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Local Uncertainty Principles for the Cohen Class

P. Boggiatto, E. Carypis, A. Oliaro

Department of Mathematics
University of Torino
Via C. Alberto, 10
10123 Torino (TO), Italy

Abstract

In this paper we analyze time-frequency representations in the Cohen class, i.e.,
quadratic forms expressed as a convolution between the classical Wigner transform and
a kernel, with respect to uncertainty principles of local type. More precisely the results
we obtain concerning the energy distribution of these representations show that a “too
large” amount of energy cannot be concentrated in a “too small” set of the time-frequency
plane. In particular, for a signal f € L?(R%), the energy of a time-frequency representa-
tion contained in a measurable set M must be controlled by the standard deviations of
|12 and |f|2, and by suitable quantities measuring the size of M.

Keywords: Time-Frequency representations, Wigner sesquilinear and quadratic form, lo-
cal uncertainty principles.

Mathematics Subject Classification: 42B10.

1 Introduction

In this paper we prove local uncertainty principles for time-frequency representations in the
Cohen class, i.e. quadratic forms of the kind

Qo f(,w) := (0 x Wig f)(z, w), (1.1)

where Wig f is the classical Wigner transform, defined as

Wig f(z,w) = /eZﬂtwf <x + ;) f <x — ;) dt,

and ¢ is a function or distribution on R??. This class appears both as a widely used set
of time-frequency representations, as well as in connection with some theoretical aspects of
harmonic analysis, for example Weyl symbols of localization operators belong to this class.
References can be found in [6], [7], [8], [14], [18], [13], [19].



Our purpose is to provide a reformulation, in the framework of the time-frequency rep-
resentations, of the local uncertainty principle for the Fourier transform introduced by Price
in [17], [12], [16].

In order to motivate the main results of this paper, which are contained in Sections 2, 3, 4,
we begin by reviewing some basic facts on the Cohen class; we recall then the local uncertainty
principle of Price and compare it with the classical Heisenberg uncertainty principle.

The expression (1.1) makes sense for f € S(R?) and o € S(R??), and in this case Q, f €
S(R2d). Other more general functional frameworks are however possible in the Schwartz
distribution space &', in such a way that the convolution in (1.1) is well defined. For example,
when f € L?(R%) and o € L'(R??) we obtain that Q, f is a well defined element of L%(R?9).

From the point of view of time-frequency analysis, when considering separately a function
f and its Fourier transform f we analyze separately the energy distribution of the “signal”
f with respect to time, represented by |f(x)|?, and the energy distribution of f with respect
to frequency, represented by |f(w)|?. A time-frequency representations Qo f(z,w) gives the
energy distribution of a signal f with respect to time x and frequency w at the same time, and
in fact it doubles the dimension of its domain, being (z,w) € R??. The Cohen class contains
the most important covariant representations, and moreover gives the freedom to design the
kernel o in order that the corresponding form @), has specific features. In this framework we
refer for example to [7, Chapter 11], [1], [2], [15]. As particular cases of the representation Q,
we recover the Wigner transform when o is the Dirac distribution J; moreover, if 7 € [0, 1],

T #1/2, and o(z,w) = |2T2jl|de2m2’%1w, the corresponding representation (), becomes the
7-Wigner transform
Wig. f(2,w) / 2t ¢ (0 4 t) Flw — (L= 7)0) dt, (1.2)

see for example [4] (the classical Wigner transform is obtained by letting 7 = 1/2). For a
deep investigation of the Winger representations in connection with symplectic geometry and
quantization we refer to [9], [10] and [11]. In the cases 7 = 0 and 7 = 1 we get the Rihaczek
and conjugate Rihaczek forms, given by

Rf(z,w) =™ f(2)f(w) and R f(z,w) =™ f(z)f(w),

respectively. Another relevant class of time-frequency representations contained in the Cohen
class is the Spectrogram, defined as follows. Given a “window” function ¢ € S(R?), the
Gabor transform of f € S(RY) is given by V,f(z,w) = [e 2™ f(t)¢(t — x) dt. Then, for
é, € S(R?) and f € S(R?) (with possible generalizations to larger functional settings) the
(generalized) spectrogram is defined as follows:

Spg .y fl2,0) = (Vof - Vi f)(z,w). (1.3)

For ¢ = 1) we have in particular the classical spectrogram |V f(z,w)|?. We refer to [3], [14]
for a treatment of (1.3) and for further references. Here we just recall that the generalized



spectrogram belongs to the Cohen class, and the corresponding kernel is o = Wig(zﬁ, &),
where g(t) := g(—t).

In this paper we prove local uncertainty principles for representations in the Cohen class,
transferring to the time-frequency frame the idea of local uncertainty principle of Price [17]
for the Fourier transform. We set || - || 1»() for the usual LP-norm on E C R? or E C R*? (if
E =R or E =R we simply write || - ||,). Moreover, the Fourier transform of f € S(R?) is
given by f(w) = [e 2™ f(t) dt, with standard extensions to L?(R%) and S'(R%).

For a function f € L*(R) (for simplicity we consider here d = 1) we define 7 = [ z|f(z)|* dx
andw = [ wl| f(w)|? dw. Then the corresponding standard deviations are of = |(x—7)f(x)]2

and o = (w —@)f(w)]2. The classical Heisenberg uncertainty principle states that, for
every f € L*(R) with ||f|j2 = 1 we have

1
oo > o (1.4)

The local uncertainty principle, cf. [17], states that, for every f € L*(R) with | f|l2 = 1 and
for every measurable set ¥ C R we have

HfHL2(E) <2rm(E)oy, (1.5)

where m(E) is the Lebesgue measure of F (see the subsequent Theorem 2.1 for a more general
formulation). Since o; and o j measure how much the function f and its Fourier transform
are concentrated, (1.4) tells us that if a function is very concentrated (i.e., of is small), then
0 j must be large, i.e., the Fourier transform of f must be sufficiently spread out. From the
Heisenberg uncertainty principle however we do not have information on the admissible ways
f may be spread out; for example it could be spread out in a uniform way, or it could be
concentrated in small intervals sufficiently far away from one another. The latter possibility
is excluded by (1.5), which tells us that the energy of the Fourier transform f in a measurable
set I/ must be small as oy and m(E) are small.

