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MICROLOCAL ANALYSIS OF QUASIANALYTIC
GELFAND-SHILOV TYPE ULTRADISTRIBUTIONS

MARCO CAPPIELLO AND RENE SCHULZ

ABSTRACT. We introduce a global wave front set suitable for the
analysis of tempered ultradistributions of quasianalytic Gelfand-
Shilov type. We study the transformation properties of the wave
front set and use them to give microlocal existence results for pull-
backs and products. We further study quasianalytic microlocality
for classes of localization and ultradifferential operators, and prove
microellipticity for differential operators with polynomial coeffi-
cients.

0. INTRODUCTION

In this paper, we establish a global wave front set suitable for the
analysis of tempered ultradistributions of Gelfand-Shilov type. The
problem of finding such a wave front set has a longstanding history,
since several of the methods used to generalize the classical Horman-
der wave front set fail in the quasi-analytic setting. In the following,
we present a brief overview of the problem.

Starting from [19], the analysis of singularities of Schwartz distribu-
tions has been based on the study of their wave front set which has
been applied successfully to the analysis of propagation of singularities
in the theory of partial differential equations. We recall that a distribu-
tion u € D'(R?) is said to be microlocal at a point (zg, &) € R?x (R?\0)
if there exists a cut-off function ¢ supported around zy such that Q/Z)’I\L is
rapidly decaying in a conic neighborhood of &;. The wave front set is
then defined as the set of points (z,&) € R? x (R4 \ 0) where u is not
microlocal. This notion has been soon extended to the analysis of other
types of singularities such as analytic singularities, see e.g. [19, 34], or
local Gevrey s-singularities, cf. [31] and the references therein. For
s > 1 these spaces provide a natural scale of spaces between the real
analytic and smooth functions. For s < 1, however, the local versions
of these spaces are problematic to define due to the lack of compactly
supported functions therein. One is thus led to consider also global
phenomena. The Gelfand-Shilov spaces Sy, defined in [15] combining
Gevrey smoothness with analytic decay, are then the natural functional
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2 M. CAPPIELLO AND R. SCHULZ

setting, being the counterpart to the Schwartz space S of rapidly de-
caying functions in the smooth setting.

Many authors started to study global singularities of tempered dis-
tributions in &'(RY) and introduced several different notions of wave
front sets providing information not only on the local regularity of the
distributions but also on their behavior at infinity. Among them we
recall the scattering wave front set WF., see [24], also known as S-
wave front set WFg, see [12, 13], and the quadratic scattering wave
front set WF ., see [39], which appear as the natural tools to study
the propagation of singularities on manifolds with conical ends. Also
the analytic counterpart of these wave front sets has been defined in
29, 30].

Another notion of global wave front set for tempered distributions
has been introduced in [20]. In this context a distribution u € &'(R?)
is microlocal at a point (zg,&) € T*(R?) \ {(0,0)} if there exists a
Shubin type symbol a(z, £) such that a*(z, D)u € S(RY) and a is non-
characteristic at (g, &), (cf. also [32] for a different characterization of
this set in terms of the Gabor transform). More recently, an equivalent
notion of wave front set, called homogeneous wave front set, has been
defined in [26] in the language of semi-classical analysis. The equiv-
alence between the two wave front sets has been indeed proved only
very recently in [33]. The homogeneous wave front set, as well as its
Gevrey and analytic versions, see [22, 23, 25], has been mainly applied
to study the microlocal smoothing effect for Schrédinger equations.

As previously mentionend, in this paper we are interested in the case
of tempered ultradistributions of Gelfand-Shilov type. For § > 1, the
microlocal analysis in these spaces is straight-forward to generalize.
A notion of scattering wave front set has been introduced in [3] by a
translation of the approach used in [13]. Similarly, the extensions of
the homogeneous wave front set in [22, 23, 25|, encoding Gevrey and
analytic singularities of tempered distributions, can be easily extended
to the elements of the dual space of Sp(R%), 6 > 1.

For 6 < 1, the scattering wave front set cannot be so easily converted,
as the space Sp(R?) lacks compactly supported functions. A first ap-
proach to microlocal analysis in these spaces would be to approximate
cut-off functions as done in the local theory in [19]. However, this
method is technically very involved and yields several different notions
for the case 6 < 1, see [28].

In [20] Hormander proposed a different approach based on the so-called
Fourier-Bros-lagolnitzer (FBI) transform (also known as Bargmann
transform) but he restricted his analysis to the limit case § = 1/2.
On the other hand, recently the spaces Sp(R?) and their duals, have
been widely considered in the literature for 1/2 < 6 < 1, both in the
theory of partial differential equations [1, 2, 20] and in time-frequency
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analysis [10, 17, 35, 36, 37, 38]. In the latter sources, the compatibility
of these spaces with the Bargmann transform has been observed.

For these reasons we consider it promising to state a rigorous mi-

crolocal analysis for quasianalytic tempered ultradistributions. As a
further novelty, due to the relation between the FBI transform and the
short time Fourier transform, we are able to study the properties of
our wave front sets under the action of localization operators. This is
an entirely new feature for this wave front set, as previously microlo-
cal properties of localization operators were only known through their
connection to Weyl pseudodifferential operators.
Our wave front set is modelled similarly to the homogeneous wave
front set in [22, 23, 25, 26], in particular it is defined as a conic set in
R?@\ {(0,0)}. Here we focus mainly on the general properties of this
wave front set and postpone to a future paper the possible applications
to partial differential equations.

The paper is organized as follows. In Section 1 we recall the def-
inition and some basic facts on the Gelfand-Shilov spaces and their
duals and we prove some mapping properties of the FBI transform on
these spaces. In Section 2 we define the global wave front set for tem-
pered ultradistributions and illustrate its behavior under linear sym-
plectic transformations and standard operations such as pullbacks, ten-
sor products, products and convolution. In Section 3 we study the mi-
crolocality properties of the wave front set with respect to localization
operators and to differential and ultradifferential operators. Finally we
prove a microellipticity result for differential operators with polyno-
mial coefficients in analogy with what has been done in [20] in the case
0=1/2.

1. PRELIMINARIES

In the sequel we will use the notation A(x) < B(x) if two maps A
and B from some set X to [0, +o0) fulfill A(z) < CB(x) Vo € X for
some positive constant C' independent of all possible indices involved.

1.1. Gelfand-Shilov functions and ultradistributions. In the fol-
lowing let p,v > 0 with p+v > 1.

Definition 1.1. Let C' > 0. We denote by S/ (R?) the Banach space
of all C*°-functions satisfying
(1.1) sup sup C~1=Wl ()= (BN 7#229° f ()| < oo,

o,BENd zeR4

equipped with the norm given by the lefthand side.
The space of all Gelfand-Shilov functions of indices x, v on R? is then

defined as
SERY) == | 84 (R
C>0
equipped with the inductive limit topology.
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There are other equivalent ways of defining the space S#(R%), cf.
[6, 15]. We list some of them in the following lemma.

Lemma 1.2. Let p > 0,v > 0,u+v > 1. For f € S(RY) the following
conditions are equivalent:

i) f € SHRY).

i1) There exist positive constants C,c such that

0% f(z)] < Cll (e g e RY
iii) There exists € > 0 such that
F@I e,z eR: and |fE S, ceR?

