A BIFURCATION RESULT FOR SEMI-RIEMANNIAN TRAJECTORIES OF

THE LORENTZ FORCE EQUATION

PAOLO PICCIONE AND ALESSANDRO PORTALURI

ABSTRACT. We obtain a bifurcation result for solutions of the Lorentz equation in a semi-
Riemannian manifold; such solutions are critical points of a certain strongly indefinite
functionals defined in terms of the semi-Riemannian metric and the electromagnetic field.
The flow of the Jacobi equation along each solution preserves the so-called magnetic sym-
plectic form, and the corresponding curve in the symplectic group determines an integer
valued homology class called the Maslov index of the solution.

We study magnetic conjugate instants with symplectic techniques, and we prove at
first, an analogous of the semi-Riemannian Morse Index Theorem (see [12]). By using this
result, together with recent results on the bifurcation for critical points of strongly indefinite
functionals (see [10]), we are able to prove that each non degenerate and non-null magnetic
conjugate instant along a given solution of the semi-Riemannian Lorentz force equation is
a bifurcation point.
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1. INTRODUCTION

In this paper we will study the occurrence of bifurcation phenomena for solutions of
the Lorentz force equation in General Relativity; such solutions represent the trajectories
of massive charges moving under the action of gravity and of the electromagnetic field.
Conjugate points along a solution z of the Lorentz force equation, called in this paper
“magnetic conjugate” points, correspond up to first order infinitesimal to fixed endpoints
homotopies of z by a family 2 of solutions of the equation. However, when dealing with
phenomena on a very large scale, like for instance when studying trajectories of massive
charges in a general relativistic spacetime, such first order approximation is not valid. The
aim of this paper is to establish to which extent one has multiplicity of trajectories in
the proximities of a magnetic conjugate point of a general relativistic spacetime, i.e., in
the language of bifurcation theory, we determine under which circumstances a magnetic
conjugate point determines a branch of solutions bifurcating from the given one.

In the classical literature, general relativistic solutions of the Lorentz force equations
are studied using the Kaluza-Klein formalism in Lorentzian, or more generally semi-
Riemannian geometry. Einstein’s program in general relativity is based on the fact that
spacetime is nontrivially curved and that the gravity is the responsible of this curvature.
In 1921, Kaluza had postulated that gravitation and electromagnetism could be unified in
a five dimensional theory of gravity. The physical interest in the modern Kaluza-Klein
theory, which could be considered as the historical precursor of the modern Yang -Mills
theory, is due to the fact that some quantities, like for instance the charge of a particle,
are spacetime related like the momentum or the energy. The charged particle trajectories
correspond to geodesics trajectories in the Kaluza extended manifold.

Although the Kaluza-Klein formalism is very natural, and it provides powerful tools for
studying existence and multiplicity results for causal solutions of the Lorentz force equa-
tion (see for instance [7, 8]), the theory does not seem to be well suited to study phenomena
depending on infinitesimal of second order, like bifurcation theory, and it is practically use-
less if one wants to relate the Morse theory for solutions of the Lorentz equation with the
Morse theory of the corresponding geodesics. This observation is simple consequence of
the fact that magnetic conjugate points along solutions of the Lorentz equation do not cor-
respond necessarily to conjugate points along the corresponding Kaluza—Klein geodesics,
due to the fact that distinct solutions of the Lorentz equation having common endpoints lift
to Kaluza—Klein geodesics with possibly distinct endpoints. In particular, the bifurcation
result for semi-Riemannian geodesics proven in [19] cannot be applied, and the aim of
this paper is to develop a specific theory to study bifurcation of solutions of the Lorentz
equation.

In order to state properly our result, let us fix our notations and let us recall a few basic
definitions. Let (M, g) be a semi-Riemannian manifold and let B € X(M) be a smooth
vector field on M; the corresponding 1-form w = g(B,-) will be called the magnetic
1-form. A trajectory of a charged massive particle moving under the action of an electro-
magnetic field B is represented by a curve z : I — M, where [ is an interval of the real
line IR, satisfying the Lorentz force equation, given by:

L+ (VB-VB*):=0,

where % denotes the covariant derivative along z with respect to the Levi-Civita con-
nection and (VB)* is the g-adjoint of VB. Although the Lorentzian case is of physical
interest, we will develop the theory in the more general setting of semi-Riemannian mani-
fold; on the other hand, we will restrict ourselves to the case of exact magnetic 2-forms, in
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which case the Lorentz equation has a variational structure. Most of the results discussed
in this paper hold true also in the more general case of non exact magnetic 2-forms, and
very likely the entire theory presented could be extended to such more general case using
techniques of non variational bifurcation.

Solutions of the Lorentz equation are critical points of the action functional:

F(z) = /01 [%g(i, 2)+9(B.2)] dt = /01 [%g(é, 2)+w()] dt

where w is the so-called magnetic 1-form on M whose differential is computed as curl B.
Linearization of the Lorentz force equation along a given solution z produces the so-
called electromagnetic Jacobi equation (see (2.14)), whose solutions are called electromag-
netic Jacobi fields. The electromagnetic Jacobi equation coincides with the kernel of the
so-called electromagnetic Index form which is the second variation of the electromagnetic
energy functional (see (2.8)). These notions was introduced for the first time in [6].

Now, given a trajectory z, according to [6] we say that an instant ¢ty € ]0, 1] is said
to be a magnetic conjugate instant, if there exists at least one non zero electromagnetic
Jacobi field J with J(0) = 0 = J(tg). The corresponding point z(¢p) is said to be a
magnetic conjugate point to z(0) along z; hence, magnetic conjugate points can be inter-
preted as fixed endpoints of a homotopy of solutions of the magnetic equation, up fo first
order approximation. When dealing with phenomena on a very large scale, such first order
approximation is not satisfactory, and the aim of this paper is to establish in which exact
terms one has multiplicity of solutions in correspondence to magnetic conjugate points.

It is well known that, in the geodesic case, the flow of the Jacobi deviation equation
preserves the symplectic form €2 on T'M which is the pull-back via the semi-Riemannian
structure g of the standard Liouville form on T* M ; likewise, the flow associated to the
electromagnetic Jacobi equation preserves the so-called magnetic symplectic form given
by p = Q—n* (curl B), where m : TM — M is the canonical projection. It follows
that the fundamental solution of the electromagnetic Jacobi equation, give us a path in the
Lie group of all symplectomorphism of the symplectic space IR*" endowed with the mag-
netic symplectic form, and, in particular, its phase flow induces a path in the Lagrangian
Grassmannian manifold of IR>",

The magnetic conjugate instants along a solution of the Lorentz force equation can be
characterized as the intersection of this path with an co-oriented analytic one co-dimen-
sional embedded submanifold of the Lagrangian Grassmannian manifold, also called the
Maslov cycle. The relative homology class of this path is defined to be the Maslov index
of the solution. One of the main result of this paper is to prove an analogous of the Morse
index theorem for trajectories of the Lorentz force equation, relating the Maslov index of
a solution with a generalized Morse index of the corresponding path of electromagnetic
index forms. Due to the indefiniteness of the semi-Riemannian structure, the Morse Index
of the second variation of the electromagnetic energy functional is not well defined and a
correct substitute is given by the so-called spectral flow associated to a path of symmetric
Fredholm forms. The spectral flow is an integer homotopy invariant, originally introduced
by Atiyah, Patodi and Singer in [2], which roughly speaking can be thought as the net of
change of the eigenvalues which cross the value zero.

Using such an homotopy invariant we will prove the equality between the Maslov in-
dex of a trajectory of the Lorentz force equation and the spectral flow associated to the
path of Fredholm quadratic forms arising from the Hessians of the electromagnetic energy
functionals, up to a sign.
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The study of multiplicity results for trajectories of the Lorentz force equation in the
Riemannian case or the behavior of these solutions, is well known (see for instance [3, 4,
13]). In the Lorentzian case for spacelike trajectories or more generally for trajectories of
any causal character in a semi-Riemannian manifold, a careful analysis of the behavior of
such trajectories or a multiplicity result is much more involved. For a better understanding
of the behavior of these trajectories in the neighborhood of a magnetic conjugate point,
we will introduce the notion of magnetic bifurcation point along a solution of the Lorentz
equation. A magnetic bifurcation point (or, more precisely, a magnetic bifurcation instant)
along one such solution z is a point z () for which there exists a sequence t,, — to and
a sequence of solutions z, # z of the Lorentz equation tending to z as n — oo, such that
zn(tn) = z(t,) for all n. A natural question to ask is: which magnetic conjugate points
along a solution of the Lorentz equation are magnetic bifurcation points?

