact, the form

(€) = /0 93 (R(Y (2), €)1 (2) + Dy VV (&, 7(x)), £ (x)) da

is weakly semi-continuous. Being a weakly semi-continuous perturbation of a non degener-
ate form, h, is a bounded Fredholm quadratic form. In particular ker h, = {{| H,({,n) =
0 for alln} is finite dimensional.

The form h. is non degenerate if and only if the instant 1 is not conjugate to 0 along 7.
If this holds we will say that the p-geodesic is non degenerate.

Each p-geodesic v induces in a canonical way a path 4 on the manifold Q2 of all paths on
M. The canonical path 4: frm[o]—— — Q associated to v is defined by ¥(A)(z) = y(A- ),
x €[0,1]. Each 7y = 5()\) is a p-geodesic for (g, Vy), where Vy(x,m) = A2V (\z, m). From
the above discussion it follows that the Hessian hy of E) = E, ,()) at 7, is degenerate if
and only v(\) is a conjugate point to p = v(0) along +. If 7 is non degenerate the path ¥
has non degenerate end points. The family hy, A € [0,1] defines a function h on the total
space of the pull-back bundle ¥*(T'F') over [0, 1] such that its restriction to each fiber is a
bounded quadratic form and such that hg, k1 are non degenerate. This is what we called in
[36] an admissible family of Fredholm quadratic forms. The spectral flow of such a family
was defined in [36, Section 2].

Roughly speaking the spectral flow is a measure of how much of a negative subspace
for hy at A = 0 becomes positive at A = 1 minus the part of a positive subspace that
becomes negative. In general the spectral flow depends on the homotopy class of the path
of quadratic forms but in this specific case it depends only on the end points. This allows
to define a relative form of Morse index even in the case when the classical Morse indices
are infinite. By definition the generalized Morse index of a p-geodesic v is

Hspec(7) = —st(h).

The second integer, fi...(7), called conjugate index, was defined using Brouwer degree
in order to count zeroes of a determinant associated to the Jacobi equation by means of
trivalization via a parallel orthonormal frame (see [36, Section 4] for a detailed description).

Finally, we proved a generalization of the Morse Index Theorem to perturbed geodesics
on semi Riemannian manifolds [36, Theorem 1.1], by establishing the equality

(3:5) fhepee(Y) = Heon(7)-
Taking into account (3.5) we will denote both indices with (7).

4. THE MAIN THEOREM AND SOME CONSEQUENCES

Let p: S2(M) — M be the bundle of all non degenerate symmetric two forms of index v
on the tangent bundle TM. Let I = [a,b] be an interval. A one parameter family of semi
Riemannian metrics on M is a smooth map g: I x M — S2(M) such that pg = 7, where
7 denotes the projection onto the second factor.

Each g) = g(\, —) is then a semi Riemannian metric on M of index v. Using the Koszul
formula it is easy to see that the family of associated Levi-Civita connections D* is smooth
with respect to the A variable in an obvious sense.

If V:1Ix]0,1] x M — R is a smooth function, we consider V' as a smooth one parameter
family of time-dependent potentials Vy: [0,1] x M — R defined by Vy(z,u) = V(A z,u).
The data (M, gy, V))rer define a one parameter family of time-dependent mechanical sys-
tems.

We will also assume the existence of a one parameter family of known p-geodesics. In
other words, given a smooth family (gx, V)\)aesr as above, we assume that there exists a
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smooth map o: [a,b] X [0,1] — M such that for each A € I, ox(z) = o(\, x) is a p-geodesic
corresponding to the mechanical system (gy, V)).
We will refer to the family (ox)xe[q,p) @s the trivial branch of perturbed geodesics.

Definition 4.1. A point A, is called a bifurcation point for p-geodesics from the trivial
branch o if there exists a sequence (Ap,¥n) — (As,0(As)) in I x Q such that v, is a weak
solution of equation (3.1) with boundary conditions

(4.1) M(0) = 0x,(0), (1) =0n, (1)
such that -, does not belong to o(I).

As stated above the notion of bifurcation point depends on the metric induced on 2 by
an arbitrary choice of Riemannian metric on M. As a matter of fact using a slightly weaker
topology the concept of bifurcation point can be defined without appealing to the existence
of a Riemannian metric on M. There is an embedding of {2 into the space of continuous
paths in M endowed with the compact-open topology (see for example [29, Lemma 2.4.6]).
Thus, the sequence 7, in the above definition converges to o(\.) in C°([0, 1]; M) as well.
A metric free definition of bifurcation point would be as follows: it is a point such that any
neighborhood of (., a(\,)) in I x C°([0,1]; M) contains a solution of the boundary value
problem (3.1), (4.1) which is not in the trivial branch. Finally notice that, by bootstrap,
~n, converges to o(A,) in the Whitney topology of C°°(I; M). Therefore, the choice of any
of the above approaches gives the same bifurcation points.

For each A\ € I, let E) be the restriction of the energy functional associated to the data
(9x, V) to the sub-manifold Q) = Q,, ()s,(1)- The trivial branch o can be viewed as a
smooth path o: I — § of critical points o(A) = o) of Ej.

Our main result is the following theorem.

Theorem 4.2. Let M and (gx, Va)aer be as above. Let o be a trivial branch of p-geodesics
of (M, gx,V\)aer such that the end points o, and oy are non degenerate.

(i) If u(og) # u(op), then there exists at least one bifurcation point, A« € (a,b), from
the trivial branch.

(ii) If oy is degenerate only at a finite number of points X € I then there are at least
\u(oq) — w(op)|/n distinct bifurcation points X\ in (a,b).

Remark 4.3. The hypothesis in part (ii) of Theorem 4.2 is automatically verified in the
following two cases:

(a) The data (M, g,V, o) are analytic. In this case the singular set ¥ = {\ € I| ker hy #
0} can be characterized as the set of zeroes of an analytic ”determinant” function
[21]. Since hg is non degenerate this function does not vanish on the whole interval
I and hence ¥ must be discrete.

(b) The intrinsic derivative (see Section 8) of the generalized family hy, A € I of
Hessians at any point A, € ¥ is a non degenerate quadratic form.

Remark 4.4. In the estimate of Theorem 4.2 the dimension n of the manifold arises because
it provides a bound for the possible dimensions of the space of Hi-Jacobi fields. The
estimate can be slightly improved for geodesics (V = 0). A H&—J acobi field along a geodesic
+ must be perpendicular to 7/(x) at any point = € [0, 1], which implies that the dimension
of the space of Jacobi fields vanishing at the end points cannot be greater than (n — 1).
Therefore in the case of a geodesic we can substitute n with (n — 1) in Theorem 4.2.

As already mentioned in the introduction, we will pay special attention to the following
particular case: We will take g and the potential V fixed, take a p-geodesic ~v: [0,1] — M
and consider as the trivial branch the path 4: [0, 1] — £ canonically induced by ~.
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Definition 4.5. A conjugate point y(Ai), A\« € frm[o]——, will be called a strictly con-
jugate if A, is a bifurcation point from the trivial branch 4 in the sense of Definition
4.1.

Not all conjugate points are strictly conjugate. Here is an example of a p-geodesic on
a 3-dimensional semi Riemannian manifold with an isolated conjugate point which is not
strictly conjugate.

