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Abstract

String theory gives S matrix elements from which is not possible to read any gauge information. Using
factorization we go off shell in the simplest and most naive way and we read which are the vertices suggested
by string. To compare with the associated Effective Field Theory it is natural to use color ordered vertices.
The o’ = 0 color ordered vertices suggested by string theory are more efficient than the usual ones since the
three gluon color ordered vertex has three terms instead of six and the four gluon one has one term instead
of three. They are written in the so called Gervais—Neveu gauge. The full Effective Field Theory is in a
generalization of the Gervais—Neveu gauge with o’ corrections. Moreover a field redefinition is required to
be mapped to the field used by string theory.

We also give an intuitive way of understanding why string choose this gauge in terms of the minimal
number of couplings necessary to reproduce the non-abelian amplitudes starting from color ordered ones.
© 2017 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction and conclusions

String theory is a good candidate for describing all the interactions in Nature, gravity in-
cluded. This happens because in its spectrum there are both massless spin 1 and spin 2 particles.
Nevertheless the presence of these particles does not mean that they can be identified with gauge
bosons and the graviton. This can only be established when interactions are considered. There-
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Fig. 1. The usual Euclidean color ordered vertices vs the ones suggested by string theory. Each tree diagram must be
then multiplied by gN*2 % Tr(Tq, -..Tay) with g the Yang-Mills coupling constant, N the number of legs and 7, the
unitary algebra matrix normalized as in Appendix B.

fore the study and the derivation of effective field theory (EFT) actions (to be understood as 1PI
actions) from string theory is a very well studied subject starting already at the beginning of 70s
([1-5]) and improved in the 80s (see for example [6]) but we want to approach it from a different
point of view.

Usually the aim is to determine the gauge invariant effective field theory (see [7] for a nice
approach).

Our main focus is slightly different since we are not mainly interested in the derivation of EFT
action for gluons but we want to explore in agnostic way which is the gauge fixed EFT suggested
by string theory and the connection between the fields used by string theory and the canonical
ones usually used in defining EFT. Essentially we will derive and extend the gauge proposed in
[8]. Our approach differs from the one used in [9] within the Witten open string field theory [10]
since we use plain old string theory and we are interested in finding the gauge fixing suggested
by it. It differs also from [11] since we try to read the gauge and the fields suggested by string
theory rather than try to verify that the gauge suggested in [8] (or more precisely an extension to
the background field method in the case of [11] as first proposed in [12]) works.

Since all choices made by string theory are clever it is worth trying to read in the most direct
way what it suggests. Actually it turns out that the suggested color ordered vertices by string
theory [8] are more efficient than the usual ones since the three gluon color ordered vertex has
three terms instead of the usual six and the four gluon one has one term instead of the usual
three as shown in Fig. 1. The reason is that the usual color ordered vertices are obtained starting
from the Feynman rules in Feynman gauge and then mimicking string by performing a color
decomposition (see [13,14] and references therein), here we adopt a more radical point of view
and we try to mimick string in all.

Our starting point is to notice that while computing the EFT one is actually using a gauge
fixed EFT action. The gauge fixing is necessary in order to have a well defined propagator and
a well defined propagator is needed in order to compute the S matrix elements which are then
compared with the ones from string theory. This happens because the EFT is a 1-PI action and
the S matrix elements are computed from truncated on shell Green functions.
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Fig. 2. The 4 state string S matrix is given by the sum of the product of two 3 state string amplitudes and a propagator
where the intermediate state i* is not required to be physical.
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Fig. 3. The 5 state string S matrix is given by the sum of the product of three 3 state string amplitudes and two propagators
where the intermediate 3 state string amplitude has two states i *, j* which are not required to be physical.

The S matrix elements of gauge invariant operators are obviously independent on the gauge
fixing but the intermediate steps are not. So one could wonder how it is possible to extract any
information on gauge fixing and fields comparing S matrices. In fact it is not possible. Never-
theless factorization of string amplitudes allows to have a glimpse on how string theory fixes the
gauge since it yields amplitudes with off shell and unphysical states (see [15] for previous work
on how to extend off shell the string amplitudes). For example Fig. 2 shows how it is possible
to obtain a 3 state amplitude with one possibly unphysical state from a factorization of a 4 state
physical one. In the same spirit it is possible to start with a 5 state amplitude and get an amplitude
with one physical state and two possibly not physical ones as shown in Fig. 3.

Using these unphysical amplitudes we can try to understand which gauge fixing is suggested
by string theory in the EFT computations. To find which gauge is chosen by string we have
actually to introduce some other requirements. The reason is the following. The amplitude with
two possibly non-physical states is Fig. 3 is not the full 3 point truncated Green function, i.e.
the 3 vertex. It is only a part of it since Green functions are totally symmetric on the external
legs and the amplitude we get is not. This means that either we compute the full 3 vertex or we
compare with a color ordered vertex.

The first approach is not readily available since the off shell 3 point string partial amplitude
treats in asymmetric way the off shell gluons.' This means that if we want to construct a 3 vertex,
that is required to be totally symmetric in the exchange of gluons, we should sum over all the
permutations of the external states. This would require to reexam the way we are used to do
string computations and it would lead too far away.

We are therefore left with to the latter approach, also for ease of computation. In doing this
partial identification then we introduce an element of arbitrarily. Since each on shell string dia-
gram is cyclically invariant it is the natural to compare with a cyclically invariant color ordered
vertex. It turns out that the 3 string truncated Green function we are dealing with is not cyclically
invariant but it is up to gauge conditions. It follows then that we cannot identify the 3 state string
truncated Green function with the cyclically invariant color ordered vertex but there is a left over,
see eq. (21). This means that we cannot exactly match the naive off shell string amplitudes with
an EFT but we can try to mimic them as close as possible. We are therefore left with the choice
of how to choose the left over. Then the result on the gauge then depends on the assumption on

1 This issue can be probably avoided using the twisted propagator at the price of having a non-canonical propagator
(see [20] and references therein). The issue is under investigation.
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what it means to mimic as close as possible the string truncated Green functions with the EFT
vertices. Obviously we are not obliged to use the suggested gauge and use whichever gauge we
want but trying to mimic as close as possible the string can give useful ideas. Our way of defin-
ing as close as possible is to try to minimize the number of left over terms in the 3 state vertex
and then check that this implies that the number of terms in 4 point color ordered vertex, i.e. the
contact terms, is also minimized. This is what done in this paper.

Using this approach we find that the gauge chosen is an «’ corrected version of the Gervais—
Neveu gauge [8] and that the field chosen by string theory to describe the gluon is not the gauge
field used naturally in EFT but it is connected to it by a field redefinition. This kind of field re-
definition is natural and expected in string field theory but it is a kind of surprise in the plain old
string theory. Since at the end we are comparing partial color ordered S matrix elements we can
also use a gauge fixed EFT expressed using the usual gauge field and the usual Feynman gauge
at the price of having a bigger difference between the vertices suggested by the string and the
ones computed from EFT.

It would also be interesting to consider the color ordered vertices suggested by string theory
in a magnetic background using the techniques developed in [21,22] and compare with the ones
used in [11]. It is very likely that the string suggestion is of a non-commutative nature. Also
considering the superstring could be interesting in order to see whether a field redefinition is
necessary.

The rest of this article is organized as follows. In section 2 we describe in more details the idea
on how to read the vertices and color ordered vertices from string theory and we compare with
the usual approach in determining the EFT. We introduce the color ordered vertices in a slightly
different way as usual (see [13,14] and references therein) since they are introduced as a tool to
mimic string diagrams as close as possible. In section 3 we perform the actual computation of
the 3 color ordered vertex. We discuss how it compares to the most general 3 vector Lagrangian
and the field redefinition which is needed to map the string field to the usual one used in EFT. We
also discuss the string color ordered vertex as result of the minimal information which is needed
to reconstruct the gauge invariant EFT. Finally in section 4 we recover the 4 point color ordered
vertex up to two derivatives and we show that choice performed for the 3 vertex is the one which
minimize the number of terms in this 4 point vertex.

2. The basic idea

In this section we would like to summarize some well known facts and then explain in more
detail the basic idea behind this paper. The first point to quickly review is how factorization works
in the simplest setting and allows to extract string amplitudes where some states are not required
to be physical. Then we review the connection between Lagrangian interactions and Feynman
vertices and we discuss the color ordered vertices (see [13,14] for a different way of introducing
them) which are then used in the rest of the paper for extracting the gauge fixing. Finally we
exemplify the approach with the simplest computation, i.e. the derivation of the propagator or
that is the same the kinetic term.

