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Microlocal regularity of Besov type
for solutions to quasi-elliptic non linear
partial differential equations

Gianluca Garello and Alessandro Morando

Abstract. Using a standard linearization technique and previously obtained
microlocal properties for pseudodifferential operators with smooth coefficients,
the authors state results of microlocal regularity in generalized Besov spaces
for solutions to non linear PDE.

1. Introduction

In previous papers, [4], [5], [6], [7], the authors studied the problem of LP and
Besov continuity and local regularity for pseudodifferential operators with smooth
and non smooth symbols, whose derivatives decay at infinity in non homogeneous
way. Particularly in [6], [7] emphasis is given on symbols with quasi-homogeneous
decay; in [8] also microlocal properties were studied.

Pseudodifferential operators whose smooth symbols have a quasi-homogeneous
decay at infinity were first introduced in 1977 in Lascar [9], where their microlocal
properties in the L?—framework were studied.

Symbol classes of quasi-homogeneous type and several related problems have been
developed in the meantime, see e.g. Segala [10] for the local solvability, Garello [2]
for symbols with decay of type (1, 1), Yamazaki [13] where non smooth symbols in
the LP—framework are introduced and studied under suitable restrictive conditions
on the Fourier transform of the symbols themselves.

The aim of the present paper is to apply the previous results to the study of
microlocal properties of fully non linear equations, by means of the linearization
techniques introduced by M. Beals and M.C. Reeds in [1] and well described in
[11], [3]. Namely, consider the non linear equation

F((ﬂ, aau)ael = 07 (11)
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where F(x,() € C®(R™ x CV) for suitable positive integer N, and Z is a bounded
subset of multi-indices in Z . After the linearization obtained by differentiating
with respect to the xj variable:

Z (2,0%U) ., 0% 0y, u = _%(x,aﬁu)w, (1.2)

aEI

we reduce the study of (1.1) to the following linear equation

Zaa )0%u; = fi(x), uj = 0s;u, (1.3)

a€l

where the coefficients a, () and the forcing term f;(z) are clearly non smooth, but
their regularity depends on w itself. Precisely here we are considering the regularity
of solutions to (1.1) in the framework of quasi-homogeneous Besov spaces BOo s
which are introduced in Section 2, by means of a suitable decomposition of R i
anisotropic dyadic crowns.

In §3 pseudodifferential operators and symbol classes are defined and in §4 we
introduce the microlocal properties of Besov type B2, for pseudodifferential
operators with smooth symbols; obtained in [8]. Such results apply in §5 to the
study of the microlocal regularity for solution to equations of type (1.3), with
coefficients of Besov type and, in the last section, to quasi-linear and fully non
linear equations.

2. Quasi-homogeneous Besov spaces

In the following M = (mg,...,m,) is a weight vector with positive integer com-
ponents, such that min m; =1 and
<jsn
n 2
2 .
=D ™|, EeR” (2.1)
j=1
is called quasi-homogeneous weight function on R™.
. L 1 1 1 1 noooy
We set m* = 1rélja<xnm], i = (m—l,..., mﬂ), a- g = ijl m—; and
(6)2, := (14 |¢|3,). Clearly the usual euclidean norm |¢| corresponds to the quasi-
homogeneous weight in the case M = (1,...,1).

By easy computations, see e.g. [6] we obtain the following

Proposition 2.1. For any weight vector M there exists a suitable positive constant
C such that

i) 5 <(um < cE™, €eRn,

i) [&+nlu < C(€la +[nlar),  &n e RY;
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iii) (quasi-homogeneity) for any t > 0, |tY/M¢&|y = €| s,
where t'/M¢ = (tl/mlﬁl, e ,tl/m"gn);

iv) £70°M7|¢|y < C, ’7<§>1 “ M, for any «a,v € Z and & # 0.

For t > 0, h > —1 integer, we introduce the notations: T = tmL .t
h
and tﬁf = (tmfl, . ,tﬁfn).
In the following 4(¢) = Fu(é) = [e ®u(z)dr stands for both the Fourier
transform of u € S(R™) and its extension to S’'(R™).

