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Hudson Theorem for —Wigner Transforms

P. Boggiatto, G. De Donno, A. Oliaro

Department of Mathematics
University of Torino
Via Carlo Alberto, 10
10123 Torino (TO) - Italy

Abstract

In this paper, after introducing a natural generalization of the classical
Wigner transform, namely the 7—Wigner transforms, depending on the param-
eter 7 € [0, 1], we study the problem of its positivity. In particular we prove two
theorems of Hudson type considering the action of the 7—Wigner transforms
on functions and on distributions respectively. We give then an application of
our results concerning Weyl and localization pseudo-differential operators.

1 Introduction

The Wigner transform
Wig(f)(z,w) :/ eI f (x4 ¢/2) f(x — t/2) dt, fer*®Y,  (1.1)
Rd

was proposed in 1932 by Wigner [16] in the context of quantum mechanics as quasi-
probability distribution on the phase-space and subsequently introduced by Ville as
a time-frequency representation of the energy of a signal f. Since then it has become
one of the most used tools of harmonic analysis in quantum mechanics and in signal
theory.

For what signal processing is concerned, it satisfies many of the properties one
expects to be fulfilled by an energy distribution with respect to time and frequency.
However one main drawbacks is that it fails to be positive. More precisely a famous
theorem of Hudson [9] asserts that it is positive only on functions of gaussian type
(Theorem 2.1 (ii) below, see also [7] and [6]). Many other quadratic (and some non
quadratic) forms have been defined in the attempt to obtain satisfying represen-
tations of energy distribution of signals. In this context the Cohen class, defined
as the class of time-frequency representations of the form Q(f) = o x Wig(f), for
o € S'(R??), covers essentially all most used representations, see for instance [4],
[5]. The question of positivity within the Cohen class is highly non trivial and far



from having found a general characterization. Interesting condition for positivity of
bilinear forms can be found in [10], in [11] the results on the Wigner are deduced
from LP estimates, and in [15] a direct proof of the positivity and applications to
rank one operator are presented.

The associated sesquilinear form

(h.9) = Wiglf.g)(e.w) = [ e (o + /2= (/i

defines a continuous map in many different functional settings, for example its acts
continuously from S(RY) x S(R?) to S(R??), and is extendable to tempered distri-
butions. Moreover the Paserval relation

IWig(f, )Lz = [[fllL2llgll2-

yields a bounded map Wig : L?(R%) x L?(R%) — L?(R??). For further properties
see e.g. [6], [1].

In this paper we consider a subclass of the Cohen class, namely the 7-Wigner
representations Wig,, with 7 € [0, 1] (see Def. (2.1)), which were introduced in [10]
and have been studied in [3] in connection with pseudodifferential operators and the
problem of interferences. The effect of the parameter 7 is shown in [3] to consist
in a shift of the so-called “ghost frequencies” and it is proved that the Born-Jordan
representation is actually an integral of 7— Wigner representations over the interval
[0,1], a fact that explains the better behavior of the Born-Jordan representation
with respect to interferences.

In view of their use in signal analysis, the question of the positivity of the Wig_
representations becomes then of considerable interest.

Besides this, it was proved in [3] that the Wig, sesquilinear form is related to
the 7—Weyl pseudo-differential quantization (see Shubin [12]) in a way which is
analogous to the connection between Wigner form and Weyl operators.

This paper is dedicated to the study of the positivity of the Wig.. representations
and, as application, some consequences on 7—Weyl pseudo-differential operators are
presented in the last section. More precisely the paper is organized as follows. In
section 2 we give the exact definitions and we state our results about positivity. More
precisely they consist of an extension to the 7-Wigner forms of Hudson theorem at
first in the case of L? functions (Thm. 2.1). Considering then the action on S’(R%),
we give a suitable characterization of positivity also extended to this distributional
setting (Thm. 2.3).

Preliminarily to the proof of our results we need some lemmas presented in
section 3. The proof of the two main results of positivity, obtained with techniques
similar to those in [15] and [6], are presented in section 4. In section 5 we give some
applications of our previous results presenting how they produce counter-examples
which show the absence of connections between positivity of an operator and that
of its 7—Weyl symbols.



2 Positivity of 7—Wigner forms

For 7 € [0,1] and f,g € S(R?), the 7-Wigner transform is defined as

Wig, (f,9)(x,w) = /]Rd e 2™ £ (x4 7t)g(z — (1 — 7)t) dt. (2.1)

It is therefore a natural generalization of the Wigner transform and it has revealed
to be a useful tool in various aspects of time-frequency analysis (see [10] and [3]).

By standard density arguments the domain of (2.1) can be extended to more
general spaces, for example the Lebesgue spaces. Moreover, given a function F'(z,t)
let us define the linear change of variables S, as:

Sr(F(z,t)) == F(x + 1t,x — (1 — 7)t);

then, for f,g € S(RY), we can re-write Wig,(f,g)(z,w) as composition of three
operators, namely:

WigT(f?Q) = -FQST(f ® g)? (2'2)

where Fy stands for the Fourier transform with respect to the second variable. In
this way the 7-Wigner transform makes sense for f, g € S’(R%) defining a continuous
map:

Wig, : S'(RY) x S'(RY) — S'(R*).