2.1. Simple factorization

In the old days of string theory the tree amplitude of N open string physical states ¢; (i =
1,...N) was computed as (see Appendix A for conventions)
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This amplitude is cyclically symmetric, i.e. A(¢y,...¢n) = A(dnN, ... d1). In the previous ex-
pression V (x; ¢) is the vertex operator associated to the physical state ¢ of conformal dimension
1, 1¢) =V (x =0,¢)|0)sr2,r). This expression roughly corresponds to a truncated Feynman di-
agram associated with a cubic theory and propagator 1 /(L(()X> — 1). Truncated diagram because
the states are on shell and because of this there is not propagator immediately after (before) the
bra(ket) state.

The previous expression gives part of the S matrix and the full S matrix is obtained by
summing over all non-cyclically inequivalent permutations after having multiplied the previous
expression for the Chan Paton contribution and having given a color a to all the physical states
¢ — g, explicitly

S(@1.ays - PN.ay) =t A@1ars .- - PN.ay)s (2
where A is the connected truncated Green function

ADr,a,5---PN.ay)

a/N—3

= K CON({V Z A(¢0(l),tlo(1)’ . -¢O’(N),ag(/v)) tr(TaU(l)...TaU(N))a (3)

non-cyclical perm.s o

where the factor o’V =3 can be reabsorbed into the definition of the tree amplitude normaliza-

tion Cy [17] and the vertex normalization Ny but we prefer to make it clear since it makes the
propagator canonical.”
The previous amplitude (1) can be recast in a more modern form by writing the propagator in
. X)_ . . .
an integral form 1/ (L(()X) —-1= fol dy y"0 =2 and then moving all the terms involving L(()X) to
the right and changing integration variables to get a correlator integrated over the moduli space
as

A@1, ... 63)
1 3 XN-2
=fdx3/dx4... / dxn1 (G V (5 )V (k35 63) ... Vxvois dv-Dldn). @)
0

For our purposes we need only the 3 point amplitude with two non-physical states and one
physical which can be readily obtained by factorizing the N =5 amplitude in the old form

A@1, ... ¢5) = {11V (15 $2)—— (X) Vligs) o (X) V(L 6)l3) )
We can now insert four times the partmon of unity
dPk o Oy ey alely L el
L0 (R el B (e + =21 (1 + = (R

2 Explicitly we have with respect to I 17] Chere C‘here 3 and Ny here /\f(t)here /o’ when we consider the different
trace normalizations e (T, Ty) = 2 b While we use the normalization given in eq. (69) which implies x = %
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Fig. 4. The 6 states string § matrix is given by the sum of the product of four 3 states string amplitudes and three
propagators where one of the 3 states vertices involves three i*, j*, k* states which are not required to be physical.
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Fig. 5. The intuitive reason why we label the states in a counterclockwise fashion.

where £ is the dimensionless momentum and |e) is a generic basis element of the string Fock

space which is eigenstate of L(()X) with eigenvalue /o («). These states are normalized as ((B|a) =
8¢, . We then immediately get the mathematical expression corresponding to Fig. 3

1 1
APy, ...¢5) = V(l; —{{a|V (; _— V(l; .
(b1....95) %(@I ( ¢2)Ia)lo(a) — el V( ¢3)|/3)lo(ﬂ) —7 {BIVL: ¢a)lda)

)

In this expression the sub-amplitude with two states which are not necessarily physical is
({a|V (1; ¢3)|B) and corresponds to the part of the Fig. 3 with dotted lines. Notice however that
this amplitude is not cyclically symmetric as the corresponding amplitude with physical states (it
is however actually sufficient to have off shell but transverse states to get cyclicity).

Even more generally starting from a 6 state amplitude is possible to find a 3 state amplitude
where all states are possible unphysical as shown in Fig. 4 and first derived in the seminal paper
[16]. In the rest of the paper we are not going to use this more general vertex and therefore we
do not write its expression.

In the following we depict the string amplitudes mostly as interactions on a disc. On a disc
the states are labeled counterclockwise because this is the natural way of labeling starting from
the intuitive strip picture as shown in Fig. 5 for the three gluon amplitude.

In the case of 3 gluons the string S matrix element can then be depicted as in Fig. 6.

2.2. Usual way of computing the EFT

To compute the gauge invariant EFT we proceed order by order in the number of fields AV,
in power of derivatives 3" and in the YM coupling constant g*. The Lagrangian of order N can
. . - 21 iD—
be written schematically as Liy) = 2o/ b x [~/ 20’ 2Dg]k x [/ 201" x[\/Za”D 1A]N.
Taking in consideration that gs originates efficaciously from cubic vertices in string we have the
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Fig. 6. The 3 gluon string S matrix is given by the sum of the two cyclically inequivalent orderings.

usual relations 3k =27 + N and I = L + k — 1 where I is the number of internal lines. We can
then write L{y] = V2o TP G N=22Lgm AN here L is the number of loops. Since the
Lagrangian is a scalar and we want it to be expressed using gauge invariant field strength (we
do not consider Chern—Simons theories) we need an even number of Lorentz indices and we get
finally Ly = \/TMNM?LL(DA)gN_HzLB" FN.

In the following we are interested in the tree EFT, i.e. L = 0. If we are also only interested to
up (2a’)" then only a finite number of terms are needed since N < %n +2.

The usual procedure for computing the EFT is roughly as follows. Suppose we have computed
the EFT to order N — 1 in the fields and order (2a’)". In order to do so we have fixed a gauge
since in order to compute the S matrix elements with k particles we need the k point Green
functions and they are obtained from 1PI vertices also by joining some of them with inverse
propagators. To compute the next order involving N fields then [6]:

e write down the most general gauge invariant Lagrangian with at least N fields;

e check that all terms are independent;

e consider all the field redefinitions with at most N fields which do not change the S matrix
(see [6] for a discussion for the open string theory) and how these field redefinitions change
the coefficients of the independent terms of the Lagrangian;

e determine which combinations of the coefficients are left invariant by field redefinitions;

e compute a number of S matrix elements with N fields sufficient to determine the independent
combinations of the coefficients

e compare the previous S matrix elements with the corresponding ones from string theory in
order to fix explicitly the independent combinations.

Consider the Euclidean Lagrangian up to N = 4 and (2«’)? orders we have order by order
in N?
D 1 1 ’
Sep1=1(d x;tr[ZF,wF#U-F(ZOl)<+v[2]1DprM D(,Fgﬂ)

+ (2a')2<v[2]2Dng Fuy DDy F,w)] (8)

3 Note that due to Bianchi identity we have [6] tr(Dp Fyy DpFuy) =2tr(DpFpy Do Fop —2Fpo Fpy Fy).) up to
total derivatives.
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+ 02 (311 Fuw Do Fuw Do Fop + 032 Fuw Do Fop Dp Fi

+ i Fuv DoFpp DaFau)] &)
Se4 = /de %IV[(Ea/)z(vm]oFquuxFM Fep + vian Fup Fuo Frp Fro

+ 0412 Fran Fis Fpor Py ) | (10)

As usual there is an ambiguity on how to write the derivative terms since [D,, D, ] ~ F),,. Then
we can also write the gauge fixing Lagrangian

SE of = / dPx ézr(aﬂAu + (2a’)%823MAM + (20/)2*0/2?%%
’ K

83 84
2295 ot
§ &

+%AM32AM]+...>2. (1n)

+ (2a’)D/2[%aMAMaUAU + 80,40, A, + 528, A,8,A, + %BZAMAM

Finally we can consider the field redefinitions. We can consider field redefinitions which do
no change the gauge transformations like

A=A, +rD Fl +... (12)

or we can consider field redefinitions which do change the gauge transformations. If we are
willing to change the gauge transformation then the only constraints are that all terms belong to
the original algebra and that they do no change the S matrix elements. We will see that we need
such more drastic field redefinitions in order to accomplish our program. They are like

Ay =AY+ ") (r10,0,A" ), +120,0,A",)
+ 20 ) P2 (r3[ A, 8p A g1 + 1l A p, 3y A ]+ 15[A 5, 8, A 1) + ... (13)

The usual approach would then continue by finding the coefficients vs which are left un-
changed by field redefinitions and then fix them by comparing the S matrix elements. This
comparison is obviously independent on the gauge fixing.

2.3. The approach and the propagator

Differently from the usual approach the idea we want to implement is first to write blindly the
EFT vertices mimicking the amplitudes with off shell/unphysical states computed from the string.
Then to map these vertices to a gauge fixed EFT and determine the necessary field redefinitions
at the same time.