Proposition 2.2. Consider v € L*(R"), R > 0, such that suppa C BY :=
{€eR"; |&|m < R}. Then for any o € Z7 there exists co, > 0 independent of
R such that

10°ul| L < ca R [lul| L. (2.2)
Proof. Consider ¢ € C*°(R™) such that supp¢ C B3!, ¢(z) = 1 in BM and set
Or(€) = ¢ (R*ﬁg). Since ¢r(€) = 1 in BY | we obtain a(€) = ¢x(€)a(€). Thus

u =F "1 (¢rt) =F topru=
= (27)""RTM </ (R )0 )dn*U> (2.3)

= (27)""RTM (¢3 (—Rﬁ) * u) € C®(R"),
where F~! denotes the inverse Fourier transform. Moreover
9%u = (2m) " (—1)lel RTrT Re-3r (993 (—Rﬁ) . (2.4)
Then
j0°ulz~ < (2m) " RIT|(929) (=R [l B3 fuf o

= (2m) R [ [(076) (~RAE) | de B o (2.5)

—en |

Proposition 2.3 (Quasi-homogeneous dyadic decomposition). For some K > 1 let
us consider the cut-off function ¢(t) € C§° ([0, +o0]) such that 0 < ¢(t) <1, ¢( )=

1 for0<t< 5%, ¢(t) =0, whent > K. Set now po(€) = ¢ (|27 1/M§|M) (1€lar)
and

O G(m) | dn R [ull poo = caR ¥ |u] oo

O

0 1(&) = o (I€la),  en(§) = o (2_h/M§> forh=0,1,.... (2.6)
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Then for any o,y € Z} a positive constant Cy ~ x exists such that:

suppp_y C C5M .= BY

(2.7)
supp pn C C’,f’M ={eR"; 22"t < ¢y < K21} B> 0;
D (@) =1, forall¢ €R™ (2.8)
h=-—1
€70 op(€)| < Cai2” (@ H)" ¢ eR™ B =—-1,0,.... (2.9)

Moreover for any fized £ € R™ the sum in (2.8) reduces to a finite number of terms,
independent of the choice of & itself.
Setting now for every u € S'(R™)

un = pn(D)u = F~ (pna) (2.10)
we obtain:
Z up =wu, with convergence in S'(R™); (2.11)
h=—1
and, for every integer k > 0 there exists Cy, > 0 such that

1

52hk||uh||Lm < > l0%unllpe < Ce2"luplpe, h=0,1.... (2.12)
k a<]\—14:k

Proof. Tt is trivial to prove (2.7). For every fixed ¢ € R™ we have ¢ (’2_h/M§’M) =

1 for any suitably large integer h; then (2.8), (2.11) follow.

For every integer h > 0 we obtain

€0 ()] = |(27M¢) " (07+70) (27Me )| 27 ) < Gy pe2 M),

where Cy, . x = max [70*"Vpg(n)] is independent of h; thus (2.9) is proved.
n

In order to prove at the end (2.12), let us consider x(§) € C§°(R™) identically
equal to one in a suitable neighborhood of supp ¢o. We can then write

o) =1 Y. xal®) | 90(&), (2.13)
with
Nal€) = <X oo gny, (2.14)

St k(62
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Thus we have:

(&) = wo (277¢) a(e)

Il I
[\3 A
s?
g
g s
~ ~—
Q Q
=<
Q
o
N [\
g| g=
a0
~—— \JP/
<
s 2
—~
~ o
N~—
—
[\
—_
(@)
=

@ ]\l
_ ohk Z Yo (fﬁﬁ) Daup(€).
aqr=k
We have then verified.
2y = 30 2 ((Flva) (240)) + D, (2.16)
o b=k
which in view of the Young inequality and Proposition 2.2 shows (2.12). O

We call the sequences ¢ := {¢p }7° _;, defined in (2.6), and {up};2 _,, defined
in (2.10), respectively quasi-homogeneous partition of unity and quasi-homogeneous
dyadic decomposition of u.

Following the arguments in [12, §10.1] we can introduce now the classes of quasi-
homogeneous Besov functions and state their properties in suitable way.

Definition 2.4. For any s € R and v € §'(R™) we say that u belongs to the
quasi-homogeneous Besov space Bgé{\go if

lull o0 == sup 2% fup|r < oo (2.17)

is satisfied for some quasi-homogeneous partition of unity ¢.