In this paper, we are concerned with the quasianalytic case, i.e.
i < 1. In these spaces, we have additional properties concerning holo-
morphic extensions:

Proposition 1.3. If f € S¥(RY),0 < u < 1,v > 0, then f extends to
an entire analytic function f(x+iy) in C?, which satisfies the following
estimate:

1 1
|f(z+iy)| S e Ty e RY y € RY,
for some d,€ > 0.

Definition 1.4. We denote by (S#)'(R?) the topological dual of S*(R?)
(endowed with the weak topology).

More precisely: a linear form u : S#(R?) — C is in (S*)(R?) if for
every € > (0 there exists a positive constant C. such that

(1.2) [u(f)] S Ce sup e *=Fl(al)™(8)# sup [¢°0° f(z)|

a,BeN z€R4
for every f € St(RY).

1.2. Integral transforms on Gelfand-Shilov spaces.

1.2.1. Fourier transform. Already in [15] it was shown that the Gelfand
-Shilov spaces are invariant under translations and dilations and that
they have the following behaviour under Fourier transforms:

Lemma 1.5. The Fourier transformation maps continuously S*(R?)

into SY(R?) and (S4)'(R?) into (SY)'(R?).

To have full metaplectic invariance, in the sequel we shall restrict
ourselves to the case of y = v =: 0 with % < 0 < 1 and we shall write
Sp(R%), S)(R?) to denote the space S§(RY) and its dual.

There are several other transforms that have good properties with re-
spect to Gelfand-Shilov spaces. One of them is the following Bargmann-
or FBI-transform, stemming from [20]:



1.2.2. FBI-transform with general phases.

Definition 1.6. Let ¢ be a quadratic form in C? x R, ie. p(z,y) =
$(Az,z) + (Bz,y) + 5(Cy,y) with A, B and C complex d X d-matrices
such that A and C' are symmetric. Assume further non-degeneracy
conditions, i.e. det B = det ¢, # 0, and IC = S, > 0.

For u € S;(R?) we denote by

(1.3) Ty (u)(2) = cpluy, e¥0),
the FBI transform with phase ¢ of u. Herein,

Cp =207 (det SC) 74| det B
and the pairing is with respect to the y-variable.

In the sequel we shall denote ®(2) = max(—S¢(z,y)) and by y(2)
the point where such a maximum is attained. We then observe that
y(z) is a linear function of z and that

1

—3p(z,y) = (2) = —((SO)y —y(2)),y — y(2)).

Remark 1.7. The most interesting case is that of the phase
?
<Z5(Z7y) = <Zay> + §’y|27

for which we have ¢, = 257~ . In this case, Ty, turns out to coin-

cide with the inverse Fourier-Laplace transform of v(y) = e 2/ u(y).

Moreover, in this case we have ®(z) = £|S(z)[%.

We now study the properties of the Bargmann transform of tempered
ultradistributions. Let us first recall a classic result, which will be
useful in the sequel: The Bargmann transform takes L?-functions to
entire functions that are L? with respect to a Gaussian measure, the
so-called Bargmann-Fock space. A proof in our context can be found
in [20].

Lemma 1.8. Let ¢ be as in Definition 1.6. Then
(1.4 [ Tt O = ul e

where d\(z) denotes the Lebesgue measure on C. In other words, the
map u — T, u is an isometry from L*(R?) into L2(C?, d\(z)e 223)) N
H(C), where H(C?) denotes the space of entire functions on C°.

The following statement is an analogous version with respect to
Gelfand-Shilov functions and tempered ultradistributions. Similar state-
ments have been proved in [4, 17, 35, 36] for particular phase functions
. Here for our purposes we need to consider the general case. In order
to go immediately to the core of the paper, we address the reader to
the Appendix at the end of the paper for the proof.



6 M. CAPPIELLO AND R. SCHULZ

Theorem 1.9. Let u € S;(RY) and let ¢ be a FBI-phase. Then T,u is
an entire analytic function which satisfies for any o € N? the following
condition:

(15)  Ve>03C. > 0 s.t|0%T,u(z)] < CloHtal? eclol"+20)
Moreover, if u € S(R?), then
(1.6) Je > 0,C >0 s.£.]0°T,u(z)| < ClFal? el 2()

Conversely, if there is an analytic function U satisfying the estimate
in (1.5) (respectively (1.6)), then there exists a unique u € Sy(R?) (re-
spectively u € Sp(RY)) s.t. U = T, u.

Remark 1.10. In the case ¢(z,y) = (z,y) + §[y|*, when u € S3(R?), the
estimate (1.6) takes the form

Tsu(z)] < Ce eI +3R=F 5 e
for some positive constants C| e, cf. also [4, Proposition 2.5].

We note that in the proof of Theorem 1.9 we use the following iden-
tity, which can be seen as an inversion formula:

Lemma 1.11. Let u € S)(R?), f € Sp(R?). Then
(L) (s f) = (T, 00T of) = [ Toulo)T o f(2)e 2" 0an:).
(Cd

1.3. Short-time Fourier transform. The Bargmann or FBI trans-
form is deeply connected to another transform, the short time Fourier
transform (short: STFT). For a broad analysis of this connection, we
refer to [16, 35, 36] in the setting of Gelfand-Shilov and modulation
spaces. In the STFT, we allow more general window functions than
Gaussians. Therefore the holomorphicity properties of the transform
are less prominent.

Definition 1.12. Let g € Sp(R?) \ {0}, the so-called window function.
Then for u € S§(R?) the short time Fourier transform V,(u), is defined
as

Vi 0(e) = oy (50— e ) with 2 = (..

=:kg

In particular, V,,(u) denotes the transform with the standard Gaussian

/4 2

window ¥(y) := 7~ “*e” 7.

Lemma 1.13 (Properties of the STFT). Let h € Sp(R%). Then (see

[35]) Vi, is a continuous mapping from Sp(R?Y) to Sp(R*?) and Sj(RY)
to Sy(R?%) satisfying Vi(u) € Sp(R?*) = u € Sp(RY).



7

For the standard Gaussian window v and the standard phase ¢ we have
the following identity:
(1.8)

e_qD(Xlé(”ig))qu(u)(xg(x +1i)) = 6_#7—;&(“)(_6 —ix) = Vy(u)(z, ).

Furthermore we have the following estimate for changing to another
window g € Sp(R?) (see [16, Lemma 11.3.3]):

(1.9) Voul < 115" (IVagl * [Vaul)

2. THE GLOBAL WAVE FRONT SET ON (GELFAND-SHILOV SPACES

In this section we define the global wave front set for tempered ul-
tradistributions from S)(R?). We shall define it, for clearness sake, first
with respect to a general FBI phase. First of all let us consider the
linear canonical transformation associated to a phase function ¢ and
defined as follows:

X (ya _Soé(ya Z)) - (Za 90/2(97 Z))’
and let X?o = Xy o, where 7y : T*C% — C? is the standard projection.

It is known from [34] that x, is a bijection of T*R? on C*.