Example 4.6. Let us consider the manifold M = R3? endowed with the metric gy =
dx? — dy? + dz? and take as potential the function V(z,y, z) = 1/22% — 1/2y? + 1/32343.
Since the gradient of V' with respect to g is VV(z,y,2) = (x +x2y3)a% +(y— x3y2)a%, the
equations of a p-geodesic are

' +x+2?y = 0
(4.2) y'+y—23y2 = 0
Z// — 0

In order to simplify the coefficients we will not normalize the interval: we consider the p-
geodesic vo(t) = (0,0,t) defined on [0, 27|, connecting (0,0,0) to (0,0,27). We claim that
there are no p-geodesics v # 7o such that v(0) = 79(0) and v(\) = () for A € [0, 27].

Indeed, if y(t) = (x(t),y(t), 2(t)) verifies (4.2) and the above boundary conditions, then
multiplying the first equation of (4.2) by y(t), the second by z(t), substracting the second
from the first and integrating from 0 to A we obtain fo)‘(xzy4 + 2*y?)dt = 0. Thus both
z,y =0 and y(t) = 10(t).

On the other hand there is a two dimensional subspace of Jacobi fields along ~g, £(t) =
a sint % +bsint 8% verifying the Dirichlet boundary conditions £(0) = 0 = £(m). Therefore
A = 7 is a conjugate point which is not strictly conjugate.

In order now to construct an example of a geodesic with a conjugate point which is not
strictly conjugate we will reduce the problem to the previous one using the well known
correspondence between p-geodesics and geodesics of the associated Jacobi metric together
with a construction in [26] of a geodesic with assigned curvature operator on the normal
space.

Example 4.7. Let M and gy be as in the previous example and let us consider the
conformally flat metric g = exp(2p) go, where p is defined by

(4.3) plw,y,2) =1/2y° — 1/20% +1/32%°.

The Levi Civita connexions D of g and D° of gy are related by

DxY = DXY +dp(X)Y +dp(Y)X — go(X,Y)V'
where V0 is the gradient with respect go.
From this it follows easily that vo(¢t) = (0,0,v/2t) is a geodesic with energy &(vy9) =

1/2g(y'(t),'(t)) = 1. Moreover the vector fields 8%, 8% are parallel along vy and generate

the normal space TAYL(t)M . Calculating the curvature tensor we get R(%, a%)% = a% and

R( %, a%)% = a%. Therefore the Jacobi equations for a normal vector field £(t) = u(t)ag +

v(t)a% are

W' +u = 0
(4.4) { V' +v = 0
As before, the Dirichlet problem £(0) = 0 = £(n) for (4.4) has a two dimensional subspace
of nontrivial solutions and therefore 7 is a conjugate instant. However we will show that
there cannot be non trivial geodesics bifurcating from the trivial branch ~g.
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Assume that v(t) = (x(t),y(t), 2(t)) is a geodesic for g with v(0) = (0,0,0) and v(b) =
(0,0,A). If v is close enough to 7o then is v is spacelike and, possibly after changing
the interval of definition, we can assume that the energy £(v) = 1. By Jacobi’s theorem
[1, Theorem 3.7.7] geodesics for g with energy 1 are reparametrizations of the perturbed
geodesics for the mechanical system (M, go, — exp(2p)) with total energy € = 0.

The equations for the corresponding p-geodesic are

2"+ 2exp2p(z —2%3) = 0
(4.5) Y’ +2exp2p(y +23y?*) = 0
2" =0

If §(t) = y(h(t)) verifies the above equations then multiplying the first equation of (4.5)
by y(t), the second by x(t) substracting the second from the first as in the previous example
and then integrating from 0 to t, = h~1(\) we obtain that z = 0 = y and hence vy = 7.

We will now discuss some consequences of Theorem 4.2.

Corollary 4.8. Any regular p-geodesic v with non-vanishing index has a strictly conjugate
point. If the data are analytic there must be at least |u(vy)|/n of them.

For example, assume that (M, g) is complete, take a point p € M and consider the
exponential map exp,: T,(M) — M. It is well known that points conjugate to p along
v(z) = expp(z - v) are the critical values of the exponential map exp, lying on . Consider

B, = {m € M| for somev € exp~'(m), exp is not locally one to one at v}.

When M is a Riemannian manifold, B, coincides with the set C), of all critical values of
the exponential map (see [30, Theorem 2.1.12]). On general semi Riemannian manifolds,
B, is only a closed proper subset of C),. However, by definition of bifurcation point, the
exponential exp, cannot be a local diffeomorphism at any point of the form t«y'(0) if ¢,
is a strictly conjugate instant. Therefore by the previous Corollary any non degenerate
geodesic v starting from p crosses B, in at least |u(7)|/(n — 1) points.

In the remaining part of this section we will discuss some criteria for isolated conjugate
points to be strictly conjugate.

Let Z be the n-dimensional vector space of all Jacobi fields along 7 verifying £(0) = 0.
Consider Z[z] = {{(x) : £ € T} C Ty)yM. It is easy to see that y(A«), A € [0,1], is
conjugate to 0 if and only if Z[\] # T, x,)M. Let us denote by Z[z]* the g orthogonal of
Tlx].

The conjugate instant A, is said to be regular if the quadratic form I'(\,) given by the
restriction of g,(y,) to [A]* is non degenerate. It is shown in [36] that regular conjugate
instants are isolated and moreover the variation of the generalized Morse index through A*
is given by the signature of the quadratic form I'(A,). More precisely, for € small enough,

(4.6) (V. +e) — 1(Tn.—e) = signT'(Ax).
From the main theorem it follows

Corollary 4.9. Any regular conjugate point such that sign(glzpy,jo) # 0 is strictly conju-
gate.

Remark 4.10. The conjugate points in the previous examples are both non degenerate but
with vanishing signature.

If g is positive definite then any conjugate point is regular and the signature of the form
I'()\.) is simply the dimension of Z[\,]*. Therefore:

Corollary 4.11. If (M,g,V) is a mechanical system on a Riemannian manifold all con-
Jjugate points along a p-geodesic vy are strictly conjugate.
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When A, is not regular but yet isolated then its local contribution fi.,(As) to the varia-
tion of the Morse index can be still defined as in [36, (4.14)]. Thus A, is a bifurcation point
whenever fi.,(A«) 7 0. The local invariant p..,(A«) can be computed either by the algo-
rithm for computing the degree of an analytic plane vector field as described in [36, Lemma
4.3] or using the calculation of fiyaq0. (Ax) in the degenerate case via partial signatures as in
[25, 43]. However neither the algorithm for the degree nor the formula by partial signatures
can be considered effective. This is one of the motivations for the approach adopted in this

paper.

5. COMPUTATION OF THE GENERALIZED MORSE INDEX

In this section we will consider some special cases in which the generalized Morse index
can be found explicitly, providing computable criteria for the existence of bifurcation points.
As motivation, let us discuss first the Morse index of a geodesic on a Riemannian locally
symmetric space.

If v: [0,1] — M is a geodesic, then, by Corollary 4.11, the conjugate instants are isolated
and each one of them gives a strictly positive contribution m(\) = dimker h) to the index
(7). The index of a geodesic is not easy to compute in general but when the related second
order system has constant coefficients one can easily get explicit formulas.