To see how this work let us consider the propagator, i.e. the case N = 2. From the previous
discussion we know that the propagator is given by

n o n SH1m2
ki, il =y lk2, m2) = ——6; ;.- (14)
L(()X) _ 1 k% k]+k2
It follows then that the N =2 part of the EFT is
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Comparing the previous expression with the EFT expressed using the canonical fields we get at
this order in the number of fields A

1
v =0, i=0,1,2, §=—5, g0=0, ri=rn=0, (16)

and the gauge fixing action, always up to A2

1
SE ).t = f dPx [—E(aﬂAz)z] , (17)

and no field redefinition is needed. In order to describe how we proceed with interaction terms
we have to discuss what happens with Feynman vertices.

2.4. Vertices and color ordered vertices

When we start with a field theory we can compute the Feynman vertices and then compute
Green functions by summing all the corresponding Feynman diagrams. Using these Green func-
tions we can then compute the S matrix elements by using the LSZ reduction formula which
amounts to put on shell the external legs after having truncated the legs.

In general given the part of the EFT action with N fields £y the corresponding Feynman
vertex can have up to N! terms since it is built to be totally symmetric with respect the permuta-
tions of equal fields. For example in the case of the simplest ¢ (x) colorless scalar theory there
is actually only 1 term in the vertex, while in the case of Yang—Mills for N =3 we have 3! =6
terms but for N = 4 we have only %4! = 12 terms.

Consider a generic field ®4(x) with M components A = 1,... M where A stands for both
color and space time indices. Its polarization is then ®4(k). The totally symmetric Euclidean
vertex Viny = Va,..ay (k1 ..., ky) may have N! terms and it is defined by

dPk;
S = /]"[(ZN)DN,VAI (K K By (1) - Dy (), (18)

where the momentum conservation (27)?82 (Y k;) = 85k, is included into the definition of
the vertex.

Because of the way we build the vertices a S matrix element with N fields may have N!
terms only from the vertex V[y]. To these terms we must then add all the others coming from
connecting vertices with fewer legs.

Nevertheless the comparison between open string theory and its EFT can be made easier if we
split the Feynman vertices into cyclically invariant color ordered vertices. This split is shown in
Fig. 7 where the 3 gluon Feynman vertex is written as the sum of two cyclically invariant color
ordered vertices which are pictured with a circle with a direction. Then we can compare one (out
of (N — 1)!) string diagram with the corresponding color ordered Feynman diagram built using
the color ordered color ordered vertices. In the case of the previous example with N = 3 this
means comparing the first string diagram on the rhs in Fig. 6 with the first Feynman sub-diagram
on the rhs in Fig. 7 (or that is the same the second ones in the same figures).

The same result applies when we compare Feynman diagrams involving more than one
vertices. In general to a Feynman diagram build with N3 3 vertices corresponds 23 ordered
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Fig. 8. The two Feynman diagrams of the first line are equal because vertices are totally symmetric under permutations
while the 2 (out of 24 = 16) cyclically symmetric (color ordered) Feynman diagrams in the second line differ.

Feynman diagrams. For example in Fig. 8 we show how a Feynman graph built using the usual 3
vertex can be drawn in many different ways because of the permutation symmetry of the vertex.
Nevertheless using the cyclically symmetric vertex there is only one way of drawing a graph.
When we write all vertices in a Feynman diagram as sum of cyclically symmetric color ordered
vertices and we expand this “product” we get a 1-1 correspondence between these color ordered
Feynman diagrams built using the ordered color ordered vertices and the string color ordered
diagrams.

Fig. 10 shows what happens when we compare the string diagrams of N =4 gluons which
have a pole in the s channel with the corresponding Feynman diagram with a pole in the s
channel.

2.5. Dealing with interaction terms

Since we can compare color ordered string amplitudes with EFT color ordered Feynman dia-
grams built using the cyclically symmetric color ordered vertices, it is natural to try to read the
cyclically invariant Feynman vertices directly from string amplitudes with off shell/non-physical
states which can be obtained from factorization. This can be described in a more precise way. In
the case of N = 3 we can read directly the V[(31123) while for N =4 and greater N we need first to
subtract the poles and then read the contact interactions.

However already for the N = 3 gluons case this does not work exactly. It turns out to be
possible to identify the N = 3 gluon string amplitude with the cyclically symmetric color ordered
vertex up to gauge conditions, i.e. up to terms proportional to € - k as shown in eq. (21).

This difference between the off shell string vertex and the EFT cyclically invariant color
ordered vertex is then at the origin of some contact terms in the quartic (and higher) coupling
because of the Ward identity. Moreover this difference causes a more annoying fact that it is not
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possible to compare off shell color ordered amplitudes but only on shell ones, i.e. pieces of an §
matrix element.* We will discuss this point in section 4.1.

We read therefore the Feynman color ordered vertices as suggested by string theory by mim-
icking it as close as possible with a color ordered vertex. Then we can compute the totally
symmetric Feynman vertices and compare these with the most general gauge fixed action. It
turns out that they cannot be derived directly from a gauge fixed EFT written in terms of the
canonical fields. In fact the resulting vertices are written using fields which are not the ones used
to write the EFT but they are connected by to them by a field redefinition. Obviously one can use
the canonical fields in the EFT but then the EFT vertices differ by more terms with respect to the
string amplitudes.

3. String amplitudes: 3 points

We would now implement in practice what we have discussed in the previous section. In
particular we would like to determine the 3 vertex suggested by string theory and then find the
gauge fixing and the field redefinition necessary to map it to the EFT written the standard field.

3.1. Three gluons amplitude

It is standard matter (see for example [19]) to compute the three photons partial amplitude
once we have given the photon vertex operator

Vix;k,é)=+ié -Bf((x,x)e’lg')?(x’x), (19)

where the hatted quantities are adimensional, for example k = +/2a’k is the adimensional mo-
mentum. We compute the partial amplitude not requiring that the in and out state be on shell or
transverse. The reason is that this is what we see by factoring the 5 point amplitude. The basic
contribution to the truncated Euclidean Green function is then

Aoz = AT, & ko, 0, k5, €5) = (KT, €51 Vi (x = 15 ko, &) |5, €3)
= ((k}. 01e] a1 V(x =15k, &) & - 1]k3. 0)
= ((Ai‘,Oléjk @y 16 (o) + o + o) eFro ket gmhaar &3 ~ai1|123,0)

_ S S Ak Ak oA DX P S AE Y S PRSI NS S
=[—€-érky-€3+€3-€ ks —€]-krér-k3 €3 -ko+ € &3 k2-61]5k

1+1€2+123
(20
o SR U=y~ P S = )
+@T']22@2~]2§ @;' Aik
& ki & kaén k3R iy 1)

where the * means that the corresponding starred quantity may not satisfy the physical conditions.
It is the previous expression properly normalized, i.e. CONO3A1*23* that we want to mimic with
the color ordered vertex of the EFT. Few things are worth noticing. First eq. (20) is antisymmetric
in the exchange of the two non-physical gluons 1 and 3. This makes impossible to interpret it

4 All these problems may perhaps be avoided using the twisted propagator which allows for cyclically invariant vertices
as the CSV vertex [18].
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as a piece of a usual EFT since the Feynman vertices are totally symmetric in the exchange of
gluons. Secondly the last way of writing the partial amplitude Aj+23+ in eq. (21) shows that the
amplitude is cyclically invariant when we use the gauge condition €5 - k3 = 0 for the third state,
i.e. Apxo3+ is cyclically invariant when € is transverse but eventually off shell, since then the
last line vanishes. Obviously it is possible to write an analogous expression where we require the
transversality for the first state € - 121 =0.

Only when all states are physical, i.e. on shell and transverse the amplitude has on shell gauge
invariance, i.e. it is invariant under € — € + k with k2 = 0.

The S matrix element from string theory for non-abelian gluons can then be obtained from
the amplitude as

Az (ky, €urars k2s €unas k3, €usay) = CoNG [A13 17 (Tay Tay Ty) + Az 17 (T, Tay Tay) |
(22)

and it is obtained by taking all states physical, substituting the abelian polarizations €; with
their non-abelian ones é,, and multiplying by the Chan—Paton factors, explicitly in the previous
expression we have

Aoz = A(ky, &, k2, €0y k3, €43), (23)

and there is no summation over the color indices. The full amplitude is depicted in Fig. 6.