Different choices of the partition of unity ¢ in (2.17) give raise to equivalent
norms, noted by || - || g=n . The space B has Banach structure and when

M =(1,...,1) and s > 0, it is the usual Holder-Zygmund space.

Proposition 2.5. Let us consider a sequence of Schwartz distributions {un}72 _; C
S'(R™) and a constant K > 1 such that supp Gy C C’f’M for any h > —1. Set now

W= 0 up.
The following properties are satisfied:

00,007

sup (2"M|up||pe) <00 = ue BZM,, reR,
h>—1

and (2.18)
[ull grys, < C sup (27 [|unllz~)
: h>—1

where the constant C is independent of the sequence {up}5 .
Whenr > 0, (2.18) is true for all the sequences of Schwartz distributions {up}32

with supp Gy, C Byo™ := BM . = {¢ € R": || < K2M1Y, h=—1,0,....
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Proposition 2.6 (Quasi-homogeneous Meyer multipliers). Consider a family of
smooth functions {my}3>_, such that for any o € Z'} :

0% M| e < Cou2he . (2.19)

s,M

Then the linear operator L = Y"p° | my(x)on(D) maps continuously B into

itself, for any s > 0.

Proof. Consider the quasi-homogeneous partition of unity in Proposition 2.3, with
K =1, and for any h = —1,0,... and T > 2 write:

o}

=3 en ((2’LT)‘ﬁ ) s = f: P (2.20)

k=—1 k=—1
Notice that 7y, _1(6) = ¢ (’(QhT)’ﬁ g’M) i (€), and when h > 0, 7 (€) =

_1
©0 ((2h+kT) M 5) mp(§).
Thus for any u € §’(R™), by setting Myu = Y 5o, mp pup for k> —1, we have:

Lu = Z mpen(D)u = Z mpup = Z My, gUp, = Z M. (2.21)

h=-1 h=-1 k=-1 k=-1
h=—1

Notice now that for any h, k > —1:

lmn kunllLe < ([ kllLoo ||kl Lo
supp mip, 1w, C B + oM < BISM, (2.22)

Supp 1, tn, C C’,ﬁtf +opM e C’,ﬁy, for suitable constants T', K.

Using now (2.12) and (2.19), for any integer I > 0 there exist positive constants
C; > 0 such that

||mh7k||Loo <( Z ||8O‘mh7kHLm2_(h+k)l < CZQ_M. (2.23)

a-ﬁ:l
Thus for any s > 0:

250 |y, pun || oo < 28R Iy, ol Loe llun| Los

(2.24)
< C2#720 Dl || oo < G267 DF ]| oo
Thus for any s > 0,1 > 1 and k > —1, in view of Proposition 2.5, we get
[ Myl gene < CL2CE7DF ] o (2.25)

Then, by choosing I > s, in view of (2.21) and (2.25) we conclude that || Lu|| gs.»

;00

<
Cillull gz, - O
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Theorem 2.7. Consider F € C*°(C) such that F(0) = 0, s > 0. Then, for any
u € B5M  and suitable C = C(F, ||lu||p~), we have:

Flu)e B, and [[F(u)ll goe < Cllul oo (2.26)
Proof. Using the notations in Proposition 2.3 let us define for any integer p > 0,
U,u = U,(D)u, where U,(§) = > ¢n(€). Since F(0) = 0 setting moreover
—1<h<p—1
P_; (&) =0 we can consider the telescopic expansion:
F(Wou) + 3 (F(Upi1u) = F(Wyu) = 3 (F(Upiqu) = F(Wyu) . (2:27)
p=0 p=—1
By means of standard computations we have for any p > 0
1
F(¥piiu) — F(Ppu) = up/ F'(Upu+ tuy,) dt. (2.28)
0
Thus by setting
1
mp(z) = / F'(Vpu + tuy,) dt, (2.29)
0

we obtain F'(u) = 377 | myu, = Lu. It is now sufficient to verify that m,, defined
in (2.29) is a Meyer multiplier.
Without any loss of generality, it is enough to consider m, = G (¥,u), with G =
F’ € C*. Then

0°G (Wpu) = > G (Wyu) (07 Wpu) ... (07 W),

where 1 <¢<lal, 1+ -+ =aand |y >1,j=1,...,q
It follows from the Proposition 2.2 that for any multi-index ;:

107D e < C2PC5 30 Wyl e
Then for a suitable positive constant C' depending on «, G and ||ul|pe:
10°G () || < G220 rtrain) < oorl(ed),
which ends the proof. O

Remark 2.8. Set F(t) = F(t) — F(0), with F € C°(C). Since the constant func-
tions belong to B3, we obtain that for any u € B™,, F(u) fulfills (2.26), for
any s > 0.