We will use some recent results on bifurcation theory for strongly indefinite functionals
([10]), we are able to give an answer to the above questions. The main result in [10] is
that bifurcation occurs at those singular instants whose contribution to the spectral flow
is non null (Proposition 4.3). By a suitable choice of coordinates in the space of paths
joining a fixed point p in M and a point variable along a given trajectories of the Lorentz
forced equation z starting at p, the magnetic bifurcation problem is reduced to a bifurca-
tion problem for a smooth family of strongly indefinite functionals defined in (an open
neighborhood of 0) a fixed Hilbert space (Subsection 5.1). To each magnetic conjugate
instant z(to) along z we associate a vector space P[to] C T, M, called the magnetic
conjugate plane (Definition 3.1); when the restriction of the spacetime metric g to P[to]
is nondegenerate, then z(%p) is called nondegenerate, and the signature of such restriction
is the signature of the magnetic conjugate point. The Maslov index of a solution of the
Lorentz equation is computed under generic circumstances as the sum of the signatures of
all magnetic conjugate instants (Corollary 3.9); using the index theorem, we get that jumps
of the spectral flow occur at those magnetic conjugate points having non null signature.
Applying the theory of [10], we get that nondegenerate magnetic conjugate points with
non vanishing signature are magnetic bifurcation points; more generally, a magnetic bifur-
cation point is found in every segment of solution of the Lorentz equation that contains a
(possibly non discrete) set of magnetic conjugate points that give a non zero contribution
to the Maslov index (Corollary 5.6).

To conclude, we remark that the occurrence of degeneracies of the restriction gp[,] is
yet a rather misterious phenomenon, that deserves attention. Even more challenging, it
is not clear whether non spacelike Lorentzian solutions may admit a non discrete set of
magnetic conjugate instants.

2. THE VARIATIONAL PROBLEM

2.1. Geometrical setup and the action functional. We will consider a smooth manifold
M endowed with a semi-Riemannian metric tensor g; by the symbol % we will denote
the covariant differentiation of vector fields along a curve with respect to the Levi-Civita
connection of g, while R will denote the curvature tensor of V chosen with the sign con-
vention: R(X,Y) = [Vx, Vy] — V[x y], where V will denote the covariant derivative of
the Levi-Civita connection of g. Let B € X(M) be a smooth vector field on M; this vector

field B defines the so-called magnetic 1-form w on M, defined by:

2.1) w=g(B,);
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its differential dw is easily computed as:
dw = curl B,
where curl B is the 2-form:
curl B(X,Y) = g(VXB, Y) — g(X, VyB).

Given a smooth n-dimensional manifold, let Q the set of all paths z : [0,1] — M
of Sobolev class H!. It is well known that 2 is an infinite dimensional smooth Hilbert
manifold modelled on the Hilbert space H*([0, 1], IR™). For each z € €, the tangent space
T. can be identified with the space of vector fields V along z of class H'. Now let
ev : Q — M x M be the evaluation map given by ev(z) = (2(0), 2(1)); this map is a
submersion, and therefore for each pair (p, q) € M x M, the inverse image:

Qpg =ev (p,q) = {z€Q:2(0)=p,2(1) = ¢}
is a submanifold of codimension 27 in 2, whose tangent space 13€),, , is identified with the
space of vector fields V along z of class H' and vanishing at the endpoints. Keeping this
identification in mind, we will tacitly apply standard results on Sobolev spaces to tangent
spaces 1€, 4.
To each data (g, B), where g is a semi-Riemannian structure and B is the smooth magnetic
vector field, we associate the following magnetic action functional F' : 2 — IR defined by

22)  F(z) = /01 [%9(272) —&-g(B,,é)} dt = /01 [%g(m) +w(z)} dt.

By the smoothness of the data, it follows immediately that F' is a smooth function and
hence so are the restrictions Fj, 4 of F' to €, .. It is not hard to see that, due to the fact that
the metric tensor g is indefinite, ), ; is unbounded both from above and from below on
€14, and that the Morse index of its critical points in €, , is infinite.

2.2. First variation of the action functional. We will now compute the first variation
of the functional (2.2); to this aim, let 2 € Q,, and V € T.Q,, be fixed, and let

{25} se]—c,c[ be a variation of z in €2, , with variational vector field V. Recall that this
means that |—£,e[ 3 s — 25 € Q, 4 is a C! map, with 29 = z and %L:ozﬁ = V. Then,
dF,.(z)V = & |S:0Fp1q(zs); this derivative is computed as follows:

d .
N SFale) = [ oBdan do)+o(RBE). d2) +o(Bl). Bita)]

and evaluating at s = 0 we get:

1
AV = [ [o(BV.9) +0(9vB.2) 4 o(B. 5Y)]at
(2.4)

_ /1 {g(%v, 2) + dw(V, z')] dt.
0

Proposition 2.1. A curve z € §Q,, 4 is a critical point of f if and only if z is smooth and it
satisfies the second order equation:

(2.5) 2:+(VB-VB"):=2:—(VB)'s+ 2B =0,

where (VB)* is the g-adjoint' of V B defined by g((VB)*a,b) = g(V,B, a).

UIn order to avoid confusion, in this paper we will denote by x the adjoint with respect to the bilinear form
g, while we will use the customary symbol * to denote the adjoint of linear operators in IR™ with respect to the
Euclidean product.
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Proof. The regularity of z is obtained by standard boot-strap arguments; equation (2.5) is
then obtained immediately performing integration by parts in (2.4) and the Fundamental
Lemma of Calculus of Variations. [

It is also worth recalling that the solutions of (2.5) preserve their causal character:
Lemma 2.2. [fz : [0,1] — M is a solution of (2.5), then the quantity g(z, 2) is constant.

Proof. Contracting the left-hand side of (2.5) with the covector g(-, £) one gets:
0=9(B52) ~9(BB2) +9(BB.2) =9(BaA) = 15052, O

2.3. Second variation of the action functional. Recall that, for a smooth vector field
Z on M, the Hessian of Z, denoted by Hess Z, is the (2, 1)-tensor field on M given by
V'V Z; more explicitly:

Hess Z(v1,v2) = Vy, Vi, Z — Vv, 1,7,

where V5 is any local extension of va. Observe that the Hessian Hess Z is not in general
symmetric; its symmetric anti-symmetric parts are computed as:
(2.6)

Hess,Z (v1,v2) = %R(’Ul,UQ)Z, Hess,Z(v1,v2) = Hess Z(v1,v2) — %R(vl,vg)Z.

Given a tangent vector v € T,,, M, we will think of Hess Z(v) and Hess,Z(v) as linear
operators on 1, M; for the computation of the kernel of the second variation of f we will
need the g-adjoint of Hess, Z (v), which is computed easily from (2.6) as:

2.7 (HessSZ(v))*(w) = (Hess Z(v))*(w) — 3R(Z, w)v.

Recall that a bounded symmetric bilinear form on a Hilbert space is said to be Fredholm
if it is realized by a (self-adjoint) Fredholm operator.

Remark 2.3. It b : H}([0,1], R™) x H([0,1],IR") — IR is a bilinear form such that the
map (V, W) — b(V, W) is continuous in the product topology C° x H'! (or in the topology
H' x CY), then b is realized by a compact operator on HZ ([0, 1], IR™). This follows easily
from the fact that the inclusion of H([0, 1], IR"™) into C°([0, 1], IR™) is compact, and from
the fact that the adjoint of a compact operator is compact.

Proposition 2.4. Let z € ), , be a critical point of F), o; then, the Hessian Hess F), 4(2)
of Fy 4 at z is the Fredholm form on 1.8, 4 given by:

(2.8)
Hess F, 4(2)[V, W] =

/O [9(BV.5W) + (R V) £, W) + (RV,VwB) + g(3W, Vv B) | at
+/O [g(Hessz(V? W), 2) + 2g(R(V,2) W, B) + 3g(R(W, 2) V, B)] dt.