For example, if M has a constant positive sectional curvature K > 0 then the conjugate
points correspond to instants A\, = kw/LvVK, where L is the length of the geodesic 7.
Moreover the multiplicity of each conjugate point is (n — 1). Thus 7 is non degenerate if
LvVK /7 is not an integer and its index is given by u(y) = (n — 1)Ng(v), where Ng(y) =
[LVK /x] is the integral part of Lv/K /7. One can use this in Theorem 4.2 in order to
estimate the number of geodesics bifurcating from a known trivial branch o). Assume, for
instance, that there exists a smooth family gy of metrics on M connecting two metrics of
constant positive sectional curvature K, K'. If o: [a,b] — Q(M) is a path such that each
o) is geodesic for the metric gy and o,, 0p are non degenerate, then by Theorem 4.2 there
are at least |Ni(0,) — Nk (0p)| bifurcation points from the trivial branch o. In particular,
if g is a fixed metric of constant positive curvature then along any branch of geodesics with
a large enough variation of length there will be bifurcation points from the branch. All
of the above extends immediately to geodesics on locally symmetric spaces by considering
the eigenvalues of the matrix of the curvature operator R(v/,v)~’ in a parallel orthonormal
frame.

The generalized Morse index for p-geodesics on a semi Riemannian manifold constructed
in [36] is not always positive and hence it is a considerable weaker object than the classical
Morse index. Even in the case of locally symmetric spaces (DR = 0) formulas for the index
are harder to compute than in the Riemannian case. Nevertheless, the above topological
picture is still present in this context and leads to estimates for the number of bifurcation
points.

Let v: [0,1] — M be a p-geodesic on M for (g,V'), with g a semi Riemannian metric,
and let vy(z) = v(Az), A € [0,1]. Choosing a parallel g-orthonormal frame F = {e’(x) :
i =1,...,n} along v and trivializing 75 (TM) by means of the frame Fy = {e'(A\z) : i =
1,...,n}, by the computation performed in [36, Section 4], we have that such a trivialization
induces a one to one correspondence between H-Jacobi fields verifying Dirichlet boundary
conditions at 0 and A and the weak solutions f = (f1,..., fn) of the boundary value problem
for a second order system of ordinary differential equations

(5.1) { }7{(;,)(‘2 Jf}((“i))f(x) =0 vz € [0,1],
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where J is the symmetry

(5.2) J= (Id’g)” Y d,,)
and Sy(z) = A2S(A\z), with S(z) = (S;;(x)) the n x n symmetric matrix defined by
(5:3) Sij(z) = g(R(Y (), ' (2))7(2) + Dei () VV (2, 7(2)), €/ ().

Thus weak solutions of the system above are elements in the kernel of the quadratic form
ha: H}([0,1];R™) — R defined by

1
ha(f) = /0 (F (@), f(2)) — (Sxf(z), f(x) da

where (-,-) denotes the usual scalar product in R™. In particular h) is a weakly continuous
perturbation of a non degenerate form. The quadratic form h) is nothing but the expression
of hy, in the trivialization of 7} [T'F ()] induced by the trivialization of +3(7'M) given by
the parallel frame introduced above (see [36, (3.6)]). It follows from this that

Now let us compute sf(h, [0, 1]) assuming that S(z) = S is a constant matrix. We
represent the associated path of bilinear forms against the scalar product (f,g) 9 mr =
fo (f'(x),¢'(x))dx by a path of self-adjoint operators L. Then, each L) is defined by

I g = [ T7@)g/ (@) = (S (@).gla) do

Thus, Ly = J + MK where, by abuse of notation, we denote with J the corresponding
multiplication operator, while K is the compact operator defined by

(Kf.9)m = —/0 (Sf(x),g(x))dx.

Any f € H}(]0,1];R™) has a Fourier expansion given by

o0
) = E ay sinkx
k=1

where a; belong to R™. Hence, H&([O, 1]; R™) decomposes into an orthogonal direct sum
(5.5) H([0,1];R™) @Vk

where
Vi = span{asinknrz : a € R"}.

From the relation

g"(x) = Sf(z)

9(0) =g(1) =0
it follows that each V} is an invariant subspace of Ly. Since L) is self adjoint V}, reduces
Ly and we have an orthogonal decomposition Ly = @y, Ll/{, where Llf\ is the restriction
of Ly to V.
If we choose as basis of Vi, the set By given by

By ={¢ir(r) : 1 <i<n}, ¢irp(r) =eisinknz,

Kf=g9g <+
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where e; is the canonical base of R, then the n x n matrix that represents L’}\ with respect
to the base By, is given by

)\2
k s —
(5.6) k=17 (Fk)QS.

By the above formula the restriction of Ly to ()., Vi) His an isomorphism for m

big enough. Thus by the normalization property (see [36, 19]), the spectral flow of the
restriction of the path L to (B}~ Vi.)" is zero. Hence,

m m

(5.7) sf(L) = ) sE(LM[0,1]) = D[V = pssorse(LT)],

k=1 k=1

since the spectral flow of a path of operators defined on a finite-dimensional space is the
difference between the Morse indices of its end points.

Given a constant symmetric matrix S such that (5.1) has only the trivial solution for
A =1 we define the index of S with respect to J by

(5.8) ind;(8) = > [ o (L) — ]

k=1

Notice that ind;(S) is well defined since by the above discussion, the sum on the right
hand side is finite.
Summing up the above discussion, we have proved:

Proposition 5.1. If the matriz S defined by (5.3) is constant then p(y) = indy(S).

There is a special case, in which the computation of the index turns out to be as simple
as in the case of a geodesic on a Riemannian symmetric space.
A matrix S commuting with J will be called split. Any split matrix S has the form

A 0
=0 5)
where A and B are two symmetric matrices of dimension respectively (n —v) x (n —v) and
v x v. Diagonalizing A and B and we get

(5.9) U*AU = diag(M\1, ..., n—y) and V*BV =diag(pi, ..., i)

and using the invariance of the spectral flow under cogredience we reduce the calculation
of indj(S) to that of the diagonalized system

1 () + N\ fi(z) = 0

T,L/—I/(x) + )‘2)‘n—l/fn—u(x) =0

(5.10) — () + A2tunpp1(z) = 0
o 7’{(1‘) + )‘Qll’ufn(l') = 0.

Non trivial solutions for u” 4+ A?au = 0 with Dirichlet boundary conditions u(0) = 0 =
u(1) arise with multiplicity 1 only for A2\; = k%72, k € IN.
Defining, for a real number a,

N(a) = #{i € N|i*n? < a},

we get:
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Proposition 5.2. If S is constant and split then

(5.1) p(a) = indy () = 3" N(A) - 3 N(—pw).
1 1

In general ind;(.S) can be estimated in terms of the negative real eigenvalues of the J-
symmetric matrix JS. For this we will need some well known results about Maslov index.
Most of what we will use here can be found in [44, 34].