We state now the two main results of positivity of Wig. (f, g) in the settings of
square integrable functions and tempered distributions respectively.

Theorem 2.1. Let us suppose that f,g € L*(R%). Then, for every v € [0,1],
Wig,(f,g) € L*(R?%), and moreover:

(i) For 7€ (0,1), 7 # %, we have that Wig.(f, g)(z,w) > 0 a.e. in R?*? if and only
if there exists a positive definite matriz A € GL(d,R), two vectors o, 3 € R?
and constants ¢,d,a € R such that

f(t) _ efttrAt+o¢t+iﬁt+c+ia

g(t) _ e—IZ—Tt“At+iat+iBt+d+ia <2'3)

where as usual

ail 0 Gin t
At =(t; - ty)



(ii) (Hudson Theorem) For T = %, we have Wig%(f,g)(x,w) = Wig(f,9)(z,w) >0

a.e. in R2® if and only if there exists a complex d x d matriz A with positive
definite real part, a vector v € C¢ and a constant ¢ € C such that

_4tr
f(t) = e A g(t) = Af()
or an arbitrary positive real constant \.
f bitrary positi ) tant A

Remark 2.2. The new result in Theorem 2.1 is the case T # %; for completeness
we have stated also the case T = %, (cf. [9]). Note that the matriz A, which has
generally complex entries for T = 1/2, is real in the case T # 1/2.

In order to state the Hudson’s theorem for the 7-Wigner transform in the frame
of tempered distributions let us define, for f € S(R?), z,w € R? and B € GL(d,R),
the following operators:

T:ch(f) :f(t—:E)
M f(t) = 2™ f () (2.4)
Upf(t) = | det BI'? f(Bt)

with obvious extensions to the case f € S'(R%).

Theorem 2.3. Let us suppose that f,g € S’(]Rd). We consider the “splitting”
of variable t = (t[l],t[g],t[g,]) with th = (t1,...,tn), tg = (thats - s tk), lig) =
(tks1y---5tq) with 0 < h < k < d (in the cases h = 0, h = k and k = d we
respectively mean that t(1}, tjg) and t3 are empty). We then have:

(i) For 7 € (0,1), 7 # 3, we have that Wig-(f,g)(z,w) € S'(R*) is a positive
distribution if and only if there exist cf,cq,a € R, 8,0 € RY, D € GL(d,R)
and a splitting of variables of the kind described above such that

cytia —t2
f(t) = €T UD Ty My (e @ bypyy © 1)) (2.5)

and
; _ T 42
g(t) = ng+ZauD Tg MO. (@ 1_Tt[1] X 6t[2] & 1t[3]), (26)

where 5,5[2] is the Dirac distribution in the tj-variable and 1y stands for the
function identically 1 in the tj3-variable.

(ii) Wig(f,g) = Wig% (f,9) is a positive distribution if and only if there exist c,a €
R, 0,0 € R, D € GL(d,R), A € GL(h,C) with RA positive definite, and a
splitting of variables as before such that

ctia —tT A
f(t) = e Up Ty My (e At g Oty @ L), g(t) = Mf () (2.7)

for a positive constant .



3 Some properties of the 7-Wigner representation

In this section we study some important properties of the 7-Wigner representation
and prove some technical results that will be used in the proof of the generalized
Hudson’s Theorems 2.1 and 2.3. We begin by proving the orthogonality relation for
the 7-Wigner transform.

Proposition 3.1. Let fi, fo, 91,92 € L?*(RY), and 7 € [0,1]. Then we have that
Wig-(fj,9;)(z,w) € L2(R??) for j = 1,2 and moreover
(Wigr(f1. 91), Wigr(f2,92)) p2geay = (f1: f2) L2y (91, 92) 12 (o) (3.1)

Proof. By (2.2) and the Parseval formula we have
(WigT(fh g1), Wigr(f2, g2))L2(]R2d) = (ST(fl ®91),Sr(fa ® 52))L2(R2d)5

we can then apply S-!, and since S is a unitary linear change of variables and

(f1 ® 91, f2 ® Go)p2meay = (f1: f2) L2y (G1: G2) L2 (R4)
the proof is complete. O

Remark 3.2. This means that every Wig, preserves the energy of a signal. In
particular, for every T,0 € [0,1] and f1, f2, g1, 92 € L*(R?) we have

(WigT(flv gl)’ WigT(an 92))L2(R2d) = (Wigo‘(fb gl)a Wigo'(fZ, g2))L2(R2d)'

Next we analyze how the 7-Wigner behaves with respect to translation, modu-
lation and linear change of variables, cf. (2.4).

Proposition 3.3. Let us fiz f,g € S'(RY); for every T € [0,1], y,2, 3,7 € R? and
B € GL(d,R) we have:

Wig: (T, Tog) = e ™= Wig(f.g)(x — (1 =)y —72,w)  (3.2)
Wig: (Mg f, Myg) = ™0 Wige (fg)(w.w =78~ (L =7)y)  (3.3)
Wig-(Upf,Upg) = Wig(f,9)(Bz,(B~")"w),
where B is the transposed of the matriz B.

