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Chapter 1

SOLUTION OF THE
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WITH CAPACITY CONSTRAINTS
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aringhieri.roberto@unimore.it

Mauro Dell’Amico
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Abstract Synchronous Optical Network (SONET) in North America and Syn-
chronous Digital Hierarchy (SDH) in Europe and Japan are the current
transmission and multiplexing standards for high speed signals within
the carrier infrastructure. The typical topology of a SONET network
is a collection of rings connecting all the customer sites. We deal with
a design problem in which each customer has to be assigned to exactly
one ring and these rings have to be connected through a single federal
ring. A capacity constraint on each ring is also imposed. The problem
is to find a feasible assignment of the customers minimizing the total
number of rings used. A Tabu Search method is proposed to solve the
problem. The key elements are the use of a variable objective function
and the strategic use of two neighborhoods. We have also implemented
other techniques such as Path Relinking, eXploring Tabu Search and a
Scatter Search. Extensive computational experiments have been done
using two sets of benchmark instances. The performances of the pro-
posed algorithms have also been compared with those of three multistart
algorithms involving greedy methods previously proposed for the prob-
lem, and of the CPLEX solver. The computational experiments show
the effectiveness of the proposed Tabu Search.

Keywords: Metaheuristics, SONET, Graph Partitioning
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1. Introduction

Synchronous Optical Network (SONET) in North America and Syn-
chronous Digital Hierarchy (SDH) in Europe and Japan are the current
transmission and multiplexing standards for high speed signals within
the carrier infrastructure.

A typical topology of a SONET network is a collection of local rings
or simply rings directly connecting a subset of customer sites or nodes.
Each node sends, receives and relays messages through a device called
add-drop-multiplexer (ADM). In bidirectional rings the traffic between
two nodes can be sent clockwise or counterclockwise, and the volume of
traffic is limited by the ring capacity, which is equal in both directions.
The capacity of the bidirectional ring has to accommodate the sum of
bandwidth requests between all pairs of nodes connected by the ring.
Finally, all rings are connected together by a special ring called federal
ring through an expensive device, the digital cross connect (DXC), which
joins each ring to the federal ring.

With this topology, the traffic between two customers may use up to
three rings. A different design choice imposes that the traffic between
two nodes is always transmitted using only one ring. In this case, a cus-
tomer may be assigned to several rings. A design problem requiring this
topology has been considered in Laguna, 1994, where a mathematical
model and Tabu Search algorithm are presented.

DXC

customersfederal ri
ng

ADM

local rings

Figure 1.1. A SONET network

In this paper we deal with a basic design problem using the first topol-
ogy and requiring that: i) each customer has to be assigned to exactly
one local ring; and ii) the maximum capacity of each ring is bound by a
common value. We want to minimize the number of local rings, that is
the cost of DXCs installed. This problem is called SONET Ring Assign-
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ment Problem (srap) with capacity constraints. An example of SONET
network is given in Figure 1.1.

Fixing the number k of rings required, we derive a parametric version
of the problem called k-srap. Goldschmidt, Laugier and Olinick (Gold-
schmidt et al., 2001) have shown that srap is NP-complete by reducing
the 3-Regular Graph Bisection Problem to a special case of srap and
proposed three randomized greedy algorithms to solve it.

Mathematical formulations for srap are presented in Section 2. In
Section 3 we briefly describe the greedy algorithms proposed in Gold-
schmidt et al., 2001. In Section 4 we introduce a basic Tabu Search
(BTS) for solving the problem. BTS is then improved implementing
several intensification and diversification strategies. The strategic use
of two neighborhoods leads to a Tabu Search with Strategic Oscilla-
tion (TSSO) which is reported in Section 5. Path Relinking, eXploring
Tabu Search and Scatter Search approaches are reported in Section 6.
Extensive computational results are reported in Section 7, and some
conclusions are presented in Section 8.

2. Mathematical Formulations

We introduce the following notation: let n be the number of nodes, B
the common capacity bound, duv the symmetric traffic demand between
the pair of nodes u and v (u, v = 1, . . . , n, u 6= v) andWu =

∑
v 6=u duv the

total traffic on node u (u = 1, . . . , n). Let us define the binary variables:
puvr = 1 (u, v = 1, . . . , n, u 6= v, r = 1, . . . , n) if nodes u and v belong
both to ring r, puvr = 0 otherwise; xur = 1 (u = 1, . . . , n, r = 1, . . . , n)
if node i is assigned to ring r, xur = 0 otherwise; yr = 1 (r = 1, . . . , n)
if ring r is used, yr = 0 otherwise. A model for srap derived from that
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presented in Goldschmidt et al., 2001, is the following:

srap :min
n∑

r=1

yr

s.t.
n∑

u=1

xurWu −
n−1∑

u=1

n∑

v=u+1

puvrduv ≤ B, r = 1, .., n (1.1)

1

2

n∑

u=1

Wu −
n∑

r=1

n−1∑

u=1

n∑

v=u+1

puvrduv ≤ B (1.2)

n∑

r=1

xur = 1, u = 1, .., n (1.3)

puvr ≤ xur, r = 1, .., n, {u, v = 1, .., n|u < v} (1.4)

puvr ≤ xvr, r = 1, .., n, {u, v = 1, .., n|u < v} (1.5)

xur ≤ yr, u, r = 1, .., n, (1.6)

xur, puvr ∈ {0, 1}, r = 1, .., n, u, v = 1, .., n

Constraints (1.1) and (1.2) assure, respectively, that the bounds on the
total traffic through each ring and through the federal ring are satisfied.
Constraints (1.3) assure that each node is assigned to exactly one ring.
Constraints (1.4)-(1.6) impose the congruence of the sets of variables.
The objective function is to minimize the number of rings.