Now because of the on shell condition 1212 = 0 it follows that all the momenta k; are parallel as
can be easily seen since on shell ki -k ;7 =0 and we can choose any k in the light cone direction.
Therefore both the amplitude and the S matrix vanish

S123 k1, &urars k2, €103 k3, €3as) = 0. (24)
3.2. The general three gluons up to three derivatives Lagrangian

In order to reconstruct the gauge fixed EFT from the previous $ matrix we write down the most
general Lagrangian with 3 gluons and up to 3 derivatives. From the Lagrangian we deduce the 3
Feynman vertex and then we require that it yields a 3 point S matrix element vanishing on shell.
Besides this constraints we have nevertheless to respect the pole structure of the 4 and higher
point S matrix amplitudes, i.e. given the 4 point S matrix amplitude the result of subtracting the
contribution from the reducible Feynman diagrams obtained by joining two 3 point vertices must
be pole free.”

Nevertheless as discussed in the previous section 2.5 our main idea is to proceed in a different
way and we use the off shell extension C()NO3 Ap=3+ to read the 3 vertex suggested by string
theory for a EFT. However we consider the most general Lagrangian in order to discuss how the
string choice minimizes the number of terms in the 3 and 4 point vertices.

The general cubic effective action with up to three derivatives reads®

5 This requirement is not true when dealing with Green functions as we show in section 4.1 since the stringy off shell
amplitude cannot be interpreted as a piece of a usual Feynman vertex.
6 The easiest way to obtain it is to work in momentum space. The terms with one momentum are immediate to find.
The terms with three momenta fall into two categories either (e - k)3 or (e -€)(e-k)(k-k).
Let us consider the first class. Using cyclicity we have 33 terms €] ki €3 kj €3 -k since i, j, k € {1, 2, 3}. Using
momentum conservation we can consider only 23 terms, i.e. those with i # 1, j #2,1# 3. Then using again cyclicity
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SE[)] =/de %tr[+c18MAUAH A, +c2du Ay Ay Ay
+ 30, A, 0, A; 8,4, +cadpdy Ay Ay Ay
+¢5038y Ay Ay A + c6dy Ay 9,0, Ay Ax
+ 7070 A, Ay A, + 305 A, 0% A, Ay
+¢9d,03 Ay BpAy Ay
+c100%A, 03 A, A;, +e11Ay 328,A, A;,
+c120,A, 0,0, A, A;, 1. (25)

Notice that all these terms give a vanishing 3 point S matrix. This can be more easily looking
at the corresponding Feynman vertex in eqs. (28), (29). In particular it is necessary to remember
that all k; are parallel on shell and hence ¢; - k; = 0.

Interpreting this cubic interaction as coming from a gauge invariant action with a non-linear
gauge fixing as eq. (11) and a field redefinition as in eq. (13) (assuming a canonical kinetic term
which implies go = vp2j1 = vp2p2 = 0) requires’

ci=—ig—2g1, cr2=+ig—2g1,
=+tupp — 282, 4= —v3j0 — 282,
s =—2g3— 0682, c¢6=—283—0g2,
c7=-285—r3—rs, clo=—3v3)0—285—r3—r4+rs,
=3vpE0 — 286 +7r3+r4—71s5,  c11=—286+73+75,
c9g =3vpj0 — 284 — 2rs5,  c12 = —3v310 — 284 + 2rs. (26)

In particular the previous vertex can not become the usual three vertex in the linear Lorentz
gauge unless ¢ = —c1, 3¢3 = —3c4 = cg = c9 = —cj9 = —c12 and ¢s5,6,7,11 = 0. This happens
because the usual three vertex involves the commutator of the algebra elements tr(7,[7}, T,])
which is totally antisymmetric in the exchange of a, b, c. When these conditions are not satisfied
the cubic interaction does not originate from a gauge invariant action with linear gauge fixing
and we must interpret it as originating from a gauge fixed action with non-linear gauge fixing
and a field redefinition.

The previous cubic interaction gives raise to the Euclidean Feynman cubic vertex defined by

dPk; 1
~sew= [ H(2n)D3' vt g (k1 K, Ks) €08 kel (ke (k). @

As discussed in section 2.4 it is convenient to write this cubic vertex as the sum of two cyclically
invariant color ordered vertices as shown in Fig. 7 as

we are left with 4 terms, those with coefficients c3, ... cg in eq. (29). An example of the use of cyclicity is the fact that
the term with (i, j, k) = (2, 3, 2) is equivalent to (i, j, k) = (2, 1, 1).

Now consider the second class. Using cyclicity we have 33 terms like €] - € €3 - k; k; - kj. Again momentum
conservation allows us to consider the cases i, j,/ # 3. They are 6 and are the terms with coefficients c7,...cq2 in
eq. (29).

7 The dependence of coefficients ¢y ...c4 on g and v[3)p can be immediately read by expanding the Lagrangian, the
other requires a little more work.



142 I. Pesando / Nuclear Physics B 918 (2017) 129-161

1
(123)
Vulal,uzaz,usw (k1, k2, k3) = ;[Vm; was m(klv ko, k3) ”’(Tal TazTas)

123
VO ks ko) (T T Toy) |, (28)

where®

V;EII;ZS;L; s eé‘ll 61‘1‘226533 = (+l)[—cl(€al - €q, €ay - ko +cycl) — ca(eq, - €q, €qy - k1 + Cycl)
+3c3 €4, - ko €ay k3 €4y - k1 +3c4 €4y - k3 €4y - k1 €4y - k2
+c5(€qy - ko €ay - ki1 €4y - k1 +cycl) + col€q; - ko €4, - k1 €4, - ko + cycl)
+c7(€a; * €ay €ay - k1 ki 4 cycl) + cg(€q, - €a, €ay - k1 k3 + cycl)
+c9(€q; - €ay €ay - k1 k1 - ko +cycl)
+cro(€q; - €ay €ay k2 k% +cycl) +ci1(€q, - €a, €a; - k2 k% + cycl)
+ci2(€q * €ay €az k2 k1 - K2 +Cy01)]3k1+k2+k3~

(29)

Matching the structure of cyclical color ordered vertex as close as possible to the off shell ampli-
tude (21) gives

c1=-21g, =0,
c3=2v3)0, c4=0,

€5,6,7,8,9,10,11,12 =0

1
= —1 .
81 3 8
1
82=—5vpp. 83= —3g
3
g4 = Ev[s]o, g5=—86=13+T1s5
3
ra =0, rs= Ev[g]o. (30)

A rapid look to eqgs. (26) reveals that these coefficients cannot be reproduced simply using a
gauge fixing and that we therefore need a field redefinition. We find the gauge fixed Lagrangian

1 .
SE [3lgauge fixed = dex ;”’<_2’gaﬂAv AM Ay +2v[3]OaMAv Ay 8AAM>a (31)
the gauge fixing Lagrangian
§ g

Sger= | dP —z(aA £ A,A

Egf / ror uu+’2§ nlp
V310 3v310 v+ 213, 2
= S tuAudoAy £+ S0 ALY Ay = TS (0 A Al ) :
(32)

8 The coefficients 3c3 and 3cyq come from the fact that the corresponding structures are cyclically symmetric. The
different signs from the different momentum powers ik vs (ik)3.
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with & = —% as from eq. (17) and the field redefinition

31)[3]0

Ay =AY +r3[A L, 0,A ]+ 2%

(A, 0,A )1+ ... (33)

If we want to match also the coefficient we need to match the previous color ordered vertex with
CoJ\/'O3A1*23* and set

1
1= —2g=—1CNZ Qa2 1P, 3 =2v30 = —gzcoj\/g /)3 1P, (34)
thus finding the usual result

1
U0 = — 3 (2a)g. (35)

If we do not want to use field redefinition we have more possibilities on the closest possible
vertex has gauge fixed Lagrangian. One possibility is given by the gauge fixed Lagrangian

1 .
SE [3lgauge fixed = /de ;”’(_Z’gaMAv AM A, + 2v[3]Oa/AAv oAy a)LAu

+ 303100 Av [0 Ay, AL]), (36)

and the gauge fixing Lagrangian

p.§ 8 3o 3upsjo 2
SE of :/d x ;tr(auAM g A = A A+ A A +..)
(37
Another possibility is given by the gauge fixed Lagrangian
1 .
SE [31gauge fixed = /de E”’(_ZlgaﬂAv ApAy+ U[S]OF#quAF)»u)’ (38)
and the gauge fixing Lagrangian
2
SE of :/de §tr(auAM —i—l%AMAM +) . (39)
K

3.3. The abelian limit and intuitive explanation of the Gervais—Neveu gauge

Looking to the possible terms in the color ordered vertex V1?3 it is clear that some om them

become exchanged under non-cyclical permutations. For example ¢ and ¢, are exchanged when

1 < 2. In more formal way 05123) = 05213). This means that we can know c§123) if we know

05123) since by exchanging 1 <> 2 we can compute c§213). Therefore célB) is redundant and can

be likely set to zero by choosing a gauge. In facts string theory chooses ¢y = 0 (or equivalently
c1 = 0). It seems that string theory be choosing the minimal number of terms from which we can
reconstruct both the abelian and non-abelian theory. Because of this also the abelian theory has
non-vanishing 3 vertex.
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y~1
U s t
ki€q, ky€q, k1€q, ka€a, kyé€q, lfifag
S T t %ﬁd U )
Y~
kzﬁ(;; v/%;%as ks€q, vlgz?ém kia, vk?’:;az
t U s
ko€qy ‘ ki€q, k1€q, ky€q, k1€q, \ ko€q,
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55

Fig. 9. The six diagrams contributing to the N = 4 amplitude with the indication of the channels to which each diagram
contributes. The horizontal channel is the obvious one from the old way of writing the amplitude. The vertical channel is
the obvious one when using the cyclicity of the amplitude.