Proof. It is enough to prove the statement for f,g € S(RY); the case when f and
g are tempered distributions shall follow by density. By the change of variables
t—y+ z = s we have

Wige(Ty . Tog) () = | e (o = y+ rtjglo —= = (1= 7)0)

= / e dmilsty=2)w (1 — 1)y —7z2+78)g(x — (L — 1)y — 72 — (1 —7)s)ds
R4

= e M Wig, (f, 9)(x — (1 - T)y — 72,w).

5



The relation concerning modulation is trivial; regarding the linear change of vari-
ables, we have:

Wig, Us f,Upg) :/ e~ 2| det B|2 f(Bx + rBt)| det B|2g(Bz — (1 — 7)Bt) dt
Rd

= /R ) e 2miUBT 9w f(Ba 4 75)g(Ba — (1 — 7)s) ds
= Wig-(f,9)(Bz, (B™)"w),
since (B~ !s)w = s[(B~1)¥w]. O
We specify now the relation between Wig, and the Fourier transform.

Proposition 3.4. For every f,g € S'(R?) and 7 € [0, 1] we have

Wig,(f,3)(@,w) = Wigi_s(f. 9)(=w, ). (3.5)

Proof. The conclusion is obvious for 7 = 0 and 7 = 1, since we have Wigo(f, g) =
e~z f(1)g(w) and Wigy (f, g) = > f(w)g(x). For 7 € (0,1) we shall prove the
following formula, that is equivalent to (3.5):

Wig (f,9)(x,w) = Wig (3, f)(w, ). (3.6)

As in the proof of Proposition 3.3 we can limit our attention to f,g € S(R?). Since
g(z — (1 —7)t) = [ e2m@=0=70nG(n) dn, we have by a change of variables that

Wige(F.)w) = [ e (o + rt)gla = (T =)0
_ /e—27ritw—27ri;tn+27ri(1—T)tnf(l, + Tt)m dn dt
_ de / 67271‘1.8@62””%7"]0(8)@ dn ds;

by interchanging the order of integration and by a linear change of variables we then
get

Wig, (f,9)(z,w) = T‘d/e%mﬂnf <w_(17_7)77> g(n)dn
= [t flw = (1= )3T 0 de

= Wigr (57 ?) (wv .%')

and so the proof is complete. ]



For the proof of the generalized Hudson’s Theorem in the frame of tempered
distributions we need the following technical lemma.

Lemma 3.5. Let o(x) and k(w) be real positive definite quadratic forms on RY, and
let us define, for ¢ € S'(R%),

bor(r) = e €@ D)), (3.7)

where e P p(x) = F 1 (e_”(w)gg(w)). For every f,g € S'(R?) we then have

- w—T

1

oot o) = 6_1*7[Q(x)"'”(w)]_T[Q(DW)"'“(D”E)]WigT(f,g)(w,w). (3.8)

1—

Wigr (fg,

Proof. Tt is enough to prove (3.8) for f,g € S(R?), since the case when f and g
are tempered distributions shall follow by standard density arguments. We start by
considering the case & = 0; writing ¢, (z) = e~ 2@ ¢(x), we have:

Wig,r(fg’g T Q) = /627Titw69($+7't)f($ 4 Tt)e_ig(x_(l_T)t)g(ﬁ — (1 — T)t) dt,

1—

by simple computations we obtain

6—9(:C+Tt)€—ﬁg(x—(1—7)t) _ eig(:r)—l—Tg(t)

We then have, by the change of variables s = —t, that

1

Wige(ferg,z) = ¢ T2 /62”5“6“’(8)f(:15 —7s)g(x + (1 —7)s) ds.

We now observe that f(x—7s)g(xz + (1 — 7)s) = Fys (Wig-(f, g)(x,7n)); then, since
o(—s) = e(s) we get:

Wigr(fo.9

—-—L oz Tisw . —T0o(s -
r g =e = )/62 e T F o (Wige(f, g)(z,n)) ds

1—

(3.9)
1 — D W
— ¢ T 2@) —Te(Du)y ig-(f, 9)(z,w).

We consider now Wig, (e_i”(D)f, e"“(D)g) (z,w); by (3.6), since ]:(e—ﬁ"ﬂ(D)f) —
e_ﬁn(y)f(y) and f(e_”(D)g) = e *Wg(y), we have that

Wig, (e TP f, e P)g) (2,w) = Wigr (G, f =_1c) (w, 2);

by (3.9) and (3.6) we obtain

1 N

Wigr (e 7P f e D) g) (2, w) = e~ 7~ e ™D Wig (G, f)(w, z)

| (3.10)
= e = e DI Wig (£, g)(x,w).

Then (3.8) follows immediately from (3.9) and (3.10). O



Finally we shall need the 7-Wigner transform of some particular functions.