It is worth noting that this formulation is not useful for solving the
problem with a commercial and general purpose code (e.g. CPLEX), due
to the enormous computing times. A model with only constraints (1.1)-
(1.5) and no objective function can be used for checking the feasibility
of an instance. We adopted this method in Section 7.

A graph theory model for srap can be defined as follows. Let G =
(V,E) be the graph representing the SONET network (V is the set of cus-
tomer’s nodes) and dij the cost of edge (i, j) ∈ E. The problem of finding
a solution for srap corresponds to finding a partition V1, V2, . . . Vk of V
into disjoint sets such that k is minimized and

∑

u∈Vi

∑

v∈V,v 6=u

duv ≤ B, i = 1, . . . , k (1.7)

k−1∑

i=1

k∑

j=i+1

∑

u∈Vi

∑

v∈Vj

duv ≤ B (1.8)

where (1.7) and (1.8) assure, respectively, that the bounds on the total
traffic through each ring and through the federal ring are satisfied.
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3. Previous work

Goldschmidt, Laugier and Olinick (Goldschmidt et al., 2001) have
proposed three different greedy heuristics for solving srap: the edge-
based, the cut-based and the node-based heuristics. Both the edge-based
and the cut-based heuristics start their computation assigning each node
to a different ring, and, at each iteration two different rings are merged
if the resulting ring is feasible. In the edge-based heuristic, the edges are
ordered by non decreasing weight and the pair of rings connected by the
maximum weight edge is chosen. In the cut-based heuristic the pair of
rings sharing the maximum traffic is chosen. Both the edge-based and
the cut-based heuristics start their computation assigning each node to
a different ring.

Finally, the node-based heuristic receives a tentative number of rings k
as input, then assigns to each of the k rings a node randomly chosen. At
each iteration the heuristic selects the ring with the the largest unused
capacity, say r, then, the unassigned node with largest traffic toward ring
r is chosen and added to the ring. The node-based heuristic is repeated
ten times and every time a feasible solution is computed the value of k
is decreased by one.

These heuristics are applied by the authors to a set of benchmark
instances. A feasible k̄ is computed by running the edge-based and cut-
based heuristics and given as input to the node-based heuristic. Note
that both the edge-based and cut-based heuristics may have different
behavior if different tie break rules are used. Therefore the authors
propose to repeat these procedures ten times and to choose randomly
how to break ties. When the heuristic solution is feasible with a value
greater than the simple lower bound

klb =

⌈∑
u

∑
v 6=u duv

2B

⌉
, (1.9)

a tentative to prove the optimality of the heuristic solution is performed
by means of CPLEX.

4. Basic Tabu Search

We propose a solution algorithm based on a Tabu Search (TS) scheme
which explores the space of the possible partitions of graph G looking for
a partition associated with a feasible solution of srap with a minimum
number of rings.

In order to simplify the presentation we introduce the following no-
tation. Let r be a ring index. The traffic values with respect to ring r
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are:

Ir =
∑

u,v∈r,u6=v

duv (total internal traffic)

Er =
∑

u∈r,v 6∈r
duv (total external traffic)

Tr = Ir + Er (total traffic on the ring r)

Note that a ring r is feasible if Tr ≤ B. Given a node u define:

Wu,r =
∑

v∈r,v 6=u

duv (total traffic toward node u from the ring r)

Wu =
∑

v 6=u

duv (total traffic toward node u)

Observe that
Wu =

∑

r

Wu,r.

Finally define:

F =

∑
r Er

2
(total traffic through the federal ring)

BN = max( F, max
r

Tr) (network bottleneck) (1.10)

4.1. Neighborhood N1 and traffic value update

The basic Tabu Search (BTS) uses a node improvement neighborhood,
say N1, which, starting from a given solution (feasible or unfeasible),
moves in turn each node from its ring to a different one or to a new ring,
such that the resulting ring (existing or new) is feasible.

In Figure 1.2 an example of move generated by N1 is depicted: the
node u is moved from the ring s to the ring t; the dotted region represents
the federal ring and r is a generic ring such that r 6= s, t. We observe
that moving u from s to t modifies the following traffic values: Ts, Tt,
F and possibly BN .

In Figure 1.3 we depict the traffic values before and after moving node
u from ring s to ring t.

Note that traffic Ts decreases by

Wu,t +
∑

r 6=s,t

Wu,r = Wu −Wu,s.