4. Four gluons amplitude, propagator and contact terms

The basic partial amplitude (and not correlator since this is already the integrated correlator)

is?

Arazs = Alky, éx; .. ka, &)

P ~ 1 A~ .
= (ki €1l Vx =1 k2, &) —z5—— V(x = 1; k3, éq) lkq, é4). (40)
L& —1

The full S matrix is then obtained from (see Fig. 9)

o
Az = =CoN{ (A1 17 (T Ty Tas Tug) + Avaas 17Ty Ty T Toy)
+[A]342 t}’(Tal Ta3 Ta4 Taz) + A]324 tr(Tal Ta3 Taz Ta4)]
+[A1423 tr(Tal Ta4Ta2 Ta3) + A43 tr(Tal Ta4Ta3 Taz)]]9 (41)

where we substitute the abelian polarizations €; with their non-abelian ones €;,, . In the previous
equation the first line gives poles in the s and u channels, the second to the s and 7 ones and the
last to the ¢ and u ones where we defined

9 Notice that this expression is naive since it is divergent as it stands because of the sum over infinite intermediate
states (this divergence seemed to be well known in 1971, see [20] after eq. (4.40)). This is easily seen in the four tachyons
amplitude fol dx xk3ka (1 — x)k2%3 where the term (1 — x)*2'%3 can be expanded around x = 0 inside the integral and
this gives the s channel poles Nevertheless the infinite summation cannot be exchanged with the integral because the
series is not uniformly convergent.

To give a proper meaning we need to use a regularized propagator as A, (¢) = e~V / (L(()X) — 1) as well as consider
a contribution from the Aj34; amplitude like what happens in string field theory where the infinite sum is naturally
performed. For the time being we do not consider this and take the previous expression as the integral of a correlator
which is well defined.



L. Pesando / Nuclear Physics B 918 (2017) 129-161 145

s=—(ki+hk)’, t=—(k+k), u=—(ki+k). (42)
4.1. Factorizing the N = 4 amplitude on the gluons and constraints on the c; coefficients

In order to discuss how the string minimize the number of terms in the vertices we would now
find the constraints on the constants ¢, 12 which arise in order to cancel the physical poles. In
the following subsection we use these constraints to show that the string solution is minimal in
ensuing that the 4 vertex has the minimal number of terms.

The cancellation of poles can be checked by comparing the ordered string diagrams with a
pole in the s channel (all the other channels would do the same) with the Feynman diagram from
EFT which has a pole in the same s channel. In order to do so we must see which of the six terms
has a pole in the s channel. It is obvious that A1234 and A1243 have such a pole but because of
the cyclicity also A1342 = A2134 and A1432 = A»143 have therefore

a/
A1234 ~550 ;CONS{[AIZM tr(Toy Ty Tay Tay) + Av243 tr (T4, Tay Ty, Tyy) ]

H[A 1342 17 (Tay Tay Tay Tay)1 + [Ara32 17 (Tay Tay Tay Tay) ] + 0(1)}-

(43)
To these ordered diagrams corresponds the Feynman diagram
Lroa2s 132
et <[V kg™ 1T T Ty) + Vi (g™ ko) (T Ty Tiy) |
sbc P(q*)uv
x *2
q
1
(123)
) [V ke k) 1 (T Ty T
(132)
VI (kK)o T Tag) | eliteliity (44)

with k1 +ky +¢* = —g* + k3 + k4 = 0. The request is then that the expressions (43) and (44) have
the same pole. As shown in Fig. 10 and discussed above in section 2.5 the computation can be
simplified since to any ordered string diagram corresponds a piece of the Feynman diagram built
using the cyclically symmetric color ordered vertices. Because of this we only need to compute
the expression graphically depicted in Fig. 11. Then the expression which corresponds to figure
this is given by

’
o
?CONéA1234 tr(Tal Ta2 Ta3 Ta4)

bca;w

1 123
eme“zv,ﬁ1 ) Kk, q*) 17 (Ty, Ty Ty) ———

123
X Vi R k) €S el 1r (1T T )by, (45)

=a’C0NéA1234—[ ”“'GMV(m) (ky, k2, q*)—V(m) (—q*, k3, k4) 6M36M4]8Zki

L1 M25 1 vy U35 14 az ~ag

1
Etr(Tm Ta2 Ta3 Ta4)a (46)
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y’uN 1 t s s
ki€g, V ky€q, ko€gy | ka€q, ki€a, | Ko€qy ki€q, t koeq,
ySNT 4 TS 4 T U— { tt— 4
kQEag %3%3 kleal heag k46a4 %geag k36a3 heaz;
k16a1 k2€a2 k3€a3 k4€a4
_( @/\A + @m* ) Na¥atp ( v\/é + wé)
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Fig. 10. The ordered string diagrams with poles in the s channel and the Feynman diagram with a pole in the same
channel. To any ordered string diagram corresponds a part of the Feynman diagram computed with the ordered Feynman
vertices.

]{?26[12 ]{?46[14 k2€(l,2 k3€a3
S — - NaVaVp
ki€, % €
“ay 3Cas
kl €aq k4€a4

Fig. 11. Single diagram subtraction.

where we have already used the first suggestion which comes from string, i.e. to use the propa-
gator in Feynman gauge.'” We have also used

tr(XT) 8 tr(Ty Y) =k tr(XY) X,Y €u(N). A7)

The pole in the s channel of the string partial amplitude can be exposed by simply inserting
twice the unity at level N = 1 in the string amplitude Aj234 and get

A AL ) A AL
A1234 ~5550 [((kl,ell V(x =1k, )" | lg*) =25 (g% o) V(x =1 k3, é4) lks, é4).

a/q*Z
q*
(48)
Comparing this expression with the EFT one in eq. (45) suggests to set'!
V—CoNG ki, &1 Vx = Ly, &)e™ [§%) = el el2VE™ - (ki ko, q")
VCONG UG o] Ve = Liks. &) ks, &) = V00 (=g ks, k) el el (49)

As discussed in the previous section this is not possible since the string truncated Green function
is not cyclically invariant while the color ordered vertex is, the proper expressions are

10 This does not mean that the gauge fixing is the usual Lorentz gauge but only that the linear part of the gauge fixing is
the usual Lorentz gauge.

I At first sight the choice of ,/ —CO./\/'(;1 seems quite odd and the choice ,/ —I—CO./\/'6t would seem more natural but it is
the proper one when considering the results of the comparison of the 3 vertex 34.
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V=CoNG (1, €11 V (x = 15 ko, &)ty —1167)

= 2V (k) kg + 0(g* ) + 0(g™D)

K1 K25 )
V—CoNG (G o1 V(x = 1; k3, €4) |ka, €4)
=V (=q.ks.ke) €3€li + 0(g" ) + 0(g™), (50)

where the terms in V23 proportional to k| - ky contribute as ¢*> because of momentum
conservation. It is possible to use the previous less restrictive identification since for example

q*+* Vv(lﬁ) e (— q* k3, ka) €hieh; o q* 2 so that the propagator pole is canceled. This happens
because g*H V29— 0 when we take € = g* and the gluon physical, i.e. g> = 0 because of

) Vi 135 ta
gauge invariance.