The Dirichlet boundary value problem for Ju” + Su = 0 is equivalent to the following
boundary value problem for a first order Hamiltonian system in R?"

w'(x) = Hw(x)
(5.12) { w(0) € V,w(l) € V
where w = (u,v) € R" x R, V = {0} x R" and
0o J
- (%),

Since H is a hamiltonian matrix its flow ¥(z) = e is a path in the symplectic group

Sp(2n) of all transformations preserving the canonical symplectic form w on R?". The
symplectic group acts naturally on the manifold A(n) of all Lagrangian subspaces of R?",
and hence the path ¥ induces a path L on the Lagrangian Grasmannian A(n) defined by
L(z) = ¥(z)V.

According to [36, Proposition 6.1], if L(1) is transverse to V, then ind;(S) is defined and,
taking € > 0 small enough,

(5.14) ind;S = pv (L, [, 1])

where py (L) is the Maslov index of the path L with respect to V, an integer which
counts algebraically the intersections of the path L with the singular cycle (V) ={V’ €
A(n)| dimV NV’ > 0} or, what is the same, the number of points x € [e, 1] such that L(x)
fails to be transverse to V. On the other hand, the Maslov index puy (L, [e, 1]) is related
with the Conley Zehnder index or the rotation number of the path ¥ [24, 13]) which can
be computed from the spectrum of JS. For this, we need to consider the symplectic space
R?" x R?" equipped with the symplectic form @ = —w x w. With this symplectic form the
path defined by M (z) = Graph ¥(z) is a path of Lagrangian subspaces. By [44, Theorem
3.2, if W=V xV then

(5.15) pv (L, [e,1]) = pw (M, [e, 1]).

The Maslov index of the path M with respect to the diagonal A C R?" x R?" is related
to NW(Ma [57 1}) by

(5.16) pa(M, [e,1]) = pw (M, [e, 1]) + 1/2[sign(W, A, M (1)) — sign(W, A, M (e))]

where sign denotes the signature of a triple of Lagrangian subspaces [34].

By our hypothesis M(1) is transverse to W. In what follows, for simplicity, we will assume
also that M (1) is transverse to A, equivalently, that 1 is not an eigenvalue of e. Notice
that both conditions are also verified by M(¢), if we take € > 0 small enough. Indeed, by
[36, Proposition 6.1], M (x) fails to be transverse to W only at a conjugate instant and we
showed in [36] that conjugate instants cannot accumulate to 0. On the other hand, 1 is an
eigenvalue of e if and only if 274 is an eigenvalue of H which is impossible for ¢ small
enough.

In this situation, by [34, Proposition 1],
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(5.17) |sign(W, A, M(1))| < 1/2dim[(ANW)*/ANW]

where (A N W)“ denotes the symplectic orthogonal of AN W. Since AN W is an n-
dimensional isotropic subspace, [sign(W, A, M(1))| < n. By the same argument it holds
|sign(W, A, M(g))| < n. Summing up (5.14),(5.15),(5.16) we obtained

(5.18) | ua(M,[e,1]) —ind;S| < n.

Let us recall that the Conley-Zehnder index of the path ¥: [0,¢] — Sp(n) is the integer
ua(M,[0,¢]). It depends only on the purely imaginary eigenvalues H and can be computed
as follows:

Assume first that all purely imaginary eigenvalues of H are simple. If A = i« is an
eigenvalue with eigenvector e then € is an eigenvector corresponding to \. It is easy to
see that %w(é, e) is a non vanishing real number. Let 3 = +« according to the sign of
sw(e,e). If 7 = 2m/t then there exists an m € Z such that mr < 8 < (m + 1)7. Set
[|A[| =m+1/2 and let j(t,H) = >, ||A|| then, by [13],

(5.19) ua(M,[0,t]) = j(t, H).

When the imaginary eigenvalues are not simple the above formula still holds provided that
we count the imaginary part of each eigenvalue A positively p times and negatively ¢ times
according to the number p (resp. ¢) of positive (resp. negative) eigenvalues of the hermitian
form %w(é, e) defined on the generalized eigenspace of \.

With this we can estimate indj(S) in terms of the negative eigenvalues of the matrix
JS. Indeed, since H? = diag(JS,S.J) the purely imaginary eigenvalues of H are precisely
square roots of the negative eigenvalues of JS. Let j(S) = j(1,H) — j(e, H).

From (5.18) and the above computation we get |indj(S) — j(S5)| < n and therefore we
obtain:

Proposition 5.3. Under the above assumptions
7(S)/n — 1 <ind;(S)/n < j(S)/n + 1.

Since our main theorem allows us to estimate the number of bifurcation points in terms
of indy(S)/n, the above result is good enough for our purpose.

6. APPLICATIONS

A semi Riemannian manifold (M, g) is locally symmetric if for any p € M, there is a
local isometry s, at p, leaving p fixed and such that 7},s, = —Id. The above condition is
equivalent to the vanishing of the covariant derivative of the curvature tensor or, what is
the same, that the curvature tensor commutes with parallel translation along paths on M.

The curvature operator along a path ~ is the g-symmetric endomorphism

R'y(.%'): Tw(:c)M - T’y(m)Ma defined by

(6.1) Ry(z)(v) = R(Y(2),v)Y (2).

Notice that here we follow Klingerberg’s book [30] in the choice of terminology. Elsewhere
this operator is called either ”tidal force” or ”Jacobi operator” while the term ”curvature
operator 7 is reserved to the curvature tensor viewed as a function of the third variable,
i.e. to the infinitesimal generators of the restricted holonomy.

By the above discussion the curvature operator along any geodesic path + on a locally
symmetric manifold M commutes with the parallel translation along v and therefore the
matrix
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(6.2) (Rij(2)) = g(R(Y (x), ()Y (x), ¢(x))

of R,/ ;) in any parallel orthonormal frame F = {e!(x); i = 1,...,n} is constant. The index
of the matrix (R; ;) is clearly independent from the choice of the frame and will be denoted
by indyR

From Theorem 4.2 and Proposition 5.1 (with V' = 0) we obtain:

Corollary 6.1. Let (M, g) be an analytic semi Riemannian locally symmetric space. If
is a non degenerate geodesic there are at least |indj(R)|/(n — 1) strictly conjugate points
along .

Let (M, g) = (Mi,g1) x (Ma,—g2) where M; are Riemannian symmetric spaces of di-
mension n — v and v respectively. If v is a non degenerate geodesic on M, the curvature
operator along v splits into a direct sum of the curvature operators along projections of ~
on M; and Ms. Denoting the corresponding eigenvalues by \; and u; respectively, from
Proposition 5.2 we get

Corollary 6.2. If M and v are as above, then along v there are at least
DN =Y N(=pa)l/(n 1)
i=1 i=1

strictly conjugate points.

Now we consider bifurcation of p-geodesics of a family of analytic mechanical systems
(M, gy, V) parametrized by I = [a,b].

Assume that both V, and V;, are time independent. Let g, and ¢ be critical points of
V, and Vj, respectively. The constant paths ¢, and ¢, are p-geodesics for the corresponding
mechanical systems. Let H;(v) = D,VV;(q;): Ty;M — Ty, M; i = a,b be the Hessians of
V; at g;. Since the curvature operator along a constant path vanishes, the matrix S of (5.3)
reduces in this case to the matrix of the Hessian in an orthonormal basis of T;,, M. From
the main theorem we obtain:

Corollary 6.3. Let (M, gy, Vy) be as above. Assume that the constant p-geodesics q, and
qy are non degenerate. Then, along any analytic trivial branch o of p-geodesics such that
Oaq = qq and op = qp there must be at least |indy(H,) — indy(Hp)|/n bifurcation points.

