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FUNCTORIAL CONSTRUCTIONS FOR NON-ASSOCIATIVE ALGEBRAS WI TH
APPLICATIONS TO QUASI-BIALGEBRAS

ALESSANDRO ARDIZZONI, LAIACHI EL KAOUTIT, AND PAOLO SARACCO

AsstracT. The aim of this paper is to establish a contravariant adijpmdetween the category of quasi-
bialgebras and a suitable full subcategory of dual quasgbbras, adapting the notion of finite dual to this
framework. Various functorial constructions involvingmassociative algebras and non-coassociative coalge-
bras are then carried out. Several examples illustratimgrathods are expounded as well.

1. INTRODUCTION

Algebras and coalgebras are dual notions, in the sensénthiatter ones are obtained from the first ones
by reversing the structure arrows, that is using the oppdsise category. Furthermore, over vector spaces
there is a contravariant adjunction (or duality) betweesn ¢htegory of algebras and that of coalgebras,
whose functors are described as follows. In one directmpatch coalgebra one associates, in a functorial
way, its convolution algebra. In the other direction, toleatgebra one associates, in a similar way, its
topological dual (i.e. finite dual) coalgebra. This adjumectdescends in fact to the category of bialgebras
(and in particular to Hopf algebras), and also establishemn#ravariant adjunction between the category
of Lie algebras and the category of Lie coalgebras. All trejanctions and other ones are captured by
the following diagram

-=r

Alg, Coalg, 1)
I
Bialg, il Bialg,
()
ﬂup w”wc
Lie, i LieCo,

)
wherek denotes the base field, and the notations for the involvesfjoaes as well as the ones used in the
sequel, are summarized in Table 1 below.

It is noteworthy to mention that in diagraml (1), the funcfr: Bialg, — Lie, associates to each
bialgebra its Lie algebra of primitive elements, and itg kdjoint 2/ : Lie, — Bialg, is the universal
enveloping algebra functor. Note that in characteristio 2zbere is a natural isomorphisfiZ/ = id,,
see [MM, Theorem 5.18]. The funct@¥ is the one given by the vector space of indecomposables, see
e.g. [Mi2, Definition 1.9] where this functor is denoted Qy and/° is a functor defined by Michaelis.
The adjunctior® 4 U° is established in_[Mi2, Theorem 3.11] for Hopf algebraséast of bialgebras
(the same proof can be adapted to our case, as the antipoofeuisad therein). The bottom contravariant
adjunction is established in [Mi2, Theorem 3.7]. For the hopizontal adjunction see e.d. [Sw, Theorem
6.0.5]. Concerning the middle horizontal adjunction, tinédi dual yields an endofunctor Bfalg, in view
of [Swj, Section 6.2]. Moreover, this comes out to be adjaintgelf as in case of Hopf algebras (cf. e.g.
[Ab] page 87]).

Quasi-bialgebras are generalization of ordinary bialgekin which the constraint of coassociativity at
the coalgebra level is weakened. Dual quasi-bialgebras @ eertain sense a dual notion, which can also
be seen as a generalization of bialgebras,ffgcting this time the associativity constraint.
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TasLe 1. Notations for the handled categories.

Abbreviation The category of

Vect, e vector spaces

Alg, e associative algebras

Coalg, ~  ------ coassociative coalgebras

Bialg, @ ------ bialgebras

Lie, —  eeeees Lie algebras

LieCo, ------ Lie coalgebras

NAlg, .- non-associative algebras

NCoalg, ~ ------ non-coassociative coalgebras

NAlg(Coalg,) ------ non-associative algebras inside the monoidal categorgaifjebras
NCoalg(Alg,) ------ non-coassociative coalgebras inside the monoidal catej@lgebras
QBialg, ~  ------ quasi-bialgebras

DQBialg,  ------ dual quasi-bialgebras

SDQBialg,  ------ split dual quasi-bialgebras

(i.e. the 3-cocycle splits as a finite sum of tensor produfdisear maps)

The main aim of this paper is to investigate the second hoti#adjunction of diagranmi{1) in the context
of quasi and dual quasi-bialgebras. Explicitly, we estditdi contravariant adjunction between the category
of quasi-bialgebras and the one of split dual quasi-biatgefa certain full subcategory of the category of
dual quasi-bialgebras) here introduced. To do so, we ilgasthow some of the adjunctions represented
in diagram[(1) extend to the wider framework of non-(co)assive (co)algebras, as in diagram (2). We
just point out here that the upper adjunction in diagram ([@ealy appeared in [ACM, page 4700].

=)

NAlg, o NCoalg, (2)
/ ) /
Lie, o LieCo,
)
NAlg(Coalg,) NCoalg(Alg,)

\
\:

DQBialg, =z

SDQBialg, : QBialg,
=)

By a non-associative algebrave mean a unital butot necessarily associative algebra overi.e. a
vector spacéA endowed with two linear maps : A® A — A a® b — ab (the multiplication) and
u:k — A k+— kla (the unit) such thadls = a = 1aa, for everya € A. A similar terminology is used
for coalgebras.

2. THE CONSTRUCTION OF THE FINITE DUAL OF A NON-ASSOCIATIVE ALGEBRA AND EXAMPLES.

In this section we give the main construction of the paper. reMexplicitly, starting from a non-
associative algebra, we are able to construct a non-cdatisecoalgebra, which in the associative case
coincides with the so callefihite dual coalgebrasee[[Ab[ Mol Sw] and [AGW] for coalgebras over com-
mutative rings. This is the largest coalgebra inside thedirdual of the underlying vector space of the
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initial algebra. To illustrate our techniques, we include tbasic examples concerning alternative and
(special) Jordan algebras.

Given a vector spacé, we denote by* := Hom (V, k) its linear dual. The unadorned tensor product
® stands for,. The identity morphism of a vector spadewill be denoted by idor by V itself.

2.1. Good subspace of linear dual vector spaceGiven two vector spaceg andW, we can consider the
canonical natural injection

ouw VW — (VeW)', (fegr— [vewr f(vgw)]). 3)

which is clearly a natural isomorphism over finite-dimemnsibvector spaces.