Finally we get the constraints'”
o) — oy = SC3 7 3cat 365 =3¢ —1CNZ a1 =\ [—CoNE 22 IP. (51)
(2a")

No constraints are obtained on the other coefficients since all of them contribute terms propor-
tional to ¢*2

It is also interesting and consistent with the previous line of thought to consider what happens
when the gluons 1 and 4 are not physical. In this case the difference in eq. (46) must be a sum of
terms proportional to one of the following factors kl , k4, €] - k] Or €4+ k4 since these are vanishing
when the particles are physical. A direct computation reveals that all of these terms are actually
present. This means that the string truncated partially off shell N =4 Green function when
subtracted the Feynman diagrams still has poles. This seems wrong but it is not so. The reason is
that using the naive factorization we cannot compare directly the truncated Green functions since
the N =3 truncated Green functions do not match perfectly between string theory and the usual
EFT. Nevertheless the S matrix elements must match and not only the full S matrix but also the
color ordered sub-pieces.

4.2. Computing the contact terms up to k> order

In order to compute the N = 4 color ordered vertices we need to compute the usual string
amplitude and then expand in momentum powers. We write the basic amplitude as

Araa= [ dy ((ki, &1 V(x = 15 ka, &) y202 V(x = 15 ks, &q) |k, é4)

dy ((ki, & V(x = 1 ka, &) Y2072 V(x = 15 k3, &4) |k, é4)

|
|

1

/dy ki, e1| V(s k. &) y 82 (yi ks, &) vl &4) (52)
0

D—1

12 From these equations and eq. (34) it follows that CON 2 (% )2 and then Ny = 5 and Cy =

1/(2g)2 e’y 20+
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The explicit expression for this contribution to the amplitude is given

1 1 1 1
Alzzs = [ 1——§—-a)C c c
1234 =+ ( >3 2”) ©0.0) T “epC 0o + Za;200

| i 1 c | S 1 c ]
§) 152 @0 a)1—ap 02

(53)

where the coefficients C. .y are given in egs. (88), (84), (80), (82), (86) in Appendix C. In order
to compare with the EFT we need to expand the previous expression in momentum powers,

explicitly we get

u s 1 1
A=+ [ - Ceolo ~ Coalo= +C c
1234 =+ + @0l = Coalw—+ Caole =52 + Co.nle a2

—C0lw —Co2lw + C(0,0>|k0]

u s 1 1
-C --C ~4+cC C —
+[ @oles = Cole—+ Caols ) +Co.nlis -~y

11
+ (_C(2,0)|k0 —C2)lko + C(o,o)Iko) <_§s — Eu)
—Conle —Conle + C(o,o)|kz]

+[ Coolut = Ciomla
ol = Coalp-
—Co0l — Co,2)l + C0,0) s
+ (=Colk = Colz + Co.0)le

7172 " —S
+ (' =T W)Conle) 5
+ (=Cale — Cole + Co.ole

+ W2 =T )Caole) 5

N
B (C(2’°>|k° + (I (1)? - F//(l))C(0,2)|k0) (%)

70132 ” —u 2
—(qmmwura)—ru»qmm0(3)
— (@2 ="MW + D (~Caolo = Conlo +Conleo)

—5 —u
~ Con) 2]
00) 53
+O (K)o (54)
where C(. ,y|¢n stands for the part with » momentum powers in the coefficient C. ).
Since now we are considering the string amplitude for all possible values of the momenta
we must subtract all the Feynman diagrams built with color ordered vertices which have the
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proper color ordering and poles in the same channels of the string amplitude, both s and u for
the amplitude Aj1734. When canceling the poles we get again eqs. (51). The explicit computation
gives at k¥ order

4
o' CoNy A1234l0

V(123) eh3 ha

123
—el1et2v )k kg >|k1 preA Ny q* k3, k)l €lel sy

W15 125 @

s 11 (123) Ll (123 . "
4 1 2 3
— €€ Vo s ks ki g e Vo s (T4 k2 k) €47 €438y 1,

:[_CICZ (€1-€2€3-€4 +€1-€4€2-€3)

1
— - aaaisg. (59)
along with the constraint from pole cancellation
(c1 — e2)? = —CoNE (20/)3 2P, (56)

Notice that the previous expression is cyclically invariant therefore we can interpret it as the
quartic color ordered vertex at order k.

From this expression it is then clear that the choice ¢; = 0 (or ¢; = 0) is the most economical.
This is exactly the choice suggested by the string.

The previous color ordered vertex at order k° then becomes in the gauge suggested by the
string

(1]22314) (k1, ko, k3, ka)|o = +2g {61 - €3 6264}52 ki s (57)

which is the color ordered vertex depicted in Fig. 1.
The quartic vertex at k° order reads in general

Vi1 (k1 ka, k3, ka) |0 =
[ear oo o [ —reatr ({Tuy, Tus} {Tass o))
- %(cl — 217 (Tuy Tay Tas Ta + Tay Tas Ty To) |
+—ea1-ea3ea2~ea4[-—-6162tr({7b1,7b3}{7h2,7}4})
- %(cl — 20?17 (Tuy Toy Tags Toy + Ty Tay Ty Ta) |
+ €a, * €ay €ay * €a [— creatr ({Tay, TagH{ Tays Tan })

1
- S (€1 = 21 (Tuy Tag Tags Tas + Ton Ty Tas o) [ J 5
(58)
The explicit computation at k> order requires
(c1 — c2)(—3c3 + 3cq + 3cs — 3cg) = NG 2y~ 2P (59)

because of pole cancellation and gives
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"CoNE A3l T e gayy (129 (k1. k2, q*)
& CoNg 4123412 g2 L CarCar Vs s e 1,K2,9

(123) P W3 44
XV e (547 k3, ka) €57 €,

k482 ki

K 81V (123)
q*? [65446511 Vi e u(kas K ")

(123) * o
XV s s ("4 K2, k3) eaz2ea33]

k482 ki
1
=1 - 5[61(—304 —¢5+ 2c6) + c2(—3c3 +2¢5 — c6)]
X [€1 - €2 €3 - ka €4 - k3 + 3 terms obtained by cycling (1234) in the
previous term]
1 1
+{ + €1 € 64[ <5(2a’)4_%DCON§) s
1
+ (E(20/)4_%1)C'()./\f61 +cico + 02012> u
1
+ (5(204’)4‘%1)00]\/5‘ +cicn+ c269> t]
+ 1 term obtained by cycling (1234) in the previous term
1 L 41D, rrd | VI S
—§€3~61 € - €4 5(2&) 2 Co./\/o u+ 5(205) 2 CoNO K
LT 41D, rrd
Hte-aea ke k| 2e)2 CoNy + c1(=3cs — ¢5 4 2c6)
+ ca(—3c3 4+ 2¢5 — c6 — 2¢7 + 2¢3 + 2¢10 — 26‘11)]
1 -
+e€1-€€3-kieg- kzg (2()/)4_%DC'()./\/81 +c1(—3cq4 — 5+ 2c6

+2cg —2c11) + ¢2(—3¢c3 +2¢5 — c6 — 2¢7 + 2010)]

Ve eres-kies kzé :(2a/)4—%DCON5‘
+c1(—3c4 — ¢c5 4+ 2c6 — 4c7 — 2cg + 4cg + 2c19
+2c11 —2c¢12) + c2(—3¢3 + 2¢5 — ¢ + 2¢7
+4cg —2c9 —2c10 —4ci1 + 4012)]
te-eres-koes- kzé[(2a’)4_%DCoN6‘
+c1(—3c4 — ¢5 +2c6 — 2¢7 + 2¢38)

+ co(—3c3 4+ 2¢5 — C(,)]
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+ 3*4 terms obtained by cycling (1234) in the previous 4 terms}
+{+61 €36 -kies -k [ - %(20/)4_%1)00/\/3]
ter e kies k3[ - %(20/)4—%000/\/3
—(c1 —c2)(—2¢7+ 9 +2¢10 — 612)]
-+61'6362-k364~k1[—-%(2a54_%DCb/V§
+ (c1 — 2)(+2¢7 — c9 — 2c11 + 612)]]

1
+e€1-€3€p - kzeyq - k3[ — 5(201/)4_%1)&)./\/3]

+ 4 terms obtained by cycling (1234) in the previous 4 terms} 8y k-
(60)

Again the previous result can be interpreted as the N =4 gluon color ordered vertex since it is
cyclically invariant.

Moreover the suggestion of string theory is the more economical since all terms coming from
color ordered vertices vanish when only ¢ and c3 are different from zero. This can also be
understood by the fact that the 3 gluon color ordered vertex suggested by the string has the
minimal contain to cancel the poles in the 4 gluons amplitude.