Our next result deals with bifurcation of nontrivial periodic p-geodesics from a branch
of critical points on symmetric spaces.

Let (M, gx,V)) be as above. Assume moreover that M is an analytic semi Riemannian
symmetric space. Suppose also that each V) is time independent and that the trivial branch
of p-geodesics is given by an analytic path ¢: I — M such that each ¢, is a critical point
of V). Assume that the potential V) is invariant under the symmetry sy at ¢y.

Corollary 6.4. Under the above assumptions, if q, and q, are non degenerate p-geodesics
then there are at least |indj(H,) —indy(Hp)|/n points of the branch at which bifurcation of
non constant 2-periodic geodesics arises.

By the above Corollary, there are at least |indj(H,) — ind;j(Hp)|/n points A, € I such
that close to the constant p-geodesic gy« there are p-geodesics with both end points on the
trivial branch but not belonging to the trivial branch. Such geodesics cannot be constant.

On the other hand, since sy is an isometry and V) s) = V), the energy functional F is
invariant under the map induced on Q) by s). Hence, if 7 is any p-geodesic for (g, V), so
is sy7v. By symmetry any non constant p-geodesic v with end points at ¢y and close to the
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trivial branch produces a non constant periodic geodesic 7 of period 2 close to the branch
q. For this, it is enough to define

_ _ ~(x) if 0<z<1
7(x)_{sw@—:c) if 1<z<2.

Observe that Corollary 6.4 it is not applicable to geodesics, since it holds true only if the
potential is not trivial.

7. A COMPARISON PRINCIPLE FOR p-GEODESICS ON SEMI-RIEMANNIAN MANIFOLDS

Given a mechanical system (M, g,V) and a path v: [0,1] — M let us consider
(7.1) Sy(x): TyoyM — TyyM; Sy (x) = Ry(2) + Py ()

where R, (z)(v) = R(Y/(x),v)7(x) and P,(x)(v) = D,VV (x,7v(x)) are the curvature oper-
ator and the Hessian of V' along v respectively.

Since both R, and P, are g-symmetric it follows that S, is a symmetric endomorphism
of v*(TM).

Let (Mj,g1,V1) and (Ms, g2, V2) be two mechanical systems on manifolds of the same
dimension n and such that both g; and g have the same index v. Let p; € M;; i = 1,2 be
two given points. Choose an isometry ¢: 1), My — T,,M>. Given vy € T}, My, let 1 be
the unique p-geodesic corresponding to (g1, V1), such that 41(0) = p; and 74(0) = vy. If
vy = p(v1), we denote by 2 the unique p-geodesic in M for the system (g2, V2), such that
v2(0) = p2 and 75(0) = vy. We assume that both 71 and ~, are defined on the interval
[0,1] and are nondegenerate critical points of the corresponding energy functionals.

We will compare the index of 71 with the index of 9. First we extend the isometry ¢ to
an isometry between vy (T'M) and v5(T'M). For any € [0, 1], let 2 T, () M1 — T, (2) Mo
be defined by

(7.2) pav="PropoPl (v) Yv€ET, M,
where Pl : Ty, M; — T, ()M, is the parallel transport along ;.

Theorem 7.1. Let (M;, g;, Vi) and ~y; be as above. Let S'(z) = S., (). If for each x € [0,1]
and v € T, ()

(7.3) 92(S*(2)p2v, p2v) < g1 (S (2)v,0)
then

w(y2) < p(y)-

When both manifolds are Riemannian, the Hessian forms are essentially positive and
have a finite Morse index. In this case the theorem is an easy consequence of the fact
that Morse index is nonincreasing. The proof in the general case is based on monotonicity
properties of the spectral flow and it is given in Section 9. Analogous results can be found
in [3] and [4] in a different framework.

Taking V' = 0 we obtain an extension of the Morse-Schéenberg comparison theorem to
general semi Riemannian manifolds.

Corollary 7.2. Let (M;,g;) and 7; be as above with V; = 0. If for each x € [0,1],
(7.4) 92 (Ry, ()20, 92v) < g1 (Ry, (2)0,0),
then p(v2) < p(71)-

For lightlike and timelike geodesics on Lorentzian manifolds this was proved by Beem
Ehrlich Easley (see for instance [5]).

Comparing an analytic semi Riemannian manifold M; with a semi Riemannian locally
symmetric space My of the same dimension and index we conclude that
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Corollary 7.3. If (7.4) holds and if indyR2(0) is defined and is positive, then along 1
there must be at least indy R2(0)/(n — 1) strictly conjugate points. The same is true if
indjR2(0) is negative and the reverse of inequality (7.4) holds.

The simplest comparison is with a space form Ms of index v and curvature K. The
curvature tensor of My is Ro(X,Y)Z = K|[g2(Z, X)Y — g2(Z,Y) X]. Since ¢, is an isometry
sending 1 (z) into v4(z) we have

92 (Ro (2) v, 02v) = Kg1 (71(2), 71 (2))91 (v, 0) — g1 (7 (), v)].

Identifying T}, My with T,,M> via ¢, the curvature operator of Ry restricted to the
normal subspace 74(0)* coincides with K [g1(v}(0),~;(0))]Id on ~(0)*. If 47 is not a null
geodesic, without loss of generality we can assume that e(y1) = ¢g1(71(0),71(0)) = £1. By
Proposition 5.2 indjRa2 = N(Ke€(v1))(n — 1). From the above corollary we conclude that

Corollary 7.4. If (M,g) is a semi Riemannian manifold such that

(7'5) g(R(X7Y)KX) > K[g(X,X)g(Y, Y) - g(X’Y)Q]

for some real number K, then any geodesic v on M such that Ke(y) > 0 has at least
N(Ke(y)) strictly conjugate points.

If the manifold is Riemannian, inequality (7.5) implies that the sectional curvature has to
be bounded from below. When the metric is indefinite, if the sectional curvature is bounded
from below (or above) then it is automatically bounded. Nevertheless, the hypothesis in
Corollary 7.4 does not imply that the sectional curvature of M is constant. Nontrivial
examples of semi Riemannian manifolds verifying (7.5) are given in [2]. In this paper and
also in [32] several comparison results of Sturm type are proved.

In a similar way we can obtain estimates for the number of strictly conjugate points
along a nondegenerate horizontal geodesic in a semi Riemannian warped product with
locally symmetric base.

Let B and F' be two semi Riemannian manifolds and let p be a smooth positive function
defined on B. The warped product M, = B X, I is the product manifold B x F' endowed
with a twisted product metric. Namely, for p = (b, f) € B x F we write the tangent space
T,B x F as an internal direct sum of T,B = Ty 5)B x {f} with T)F' = Ty, p{b} x F
and endow it with the metric g, = gp + p?gr. Notice that the direct sum decomposition
T,M, =T,B ®T,F is orthogonal with respect to both g, and the product metric g;.

We will do the comparison between the manifold M, and the manifold M, the semi
Riemannian product of B and F. Given a point p = (b, f) we choose an isometry y: T, M, —
T, (p)M1 whose restriction to T),B is the identity.