Let (A,m,u) be a non-associative algebra, see elg.] [Bo, page 428]. MimgdMill page 13], a
subspac®&/ ¢ A" is calledgoodin casem® (V) C ¢a a(V ®V), wherem' : A" —» (A® A)* is the dual of
the multiplication mapn. For instance, let be an ideal ofA, that is a vector subspace Afstable under
both left and rightA-actions: for evera € A, we haveal C |, la C |, see([B0, page 430]. Assume th#tl
is finite dimensional as a vector space. 8et (A/l)* which we identify with a subspace &f. One can
show thatV is a good subspace é&f.

Let G denote the set of all good subspacesoaind set

=Y V. (4)

VeGg

By the same proof of [Mill, Proposition, page 13], one getsMas a good subspace &f and hence it is
the maximal good subspace Af.

Given two non-associative algebrasandB and a linear mag : A — B such thatf*(B®) € A®, then we
can consider the linear mdp : B* — A®, h — f*(h), which is uniquely determined by the commutativity
of the following diagram:

B*— — — — - > A° (5)

B* - o A*
where the vertical arrows are the canonical injections.
If we consider a good subspadec A", then we may define a unique map : V — V ® V such that

oana (Av (f)) = m* (f), for everyf e V.
In particular, for evenf € A*,a,be A, Ay (f) = ¥ f1 ® f, is uniquely determined by

f (ab) = m" (f) (@a®@b) = pan (Av (f)) (a®b) = Z fi(a) f2(b). (6)

2.2. The coalgebra structure of A* and examples.Parts of the subsequent lemma find their analogues
for associative algebras in [Sw, Lemma 6.0.1] and for Lieehlgs in[[Mil, pages 14-15].

Lemma 2.1. For every pair of non-associative algebrés, m,u) and (B, nY, ") and for any morphism
f : A— B, denote with f: B* — A* the dual map. Then the dual mag mA* — (A® A)" induces
a mapAa = m* : A* - A*® A* and the dual mapu: A* - k* =k : f — f (1) restricts to a map
ea = U A > k such that(A®, A, ea-) becomes a non-coassociative coalgebra.

Proof. First observe thata. exists by definition of the finite dual and satisfigk (6). Thene let us show
thateas is a counit forAa.. Pick an element € A®. For everya € A we have that:

((ea ® A%) 0 Ax)(F)) (3) ((en ® A ( Z e )@= (D] il)hb) (@
S awke@ 2 f),
(A oea)(D e f))@ = (D (1)h) ()
Z fo(1)f1(a) & f(a).

whence A°, Aas, ga+) IS @ non-coassociative coalgebrasect, . ]

(A" @ &nr) 0 Ap)(1)) ()
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Remark 2.2. LetA be an object ilNAlg, and set
A’ = {g € A" | ker(g) contains a finite-codimensional idealb}‘. (7

Here an ideal of Ais of finite codimension, means that| is a finite-dimensional vector space. For any
f € A°, there exists a finite-codimensional idéaluch thatf (1) = 0. Thenf belongs to the spacé(l)*,
which is identified with a good subspaceAifas in subsectidn 2.1. By equati@n (4), this meansthai\®.
We have so proved th&#°® C A°*. This fact can also be seen as a consequence of [ACM, The@é (
which asserts thak® = Loc(A®), where the latter denotes the sum of all locally finite s#gebras oA®
(recall that a non-coassociative coalgeBregs namedocally finiteif and only if anyx € C lies in some
finite-dimensional subcoalgebiac C).

For anyAin Alg, the finite dualA® coincides withA°. By the foregoingh® € A®. Conversely, identifying
A*@A" with pa a(A*®AY), iIf V C A" is any good subspace then for every V, m*(v) € A*®A*. Therefore,
in view of [Sw, Proposition 6.0.3} € A° and hencé&/ C A°. ThusA® C A° so thatA® = A°.

We now provide two examples of finite dual of a non-assocadigebra.

ExampLE 2.3. Coalternative coalgebras\ssumek has a characteristic 2. LetAbe aralternative algebra
that is a not necessarily associative algebra ayerhich satisfy the following identity

x(yX) = (xy)x, foreveryx,ye A
Replacingx by x + zone sees that the last equality is equivalent to the identity
X(Y2 + z2(yX) = (xy)z+ (zy)x, foreveryx,y,ze A.

Denote byr : V@ W —» W ® V the natural flip map, and sef = r ® id andr, = id ® 7. Consider the
finite dual coalgebr& = A* as in Lemm&3]1. Then the comultiplication@fatisfies the identity

(id+(r10m20m1)) 0 ((A®C) - (C8A)) oA = O, (8)
which over elements, says that for any functioa C, we have
dYhef,eh+ Y hef,ef = Y heheh+) fLehef, 9)
A coalgebraC which satisfies the identity|(8) is calleccaalternative coalgebra

ExampLE 2.4. Jordan coalgebra Assumek has a characteristie {2, 3}. Let A be ana (special) Jordan
algebrg that is a not necessarily associative algebra kyaich satisfy the following identity

Xy = yx  X(yX) = (X®y)x, foreveryxyeA.
The second equality above comes out to be equivalent to
((xy)At+ (x)2y + ((ty)2)x = (xy)(zt) + (x(z) + (ty)(zX).

Denote byr : V@ W — W ® V the natural flip map, and set = r® id®id, 7, = id ® T® id and
7, = id ® id ® 7. Following [ACM, Example (3) page 4709], we can consider fihdée dual coalgebra
C = A* asin Lemm@&3]1. Then the comultiplication®@is cocommutative and satisfies the identity

[id +(t30712073) + (7307207'107207'3)10[(A®C®C)—(C®C®A)]O(A®C)OA = 0, (10)
which over elements, says that for any functioa C, we have
D8 f,efeh+ ) f,ehefeh,+ ) Lef,ef,ef,
=) 08 heh+ ) fehehef,+) hef,ohef, (11)

A cocommutative coalgebf@ which satisfies the identitj {10) is calledlardan coalgebra
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3. CONTRAVARIANT ADJUNCTION BETWEEN NON-ASSOCIATIVE ALGEBRAS AND NON-COASSOCIATIVE COALGEBRAS.