Proof. Let z € Q,, , be a critical point of F, ,, V' € T, , and let {2,}s¢)—c o[ be a
variation of z in 2, , with variational vector field V. Then,

d2
Hess Fp 4(2)[V, V] = —;

ds2? Fpa(I(ZS)?

s=0
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which is computed by differentiating (2.3) as follows:

d2
T2 o Fralen) =

1
/0 [g(%v, V) +9(R(V,2)V,2) + g(R(V, %)V, B) +29(Vv B, %v)} dt
1
[ oR B2 +o(BR AL oz B) + o (BB ] 9)]

Integration by parts in the last two terms of the integral above and the differential equation
(2.5) satisfied by z yield:

/01 (%

o

k] B) + (R R ] g2 )|

1 1
== [ a(vB 2Bl )it == [ o(Tpa
0 0

ds ds

oW

B, %) dt.

Zg
s=0"%

By definition of Hess B we therefore get:

(2.9)

Hess B ()V.V] = [ [a(BV.BYV) + (RO Ve2) + 9 (RO V. B)|
1
+/0 20(Vv B, BV) + g(Hess BV,V), 2)] at.

Finally, (2.8) is obtained by polarization of (2.9), using formulas (2.6) and the first Bianchi

identity for the curvature tensor R.

The bilinear form B, defined by (V,W) — fol g(2V,2W)adt is strongly nonde-
generate on 13(), ,, i.c., represented by an isomorphism of 77.€2, ,. Now, the difference
Hess f(z) — B, is sum of terms that are continuous with respect to the C-topology in
either the first or the second variable. It follows from what observed in Remark 2.3 that

Hess F), 4(2) is Fredholm. O

In view to future developments, it will be convenient to write the second variation of
I, 4 in the following form:

1
(2.10) Hess F), ,(2)[V, W] = / g(BV, 2w dt+ sV, W] + K[V, W],
0

where:

@2.11)
HV, W] =
1

1
5 [ [sv:Vo, B~ o(VuB W) 4 9(W.Vp B) - o(TwB, BV)]
2 Jo v acV
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and
(2.12)

1
SV.W) = [ [o(REV)2W) + Sa(RYV2W.B) + 50(ROV.2) V. B)  at
+ /1 Fg(QV VwB) + 2g(Vy B, 2W) + Lg(V.Vp B)| at
B 2 de " 2 7 dt 2 ’ EW

1
+ [ 59070, B + g(tess BV, ). )] at.
0o L2 aV

The bilinear forms $) and R are symmetric; formula (2.10) is obtained by a straightforward
calculation using (2.11) and (2.12). Moreover, an easy integration by parts yields the
following formula:

1 1
| [aBvevws) +o(v.v o, B)]de= - [ g(vitess B w)) at,
0 dt 0

from which it follows that K[V, W] can be rewritten as:
(2.13)

RV, W] :/O {g(R(z,V) W) —i—%g(R(V, 2) W, B) +%g(R(W, z)V,B)} dt+

1
/0 [g(HeSSSB(V, W), ) — %g(HessB(é, V), W) - %g(HessB(é,W), V)] dt.

Corollary 2.5. The kernel of Hess F), 4(z) in T,8Y, 4 consists of smooth vector fields V €
1.8y 4 satisfying the following second order linear differential equation:

2.14) DSV _R(3,V):—(VB)*(2V)+ 2 (VyB) —Hess B(V)*(:)—R(%,V)B = 0.

dt

Proof. The regularity for vector fields in the kernel of Hess f(z) is obtained by standard
bootstrap techniques; equation (2.14) is easily obtained using integration by parts in (2.8),
keeping in mind formulas (2.7) and the first Bianchi identity for R. (]

We will denote with the symbol J,(z) the magnetic Jacobi differential operator for
vector fields along z, i.e., Jnm(2)V is given by the left-hand side of (2.14).

Definition 2.6. The differential equation (2.14) will be called the magnetic Jacobi equation
along the solution z of the variational problem (2.2).
3. MAGNETIC CONJUGATE POINTS AND THE MASLOV INDEX

In this section we will introduce the notion of magnetic conjugate points along a solu-
tion of (2.5) and we will define the Maslov index of a solution.

3.1. Magnetic conjugate points and magnetic bifurcation points. Let z : [0,1] — M
be a solution of (2.5) in (M, g); consider the magnetic Jacobi equation along z:

3.1) Dv=ev)+o(2V),

where:

(3.2) ¢(V)=R(%,V)z—Hess B(2,V) + Hess B(V)*2 + R(,V) B,
and

(3.3) D(W) = (VB)* (W) — Vi B.
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Its solutions are called magnetic Jacobi fields along z. Let J, denote the n-dimensional
space:

(3.4) J. = {J solution of (3.1) such that J(0) = 0};
for tg € 10, 1], we set:
Jefto] = {J(to) : J € J.} C Toe) M.

The evaluation J, > J +— J(to) € T, is a linear map between n-dimensional spaces,
hence it is injective if and only if it is surjective. Based on this simple observation, we can
now give the following:

Definition 3.1. A point z(to),to € ]0,1] is said to be magnetic conjugate to z(0) along
z if there exists a non zero magnetic Jacobi field J € J, such that J(¢g) = 0, i.e., if
J:[to] # Taeo) M. Tf 2(to) is magnetic conjugate to z(0) along z, the magnetic conjugate
space P[to] is the g-orthogonal complement J2[¢o]*, and its dimension is called the mul-
tipliciry of the magnetic conjugate point z(¢o), denoted by mul(¢g). The signature of the
restriction of g to P[to] is called the signature of z(tp), and it will be denoted by sgn(tp).
The magnetic conjugate point z(to) is said to be a nondegenerate if such restriction is
nondegenerate.

Remark 3.2. Tt is not hard to prove that the nondegenerate magnetic conjugate points are
isolated, see Proposition 2.8 in [6]. In particular, y = 0 is an isolated magnetic conjugate
point along each solution z : [0,1] — M of (2.5), i.e., there exists € > 0 such that there
are no magnetic conjugate instants in ]0, €]along z.

In analogy with the (geodesic) exponential map of (M, g), we can define a magnetic
exponential map exp™ of (M, g, B), defined on an open subset of 7'M containing the zero
section and taking values in M, given by:

erpy*(v) = 2(1),

where z is the unique solution of (2.5) on [0, 1] satisfying z(0) = p and 2(1) = v € T, M.
The map exp™® is smooth, and magnetic conjugate instants to a point p correspond to
critical values of the map expj®. We want to investigate the problem of establishing when
erpy™ is not injective in neighborhoods of its critical points. More precisely, we give the
following definition:

Definition 3.3. Let (M, g) be a semi-Riemannian manifold, z : [0, 1] — M be a solution
of the Lorentz equation (2.5), and to € |0, 1[. The point z(t¢) is said to be a magnetic
bifurcation point for z if there exists a sequence z,, : [0,1] — M of solutions of of the
Lorentz equation and a sequence (t,)nenv C ]0, 1] satisfying the following properties:

(1) 2,(0) = 2(0) for all n;

(2) zp(tn) = 2(tp) for all n;

3) z, — zasn — o0;

4 t, — to (and thus 2, (t,) — 2(tg)) as n — oo.

Remark 3.4. Applying the Inverse Function Theorem to the magnetic exponential map
expye, it follows that if 2(o) is a magnetic bifurcation point along 2, then necessarily z(t)
must be magnetic conjugate to z(0) along 2.
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3.2. The magnetic symplectic structure. We will now describe the symplectic struc-
ture of the tangent bundle TM of the semi-Riemannian manifold (M, g);*> denote by
7 : T'M — M the canonical projection.

Form € M and v € T,,M, the tangent space T,,7'M can be decomposed as a direct
sum

T,TM = Ver, & Hor,,

where Ver,, is the subspace of T}, T'M tangent to the fiber T}, M, while Hor, is the horizon-
tal subspace determined by the Levi—Civita connection of g. The space Ver, is naturally
identified with T, M, while the differential dm, : T, TM — T, M restricts to an isomor-
phism between Hor,, and T}, M. We will henceforth identify both spaces Ver, and Hor,
with T,,, M in this fashion; for £ € T,,T M, we will denote by £°* and £"°* respectively the
vertical and the horizontal components of £. If ¢ — v(¢) € T'M is a differentiable curve
inTM,ie., v(t) = (2(t), V(t)) where z is a differentiable curve in M and V is a vector

field along z, then v’ (£)*" = %(t) and v/ ()" = 2V (¢).