Observe that in (1.5) the energy of f(w) is estimated on a set E C R?, which in the time-
frequency space R(QLw) would correspond to a set M of the form R? x E, i.e., an horizontal
strip. In this paper we prove estimates of the energy of a time-frequency distribution in a

general set M C ]R%g w)» Dot necessarily an horizontal (or vertical) strip, obtaining that if M

is sufficiently “small” and the function f or its Fourier transform f are not too spread out
then the energy of the time-frequency distribution @), f in M must be small. One of the main
points is to specify the meaning of “small” for the set M, eventually depending on the kernel
o of the representation. We leave to the next sections the precise definitions, presenting here
the main results and some examples.

Given a time-frequency representation (), in the Cohen class, we prove that there exists
a positive constant C' such that for every measurable set M C R?*?, every f € L?*(R) and



every a, aq,ag > d/2 the following inequalities hold:

4—d/a d/a
1Qo £ 12200y < CODNIFll™ Il = F £ 115"

4—d/o d/a
1Qo f122(3p) < CODIFll3 ™ llw — w15,

4—d/o1—d/a a « a d/a
1Qo fI22ary) < COMsIIFll ™ =421t =22 £l o — ]2 152,

where (M);, j = 1,2,3, are real non negative functions of the set M, which in a suitable
sense measure the size of M; they will be precisely defined in the subsequent sections for
different (classes of) kernels o. In particular, the kernels that we are able to treat are

o = 0 (Dirac distribution, corresponding to the classical Wigner), o = ﬁe%i%w (that
corresponds to the 7-Wigner distributions for 7 # 1/2, and in particular to the Rihaczek and
conjugate Rihaczek representations for 7 = 0 and 7 = 1, respectively), and then a generic
o € L'(R??) N L2(R??). We give now some examples, in order to better explain the results
and compare the previous inequalities with the local uncertainty principle (1.5). We consider
now d =1, « = a1 = ag = 1 and ||f||2 = 1, and observe that in this particular case our

results read in the following way:

Qo f 117200y < C(M )10, (1.6)
1Q0 flI72(ar) < C(M)a0 5, (1.7)
||Qaf||%2(M) < C<M>3Uf0f, (1.8)

for M C R? measurable. In the case M = R x E, for a measurable set £ C R, we will see that
(M); = m(E). The inequality (1.6) then becomes HQUfH%?(RxE) < Cwm(E)oy; it is the closest
generalization of (1.5), since it tells that in an horizontal strip having E as the projection on
the w-axis, the energy of the time-frequency distribution has to be small proportionally to the
measure of E and the standard deviation of f. Analogously, for strips of the kind M = F xR,
F C R measurable, we will see that (1.7) becomes [|Q, f||%, FxR) < Cm(F)af. On the other
hand, we have here much more freedom in the choice of the set M. For example, we can
consider oblique strips, i.e. sets of the kind M = {(z,w) € R? : kx+a < w < kx+b} fora < b
and k # 0 (otherwise we are in one of the previous cases). For such sets, we will see that
(1.6) and (1.7) read as ||Q(,fHL2 ) < C(b—a)os and HQafHLz(M < C’b 70 > respectively.
This tells us that a tlme—frequency representation applied to a functlon such that at least
one between oy and o 7 is finite, cannot contain a great amount of energy in a narrow strip
of the time-frequency plane. Till now we have analyzed (1.6) and (1.7). Concerning the last
estimate (1.8), it becomes significative in general when M has finite measure (as subset of
R24), while both its orthogonal projections on the x and w axes have infinite measure (as
subsets of R?). In this case (1.6) and (1.7) shall not give any information, while (1.8) becomes
”QofHLz ) < Cm(M)oyo;, saying that if M has small Lebesgue measure and both oy and
0 are ﬁnlte then @, f must show small energy in the set M, even if M is very spread in the
time-frequency plane.



The paper is organized as follows. We prove local uncertainty principles for the Rihaczek
and conjugate Rihaczek in Section 2, for 7-Wigner representations in Section 3, and for
representations in the Cohen class with kernel belonging to L'(R??) N L?(R??) in Section
4. The reason for keeping separate these cases is that both the proofs and the results are
different. We present examples and comparisons between the various results, in particular
for what concerns the bounding functions (M);, and consequently for what concerns the sets
M for which our results become significative.

2 Local uncertainty principle for Rihaczek transform

We start this Section recalling the local uncertainty principle for the Fourier transform of
Price [17], see also [12], [16] in a slight generalized form obtained by using translations and
modulations of the signal. We study then the case of the Rihaczek and conjugate Rihaczek
representations.

Theorem 2.1. Let E C R? a measurable set and o > d/2. Then for every f € L*(R?) and
t,w € R? we have

L@meww<memm?W%u—wv£“ (2.1)

and
(évm?ﬁ<mewN?WWw—MWM“, (2.2)

where m(E) the Lebesgue measure of the set E,

k- =T (0(8)) (D) (- L) ()T (- L) e

and T is the Euler function given by I'(x) = f0+°° t*~le=tdt. Moreover, the constant K is
optimal, and equality in (2.1)-(2.2) is never attained when f # 0.

The main tool used in [17] to prove Theorem 2.1 is the following proposition, that we
recall here since we shall use it in the following for time-frequency representations.

Proposition 2.2 (Price [17, Proposition 2.1°]). For every a > d/2, f € L*>(R%) and T € R?
we have . ,
1—-4 _ a
11l < VEIFIly > [lle = fl5° (2.4)
where K is given by (2.3). In particular, if f € L?*(RY) and |||t — #|*f|la < oo for some
a>d/2 andt € R, then f € LY(RY).

We observe that in [17] the estimate (2.4) is proved only for ¢ = 0; the case ¢ # 0 can be
easily deduced by considering a translation of f instead of f itself. Furthermore, we remark
that in [17] a more general version of Proposition 2.2 is proved, involving in (2.4) LP and L4



norms. This can be used, with techniques analogous to those of this paper, to obtain local
uncertainty principles in the Cohen class involving general Lebesgue norms. However this
would not lead to a much deeper insight, therefore, as in Price [17], we choose to limit our
attention to the L? framework.