In JACM]| page 4700] it is claimed that the contravariant ftarqd-)* is the right adjoint of the functor
(-)* from the categoryCoalg, of non-coassociative coalgebras to the catedikig, of non-associative
algebras (we just point out that their (co)algebras haveajufit). Such an adjunction extends the usual
contravariant adjunction between algebras and coalggbiss the first horizontal adjunction in diagram
(@. For the sake of completeness, and as reference for goelseve decided to detail the relevant proofs.
We first check that the constructién— A* of Sectior[ 2 defines a contravariant functor from the categor
NAlg, to the categoriCoalg,. Next we show that it is adjoint to the functer)¢ defined as in the classical
case by using the convolution product. In addition, we prinag (A ® B)* = A® ® B*, for everyA, Bin
NAIg,.

3.1. The functorial construction. Keep the notations of Sectiéh 2.

Lemma 3.1. Let f : A — B be a morphism of non-associative algebras ahd B* — A* its linear dual
map. Then f(B*) ¢ A°*, whence f induces a map *f: B* — A®, which comes out to be a morphism in
NCoalg,. Moreover, the assignments-A> A® and f+— f* establish a functor

(-)* : NAlg, — NCoalg,.

Proof. Sincef is multiplicative, the left-hand side diagram below comasjtso that, by functoriality of
(-)*, the right-hand side one commutes, too.

Ma m
ARA——A A — (AR A
f®fl lf f*T T(f@f)*
B®B—>mB B B*Tg)(B®B)*

The latter diagram is part of the following bigger one:

M
A (A® A
PAA
B* o (B® B)* A @A
J’ﬁ Ttpas ot

B ——————-B®BC———-B"®B*
Age 18®]B

which still commutes by definition ofg. and by naturality ofo_ _. In particular, for every € B*

M (F°(9)) = ean (" @ 17) (Ae-(9))) € pan(f" (B") ® £ (B*))

so thatf* (B*) is a good subspace éf. Furthermore, the commutativity of all the other quads mghb-
sequent diagram implies the commutativity of the one at thttom, which encodes the comultiplicativity
of f*:

B* ? (B® B)*

\ m L(Xf)"

A —L = (AR A

is j/ﬁ T‘PAAO(jA®jA) v8Bo(jB®|B)
L]

— A QA

/ o fef*

B B*® B*

Age
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Moreover,f* is counital, sinceas o f* = (Ua)® o f* = (f o ua)® = (Ug)® = &g.. By Lemmd 2.1 it follows
that (-)* actually defines a contravariant functor froivAlg, to NCoalg, . o

3.2. The contravariant adjunction. Recall that the assignment) : Coalg, — Alg, defines a con-
travariant functor between the category of coassocidticealgebras and the category of associative
algebras (cf., e.g. [Sw, Theorem 6.0.5]) that easily edden a contravariant functor)* : NCoalg, —
NAlg,. In this way, we will show that this functor is in fact an adjbto the functor €)* of subsection
3. By restricting these contravariant functors to theé $ubcategoriesie, andLieCo,, one recovers
Michaelis’ result[Mil, Theorem on page 15].

Proposition 3.2. Let (A, m, u) be a non-associative algebra aif@, A, €) a non-coassociative coalgebra.
We have a natural isomorphism

D, : NAlg,(A,C*) — NCoalg,(C, A®) (12)
Therefore the functof)® : NAlg, — (NCoalg,)° is left adjoint to(-)* : (NCoalg,)°® — NAlg,.

Proof. Denote byyy : V — V** the canonical injection, defined for every vector spddgy yv (V)(f) =

f(v) forallve V andf € V*. Recall thajy : (-) — (=)™ is a natural transformation and let us check that
if C is a coalgebra thepc (C) ¢ C* (compare with[[Mil, Note on page 15]). This follows once prdv
thatyc (C) is a good subspace 6f*. Givenc € C andg, ¢ € C* we have that:

(Me ) (ke @)(@ey) = xc(0)(Me(¢®y)) = Me (¢ @ Y)(C)
D pew() = > xe (e (B)xe (c2) ()
= yco (Z){C (c) ®@xc (Cz)) (¢®y)
so that (nc)"(xc (€) = ¢c-.c- (X xe (€1) ® xc (c2)) forall c e C and
(Me)"(xc (C)) € ¢c- - (xe (C) ® xc (C))
so thatyc(C) is good by definition. Note also that we have just proved that
(Mmc)* o xc = ¢crc o (xe ®xc) o A (13)
If we denote byja : A* — A" the inclusion of the finite dual of a non-associative algebiato its

ordinary dual, then we have just shown that for any non-amaagve coalgebr&, yc induces &-linear
mapec : C — C** that is still natural inC and it satisfies

jc o ec = xc. (14)

Let us check thatc actually is a comultiplicative and counital map. DenoteMgy: the comultiplication
of C**. This is the only map that satisfies: c: o (jcr ® jc') 0 Ac = (Mer)* © je-.
As a consequence:
QDC*,C* [e] (JC* 62 JC*) [e] AC*’ O €c (nb*)* o jC* o €c G:]) (nb*)* OXC

wcr.cro(yc®xc)o A

ng g

¢c.co(jo®jc)o(ec®ec) o A
and, by injectivity ofgc- - and of jc-, we have thaf\c o ec = (ec ® ec) o A. Moreover,

e (ec(0) D (Ul (ec(©)) (1) = (ec(©)) (Ue (1)) = (c(0)) (ec) = £c(©)

for anyc € C, where in ) we identifiedk* with k. Hence g is comultiplicative and counital.
On the other hand, the injectign : A* < A* induces a mapa : A — A** given by

A = Jp © XA (15)
We claim that this is an algebra morphism. get na for shortness. Then, for @l b € A and for any
feA:

Ma-- (n(a) ® 7(b))(f)

one (1@ @ 1(0) (A (D) = 3" n(@) () n(b) (12
> @) @ tab) = nann.
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Moreovern(u(1))(f) = f(1a) = ea(f) = (ea)*(1)(F) = ua=(1)(f), for all f € A°.
Let us check finally thah ande satisfy the conditions to be the unit and the counit of theiactjon,
respectively. By a direct calculation:

Jaonao€n =T1p0 JaCEpa = NMACKA = XaO Ja OXA = XAOXA O A=A
where in &) we used the naturality of and the last equality follows from the fact the){ is adjoint to

itself at the level of vector spaces. Therefore, by injestief j4, we have that}, o ea. = id,.. For the other
composition, let us compute

€EONC = €0 Jo OXCr = XeOoXCr = [o 8
and this concludes the proof. O

3.3. The functor (-)* and the tensor product. Next we study how the functor{* behaves with respect
to the tensor product of two algebras.