The canonical symplectic form of the semi-Riemannian manifold (M, g) is the closed
2-form Q on T'M defined by:

(3.5) Qu(&m) =g (& n™") —g(&™m™),  &meTTM.
Recalling the definition of the magnetic 1-form w on M (see (2.1)), we give the follow-
ing:
Definition 3.5. The magnetic symplectic form on T'M is the closed 2-form:
(3.6) uw=—7"(dw),
where 7*(dw) is the pull-back of the 2-form dw to T'M. Explicitly,
o (&,m) = Qu(&,m) + carl B(E™, ™), &ne T,TM.

Let now z : [0,1] — M be a solution of (2.5) and let J,(2) be the magnetic Jacobi
differential operator defined on the space of vector fields along z. By flow of J(2) we
mean the family of linear maps:

Fo(t) : TooyM @ Ty (o) M — TooyM © T,y M,
defined by:
Fo(t)(v1,v2) = (V(1), ZV (1)),
where V' is the unique magnetic Jacobi field along z satisfying the initial conditions:

V(0)=wv1, 2V(0)=u0s.
The following result holds:

Proposition 3.6. The flow of the magnetic Jacobi equation (2.14) preserves the magnetic
symplectic form (3.6).

Proof. The thesis is equivalent to the fact that, if J; and J> are magnetic Jacobi fields along
a solution z : [0, 1] — M of (2.5), then the quantity:

D D
h(t) =g(J1, BJ2) — g(R T, J2) + 9(N1,V,B) — g(Vi B, J2)
ZWe recall that the cotangent bundle T'M™ of any differentiable manifold M is naturally a symplectic mani-

fold; however, when M is endowed with a semi-Riemannian metric g, then the symplectic structure of M * can
be induced on the tangent bundle T'M .
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is constant on [0, 1]. Differentiating the above expression and using the magnetic Jacobi
equation (2.14) satisfied by J; and J, formulas (2.6) and all the symmetries of the curva-
ture tensor R, we get:

W () =g(Ji, 250) — (2501, 12) + 9(J1, 2V, B) + (271, V., B)
—9(2V.B, 1) —g(VyB, 21)
= —2g(Hess, B(J1,J2), %) — g(R(2,J1) B, J2) + g(R(2, J2) B, J1) =
=g(—R(J1,J2) B+ R(B, J5) J1 + R(J1,B) J2, %) = 0. O

3.3. Flow of the magnetic Jacobi equation. We want to describe the flow of the magnetic
Jacobi equation as a curve in the Lie group of symplectomorphisms of a fixed symplectic
space. Recall that a symplectic space is a real finite dimensional vector space endowed
with a nondegenerate anti-symmetric bilinear form. We know from the abstract theory that
the only invariant of a symplectic space is its dimension, i.e., given any two symplectic
vector spaces there exists an isomorphism between them that preserves their symplectic
forms.

Let vy,...,v, be a g-orthonormal basis of TZ(O).M and consider the parallel linear
frame V7, ..., V,, obtained by parallel transport of the v;’s along z. This frame gives us
isomorphisms 77,y M — IR™ that carry the metric tensor g to a fixed symmetric bilinear
form on IR", still denoted by g. Since each V; is parallel, the covariant derivative of
vector fields along z correspond to the usual differentiation of IR™-valued maps. For each
t € [0, 1], the map:

R" = z(t)M SV R(z(t),v)z(f) S Tz(t)M ~ JR"

is a g-symmetric linear operator on IR", that will be denoted by R(t); the symbol R(t) will
also denote the n X n matrix that represents R(t) in the canonical basis of IR™. Moreover,
the map:

Tz(t)M S Tz(t)]\/f =2R"®R"> (an) L g(’l}, va) - g(vavw) eER

is an anti-symmetric bilinear map on IR™, that will be denoted by H(t); we will also
denote with H (t) the n X n real anti-symmetric matrix that represents the linear operator
associated to the bilinear form> H (t), i.e., such that:

(3.7) H(t)(v,w) = H(t)v - w,

where - is the Euclidean inner product on IR™. (More generally, we will always identify
bilinear maps on IR™ with linear operators from IR" to IR™ that realize them with respect
to the Euclidean inner product.)

We will need the derivative H'(t) of the curve of operators H, which is computed
as follows. Let v, w be fixed, and consider vector fields V, W such that V(t) = v and

3anti—symmetric, so that the matrix H (¢) that represent the linear operator corresponding to the bilinear form

H(t)is givenby H(t);; = —H (t)(es, e;), where (e;) is the canonical basis of JR™. The same observation must
be kept in mind also in the sequel, when we will use the matrices associated to the linear operators associated to
anti-symmetric bilinear forms.



12 P. PICCIONE AND A. PORTALURI

W (t) = w; then:
(3.8)
H (o w = %(H(t)v(t) W) — HOV' (1) - W () — HOV(E) - W (2)

= g(%V,VwB) —|—g(V, %VWB) - g(%VyB,W) - g(VVB, %W)
—g(2V,VwB) + g(V%VR W) —g(V, V%WB) +9(VvB,2W)
= g(v,Hess B(%,w)) — g(w, Hess B(%,v)).
Finally, consider the one-parameter family w; of symplectic forms on IR" & IR™ defined
by:
’ wt((vl,wl), (vg,wg)) = g(v1,w2) — g(ve,w1) + H(t)(v1, v2);
recall also that the canonical symplectic form w of IR"™ & IR™ is defined by:

w((vlvwl)v (U25w2)) =1 w2 — V2 - Wi.

In this setup, the linear map F (t) can be seen as a linear automorphism of IR" & IR™,
and Proposition 3.6 tells us that the pull-back of w; by F,(t) coincides with wg. The
matrices representing the linear operator associated to the symplectic forms w; and @ in
the canonical basis of IR™ & IR™ are given in n X n blocks by:

w; (Hét) _09), o ((I) _()I>’

where g denotes the (constant) symmetric matrix representing the bilinear form g on IR™
and I is the identity operator on IR™. In terms of matrices, we have:

(3.9) Fo(t)" wy Fo(t) = wo.

where now * denotes the adjoint with respect to the Euclidean product.
For each ¢ € [0, 1], let us consider consider the automorphism L(t) : R™ & R" —
IR™ & IR™ whose matrix in n. X n blocks is:

I 0
3.10 L(t) = ,
G0 W <—§H(t) 9)
observe that Lg is invariant by L(t) for all ¢:
(3.11) L(t)(0,w) = (0, gw), Ywe R".

Let us define the following isomorphisms:
(3.12) U(t)=Lt)o F.(t)o L(0)™ ' : R" & R" — R" & IR"
It is easy to see that (3.12) preserves the canonical symplectic form w.

3.4. The Maslov index. We will assume henceforth that z is a solution of (2.5) such that
t = 1 is not magnetic conjugate along z. Recalling the definition of the Lagrangian plane
Ly = {0} & IR™, it follows easily that an instant ¢y € ]0, 1] is magnetic conjugate along
z if and only if (F.(to)Lo) N Lo # {0}. Moreover, since L(t) preserves Lo, this is also
equivalent to the fact that (¥(¢9)Lo) N Lo # {0}. Observe that, since ¥ preserves the
symplectic form @, then ¢ — W(¢)Lg is a curve of Lagrangian spaces in the symplectic
space (IR*",w).

The geometry of the Grassmannian of all Lagrangian subspaces of a symplectic space
is well known (see for instance [12] and the references therein); we recall here briefly
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some basic facts. Denote by A the set of all Lagrangian subspaces of (IR*",w) and by
¢:[0,1] — A the smooth curve in A given by:

(3.13) 0(t) = W(t) Lo,

andfork =1,...,n we set:
Ap={LeA:dim(LNLy) =k}, Asi= U Ay
k=1

Each Ay is a connected embedded real-analytic submanifold of A having codimension
1k(k + 1) in A; the set A>1 = [Jj_; Ay is an algebraic variety whose regular part is
A;. Observe that A has codimension 1 in A, and it has a canonical transverse orientation
associated to the symplectic form @w. The first relative singular homology group with coef-
ficients in Z, Hy (A, A\ Ap), is infinite cyclic, and can be canonically described in terms
of the symplectic form w.

Definition 3.7. Let z be a solution of (2.5) such that ¢ = 1 is not magnetic conjugate.
Then, the Maslov index of z, denoted by inasiov (2), is the integer number:

iMnslov(z) = HLg (£|[E,1] )7

where £(t) = W(t)Lo and € > 0 is chosen in such a way that there are no magnetic
conjugate instants along z in ]0, £] (recall Remark 3.2).

Observe that our definition of ipg0v(2) does not indeed depend on the choice of a
parallel trivialization of T'M along z.

