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ON THE SPECTRUM OF BOUNDED IMMERSIONS

G. PACELLI BESSA, LUQUESIO P. JORGE, AND LUCIANO MARI

ABSTRACT. In this paper, we investigate some of the relations between the spectrum
of a non-compact, extrinsically bounded submanifold ¢: M"™ — N"™ and the Hausdorff
dimension of its limit set lim . In particular, we prove that if ¢: M? — Q C R? is a
minimal immersion into an open, bounded, strictly convex subset Q with C3-boundary,
then M has discrete spectrum provided that Hg (limp N Q) = 0, where Hy is the
generalized Hausdorff measure of order ¥(t) = +2|logt|. Our theorem applies to a number
of examples recently constructed by various authors in the light of N. Nadirashvili’s
discovery of complete, bounded minimal disks in R3, as well as to solutions of Plateau’s
problems for non-rectifiable Jordan curves, giving a fairly complete answer to a question
posed by S.T. Yau in his Millenium Lectures [63], [64]. On the other hand, we present
a criterion, called the ball property, whose fulfilment guarantee the existence of elements
in the essential spectrum. As an application of the ball property, we show that some
of the examples of Jorge-Xavier [36] and Rosenberg-Toubiana [59] of complete minimal
surfaces between two planes have essential spectrum oess(—A) = [0, 00).

1. INTRODUCTION

An interesting problem in geometry is the study of the spectrum of the Laplacian A of a
Riemannian manifold in terms of Riemannian invariants. There is a huge literature studying
the spectrum of complete Riemannian manifolds under various curvature restrictions. To
have a glimpse of them, we point out few references with geometric restrictions implying
that the spectrum is purely continuous, see [22], [23], [27], [37], [55], [61] or implying that
the spectrum if discrete see [5], [24], [33], [38], [39]. However, in the study of the spectrum
of submanifolds, the relevant geometric restrictions are related to extrinsic bounds, ambient
manifold curvature bounds and the mean curvature of the submanifold, see [8], [9], [10],
[15]. A particularly interesting problem is the part of the Calabi- Yau conjectures on minimal
hypersurfaces related to the spectrum of the Laplacian. S. T. Yau, in his Millennium Lectures
[63], [64], revisiting E. Calabi conjectures on the existence of bounded minimal surfaces, [13],
[16], in the light of Jorge-Xavier and Nadirashvili’s counter-examples, [36], [48], proposed a
new set of questions about bounded minimal surfaces of R3.

He wrote: “It is known [48] that there are complete minimal surfaces properly immersed
into the [open] ball. What is the geometry of these surfaces? Can they be embedded? Since
the curvature must tend to minus infinity, it is important to find the precise asymptotic
behavior of these surfaces near their ends. Are their [Laplacian] spectra discrete?”

This set of questions is known in the literature as the Calabi-Yau conjectures on minimal
surfaces. They motivated the construction of a large number of exotic examples of minimal
surfaces in R3, see [1], [2], [3], [28], [40], [41], [43], [44], [45], [46], [62].

The purpose of this article is to study the essential spectrum of bounded submanifolds,
in particular, the spectrum of those examples constructed after the Calabi-Yau conjectures.
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2 G. PACELLI BESSA, LUQUESIO P. JORGE, AND LUCIANO MARI

The new ingredient we introduce in the study of the spectrum of bounded submanifolds is
the size of their limit sets. Before we announce our main results with precision, we will
present some of the examples, concerning the Calabi-Yau conjectures, that motivate our
work. The problem about the existence of bounded, complete, embedded minimal surfaces
in R? was negatively answered by T. Colding-W. Minicozzi in the finite topology case, see
[17]. Although Yau’s question suggests that Nadirashvili’s example [48] is properly immersed
into an open ball B,.(0) C R?, this is not clear from his construction. However, the question:
“Does there exist a complete minimal surface properly immersed into a ball of R??” may be
considered as the first problem of the Calabi-Yau conjectures. This question was answered
by F. Martin and S. Morales in [43], see below. Recall that the limit set of an isometric
immersion ¢: M — Q C N is the set

lime: ={y € Q; 3{x,} C M divergent in M, such that ¢(z,) — yin N},

and that ¢ is proper in € if and only if lim ¢ C 9€2. The question “What is the geometry
of these surfaces?”motivated the construction of bounded complete minimal surfaces of
arbitrary topology in R? and the understanding their shape and the size of their limit sets
stimulated intense research in the last fifteen years, see [2], [10], [17], [18], [28], [36], [40],
[41], [43], [44], [45], [46], [48], [62]. We briefly recall the main achievements:

(i.) Martin and Morales constructed for each convex domain Q C R3, not necessarily
bounded or smooth, a complete minimal disk ¢: D < Q properly immersed into €2,
see [43].