Analogously traffic Tt increases by

Wu,s +
∑

r 6=s,t

Wu,r = Wu −Wu,t.
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r

ts Federal ring

uu

Figure 1.2. Neighborhood N1: u is moved from s to t

Wu,r

Wu,t
Wu,s

Wu,r

Wu,t

Wu,s

Federal ringFederal ring

v’

v’’
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s

r

tt

r

s u
u

Figure 1.3. Neighborhood N1: traffic values

Further note that the traffic F on the federal ring F varies byWu,s−Wu,t.
Therefore the modified traffic values after moving u from s to t are:

T̂s = Ts −Wu +Wu,s (1.11)

T̂t = Tt +Wu −Wu,t (1.12)

F̂ = F −Wu,t +Wu,s (1.13)

where the hat symbol denotes the modified values.
Using the updated values (1.11)-(1.13) we can compute the new bot-

tleneck and evaluate the new solution.
After selecting the best move in N1, it is necessary to update the

data structures. Considering again Figure 1.3, we observe that Wv′,s is
decreased by duv′ while Wv′′,t is increased by duv′′ . Instead traffic Wv,r
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with v 6= u and r 6= s, t does not change, hence

Ŵv,r =





Wv,r − duv r = s, v ∈ s

Wv,r + duv r = t, v ∈ t

Wv,r otherwise

. (1.14)

4.2. Tabu lists

We have used two tabu lists to avoid visiting, for a certain period,
already visited solutions.

The first list called node-list stores the nodes visited in the last iter-
ations. A node contained in node-list is not taken into account when
exploring the neighborhood.

The second list called node-from-list stores the moved nodes within
the identifier of the original ring from which the node has been removed.
During the exploration of the neighborhood we avoid inserting a node
stored in this list into its original ring.

We maintain the length l1 of node-list smaller than the length l2 of
node-from-list in order to fix a node for l1 iterations (node-list) and then
to forbid its return to the original ring for l2 other iterations (node-from-
list).

The list length varies during the search (see e.g. Dell’Amico and

Trubian, 1998) between
1

2
and

3

2
of a given tabu-tenure value. We de-

crease l1 and l2 to intensify the search within promising regions, whilst
we increase them to speed up the leaving from not promising regions.
We define an improving phase a set of ∆ip consecutive iterations which
lower the objective function. On the contrary, a worsening phase is a
set of ∆wp consecutive iterations such that the objective function value
does not improve. The initial values of l1 and l2 are respectively equal
to tabu-tenure1 and tabu-tenure2 and vary as follows:

li = max(li − 1,
1

2
tabu-tenurei), i = 1, 2 (1.15)

after an improving phase and

li = min(li + 1,
3

2
tabu-tenurei), i = 1, 2 (1.16)

after a worsening phase. On the basis of a set of preliminary experiments,
we set the parameter values as reported in Table 1.1.

4.3. Objective functions

In order to drive the search toward feasible and good solutions we
have to take into account both the number of rings k and the value of
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Table 1.1. Tabu List: values of parameters controlling the length of tabu lists

values l1 l2

tabu-tenure 5 10
∆ip 5 5
∆wp 3 3

the bottleneck BN . We have defined the following tentative objective
functions:

z1 = k +max{0, BN −B},

z2 = z1 +

{
k Tc if a new ring c has been created

0 otherwise
,

z3 = kB +BN.

Function z1 leads the search toward solutions with a small number of
rings while penalizing unfeasible solutions. Function z2 modifies z1 by
strongly penalizing moves creating a new ring. Finally, function z3 leads
the search toward solutions with a minimum value of k, and among these
toward solutions with minimum bottleneck value..

We observed that the expected solution improvement depends on the
feasibility status of the current solution. For example, if the current so-
lution is feasible and a move creates a new feasible solution, then we are
interested in minimizing k. On the contrary, if the current solution is
unfeasible and a move creates a new unfeasible solution, then we would
like to minimize BN . Therefore we have studied a further multiobjec-
tive function which drives the search taking into account these different

cases. Denoting with B̃N the bottleneck values associated with unfea-
sible solutions, we define:

z4 =





k B +BN if the move starts from a feasible solution

and generates a feasible one

(k + 1)B̃N if the move starts from a feasible solution

and generates an unfeasible one

k B if the move starts from an unfeasible solution

and generates a feasible one

n B̃N if the move starts from an unfeasible solution

and generates an unfeasible one
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Since for a feasible solution kB+BN ≤ (k+1)B, (k+1)B ≤ (k+1)B̃N

and k B ≤ n B̃N , then z4 drives the search from unfeasible solutions to
feasible ones. Note that z4 is a sort of extension of z3.

4.4. Procedure BTS

After reading the input instance and initializing the main data struc-
tures, the Basic Tabu Search BTS starts a main cycle which is repeated
until MaxTime seconds have elapsed.

At each iteration, the best move Move is selected by the function
BestMove. IfMove 6= ∅, the current solution Sol is modified (Update(
Move, Sol )) and the best solution Best is updated if z(Sol) < z(Best).