In order to state the local uncertainty principle for the Rihaczek and conjugate Rihaczek
representations we need the following definition.

Definition 2.3. Fir a measurable set M C R?*?. We set M, = {w € R? : (z,w) € M} for
v €RY and M, = {z € R? : (z,w) € M} for w € R, Then we know that M, C R is
measurable for almost every x € R%, and M,, C R? is measurable for almost every w € RY.
We define

(M) = | m(M) | e

and
my (M) = [[m(Mo)|| oo (ra)

where the Lebesgue measure in the norm in the right-hand sides is the d-dimensional one.

Remark 2.4. Observe that my,(M) and m,(M) are well defined (either finite or infinite) for
every measurable set M C R?¢,

We can now state the main result of this section.
Theorem 2.5. Let M C R?*? ¢ measurable set, and o, aq, s > d/2. Then for every f €
L*(RY) and for every fized T, € R% we have:

2 . 4-4 “la 4
IR f 72y < min{ K g, (M)|[flly *[I1t — 2" fll5

K my(M)||fll; Il = @[ 1l5 (2.5)

d d d d

4= - ar s Pl g
KiKom(M)||flly “* “2 |1t = 2* fll5* llw — @]*2 fll52 },

where K, K1, Ko are given by (2.3) in correspondence to a,, aq and ag respectively, and Rf is
the Rihaczek representation. The same estimates hold for the conjugate Rihaczek form R* f.

Proof. We observe at first that for every measurable set M C R?? we have |Rf]| L2(M) =
| R* fl| z2(ar), and so we can limit ourselves to prove (2.5) in the case of the Rihaczek.

(i) We start by proving the first estimate in (2.5). From Fubini Theorem, writing 11, M
for the orthogonal projection of M on the x-space, we have

mmmmzéM/|mﬁWWmm=AMvwwmamww



Since M, is measurable for almost every z, we can apply Theorem 2.1 to || f 122 (Ma)
almost everywhere in x, obtaining

IRz < KIFIZ =1t -2 £ / ()2 m(M,) dz

T

94 _ a
< K| flly Mt =2flls ma (M) £]3.

(ii) As in the previous case, we have

IRfll 20y = / V@R gy do (2.6)

w

We can then complete the proof by applying Theorem 2.1 and the same procedure as
point (i).

(iii) From (2.6) and Theorem 2.1 we have that

" . 2— 4 d
IRl L2 ar) < K|l 2N/ 2H|W_W|a2f||22/ m(M,,) dw.

w

Now, wa A (M) dw = m(M). By the mapping properties of the Fourier transform
we then have

9_d L4
1Rf Nl z2ary) < Kom(M[IFIFN Nl *2 Il = ]2 f]15>

We can then apply Proposition 2.2 with «; instead of o and we get the third estimate
in (2.5).

O]

Remark 2.6. Since M, C IL,M for every x € R% and M,, C M for every w € R?, we
have that
m,(M) <m(II,M) and wmy(M)<m(Il;M), (2.7)

and so, under the hypotheses of Theorem 2.5, the estimates (2.5) hold with m(II,M) and
m(IL, M) instead of my,(M) and my (M), respectively. On the other hand, in general we do
not have equality in (2.7); we may even have my,(M) < +oo and m(Il,M) = +oo, so the
expressions m,, (M) and m,(M) become significative in many cases.

An immediate consequence of the previous theorem is the following estimate. It is trivially
obtained multiplying the first and the second estimate in (2.5), but actually yields new infor-
mation about the local concentration in the particular case where M is rectangle. Analogues
corollaries will hold with regard to Theorems 3.6 and 4.3 and they will be omitted.



Corollary 2.7. In the same hypotheses of Theorem 2.5, if M = E x F', with E, F measurable
sets in R%, then we have

4 d d B d ~ d_
IRf N Z20r) < VE K/ m(M)|flly ™ 52 ([t = 2 f] 200 [l — @]2 ]| 2.

We want now to analyze some examples, in the case d = 1 (i.e., M C R?), in order to
clarify the meaning of Theorem 2.5, in particular from the point of view of the classes of sets
M for which the result becomes significative.

First of all we remark that our results generalize the local uncertainty principle of Price
in the following sense. If M = E x F, with E, F measurable sets in R?, then IRfl L2y =
HfHLz(E)Hﬂ]LQ(F) and m(M) = m(E)m(F). Therefore, by simply multiplying (2.1) and (2.2)
we get the third case of (2.5). The fact that estimate (2.5) involves a minimum over three
different cases and is valid for general measurable sets M C R?? indicates the extention of
the obtained generalization. We illustrate this now in some more details.

Example 2.8. Theorem 2.5 tells us which are the functions f and the sets M such that
the (conjugate) Rihaczek representation of f must contain a small percentage of energy in
M. This happens when the right-hand side of (2.5) is small, and this in turn depends on a
combination of some features, namely, the concentrations of f and f, and the size of the set
M. The concentrations of f and f are measured by

~inf [[E =2 fl (2.8)
teRe, a>d/2
and R
inf —w|“fl2, 2.9
ol =3 29)

respectively. The size of M is measured by one of the quantities my, (M), my (M), m(M).

We analyze now some particular classes of M C R?.

(i) Let M = F x E, for measurable sets F,E C R. Then my,(M) = m(E) and m (M) =
m(F). Fiz a function f such that both f and f are not spread out (in the sense that
the quantities (2.8) and (2.9) are finite). Then Rf and R*f contain a small percentage
of energy in M when one between E and F have small measure. In particular, this is
true in small horizontal and vertical strips R x E and F x R. On the other hand, if
for example E has finite (but not necessarily small) measure and f is very concentrated
(in the sense that (2.8) is very small), then the first inequality in (2.5) tells us that
Rf and R*f must show small energy in R x E. Further information can be similarly
deduced from the other inequalities.