Let v be any horizontal geodesic through p. Then + is a geodesic under both metrics and
decomposing a vector w € Ty, as w = (u, v) under the above orthogonal decomposition
we have that the curvature operator on M is given by

(7.6) R, (2)(u,v) = R(Y(2), )y () = RE(2)u

where 7 is the projection of v onto the base B and RP is the curvature operator on B.

It follows plainly from (7.6) that the family of hessians hy of the energy functional on
My at vy, A € [0,1] is a direct sum of the family of hessians hy of E on B at ¥, with a
family of nondegenerate quadratic forms defined on T, (F'). Hence, by normalization and
the direct sum property of the spectral flow, u(v) = (%), as a geodesic on M.

On the other hand by [37, Proposition 42], on M, we have

(7.7) Ry () (u,v) = R(+/(2), )y (x) — }Hess@)(w'(xw(m))v.
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From Corollary 7.2 and the above discussion it follows that if p is a convex function then
for any horizontal geodesic v on M, we have p(5) < pu(v). Hence:

Corollary 7.5. If B is a locally symmetric space and the warping function p is convex then
along any nondegenerate horizontal geodesic there are at least indJRg(O)/(n — 1) strictly
conjugate points.

Our final application is an estimate of the number of bifurcation points from the triv-
ial branch for a family (M,g,V),0)) where M is an analytic complete locally symmet-
ric space and V), A € [a,b], is an analytic family of potentials on M. For i = a,b let
Ri(x): Ty, ()M — Ty, ()M and Pi: Ty, 00M — Ty, ()M be the curvature operator and the
parallel translation along the p-geodesic o; respectively.

Theorem 7.6. Assume that, as symmetric operators,
PR, (0)PL, > Ry(x) and PyRy(0)P_5 < Ry(z).

Suppose moreover that the hessians of Vi, i = a, b at each point of o; are respectively positive
and negative semi-definite. Then, if indj(R,)(0) > indj(Ryp)(0), the number of bifurcation
points from the trivial branch along o is not less than [indj(R,(0)) — indj(Ry(0))]/n.

Proof. We use the comparison principle between (M, g,V;) and (M, g,0). Comparing the
Hessian of E at the p-geodesics o; with the Hessian of the energy at a geodesic having the
same origin and initial velocity, we obtain

1(0a) = indy(Ra)(0) and p(op) < ind;(Ry)(0).

Therefore
[(oa) — p(op)| > indy(Ra)(0) — indy () (0).
The conclusion follows from the main theorem. O

8. PROOF OF THE MAIN THEOREM

Before going to the proof of Theorem 4.2 we will prove an abstract bifurcation theorem
for critical points of families of smooth functionals. This theorem is an extension of the
main theorem in [19] to the geometric framework which naturally arises in dealing with
bifurcation of p-geodesics. Moreover, we will improve the result in [19] obtaining estimates
from below for the number of bifurcation points.

Definition 8.1. A smooth family of Hilbert manifolds {X)}qa<r<p parameterized by a real
interval I = [a, b] is a family of manifolds of the form X, = p~!()\) where p: X — I is a
smooth submersion of a Hilbert manifold X onto I.

By the implicit function theorem each fiber X of the submersion is a submanifold of
X of codimension one. For each x € X the tangent space T, X coincides with ker T'p,.
Being p a submersion the family of Hilbert spaces TF(p) = {ker Tp;: © € X} is a Hilbert
sub-bundle of the tangent bundle TX. TF(p) is the bundle of tangents along the fibers
or the vertical bundle of the submersion p. A smooth functional f: X — R defines by
restriction to the fibers of p a smooth family of functionals fy: X, — R

We will assume that there exists a smooth section o: I — X of p such that o()\) is a
critical point of the restriction fy of the functional f to the fiber X).

We will refer to o as the trivial branch of critical points of the family {fy : A € I}. We
will say that A\ € I is a point of bifurcation for critical points of the family {f\ : A € I}
from the trivial branch () if there exists a sequence \,, — A, and a sequence x,, — o(\4)
such that p (z,,) = A, and each z,, is a critical point of fy, not belonging to o(I).

In what follows we will denote with hy the Hessian of f\ at the point o(\).

Our next assumption is that, for each A € I, the Hessian h) is a Fredholm quadratic
form. Moreover we will assume that the end points h, and hj are non degenerate.
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The family of Hessians hy, for A € [a, b], defines a smooth function h on the total space
of the pull-back bundle H = o*T'F(p) of the vertical bundle TF(p) by the map o: I — X
such that the restriction of h to each fiber is a Fredholm quadratic form. The function
h: H — R is a generalized family of Fredholm quadratic forms. Since the restrictions hg, hp
to the fibers over a and b are non degenerate, the family is admissible and the spectral flow
sf(h) = sf(h, [a, b]) of the family h is defined by [36, (2.2)].

Theorem 8.2. Under the above assumptions if sf(h) # 0, then there exists at least one
bifurcation point A\« € (a,b) of critical points of f from the trivial branch.

Moreover, if ker hy # 0 only for a finite number of points A € I then there are at least
Isf(h)|/m distinct bifurcation points in (a,b), where m = max{dimkerhy}.

Let us mention that the singular set X(h) = {\ € I : kerhy # 0} is finite if all the data
(X,p, f,0) are analytic. Another situation in which X (h) is finite is the following one:

If h: H — R is a generalized family of quadratic forms, the intrinsic derivative hy: Hy —
R of h at A is the restriction to ker hy of the ordinary derivative of the smooth path of
quadratic forms hyM) where M is any local trivialization of the bundle H. It is easy to
see that the resulting quadratic form hy is independent from the choice of trivialization. A
point A € 3(h) is called regular when hy is a nondegenerate quadratic form on ker hy. By
straightforward extension to bundles of the arguments in [20], one shows that each regular
point A € 3(h) is isolated in X(h). Therefore, if h has only regular singular points they are
in finite number.

Remark 8.3. By [20] if all points in 3(h) are regular then

st(h) = Z sign hy,

AeX
where sign denotes the signature.

Proof of Theorem 8.2. By the vector bundle neighborhood theorem (Theorem A.1)
there exist a trivial Hilbert bundle H = I x H over I = [a,b] and a fiber preserving smooth
map 1: H — o*X such that (), 0) = o(\) and such that 1 is a diffeomorphism of H with
an open neighborhood O of ¢(I) in X.

Let f : I x H — R be defined by f = fo1. Then f is a family of smooth functionals on
the Hilbert space H. Since the restriction 1y of ¥ to the fiber is a diffeomorphism, we have
that u € H is a critical point of fy = fy o ¢, if and only if z = ¥ (u) is a critical point
of fx. In particular 0 is a critical point of fy for each A\ € I. The Hessian hy of fy at 0 is
given by hy (&) = hx(Town)([€]). By cogredience and normalization property of the spectral
flow (see Propositions 3.1 and 3.2 in [19]), we have that sf(h, I) = sf(h, I) = sf(L, I) where
L: 1 — ®4H) is the smooth path of self-adjoint Fredholm operators representing the
family h with respect to the scalar product, i.e. hy(u) = (Lyu,u) Yu e H.