ProposiTion 3.3. Let A and B be iNAlg,. Then the canonical injectiopa g : A" ® B* — (A® B)" of
equation(@) induces the natural isomorphism NCoalg,
hs = (a0 (1A ®118))" 0 Guearr) 1 A @ B* — (AR B)". (16)
Proof. Observe that for an¢, D in NCoalg,, ¢cp : C* ® D* — (C ® D)* is a morphism ifNAIlg,. Thus
the morphism defined in equatidn{16) is well-defined. Fof &lA*,g € B*,a € A, b € B we have that
(a8 0 (A ®78))" © €ararn)(f @ G)(a® b) (ar 8)* (o) (T © 9))(17a(8) ® 778(D))

= gaep)(f ® 9)(pa B (7a(2) ® 176(D)))

= ¢p e (7a(a) ® na(b))(f ® Q)

= na@(f)ns(b)(9) L (a)g(b)

= (pas(f®0))(@a®h).

Thereforele®B.o YaB =¥aBO (ja®jg)andin particulam’AB is injective. It remains to find an inverse for
@ap- TO this aim consider the algebra morphisms

inr;:A— A®B:ar— a®l and ig:B— A®B:br—1®Db.
Then we can consider the map

(ia)*®(ig)*

(A®B)*®(A®B) —— A*® B".

A(azB)*

Yag = (A® B)'
Note thaty g satisfies, for alf € (A® B)*,ac A, be B:

PhaWas(N@eb) = ¢hp(((ia) @ (8))Busnr (N@OD) = hs (D fr e f2) (a@) ®ia(b)

= Z fi(a® 1)f2(1® b) & f((a®1)- (1 b)) = f(a®h).
This means thap),  is also surjective and hencfortiori, it is an isomorphism with inversgag. O

Remark 3.4. LetA be inNAlg,. We can consideA°® as defined in{[7). It should be observed that in general
A° is strictly contained imMA*. To show this takeéA = C* for a non-coassociative coalgelahat is not
locally finite, thenA® cannot be locally finite (sincez : C — C** is injective). At the same time, in
view of RemarkZ.PA° = Loc(A®) so that it is locally finite and hence it cannot coincide with We now
provide an example of a coalgebra which is not locally firiiteplicitly, considelC = k[X] the polynomial
ring in the indeterminatX endowed with the comultiplication given by

A1) =181, AX)=X®1+10X AXMN=X"@1+1aX"+X"l1@X+Xe®X™, n>2

and the counit given bg(X") = 6,0 for all n > 0. Itis easy to check thaC(A, &) belongs toNCoalg, .
Note that factoring out by the coidelal and denoting, fon > 0, by x, the class oiX™?! in the quotient
yields the Lie coalgebrk considered in[Mil, page 9]. As fd&, one easily proves that? does not lie in
any finite-dimensional subcoalgebra@f ThusC is not locally finite.
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4. CONTRAVARIANT ADJUNCTION BETWEEN THE CATEGORIES NAIg(Coalg,) axo NCoalg(Alg, ).

In this section we recall the definitions of the category aflgebras with multiplication and unit and of
that of algebras with comultiplication and counit, dendigdNAlg(Coalg,) andNCoalg(Alg,) respectively.
For an objecC e NAlg(Coalg, ), we investigate some basic propertie€of The key result will be that, in
this contextC* is an algebra with comultiplication and counit. This willal us to extend the contravariant
adjunction of the previous section to a contravariant acfjon between the categorid#\lg(Coalg,) and
NCoalg(Alg,).

Let us start be recalling from [Ma, Preliminaries], [Ka, Dwtiion XV.1.1 and Proposition XV.1.2], the
following definitions.

DermviTion 4.1. A coalgebra with multiplication and unis a datumC, A, &, m, u) where
(1) thetriple C, A, ) isin Coalg,;
(2) the mapsn: C® C — C andu: k — C are morphisms iiCoalg,, calledmultiplicationandunit
respectively, such thah is unital with unitu.

In other words this aon-necessarily associative mondat algebra) inside the monoidal category of
coassociative and counital coalgebras. A morphism of edels with multiplication and unit is a linear
map which is compatible with both structures, that is, stangously a morphism of coalgebras and of
algebras. The category so obtained will be denoteNAlg(Coalg, ).

Dualizing Definition[4.1 leads to the construction of theegmiry of algebras with comultiplication
and counit denoted by Coalg(Alg,), whose objects are denoted b4, (0, u, A, &). Thus, an object in
NCoalg(Alg,) is a non necessarily coassociative comonoid inside the idahtategory of associative and
unital algebras.

Prorosition 4.2. Let (C, A, &, m, u) be a coalgebra with multiplication and unit. Thé@*, A*, &*, m*,u*)
is an algebra with comultiplication and counit. Moreovdrg establishes a well-defined contravariant
functor

(-)° : NAlg(Coalg,) — NCoalg(Alg,).

Proof. For the reader’s sake, in this proof we will write explicitlye isomorphisny; , : C* ® D* —
(C ® D)* of equation[(IB), although in the statement we identifieddbsmain and the codomain of this
map. For this reason the multiplication@©f is more preciselync. := A® o ¢, - while its comultiplication

. -1
is Ace = (¢g ) oM. We compute

jcome: = jcoA®ogp @ao jecec © ¥C.c D A opc.co(jc®jc)=me o (jc® jo).
Furthermore, since jde k* = k°*, we can computeg(id,) obtainingsc = &(id,) € C*. Thus we can
set k. = gc and we have thajc(1c.) = 1c-. Sincejc is injective, we deduce tha® is an algebra.
Explicitly, for every f,g € C* we have thatne. (f ® g) equals the convolution produét+ g. Moreover
u:C* > k*=k: fm f(1)restrictstoamapc :=u":C* - k.
Forallx,y e Candf,g e C*, we have

D0 (0 = (Fxa) ()= () g(xy)y)
D fOay) - g0ey2) = > fu(xa) - f2 (1) - 2. 0%2) - G2 (v2)
D) (9 (fax 0) (),
and} &1 (X) - e2(y) = e(xy) = €(X) - € (y). This implies that
Z(f x0), ® (f %), = Z(fl*gl)éb(fz xg2)  and Zsl®82 =e®e.