Definition 2.1. Let (79, &) € R?**\ {0} = T*R4\ {0} and u € S}j(R?).
We say that (xo, &) ¢ WFgl(u) if there exists an open conic neighbour-
hood T' of x’,(z0,&) and € > 0 such that

(2.1) Tpu(z)| S e "+
holds for every z € T'.

As a consequence of Theorem 1.9 we get the following result.

Corollary 2.2. Let u € S)(R?). Then WFgl(u) =0 iff u € Sp(RY).

Proof. If u € Sp(R?), then WFZI(U) = () since (2.1) holds on all C.
Viceversa, if WFgl(u) = (), by the invertibility of wa we have that for
every z € C? with |z| = 1 there exists a conic neighbourhood of 2z
where the estimate in (1.6) holds. Since the set {z € C¢: |z| = 1} is
compact, then we can find € > 0,C' > 0 such that

(2.2) T u(z)] < Ceele"+2()

for every z € C¢ with |z| > 1. For |2| < 1 the estimate is obviously
satisfied. Then (2.2) holds on C? and this yields u € Sy(R?) by Theo-
rem 1.9. g

Arguing as in [20] it is easy to verify that the set WFgI(u) is inde-

pendent of the choice of ¢. In particular for ¢(y,z) = (z,y) + %|y|* we
have x4 (z,€) = —€ — iz, which gives that a point (o, &) ¢ WFgl(u) if
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and only if there exist a conic neighbourhood I" of (x, &) and € > 0
such that

(2.3) <uy767i<y,é>*%lyfxl2> < Qe+l (z,6) €T,
Equivalently, using (1.8), this can be written in terms of the STFT:
(24)  [Ve(u)(w,§)] < Ce s THED (g ) e T,

Lemma 2.3. Let zy € R?*¢\ {0}, T be an open conic neighbourhood of
2. Let U € C®(R*) satisfy the following conditions

Je, C >0 st |Ulx, &) < Ce == HE) (0 6y e,
Ve,3C. > 0 s.t. |U(z, &) < el HEM)(z ¢y e e,

Let G € %(]de). Then for every open conic neighbourhood I of zy
such that I C I' we have
(2.5)

Je, C >0 st |(G+U)(x, &) < Ce U HE) (p 6y e,

Proof. The proof is done by careful splitting of the convolution integral
with respect to I'. As we already carry out a similar argument in detail
in the later proof of Proposition 2.10, we omit it here. U

The following Lemma states what happens if the Gaussian window
function used in the transform is replaced by another general element
in 81/2 (Rd)

Lemma 2.4. Let u € S)(R?) and let T be a closed cone in T*R? such

that I' N WFgl(u) = (. Then for every g € S12(R?) there exist positive
constants M, m such that

1V, (w)(z, )] < M1+ (z gy eT.

Conversely, in the previous characterization (2.4) of the wave front set
we can replace ¥ by any non-zero window function g € Sy 2(R?) \ {0}.

Proof. By (1.9) we write
Vaul S [Vigl + [Vyul.
Applying Lemma 2.3 yields the assertion. O

The following Proposition asserts that for each possible global wave
front set, there exists a distribution with such singularities. The con-
struction used is similar to the original one for the classical wave front
set in [19] and has first been used in a similar statement for the corner
component of the S-wave front set in [14]. For the Gabor wave front
set, i.e. in the tempered setting, it has been carried out in [33]. Here
we adapt it to the Gelfand-Shilov context.

Proposition 2.5. Let I' € R*\ {0} closed, conic. Then there exists
u € S)(R?) such that WFgl(u) =T.
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Proof. Let (y,n) € R*\ {0} and k € N be fixed. We define for z € R?

1 .
(2.6)  fr(x;y,m) :=exp <—§\x + E*y)? + ik*(x, n>> € Si2(RY).
We may calculate the modulus of its transform:
7)) Ty (filsy,m) (@ +€)| = —ppe SIEHn o2l e
T

As the Ty (fi(+;y,n)) are analytic functions, we can thus conclude that
Ulw +i&y,m) == Ty (ful59,m)
k=1

is an analytic function satisfying (1.5) everywhere, as the sum is boun-
ded on each compactum.
Now take a sequence (y;, n;), dense in 'M S~ and without repetitions
and define .
Uz +i) =Y 279U (x +i&; y;.my),

j=1
which again is an analytic function satisfying the estimate in (1.5).
We thus define u as the unique ultradistribution in Sj(R¢) such that
Tou=U.
If zo ¢ ', we have by a standard scaling inequality for disjoint cones in
an open conic neighbourhood L of XZ)(zO):

VeeL wel: |xg(2) —wl 2 Ixg(2)| + |wl

Recall that for the standard phase we have Xg(:c +i&) = = —ix. We
may thus conclude by (2.7) that on L we have

U303 2 e (3 Ih(e) ~ Kl + o))

=1 k=1

< Zexp (—c(k* +12]) + ©(2))

which proves zp ¢ WFy(u) and thus WFy(u) C I
To prove the opposite inclusion, I' C WFy(u), consider a fixed (y;, n;)-
For that we note that for m # j

(2.8) [ (e7U) (kX (o) w7 )| =5 %,
(2.9) (70 (X (7. 05): Y )| =57 0.

With these identities it is easy to prove that for suitably large k& we
have [U(K*x%(y;,m;))| > 1/2, cf. [33], meaning (y;,7;) € WFZI(U). As
the (y;,n;) are dense in I', and WFZI(U) is a closed set, this concludes
the proof. O

'In case of a finite T take the finite set of points {(y;,7,)} = NS%1.
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2.1. Transformation properties. In this section we list the behavior
of VVFZl under unitary transformations associated with linear symplec-

tomorphisms of T*R¢, cf. [20, Proposition 6.7].

Proposition 2.6. Let u € S)(R?) and let (xo,&) € R*?\ {0}. Then
the following properties hold:
i) Let RY = Rdvtdw,

(U()u Wo, C07 770) € WFZI(U’) A (<07 Wop, —o, 770) € WFgl(fU"Cu)
i1) Let A be a real, symmetric d x d-matriz. Then
(x0,&0) € WFgl(u) & (g, & + Axg) € WFZI (emtAmu> )
i) Given a linear invertible map A on R® and denoted by A its trans-
pose, we have
(w0, &0) € WFp(u) & (A" wo,"A&) € WEFY (A*w),

where A*u(y) = /| detA|u(Ay).
iv) (l‘o,&)) € WF;(’U) =4 ((L’Q, —fo) € WFZI(I_L)

To each linear symplectomorphism x : T*R? — T*R? there exists
an associated unitary transform U : L?(R?*?) — L2(R??), see [20]. As
i) — i) yield the generators of the symplectic group, we get from
Proposition 2.6 the following Corollary:

Corollary 2.7. Let x : T*RY — T*R? linear, symplectic, then
(0,&0) € WFgl(u) < x(w0,&0) € WFgl (Uu),
where U is the unitary transform associated to x.
Remark 2.8. The preceding corollary underlines the usefulness of the

notion of WFgl(u) to describe global propagation of singularities under
Schrodinger equations.