(ii) Consider a set of the kind M = {(z,w) € R?: z + a < w < x + b} with a < b; we have
my, (M) =my(M) = b—a. Observe that m(II, M) = m(IL,M) = m(M) = 400, so this
is a simple example such that the inequalities in (2.7) are strict. In this case only the



first two inequalities in (2.5) are significative, and they tell that if f is such that one
between (2.8) and (2.9) is finite, then the time-frequency representations Rf and R*f
must contain in M an amount of energy as small as b— a is small, i.e., as small as the
strip is narrow. On the other hand, if we fix a (not necessarily narrow) oblique strip
M, the energy of the representations in M must be small if one between f andf s very
concentrated.

Observe that these arguments easily apply to strips not parallel to the bisector. In fact,
consider M = {(z,w) € R? : cx +a < w < cx + b}, with a < b and ¢ # 0, and write
a = min{—a/c, —b/c} and B = max{—a/c,—b/c}. We have that m,(M) = b — a and
m, (M) = B — «, giving again that m,(M) and my(M) are as small as the strip is
narrow.

(iii) We can generalize the case (ii), by considering, for a measurable function u: R — R,
sets of the kind
M = {(z,w) € RY: p(z) +a < w < p(z) + b},

My = {(z,w) € RY: p(w) +a <z < p(w) + b}.

We have in these cases my,(My) = my(Ms) = b — a. Then such sets are “small” as
b — a is small, in the sense of my,(M7) and my(Ms), respectively, and we have similar
information as in case (ii). The same happens also with more general sets; consider for
example

Ms = {(z,w) € R? : r?* < 2® + w? < R?}

for 0 < r < R. Observe that m,(M3) = m;(M3) = 2/ R2 — r2, and m(M) = w(R*—r?).
Then the smallness of Ms is proportional to the smallness of R — r, and reasoning as
in case (ii) we have that a good combination of concentration of f (or f) and smallness
of R —r gives that Rf and R*f must show small energy in Ms.

3 Local uncertainty principle for 7-Wigner representations

In this section we prove a result, analogous to Theorem 2.5, for the 7-Wigner transforms, cf.
(1.2). The result is slightly different from the point of view of the quantities that measure
the size of the set M. As a consequence, we shall be able to treat, for the 7-Wigner repre-
sentations, sets of the kind of Example 2.8, (i) and (ii), but not of the kind of Example 2.8,
(iii). We start by proving a preliminary local uncertainty principle for the 7-Wigner repre-
sentations, that constitutes the basic result for proving in the following part of the section a
stronger version of it. Recall that, for every f € L?(R%), we have Wig, f € L?(R??), cf. [4],
and so, for a measurable set M C R??, the norm || Wig, fllz2(ary is finite.



Proposition 3.1. Let M C R?*? be a measurable set, and o, a1, > d/2. Then for every
f € LAR?) and for every fized t, € R? we have:

da
| Wig, fII22(p) < min{e. K m(ILM)| £y e - F15

e Km(Il, M)||f||275|y|w—w|°‘f||§, (3.1)

d d d

¢ KKy m(M)| fll, ™ “"'Hlt {1 fll lllw — @1 1157 }

for every T € [0, 1], where K, K1, Ko are given by (2.3) corresponding to o, oy, e, and

.o min{%d,ﬁ}, T€(0,1) (3.2)
1, 7=0,1

Remark 3.2. Since the 7- Wigner representations contain the Rihaczek and conjugate Ri-
haczek for 7 =0 and T = 1, respectively, we can compare Proposition 3.1, for T = 0,1, with
Theorem 2.5, and observe that the latter is stronger, in the sense that the constants involving
the set M in the right-hand side are better, as we can deduce from Remark 2.6. In the sequel
of the section we shall improve the estimates (3.1), even tough we shall not obtain the same
constants as in (2.5).

Proof of Proposition 3.1. From Proposition 2.2 we have that in the first estimate in (3.1) we
can assume f € L'(R?), otherwise the right-hand side is infinity and the estimate is trivial.
Analogously we can assume f € L'(R%) in the second estimate, and f, fe L'(R%) in the
third.

(i) We start by proving the second estimate of (3.1). By Fubini Theorem we have

IWig, flEon < [ ([ Wi, s o) da

< m(IL M) sup || Wig, f(z,w)[|75 ga)-
zeRd

Now, since Wig, f(z,w) = Fiw [f(x +7t)f(x — (1 — T)t)] and the Fourier transform

is an isomorphism on L? we obtain

||W1ng||L2 y < m(Il M) sup/‘f (x+7t)f(x —(1—7)t ‘ dt.
z€RY

Recall that we can assume that f € L'(R?), so that f € L°(R%). Suppose now that
T € [0,1/2]; we can proceed as follows:

I Wig, 12y < w(IL00) sup 71, [ 150~ (1= r)o)f
. zeRe (3.3)
:mm(HmM)HngonH%'

10



If 7 € [1/2,1] we can leave f(x + 7t) instead of f(z — (1 — 7)t) in the integral in (3_?),
and we obtain the same estimate with 1/7¢ instead of 1/(1 — 7). Since ||f]l2 = ||f]|2
and || flleo < ||f]]1, we have

| Wi, I ar) < e m(ILAD) | FI21F13
The conclusion is then and application of Proposition 2.2.
(ii) Recall that, for every 7 € [0, 1],
Wig, f(z,w) = Wig,_, f(w, —), (3.4)
cf. for example [5]. Let M; = {(z,w) € R??: (—z,w) € M}. We have

I Wig, fllzzon) = | Wigi—r f(w, =2)ll 20y = | Wigs_r (@, @)l 2 (ary)-

We can then repeat the same procedure as in point (i), with  and w interchanged,
1 — 7 in place of 7 and f instead of f, obtaining:

| Wi, Fl220r) < e1-r m(T M) | /1311 F13

Now we observe that ¢;_r = ¢;, and m(IL,M;) = m(IL,M). Since f(t) = f(—t) we
have
I Wig, fl1720ar) < ¢ m(ILM)| T 113,

and we conclude by applying Proposition 2.2.