3.5. Computation of the Maslov index. We will now develop a technique to compute
the value of the Maslov index of a solution z. To this aim, we recall a few results from
references [20, 21, 22], where the authors study the Maslov index of a special class of
differential systems, called symplectic differential systems.

Denote by Sp(IR*", ) the Lie group of all automorphisms of IR*" that preserve w, and
let sp(IR?", ) be its Lie algebra. It is easy to prove that sp(IR>", W) consists of all 21 x 2n
real matrices X that can be written in n X n blocks as:

<=5 =)
5 —a* ]’

where «, 3,7, : IR — IR™ are linear operators, with 3 and  self-adjoint. In the lan-
guage of [20], a symplectic differential system is a first order linear system of differential
equation in IR?" of the form:

d
(3.14) @ (Z;) = X(t) @2)

with X : [0,1] — sp(JR?*",w) a curve in the Lie algebra sp(IR?",w) whose upper right
block () is invertible for all ¢.

Given such a system, its fundamental matrix* ¥(¢) is a curve in the Lie group Sp(IR*", @),
and, provided that the final instant ¢ = 1 is not conjugate, a Maslov index of the system
(3.14) with initial conditions:

(3.15) (w1(0),w2(0)) € Lo
is defined in analogy with the theory exposed in Subsection 3.4. An instant ¢y € ]0,1]
is conjugate for the system (3.14) with initial conditions (3.15) if there exists a non zero

Ye., W(t) is defined by W (¢) (w1(0), w2(0)) = (w1(t), w2(t)) for all solution (w1, wz) of (3.14).
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solution (w1, ws) of (3.14) and (3.15) such that wy (o) = 0. The signature of a conjugate
instant g in this context is defined to be the signature of the restriction of the bilinear form
(h,k) — B(to)h - k to the space
(3.16)

Alto] = {wa(to) : (w1, w2) is a solution of (3.14) and (3.15) satisfying wy (fo) = 0}.

Whenever such restriction is nondegenerate, then the conjugate instant ¢y is said to be non-
degenerate, and nondegenerate conjugate instants are isolated. One of the central results
for symplectic differential systems ([20, Theorem 2.3.3]) tells us that the Maslov index of
(3.14)—(3.15) is given by the sum of the signatures of all its conjugate instants, provided
that every conjugate instant is nondegenerate.

Associated to each symplectic differential system (3.14) with coefficient matrix X =

(é‘ g) whose upper right n X n block B is invertible, one associates a bounded sym-

metric bilinear form Ix (see [20]), the index form of the symplectic system, given by:
1
Ix(v,w) = / [B_l(v’ — Av,w" — Aw) 4+ C(v,w)| dt,
0

defined in the space of H' vector fields v on [0, 1] satisfying the Lagrangian initial condi-
tions (3.15).

The theory of Maslov index for the solutions of the magnetic equation (2.5) fits into
the theory of symplectic differential systems. In order to apply the results of [22] to this
case we will show that the curve in the symplectic group W(¢) given in (3.12) arises from
a symplectic system which is naturally associated to the magnetic Jacobi equation.

Consider the magnetic Jacobi equation (2.14) that, recalling (3.1), (3.2) and (3.3) can
be written in the form of system:

v = 09
(3.17) { vy = €(v1) + D(v2);

(3.17) will be called the magnetic Jacobi system. The space J? consists of solutions of
(3.17) that satisfy the initial conditions:

(3.18) (’U1 (O),’UQ(O)) € Lyg.
Again, identifying each tangent space T ;)M with IR" by means of a parallel trivi-

alization of TM along z, we will think of (3.17) as a differential system in IR?", with
coefficient matrix given in n X n blocks by:

0 I
(3.19) 9%2(C ’D)’

where €(¢),D(t) : IR™ — IR™ are the linear operators corresponding respectively to (3.2)
and (3.3). Recalling the definition of the anti-symmetric operator H (t) given in (3.7) and
its derivative H'(t) computed in (3.8), from (3.2) and (3.3) we obtain:

(3.20) g¢ —C*g=H', D =g 'H.
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The first equality in (3.20) is obtained using (2.6) and the first Bianchi identity as follows:
(9€ — €*g)v-w = —g(Hess B(%,v),w) + g(Hess B(2,w),v) + 2g(Hess, B(v, w), £)
+ g(R(%,v) B,w) — g(R(%,w) B,v)
= —g(HessB (2,v) ) (HeSSB Z,w) ,v)
+ g(R(v,w) B, z) + g(R(w, B)v, %) + g(R(B,v) w, %)
= —g(Hess B(2,v),w) + g(Hess B(¢,w),v) = H' (t)v - w
The second equality in (3.20) is immediate.

The following key Proposition 3.8 proved in [6], which gives the link between the theory
of symplectic differential systems and the electromagnetic Jacobi equation is as follows:

Proposition 3.8. Consider the isomorphism £ : H*([0,1], IR**) — H'([0,1], IR?*") de-
fined by:

(321) £ (2) (1) = L(t) (222)

where L(t) is the 2n X 2n matrix given in (3.10), and set:

() ==(2):

Then, (v1,v2) is a solution of the magnetic Jacobi system (3.17) if and only if (w1, w2) is
a solution of the symplectic differential system:

d w1\ w1
(3.22) 7 <w2) =X <w2> ,

whose coefficient matrix X : [0, 1] — sp(IR?", ) is given by:
597 H g7
(3.23) X = ,
(9€).+ ;Hg 'H $Hg™*

where (g€), = 3 (9€ + €*g). Moreover,

(a) the Lagrangian initial conditions (3.18) for (v1,vs) correspond to the initial con-
ditions (3.15) for (w1, we);

(b) the conjugate instants of the magnetic Jacobi system (3.17) coincide with those of
the symplectic (3.22), and they have the same signatures;

(¢) a conjugate instant ty € 0,1] is nondegenerate for (3.17) if and only if it is
nondegenerate for (3.22);

(d) the second variation Hess F), 4(z) (2.8) correspond to the index form Ix of the
symplectic differential system (3.22).

Proof. A straightforward computation gives:

G ()= () eng () =@ o (7).

Setting X = (L' + LR)L~*, formula (3.23) is easily obtained from (3.10), (3.19) and
(3.20).

The statements (a) and (c) in the thesis are easily proven using the fact that the La-
grangian space L is L(t)-invariant for all ¢ (formula (3.11)), and observing that, if ¢y is a
conjugate instant, then L(to) carries the magnetic conjugate plane P[to] to gP[to] = Alto]
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(see (3.16)). As to the equality of the signatures of conjugate instants, observe that the sig-
nature of the restriction of g~ to gPP[to] equals the signature of the restriction of g to P[to].
The equality between the Hessian Hess F), 4(z) and the index form Ix of the symplectic
system (3.22) is obtained by a straightforward direct calculation. (]

We observe that, since H is anti-symmetric, formula (3.23) defines indeed a matrix X
in sp(IR*", ).

Corollary 3.9. Let z be a solution of (2.5) such that the instant t = 1 is not magnetic
conjugate along z. Then, the Maslov index iyasioy(2) equals the Maslov index of the sym-
plectic system (3.22) with initial conditions (3.15). Moreover, if all the magnetic conjugate
instants along z are nondegenerate, then the Maslov index of z equals the sum of the sig-
natures of all the magnetic conjugate instants along z:

iMaslov (Z) = Z sgn (t) .

t magnetic conjugate

Proof. Tt follows immediately from [20, Theorem 2.3.3] and Proposition 3.8. O

4. SPECTRAL FLOW AND BIFURCATION

In this section we will recall (without proofs) a few basic facts on spectral flow, relative
dimension and bifurcation for strongly indefinite variational problems. Basic references
for a detailed exposition of the material contained in this section are: [1, 10, 18, 19].

4.1. On the relative index of Fredholm forms. Let H be a Hilbert space with inner
product (-,-), and let B a bounded symmetric bilinear form on H; there exists a unique
self-adjoint bounded operator S : H — H such that B = (S-,-), that will be called the
realization of B (withrespectto (-, -)). B is nondegenerate if its realization is injective, B is
strongly nondegenerate if .S is an isomorphism. If B is strongly nondegenerate, or if more
generally 0 is not an accumulation point of the spectrum of S, we will call the negative
space (resp., the positive space) of B the closed subspace V= (.S) (resp., V*(S)) of H
given by X]—oo,0[(S) (Xesp., Xjo,+00[(S)), Where x denotes the characteristic function of
the interval I. We will say that B is Fredholm if S is Fredholm, or that B is RCPPI,
realized by a compact perturbation of a positive isomorphism, (resp., RCPNI) if S is of
the form S = P + K (resp., S = N + K) where P is a positive isomorphism of H (INV
is a negative isomorphism of H) and K is compact. Observe that the properties of being
Fredholm, RCPPI or RCPNI do not depend on the inner product, although the realization
S and the spaces V*(9) do.