ThusAc. is multiplicative and unital. Moreover
ec (Fxg)=(f+0)(1) = (1) 9(2) = ec (f) - ec- (9)
andec. (¢) = (1) = 1 so thatec. is multiplicative and unital as well.

Take a morphisnf : C — D in NAlg(Coalg,). By Lemmal31L, we know that* : D* — C*is a
coalgebra map. It remains to check that it is multiplicatinel unital. For everx € C,

f* (1o:) (%) = 1p-(F () = eo(f (X)) = £c (X) = 1c- (%),
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where in the third equality we used the fact tlias a counital map. Furthermore, for everyandg in D*

f* (@ B) (0 = (@ xB) (F()) = D" a(F 091)B(F ()2) = > a(F (a) )BT () = (F* (@) * £ (8) ),

where we have used the fact thfais comultiplicative. This establishes the stated functhiolv is clearly
a contravariant one. m]

As we have mentioned in RemdrkR.2, see also the referenogsdiiherein, there is a functor
(-)° : Alg, — Coalg,, a7)

which is the restriction of the functor§* defined in subsectidn 3.1. Even thought we could use the same
notation for these two functors without ambiguity, we prede to keep dferent notations, in order to
make clear the distinction between the associative anddheassociative case.

Lemma 4.3. The functor(-)° is lifted to a functor(—)° : NCoalg(Alg,) — NAlg(Coalg,). That is, we have
a commutative diagram

NCoalg(Alg,) — — e, NAlg(Coalg,)
o,
Alg, Coalg,

where the vertical functors are the forgetful ones.

Proof. Take an object4, m, u, A, €) in NCoalg(Alg,). Analogously to subsectidn 3.3, we can consider the
datum @°, m°, u°, A°, £°), where @&°, m°, u°), A° ande® are the images, up to the natural isomorphism of
Propositior 3.8, through the funct@r{17) &, (n, u), A ande, respectively. We know thatd, m°, u°) is
coassociative counital coalgebra, and also ffaande°® are coalgebra maps. The unital propertyASf
with respect tee® is automatically derived from the counitality o&f with respect tae. Summing up, we
have that A°, m°, u°, A°, £°) is an object the categomyAlg(Coalg,). To check that the stated functor is
well-defined on morphisms one mimics the last part of the fpob8ropositior 4.P. O

The following is our first main result.
Tueorem 4.4. There is a natural isomorphism:
NCoalg(Alg,)(A.C*) = NAlg(Coalg,)(C, A°)

for every pair of objects A imNCoalg(Alg,) and C inNAlg(Coalg,). That is, there is a contravariant
adjunction

NAlg(Coalg,) o = NCoalg(Alg,)

where the contravariant functdqr)° is defined by Lemnia 4.3 aiid)® by Propositiod 4.2.

Proof. In order to prove the theorem let us consider the yRit A — A°* and the counigc : C — C*°
defined in[(Ib) and(14) respectively, whekés in NCoalg(Alg,) andC is in NAlg(Coalg, ).

We already know thaja is multiplicative and unital. We claim that it lands ind6°, indeed let us show
that Im(,) is a good subspace #f*. For alla € Aandf, g e A’ we have that

" (@) (f @ 9) = na@)(f + 9) = (f = 9)(8) = ) f(ar)g(ae)
= > ma@)(Nna@2)(@) = (D, 1a(@r) @ 1a@)) (f © §)

i.e. foralla € A, m*(n7a(a)) € pa, a- (IM(174) ® IM(174)) Wheree_ _ is the canonical inclusion of equation
(3). Therefore we denote k% : A — A°® the corestriction ofja. Observe further that, in particular, this
means thaia (and henc&,) is comultiplicative. Moreovek, is also counital since

U° (éa(@) = €a(a) (1a:) = €a(a) (e) = &(a)
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for all a € A. By the foregoingéa is a morphism in the categotyCoalg(Alg,). Now we can check the
naturality inA of £a: pick a morphismf : A — Bin NCoalg(Alg,) and consider the diagram

A én A°° I A°*
B BO. - BO>5<
éB JBo

The commutativity of the outer diagram encodes the natyrafi, while the right-hand side diagram
follows by (8). Hence the left-hand side diagram commuteswiience the naturality of is settled.
To construct the counit one proceeds in a very similar waypliEitly, for an object C,A, &, mu) in
NAlg(Coalg,), the mapec induces the counit which is given by

9c: C—C*, x+— [C* -k g g()|. (18)
It remains to check the commutativity of the following twadrams

(¥c)* Ipe

Ceo C* Ac*° A°
nce T / )’ l /
c A°

As for the first one, for everg € C* and for everyc € C a direct calculation shows that

(9c)* (mc- (9)) (€) = ne- (9) (Fe(0) = Fe(c)(9) = 9(c)
while for the second one, for evefye A° and for evenya € A,

(€n)° @a- (1)) (@) = Ia (F) (€a(a)) = £a(a) (f) = f(a).

This finishes the proof. O

5. CONTRAVARIANT ADJUNCTION BETWEEN QUASI-BIALGEBRAS AND SPLIT DUAL QUASI-BIALGEBRAS.

This section contains our main result. We show that the ewatrant adjunction of Theorem 4.4 can be
restricted to an adjunction between the category of quiaiibras and that of split dual quasi-bialgebras.
The later is a full subcategory of the category of dual giialigebras characterized by the fact that the
3-cocycle (i.e. the reassociator) splits as a finite sumrafdeproducts of linear maps.

5.1. Quasi-bialgebras and dual quasi-bialgebras: Definitions ad examples. We start by recalling the
definition of the main objects of this section. The definiigmesented here are quoted forml/[Dr,| Mal, Ka].