(iii) The third estimate in (3.1) can be proved by using the continuity properties of the
7-Wigner transform, in particular the fact that, for f € L'(RY) N L=°(R?), we have
Wig, f € L¥(R??) and | Wig, fllee < crllf|l1]lf]loo; this can be easily proved by a
direct estimate, and is also part of a general study of the continuity properties of Wig_
in Lebesgue spaces, that can be found in [4]. From the observations at the beginning
of the proof, we can assume without loss of generality that f € L'(R%) N L>®(R%), and

so we have
I Wig, f1I720r) < m(M)||Wig, f]1% < e m(M)|IFIFIf]1Z < ermDFIRI1T

The conclusion is then an application of Proposition 2.2 to || f||1 and || f||1, with ey and
o respectively.

O]

Remark 3.3. In the following we shall need a slightly more gemeral version of the first
inequality in (3.1). Fiz M, o and f as in Proposition 3.1, and let g, h € L*(R%) be such that
lg(t)| = |h(t)| = | f(t)| for almost every t € RY. Then for every t € R we have
. 4—4a _ d
| Wig, (g, )2 ary < e K m(ILM)|£1375 e = 82 £115,
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for every T € [0, 1], where ¢; and K are as in Proposition 3.1, and Wig_(f, g) is the polarized
sesquilinear form corresponding to the T-Wigner, i.e.

Wig, (/,g) (. w) = / 2 f (5 1ty g (2 — (1= 7)) dt.

We can in fact use the identity

WigT(Q? h)(l’, w) = Wigl*T(ﬁ? h)(OJ, _$)7

cf. [5], and since the LP-norms of g and h coincide with the LP-norm of f for every p, we
can repeat the same procedure as in the proof of Proposition 3.1.

Proposition 3.1 gives non trivial information in the cases M, or at least one of its pro-
jections, has finite measure (i.e., as basic examples, sets with finite measure, and horizontal
and vertical strips); we want now to generalize this result, in order to get information also
when M is of the kind of an oblique strip. In order to do this, we need some preliminary
results. We shall consider the case 7 € (0, 1), since for 7 = 0,1 (corresponding to Rihaczek
and conjugate Rihaczek) we already have better information from Section 2.

Lemma 3.4. Let 7 € (0,1) and f,g € L*(R?). Fiz a real symmetric d x d matriz C, and
write (Cz,x) for the corresponding quadratic form. We have

Wig, (f,g)(,w) = 707 Wig (&m0 55O (1), =5 O g 1)) (2,00 — i)

(3.5)
Proof. Since C' is symmetric, we have that (Ct,z) = (Cz,t) for every ¢,z € R?. Then
1—171 T
(C(z +7t),x + 7t) — 1—(0(33 —(1=7)t),z—(1-7)t) =
-7
1-27
= 2 t).
7.(1 _ 7_) (Cl‘,fl’) + (va )
Using this fact, we have that
ngr (efﬂik%(ct,t)f(t)7 e—ﬂii(ct,t)g(t)> (1), W) _
_ /627ritwe—7.1(12:)7ri(cwv$)e27ri(Cx,t)f(x +rt)g(e — (L= 7)b) dt
— e Tl(l_f:)m'(Cz,m) /6_2mt(w+cx)f($—|—7't)g(x—(1—7')t)dt
— 2227 i(Cxyz) vy
=¢ 717 Wig, (f,9)(z,w + Cx),
that is equivalent to (3.5). O
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In order to state the main result of this section, we need to define new quantities for
measuring the size of the set M.

Definition 3.5. Consider, for real symmetric d x d matrices C and D, the following trans-
formations:

o (z,w) R — (X, W) = (z,w— Cz) € R

and
Up: (z,w) €eR* — (X, W)= (z + Dw,w) € R*,
We define
my, o (M) = inf {m (I (®c(M))), C real symmetric d x d} (3.6)
and
m, p (M) = inf {m(Ilx(Vp(M))), D real symmetric d x d} (3.7)

for every measurable set M C R??,
We have the following local uncertainty principle for the 7-Wigner representations.

Theorem 3.6. Let M C R?? be a measurable set, and o, oq,a > d/2. Then for every
f € LR and for every fized t, € R? we have:

No|a

. . 44 _
| Wig: fl|72(ar) < min{er K moo(M)|flly ([t —*Fll5
~q—d A d
cr Ky g (M) flly *[llw —@|*fll3 (3-8)
4_d _d B d o
crKnKom(M)| flly [t =™ flls" e — @2 1157 },
where K, K1, Ky are given by (2.3) corresponding to o, aq, e respectively, and c; by (3.2).

Proof. The third inequality of (3.8) has already been proved in Proposition 3.1. We then
have to prove the other two estimates.

(i) Concerning the first inequality, from Lemma 3.4 we have that for every real symmetric
d x d matrix C,

I Wit £l = [ | Wie, (9. h)(ao = Co)f? o

where ¢(t) = eiﬂl;(c’f’t)f(t) and h(t) = e_mﬁ(c':’t)f(t). Then, by the change of
variables X =z, W = w — Cz, we get

c
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Since |g(t)| = |h(t)| = |f(t)| for every t € R we can then apply Remark 3.3 and
conclude that

. 4— 4 —a g
I Wig, fll72r) < e K m(Iw (®c (M) flly = [I1t =7 fIl5

for every a > d/2 and ¥ € R?. Then, taking the inf over all C in the right-hand side,
we get the first inequality of (3.8).

(ii) Using (3.4) and Lemma 3.4 we have
IWig, fllZ2(r) = /M | Wig, ., f(w, —2)|* da dw
= / | Wigy_, (g1, 1) (w, —2 — Dw)|* dz dw,
M

tau

where ¢g1(t) = e‘”l%(m’t)f(t) and hi(t) = e_ml—f(Dt’t)f(t). Now, by the change of
variables X = x 4+ Dw, W = w, we get

nwgmﬁmséﬁwgf@nmmmWMmc (3.9)
D

where Mp = {(X,W) € R2d . (—=X, W) € Up(M)}. Now we have |g1(t)| = |h1(t)] =
|f(t)], and so we can apply Remark 3.3; since in the integral in (3.9) the variables X
and W are interchanged, we have

. A4 7OCA%
| Wig, fl122ar) < e1—r K m(ILx (Mp))Ifly* llw — @1 F113

for every w € R4, The conclusion then follows from the fact that ¢;_, = ¢, and
m(ILy (Mp)) = m(Ix (¥p(M))).
O

Remark 3.7. For every measurable set M C R*? we have
my, o(M) <m(II,M), wm,g(M)<mII,M),

and the inequalities can be strict; it can even happen that both the projections have infinite
measure and both my, (M) and my g (M) are finite, see Example 3.8 below. So Theorem 3.6
is stronger than Proposition 3.1.