Lemma 3.6. Let us consider
plt) = e ATl () = T A T (3.11)

where A is a real d x d positive definite matriz, and o € R, Then, there exists
C € GL(d,R) such that

Wig: (¢, ¢)(z,w) = [det C| 7/2em 17 (@ Av) s ow = (Cw)?
where by (Cw)? we mean the inner product between Cw and itself. In particular, the
7-Wigner transform Wig, (p,)(x,w) is positive for every (z,w) € R??,
Proof. By definition of 7-Wigner we have that

Wig, (907 ¢) (.CC, w) =

_ /e—27ritwe—(r+7't)“A(93+Tt)ea(a:—i-Tt)e—ﬂr(z‘—(l—T)t)trA(x—(l—'r)t) —“—a(z—(1-71)t) dt:

el—7 ;

since (z + 7)Y A(z +7t) + = (r — (1= 1)) A(z — (1 — 7)t) = 2= 2T Az + Tt At
and a(z + 7t) + 1=z — (1 — 7)t) = -z we then get:

1—-7

Wigr(QO,T/J)(l',W) — e_ﬁ:c“/lx-i- 117_04.? / 6727ritw€f'rt“At dt. (3'12)

Now, since A is positive definite we can diagonalize it, finding A = V' diag();)V
for a matrix V' € GL(d,R), where \; > 0 are the eigenvalues of A. We then get

A = (diag(y/A) V)™ - (diag(y/A)V)
and so
t" At = (diag(\/A;)VH)™ - (diag(y/A;)Vt).

Now we make the change of variables s = /7 diag(1/\;)Vt in the integral appearing
in (3.12); setting for convenience B = /7 diag(,/A;)V we have

__1 tr 1 1 e
WigT(¢,¢)(iL‘,W) —e liTxt Ag;+1iTaz‘detB’ /6—27rzB 1swe—s2 ds

— 1 —117:E“Ax+iaxﬂd/2€,7r2((3—1)trw)2'
‘ det B| ’
the conclusion follows just by setting C' = ( B! )tr' .



4 Proof of Hudson’s Theorems for 7-Wigner representations

In this section we give the proof of Theorems 2.1 and 2.3. We start by considering
the L? frame. We are just interested in the case 7 # %, since the result on the
positivity of Wig(f,g) is known; we remark however that the same proof remains
valid also in the case 7 = %

Proof of Theorem 2.1. We start by proving that if the 7-Wigner is positive then f
and g must be as in (2.3). We observe at first that

Wig, (e*”tz, e_wﬁﬁ) > 0,

as we can deduce from Lemma 3.6 with A = 7] and § = 0, where I € GL(d,R) is
the identity. Moreover, from (3.2) with z = y we have that

-

Wig-(e ™9 e =0 (1 w) = Wigr(e ™™ e "7 ) (z — y,w) > 0 (4.1)

for every y € R?, (z,w) € R??. On the other hand, we have

2

. —r(t—u)2 —m—T—(t— o1 .2 ] T {24907 T ¢
Wig, (e m(t=v)® ¢ T (t-y) )(z,w) = e T Wigy (e 2T T T H2TII Yy

and then by (4.1) we get
W,L-g‘r(e—ﬂ't2+27rty e—ﬂﬁtll—?ﬂéty) >0

for every y € R?, (z,w) € R%¢. Now, by (3.3) with 8 = v := ¢/ we obtain immediately
that

T

ngq- (M,y/ (e—7l't2_i_27rty)7 M,y/ (e*ﬂ'ﬁt2+2ﬂ' 177_253/)) (42)

is positive for every y,%’, z,w. Observe that

M—y’ (efﬂt2+27rty) — e*m&2727ritz1 and M—y/ (e_ﬂ—TIT 2427 = ty)e_ﬂ— - 2 9ritzy

for z1, zo € C% with the relation

. . T
a=y tiy, =y +i——y; (4.3)
1—-17
we can then rewrite (4.2) in the following way:
WigT(e_”th’ritZl,eiﬂﬁtk%im)(x,w) >0 (4.4)

for every (z,w) € R? and 21,22 € C¢ as in (4.3). Since Wig,(f,g)(z,w) > 0 for
every (z,w) € R? by hypothesis, we get from (4.4)

(WigT(f, g)’ VVZ-gT(€—7r1€2—2ﬂ'itz17 e*ﬂ'ﬁtgf%rit,m)) > 0; (4_5)

L2 (RQd)



then from the orthogonality relation (3.1) we get

T

(f’ e—WtQ—QWitzl)(g’ efﬂ'ﬁt272m't22) >0 (46)

for every z1, 22 as in (4.3). Now we observe that by a simple change of variables we
have

— T2 —2mitzy |2 _ —2mt2 Atz _ Qﬂ(§z1)2 —2ms? e
He HLQ(R?) - \/Rd e dt =€ e ds —

Let us consider now the function
—mt2—2mit
G(z1) = (f,e7™ 77T,

we have

2

7|21 |2

42 o eﬂ(gzl)
Gz < I fllezlle™™ 7275 |2 = || fll 2 —g7g— < ce

24/

for a constant ¢ > 0. Moreover, G(z;) is an entire function and it never vanishes, as
we can deduce from (4.6); then, reasoning as in [6] we obtain that G is of the form

G(z)) = e Antbate, (4.7)
We observe now that we can write

G(Zl) _ /d e?ﬂit%z1e—7rt2+27rt3z1 f(t) dt,
R

and 50 Fpz, ¢ (G(21)]52=0) = e~ f(t); then, by (4.7) we have that e~™" f(t) is
a generalized Gaussian, i.e. an exponential whose exponent is a a polynomial of
degree 2, cf. [6], [7, Lemma 4.4.2]. This implies that f(¢) is of the same form, i.e.
there exist a d x d complex matrix A, 8’ € C? and ¢ € C such that

flt) = e A, (4.8)
Reasoning in the same way on the expression

—WﬁtQ —2mitzo )