Derinirion 5.1 ([Dr]). A quasi-bialgebras an objectid, m u, A, ) in the categoryWNCoalg(Alg, ) (see after
Definition[4.1), endowed with a counital 3-cocydei.e. an invertible element in the algebias H ® H
that satisfies

HH®A) (D) (AH®H) (@)= (19D)- (HIA®H)(®) - (P®1), (19)
(e®@HH)(®) = (H®e®H)(®) = H3H®&) (D) = 1®1, (20)
@ - (A® H)(A(h) = (He A)(A(h)) - ©. (21)

The elementd is called thereassociatd?) of the quasi-bialgebra. Obviously, # = 1® 1® 1, then
(H,m u, A, g) is a usual bialgebra.

A linear mapf : (H,mu,A, &, ®) — (H’,nY,u,A’, &', ®’) is amorphism of quasi-bialgebrasit is a
morphism inNCoalg(Alg,) such that
(feoief) (@) =72" (22)
The category of quasi-bialgebras and their morphisms witlienoted by)Bialg, .

@in [Ka, page 369] this is called the Drinfeld associator.



FUNCTORIAL CONSTRUCTIONS FOR NON-ASSOCIATIVE ALGEBRAS 11

ExamrLe 5.2. LetC be inNCoalg, and consider the tensor algefdréC). By the universal property of the
tensor algebra, the comultiplication and the coun€@fiduce a comultiplication and a counit @n= T(C)
respectively that make it into an objectiNCoalg(Alg,). Suppose that is in QBialg,. Then it admits a
reassociatod € T®3 but, in view of Corollary BA® e k-1®1® 1. By (20),® = 1® 1® 1 which means
thatT is in Bialg,. This force<C to be inCoalg,. Therefore, if we consideZ in NCoalg, but not inCoalg,,
thenT(C) is in NCoalg(Alg,) but not inQBialg,.

We now give an explicit example of suchGa Consider the alternative algebfa see Examplg 23,
constructed as follows. As a vector spades ke ® kx & ky, with multiplication table given as follows:

el x|y
elel[x|y
x| x|yl|x
YIY|X]X

This is a unital, commutative but not associative algebed.us take its ordinary linear du@l = A* =
kE @ kX @ kY where{E, X, Y} is the dual basis. It comes out to be a counital, cocommuatdtixt not
coassociative coalgebra. The induced comultiplicatiah@unit are given by

AX)=X®Y+Y®X+Y®Y+XQE+EQ®X, e(X) =0,
AY)=X®X+Y®E+EQ®Y, e(Y) =0,
A(E)=E®E, e(E) =1
Observe further that cocommutativity ensures fhét) satisfies the condition to be a coalternative
coalgebra, as given explicitly in Example?.3 equatidn (8).

Besides algebras with comultiplication and counit that rewe quasi-bialgebras, we also have quasi-
bialgebras that are not bialgebras.

ExampLE 5.3. Let us retrieve a couple of examples. First we exhibitag @ produce non-trivial quasi-
bialgebras from ordinary bialgebras. Following [Dr], wens@er a quasi-bialgebr&l(m, u, A, g, ®) and
we recall that awist on H (also referred to agauge transformationcf. [Ka, Definition XV.3.1]) is an
invertible elemenf of H ® H such that

(Hee&)(F) =1= (s H)(F).
Given a twist, we can construct the twisted quasi-bialgébra= (H, m, u, Ag, &, ®F) where
Ar(@=F-A@-F! and ®@r:=(1&F)-(A®A)F)-®-(A2A)(F ) (Flel)

This is still a quasi-bialgebra (cf._[Ka, Proposition X\28. [Dr, page 1422]). Now, assume we have
(G,m,u, A, &) an ordinary bialgebra. We can endow it with a trivial sturetof quasi-bialgebra by con-
sidering®d = 1® 1® 1. If we take a non trivial twist on G, thenGg is a quasi-bialgebra, but it is not
necessarily an ordinary bialgebra. Indeed:

O =(1®F) - (GeA)(F)-(A® G)(F_l) ) (F_l ©1)

does not equal ® 1® 1 in general, and is not coassociative. In such caség,is a non-trivial example
of quasi-bialgebra.

Next, let us show a case in which an ordinary bialgebra cambdewed with a non-trivial structure of
guasi-bialgebra without changing its underlying struetufhis example comes frorm [EG, Preliminaries
2.3] (see alsd [BCIT, Example 2.5]). L€ = (g) be the cyclic group of order 2 with generatpand let
k be a field of characteristic fierent from 2. Consider the group algetté?) := kC, with its ordinary
bialgebra structure, i.eA(g) = g® g ande(g) = 1. Observe that(2) is a two-dimensional commutative
algebra. Now, sep := %(1 — g) and consider the non-trivial reassociator

¥Y:=(19191)-2(p®p®p).

It can be easily verified thatH{((2), m, u, A, &, ) satisfies the conditions to be a quasi-bialgebra.
Actually this example can tell us moréi(2) with this non-trivial quasi-bialgebra structure turmst

to be not twist equivalent to any ordinary bialgebra (byst equivalento a bialgebras’ we mean that

there exists a twiskE on H(2) and an isomorphism of quasi-bialgeb@is= H(2)g; cf. [Dr, page 1422]).
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Hence this is a genuine example of a quasi-bialgebra. Tolse@ote thatH(2) can be endowed with a
guasi-antipodei.e. a triple €, «,8) composed by an algebra anti-homomorphsmH(2) — H(2) and
two distinguished elemenisandg such that

D Saedz=s(@a, ) aps(@) = s@p Y OBAP)a®® =1 ) s($Nad’Bs(¢’) = L

wherey ! @ @ @3 := ® andy ¢! ® ¢° ® ¢° := ®~! (a quasi-bialgebra with quasi-antipode is usually
called aquasi-Hopf algebracf. [Dr| page 1424]). In particulail(2) can be endowed with the quasi-
antipode (id., 9, 1). By [Dr, page 1425], it is possible to twist a quasi-Hoelra too, and get again a
quasi-Hopf algebra. As a consequence, if there were a BMBt H(2) such thaH(2)r = G’ whereG’ is

an ordinary bialgebra, then(2)r would turn out to be an ordinary Hopf algebra. In partic@ar ar = 1.
However, writingF := Y F1® F2, F1 := ¥ f' ® f2 and recalling thaH(2) is commutative we get