For ultradistributions of the form u(t,-) = F~* <ei52t.7:(uo)> € S)(RY),
ug € S)(R?), we have
(2,€) € WFy(ug) & (2 +1€,€) € WFg(ul(t, -)).

These distributions solve the homogeneous initial value problem for the
Schrodinger equation

{—z’@tu(t, Y+ Ault,)) =0

u=o = up.

The metaplectic invariance of the (Gabor) wave front set was used in
8] to study more general Schrodinger operators. We note however that
the counter-example of [9, Proposition 4.1] limits the class of interesting
operators in the super-exponential setting. For more on propagation
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of these singularities under Schrodinger operators in various functional
settings consider [22, 23, 25, 26].

2.2. Behaviour under operations. In the following we will study
the behaviour of WFZI(U) under operations such as pull-backs, tensor
products, etc. For that, we first introduce a notion of continuity on the
space of distributions with wave front set in a given cone. When speak-
ing about continuity in the sequel, we will mean sequential continuity
with respect to the following notion of convergence.

Definition 2.9. Let ' be a closed sub-cone of T*(R%) \ 0. We denote
by S -(R?) the space

Spr(R?) = {u € SH(R")|WFj(u) C T'}
endowed with the following notion of convergence:

Sl
We say that u, — 0 if

(1) un 20,

(2) For all z € I there exists a conic neighbourhood L of x%(2),
C > 0 and € > 0 such that for all n € N, 2/ € L we have
T, (1) ()] < Cueel1+0)

Proposition 2.10. Sy(R?) is dense in Sj(R?).

First let us note that an ultradistribution in S)(R?) satisfies the
estimate in (1.6) for the standard phase ¢ in a cone I 3 x}(z), if and
only if the following short time Fourier transform of w, which differs
from the standard one by only a phase,

(2.10) Vau(z, &) =2 24 (u, e vEale=ul

satisfies on I
(2.11) Vu(z, )] < Ce el +E")

For the proof of Proposition 2.10 we need to understand the transform
of a regularizing pseudodifferential operator acting on a distribution «
via the action of another pseudodifferential operator on Vu. The above
transform enjoys the following identity:

Lemma 2.11. Let a € Sy(R?*), u € S)(R?). Then we have the follow-
ing identity

V (a(y, Dy)u) = a(x, &, Dy, De)V (u),
where a(x,&, x*, &) = a(r — £, 2*) and (2*,£*) denotes the covariable

to (z,§).

Proof. The statement can be verified for u € Sp(R?) by repeating the
computation in [21, Proposition 3.3.1]. The assertion for general u €
Sy(RY) then follows by a density argument. O
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Proof of Proposition 2.10. Let u € Sjp(R?), ie. WFgl(u) Cc I' and

choose ac(x,&) = e 2 e 3P Then a(z,€,e) € Sp(R2) for every
e > 0 and thus also u. := a.(z, D,)u € Sp(R?).

S
It is easy to verify that a.(z, D,)u —> u as € — 0.
It remains to show, that for all (zg,&;) € I'“ we can find a d, Cjs such
that in a conic neighbourhood I'y of (x¢,&y) we have for every € > 0

(2.12) Vue(z, &) < Cse 00041,
To do that, we use

Vue(z, §)| = [V (ac(y, Dy)u) (x,€)]
= |(C’LV8(:L‘7£’ Dm,Dg)VU)(JI,fﬂ

< ’/ ae(w — &, 27)e! T HENE Y u(e!, ) da'dadede”

< €_d/2/a81(x —2', &= &) |Vu(2, &) da'dg’
= Y2 (a1 % V)

In order to estimate the convolution, we split the integral in two parts:
As WFgl(u) C I', we pick an open cone I'y 3 (20, &), such that I'y NI" =
(). We can then pick an intermediate closed cone I'y such that I'; C T'y
and I'y NT = (). We then write, with z = (z,):

Ce 2 (as * [Vul) (2) = Ce~/2 / o7V (w)| duw
I
+C€‘d/2/ e =P | Vy(w)| dw
rs
= [F2 (Z) -+ ]pg (2)
Let us first study Irg. There we have, for z € I'y, due to a standard

scaling estimate for disjoint cones |z — w| 2 |2| + |w| and therefore for
some constants d; > 0

;‘Sl‘z|2 =01

-1 2 2
€§|z7w| < e 2e e 2 |wl

and consequently
I (2)] S e

On T'y, we can assume, due to compactness of I',;1S%~!, that there exist
a single constant d3 > 0 such that

VU('ZU) S e—53|w|1/0‘
Using this, we conclude that

I, (2)] S e %l
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and thus
< ~—d/2 < —d2|2|? —84]2|1/0 < —6|z|1/¢
Vue(z,§)] S e (ac +[Vul) (z) S e +e Se ,
which proves the assertion. U

We now study tensor products and pullbacks of ultradistributions
and their resulting wave front set, following [20].

Proposition 2.12 (Behaviour under tensor products). Given u €
Sy, (R"), v e S (R®) and let

I = ((T1U{0}) x (T2 U{0})) \ {(0,0)}  R*®.
Then u® v € S (RU+%),
Proof. This is a consequence of Ty(u ® v) = Ty(u) @ Ty(v). O

Theorem 2.13 (Behaviour under the pullback by a linear map). Let
A be a linear map R™ — RY. Let ' be a closed cone such that

(2.13) LN A{(0,¢)'A¢ = 0} = 0.

Then the pull-back A* : Sg(R?) — Sp(R™) can be uniquely extended to
a continuous map Sj(R?) — Sy a-r(R™), where

AT = {(2,A)|(Az, &) € T}

Proof. For the purpose of self-containedness, we give a shortened proof
with respect to [20, Proposition 6.15].

Due to Proposition 2.6 it suffices to show this for the maps ¢ : R —
R? y +— (y,0) and 7 : R — RY (z,27) — 2. For the second case, we
can define 7*u = u ® 1.

We are therefore reduced to the case of . Formally, we want to de-
fine (u, f ® d(zq)). In view of Lemma 1.11, we therefore make the
following formal calculation, with the notation ¢ = ¢4 = ¢4_1+ ¢1 and

(Zh sy Rd—1, Zd) = (Zla Zd)7
1) (wu f) = [ TouoT o, @ SO
= [ Tt ST 6, () ca)e 2000 )
cd
= Cy, / Ty (2, 2a)T_g,  f(2)e 201 EN=201GCD N () AN (2y).
Cd-1xC?
Again in light of Lemma 1.11 we consider the expression
(2.15) U(Z') = ¢y, / Ty, u(?, zq)e 221G AN (24).
C

In the situation A = ¢ the condition (2.13) takes the form
WE (u)n{(0,8)]6 = -+ = &1 =0} =0 = (0,...,0,£1) ¢ WFp(u).
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We calculate x4 (0+1(0,...,0,%+1)) = (0,...,0,F1) and conclude that
there exist open cones I'y 3 (0,...,0,+£1) such that T},u satisfies the
estimate in (1.6) on T'y UT_. Using (1.5) and ®y(zy) = 3[S(za)|* we
conclude that the integrand of (2.15) is bounded by

o—elRG) 10— 313 01|/ O40 01 ()

for some ¢ > 0 and any § > 0. Therefore the integral (2.15) converges
for any 2/, and yields an entire function satisfying

Ve > 03C. > 0 s.t. [U(2)] < Coefl# 1426,

We can therefore define A*u as the ultradistribution v € S)(R?1),
granted by Theorem 1.9, such that Ty, v =U.