3. Quasi-homogeneous symbols

In this section, we recall the definition of some symbol classes which are well
behaved on the quasi-homogeneous structure of the spaces Bgo]‘go Here we just
collect some basic definitions and a few related results, referring the reader to
[6, 8] for a more detailed analysis. Let M = (my,...,m,) be a vector with positive
integer components obeying the assumptions of the previous §2.
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Definition 3.1. For m € R and § € [0,1], S} 5 will be the class of functions
a(z,§) € C°(R™ xR™) such that for all a, 3 € Z'} there exists Cy g > 0 such that:

0502 a(x,€)| < Caple)yy VMHIVUM gy g e R (3.1)
We also set S}} = SJ\”}LO.

For each symbol a € Sjj s, the pseudodifferential operator a(x,D) = Op(a) is
defined on S(R™) by the usual quantization

a(z,D)u = (2m)™" / e Ca(x, )u(€) dé, ue SRM). (3.2)

It is well-known that (3.2) defines a linear bounded operator from S(R"™) to itself.
In the following, we will denote by Op S7; 5 the set of pseudodifferential operators
with symbol in S35 (and set Op Sy} = Op Sy, according to Definition 3.1).
From Proposition 2.1, iv), it is clear that (§)%, € ST}, for every m € R.

For pseudodifferential operators in Op S}; 5, a suitable symbolic calculus is devel-
oped in [8, Propositions 2.3-2.5] under the restriction § < n}b*; in particular the

composition a(x, D)b(z, D) of two operators a(z, D) € Op Sil.6: b(xz, D) € Op SA"}:J

m+m'

belongs to Op SM,(; , for all m,m" € R as long as § < —=.

The analysis of linear partial differential equations with rough coefficients needs
the introduction of non smooth symbols studied in [8]. We recall the definitions
and the main properties.

Definition 3.2. For r > 0, m € Rand ¢ € [0,1], BR, S7; 5 is the set of measurable
functions a(x,§) such that for every a € Z7}

02 a(z, &) < Ca(@)y M, ¥, € € RY; (3.3)
102 a(-, &)l g, < Cale)yy *VMH, e eR™, (3.4)

As in the case of smooth symbols, we set for brevity BQ%OSﬁ = B&%OSA”}LO.

Theorem 3.3. If r > 0, m € R, 6 € [0,1] and a(z,§) € ng}gosg%, then for all
s €](6—1)r, 7]

a(z, D) : Biig’M — Bio{‘io (3.5)

is a linear continuous operator.
If in addition § < 1, then the mapping property (3.5) is still true for s =r.

Since the inclusion Sy} 5 C B&J,V;Sﬂyé is true for all » > 0, a straightforward
consequence of Theorem 3.3 is the following

Corollary 3.4. If a € Sy 5, for m € R and & € [0,1], then (3.5) is true for all
seR.If6=1, (3.5) is true for all s > 0.
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4. Microlocal properties

In this section we review some known microlocal tools and properties concerning
the pseudodifferential operators introduced above. For the proofs of the results
collected below, the reader is addressed to [8]. In the sequel, we will set T°R"™ :=
R™ x (R™\ {0}), and M = (my,...,m,) will be a vector under the assumptions
of §2.

Definition 4.1. We say that a set I'y; C R™ \ {0} is M —conic, if
cely = t'YMecely, Vi>0.