Pri= Y FLp-sF)=>FLF2  ap =) gfh.a 2= 11 f2.g,

Br-ar=(D FH-F?)- (D f 2 g)= D FH - F?. f2.g=g#1

Therefore H(2) cannot be twist equivalent to any ordinary bialgebra.

and

For any quasi-bialgebrad; m, u, A, £, @), we denote by
O = Zd>1®d>2®cb3 = Z‘I’1®‘I'2®\P3 - Z®1®®2®®3,
the reassociatab of Definition[5.1, whose inverse is
p:=> gted?es = Y yloytey’ =) teled
This notations will be soon understood. Explicitly, eqaas [19),[(2D) and{21) can be rewritten as
Yotwleor vledd ¥edd ¥t = Yyl oledl ¥2-020d? Y3 0%0 0 ¥,
Z Ole(?) ® O3
Z o'h,, ® ©*h,, ® O3h,

191,
Z h®! ® h,,®2 ® h, ,03.

The dual version of Definition 5.1, led in [Ma] to the notiondafal quasi-bialgebrawhich, for sake of
reader convenience, we recall here with details.

Dermnition 5.4. Adual quasi-bialgebras an object U, A, &, m, u) in the categorjNAlg(Coalg, ), endowed
with a unital 3-cocyclev, i.e. a convolution invertible elemeat: U ® U @ U — k that satisfies

(wO(U®U®m))*(w0(m®U®U)) = (s®w)*(w0(U®m®U))*(w®e) (23)
whekel) = eh)e(k)e(l), whenever § € thk I} cU (24)
(uow)*(mO(m@)U)) = (mo(U®m))*(uow), (25)

where the staf in equation[(ZB) stands for the convolution product of tlgehra J*4)*, while in equation
(23) it is the convolution product of the non-associativgedlravect,(U®, U). The mapw is also called the
reassociatomnf the dual quasi-bialgebra (this is an invertible elemarthe convolution algebrdJ®)*).

Alinearmapg: (U,muA, & w) — (U, m,u, A, &, w')is amorphism of dual quasi-bialgebras if it is
a morphism in the categoiyAlg(Coalg,) satisfying:

W o(g®g®g) = w. (26)

The category of dual quasi-bialgebras and their morphisith&evdenoted byDQBialg, .
On elements, the equations{28).1(24) dnd (25) are writmralfx,y,zt € U, as

Z W% ®Y: ® Zt)w(XY, ®2 ®1,) = Z WY ®2 @ )w(X ® Vo2, ® 1)w(% ® Vs ® Z3),
wX®y®1)=w(X®1®Yy) = w(l®X®Yy) = &(X)s(y),

Z WX ® Y1 ® Z)(XY,)Z, = Z X(Y:12)w(% ® Y, ® 2,).
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5.2. The contravariant adjunctions. We first check that the functor of Lemrha 4.3, leads to a functor
from the categoryBialg, to DQBialg,. Consider a quasi-bialgebrel(m, u, A, &, ®). Since the underlying
object H,m, u, A, €) is in NCoalg(Alg,), we can consider its imagél¢, m°, u°, A°, £°) in NAlg(Coalg,) by
the functor of Lemmp4]3. S&t = H° and consider the natural transformation[of] (15at
He3 43 5 ((H@S)O)* uga) ((Ho)®3)* — (U®3)*,
which by construction is an algebra map. Therefore, thefotgk-linear map
w = 1e:(®) 1 U —k  (fegeh— Z f(@Y)g(@)h(@?)), (27)

is an invertible element in the convolution algebs®)*, since® is so in the algebréi®.
We claim that J, m°, u°, A°, £°, w) is now a dual quasi-bialgbra. Taken an elemerd H, we can
compute

(D ehegem)(bgh)X) = > H@HG@I(®)F06.:)g.06:)M06)
f.(01)g, (), (0%) F,(¢"% D) G(¢”% 1 D), (¢°%, %)

e 1g

D 1@ xDYg(@%97x, ,dP)N(@%p7X, ,0°)
2 F0a0h)g06 P*)h(x, ,0°)
2 0)8:06.)N (%) B(@Y)g(P)h(D%)
= D 0806 (X Jo(f @ g @ hy)
= (D flgh)o(f.@ g.@h))(¥)
This gives equatiod (25) fok), w). Equation[[24) for (), w), follows by:
w(f @ 18h) = f(@L)e(@)h@%) B f(1)h(1) = &(f)e(h),

and similarly when 1 appears in the other entries.
Let us check equatiof (23) fo(w). Considered, g, h,e € U, we have

Y w(fhiegehe)u(f.g.ohee)

D7 H(@H8,@3)(he)(@) () (FHh(¥2)e(¥)

D R(@g,(@2)h,(@%)e, (D7) £,(PL)g(FL)h(F2)e(P?)
D H@M)g(@2 W, )h(@% ) e(0°,¥7)

g

g on

D (P Oy@W2,07)h(02¥2,0%)e( %)

DRI (01 Gu(01)g(¥2)8:(02) hu(@D)h,(¥2,),(0°) e, (07)e,(¥?)

> (0.(@Y)h,(©)e (@) ) LI G(¥2).(¥2)e (¥9))(1.(01)5:(0)h,(0%))
D (@.@Hh,(@2)e,(@%))( L(F)(@:N) (F)e(¥))(1.(01)g:(0)h:(0%)

= Yw@ehees)u(feghee)wf,egeh)

where we have used the convolution product and the forrlld {8s completes the proof of the claim.