(g€

)

cf. (4.6), we obtain that g(¢) must be of the same form as f(), so
g(t) _ e—ttrA"t-i-,B”t-i-C” (49)

for a dxd complex matrix A”, 3" € C% and ¢’ € C. Now we want to find the relations
that must occur between A’, 5, ¢/, A", 8”,c”. To this aim let us first observe that

Wig:(f,9) = Fiow(f( + Tt)g(x — (1= 1)1)),

10



and recall that by hypothesis Wig,(f,g) > 0; then, since f and g are of the form
(4.8)-(4.9) (in particular they are continuous) we have that the function

t— flx+1t)g(x — (1 —71)t)

is positive definite, as we can deduce for example from [15, Lemma 1.4]. Then

flex+1t)glx — (1 —7)t) = f(z — 1t)g(xz + (1 — 7)t). (4.10)

Since we already have an explicit expression for f and g, we simply substitute (4.8)
and (4.9) in (4.10), obtaining

( A/—I—W:E—i-AN

(1-7)A" —7A' =7A — (1 —1)A"

2A + (1 —71)2A7 = 7247 + (1 — 7)24"
B +p"=p5+p"

o8 (1 - 1)F =~ + (1 - )8

\ + =+ +2kmi, forevery ke Z

The conditions above are equivalent to

SA" = SA

RA" = L RA’

JA" = (72)2SA

35" — 9(5177) (4.11)
S =3

where we forgot about 2kmi in the condition on ¢, ¢’ because of the particular form
of f and g. We then have different conclusions depending on 7. If 7 # % we must
have A" = JA” =0, and so by (4.11) and (4.8)-(4.9) we deduce that the functions
f and g are of the form stated in Theorem 2.1, where the matrix A in (2.3) must
be positive definite because f and g are supposed to be in L2(Rd). Ifr = % the
conditions (4.11) become A’ = A" ' = ", I = 3¢, and so we have the point
(ii) of Theorem 2.1, where as before the condition RA positive definite is required
in order to ensure that f and g are in L?(R%).

Now we have to prove the converse: let us suppose that f and g are of the form (2.3),
and prove that the corresponding Wig,(f, g) is positive (we consider only the case
T # % since for the usual Wigner transform it is already known). Let us consider
the functions (3.11), and observe that

F(t) = M s (1), g(t) = e M 5 (1),

11



with the notations (2.4); then, by the skew-linearity of the 7-Wigner transform and
by Proposition 3.3 we have

Wige (f,9)(w,w) = e Wig,(,0) (v, - ﬁ);

then, from Lemma 3.6, Wig.(f,g)(x,w) > 0 for every (z,w) € R??. The proof is
then complete. O

Remark 4.1. We observe that for f,g € L>(R%), f,g #0, and 7 € (0,1) we have
Wigr(f, 9)(z,w) >0 & Wig-(f,9)(x,w) > 0;

in fact, if Wig-(f,g)(z,w) > 0 we still have strict inequality in (4.5), and so the
same proof of Theorem 2.1 works in the case Wig.(f,g)(z,w) > 0.

Now we want to prove the characterization of Theorem 2.3 on tempered distri-
butions that make the 7-Wigner transform positive.

Proof of Theorem 2.3. Let T # %; we suppose at first that Wig,(f, g) is a positive
distribution, and we want to prove that the tempered distributions f and g are as
in the statement of the theorem. We consider two real quadratic form o(t) and &(t)
on R%:

o(t) =t"Bt, k(t)=t"Ct, (4.12)

with two real d x d matrices B and C'; we suppose that o(t) and k(t) are positive
definite. Now we observe that f, r , and [P cf. (3.7), belong to L2(R?) (they

1—-7

are in fact C™ functions with good decay at infinity); indeed, since F~! (e_"‘(t)) is
still a gaussian, for any ¢ € S&’(R?) we have that e #(P)¢ = F~1 (e*"(t)) x¢isa C®
slowly increasing function, in particular it is dominated at infinity by a polynomial;
then for any positive definite quadratic form g(t) we have e~eMe=r(D)g = Por €
L?*(R%). Now, since by hypothesis Wig,(f,g)(x,w) is a positive distribution, by
Lemma 3.5 we have that

Wig, (fg,ﬁna g%ﬂ_g,n) (337(*)) >0

1

for every (z,w) € R?? (observe that Wig, (fng Py Qv,g) is a smooth function

with exponential decay at infinity, cf. (3.8)). Then, since fg,l%n and g

-
1—7 oKk

belong to L?(R%) we can apply Theorem 2.1 and deduce that
fg . n(t) _ efttrAt+at+iBt+c+ia (4 13)
T—1 .

gl%g,;g (t) — e~ ﬁt“At—&-éat-i—iﬁt-&-d-i—ia (4 14)
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where A is a real positive definite d x d matrix, a, 8 € R? and ¢, d,a € R. Now we
want to compute f and g. For every ¢ € S'(R%) and for all real positive definite
quadratic forms o(t) and k(t) we have