The index (resp., the coindex) of B, denoted by n_(B) (resp., ny (B)) is the dimension
of V() (resp., of V*(5)); the nullity of B, denoted by ng(B) is the dimension of the
kernel of S.

If B is RCPPI (resp., RCPNI), then both its nullity ng(B) and its index n_(B) (resp.,
and its coindex n (B)) are finite numbers.

Given a closed subspace W C H, the B-orthogonal complement of W, denoted by
WLE | is the closed subspace of H:

wis = {er:B(:my) =0forally € W};

clearly,
Wte = st (wH).
Let us now recall a few basic things on the notion of commensurability of closed sub-
spaces. Let VW C H be closed subspaces and let Py and Py denote the orthogonal
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projections respectively onto V and W. We say that V' and W are commensurable if the
restriction to V' of the projection Py is a Fredholm operator from V to W. It is an easy
exercise to show that commensurability is an equivalence relation in the Grassmannian of
all closed subspaces of H; observe in particular that, identifying each Hilbert space with
its own dual, the adjoint of the operator Py |y : V' — W is precisely Py|lw : W — V. If
V and W are commensurable the relative dimension dimy, (V') of V' with respect to W is
defined as the Fredholm index ind(PV|W W — V), which is equal to:

dimy (V) = ind(Pw|y : V — W) =dim(W+ N V) —dim(W nV+).
Clearly, if V and W are commensurable, then VL and W+ are commensurable, and:
dimy, . (V1Y) = —dimy (V) = dimy (W).

The commensurability of closed subspaces and the relative dimension do not depend on
the choice of a Hilbert space inner product on H.

The relative index of a Fredholm bilinear form B can be computed in terms of index
and coindex of suitable restrictions of B:

Proposition 4.1. Let B be a Fredholm symmetric bilinear form on H, S its realization and
let W C H be a closed subspace which is commensurable with V= (S). Then the relative
index indyy (B) is given by:

4.1) indyw (B) =n_ (Bly+s) — ny (Blw).
Proof. See [19, Proposition 2.6]. O

4.2. Spectral flow. Let us consider an infinite dimensional separable real Hilbert space H.
We will denote by B(H ) and IC(H ) respectively the algebra of all bounded linear operators
on H and the closed two-sided ideal of B(H) consisting of all compact operators on H;
the Calkin algebra B(H)/K(H) will be denoted by Q(H ), and 7 : B(H) — Q(H) will
denote the quotient map. The essential spectrum o.,(T) of a bounded linear operator T' €
B(H) is the spectrum of w(T") in the Calkin algebra Q(H). Let F(H ) and F*(H ) denote
respectively the space of all Fredholm (bounded) linear operators on H and the space of
all self-adjoint ones. An element T € F*(H) is said to be essentially positive (resp.,
essentially negative) if o, (T) C IR (resp., if a,,(T) C IR™), and strongly indefinite if it
is neither essentially positive nor essentially negative.

The symbols F% (H), F** (H) and F;*(H ) will denote the subsets of F**(H) consisting
respectively of all essentially positive, essentially negative and strongly indefinite self-
adjoint Fredholm operators on H. These sets are precisely the three connected components
of 7*(H); Fy (H) and F** (H) are contractible, while F*(H ) is homotopically equivalent
to U(oo) = lim,, U(n), and it has infinite cyclic fundamental group.

Given a continuous path S : [0,1] — F£(H) with S(0) and S(1) invertible, the spec-
tral flow of S on the interval [0, 1], denoted by sf(S, [0, 1]), is an integer number which
is given, roughly speaking, by the net number of eigenvalues that pass through zero in
the positive direction from the start of the path to its end. There exist several equivalent
definitions of the spectral flow in the literature; for the purposes of the present paper, we
give a description of the spectral flow, which follows the approach in [10]. As we have ob-
served, F#(H) is not simply connected, and therefore no non trivial homotopic invariant
for curves in F*(H) can be defined only in terms of the value at the endpoints. However,
in [10] it is shown that the spectral flow can be defined in terms of the endpoints, provided
that the path S has the special form S(t) = J + K (t), where J is a fixed symmetry of H
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and t — K (t) is a path of compact operators. By a symmetry of the Hilbert space H it is
meant an operator J of the form

J=P.—P_,
where P, and P_ are the orthogonal projections onto infinite dimensional closed sub-
spaces Hy and H_ of H such that H = H, & H_; assume that such a symmetry J has
been fixed.

Denote by B,(H) the group of all invertible elements of B(H). There is an action of
B,(H) on F*(H) given by:

Bo(H) x F*(H) > (M, 8) — M*SM € F*(H);

this action preserves the three connected components of 7*(H ). Two elements in the same
orbit are said to be cogredient; the orbit of each element in F*(H ) meets the affine space
J+K(H),le., givenany S € F*(H) there exists M € B,(H) such that M*SM = J+ K,
where K is compact. Moreover, using a suitable fiber bundle structure and standard
lifting arguments, it is shown in [10] that if ¢ — S(¢) € F*(H) is a path of class
Ck, k = 0,...,+00, then one can find a C* curve t — M(t) € B,(H) such that
M@)*S(t)M(t) = J + K(t), where t — K(t) is a C* curve of compact operators.
Among the central results of [10] the authors prove that the spectral flow of a path of
strongly indefinite self-adjoint Fredholm operators is invariant by cogredience, and that for
paths that are compact perturbation of a fixed symmetry the spectral flow is given as the
relative dimension of the negative eigenspaces at the endpoints:

Proposition 4.2. Let S : [0,1] — F:(H) be a continuous path such that S(0) and S(1)
are invertible, denote by B(t) = (S(t)-,-) the corresponding bilinear form on H, and let
M :[0,1] — B,(H) be a continuous curve with L(t) := M (t)*S(t)M (t) of the form
3+ K(t), with K (t) compact for all t. Then:

(1) $£(5,[0,1]) = s£(L, 0, 1));

(2) sf(L,[0,1]) = ind ,_ (2w) (B(0))

= dim (V- (£(0)) NV (1)) ) = dim (V' (L(0)) 1V~ (L(1)).

/N

Proof. See [10, Proposition 3.2, Proposition 3.3]. O

Observe that, since dimyy (V') = —dimy (W), the equality in part (2) of Proposition 4.2
can be rewritten as:

4.2) sf(L,[0,1]) = —ind ,_ (1) (B(1))

4.3. Bifurcation for a path of strongly indefinite functionals. Let I be a real separable
Hilbert space, U C H a neighborhood of 0 and fy : U — IR a family of smooth (i.e., of
class C?) functionals depending smoothly on A € [0, 1]. Assume that O is a critical point
of f forall A € [0,1]. An element A, € [0,1] is said to be a bifurcation value if there
exists a sequence (A, )y, in [0, 1] and a sequence (2,,), € U such that:

(1) =z, is a critical point of fy_ for all n;
2) z, #0forallnand lim z, = 0;

(3) lLm A, = \..

The main result concerning the existence of a bifurcation value for a path of strongly
indefinite functionals is the following:
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Proposition 4.3. Let S(\) = d2f,(0) be the continuous path of self-adjoint Fredholm
operators on H given by the second variation of fx at 0. Assume that S takes values in
Fe(H) for all X € [0, 1], and that S(0) and S(1) are invertible. If sf(S,[0,1]) # 0, then
there exists a bifurcation value ), € 10, 1].

Proof. See [10, Theorem 1]. O

5. BIFURCATION FOR SOLUTIONS OF THE LORENTZ FORCE EQUATIONS

We will now apply the abstract theory on variational bifurcation to the case of the mag-
netic action functional (2.2). The first step is to reduce the magnetic variational problem
into an abstract analytical setup of a smooth family of functionals on a neighborhood of 0
in a fixed real separable Hilbert space. We will then apply the results of Sections 2 and 4
to obtain the desired bifurcation result for solutions of the Lorentz force equation.