In order to prove the first assertion we argue as follows. Our hypothesis implies that
sf(L,I) # 0, and [19, Theorem 1] ensures the existence of a critical point u # 0 of some
fa, A € I, in every neighborhood V' of 0. Choosing a u, # 0 in V,, = B(0,1/n) we
can assume by passing, if necessary, to subsequences that the corresponding sequence A,
converges to some A\, € (a,b). Let z,, = ¥y, (u,). By construction of ¢ each z,, is a critical
point of fy, not belonging to o(I) and x,, — o(A.). Thus A, is a bifurcation point.

In order to prove the second assertion let us assume that the set X (h) is finite. Let
a <A <Ay <...< A <bbe the points in ¥(h). We want to show that at least |sf(h)|/m
of them are bifurcation points.
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Taking I; = [\; — 6, \; + 6] with 6 > 0 sufficiently small so that I; are disjoint, we have
that h at the end points of I; is non degenerate and hence

k
(8.1) st(h, 1) = sf(h, I;)
j=1

by additivity of the spectral flow. Since 0 is always an isolated point in the spectrum of
a self-adjoint Fredholm operator, there exists a positive number 7 such that the spectrum
of Ly, intersects the interval [—n,n] only in 0. Then we can choose ¢ > 0 small enough so
that 7, —n do not belong to the spectrum of Ly, for any A € I; and so that (8.1) still holds
true. Let Py, A € [A\j — 6, A\j +6], be the orthogonal projection onto the subspace associated
with the part of the spectrum of Ly lying in the interval [—n,n]|. Taking if necessary a
smaller 0, by [28, Chapter II, Section 6], there exists a continuously differentiable path U
on [A; —d,A; + d] of orthogonal operators such that

(8.2) Uy, =1Id and UyP\Uy' =Py, YA€\ —4,) +4]
Since the spectral flow is invariant under cogredience, we get
(83) st(La, Ij) = st(My, I;)

where M) = UAL,\U/(l.

From (8.2), it follows that M) is reduced by Py;, for any A\ € [;, being L) reduced
by P, in that interval. Under the splitting H = ker L>\j P Im L>\j, M) can be written as
M)y = M} + M3}. But M? is an isomorphism and therefore sf(M?3, I;) = 0.

From this and (8.3) we get

Sf(L)\’ I]) = Sf(Mil? Ij) = ,ulvlorse(M){j—(S) - MIV[orse(MAljJ,-(S)

where the last equality follows from the property that the spectral flow of a path of linear
operators defined on a finite dimensional space equals the difference of the Morse Indexes
at the end points.

Since dimkerLy; < m it follows that

’HMorse(M)l\j—(S) - NMorse(M)l\j—f—&)‘ < m;

Summing up
k
[sf(h)] <> Isf(Lay, Ij)| < dm
j=1

where d is the number of nonzero addends in the above formula. Since, by the first part,
any interval I; with a nontrivial contribution to the above sum must contain at least one
bifurcation point there must be at least d = |sf(h)|/m distinct bifurcation points in I. [

With this we can finally prove Theorem 4.2.

Let us consider the end-point map e: I — M x M defined by e(A) = (o(A)[0], a(N)[1]).
The pullback e*(m): €*(Q2) — I of the submersion 7: Q@ — M x M via the map e is
defined in the usual way. By standard transversality arguments we have that the total
space €*(Q2) = {(\,y) € I xQ: e(\) = w(y)} is an Hilbert manifold (which inherits the
Riemannian metric from €2) and the map e*(7): e*(2) — I given by the projection to the
first factor is a submersion (see [33, Chapter 3, Section 3]).

The fiber of e* () over A € I is the submanifold Q4 (y)[0],0(x)[1)- By the commutativity of
the following diagram
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I%}MXM

where ¢ is the projection to the second factor, we have that o: I — ) induces a section
g: I — €*(Q) of e*(m). By the same argument the vertical bundle T'F(e*(7)) coincides
with *(T'F(m)) and moreover o*(TF(w)) = ¢*[T'F(e*(m))]. The one-parameter family of
functionals E = Fot: €*(2) — R has the same bifurcation points as the family {Ey : A € I}
because ¢y sends in a one to one fashion critical points of E\ into critical points of Ejy.
Moreover the isomorphism ¢y intertwines the Hessian hy of E) at &y with the Hessian hy
of E\ at o). Now Theorem 4.2 follows from Theorem 8.2 and the following proposition

Proposition 8.4. Under assumptions of Theorem 4.2,
sf(h) = p(oa) — plow).
Proof. Let T' = [a,b] x [0,1]. Consider the map 0: T"— § defined by
(8.4) (A, t)(z) = ox(tx).
Each 0(A,t) is a critical point of the energy functional Ej;: Q) — R associated to
the data (M, gx,t*Vy). Let hy; be the Hessian of E); at 6(),t). As before, hy; defines a

generalized family of Fredholm quadratic forms h: 6*TF (1) — R. Let h be the restriction
of this family to the boundary 0T of T' Trivializing 0T F(r)|sr and using [19, Poposition

3.6] we conclude that sf(h) = 0. On the other hand, the spectral flow is the sum of the
spectral flows of each segment of the boundary of T'. By definition of h) ; we have that hy o
is nondegenerate for all A. Indeed, §()\,0) = p is a constant path. A H'-vector field ¢ along
p is simply a path & € HY(I;T,(M)) and hence ho(§) = dy(€&) = fol g(%f(x),% (x)) dx
which is clearly nondegenerate.

From the above discussion we have that

Sf(h(.ﬂ), [0,1]) — Sf(h(L.), [a,b]) = Sf(h(.Vb), [0,1])
that is sf(h) = p(oa) — p(op). O

9. PROOF OF THEOREM 7.1

Let 1,72 as in (7.1). By (3.4) the Hessian of the energy functional at v; computed on
a vector field £ along ~ is given by

1 1
(9.1) o (€) = /O g1 (26(x), D)) do — /0 01 (SY(@)€(x), €(x)) da.

Denoting by ®: H{(v1) — Hg(v2) the bounded operator induced by ¢ we have that

1
h72(q)§):/0 92(£¢x§($)7£¢x§(a}))dm‘—

1
92) | (P @)ent@). (e do
Since parallel translation commutes with % and (g is an isometry it follows that

g(%g(a}), % (‘T)) = g(%@x&(x)) %@xf(‘r))
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pointwise and hence the first two integrals in (9.1), (9.2) coincide. Therefore the inequality

)7
9(S*(2)ps(2), 92€(2)) < 9(S'(2)€(2), €(2))

implies that A, (®E) < ho, (€), for all £ € H}(71).

Let 4%, i = 1,2 be the canonical paths induced by «; on Q(M;) and let hy be the Hessian
of E at Y5

Since the top order terms (those containing %) of h} and h3®, coincide, the difference
h%\ — hi(ID a is weakly semi-continuos. By the proof of Proposition 8.4

1 1
(9.3) ho(€) = / 91(2& 28 do = / 92(2 008, 2po€) dx = hi(Dof)
0 0
Moreover by hypothesis
(9.4) h1(1€) = oy (RE) < Dy (€) = i (€).

On the other hand, u(y1) = —sf(h!) while u(y2) = —sf(h?) = —sf(h?®).