¢ = "D (W u(t));
then by (4.13) we obtain

f(t) _ ein(D) (eg(t)—t“At+at+z‘ﬁt+c+z’a)
(4.15)

R G N R )]

We start by computing Fy_, (e‘ytr(A_B)y+°‘y+i5y). As we have already remarked,
since f € &'(RY), we have that e~ ¥"(A-Blytay+ify — e*c*i“efﬁ”w)f(y) is a O
slowly increasing function; then A — B must be positive semidefinite. So we can

diagonalize it, obtaining A — B = V' diag();)V, where \; > 0 are the eigenvalues
of A — B. Then, by the change of variables s = Vy we obtain:

]:y—m) (e—ytr(A—B)y-‘rOcy—‘riﬁy) _ /6—27riyu.1€—(\/y)tr diag(A;)(Vy)+oy+iBy dy

1 —2mis(Vw) —s'* diag(\;)s+us+ivs (416)
= W € € J dS,

where p = V="' and v = BV~!, with pu,v € R Now let us observe that
s diag(A;j)s = A8t + -+ + A\gs%; we can suppose without loss of regularity that
Aj = 0 implies that A\, = 0 for every n > j, otherwise it is enough to make a change
of variables in the integral in (4.16). Then there exists k € N, 0 < k < d, such that

Aj >0 forevery j =1,...,k and Ay41 = --- = A\g = 0 (where we mean that all \;
vanish if £ = 0 and all A; are strictly positive if k¥ = d). Now, since the left-hand
side in (4.16) is a tempered distribution we must have pug 1 = -+ = pg = 0, too; we

then obtain

Fyso (e*y“(AfB)waeriﬁy) —

— 1 /e—27ris(Vw—2’;)6—(>\1s%+--'+)\ksi)+u131+m+uksk ds.
|det V|
We now introduce the following notation: for w = (w1,...,wy) € R? we split
w= (W(l),W(Q)) with wiyy = (w1, ..., wi) and wo) = (Wrt1, -+, Wa)- (4.17)

Then, since [ em2mitw—t* gt — 7d/2e=7** e obtain (with the notations (2.4))

—ytT(A— ay+1
]:y%w(e Yy (A—-B)y+ay+ By) =c Uy Tﬁ (F(W(1)) ® 5w(2)), (4.18)
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where
2 2

(Bl By ) (R g R
Flwm) =e Gt R T G Ry

5w(2) is the Dirac distribution in the w(g)-variable and ¢ is a real positive constant
2 2

iven by 1 = — L7235 F5) W then have by (4.15) and (4.18) that

given by ¢1 = o ymmE A © . We then have by (4.15) and (4. a

f(t) = 62/e2mwelTT“(w) [UV Tr (Fwu)® 50%2))} dw,

where ¢o = c1e¢t@. We now make the change of variables Vw — ﬁ = ( in the
integral; since F(w) - 0w, = F(w(1),0) ® du,, for every C> function F'(w) we then

obtain

£(t) = CSG%mt/ezmwg [6765{>R<<1)+ﬁc(1>e—zm'f/C(l) ® 0¢, | (4.19)

where v € R?, i, 7 € R¥, ¢3 is a constant of the kind ¢3 = c4e’® with ¢4 > 0, and R
is a k x k matrix which depends on the quadratic form (w) in (4.15). Now, since
f e SR, Rin (4.19) must be positive semidefinite. Then we can diagonalize R,
finding R = S% diag(S\j)S, where 5\]-, j = 1,...,k are the eigenvalues of R, with
S\j > 0 for every j = 1,...,k. Then we can proceed as in the computation of
(4.16); assuming that M,y Ay >0, 5\h+1, ..., A = 0 we then split the variable ¢y
similarly as in (4.17). By convenience we then consider the following notation: for
t € R? we split

t = (tp)s by tey) with ey = (b1, ta)s t = (hgts - tr)s by = (Bests -5 ),

where we have just renamed () as f[3) and we have split ¢(;) = (tm,tm). From
(4.19) and the same computations as before we then get

. _$2
F(t) = csUp Tp[e*™ (7' @ 6y, @ 1y, )] (4.20)

where D € GL(d,R), 6,0 € R? and ¢5 = cre® with ¢y > 0 and a € R; the
notation 1y, stands for the function identically 1 in the ¢-variable. Then we have
proved that f is of the form (2.5). As for the function g, by (4.14) and the same
computations as above we get (2.6).