The update phase concerns both the parameters controlling the length
of tabu lists and the traffic values: the parameters are updated with
respect to the objective function improvement (z(Sol) < z̄) while the
traffic values are updated according to the equations (1.11)-(1.14) by
procedure UpdateTrafficValues.

The tabu lists are updated by the UpdateTabuList procedure: if
Move 6= ∅, Move is inserted in the node-list and node-from-list, other-
wise a dummy move is inserted. Then, if ip = ∆ip or wp = ∆wp, the
length of the tabu lists are updated as in (1.15) and (1.16).

The pseudo-code of the BTS algorithm is as follows.

BTS( Instance, MaxTime ) {
GetData( Instance );
Init( Move, Sol, Best );
Compute( Wu,r, Wu, Tr, F , BN );
Elapsed := 0; Starting := Now( );
while ( Elapsed ≤ MaxTime ) {
Move := BestMove( Sol, N1 )
if ( Move 6= ∅ ) {
z̄ := z(Sol);
Sol := Update( Move, Sol );
if ( z(Sol) < z(Best) ) Best:=Sol;
if ( z(Sol) < z̄ ) { ip := ip + 1; wp := 0; }
else { wp := wp + 1; ip := 0; }
UpdateTrafficValues( Move, Wu,r, Tr, F , BN );

};
UpdateTabuList( Move, ip, wp );
Elapsed := Now( ) - Starting ;

};
return( Best );

}.
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At the end of the computation the best solution computed is returned
as output of the procedure.

4.5. Complexity of neighborhood evaluation

The neighborhood evaluation is the most time consuming component
of the whole algorithm. We observe that in the worst case each of the n
nodes can be moved into n− 1 rings. Since the computation of the best
move requires the assessment of all the possible moves, the neighborhood
evaluation of N1 needs to generate O(n2) moves. We also observe that
all the objective functions proposed in §4.3 require the computation of
BN . As described in §4.1, moving u from s to t can increase or decrease
the BN value.

duv′

duv′′

duv′′′

v′

v′′
u

s t

v′′′
r

Figure 1.4. Neighborhood N1: variation of BN value

We illustrate this case in Figure 4.5 where the node u, which is con-
nected only with v′ ∈ s, v′′ ∈ t and v′′′ ∈ r, is moved from s to t. Suppose
that: F = 80, Tt = 85, Tr = 100, Ts = BN = 110, duv′ = 15, duv′′ = 5
and duv′′′ = 7. Applying the equations (1.11)-(1.13), we obtain

T̂s = Ts − (duv′′ + duv′′′) = 98

T̂t = Tt + (duv′′ + duv′′′) = 97

F̂ = F + (duv′ − duv′′) = 90

and Tr is not modified. The new value of BN is now equal to Tr = 100,
hence it is decreased. On the other side, if Tt = 100 the new value of
BN increases to 112.

As shown in the above example, the computation of BN involves not
only T̂t and F , but also all the Tr values with r 6= s, t, hence an O(n)
time is required to compute BN after each node movement and the
neighborhood evaluation is done in O(n3) in the worst case.

This complexity can be reduced to O(n2 logn) maintaining a heap
data structure to order the Tr values. Some special cases (e.g. when
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BN = Tt) can be also considered to reduce the average computation
time. However, in the practical application (see Section 7), the number
of rings is small and no special implementation is required.

5. Tabu Search with Strategic Oscillation

The computational experiments performed (see Section 7, Table 1.4)
show that procedure BTS is not very effective to solve srap hence we
have tried to improve it by means of a simple variable neighborhood
strategy consisting in a further neighborhood N2 and a switching rule
to substitute N1 to N2 and vice versa.

Employing only the neighborhood N1, BTS often terminates its com-
putation returning a solution containing k large rings and a single ring,
say r, containing few nodes. In these cases, we expect that a local opti-
mal solution with k rings can be obtained spreading the nodes belonging
to r over the remaining k rings. However BTS is not able to find this
solution since moving all but one nodes belonging to r increases the
bottleneck while it mantains the same number of rings.

The introduction of the empty minimum cardinality ring neighbor-
hood, say N2, is aimed at dealing with this kind of solution: a node be-
longing to r is compulsively moved to one of the remaining rings without
taking into account the feasibility of the new solution.

The switching of N1 to N2 is controlled by two conditions:

condition C1: a number ini of consecutive not improving iterations has
been performed;

condition C2: the current solution is feasible.

At each iteration we check condition C1, C2 or both (see Section 7
for implementation details) and, if necessary, we transform the current
solution into a new one through neighborhood N2 (NewSol()).

We insist with neighborhood N2 until the minimum cardinality ring
has a single node. At this point, N2 is applied once again and we return
to N1 for the next iterations.

This is a particular implementation of the strategic oscillation tech-
nique in which we have only two neighborhoods and the second one is
applied for a fixed number of iterations, namely the cardinality of the
minimum cardinality ring.

A possible pseudo-code of our TS with Strategic Oscillation (TSSO)
algorithm is as follows.