Furthermore, it is by definition that any morphigm (H,m,u,A,e,®) — (H’,m,u,A’, &', ®’) of
quasi-bialgebras, is a morphism in the categuGoalg(Alg,). Then, by applying the functor{° of
Lemmd4.3B, we get thdt : (H°,A’°,&’°,m°,u’°) — (H°, A°, &°, m", u°) is a morphism in the category
NAlg(Coalg,). Therefore, we only need to check the compatibility conditvith reassociators constructed
in equation[(2]7), which is derived as follows:

oo er)(fegeh)) = w((fee(@eneel)=(fegah)((eie)(@®))

@ (fegeh) (@)= (fogeh).
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Hencef satisfies[(26) and it is a morphism of dual quasi-bialgebrhen, we have established a contravari-
ant functor

(-)° : QBialg, — DQBialg,, (28)
which obviously converts the following diagram
NCoalg(Alg,) i NAlg(Coalg,)
.T -r T
QBialg, - — - - —-"— - - — > DQBialg,

commutative, where the vertical functors are the canoficgetful functors.

In the other way around, take an objett, §, &, m, u, ) in the categoryDQBialg,. Thus, we can
take the image of its underlying objedd,(A, €, m, u) by the functor of Proposition 4.2, that is the ob-
ject U*,m*,u*, A®, &*) of the categorNCoalg(Alg,). The problem now is to construct a reassociator
for U, i.e. a unital 3-cocycle. It seems thafpriori there is no obvious way to deduce this cocycle di-
rectly from the starting datumJ( A, &, m, u, w). To this aim, an assumption should be postulated. First, we
consider the following natural transformation:

63 .
(U (ju) (U*)®3 eu,u®U UeU) ®U* PusU.U U=y, (29)

which, up to the isomorphisrfU®)* = (U*)* of equatiori 1B, coincides with the canonical injection of
the total good subspace @#°°)". Notice that/ is an algebra map, as it is a composition of algebra maps.
Moreover, it is easily seen thats in fact a natural transformation &t

Proposrition 5.5. Let (U, A, £, m, u, w) be a dual quasi-bialgebra. Assume there exists an invergldment
® € (U*)®3 such that! (@) = w, then(U®, m*, u*, A, £*, @) is a quasi-bialgebra.

Proof. Write ® = Y ' ® ®? ® ®3. Thenw(x®y® 2) = Y ®Y(X)D*(y)@3(2), for everyx,y,z € U.
Using this equality, equations (238),{24)) andl(25) arelgasansferred to equations_{19], {20) afdl(21),
respectively. This concludes the proof. O

CoroLLarY 5.6. Let (H,m,u, A, g, ®) be a quasi-bialgebra. ThefH®*, m>*, u°*, A°*, &°°) is still a quasi-
bialgebra with reassociato¥ := (¢1)®2 (@), where¢ is the unit of the adjunction of TheorémHi.4.

Proof. We already know from[{28) thatH{°, m°, u°, A°, £°, ) is a dual quasi-bialgebra with reassociator
given byw = g((gH)®3 (CD)). Now apply Proposition 515 to conclude. m]

Let us denote byDQBialg, the full subcategory of the categdp@Bialg, whose objects argplit dual
guasi-bialgebrasi.e. dual quasi-bialgebrat)(A, &, m, u, w) such that there exists an invertible element
® € (U*)®® with £ () = w. In this way the assignment described in Proposifioh 5.Blyithe functor

(-)* : SDQBialg, — QBialg,, (30)
acting by identity on morphisms. We are led to the followingimresult.
Tueorem 5.7. The contravariant adjunction of TheorémM.4 induces thdreeariant adjunction
=)

SDQBialg, =———— QBialg,

where the contravariant functdr)° is the one of(28), and(-)* is the one of{30).

Proof. The only thing we need to check is that the unit and the coudrtli® adjunction of Theorein 4.4
preserve the reassociator of a quasi-bialgebra and thefanduml quasi-bialgebra respectively. For the
unit, which is given by
f : idNCoaIg(Algk) - (_). ° (_)O
as in the proof of Theorem4.4, this follows directly from Gltary[5.8.
As for the counit
9 :id — (=)’ o (-)"

NAlg (Coalgk)
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which is given by [(IB), consider a dual quasi-bialgelida/; ¢, m, u, w) in SDQBialg,; this means that
there exists an elemedit e (U*)*3 such that(®) = w and that J*, A*, &*, m*, u*, ®) is a quasi-bialgebra,
where( is the natural transformation df (29). From the definitiorthed functor in[28), we have that the
reassociator for the dual quasi-bialgebltt( A*, &*°, m**, u*°) is clearly given by ((£u-)®* (@)). Now
observe that the following computation

14 ((5u-)®3(q))) ° (ﬁu)®3 — ((ﬂu)@’s)* ({ ((fu-)®3(‘b))) (nat.:of() {(( Bu)" )®3 ((fU')®3(CD)))
£((Bu)" 0 &0)™(@)) = (@) = w

shows that} preserves reassociators as desired. Hence, the unit canteshe a quasi-bialgebra map and
the counit a dual quasi-bialgebra map, settling the adionct O

Remark 5.8. Recall that a subcategaByof a categoryA is closed under sourceghenever for any mor-
phismf:a — bin A, if bisin 8 thenais in 8. Let us check thaBDQBialg, is closed under sources
when regarded as a subcategonp@Bialg,. Letg: (U, w’) — (U, w) be a morphism irdQBialg, such
that (U, ) is an object itSDQBialg,. By assumption, there exists= Y, &' ® d?® &3 € (U*)* such that
w = ¢ (D). Sinceg preserves the reassociator, we have that

W = a)O(g®3) — é«(q))o(q®3) — ‘p/u’eau’,u’o(()o/u’_u’ ® U/*) ( ((Dl ° g)®(q)2 ° g)®(q)3 ° q)) — g((go)®3 ((D)) ,
whereg’ _ is the natural transformation of equati¢ni(16). This mehasa’ itself comes out to be the
image byz of (3*)®* (@) that lies in(U’)". Therefore, {J’, »’) belongs tacSDQBialg, .

Let us observe briefly tha8DQBialg, is a proper subcategory @QBialg,: in fact the subsequent
example exhibits a dual quasi-bialgebra whose reassoda#s not split. This means moreover that this

particular dual quasi-bialgebra cannot be the finite dua qtiasi-bialgebra (in view of the definition of
the reassociator given iR (27)).

ExamrLE 5.9. Letk be a field and considéd X] the ring of polynomials in one indeterminaXewith the
monoid bialgebra structure, i.e\ (X) = X ® X, £(X) = 1. Let us consider a map : k[X] — k not in
k[X]°, 