In order to complete the proof of Theorem 2.3 it remains to show that if f and g
are of the form (2.5)-(2.6) then the corresponding 7-Wigner transform Wig,(f, g) is
a positive distribution. By Proposition 3.3 it is enough to prove that

—] . T 42
WigT (ecf—l-za6 t[l] ® 57&[2] ® lt[3],60g+za€ 177t[1] ® 5t[2] ® 1t[3]) (4,21)
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is a positive distribution. We have:

. cg+ia, —t7 cg+ia *%ﬂ-tQ —
Wigr (e 1 @ 0y @ Ly, e e 77 @ 0y @ gy ) =

= e/ Wig, (e_t?” ; e_itﬁ]) ® Wigy (5'5[21 ’ 5'5[21) ® WigT(lt[s]’ 1t[3]>7

where the Wig, are intended as distributions in the (z(;,wy;)) variables, j = 1,2,3,
respectively. Now by (2.2) we have immediately

W,Lg’f' (1t[3]7 1t[3]) = 1:2[3] ® 6w[3], (422)

moreover, from Proposition 3.4 and (4.22) it follows that

Wig, (5'5[2] ) (575[2])(‘7;[2}7"‘)[2}) = Wig1~ (1t[2]7 1t[2])<_w[2]7x[2]) = 535[2] ® 1‘*’[2]'

By Lemma 3.6 we finally have

. ia_—t3 ia o157 1
Wig. (ECf-‘rzae M ® 8y ® ltB],eCQH“e = @ by @ 1t[3]) = (4.23)
_ 12 .
= %% | det Ol 2 T=7 "l (Com)’ @ Oajy @ Lupy ® Lagg ® duyy),

and so (4.21) is a positive distribution. O

By Proposition 3.3 we have that Wig-(f, g), for f,g asin (2.5), (2.6), is obtained
by applying translation and linear change of variables to the expression appearing
in (4.23). This observation, together with (2.5), (2.6) and (2.7), gives rise to the
following corollaries of Theorem 2.3.

Corollary 4.2. Let us suppose that f,g € S'(RY). We have:

(a) Wig,(f,g) belongs to LP(R??), p € [1,00], and satisfies Wig,(f, g)(x,w) >0 in
R?, if and only if f and g are as in Theorem 2.3 with h = k = d (which means
that tjg) and t3) are empty, i.e. f and g are as in Theorem 2.1).

(b) The same conclusion as in (a) holds if we require that Wig-(f,g) belongs to
Li (R?) and satisfies Wig,(f, g)(z,w) > 0.

loc

Corollary 4.3. If f,g € LP(RY), 1 < p < oo, we have that Wig,(f, g) is a positive
distribution if and only if f and g are as in Theorem 2.3 with h = k = d (which
means, as before, that f and g are in fact as in Theorem 2.1).

Corollary 4.4. If f,g € L¥(R%), or f,g € L{ (RY) NS'(RY), we have that the
corresponding Wig-(f,g) is a positive distribution if and only if f and g are as in
Theorem 2.3 with h = k (which means that t[o) s empty, while both t[) and t3) may
be non empty).
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Corollary 4.5. Let us consider again f,g € S'(RY). Then Wig,(f,g) is a strictly
positive distribution if and only if f and g are as in Theorem 2.3 with h = k = d.

Observe in particular that, in the case of tempered distributions, Wig,(f,g)
positive is not any more equivalent to Wig.(f,g) strictly positive, as it was in the
case of L?, cf. Remark 4.1; in particular the only tempered distributions f, g that
make the 7-Wigner transform strictly positive are the gaussians (2.3).

5 Applications to Pseudo-differential Operators

The connections between the Wigner form and the pseudo-differential calculus, in
particular the Weyl operators, have their roots in two basic formulas which shall be
the starting point of our observations. The first of them is the equality

(Wef,g) = (a, Wig(g, f)), (5.1)

(for simplicity suppose f,g € S(R?), a € S(R?*) but many generalizations are
possible) where W is the pseudo-differential operator with Weyl symbol ¢V = a
defined by

feSRY — Wof(zx) = /R N e2rile—ywg (”*;yw> f(y) dydw € S(RY),

(The literature related to this subject is very vast, see e.g. [8], [12], [13], [14], [17]).

In [2] it is showed how equality (5.1) is actually a particular case of a more general
correspondence between sesquilinear forms and pseudo-differential quantizations,
involving many well-known types of time-frequency representations and classes of
pseudo-differential operators.

The second basic formula is a link between rank one operators and their Weyl
symbol. Namely suppose that P : L?(R?) — L?(R?) is a rank one operator, i.e.
there exist ¢, € L?(R?) such that Pf = (f, ¢)y € L*(RY), then its Weyl symbol
o' (P) is the Wigner transform of ¢ and ¢, i.e.

oV (P) = Wig(y, ¢). (5.2)

This formula gives a reason of the fact that localization operators (see e.g. [18]),
which are “means” of rank one operators weighted with respect to a symbol a(z,w),
i.e. maps of the type

FeSEY 18,00 = [ alew)(fbr)inadte SBY, (53

RQ

with ¢y = e¥@9H(t — 1), tPp, = XYt — ), have as Weyl symbol the
convolution

O'W(L;7¢) =ax Wig(v, ). (5.4)

16



These operators are used as filters in signal analysis and are a particular type of
pseudo-differetial operator of Weyl type, see e.g. [2] for more details.

We shall rely on (5.1), (5.2) and (5.4) for our observations. We start however with
an immediate consequence of Theorem 2.1, which does not have a correspondence
for the classical Wigner form:

Corollary 5.1. If 7 # 1/2 then there exist no functions f € L*(R%) for which
Wig, (f) is everywhere positive.