Solution of the srap with Capacity Constraints 13

TSSO( Instance, MaxTime ) {
GetData( Instance );
Init( Move, Sol, Best );
Compute( Wu,r, Wu, Tr, F , BN );
Elapsed := 0; Starting := Now( );
switch := FALSE;
while ( Elapsed ≤ MaxTime ) {
Move := BestMove( Sol, N1 )
if ( Move 6= ∅ ) {
z̄ := z(Sol);
Sol := Move( Move, Sol );
if ( z(Sol) < z(Best) ) Best:=Sol;
if ( z(Sol) < z̄ ) {
ip := ip + 1; wp := 0; ini := 0; }

else {
wp := wp + 1; ip := 0; ini := ini + 1; }

UpdateTrafficValues( Move, Tu,r, Tr, F , BN );
};
UpdateTabuList( Move, ip, wp, ini );
if ( Check( C1, C2 ) )
Sol := NewSol( Sol, N2 );

Elapsed := Now( ) - Starting ;
};
return( Best );

}.

Note that procedure NewSol() consists of a number of moves with
neighborhood N2 which spread the nodes belonging to the minimum
cardinality ring to the remaining rings.

x
L

x~

local optima

feasible or unfeasible

N

N

2

2

Figure 1.5. Switching N1 and N2: exploration of the solution space
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A typical exploration of the solution space obtained by switching N1

and N2 is depicted in Figure 5 where a black circle is a solution, a
solid arc is a set of moves generated by N1 and a dashed arc is a set of
moves generated by N2. After some moves, the search reach x̃ and the
neighborhoods are switched; a new solution is obtained by spreading the
nodes belonging to r over the remaining k rings.

The technique of switching N1 and N2 is similar to the strategic oscil-
lation described in Glover and Laguna, 1997, which operates by orienting
moves in relation to a critical level. A critical level usually identifies a
solution such that the normal search would not be able to improve. For
example, a desired or undesidered form of a graph structure. When
the critical level is reached, the strategic oscillation changes the rules of
selecting moves in such a way that the critical level is crossed, that is
the solution should be improved. In Figure 5, the critical level can be
represented by the dotted region around the local optima xL.

Finally, we note that all the possible moves generated byN2 areO(n2),
hence also the evaluation of N2 has computational complexity O(n3).

6. Other intensification and diversification
strategies

Path Relinking (PR) (Glover, 1999), eXploring Tabu Search (XTS)
(Dell’Amico et al., 1999) and Scatter Search (SS) (Glover, 1997; Glover,
1999; Glover et al., 2000) are strategies aimed to intensify the search
into promising regions or to diversify it generating new restarting solu-
tions. They are successfully applied to several optimization problems.
We have implemented all these techniques to compare their results to
those obtained by TSSO.

We use the main ingredients of PR and XTS to differentiate the search
within our tabu search when necessary. More precisely, we use the same
framework of TSSO by replacing procedure NewSol with a method for
generating a diverse solution based on PR or XTS.

We implemented SS along the guidelines of Laguna, 2001. SS can
be intended as a general methodology in which the intensification and
diversification phases are driven by a set of solutions. These solutions
are then combined to generate further solutions. Our main concern is
to exploit the techniques embedded in SS to improve the quality of the
solution computed by BTS.

This Section is organized in three subsections describing the proposed
algorithms: PR (§6.1), XTS (§6.2) and SS (§6.3).
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6.1. Path Relinking

A relinking path is a set of moves connecting two different solutions.
It can be defined as the more direct route or the fewest number of moves
to connect two different solutions. Clearly, a relinking path is also a
sequence of solutions.

An example is reported in Figure 1.6: the original path is shown by
the solid line while the relinking one is shown by the dashed line.

x’ x’’

Figure 1.6. PR: example from Glover et al., 2000

The basic idea of PR is to generate a new solution by choosing one of
those along the relinking path.

We consider two different assignments x′ and x′′ of nodes to rings.
The hamming distance

H(x′, x′′) =
∑

u

∑

r

|x′ur − x′′ur|
2

. (1.17)

returns the minimum number of moves required to get x′′ from x′. Let
MPR be this set of moves. Looking at Figure 1.6, MPR contains all the
four moves denoted by the dashed line.

We propose two PR implementations. The first one, say PR1, gener-
ates the set MPR1 relinking the current solution to the best one. Then,
bMPR1/2c moves have been selected from MPR1 in such a way that the
objective function is minimized.

The second PR implementation proposed, say PR2, try to augment
the diversification by considering more paths at the same time. Instead
of relinking the current solution to the best one, we maintain an elite
solution set, say ∆, containing a fixed number of best solutions computed
during the search and we generate all the paths from the current solution
to the solutions in ∆. This implementation has been proposed in Laguna
et al., 1999.
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An example of PR2 is depicted in Figure 1.7 where two different re-
linking paths are generated by two solutions belonging to ∆.

Lx

x
1

~

local optima

current solution

best solutions

Figure 1.7. PR2: relinking paths

6.2. eXploring Tabu Search

The N1 evaluation can generate many solutions which have quite sim-
ilar objective function values. The basic idea of XTS is to adopt a long
term memory structure to record them. Then, any of these solutions
can be used to restart the search.