The estimate for the resulting wave front set follows by careful splitting
of the integral into regions where the integrand satisfies the stronger
estimates (1.6). The continuity is immediate from dominated conver-
gence of the integrals. O

With this notion of pullback and the tensor product it is now pos-
sible to introduce products, convolutions, restrictions and pairings of
tempered ultradistributions.

Corollary 2.14 (Products and convolutions). Let 'y, T'y C T*R4\{0},
s ={(z, &+ n)|(x,§) €Ty and (z,m) € T2} UL UTs.

Then the product of two ultradistributions u € Sy . (R?), v € S 1, (RY)
is well-defined under the assumption that 0 ¢ T's, i.e.

(0,§) €'t = (0, =) ¢ Is.

Under these assumptions, we have the inclusion WFgl(u -v) C Iy
and the product is a continuous mapping Sy (R?) x S (RY) —
Sfl),A*I‘(Rd)7
Similarly, the convolution of two ultradistributions u,v € S (Rd) s
well-defined under the assumption that

(£,0) € WFg(u) = (=£,0) ¢ WFy(v).
We then have the inclusion
WEy (uxv) C {(2+y,§)|(2,€) € WEy(w)n{0} : (y,6) € WEy(u)n{0}}.

Proof. Use Theorem 2.13 and Proposition 2.12 to define the product
of two distributions u and v by (u-v)(z) = §*(u(z) @ v(y)) where § is
the diagonal map = — (x,x).

The statement about convolution follows directly by Fourier transfor-
mation and i) of Proposition 2.6. O

Corollary 2.15 (Pairings of ultradistributions). Under the assumption
that (z,&) € WFgl(u) = (x,—&) ¢ WFEy(v) we can define the pairing
of u and v as the unique continuous extension of the pairing of two test
functions.
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Proof. We define the pairing as the image of F(u-v) under the pull-back
via 0 — R?. O

3. MICROLOCALITY AND MICROELLIPTICITY PROPERTIES

In this section we prove microlocality and microellipticity properties
for some classes of operators with respect to WFZI(U).

3.1. Localization operators. Localization operators, or Anti-Wick
quantized operators, have appeared in many contexts, ranging from
Quantum field theory to signal analysis. Quite recently, localization
operators in the setting of various function spaces have been an active
field of research. For a history and survey on the subject, consider
[7] and the references therein. The function spaces considered include
Bargmann-Fock spaces, modulation spaces with exponential weights
[11, 37] and Gelfand-Shilov spaces [36], in particular quasi-analytic ones
[10], using in particular the good transformation behaviour of these
spaces with respect to the short time Fourier transform. It is therefore
only natural to consider their microlocal properties with respect to
our global wave front set. We will do so in this section, proving a
microlocality result.

Definition 3.1. Let a € Sj(R??). The localization operator AY with
respect to the standard window 1 with symbol a is weakly defined by
(for u, v € Sp(R?)):

(Affu, v) = (a, Vyu - Vyv).

We have already noted that (xg,&) ¢ WF Zl(u) if the short-time
Fourier transform Vyu(x, ) satisfies (2.5) on an open cone I' 3 (z0, &).
We now recall the result of [36, Proposition 5.11], stating that if @ # 1/2
and a € L (R??) satisfies that Ve > 0 there exists C. > 0 such that

loc

(3.1) la(z, €)| < Ceeslal P +EM),

then AY is continuous on both Sp(R?) and S;(R?). We can prove the
following microlocal improvement of this statement.

Theorem 3.2. Let § > 1/2 and AY be a localization operator with
symbol a € L2 (R??) satisfying (3.1). Then we have WFZI(AZU) C
WFgl(u).
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Proof. We estimate Vj,(A%u) in terms of V,u and a as follows:
Vo Ayu(v,m) = VyVi(a- (Vyu)(v,m)

_ /e—év—yl2+i<ym>e—§w—yIQ—i(ﬁ,wa(x’g)un(x’5) drdédy
= /e"y_z;we_}lx_“|2ei<y’"_§>a(x, E)Vypu(z, ) dedédy
= 2d/2/e411|775|26i'“”265<x+”’"5>a(x,§)un(x,§) dxd§
We can conclude that
Vezute ) 5 (% x 0 Yl ) )
Then the assertion follows by applying Lemma 2.3. O

We note that the method of the proof is not limited to the quasian-
alytic case but it can applied also for 6 > 1.

Remark 3.3. We can conclude that if A? is an invertible operator then
we have the equality

WEF? (AYu) = WE (u).

3.2. Ultradifferential operators. In general, localization operators
can have symbols that are not analytic. Motivated by Theorem 1.9
we can instead consider the following class of operators, where the
coefficients are multipliers and partial derivatives appear.

Denote the space of analytic functions h : C* — C satisfying

‘1/9

(3.2) Ve > 03D, > 0 s.t.|h(2)] < D,
by M S?(C9).

Theorem 3.4. Let {h,} be a family of elements of M S°(CY) such that
the constants D, in (3.2) satisfy

! ~|
D’ gl

(3.3) D, < NG

for any € and for some constant D. > 0. Then we can define the
following operator

Au(z) = Z T ha(2) (07T, u)(2)
aeNd

as a continuous map Sy (R?Y) — Sp n(RY).
In particular it fulfills WFZI(Au) C WFZI(U) and maps Sy into itself.
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We can compute the following relations for the transform T,u of
u € Sp(RY) with the standard phase:

ZTpu(z) = T, ((—iy +i0,)u) (2)
0. Tyu(z) = T, ((i0y)u)(z)
Therefore ultradifferential operators with polynomial coefficients can
be understood as a subclass of the operators just considered, if their
coefficients satisfy (3.3). In particular, differential operators with poly-
nomial coefficients are microlocal. For these, we can also get the reverse

wave front set inclusion in terms of the principal symbol of the operator,
known as microellipticity, following [20].

3.2.1. Microellipticity of differential operators. Let P = p(x, D) be a
differential operator with polynomial coefficients. We can write it as

follows
p(x,D) = Z Capt’ D
o]+ B]<m
In the sequel we shall denote by p,,(x, §) the following principal symbol

pm<x> 5) = Z Caﬁxﬂga
o] +18]=m
which is homogeneous of order m in (z, ) and define the characteristic
set of P as follows:

Char(P) = {(x,&) € T*R? : p,,(z,€) = 0}.
We have the following result.

Theorem 3.5. Let u € S)(R?) and let p(x, D)u = f. Then the follow-
ing inclusions hold:

(3.4) WF? (u) C WF%(Pu) U Char(P).

Remark 3.6. We observe that Theorem 3.5 represents a generalization
of Theorem 1.1 in [1] for the case u = v = #. As a matter of fact,
if the operator P is globally elliptic, i.e. Char(P) = (), we obtain
that WFgl(u) = WFgl(Pu). In particular, Corollary 2.2 implies that if
Pu € S@(Rd), then v € Sg(Rd).