Taking in account (9.3) and (9.4), in order to conclude the proof of the comparison
theorem it is enough to show that if h and k are two admissible generalized families of
Fredholm quadratic forms on a Hilbert bundle H over [a,b] whose difference is weakly
semi-continuous and such that h, = kq, ky < hp, then sf(k) < sf(h). The rest of the proof
is devoted to show this.

Without loss of generality we can assume that H = [a,b] x H is trivial. Since hy — k) is
weakly compact it follows that ¢(s,\) = shy + (1 — s)k,, is a Fredholm quadratic form for
all (s,A) € [0,1] x [a,b]. The compactness of T' = [0, 1] X [a, b] together with the property
that the space of Fredholm quadratic forms is open imply that there exists a small n > 0
such that g(s, \) +t|| - ||? is still Fredholm, for any (s, \) € T and |t| < . Taking possibly
a smaller 1 we can further assume that h; +¢|| - ||? is non degenerate for i = a,b and |t| < n

Define hy = hy + An|| - ||[>. Then h is a family of Fredholm quadratic forms that is
homotopic to h by the admissible homotopy (t,\) — hy + tAn|| - ||* and therefore sf(h) =
sf(h). But now ho = ko and ky < hy.

Consider the family of Fredholm quadratic forms defined on T by ¢(s, ) = shy+(1—s)ks.
The closed path obtained by restricting ¢ to 0T has spectral flow zero. In fact, its spectral
flow is the sum of the spectral flows of each segment of the boundary of [0, 1] x [a, b] and by
the same arguments as in the proof of Theorem 4.2, we have: sf(h) — sf(k) = sf(p), where
p(s) = (1 — s)ki + shy.

Since p = hy — ky is positive definite if X(p) is non empty all points s € X(p) are regular
and, by Remark 8.3, each gives a positive contribute dimker p(s) to the spectral flow of
p. Thus sf(p) > 0 and hence sf(k) < sf(h). O

In our comparison theorem it is possible to avoid the non degeneracy condition by
introducing the concept of extended generalized Morse index analogous to the extended
Morse index (index plus nullity) in the classical case (compare with [10, 15]).

Let h be a generalized family of Fredholm quadratic forms on a Hilbert bundle H over
[a,b]. Let us consider the self-adjoint Fredholm operators L) representing h) with respect
to the scalar product. Self-adjoint Fredholm operators are characterized by the fact that
0 is an isolated point in the spectrum of finite multiplicity. Thus, there exists a number
S0 > 0 so that hy + 8| - ||* = 1/2((L + §)u, u) is not degenerate for A = a,b and for any
0 < 6 < dg. Since the set of all Fredholm quadratic forms is open in the set of all quadratic
forms, dg can be chosen in such a way that hy + §|| - ||? is a Fredholm form for A € [a, ]
and 0 < 0 < dg.

The extended spectral flow of the family h is

(9.5) sf(h) = sf(hy + 3| - |% X € [a, b]).
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for small enough §.

The normalization property for the spectral flow implies that the right hand side does
not depend on the choice of §. The extended spectral flow is clearly additive under con-
catenation and direct sum. It is homotopy invariant under homotopies keeping the end
points fixed.

The extended (generalized) Morse index is defined for any p-geodesic by

(9.6) f(y) = —st(h)
where h is the family of hessians at the canonical path ¥
Arguing as above with the perturbed families we obtain:

Theorem 9.1. If 1,72 are two (possibly degenerate) p-geodesics as in Theorem 7.1, related
by (7.3) then

(72) < ().

APPENDIX A. THE VECTOR BUNDLE NEIGHBORHOOD THEOREM

This section is devoted to a technical result, which is used in the proof of the main
theorem.

Theorem A.l. Let E and B be two C*° Banach manifolds such that E admits a C*
partition of unity and B is compact. Let m: E — B be a C*° split submersion, i.e. the
differential is surjective and the kernel splits. Let 7: B — E be a smooth section of m.
Then there exist a Banach bundle @' F' — B, an open neighborhood V' of the 0-section in
F and a fiber preserving diffeomorphism j: V — U, of V with an open neighborhood U of
7(B) such that T(b) = j(0p) for allb e B

The proof of this result, follows the construction of tubular neighborhoods of subman-
ifolds based on sprays. However here we need sprays whose exponential map is fiber
preserving. The construction is that of Palais in [38], see also [14].

Let m: E — B be a split submersion and let p: TF(m) — E be the associated bundle of
tangents along the fibers. A C*-vector field £ on TF () is called a bundle spray over E if
it satisfies the following two conditions:

(1) Tp(§(v)) = v Yo e TF(r);
(2) &(sv) = T5(s€(v)) VseR YveTF(m)
where §: TF(m) — TF () is the multiplication map given by v — sv for any v € TF(m).

Condition (1) implies that for all v € T(Ep), also T'p({(v)) € T(Ep) and then &(v) €
T(T(Ey)). Therefore, if u: [0,1] — TF(m) is an integral curve of & with u(ty) € T(Ep),
then u([0,1]) C T(Ep) and so pu([0,1]) C E.

Proof. The existence of a bundle spray £ over E follows from the implicit function theorem
and partition of unity arguments. Indeed, let e € E be a point. Since 7: £ — B is a split
submersion, by the implicit function theorem, there exists a neighborhood U, of e in E and
two open sets V;, C B and W}, C 7~ 1(b) for some b € B such that U, = V, x Wj. Now let
us consider the vertical tangent bundle over the open set U,. By definition, we have

TFU.) = TF(Vy x W) =V, x T(W,).

In this way we are able to construct a bundle spray locally on TF(U,) extending to the
product an ordinary spray on T'(W}) in the obvious way. Observing that a convex com-
bination of two bundle sprays is again a bundle spray, we can take a smooth partition of
unity on E and glue the local sprays in order to get a bundle spray on TF ().

If £ is a bundle spray for m, the associated exponential map, is defined as follows: for
each v € TF(FE) let o, be the maximal integral curve of £ such that ¢,(0) = v. The
second condition for a bundle spray implies that there exists an open neighborhood D of



24 M. MUSSO, J. PEJSACHOWICZ, AND A. PORTALURI

the zero section in T'F(E) such that for all v € D, 0,(1) is defined. Now by definition
exp(v) = p(oy(1)) Yv e D.

Let F = 7*(TF). If i: F — TF is the canonical inclusion and V = i~!(D) we define
j: V. — E by j(v) = expi(v). By construction of the exponential map j is fiber preserving
and clearly j(0p) = 7(b). We want to show that j restricted to a (possibly) smaller neighbor-
hood V of the zero section is a diffeomorphism. For this, if j,: Fj, — FEj is the restriction of
j to the fiber, identifying Fj with its tangent space in the canonical way and arguing as in
[33, Theorem 4.1] we show that T',(0,) = id. Since j is fiber preserving this easily implies
that 7'j(0p) is injective and hence invertible since, being B finite dimensional, 7j(0p) is
Fredholm of index 0. Thus j is a local diffeomorphism. Since this holds for every b € B, by
a standard compactness argument there must be a (possibly) smaller neighborhood V' of
the zero section such that the restriction of j to that neighborhood is a (fiber preserving)
diffeomorphism with a neighborhood U of 7(B). This concludes the proof. O
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