Figure 1.8. XTS: restarting and exploration with two stored solutions

An example of XTS is given in Figure 1.8: the dashed lines repre-
sent the solution space explored restarting the search from two different
recorded solutions.

As already done in Dell’Amico and Trubian, 1998, our XTS implemen-
tation stores the second best not-tabu solution computed during each
N1 evaluation. These solutions are collected in a fixed length list called
second-list (SL) with a copy of the tabu lists and the search parameters
in order to restart the search with the same conditions encountered when
the solution was inserted in the list SL.

Figure 1.8 reports an example of restarting phase employing XTS. Ex-
ploring N1 from x we reach xfirst and xsecond: solution xfirst is selected
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secondx

firstx

x

local optima

current solution

N

x

1

x
L

~

Figure 1.9. XTS: expected behavior of the search

whereas solution xsecond is stored in SL. When we reach x̃, condition
C1 and C2 tell us to diversify the search so we restart the search from
xsecond.

6.3. Scatter Search

SS is a general methodology in which the intensification and diversifi-
cation phases are driven by a set of solutions called Reference Set which
is composed of a subset of high quality solutions (HQ) and by a subset
of diverse solutions (DV ).

Let:

Du(x, x
∗) =

{
0 if u belongs in the same ring both in x and x∗

1 otherwise
.

The function measuring the diversity of x with respect to the best solu-
tion x∗ is

D(x, x∗) =
n∑

u=1

Du(x, x
∗). (1.18)

Our implementation traces the general scheme proposed in Laguna,
2001. We report only the methods which are specific for srap:

Diversification Generation Method. We iteratively generate pairs
of random solutions with h = 2, . . . , klb + 10 rings. In the first
solution, we randomly assign each node to one of the h rings. The
second solution is built from the first one by moving each node to
a randomly chosen different ring (when h = 2 a node is moved to
the other ring with 0.5 probability).

Solution Combination Method. We combine the solutions belong-
ing to the Reference Set to obtain a new, possibly better, solution
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by means of the following score function:

su,r =

∑
j∈S z(xj)xjur∑
j∈S z(xj)

(1.19)

where z(xj) denotes the objective value of the j-th solution xj be-
longing to a subset S of the Reference Set. Then, the new solution
x̄ is equal to x̄u,r = 1 if su,r = maxr su,r, x̄u,r = 0 otherwise.

Improvement Method. We tested two different techniques to en-
hance the quality of the solutions generated: the first is a pure
Local Search (LS) based on neighborhood N1; the second one is
our procedure BTS.

The objective functions used with SS are z1 and a modified version of
z4:

ẑ4 =

{
k B +BN if the solution is feasible

n BN otherwise.

Note that the original z4 cannot be used with SS since it is based on the
concept of move, but it is used within the improvement method.

Each new solution x̃ is inserted in HQ if its objective function value
is better than that of the worst solution in HQ. On the other side, a
new solution is inserted in DV if

min
x∈HQ

D(x̃, x) > min
y∈D

{
min
x∈HQ

D(y, x)

}
.

At the beginning, procedure Init initializes the reference set with the
feasible or unfeasible solutions computed by the diversification genera-
tion method. During each iteration, the solution combination method
(CombineSol) generates some new solutions which could be inserted
in the reference set (InsertRefSet) after have being improved by Im-
proveSol procedure. The iteration terminates when none of the new
combined solutions is inserted. Before starting a new iteration, SS tries
to insert in the reference set some new solutions generated by the diver-
sification generation method (UpdateRefSet). A possible pseudo-code
of our SS is as follows.
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SS( Instance, MaxIters ) {
GetData( Instance );
Init( RefSet, HQ, DV );
Elapsed := 0; Starting := Now( ); Iters := 0;
for ( Iters 1 to MaxIters ) do {
Inserted := TRUE;
while ( Inserted ) {
Inserted := FALSE;
for ( h = 2 to 5 ) do

for each ( h-upla x1, . . . , xh ∈ HQ ∪DV ) do {
NewSol := CombineSol( x1, . . . , xh );
ImproveSol( NewSol );
Inserted := InsertRefSet( NewSol );

};
};
if ( Iters ≤ MaxIters )
UpdateRefSet( RefSet, HQ, DV );

};
return( HQ );

}.

7. Computational results

The algorithms described in the previous Sections were implemented
in ANSI C language and tested on a Linux PC Pentium III/600 with
524 Megabytes of main memory. Computational experiments have been
made using two sets of benchmark instances, referred to as B1 and B2.

7.1. Benchmark instances B1

The set B1 has been generated by Goldschmidt et al., 2001, and used
to test their greedy algorithms. It contains 160 instances separated in
two sets of instances:

80 geometric instances representing natural cluster, that is the fact
that customers try to communicate more with their close neighbors
than with their distant ones;

80 random instances.