Definition 4.2. A symbol a € S} ; is microlocally M —elliptic at (zo,&) € T°R"
if there exist an open neighborhood U of zy and an M —conic open neighborhood
T'ps of & such that for ¢g > 0, pg > 0:

la(z,8)| = co(©)hr, V(2,€) €U XDy [€l > po. (4.1)
Moreover the characteristic set of a € Sp} 5 is Char(a) C T°R" defined by

(z0,&0) € T°R™\ Char(a) < a is microlocally M-elliptic at (xg,&). (4.2)

Definition 4.3. We say that a € S'(R™) is microlocally regularizing on U x T'ps if
aj uxry € C%(U xT'yr) and for every m > 0 and all a, 3 € Z} a positive constant
Cm,a,p > 0 exists in such a way that:

0807 a(2,€)| < Cmap(L+1E)™™, V(2,6 €U xTy. (4.3)

Proposition 4.4. (Microlocal parametrix). Assume that 0 < § < 1/m*. Then a €
Sit.s s microlocally M —elliptic at (z0,&0) € T°R™ if and only if there exist symbols
b,c € Sﬂg such that

a(z,D)b(x,D) =1 +r(x,D) and c(x,D)a(x,D)=1+1l(x,D), (4.4)
being I the identity operator and the symbols r(x,€), I(xz, &) microlocally regulariz-
ing at (2o, &o)-
Definition 4.5. For (z0,&) € T°R", s € R, we define mcl B (20,&) as the set
of u € §'(R™) such that:

$(D)(pu) € BL (4.5)

where ¢ € C§°(R™) is identically one in a neighborhood of zo, ¥(£) € SY, is a
symbol identically one on T'p N {|€|pr > &0}, for 0 < g9 < |&|ar, and finally

Ty € R™\ {0} is an M —conic neighborhood of &.
Under the same assumptions, we also write
(0, 60) & W F e (u).
The set WFpsn (u) C T°R™ is called the BsM —wave front set of u.
We say that a distribution satisfying the previous definition is microlocally in
B3M - at (20, &). Moreover the closed set W Fpys,m (u) is M — conic in the & vari-

00,00

able.
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Finally we say that xzo ¢ B;ol‘go — singsupp (u) if and only if there exists
a function ¢ € CFP(R"™), ¢ = 1 in some open neighborhood of xy, such that
ou € B;o]\go

Proposition 4.6. If u € mclBgé{‘go(:co,fg), with (xg,&) € T°R™, then for any
¢ € Cg°(R™), such that p(xo) # 0, pu € mel BLM (0, &) -

Proposition 4.7. Let w1 be the canonical projection of T°R™ onto R™, m1(x,€) = x.
For every u € S'(R™) and s € R we have:

Bgo]\go — singsupp(u) = m (W Fgsn (u)).

Theorem 4.8. Let a € Sy 5 for 6 € [0,1/m*[, m € R and (z0,80) € T°R". Then
foralls e R

u € mclBgig”o’M(xo,fo) = a(z,D)u e mclngD{V‘[ (0, &0) - (4.6)

o0

Theorem 4.9. Let a € Syj 5, form € R, § € [0,1/m*[, be microlocally M — elliptic
at (xo,&) € T°R™. For s € R assume that v € S'(R™) fulfills a(x,D)u €

mClBgé{VOIO(JI(), &o). Then u € mclBgig’M(xo, &o)-

As a consequence of Theorems 4.8, 4.9, the following holds.
Corollary 4.10. Fora € S} ;, m € R, 6 € [0,1/m*[ and u € S'(R™), the inclusions
WEFpen (a(z, D)u) C WEFpstma(u) C WEpsw (a(z, D)u) U Char(a)  (4.7)

hold true for every s € R.

5. Non regular symbols

In this section, the microlocal regularity results discussed in §4 are applied to
obtain microlocal regularity results for a linear partial differential equation of
quasi-homogeneous order m € N of the form

A(z,D)u := Z ao(z)D% = f(2), (5.1)

a-1/M<m

where D := (—4)!*19* and the coefficients a,, belong to the Besov space BLMof
positive order r. It is clear that A(z, &) = 3,1 /ar<m da(®)E* € BIM S

We assume that A(z, D) is microlocally M—elliptic at a given point (z,&) €
T°R"™; according to Definition 4.2 and the quasi-homogeneity of the norm [£],y,
this means that there exist an open neighborhood U of xg and an open M —conic
neighborhood T’ of &y such that the M —principal symbol of A(x, D) satisfies