Proof of Theorem 3.5. We follow the outline of a proof given in [20]
for the case # = 1/2, which uses the idea from [19] of estimating
|(u, e~ @& =317=v*)| in terms of |(Pu,w)| by constructing an approx-
imate solution for the equation P*w = e~ 1w:8) =3 le—yl®,

Let (x0,&) ¢ WFgl(Pu) U Char(P). By this assumption there exists

a closed conic set I' C T*(R?) such that p,,(x,€) # 0 on I' and there
exist positive constants C, 9 such that

(3.5) ((f, e 8= 3lev2y| < Cro=00al? +el?)
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for any (z,£) € I'. We consider, for fixed (z,&) € I" the equation
(3.6) Py, Dy)wee(y) = et —gle—yl®

where p*(y, D,) denotes the adjoint of P and look for suitable ap-
proximate solutions. For that we turn it into a more standard form
which can then be approximately solved by a Neumann series. Setting
z =y — x, we can re-write the equation (3.6) in the following form

(3.7) p(x+2,D, —&+iz)Wyoe(z) =1,
with ' L
Wee(z) = iz +z,8)+3 2] Wa (T + 2).
Since p,,(y, —n) is the principal symbol of P*, then p*(z+ 2z, —{+iz) —
pm(T+2,€—12) is a polynomial of degree strictly less than m in (x, &, 2).

Moreover, denoting p = \/|z|? + |£|?, we have that, since p,,(z,&) # 0
on I', then there exist positive constants M, c > 0 such that

Ip*(z + 2, =€ +iz)| > cp™
on the set
FC,M = {(ZL’,&, Z) € de : (x7€) € Fap > M7 |Z| < Cp}

In other words, (1/p*)(z + 2z, =€ + iz) behaves like a symbol of order
—m for (z,&, 2z) € T'c . Setting now
(3.8) Goe(2) =p (v + 2, =€ +i2) W, e(2),
the equation (3.7) takes the form
(3.9) Gre(2) = RGLe(2) =1
for some operator R = > R,(z,&,2)D2, where R, is an operator of
la[>0
order —|a| with analytic coefficients on I 5;. Moreover, for z = p(, we
have that
R=>" Ra(z,&p0)p D2
| #0
with | R, (2, p¢)p~ 1ol < Cp=21el.
Let us now consider the equation (3.9). To go further with the proof
we need to study the equation (3.9) for z € C?, that is for y € C¢. A

formal solution for the equation would be given by the Neumann series

> R/1. For N € N, let GY,(z) be the sum of all terms in the series
720
involving derivatives with respect to z of order less or equal than V.
Then we have

Gi\{g(z) — RG:]Z&(Z) =1- egg(z)
rel

Z,

for some functions e, .(z). Let now, as an approximate solution candi-

date for (3.6),
Gﬁg(?/ — )
pr(y, =€ +ily — )
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Then we obtain

* —q Ly
(3.10) P*(y, Dyywye(y) = e 097200 (1 — el (y — ).
Arguing as in [19], we obtain the following estimates:
(3.11) |DSGHE(2) < CNNIPL 8] < N < p?
(312)  |DIERS(:) < CYNMHLEN g <

For every (x,€) € T, |z| < ¢p and with ¢p > 1. Let now y € C°(C?)
such that x(z) =1 for |z]| < ¢/2 and x(z) = 0 for |z| > ¢ and consider

the function
1 GN z
Pe(z) =x (=) e73 neld)
: P p(z+z,—€+iz2)

We observe that

1 1
(3.13)  [hYe(2)] < CNFp M exp (—§|§Rzl2 + 5]%z|2) , z€C

Due to the cut-off function involved, hi\{ ¢ 1s not holomorphic. We now
construct a function hi\f ¢ which shares Gaussian decay such that hi\f ¢

N z¢ 1s holomorphic.
By (3.11) for |3| = 1 the coefficient functions of O .hY, satisty, for
cp/2 < |z| < cp:

0 1 1
14 N < N+ ,—m - 2 T2
(3.14) '8Ejhx’§(z> < CMTpTMexp ( 2[9%2\ + 2\\9z\ >

1 3 1
< O¥ e (3R + J10F - 712
< CN o™ exp —1|§Rz]2+§]%z\2— s
- 4 4 16 )

From the last estimate we obtain that

(3.15) Z/Cd

with x(z) = —3|Rz|*> + 2|Sz|%. Therefore the coefficient functions of
Ohl; are elements of L?(C?% e~"d\). We observe that (z) is plurisub-
harmonic, see [18, Definition 2.6.1]. As 0? = 0, we can apply Theorem
4.4.2 in [18] to the equation dv = OhY,. It therefore admits a solution

ﬁivé(z) such that

,;{(z) d)\(Z) < 20//02Np e csp

hN
0z; * 5

~ (64 2,2
[P O o) 2 dr(e) < GOt
cd
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By the Cauchy’s inequalities we then get
(3.16)

7 ?p? 1 3
|13 (2)] < C"CNpt e T (14]2])  exp (—Z|§RZ|2+Z|32|2), z € C

By construction, the function H)(2) = h).(z)— ﬁiv ¢(#) is holomorphic
on C?¢ because gHﬁg(z) = 0. Moreover, the estimates (3.13) and (3.16)
imply that its restriction on the real domain is in S j2(R?). Then taking
now z =y — x € R% we can write

(3.17) (u,e‘“"f)_%"_w) = (f, 6_i<"£>H]\,]§(' — 1))

+ (e GO (f OB — ) =
—i(- —i(E)—L|—x * —i(-
(Fr e HY (=) + (e Oy, D) (OO HY (=),

To conclude the proof we need to estimate properly the two terms
in the right-hand side of (3.17). Concerning the first one we observe
that since H fc\fg € S1/2(R?), then its short time Fourier transform is in
S1/2(R?%). In particular we have

[V HY (2,6)| < CLCNe?BPHER (4 ¢) € R,

for some constants C; > 0,0 < § < 1 independent of N and where C
is the same constant appearing in the estimates (3.12), (3.11), (3.13),
(3.16). Choosing now N such that

5p? dp?
3.18 — —1<N<—
(3.18) Ce - T Ce’

with p = /|z|? + |£]?, we obtain
Vo H Y (2,€)| < C{eé’f =00% = 190 =e Nl +EP)
Then by the condition (3.5) and by Lemma 2.4 we get

—i(- —i( &)=L —z|?
[ e OO HT (- — )| < [V H (@, )| % [(f, e 0072k
< Cye—tallal /P +IE )
for some positive constants Cy, do and for (z,£) € I'. Now we want to
prove that the second term in the right-hand side of (3.17) is O(e~%#")

for some 03 > 0 uniformly with respect to N. To do this we need to
estimate the function

—7 _1 —w2 *k —1

(3.19) e WAl (y, D) (e I H Y (y — )
and its derivatives. For |y — x| < ¢p/2 we have e‘i<y’§>hi\f£(y —z) =
w)(y — x). Then

—1 —Ly—z? * —1

e vl —zlv=al® _ (y, D,)(e <y’5>H$f£(y—:c))

—i(y,E)— L y—x|? * —i 7
= e WA N (y — 2) + p*(y, Dy)e RN (y — x).
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Now, by (3.12) and (3.18) we have

6p2

e 03N ()| < [eNe(y—a)| < CVNNp 2N <oV < oo

)

since 0 < & < 1, whereas the term p*(y, D,)e @9 hY (y — z) satisfies
a similar bound by (3.16). For |y — x| > ¢p/2, we obviously have
e~ —slv=al® — O(¢=**/8) Moreover, arguing as for (3.14), we obtain
for some v > 0 that

[H ey — 2)| < Coe™ exp (= aly — af?),

and a similar estimate holds for p*(y, Dy)(e "W H Y (y — x)). In con-
clusion, for |y — z| > ¢p/2 we obtain

—1 —Ly—gz? * —1
le (Y,8)—zly—=| P (y, D,)(e (y,€>Hle7§(y )|
< Cye %" exp (= ly —z?).