As we have observed in Section 2, the local uncertainty principles (3.8) gives information
on how small the energy of Wig,. f must be in the set M, depending on the concentration
of f and f (in the sense of (2.8) and (2.9), respectively), and on the size of M (here in the
sense of my, (M), my y(M), m(M)). We observe that the quantities (3.6) and (3.7) are finite
when the image of the set M through a transformation of the kind of ®¢ or ¥ is contained
in an horizontal or vertical strip. In particular this is the case when M is an oblique strip,
as in Example 2.8, (ii). We now run through Example 2.8 and see what happens in the case
of Theorem 3.6.

14



Example 3.8. We analyze now the sets M C R? of Example 2.8; we want to compare
the quantities my, (M), my w(M) of Theorem 3.6, with m, (M), m,(M) of Theorem 2.5,
respectively.

(i)

(i)

(ii)

Let M = F x E, for measurable sets F,E C R. In this case, we have my, o(M) =
m, (M) = m(E) and my ¢ (M) = m,(M) = m(F), and so the situation is the same as
for the Rihaczek and conjugate Rihaczek.

Consider now the case of an oblique strip M = {(z,w) € R? : cx +a < w < cx + b},
with a < b and ¢ # 0. We write « = min{—a/c, —b/c} and f = max{—a/c,—b/c}. In
this case the matrices C' and D in Definition 3.5 are real constants, and, for the set M,
the inf in (3.6) and (3.7) are realized for C = ¢ and D = —1/c, respectively. For these
values of C' and D we have

Do(M) ={(X,W) eR*:a <W < b}

and

Up(M)={(X,W) eR*: a < X < B},

so that my, (M) = b —a and my g (M) = B — a. Comparing with Example 2.8 we
observe that also in this case we have my, o(M) = my,(M) and m, g (M) = my(M).
Then the observations we made for Rihaczek and conjugate Rihaczek apply also to the
7-Wigner; if the strip is narrow and/or one between f and f are very concentrated,
Wig, must contain a small amount of energy in M.

The case of Example 2.8, (iii) cannot be treated in general for the T-Wigner, unless M
is contained in a strip, and even in this case, my, (M) and my g(M) can be strictly
bigger than the corresponding m,, (M) and my(M) of the Rihaczek case. As particular
cases, let us compare my, (M) with my, &(M) for the sets

M = {(z,w) €R*: 2% + a < w < 2% + b}

and
My = {(z,w) € R? : z +sinz +a <w < x +sinz + b},

fora < b. As observed in Example 2.8 we have my,(M;) = m,(Mz) = b—a. On the
other hand, m, o(Mi) = 400 and my, o(Mz) = b — a + 2, that means that on M, the
first estimate in (3.8) gives no information for Wig_, while the corresponding one in
(2.5) is not trivial for R and R*; moreover, on My the first estimate in (3.8) is weaker
than the corresponding one in (2.5).

Remark 3.9. It is natural to compare the constants appearing in estimates (2.5) for the
Rihaczek representation with those in the corresponding estimate (3.8) for the Wig.. To this
aim we observe that the transformations of the type ®¢c send “vertical” sections of the set M

15



into “vertical” sections of the set pc(M), i.e. (M) = (PcM)y. As ¢ are isometries
and (e M), C I, PcM, we have, for every x and for every C':

m(M,) = m(@c(M,)) < m(IL,dcM).

Taking the supremum in x on the left-hand side and infimum in C' on the right-hand side,
we have therefore

mg, (M) = supm(M,) < inf m(Il,@cM) = my o (M)
x

In an analogous way we have my(M) < my y(M). The estimates for the Rihaczek contain

therefore “better” constants for measuring the “size” of M then those for the T— Wigner

representation.

4 Local uncertainty principle in the Cohen class

In this section we shall prove that results of the kind of Proposition 3.1 and Theorem 3.6
also apply to representations of the form Q,f(z,w) = (0 x Wig f)(z,w) belonging to the
Cohen class. However, we consider here the case of kernels o € L!'(R??) N L?(R??) and, as
none of the kernels of Wig_, R and R* satisfy this property, the results of this Section are
independent of the local uncertainty principles of Sections 2 and 3. Moreover, the proofs
in this section make use of the previous results on the classical Wigner representation, but
present non trivial differences with respect to the ones of Section 3.
We start by proving the analogue of Proposition 3.1 for the Cohen class.

Proposition 4.1. Let M C R?*? be a measurable set, and o € L*(R?*?) N L?(R??). Then for
every o, o, 0 > d/2, L,w € R and f € L*(RY) we have

. 4—4a —a g
Qo f1172(ar) < min{ K m(TL,M)|lo 3] Il It — € f15

2 7 44 ol 4
Km(ILM)|oll2)flls e =" flls5 (4.1)

d d d d

4 d o
d « « 7 «@ — @
20K Ko m(M)lo|[F1flly "2t =2 Flls* e — ]2 fll52 ],

where K, K1, Ky are given as usual by (2.3). More precisely, the first two estimates are valid
for every o € L2(R??) and the third one holds for every o € L'(R?9).

Proof. Using the same arguments as at the beginning of the proof of Proposition 3.1, we
observe that we can assume f € L'(RY) in the first estimate of (4.1), f € L'(R%) in the
second one, and f, f € L'(R?) in the third one, in order that the corresponding right-hand
sides are finite.
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(i) We start by proving the second estimate, under the hypothesis o € L'(R??) N L2(R??)