A (2,6) = Z aa ()€ £ 0, for(z,&) € U x Ty (5.2)
a-l/M=m

The forcing term f is assumed to be in some B%M  with a suitable order of

00,007

smoothness s, microlocally at (zo,&p) (cf. Definition 45)
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Theorem 5.1. Let A(xz,D)u = f be a linear partial differential equation, as in
(5.1), with coefficients in the space BRM. of positive order r. Assume that A(z, D)
is microlocally M-elliptic at (x0,&) € T°R™. If f € mclB ™M (20,&) and
uw e BSM for 0 < 6 < 1/m* and (6 —1)r+m < s < r+m, then u €

mclBgé%o (370, fo) .

Remark 5.2. Assuming in (5.1) A(z, D) with coefficients in B2 r > 0, u a

00,00

priori in B5Z 30M for (6 — 1)r +m < s <7+ m, § €]0,1/m*[, we obtain
WFB;O,J\/(; (u) C WFBg;;nO,M (A(a:, D)u) U Char(A) .

Following [11], [7], non smooth symbols in BLM Sy} can be decomposed, for a

given ¢ €]0, 1], into the sum of a smooth symbol in S7} 5 and a non smooth symbol
of lower order. Namely, let ¢ be a fixed C*° function such that ¢(§) = 1 for
(On < 1 and ¢(€) = 0 for (€)pr > 2. For given ¢ > 0 we set ¢(e'/M¢) =
p(et/™igy,. .. et/mng,).
Any symbol a(z, &) € B S}t can be split in

(1(13,5) :a#($7£)+ah(xv§)v (53)

where for some ¢ €]0, 1]

a¥(2,8) == Y (27" Dy )a(w, E)en(6).

h=—1

One can prove the following proposition (see [7, Proposition 3.9] and [11] for the
proof):

Proposition 5.3. If a(z,§) € B&%OSA’}, with r > 0, m € R, and § €]0,1], then
a”(x,€) € Sirs and af(z, &) € B&%OS]’\'/})}T‘S.

Proposition 5.4. Assume that a(x,§) € B&%SA”}, m € R, is microlocally M —elliptic
at (wg,&) € T°R", then for any § €]0,1], a¥(x,&) € Shs is still microlocally
M —elliptic at (xo,&0)-

Proof. The microlocal M —ellipticity of a(z, ) yields the existence of positive con-
stants c¢1, p1 such that

la(z,§)| 2 e (&), when (z,8) € U x I'yy and [€]ar > p1, (5-4)

where U is a suitable open neighborhood of zy and I'j; an open M —conic neigh-
borhood of &. On the other hand, for any pg > 0 we can find a positive integer
ho, which increases together with pg, such that ¢p,(§) = 0 as long as ||y > po
and h = —1,...,hg — 1. We can then write:

@)= ¢ (27" D.) al@. Oen(©). Il >p.  (55)

h=ho
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Set for brevity ¢ (2_h5/M-) = dn ().
By means of (5.5), the Cauchy-Schwarz inequality and [7, Lemma 3.8], when
|€|as > po we can estimate

‘a#(337§) - (l(.%‘,f)|2

- h;l (¢n(Dz) = I) a(z, §)pn(§)
o; ’ h+No

= > 2 (@n(Da)) = 1) alz,§)en(E), (dr(Dz) — I) al, &)¢r(E))

h=ho k=h— N,

2

=:§ihi<wﬂﬂﬁ—DM%O%@%@MADJ—DM%Qwﬂ@»
< 3 S D) - Dal,)li=len(©)
t=—Noh=ho

X[ (pn+t(Dz) — I) al(-, &) || lpn+e(§)]
ND o]
<C? Yy 27 hram (g 6|12
t=—No h=hg 00,00