The previous color ordered vertex at order k% becomes in the gauge suggested by the string

VS ki ka, ks, ka) e = —4a’g2{

r t
+ | €1 - €2 €3€4 + 1 term from cycling (1234)] 7
+| ]’

€1-€3€)-€4|=

i 1-€3€2-€4 )

— +€1-€r€3-kae€q - k3 + 4 terms from cycling (1234)]

+ [ +€1-€3€2 - ka€q - ko + 1 term from cycling (1234)] }‘SZki' (61)

Finally the full the quartic vertex at k> order in string gauge reads
Viglhe =

ajarazas

{ + V(1234) tr (Tal Ta4 Taz’ Ta3 + Tal Ta3 Tﬂz’ Ta4)

+ yUuzs (Ta1 Toy Tay, Tay + Ty 1o, Tay, Ta4)

ajasaraz

+ VAZ 15 (Tay Tay Tags Tay + Tay Tay Tays Tay) }32 K (62)

ajazaqay
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because V1(213234) = V1(4132234). We have also substituted €; — €,,. This expression is by far simpler

than the one obtained in the usual Feynman gauge where a lot of c.s are different from zero in
eq. (60).
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A. Conventions
We write the open string expansion for the dimensionless field X =V2a'X as
N _ 1 4 S -
X (u,u) = E(Xﬁ(u) + X (@) (63)
with

u :eTE+llG GH

and

)A(L(u) =X+ yo —tag In(u) +1 Z O;—nuin

n#0
X (i) = fo — 5o — 1erg In(@) +1 Y 2™ (64)
n#0 n
The commutation relations read
[a#’ a,‘;] =n "’ 5m+n,0- (65)
The mass shell condition reads
1 o0
X
L |phys) = (5ag + Y- ow) phys) = |phys). (66)

n=1

The momentum states are defined as

F0010) = k), (0l R0 = (K| = (—kI. (67)
B. YM conventions
The Euclidean YM Lagrangian reads

1 1
;CE:+EIV(FMVFHV):+ZF;‘:VF;:V’ (68)

since we normalize the generators 7% = T°T as
tr(TaTy) = kbap, [Ta, Tp]l = ifubcTC' (69)

It then follows that ¢tr (T, [Ty, T;]) = ik fupc- We define the field strength of the gauge field A =
Apdxt = AZ T%dx" as
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. 1 v
F:dA—ng/\A:E wdxt A dx
Fuy=0,A, — A, —iglAy, Ayl
F/Ltlv = aMA?z - avAZ + gfabcA,bLAi- (70)

The Lagrangian then becomes

1
L =Ztr(8MAv(8uAv - BVAM)>

i
+ Tgtr<3MAU[AM, AU])

(—ig)?
4k

+ tr([AM, AVIA,, Av]>. 1)

Let us rewrite the cubic interaction term in momentum space

3 D .

d"k; i .

—Sg 1 =— / [1 (271)3 @m)P8P (ky + ky + k3) x frr(ral[nz, Ty D 1148005
i=1

X €q1 1 (k1 )Gazuz (k2)6a3p.3 (k3)

3 D
dPk; 1 -
=/HWSZ/{ X §Tgtr(Ta1[Ta27 Ta3])
i=1 :

X [kt = k32083 pny + (k3 — Koy )8pppuy + (ks — Kpz)8py s 1
X €qyuy (k1 )eazuz (k2)6a3p,3 (k3), (72)
then it follows that

Valulgazuz;@ug (klvk27k3) :V(123) (k17k25k3) + V(IZS) (k17k3»k2)

ajpy,azpup;azmus ajpy,azms;az i

=S4 (T [Ty, Tuy))

X [(k1py — k3108 puapny + (k3; — k20 )Spup s

+ oy — K1)y 1851 (73)

and

—8
v (129 (k1. ko, ks) = =17 (T, Ty Ta)

appy;azjio;az s
X [kt = k3383 p0y + (k3 — K2y )8pp 05
+ (k2py — K130y pp 185 k- (74)

Similarly we write the quartic action as

4
—SE[M) =— / l_[ il Q)PP (ky + ko + k3 + k3)
i1 2P

(—ig)?
X 4 1r([Tay, Tay M Tay s Tay Dy, 1138 palns

K
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X €aypy (kl)eazuz (k2)€a3/,63 (k3)€a4,u4 (k4), (75)

the using the symmetries 1 <> 2,3 <> 4 and (1, 2) < (3, 4) we sum over the remaining 41/23 =3,
Using the previous symmetries we can always set 1 in the first place of the permutation and then
we are left with 1234, 1342 and 1423. So we get

Vaipisazpasas s aapg (k1 k2, k3, k4) =

_ (1234 (1234)
=Varuamasusiasns K0 *2 53, 5a) Vo, aingiann, K1 K3, ke, ko)
+v{2h (k1. kg, k2, k3)

ajjhy;a4qpg;az ;a3 us
2g2
:T I:tr([Tal, Ty Ty s Tag D81 1030patps + tr([Tay s Tayg Ty s Tay DOy (104810013

17 (T, Taa s T D Bpshs P (76)
from which it follows
Vt(llli31f)clzuz;a3us;a4u4 (k1. k2, k3, ka) =
2
= g?”"(Tal Taz Ta3 Ta4)[28m#35u4ﬂ2 - 8#1#25%#4 - 8#1#45M2M3]82k~ (17

C. Details on N = 4 gluons correlator

In this section we do not write the hat explicitly in order to make the notation lighter, i.e. k is
simply written as k.
The direct computation of the correlator gives the following result

1

A3 = —i—/dy C k) ko thy ks
0

1 1 1 1
C=Cp.0+—-Caon+—=Coon+-—Co1n+-——-C02: (78)
00+ Cao+ 5Ce0+ T Con+ G ;7C0

after we write the rational expressions involving y as sum of simple factors, e.g. y/(1 — y) =

1 —1/(1 — y). The different contributions are given as follows.

Terms proportional to y~!:

Caoy=—¢€1-kser-kyesz-kyeq-k3
—€1-kyey-kyez-kaeq k3
— €] -k2€2-k363~k4€4-k3
+e1-kaer-kaes-koes k3
+e1-kaer-kzez-kaes k3
—€1-koey-ksesz-kaeq-ko
—€1-koey-kyesz-kaeq ko

—€1-€)€3-kgeq ko



+ €1
—€
—€
+ €
+ €]
—€
+ €1
+ €
+ €
+e€r-

Cerey-
ceyey -
636
c€4€)
g€ -
kyen -
ke -
kyen -
kyes -

ke -

L. Pesando / Nuclear Physics B 918 (2017) 129-161

kz €4 - k3
k4 €4 k3

k3 €4 - k3

~kzez - kg

k463 ~k4
€3€4 - k3
€4 €3 ~k4
kyes - €4
k363 - €4

kyes-eq

This can be simplified to'?

Cao=+er-
+er-
ter-
+er-
—€
—e
ter-
+ €3

Terms proportional to y

Cp,0)=— €1
—
S
+ €
+ €1
ter-

k3 ANky-€r€3 k3 Nky- €4

kinky-ere3-ki Nky-eq

€2€3

€3€2
- €4€) -

t€3€]

€4 €]

€4 €1

~kp e
kyer -
-€2€3
kyer -

.k2€2.

€2€3

This can be simplified to

Coo=+er-
—e -
e
+er-

krep -

€2€3
€4 €1

€2€3

ki ANky-eq

k1 64~k3
k1 €3 'k4

-k264~k3

~koes - kg

k3 ANkyg- €

—2.