(that ensures that Q, f is well defined for every f € L?(R?)). We observe that
Qo f(z,w) = (0 x Wig f)(z,w)
_ —2mit(w—mn) _ E o E
/U(y,n)e f(x y+2)f(w y 2>dtdyd17,

and in this expression we can interchange the order of integration as we want, since the
integrand belongs to L'(RY x RZ X Rg). We then have

Qo FII72(ar) <

< /HIM /]Rd /]1{3(1 6*27rit0-?327rit77f(37 —y+ z)mo(ym) dy dndt

2 2
2mitn t t ?
<m(I,M) sup ||Fisw e f(x—y+f)f(a?—y—*)U(y,n)dydn :
€M, M R2d 2 2 L2(R4)

2
dw dx

Now, writing o1 = Fy Lo, where Fy ! means the inverse Fourier transform with respect
to the second R? variable, we have:

Qe 32qasy < m(t0) sup | [ oxst)s (2 =+ 5) 7 (2 == ) o

zER4 L2R)
< m(II, M) H/al(y,t)f<$ —y+ ;),}Mdy Lo (i)
L2(R{)
- 2
= m(II, M) ‘ [m<»t>* <f('+;)f<' - ém ) Lo (Rg)
=) |1 L2(R%)

In the L* norm we can apply Young inequality, in the form ||g * Al < |lgll2]|2]|2,
obtaining

—2
o1(y, t)f(s + E)f(s — f) dy ds dt.

Q0 aary < m(t00) | LR

Since we can assume without loss of generality that f € L°(R?), we can estimate as
follows

1Qof 1720y < M(ILM)[o1 |31 F11%]1F113 = m(ILM) o311 IT11F13,

since o1 = Fy Lo, The conclusion is then an application of Proposition 2.2.

(ii) By the formula (3.4) for 7 = 1/2 we easily get

Qdf($aw) = Qﬂzf(wa —$), (4'2)
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where 03(s,¢) = o(—(,s). Writing M; = {(z,w) € R*: (—x,w) € M} we then have
1Qut sy = [ 1@us (o) drde = [ 1Qnflwa) P do s
1

by point (i) we obtain that for every # € R? and for every o > d/2

~

X 4—4a _oad
Qo FlIZ2ary < K m(IuMy)oall31 £l Il =7 fl5-

Now, m(IL,M;) = m(IL,M), [|o2]2 = |[o]]2, and moreover f(t) = f(—t), so since { is
arbitrary we have the desired estimate, in the case o € L!(R??) N L2(R%).

(iii) Suppose now o € L'(R??). Since ”QafH%Q(M) < m(M)||Q,f||%, we have by Young
inequality

1Qof22ar) < m(M)|all3]| Wi £11%

<w)lol} sup |
(z,w)€ER2d

< 2% m(M) ol 13 11T

<2 m(M) o | FIFITIFIT.

We can then apply Proposition 2.2, with two different oy and as for f and f , respec-
tively, and obtain the conclusion.

Now we want to extend the validity of the first two estimates in (4.1) to the case of kernels
o € L?(R??) but not necessarily in L'(R??). We prove for example the second estimate in
(4.1), the first is analogous.

(a) Suppose that m(M) < 4oco. For f € L?(R%) we have Wig f € L?(R??) and, from the
density of L'(R24) N L2(R??) in L?(R??), ¢ is the limit in L?(R??) of a sequence of
functions o,, € L'(R??) N L?(R?4). The continuity of the convolution L? ¥ L2 — L>®
implies then that Q,, f = 0,*Wig f — o*Wig f = Q, f in L°(R??) and therefore also
in L>°(M). The continuous immersion L>(M) < L?(M), valid under the assumption
m(M) < +oo, implies now that Q,, f — Q,f in L?>(M). Proposition 4.1 applied to
oy, yields the estimates

Aq—d Al
Qe fllZ2(ary < K m(UaM)llowl3]1f 1l Il —w|*flI5 .

which for n — 400 gives

Aq—d ol g
Qo 112 (ar) < K m(ILM) o311 lly Il — [ fl5 -
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(b) Suppose now that m(M) = +oo. If m(II, M) = 400 then the assertion is trivially true.
Suppose then m(IT,M) < +oo and set M,, = M N B", n € N, with B" = {Z € R?>? .
|Z| < n}. From part (a) applied to M,, we have

Ag—d Al
Qo 1122 (ar,) < K (e M)l 311l llw —w|*fl5 -

From M,, C M we have that the sequences ||ng‘|%2(Mn)
convergent to [|Qqyf1|3. (v and m(1I, M) respectively which proves the estimate

and m(II, M,,) are increasingly

Aq—d ol g
Qo 112 (ar) < K m(IL M) o3 Flly [l — [ £l5 -
O

Remark 4.2. We know that in general for f € L?>(R?) and o € L*(R%*?), Young’s inequality
only yields Qo f € L>®(R??). Therefore, although Q,f needs not to be in L?(R??), the last
part of the proof of Proposition 4.1 shows that Quf € L?>(M) for every measurable set M for
which either m(I1, M) or m(Il, M) are finite.

We can now state the following local uncertainty principle for the Cohen class, corre-
sponding of Theorem 3.6 for a generic representation (), with ¢ as in Proposition 4.1.

Theorem 4.3. Let M C R?? be a measurable set, and o, a1, 0 > d/2. Then for every
f € LAR?) and for every fized t, € R? we have:

. 4—4 —a g
Qo FI72(ary < min{ K my o (M)|ol3]| ]l = IIlt = Fll5
A4 a a i g
Ky (M)|lo|3]l ]l =llw =5, (4.3)
_d_ d d

4 d d _ ai - AL
2 K Ko m(M)||o || flly 2l =T fll5" llw — @1°2 fll52

where K, K1, Ky are given by (2.3) and my, o(M), my w(M) are defined in Definition 3.5.
The first two estimates in (4.3) are valid for every o € L?>(R??) and the third one holds for
every o € L' (R%).