<02y 2 Ma(, )

h=ho

< C227 o la(, I3

2
M
BLM, B’

where C' denotes different positive constants depending only on d, Ny and r. Since
la(-, &) grar < (€)Y, let us fix py large enough to have C27"0%" < LU (with ¢;
from (5.4)). Then for (z,&) € U x I'ps and |€]as > max {po, p1}

| (2, )] > |a(x, )| — la¥ (2,8) — a(z,&)| > F(E)F; (5.6)

follows and the proof is concluded. O

Proof of Theorem 5.1
Consider now the linear partial differential equation (5.1), with A(x, D) microlo-
cally M —elliptic at (xo,&p). For an arbitrarily fixed § €]0,1/m*[, we split the
symbol A(xz, &) as A(x, &) = A#(z,€) + Ab(z,€), according to Proposition 5.3. In
view of Propositions 5.4, 4.4 there exists a smooth symbol B(z,{) € S}, such
that

B(z,D)A#(x,D) = I + R(z, D),
where R(z, D) is microlocally regularizing at (o, &o).
Applying now B(z, D) to both sides of (5.1), on the left, we obtain:

u = B(x,D)f — R(x,D)u — B(z, D)A*(z, D)u. (5.7)

Assume that f € mcl Bs;7M (29, &) and u € B550M for (5—1)r+m < s < r+m.
Since Af(x,€) € B&%Sﬂ}ré, one can apply Theorem 3.3 and Corollary 3.4 to
find that B(x,D)A%x, D)u € B, : moreover Theorem 4.8 and Corollary 3.4
give B(z, D)f € mel B3 (x0,&) and R(z, D)u € BM, . This shows the result
of Theorem 5.1.
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By means of the argument stated above, we obtain the following general result for
non regular pseudodifferential operators.

Corollary 5.5. For a(z,§) € B&%OSA”}, r >0, u belonging a priori to Bg;gg’M, for
(0—1lr+m<s<r+m,d €]0,1/m*[, we have

WFpgsn (u) € WFgs—m . (a(z, D)u) U Char(a) .

6. Some applications to non linear equations

In this section, we apply the previous results to the study of microlocal proper-
ties for a class of quasi-linear and fully non linear partial differential equation of
weighted elliptic type.
For M = (mq,...,m,), satisfying the assumptions in §2, and a given positive
integer m, let us first consider the quasi-linear equation of quasi-homogeneous
type

Z aa (2, Dﬁu)ﬁq/MgmleaU = f(=), (6.1)

a-l/M<m

where a,(7,() € C®(R" x CV) are given functions of the vectors z € R",
¢ = ((8)p1/m<m—1 € CN and f(z) is a given forcing term. We assume that
the equation (6.1) is microlocally M —elliptic at a given point (zg, &) € T°R™,

meaning that the M —principal symbol A,,(x,&,¢) := > aq(x,{)E* of the
a-1/M<m
differential operator in the left-hand side of the equation satisfies
Am(x,&,¢) #0 for (z,£) € U x Ty, (6.2)

where U is a suitable neighborhood of zy and I'j; a suitable M —conic neighbor-
hood of &.
Under the previous assumptions, we may prove the following

Theorem 6.1. Consider r > 0, 0 < § < ﬁ, o < s < r+m, where 0 =
Orsm = max{(6 — 1)r + m,r +m — 1}. Let u € B m=1M 0 B700M pe g
solution to the equation (6.1), microlocally M—elliptic at (xo,&) € T°R", with
f € meBs M (x9,&). Then u € mel BEM, (x0,&).

Ne o)

Proof. In view of Theorems 3.3 and 2.7, from u € Bg; m=LM it follows that
DPu e BiM  aslong as §-1/M <m — 1, hence aq(-, D’u)g.1/n € BRM,..

Then, since; u e Bg;gg’M, 0<o< ni* and (§ —1)r+m < s < r+m, we can apply

Theorem 5.1 to A(z,£) :== Y. aal(®, DPu)ga/m<m—1£* € BRM ST, which is
a-l/M<m

microlocally M —elliptic at (xg,&p) because of (6.2). This shows the result. O

We observe that if 7§ > 1, then BLIm 1M Bs70rM = Brm=1M gince s —or <
r+m—>~r < r4+m—1.If r > m*, we may always find §* €]0, 1/m*[ such that r§* >
1, the minimum admissible value being §* = % Then the microregularity result
of Theorem 6.1 applies to an arbitrary solution u € Bg; m=LM of the equation
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(6.1) with 0* = 1 (note that o =r +m — 1 when r > m*). We can then state the
following

Corollary 6.2. Forr > m*, r+m—1< s < r+m, let u € ng,g}fl’M be a
solution to the equation (6.1), microlocally M—elliptic at (x9,&) € T°R"™, with
f e meBsT M (xg,&). Then u € mel BEM (x0,&).