5.1. The analytical setup. Let z : [0,1] — M be a solution of (2.5), with p = z(0) and
q = z(1); let us consider again a g-orthonormal basis v, . . ., v, of T. (0)M and assume
that the first k vectors vy, . .., v generate a g-negative space, while the vi41, ..., v, gen-
erate a g-positive space. Let us consider again the parallel transport of the v;’s along +, that
will be denoted by Vi, ..., V,. Observe that, since parallel transport is an isometry, then,
for all t € [0, 1], the vectors Vi(t),..., Vi(t) generate a g-negative subspace of T’ ;) M,
that will be denoted by D, , and Vi41(t),...,V,(t) generate a g-positive subspace of
Tv(t)M, denoted by D:‘.

We fix a positive number €9 < 1 such that there are no conjugate points to p along vy
in the interval |0, o]. Finally, let us define an auxiliary positive definite inner product on
each T’,(4) M, that will be denoted by ge, by declaring that the basis Vi (), ..., V,(t) be
orthonormal.

For all s € [g0, 1], let Q5 denote the manifold of all curves x : [0, s] — M of Sobolev
class H*' such that 2(0) = 2z(0) = p and x(s) = z(s). Now let us consider the following
energy functional Fy : Qg — IR, defined by:

(5.1) Fy() = /0 S {%g(z‘nz) +9(B,2)| d;

it is easy to see that F is smooth, and its critical points are precisely the solutions of (2.5)
from p to z(s). For each x € Q, the tangent space T, is identified with the Hilbertable
space:
T, = {V vector field along z of class H' : V(0) = 0, V(s) =0};

Let p > 0 be a positive number, assume for the moment that p is less than the injectivity
radius of M at z(s) for all s € [g¢, 1]; a further restriction for the choice of p will be given
in what follows. Let W be the open ball of radius p centered at 0 in H ([0, 1], R"™) = T,O4
and, for all s € [eg, 1], let Wj be the neighborhood of 0 in H} ([0, s], IR™) = T, given
by the image of WV by the reparameterization map @ defined by:

(5.2) Hg([0,1], R™) 3V +— V(s ') € H}([0, 5], R™).
Finally, for all s € [eg, 1], let VNVS be the subset of €2, obtained as the image of W by the
map:

V — EXP(V),

where

(5.3) EXP(V)(t) = exp., V(1)
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Since exp, ;) is a local diffeomorphism between a neighborhood of 0 in T’,(;) M and a
neighborhood of z(t) in M, it is easily seen that the positive number p above can be chosen
small enough so that, for all s € [gg, 1], WS is an open subset of €5 (containing ) and
EXP is a diffeomorphism between W, and VNVS.

In conclusion, we have a family of diffeomorphisms ¥, : W — VNVS:

VU, =EXPo &,
and we can define a family (fs)se[z,,1) of smooth functionals on WV by setting:
fs =Fso \IJS;

observe that W, (0) = 2[4 for all s.

Proposition 5.1. (fs)s is a smooth family of functionals on W. For each s € [eo, 1], a
point © € W is a critical point of fs if and only if V(z) is a solution of (2.5) in M from p
to z(s) in Ws. In particular, 0 is a critical point of fs for all s, and every solutions of the
Lorentz equation in M from p to z(s) sufficiently close to z in the H*-topology is obtained
Jrom a critical point of fs in W. The second variation of fs at 0 is given by the bounded
symmetric bilinear form Is on Hg ([0, 1], IR") defined by:

(5.4)

VW)= [ [Sa(v@.w/0) + 9ROV W(0) + sa(ROV (0. W (1)

where R is the family of g-symmetric endomorphisms of IR™ corresponding to the third
and forth term in the equation (2.8), and where R2 is the path of g-symmetric endomor-
phisms of IR" corresponding to the remaining terms in (2.8).

Proof. The smoothness of s — f, follows immediately from the smoothness of the ex-
ponential map and of the reparameterization map s — ®,. Since Uy is a diffeomorphism
for all s, the critical points of f are precisely the inverse image through U of the critical
points of Fj, and the second statement of the thesis is clear from our construction. As to
the second variation of fy at 0, formula (5.4) is easily obtained from the classical second
variation formula for the action functional Fy at the critical point z|jy 5 with the change of
variable t = 7571, O

Now let z : [0,1] — M be a solution of (2.5), and let us consider the second variation
formula given in Proposition 2.4. We recall that this is a Fredholm form on 7,2, , which
is realized by a strongly indefinite self-adjoint Fredholm operator.

Set k = n_(g); a maximal negative distribution along z is a smooth selection A =
(At)tefo,1] of k-dimensional subspaces of T,y M such that g|a, is negative definite for
all t. Given a maximal negative distribution A along +, denote by S* the closed subspace
of T,Q, 4 given by:

(5.5) S5 = {v € T.Q,: V(t) € Ay, forallt € 0, 1]}.

We will now relate the Maslov index of a solution of (2.5) with a difference of index
and coindex of restrictions of Fredholm operators arising by the second variation of the
magnetic action functional.

Proposition 5.2. The restriction of Hess F}, ,(z) to S® is RCPNI and the restriction of
Hess F), ;(2) to (S2)* is RCPPL. Moreover, if 2(1) is not magnetic conjugate, the index
of Hess F), 4(2) relatively to S2 equals the Maslov index of z:

(5.6) indga (Hess F), 4(2)) = imastov(2)-
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Proof. The first statement in the thesis is proven in [22, Prop. 5.25], the second statement
is proven in [20, Lemma 2.6.6]. Equality (5.6) follows from Proposition 4.1 and the semi-
Riemannian index theorem for Hamiltonian systems [20], that gives us the equality:

iMaslov(2) = 1 (Hess FP#I‘(SA)L) —ng (Hess FP#I‘SA)' O

Proposition 5.2 gives us the link between the notion of bifurcation for a smooth family
of functionals and the bifurcation problem for the solutions of the Lorentz force equation.

We will now compute the spectral flow of the smooth curve of strongly indefinite self-
adjoint Fredholm operators on H¢ ([0, 1], IR™) associated to the curve of symmetric bilinear
forms (5.4).

Lemma 5.3. Forall s € (e, 1], the bilinear form I of (5.4) is realized by a bounded self-
adjoint Fredholm operator Ss on HJ ([0, 1], IR™). If z(1) is not conjugate to z(0) along =,
then the endpoints of the path

(5.7) [0,1] > s — S, € Fe(H[0,1], R™))
are invertible.

Proof. The bilinear form I, in (5.4) is symmetric and bounded in the H*-topology, hence
S, is a bounded self—adioint operator. The bilinear form G on Hg ([0, 1], IR"™) defined
by (V, W) 1 fo (V',W’) dt is realized by an invertible operator, because g is non-
degenerate The difference I — G is realized by a self-adjoint compact operator on
H}([0,1], IR™), because it is clearly continuous in the C°-topology, and the inclusion
H} — CY is compact. This proves that S is Fredholm.

Since S, is Fredholm of index zero, then S is invertible if and only it is injective, i.e.,
if and only if I has trivial kernel, that is, if and only if z(s) is not conjugate to z(0) along
z. Hence, the last statement in the thesis comes from the fact that both z(e) and z(1) are
not conjugate to z(0) along z. O

Lemma 5.4. The smooth path I of bounded symmetric bilinear forms
10,1]3s— I, :=s-1,

has a continuous extension to O which is obtained by setting:
1
B(v,w) = [ gv W)
0

Forall s € [0,1], let S be the realization of I, and assume that z(1) is not conjugate to
2(0) along z.

The spectral flow of the path I : [0,1] — F=([0,1], IR™) is equal to the spectral flow of
the path S : [eo, 1] — F:([0, 1], IR™) given in (5.7).

Proof. From (5.4) we get:
(5.8)
1
VW) = [ [oV©. W) + sg(RAOV. W (0) + g (BOV(0), W(0)
0
for all s € 10, 1], and this formula proves immediately the first statement in the thesis.

The cogredience invariance of sf implies that multiplication by a positive map does not
change the spectral flow; in particular, the spectral flow of S and of S on the interval [gg, 1]
coincide. Since S is invertible for all s € [0, £¢], the spectral flow of .S on [g, 1] coincide
with the spectral flow of S on [0, 1]. O
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5.2. Bifurcation at magnetic conjugate points. We are now ready to compute the spec-
tral flow of the path S in (5.7) using the Morse index theorem [22, 16]:

Proposition 5.5 (Morse Index Theorem for the Magnetic Action Functional). Assume that
2(1) is not magnetic conjugate to z(0) along z. Then the spectral flow of the path S is
equal t0 —ipasion(2).