The traffic demand between two nodes is determined by a discrete, uni-
form random variable indicating the equivalent number of T1 lines (a T1
line has a capacity of 1.544 Mbs) required for the estimated traffic. Each
set contains both high and low demand graphs. The 40 high demand
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graphs have the ring capacity B set to 622 Mbs and demand generated
in [11, 17] while the 40 low demand instances have B = 155 Mbs and
demand generated in [3, 7]. Finally, the dimension of the instances is 15,
25, 30 and 50 nodes (10 instances each).

The reported results concern only the 118 instances proved to be feasi-
ble by optimally solving srap using CPLEX (the remaining 42 instances
are unfeasible). The feasible instances have been solved by CPLEX
within an average computing time of 20 minutes (with a maximum of 23
hours) whereas the unfeasibility of an instance has been proven within
57 hours, on average.

We have also implemented the greedy randomized procedures of Gold-
schmidt et al., 2001, and run each procedure with 105 restarts. With
these algorithms 110 out of 118 instances are solved. Note that the three
greedy algorithms with 105 restarts run for about 1 minute to solve an
instance with 15 nodes and more than 1 hour for an instance with 50
nodes.

The maximum running time has been set to 3 seconds for all algo-
rithms, except SS which terminates after 5 iterations for the version with
LS and 1 iteration for the version with BTS.

In Table 1.2 we report the average computation time in milliseconds
(avg. ms) and the number of instances optimally solved by TSSO (#).
Procedure TSSO was tested using both conditions C1 and C2, one of
them or none. Parameter ini in C1 was set to 10. Using the multi-

Table 1.2. TSSO: avg. computation time in milliseconds and # of instances opti-
mally solved

z1 z2 z3 z4
C1, C2 avg. ms # avg. ms # avg. ms # avg. ms #

Y, Y 58.0 116 67.6 112 433.8 8 96.4 118
Y, N 33.4 99 37.4 96 – 6 41.7 100
N, Y 54.1 116 53.3 113 – 1 60.4 118
N, N 98.6 98 110.1 98 393.3 88 286.1 90

objective function z4, all the feasible instances are solved setting both
conditions C1 and C2 or only C2. Using only C2 TSSO has the best
average computation time.

Table 1.3 highlights the results concerning the instances not solved
with the greedy algorithms. We report the simple lower bound value
klb (defined by (1.9)) and the optimal solution value k∗ (obtained with
CPLEX). The results show the effectiveness of z1 and z4 to drive the
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Table 1.3. TSSO: instances not solved by the greedy algorithms

z1 z2 z4
instance n m klb k∗ k ms k ms k ms

RH.15.3 15 53 2 3 3 0 - - 3 0
RH.30.10 30 64 3 3 3 280 4 10 3 60
RH.50.3 50 89 4 4 4 1240 4 1950 4 280
RH.50.4 50 89 3 4 4 240 4 330 4 250
RH.50.7 50 90 4 5 5 270 5 320 5 260
RL.25.1 25 51 3 4 4 30 - - 4 30
RL.30.3 30 58 3 4 4 20 4 10 4 10
RL.30.6 30 56 3 4 4 20 4 20 4 20

search while z2 fails to find a feasible solution for two instances and one
is not optimal; z3 fails to solve all the instances proposed.

The results reported in Table 1.4 highlights the effectiveness of the
diversification method based on neighborhood N2 to improve the quality
of the solutions computed by BTS: BTS solves the 84,5% and the 76,3%

Table 1.4. Comparison of the performances of BTS and TSSO

z1 z2 z3 z4
avg. ms # avg. ms # avg. ms # avg. ms #

BTS 98.6 98 110.1 98 393.3 88 286.1 90
TSSO 54.1 116 53.3 113 – 1 60.4 118

of instances solved by TSSO with only condition C2 when the objective
function used is z1 and z4, respectively.

Table 1.5 reports the results obtained running PR1, PR2 and XTS.
The parameters of these procedures have been defined through prelim-
inary experiments as follows. Only condition C1 is tested, ini = 50, 75
and 150 for PR1, PR2 and XTS, respectively. The cardinality of the
elite set of PR2 was fixed to 15 and the length of the second-list was
set to n. Algorithm PR2 dominates the other methods, but the perfor-
mances of the three algorithms are similar. Also note that, in contrast
with the behaviour observed for TSSO and BTS, method PR and XTS
has significantly better performances with z1 rather than z4 and without
checking condition C2. We observe also that PR1, PR2 and XTS solves
less instances than the greedy algorithms.

Table 1.6 reports the gaps, in terms of rings, for the instances not
optimally solved by PR1, PR2 and XTS employing objective function



22

Table 1.5. Performances of PR1, PR2 and XTS.

PR1 PR2 XTS
z avg. ms # avg. ms # avg. ms #

z1 94.2 102 114.4 106 152.9 103
z2 84.8 99 127.7 104 191.5 98
z3 412.5 97 537.9 102 368.2 88
z4 388.0 97 245.5 97 273.8 87

Table 1.6. Gaps for instances not optimally solved by PR1, PR2 and XTS using z1

Gap (# of rings) PR1 PR2 XTS

k∗ + 1 11 12 9
k∗ + 2 2 0 3
k∗ + 2 3 0 3

Total 16 12 15

z1. It is interesting to observe that the maximum gap for PR2 is one,
whereas PR1 and XTS have gaps up to 5. As expected, PR2 exhibits
superior performance.