00,00 0o
Let us consider now the fully non linear equation
F(JL‘, Do‘u)a.l/MSm = f(.l‘) 5 (63)

where m is a given positive integer, F(z,¢) € C®(R" x CV) is a known function

of z € R", ¢ = ({g)p.1/m<m—1 € CV.
Let the equation (6.3) be microlocally M —elliptic at (zg,&p) € T°R"™, meaning that

the linearized M —principal symbol A,,(z,£,¢) := > é%:(w, €)&™ satisfies
a-1/M=m
oF o
> (@, Q)" #0 for (z,6) € U x Ty, (6.4)
al/M=m aCa

for U a suitable neighborhood of zy and I'y; a suitable M —conic neighborhood of
&o. Under the assumptions above, we may prove the following

Theorem 6.3. Forr > 0,0 < < ni*, assume that u € BQ?O’M, satisfying in

addition

Opyu € BIEm=omM g =1, (6.5)
is a solution to the equation (6.3), microlocally M —elliptic at (x¢,&) € T°R™. If
moreover the forcing term satisfies

3mjf€mClBgé]}go(an§0)a .] = 17"'7”3 (66)
we obtain
O, u € mel BiX M (20,&0), j=1,....n. (6.7)

Proof. For each j =1,...,n, we differentiate (6.3) with respect to z; finding that
Oz;u must solve the linearized equation

OF OF
> ﬁ(x, DPu) g1 ynr<m D0 u = Oy, f — %j(x, DPu) g1 nr<m - (6.8)
al/M<m ¢

From Theorems 3.3 and 2.7, u € Bi 7 yields that %(', DPu) g1 nr<m € BIM,.
Because of the hypotheses (6.5), (6.6), for each j = 1,...,n, Theorem 5.1 applies

to 0z, u, as a solution of the equation (6.8) (which is microlocally M —elliptic at
(x0,&0) in view of (6.4)), taking s = r + m. This proves the result.

O
Lemma 6.4. For every s € R, assume that u,0,,u € Bgoj‘go forallj =1,...,n.
Then u € ng,éém*’M. The same is still true if the Besov spaces B;{‘f{o, ngéém*’M

are replaced by mcl BN, (w0, &), mclBgzéém*’M (x0,&0) at a given point (xg, &) €
T°R™.
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Proof. Let us argue for simplicity in the case of the spaces B;é]}f,fo, the microlocal
case being completely analogous.

In view of Theorem 3.3, that u belongs to BCSXJ{ lém*’M is completely equivalent to

show that (D}}V/[m*u € Bgoj\go By the use of the known properties of the Fourier

transform, we may rewrite (D)}, u in the form

(DY = (D)™ P ST A (D)D),
j=1

where A; (D) is the pseudodifferential operator with symbol (f)}v/[m*_%?mfl

J )
that is
Aar(Dyoi= F7H (@™ 2¢™ %) . j=1m.

Since <§>}\ém*_2§?m’ e Sjl\jm*_l/ " the result follows at once from Corollary

3.4. O

As a straightforward application of the previous lemma, the following consequence
of Theorem 6.3 can be proved.

Corollary 6.5. Under the same assumptions of Theorem 6.3 we have that u €

+mt o, M
melBoa oo’ ™ (20, &0)-

Remark 6.6. We notice that if 76 > 1 then every function u € Bg;ggM automati-
r+m—1/mj;,M

cally satisfies the condition (6.5); indeed one can compute 9,4 € Boo 0o C
Bg;g—r@M being 1/m; < 1 < rd for each j = 1,...,n. As already observed before,

for r > m* we can always find 6* €]0,1/m*[ such that r6* > 1 (it suffices to choose
an arbitrary 6* € [1/r,1/m*[); hence, applying Theorem 6.3 with such a * we con-
clude that if r > m* and the right-hand side f of the equation (6.3) obeys the con-
dition (6.6) at a point (zo,&) € T°R™ then every solution u € B to such an

equation satisfies the condition (6.7); in particular u € melBra. /™ M (4. &).
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