The estimate of the derivatives of the function (3.19) can be obtained
by estimating the derivatives of its entire extension by Cauchy’s in-
equalities arguing as in the proof of Lemma 4.1. The details are left to
the reader, cf. [20].

O

4. APPENDIX. THE PROOF OF THEOREM 1.9

We can reduce the proof to the case when o = 0 thanks to the
following Lemma, a variant of Cauchy’s inequality.

Lemma 4.1. Let g(z) be an entire function and let zy € C*\ {0}. Let
open conic subsets of C4\ {0} containing z, be denoted by T'. Then the
following conditions are equivalent:

i) A0 Ve > 0 3C. > 0 s.t. |g(z)| < Cef' 2@ v 2T

i) ' Ve > 0 3C. > 0 s.t.|0%g(2)] < ClItLq)f sl 40y, ¢
I ae N

Similarly, the following two conditions are equivalent:

a) 30 3e > 0 3C > 0 s.t. |g(z)| < Ce=H' T2 v 2T

b) A0 Fe > 0 3C > 0 s.t.]0%(2)] < Cloiti)l el +2() v ;¢
I'a e N

Proof. The proof is a variant of a calculation done in [15, Section 5.2].
Let g(z) satisfy i) on an open cone I" and let z € I'. Then, by Cauchy’s
formula we can write

0%g(z) = (2(7);—;)‘1 /835(2) g(a) H(ai — 2) % da,

=1

where we denote by Bs(z) the polydisc of radius d centered in z. For
fixed § we can assume |z| large enough so that Bs(z) C I'. As ®(z) is a
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polynomial in z, Z of degree 2 we can estimate it on 0B;(z) by Taylor’s
formula and Young’s inequality for products:

@(CL) S (I)(Z) + Cl|Z’5 + 0252 S (I)(Z) + 5|Z|1/9 + 0651/(1—6)7
for any € > 0. Then, using i) we can estimate as follows

079(2)| < a! sup |g(a)l
a€0Bs(z)

ol Ce oo a(a)

. L. 1 C 1/(1—0
We now pick 0 = 0y to minimize CT(S“;" e = CO(e, a, §). We have

1-6
do = <‘a|(c$9)> and using Stirling’s formula we obtain

Cle, a,d) < (C) " al?,

which proves estimate ii).
The second part of the lemma follows in complete analogy. O

Proof of Theorem 1.9. Following [20], we can assume A = 0 and RC =
0 in the definition of ¢. By a change of notation this leads to consider
a phase function of the form

oy, z) = (Bz,y) + %<0y,y>7

where B is a non degenerate matrix and C' is positive definite. Let now
u € Sj(RY). We have that for every ¢ > 0 there exists C. > 0 such that

IT,u(2)] < C. sup e 1= 1l(a181)~0 sup ]yﬁD;‘eiW(y’z)L
a,B3€Nd yER4

Now observe that e~ 2(C¥¥) ¢ S1/2(R%) and that
| D 24Cuw)| < plelt1g)1/2¢=3(Cy)
) < !
for some positive constant M. Then we have

|yﬁD;‘€i‘p(y’z)| < |y|lﬁ| Z <a> |(BZ)WeﬁBzay)D;—we—%(cym|

YL«

<opy (04> 1812 — ) 11/262E)-HOG-) 94

<«
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Since # > 1/2 and y(z) is a linear function of z we have that for every
¢’ > 0 there exists C., > 0 such that

2| sup ’y|lﬁle—2 Clu=yEDw=vE) — |2|P sup (Jy + y(z )|)\ﬁ|e—%<0y7y>
yeRd yeRd
< C sup(Jy| + |2])PHle2(Cun) < QIBIFNIEL gLy )0l
y€ERd

Then, taking ¢ > C..C, we obtain (1.5).
Let now u € Sy(R?). We observe that for every a € N¢:

(B2 Tou(z) = (-1 [ =05 (e HOmugy)) dy
Rd

Then, since detB # 0 and # > 1/2, we have by Leibniz and Faa di
Bruno formulas

12T u(z)] < C{O‘H(a!)e@q’(z)/ e~ 20—y w—u() gy,
R4

for every a € N This gives (1.6).

To prove the second part of the Proposition, we need Lemma 1.8. Let
U(z) be an entire function satisfying (1.6) and let u = T;;U, where T}
is the L?-adjoint of T,. Then T,,u = U. Moreover we have

T*U(y) = ¢, / eI 2E ()N (2) € So(RY).
(Cd

As a matter of fact, given o, 3 € N¢ and arguing as in the proof of
(1.5), we have:

\y’BD;‘T* Y)| =cy |y

v [ D IO an )

< Clel Z ( ) — N2yl e W2 e 22U (2) | dA(2)
v<a c?
|
<Gl Z TN
'y<a

/|y|6||z|w|6 2(Cy—y(2))w—y(2)) —alz\l/ecp\( )-

Arguing as before we have that

sup (|y| + |Z|)|6|+|7|e_%<C(y—y(?«’))7y—y(2)>e—a|z 1/0<C’ C«‘oc|+|'y|(ﬁ| )%—%IZWG
y€ER4

Then, we obtain that u € Sy(R?). Finally, if U € H(C?) satisfies (1.5),
then

(u,v) = /(Cd U(2)T,v(z)e 3 d)\(2), v € Sy(RY),
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defines an ultradistribution in S;(R%). Moreover we have T,u = U, cf.
20]. O

ACKNOWLEDGEMENTS

We are grateful to Profs. D. Bahns, E. Cordero, L. Rodino, J. Toft,
P. Wahlberg and 1. Witt for valuable advice and constructive criticism.

This work was supported by the German Research Foundation (Deut-
sche Forschungsgemeinschaft, DFG) through the Institutional Strategy
of the University of Géttingen, in particular through the research train-
ing group GRK 1493 and the Courant Research Center “Higher Order
Structures in Mathematics”. The second author is also grateful for the
support received by the Studienstiftung des Deutschen Volkes and the
German Academic Exchange Service (DAAD), as part of this collab-
oration was funded within the framework of a “DAAD Doktoranden-
stipendium”.

REFERENCES

[1] M. Cappiello, T. Gramchev and L. Rodino, Super-ezponential decay and
holomorphic extensions for semilinear equations with polynomial coefficients,
J. Funct. Anal. 237 (2006), 634-654.