Proof. The third inequality of (4.3) has already been proved in Proposition 4.1, so we only
have to prove the other two estimates. From Lemma 3.4, applied for 7 = 1/2, we get

Qo f(x,w) = /U(y,n) Wig f(z —y,w —n) dydn

= /U(y, 1) Wig (e ™D (1)) (z — y,w —n — Clz — y)) dy dn

for every real symmetric d x d matrix C'. Then, by the change of variables n — Cy = (, we
obtain

Qo f(z,w) = /a(y, ¢+ Cy) Wig(e ™D £ (1)) (z — y,w — Ca — ¢) dy dC.
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Writing o3(y, () = o(y, ¢ + Cy) we have

(i)

Qo f(z,w) = Quy (e ™I £ (1)) (2,w — Cx). (4.4)

We prove now the first estimate of (4.3). From (4.4) we have

. 2
1QeF E2qun = [ |@ra (e () (0100 = Ca)|”

for every real symmetric d x d matrix C. By the change of variables X = 2, W = w—Cx
we obtain

1Qo £I32ay = | Qos (6™ F() || L2 a1

where ®¢ is given in Definition 3.5. We can then apply the first estimate in (4.1),
obtaining that

—7i( 47% Il —T 5
1Qo flI72(ar) < K m(w (e (M))) [los|3lle™ 0 £ ()5 [t — 7% ™0 f(2)]|5

for every o > d/2 and € R%. Now, we observe that e~ ™(ChY) can be deleted from the
norms, and ||oz|l2 = ||o|l2. Then we can take the inf over all C' in the right-hand side,
and we have the desired estimate.

By (4.2) and the same procedure that we used to obtain (4.4), we have

Qaf(wi) = def(w7 _‘T) = QU4( —miDL) f( ))(wv —T — Dw),

for every real symmetric d x d matrix D, where o4(y, () = 0(—(— Dy, y). By the change
of variables X = x + Dw, W = w we then have

1Qo f11 2201y = / | Qo (7™ P f(1)) (W, = X) |2dX dW.
Vp (M)

We now write Mp = {(X,W) € R* : (—X,W) € Up(M)} and, using again the first
estimate of (4.1), we obtain

i P 2
Qo FIl72(ar) = /M Qo (70 f (1)) (W, X)|"dX dW
D
. . . d
< Km(ILe(Mp)) oal3le ™80 fo)]l3 = [ — @] ™) f(w) 5,
for every a > d/2 and w € R?. Observe now that, as before, e~ ™(Dww) can be deleted;

moreover, m(ILlx (Mp)) = m(ILx(¥p(M))) and [lo4]|2 = ||o|l2. The conclusion then
follows by taking the inf over all D in the right-hand side, and the proof is complete.

O]
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We complete the description with some remarks about Theorem 4.3.

1) Taking for simplicity the case d = 1, the two sets M = {(z,w) € R?: 0 < az + by < c}
and M = {(z,w) € R?: either |w| < e *" or |z| < e %"} show that the finiteness of my, o (M)
and mg g (M) are actually independent from that of m(M), and that each of the estimates
(4.3) can be optimal.

2) The estimates in Theorem 4.3 can be easily adapted to particular regions M for which
my, (M) = my (M) = m(M) = +oo. Suppose in fact that M can be decomposed into a
finite (disjoint) union M = M; U ... U My of regions M; for which one of the previous three
quantities is finite, then HQof”2L2(M) = Zjvzl ||ng||%2(Mj) and a suitable estimate can be
applied to each term. For example in R? we can consider M = {(z,w) : |z| < a V |w| <
b; a,b > 0} obtaining

4-4 e e L
1Q0 fllz2ar) < 2K Nl 311fllz = (a N[t = E*Fll5 + b [[lw =@ fI5). (4.5)

More generally, we have then proved that, even if Q, f needs not to be in L2(R?), it is always
square-integrable e.g. on every finite union of “strips” of the type ¢y < az + by < ¢;.

As application of the result of Theorem 4.3 we prove the following “local” boundedness
property which pursues the direction of Remark 4.2. As already observed, under the hypoth-
esis 0 € L?(R??) we do not have in general a bounded map Q, : f € L>(RY) — Q. f €
L%(R??). This includes for example the important case of spectrograms |V, f|? with window
g € L?(R?) for which one has o = Wig(j) € L?(R??). The following property is then of prac-
tical interest in applications as it permits to still consider only the L? functional framework
for f and @, f also in this case, under reasonable limitations on f, ]?, Qo f.

Proposition 4.4. Let o € L?(R?!), M C R?? and BE = {x € R : |x| < R} (when necessary
we implicitly extend f € L?(BE) by zero outside BE), then Q, defines the following quadratic
bounded maps:

(i) If myo(M) < +o0  then Q,:f € L*(Bf) — Q,f € L*(M) and

9 7Td/4Rd/2
||QafHL2(M) < \/; me@(M)lm”O'HQHﬂg

(ii) If myw(M) < +oo then Qy:f € FL*(B) — Q.f € L2 (M) and

9 7Td/4Rd/2
||QO’f||L2(M) < \/; Wrﬂw@(M)l/Q”O'HQHfH%

(iii) If m(M) < 400 then Q,:f¢€ L*(RY) — Q,f € L>(M) and

1Qo £l p2ary < m(M)Y2|[or||2]] £113-
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Proof. (i) Suppose that m,, &(M) < 4+00. Choosing ¢ = 0 the first estimate (4.3) is

4—4d a 4
1Q0 flIZ2(ar) < Kamwa (M)l l3I1FIly = 11 f5 -
As suppf C Bgf the right-hand side is well defined for every « and

42 ol 4-4d d
£l M Flls < 1Flle = RAflls = I FII2RT. (4.6)

Rewriting the constant K, using Euler’s formula for the Gamma function I'(z)I'(1 — z) =
we have

/2 —1 9 L 1
Ko=""(r(2 (V1o L) (2 -4
« 2 2a 2a d 2a
/2 - £ -1
_ 2 (p(d 0 (20 g\ (_d)
d 2 sin(Z2) \ d 20
As the function K, is decreasing in «, the best estimate is obtained by letting o — 400

and we have: e .
27 d B
lim K,=— (T = . 4.
Jimn d ( <2)> (4.7)

The thesis follows then immediately from (4.6) and (4.7). R
(ii) It is analogous to (i) using now the second estimate (4.3) f has compact support.
(iii) Suppose that m(M) < 4+o0o0. Then

P S
sin(7z)

1Q0 Fll 220y < W(M)? Qo flloo < m(M)Z]|Q0 ]
m(M)3 [6Wigf|l1 < m(M)7||5]||[Wigf |2 = m(M)?[|o]|a]| £]I3.

In an analogous way the boundedness of the sesquiliner map Q,(f, g) can be proved.
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