~kqaez-kyeq k3
kzes-kgeq ks
~kyeq k3
kyes - €4

k3 €3 - €4

- €4

kie3-kaeq- ks

-k464~k3
~ko ey - ky

- €4

13 Weuse ey k3 Aky-€x=€1-kzky-€xy—€1-kygks-€ep.
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(79)

(80)

(81)

(82)
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Terms proportional to (1 — y)~!:

Con=—c¢1
— €
+ €1
+ €1
+ €1
— €
— €
+ €1
+ €1
— €
+ €1
+ €1
— €
— €
+ €1
— €
— €
+ €1
— €
— €
+ €
+ €

kyen -
kye -
kyen -
kye -
kye -
kyen -
kye -
kyen -
kye -
kyen -
-€)€3
c€2€3
€367 -
ce3€n -
“€4€)
<€4€)
ke -
kyen -
kyen -
ke -
kyen -

'k262‘

This can be simplified to

Con=—c¢1

— € -

+ €1

— €]

_62.
+e-

_63

kyeq -
k3 e3
- € €3
‘€36 -
€46 -
€€ -
€4€] -

- €4€1 -

k3 €3

-kq €3

ko €;

k3es -
k3es -
kqes
kqe3
k3 €3
k3 €3
k3 €3
kqe3
kqes

k3 e3

‘k264'

'k264'

k3eq -

k3eq -

€3 €4
€3 €4
€4 €3
€4 €3
k3 e3

k3 e3

kie-

‘k2€4'

k3eq -

kyeq -

kyeq -

kyeq -
kyeq -
kyeq -
kyeq -
kyeq -
kyeq -
kyeq -

'k2€4'

k3
k
k
k3

kg
-k
ks
-k
-k
-k
€4

- €4

[ka Nk1] - €3

k3 A ko] - €4

ki
ki

k1 Akq]- €3
[ko A k3] - €3

kyes -

kyep -

k
k3

Terms proportional to (1 — y)~2:

k3
k3
k3
k3
k3
ko
ko
ko
ko
ko

(83)

(84)
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Co2y=+e€1-kaer-kiez-kpeq-ks
+e1-krer-kzez -koes k3
+e1-kser-kzes-kaes-ka
+e€1-kper -k3ez-kpes-ko
—€1-€4€-k3zez-ko
—€1-k3er-e3€4 ko
—€1-k3ey-e3€4 k3
—€1-kyey-e3€4-k3
—€1-krey-e3€4 ko
+ €1 €16 €3 (85)
This can be simplified to
Co2=+¢€1-kser-kiez-kpes-ky
—€1-€4€-kzez ko
—€r-€3€1 -kaeq -kt
+€1-€4€ €3 (86)
Terms proportional to 1:
Co,0=—¢€1-kser-kayes-kyes -k
—€1-k3yey-kyez-kpeqg-ky
—€1-€3€)-kg€q ko
+e1-kzer-eqe3-ky
+e€1-kzer-€q€3-ky
+e1-€3€x €4 (87)
This can be simplified to
Co,0=+¢€1-kzer -kaez-kies-ky
—€1-€3€)-kgeq ko
—€r-€4€1 -k3zez -k
+€1-€3€) €4 (88)

D. Details on the computation of V4

The first step is to compute the color ordered vertices with two on shell legs

123
—6{“6?2 V( )

1 o M(kl,kz,q*) =l{+[0261 ~e2)kiy + [cr€1 - €2]kay

+ [(c1 —c2)er - kilery + [—(c1 — c2)er -kz]ézu}

+l3[+[(—303 +2c5 —cp)er - koea - ki + coer - exky - kalkyy
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+ [(=3c4 — 5+ 2cp)er - kaen - k1 + c12€1 - €2k1 - kalkyy,
+ [(—=2c7 + c9 4+ 2c10 — c12)€e2 - kiky - kalery

+ [(+2c8 — c9 — 2c11 + c12)€r - kaky ‘k2]€2u}52k,- q,

(39)
and
_,(123) e .
Vu; us: m( g~ k3, ka)elP el
=1 {+[02€3 . E4.]k3pv =+ [C]E3 . 64]](4“
+ [(c1 — c2)éa - ksles, + [—(c1 — c2)e3 -k4]64u}
+13{+[(—3C3 +2¢5 — cg)€3 - ka€y - ky + coe€3 - €4k - kalks,
+[(—3c4 — 5+ 2c6)€3 - ka€s - k3 + cio€3 - €4k - kalki,
4+ [(—=2c7 4+ c9 +2c10 — c12)€4 - k3ks - k4]63lt
+ [(+2cg — c9g — 2c11 + c12)€3 - kaks 'k4]€4u}52k,- —— 00)

The computation of the color ordered vertex at k° order is

/ 4
o' CoNy A1234140

w1 pa v (123) (123 ¥ s
—€ € 2VIL1 wa; M(kl’kz q )lkl q*2 v U3 M4( q" k3, ka)lr € 364482’51'

(123) (123)
6”46'“1‘/“4 s M(k47k15q )|k1—VU n2; /’4( q*vkzak:”)lkl GgZE?B(SZki, (91)

and it can be split into three pieces. The first piece contains the pole in the s channel

1
—a’co/\/g‘— [Ca0lpou + 2C(1,0)|k2] 8

i o poyy (123)
€& Vuu Hai i

* 13 M
v e s (C@T k3 k) €3l 8yy,

L > 2
=— E(Cl + )€l €36 - €4, (92)
when the constraint (56) 14

(1 — )% = —CoNE (2a)*~ 1P (93)

is satisfied. The second piece contains the pole in the u channel and can be obtained from the
first one by a cyclic permutation (1234). Finally the third piece come from the string amplitude
without poles, i.e.

Ol/C()./\/'(;lA1234|k0 = C(’C()./\/(;L [—C(z,o) [xo — C0,2)130 + C((),())|ko] 32 3

(201/)3_%D

5 Co./\fé[el~eze3-e4+64-6162~63—61~e362-e4]82ki. (94)

14 The powers of (2a’) come from the fact that k=~2d'k and ¢ = v/ 2d¢.
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Assembling all pieces gives the result (55).
The computation of the color ordered vertex at k> order proceeds in the same way. The first
term is given by the terms with a pole in the s channel

1
ot/CoNé; [C(2,0)|k2“ - 2C(1»0) |k4] 82 k;
iy

(123) (123) 8
_[Vul; o w ks k2, gV, (=47 ks, k4)]|k4elmegzﬁ €€ oy

=— %[C] (=3c4 — c5+2¢6) + c2(—3¢c3 +2¢5 — ¢p)]
X [€1-€r€3-kgeqg-k3y+€3-€4€1-kpep-ki] (95)
when the constraint
(c1 — c2)(—3c3 + 3cq + 3cs — 3cg) = CoNE 2y~ 2P (96)

is satisfied. The second piece contains the pole in the u channel and can be obtained from the first
one by a cyclic permutation (1234). The third piece come from the string amplitude without poles
and from the Feynman diagram obtained from color ordered vertices without poles. Explicitly
we have that the terms of the form (e - €)%k - k are

1 1 i 1 1
{ + S e 6364[ (E(Za/)42DCONé> s+ <§(20l/)42D(30/\/61 +cico + C2Cl2> u
1 1
+ <§(2a’)4‘7DCON5‘ +cicn + czc9> f]

+ 1 term obtained by cycling (1234) in the previous term}

- %63 €1 €264 [(%(20/)450(:0/\/5‘) U+ (%(M)HDCWO“) s] 97)

The terms of the form (¢ - €) (e - k)2 in a canonical form where the indices of the momenta are
taken from the indices of (¢ - €) are

1 1
—i—{—i—e] -€re3-kieq -k E[(Za/)4_7DC0NS +c1(—3cq4 — c5 4+ 2c6)
+ co(—3c3 +2¢5 — cg — 2¢7 + 2c8 + 210 — 2c11)]
1
+e1-€r€3-kiey- kzi[(20/)4_%000/\/6l +c1(—3c4 —c5 4+ 2c6 +2c8 — 2c11)
4+ c3(—3c3 4+ 2¢5 — c6 — 2¢7 + 2C1())]
1 NA—1Dn \ra
+er-€r€3-kieq- kzal:(za ) T2 C()NO +c1(—=3c4 — ¢c5 4+ 2¢c6 — 4c7 — 2cy
+4co +2c10 + 2¢11 — 2c12)
+ co(—3c3 + 2¢5 — cg + 2¢7 + 4eg — 2c9

—2c10 —4c11 + 4612)]
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+€1-€r€3-kaey - kzé [(2()1/)4*?)(3()}\/61 +c1(=3c4 —c5 4+ 2c6 — 2¢7 + 2c3)
4+ c2(—3c3 +2¢5 — c6)]
+ 3*4 terms obtained by cycling (1234) in the previous 4 terms}
+{+€1 ~e3€p-kieg-ky [ - %(20/)4_%DC0N6‘]
+ep-€e3ep-kies- k3[ - %(2al)4_%DC0N6‘ —(c1 —¢2)(=2¢7 + c9 +2c10 — 012)]
+e1-e3er-kieq -k [ - %(20/)4_%DCO/\/6t + (c1 — 2)(+2¢7 — cg — 211 + C12)]]
+e-€3€-kzeq- k3[ - %(20/)47%DCON3]

+ 4 terms obtained by cycling (1234) in the previous 4 terms} (98)
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