[2] M. Cappiello, T. Gramchev and L. Rodino, Entire extensions and expo-
nential decay for semilinear elliptic equations. J. Anal. Math. 111 (2010),
339-367.

[3] M. Cappiello and L. Rodino, SG-pseudodifferential operators and Gelfand-
Shilov spaces, Rocky Mountain J. Math. 36 (2006) n. 4, 1117-1148.

[4] M. Cappiello, L. Rodino and J. Toft, Radial symmetric elements and the
Bargmann transform. Integral Transforms Spec. Funct. 25 (2014), no. 9,
756-764.

[5] S.Y. Chung and D. Kim, A quasianalytic singular spectrum with respect to
the Denjoy-Carleman class. Nagoya Math. J. 148 (1997), 137-149.

[6] J. Chung, S. Y. Chung and D. Kim, Characterization of the Gelfand-Shilov
spaces via Fourier transforms, Proc. Am. Math. Soc. 124 (1996) n. 7, 2101—
2108.

[7] E. Cordero, K. Grochenig and L. Rodino, Localization Operators and Time-
Frequency Analysis, Harmonic, Wavelet and p-adic analysis, World Scientific
(2007), 83-112.

[8] E. Cordero, F. Nicola and L. Rodino, Propagation of Gabor Wave Front Set
for Schridinger Equations, preprint, 2013, arXiv:1309.0965.

[9] E. Cordero, F. Nicola and L. Rodino, Exponentially sparse representations
of Fourier integral operators, preprint, 2013, arXiv:1301.1599.

[10] E. Cordero, S. Pilipovié, L. Rodino and N. Teofanov, Quasianalytic Gelfand-
Shilov spaces with application to localization operators. Rocky Mountain J.
Math. 40 (2010), no. 4, 1123-1147.

[11] E. Cordero, S. Pilipovi¢, L. Rodino and N. Teofanov, Localization opera-
tors and exponential weights for modulation spaces. Mediterr. J. Math., 2 4
(2005), 381-394.

[12] H. O. Cordes, The technique of pseudodifferential operators. Cambridge
Univ. Press (1995).



[13]

[14]

[25]
[26]
[27]
28]
[20]

[30]

25

S. Coriasco and L. Maniccia, Wave front set at infinity and hyperbolic linear
operators with multiple characteristics, Ann. Global Anal. Geom., 24 (2003),
375-400.

S. Coriasco and R. Schulz, The global wave front set of tempered oscillatory
integrals with inhomogeneous phase functions, J. Fourier Anal. Appl. (2013)
Online First DOT 10.1007/s00041-013-9283-4.

ILM. Gelfand and G.E. Shilov, Generalized functions II, Academic Press,
New York, 1968.

K. Grochenig, Foundations of Time-Frequency Analysis, Birkhduser, Boston,
2001.

K. Grochenig and G. Zimmermann, Spaces of test functions via the STFT,
J. Funct. Spaces Appl. 2, (2004), 25-53.

L. Hormander, An introduction to complex analysis in several variables,
North-Holland /American Elsevier, Amsterdam, London, New York, 1973.
L. Hormander, The Analysis of Linear Partial Differential Operators, Vol.
I, Springer, 1990.

L. Héormander, Quadratic hyperbolic operators, Microlocal Analysis and Ap-
plications, LNM vol. 1495, L. Cattabriga, L. Rodino (Eds.), 118-160, 1991.
A. Martinez, An Introduction to Semiclassical and Microlocal Analysis, Uni-
versitext, Springer, New York, 2002.

A. Martinez, S. Nakamura and V. Sordoni, Analytic smoothing effect for
the Schrodinger equation with long-range perturbation, Comm. Pure Appl.
Math. 59 (2006), 1330-1351.

A. Martinez, S. Nakamura and V. Sordoni, Analytic wave front set for solu-
tions to Schrodinger equations. Adv. Math. 222 (2009), no. 4, 1277-1307.
R. Melrose, Spectral and scattering theory for the Laplacian on asymptot-
ically Fuclidian spaces. In “Spectral and scattering theory”, Sanda 1992.
Lecture Notes in Pure and Appl. Math., 161, Dekker, New York, 85-130
(1994).

R. Mizuhara, Microlocal smoothing effect for the Schrodinger equation in a
Gevrey class, J. Math. Pures Appl. (9) 91 (2009) no. 2, 115-136.

S. Nakamura, Propagation of the homogeneous wave front set for Schridinger
equations, Duke Math. J. 126 (2) (2005), 349-367.

S. Pilipovié¢, Tempered ultradistributions. Boll. Un. Mat. Ital. B 7 2 (1988),
no. 2, 235-251.

S. Pilipovi¢ and J. Toft, On the quasianalytic wave-front set, preprint, 2012,
arxiv:1210.7741.

L. Robbiano and C. Zuily, Microlocal analytic smoothing effect for the
Schrédinger equation. Duke Math. J. 100 (1999), no. 1, 93-129.

L. Robbiano and C. Zuily, Analytic theory for the quadratic scattering wave
front set and application to the Schridinger equation. Astérisque No. 283
(2002).

L. Rodino, Linear partial differential operators and Gevrey spaces, World
Scientific Publishing Co., Inc., River Edge, NJ, 1993.

L. Rodino and P. Wahlberg, The Gabor wave front set, Monatsh. Math. 173
(2014), n. 4, 625-655.

R. Schulz and P. Wahlberg, The equality of the homogeneous and the Gabor
wave front set, arXiv:1304.7608, preprint, 2013.

J. Sjostrand, Singularités analytiques microlocales. Astérisque 95(1982), 1—
166.



26

[35]

[38]
[39]

[40]

M. CAPPIELLO AND R. SCHULZ

N. Teofanov, Ultradistributions and time-frequency analysis. Pseudo-
differential operators and related topics, Oper. Theory Adv. Appl., 164,
Birkh&user, Basel, 2006, 173-192.

J. Toft, The Bargmann transform on modulation and Gelfand-Shilov spaces,
with applications to Toeplitz and pseudo-differential operators, J. Pseudo-
Differ. Oper. Appl., 3 (2) (2012), 145-227.

J. Toft, The range of localization operators and lifting theorems for modula-
tion and Bargmann-Fock spaces, Trans. Amer. Math. Soc. 365 (8) (2013),
4475-4496.

J. Toft, Images of function and distribution spaces under the Bargmann
transform, http://arxiv.org/abs/1409.5238, Preprint 2015.

J. Wunsch, Propagation of singularities and growth for Schrédinger opera-
tors, Duke Math. J. 98 (1999), 137-186.

M. Zworski, Semiclassical analysis. Graduate Studies in Mathematics 138
American Mathematical Society, Providence, RI, 2012. xii4431.

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF TORINO, VIA CARLO AL-
BERTO 10, 10123 TORINO, ITALY.
E-mail address: marco.cappiello@unito.it

LEIBNIZ UNIVERSITAT HANNOVER, INSTITUT FUR ANALYSIS, WELFENPLATZ
1, D-30167 HANNOVER, GERMANY
FE-mail address: rschulz@math.uni-hannover.de