Proof. Tt follows from Proposition 3.8, Proposition 4.1, Proposition 4.2, Proposition 5.1,

Proposition 5.2 and the Morse Index Theorem for symplectic differential systems in [22,
Theorem 6.4]. U

Corollary 5.6. Assume that z(to) is a nondegenerate magnetic conjugate point along a
solution z of (2.5). If sgu(tg) # 0, then z(to) is a bifurcation point along z. More gener-
ally, if 0 < tg < t1 < 1 are non magnetic conjugate instants along z, if imasiov (Z‘[OJ/O]) #*
1ptasiov (z\ [07751]) then there exists at least one bifurcation instant t,. € |to, t1].

Proof. By the very same argument used in the proof of Proposition 5.5, for all noncon-
jugate instant s € |eg, 1] along z, the spectral flow of the path S on the interval [gg, $]
equals the Maslov index ipagiov (2] [0,5] ). If to is a nondegenerate (hence isolated) conjugate
instant, using the additivity by concatenation of sf, for all ¢ > 0 small enough we then
have that the spectral flow of S in the interval [ty — €, to + €] is given by:

st(S, [to — €, to + €]) = sf(S, [eo, to + €]) — sf(S, [0, to — €])

= _iMaslov(Z|[O,t0+e]) + iMaslov(z|[O,t0—s]) = _Sgn(tO)~
The conclusion follows from Corollary 3.9, Proposition 4.3 and Proposition 5.1. The proof
of the second statement in the thesis is analogous. (]

We have the analogue of a classical result of Morse and Littauer for the exponential map
of a Riemannian manifold (see [25]):
Corollary 5.7. If z(to) is a nondegenerate magnetic conjugate point along a solution z of
(2.5), with sgn(to) # 0, then the magnetic exponential map eg:p’;“(go) is not injective on any
neighborhood of to£(to) in T o) M. O

5.3. Final remarks. We have seen that the Maslov index of a solution of the Lorentz force
equation in the nondegenerate case is given by the sum of the signatures at each magnetic
conjugate instant (Corollary 3.9). This result is analogous to a similar result holding in
the case of semi-Riemannian geodesics (see for instance [23]). For causal (i.e., nonspace-
like) Lorentzian geodesic, an elementary argument shows that every conjugate point is
nondegenerate, and that its signature is positive, and it coincides with its multiplicity. In
particular, every conjugate point along a causal Lorentzian geodesic is a bifurcation point
(see [19]). In site of this analogy, and also of the fact that, as in the geodesic case, also solu-
tions of the Lorentz equation do preserve their causal character (Lemma 2.2), it is not clear
whether conjugate points along timelike or lightlike solutions of (2.5) are nondegenerate,
or isolated.

It is an interesting open question to prove or disprove by means of counterexamples that
magnetic conjugate points along Lorentzian timelike or lightlike solutions are isolated, and
that their signature is positive and equal to the multiplicity.

In the real analytic case, where conjugate instants are necessarily isolated, a more de-
tailed analysis of the degeneracies mentioned can be carried out in terms of higher order
Taylor expansion of the symplectic path near an intersection with the Maslov cycle, in
the spirit of [24]. The interested reader may find details of this construction for the semi-
Riemannian geodesic problem in [12].



BIFURCATION FOR THE LORENTZ FORCE EQUATION 23

REFERENCES

[1]1 A. Abbondandolo, Morse Theory for Hamiltonian Systems, Pitman Research Notes in Mathematics, vol.
425, Chapman & Hall, London, 2001.

[2] M. F. Atiyah, V. Patodi, I. M. Singer, Spectral Asymmetry and Riemannian Geometry III, Proc. Cambr. Phil.
Soc. 79 (1976), 71-99.

[3] A. Bahri, 1. Taimanov Periodic orbits in magnetic fields and Ricci curvature of Lagrangian systems, Trans.
Am. Math. Soc. 350 (1998), 2697-2717.

[4] V. Benci, Periodic solutions of Lagrangian systems on a compact manifolds, J. Diff. Equations. 63 (1986),
135-161.

[5] J. K. Beem, P. E. Ehrlich, K. L. Easley, Global Lorentzian Geometry, second edition, Marcel Dekker, Inc.,
New York and Basel, 1996.

[6] E. Caponio, A. Masiello, P. Piccione, Maslov index and Morse theory for the relativistic Lorentz force,
Manuscripta Mathematica, 113 (4), 471-506 (2004).

[7]1 E. Caponio, A. Masiello, The Avez-Seifert Theorem for the relativistic Lorentz force equation, Journal of
Mathematical Physics, 45, 4134-4140 (2004).

[8] E. Caponio, A. Masiello, Time-like solutions to the Lorentz force equation in time-dependent electromag-
netic and gravitational fields, Journal of Differential Equations, 199, 115-142 (2004).

[9] E. Caponio, A. Masicello, Trajectories of charged particles in a region of a stationary spacetime, Class.
Quant. Grav., 19, 2229-56 (2002).

[10] P. M. Fitzpatrick, J. Pejsachowicz, L. Recht, Spectral Flow and Bifurcation of Strongly Indefinite Function-
als Part 1. General Theory, J. Funct. Anal. 162 (1) (1999), 52-95.

[11] 1. M. Gelfand, S. V. Fomin, Calculus of Variations, Prentic-Hall Inc., Englewood Cliffs, New Jersey, USA,
1963.

[12] R. Giambo, P. Piccione, A. Portaluri, On the Maslov index of Lagrangian paths that are not transversal to
the Maslov cycle. Semi-Riemannian index theorems in the degenerate case. C. R. Math. Acad. Sci. Paris 338
(5) (2004), 397-402.

[13] V.L.Ginzburg, On closed trajectories of a charge in a magnetic field. An application of symplectic geom-
etry, Contact and Symplectic Geometry (Cambridge 1994), C.B.Thomas (Editor), Publ. Newton Inst., 8,
Cambridge University Press, Cambridge, 1996.

[14] M. A. Krasnosel’skii, Topological Methods in the Theory of Nonlinear Integral Equations, Pergamon, Ox-
ford, 1964.

[15] W. Klingenberg, Riemannian geometry. Walter de Gruyter, Berlin, 1982.

Mathematics.

[16] M. Musso, J. Pejsachowicz, A. Portaluri A Morse Index Theorem for perturbed geodesics on semi-
Riemannian manifolds., preprint 2003. To appear in Topological Methods in Nonlinear Analysis.

[17] B. O’Neill, Semni—Riemannian Geometry with Applications to Relativity, Academic Press, New York, 1983.

[18] 1. Phillips, Self-adjoint Fredholm Operators and Spectral Flow, Canad. Math. Bull. 39 (4) (1996), 460-467.

[19] P. Piccione, A. Portaluri, D. Tausk, Spectral Flow, Maslov Index and Bifurcation of semi-Riemannian
Geodesics. Annals of Global Analysis and Geometry 25 (2004) (2), 121-149.

[20] P.Piccione, D. V. Tausk, An Index Theorem for Non Periodic Solutions of Hamiltonian Systems, Proceedings
of the London Mathematical Society (3) 83 (2001), 351-389.

[21] P. Piccione, D. V. Tausk, The Maslov Index and a Generalized Morse Index Theorem for Non Positive
Definite Metrics, Comptes Rendus de I’ Académie de Sciences de Paris, vol. 331, 5 (2000), 385-389.

[22] P. Piccione, D. V. Tausk, The Morse Index Theorem in semi-Riemannian Geometry, Topology 41 (2002),
no. 6, 1123-1159. (LANL math.DG/0011090).

[23] P. Piccione, D. V. Tausk, On the Distribution of Conjugate Points along semi-Riemannian Geodesics, Com-
munications in Analysis and Geometry 11, No. 1 (2003), 33-48. (LANL math.DG/0011038)

[24] P. J. Rabier, Generalized Jordan chains and two bifurcation theorems of Krasnosel’skii, Nonlinear Anal. 13
(1989), 903-934.

[25] E. W. Warner, The Conjugate Locus of a Riemannian Manifold, Amer. J. Math. 87 (1965), 575-604.

DIPARTIMENTO DI MATEMATICA,

POLITECNICO DI TORINO

CORSO DuCA DEGLI ABRUZZI1 24, 10129, TORINO, TO, ITALY
E-mail address: portaluri@dm.unito.it