Proof. If we assume that Wig_(f) is positive, then, setting f = g in (2.3) for every
t € RY, it implies 7 = 1/2. O

We examine now some applications of the results of section 2 to pseudo-dif-
ferential operators. We begin by recalling a natural generalization of the Weyl
quantization, namely the 7—Weyl quantization, which associates the operator

We: feSRY - Wif(x) = / @Y (72 + (1 — 1)y, w) f(y) dy dw € S(RY)
R2d

with a “r—symbol” a € S(R??). Extensions to more general domains and symbol
classes are defined as usual (see [12] for a standard reference).

Consider now operators of rank one in L?(R?), i.e. operators of the form Py yu =
(u, @)1 for fixed ¢, € L2(RY). A straightforward computation and the use of the
orthogonality formula (3.1) for 7—Wigner forms leads to the equality:

(Pyf,9) = Wig, (¥, ¢), Wig. (g, f)), f.9 € L*(RY). (5.5)

This formula, generalizing (5.2), shows that the 7—symbol of a rank one operator
Py y is the 7—Wigner transform of ¢ and 1, i.e.

or(Pyy) = Wig. (1, ¢).

We use this fact in a few considerations about positivity of operators and sym-
bols. Namely, for the 7—Weyl quantization, just as for the classical Weyl quanti-
zation, there are no connections between positivity of the symbol and positivity of
the operator. We point out this fact even with rank one operator in the following
proposition whose proof is an immediate consequence of our results on the positivity
of the 7—Wigner. We recall that some complementary consequence of Hudson type
theorems for rank one operators in the case of Weyl quantization 7 = 1/2 can be
found in [15].

Proposition 5.2. i) For f,g € L*(R?) as in (2.3), let Prgu = (u, f)g be the
corresponding rank one operator. As f and g are linearly independent, the operator

P is not positive, however for every T # 1/2 we have o,(Py4) > 0 everywhere on
R,
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i) Let ¢ € L*(RY), ||p|l2 = 1, then Py 4 is an orthogonal projection and therefore
a positive operator, however for every T # 1/2 there does not exits ¢ € L*(R?) for
which o,(Pyp) is everywhere positive on R,

We consider next localization operators defined as in (5.3). As usual the spaces of
symbols and windows, and the domain of the operators can be suitably generalized.
It is not our aim to present here the most general setting but we observe that if
symbol and windows are square integrable then we have bounded operators on L?.

The connection between the localization operators and the 7—Weyl quantization,
well-known for 7 = 1/2, is generalized as follows (for simplicity we suppose that every
function is in L?).

Proposition 5.3. A localization operator La b with symbol a and windows ¢, can
be expressed as T-Weyl operator according to the formula

b
b = Wr
where b= ax Wig_ (1, ).

Proof. First of all remark that, as Wig, is L?—bounded, b is well-defined as a
function of L>°(R2?). We use now some results from [2] and [3] connecting pseudo-
differential operators and time-frequency representations, namely we have that for
u,v € L?(R%) the following equalities hold

(Wf_’u, U) = (b7 WigT(U, U)),
(Lg,wu, v) = (a, Spy 4(v,u))

where the the double-window spectrogram Spy, 4(v,u)(z,w) = (v,Vzu) (U, Pz w) can
be expressed as element of the Cohen class by

Spw,dy(va u) = Wigl—T(&? (5) * Wigr(”? u)

(with F(z) = F(—=z)), see [2], Prop. 2.5 (iii).
We have then

—_—~—

(Whu,v) = (o, Wig, (4,6) * Wig, (v,u))
= (CL, Wigl—ﬂ-(@éa IJZNJ) * WigT(U7 U))
Ea7 Wigl—7(¢a w) * WZgT ('U, u))

a, Spq/;,(;ﬁ(v?u)) = (Lg)ﬂpuvv)'

which proves the thesis.
O

We conclude by showing how suitable localization operators yield examples of
positive operators with non positive 7—Weyl symbols.
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Proposition 5.4. For every 7 # 1/2 and every ¢ € L*(R%)\{0} there ewists a
positive localization operators Ly = Lg 4, with window ¢ and suitable symbol a €

L?(R?), such that the T— Weyl symbol o, of Ly is not everywhere positive.

Proof. 1t is well-known and easy to verify that localization operators with one win-
dow

gu = /R?d a(z)(f, ¢2)p2 ¢-dz

are positive if a(z) > 0 a.e.

Let ¢ € L*(R%), ¢ # 0, then from Theorem 2.1 we have that Wig, (¢) is not
everywhere positive. Suppose that zp = (zg,wp) is a point such that Wig,(¢)(zo) is
not positive. Then, as Wig,.(¢) is a continuous function, either

R(Wig,(6))(2) <0, or I(Wig.(9))(2) #0 (5.6)

in a neighborhood 2o+ B of 2y, (B¢ ball of radius €). Suppose that a € L2(R??)\{0}
satisfies a > 0 and supp a C —B§. From Proposition 5.3 the operator Lg has 7—Weyl
symbol b = a * Wig_(¢) and we have

(ax Wig,(9))(z) = . Wig.(¢)(z + w)a(—w) dw

and therefore condition (5.6) holds for b, which proves the assertion.
O

(From the proof it is clear that the same happens with the Weyl symbol with
the unique exclusion of the case where ¢ is of gaussian type as specified in Theorem

2.1, (i) )
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