Table 1.7 reports the results obtained by SS using LS (SS-LS) or BTS
(SS-BTS) as improvement method.

Table 1.7. SS: results of SS using as improvement methods LS or BTS.

SS-LS SS-BTS
z avg. ms # avg. ms #

z1 566.1 87 1468.2 116
z4 1100.4 84 8593.1 113

For procedure SS-LS we set the number of high quality solutions and
the number of diverse solutions to 15 and we gave a limit of 5 iterations.
For SS-BTS, the cardinality of the two sets was fixed to 20, one iteration
was performed and a limit of 20 milliseconds was given to each run of
BTS.

Using SS-LS we obtain very poor performances with a significant com-
puting effort. Procedure SS-BTS has better performances than the pure
BTS, but with very high computing times. This confirms the effective-
ness of the intensification and diversification strategies embedded in SS.



Solution of the srap with Capacity Constraints 23

7.2. Benchmark instances B2

We have generated further benchmark instances in order to provide
more computational results for our algorithms. The main idea is to
generate harder instances with respect to those belonging to B1. We
define as hard a feasible instance such that the greedy algorithms are not
able to find the optimal solution, within a reasonable computing time.

We have generated 230 instances by taking the 42 unfeasible instances
of B1 and randomly eliminating traffic demands until we reduce the total
traffic of an amount greater than or equal to the difference between the
value of the bottleneck ring in the (unfeasible) solution computed by
TSSO and the bound B. We insert an instance in B2 if 103 restarts
of the greedy algorithm determine a solution worse than the best one
computed by CPLEX.

The distribution of the new instances among geometric and random
graphs, high or low demand and the various values of n, are reported in
tables 1.8a and 1.8b. Note that all the 230 instances are feasible. We
tried to solve these instances giving the greedy algorithm a limit of 105

restarts, but we obtained only 46 feasible solutions.

Table 1.8a. Set B2: Distribution of
geometric and random instances in B2

High Low Total

Geometric 70 70 140
Random 20 70 90

Total 90 140 230

Table 1.8b. Set B2: Distribution of
the instances by cardinality

15 25 30 50 Total

n 50 40 50 90 230

Table 1.9 reports the results obtained by TSSO algorithm with ob-
jective functions z1 and z4 and the same parameter values used for the
instances in B1.

We report the average computation time in milliseconds, the number
of feasible solutions obtained and the number of solutions with fewer
rings than those computed by BTS.

Although TSSO with z4 solves all the instances in B1, it does not
find a feasible solution for 5 instances in B2. However, TSSO with z1
always finds a good feasible solution for all the instances in B2. We note
that the average computation time is increased with respect to that of
Table 1.4 but this is mainly due to the larger number of instances with
50 nodes.

Table 1.10 reports the results obtained by PR1, PR2 and XTS on set
B2 using the same parameter adopted for solving the instances in B1
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Table 1.9. TSSO: results for instances in B2

z TSSO

C1 and C2 only C2

avg. ms # bts avg. ms # bts

z1 137.5 230 12 117.3 230 15
z2 121.8 190 13 112.5 190 15
z3 409.4 16 - - 0 -
z4 135.8 225 14 110.7 225 17

again. The results confirm the effectiveness of PR2 with respect to PR1

Table 1.10. Performances of PR1, PR2 and XTS.

PR1 PR2 XTS
z avg. ms # bts avg. ms # bts avg. ms # bts

z1 129.4 228 14 198.7 230 17 224.3 227 2
z2 127.1 195 20 174.9 193 23 220.9 198 13
z3 180.3 222 10 225.7 223 27 241.4 220 8
z4 138.8 229 22 201.9 230 26 200.7 226 13

and XTS.
Table 1.11 reports the performances of SS obtained adopting the same

parameter values used to solve the instances in B1. The results confirm

Table 1.11. SS: performances of SS on set B2

SS-LS SS-BTS
z avg. ms # bts avg. ms # bts

z1 1022.9 118 0 2638.7 229 22
z4 2432.6 165 2 3602.1 229 32

the effectiveness of SS with BTS as improvement method.

8. Conclusions

We have considered a basic problem arising in the designing of SONET
networks, which can be formulated as a graph partitioning problem with
capacity constraints. We first introduced a Basic Tabu Search, then we
improved it by including diversification strategies based on Strategic
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Oscillation, Path Relinking and eXploring Tabu Search. A pure Scatter
Search algorithm has been also implemented. The six resulting pro-
cedures have been tested through extensive computational experiments
using benchmark instances both from the literature and new ones. As
competitors we considered the only methods available in the literature,
namely three greedy algorithms, which have been executed with 105

restarts. The computational experiments show the superiority of the
Tabu Search method enhanced with a strategic oscillation. Moreover
comparisons of the different diversification methods are outlined.
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