(ii.) M. Tokuomaru constructed a complete minimal annulus ¢: A < BE’ (0) properly
immersed into the unit ball of R?, see [62].

(iii.) Martin and Morales improved the results of [43], showing that, if © is a bounded,
strictly convex domain of R3, with 09 of class C??, then there exists a complete,
minimal disk properly immersed into 2 whose limit set is close to a prescribed
Jordan curve! on 9, see [44].

(iv.) A. Alarcon, L. Ferrer and F. Martin extended the results of [43] and [62]. They
showed that for any convex domain  C R3, not necessarily bounded or smooth,
there exists a proper minimal immersion ¢: M — € of a complete non-compact
surface M with arbitrary finite topology into £, see [2, Thm B.].

(v.) Ferrer, Martin and W. Meeks in [28], improving the main results on [44], proved
that given a bounded smooth domain Q C R® and given any open surface M,
there exists a complete, proper, minimal immersion ¢: M — ) with the property
that the limit sets of different ends are disjoint, compact, connected subsets of 0.
It should be remarked that the Ferrer-Martin-Meeks’ surfaces [28] immersed into a
bounded smooth domain €2 can have either finite or infinite topology. They can have
uncountably many ends and be either orientable or non-orientable. Moreover, the
convexity of €2 is not a necessary hypothesis, although they need its smoothness. In
fact, one can not drop the convexity and the smoothness condition of €2 altogether,
see [42] for a counter-example. They also prove that for every convex open set 2 and
every non-compact, orientable surface M, there exists a complete, proper minimal
immersion ¢: M — Q such that lim ¢ = 99, see [28, Prop.1].

(vi.) Martin and Nadirashvili constructed complete minimal immersions ¢: D — R3 of
the unit disk D C C admitting continuous extensions to the closed disk @: D— R3
such that @5p: D =S' — B(S') is an homeomorphism and B(S') is a non-rectifiable
Jordan curve of Hausdorff dimension dims(%(S')) = 1. They also showed that the
set of Jordan curves p(S!) constructed via this procedure is dense in the space of
Jordan curves of R® with respect to the Hausdorff metric, see [46].

LA continuous embedding ~: St — R3.
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(vii.) Alarcon proved that for any arbitrary finite topological type there exists a compact
Riemann surface M, an open domain M C M with this fixed topological type and
a conformal complete minimal immersion ¢: M — R? which can be extended to a
continuous map @: M — R3 such that Plon is an embedding and the Hausdorff
dimension of (M) is 1, see [1].
In this paper, we address Yau’s question whether the spectrum of bounded minimal surfaces
of R? is discrete or not. We provide a sharp, general criterion that applies to each of the
examples in (i.),...,(vil.). A preliminary answer was given by Bessa-Jorge-Montenegro in
[10], where they proved that the spectrum of a complete minimal surface properly immersed
into a ball of R? is discrete. Despite the generality of this result, there is the technical detail
that the “bounding” convex domains 2 C R? are restricted to balls. Moreover, their proof
uses, in a fundamental way, the properness condition that cannot be generalized to deal
with non-proper immersions. On the other hand, if the limit set resembles a curve in the
sense that it has Hausdorff dimension 1, as the examples of Martin-Nadirashvili in (vi.) or
the examples of Alarcon [1], we could think of that the minimal surfaces is not too far from
a compact set with boundary and thus it has discrete spectrum. We will show that is the
case. In Theorem 2.4, we show that the spectrum of a bounded minimal surface is discrete
provided its limit set has zero Hausdorff measure of order ¥(t) = t2|logt|. Moreover, we
consider bounded immersions where the “bounding”set satisfies a weaker notion of convexity.
On the other hand, we will set a simple geometric criterion that implies that the essential
spectrum is not empty. In particular, we show that the essential spectrum of non-proper
isometric immersions with locally bounded geometry is non-empty. We will also study
the spectrum of the examples of Jorge-Xavier as well as of Rosenberg-Toubiana complete
minimal surfaces between two planes.

The structure of this paper is as follows. In section 2 we state the main result and its
corollaries. The first result says, roughly, that the zero U-Hausdorff measure Hy (lim¢) =0
of the limit set lim ¢ implies oess(—A) = () and whereas the second says that gess(—A) # 0
in the presence of the ball property. We also show, via some examples, that the criterion
Hy(lim ) = 0 implying oess(—A) = @ is sharp in dimension 2. In section 3 we introduce
the notation and the necessary material to prove all results, that is done in section 4.

2. MAIN RESULTS
We start with the definition of j-convex open subsets.

Definition 2.1. An open subset Q C N" with smooth C?2-boundary is strictly j-convex, for
some j € {1,...,n — 1}, if for every g € 912, the ordered eigenvalues &;(q) < --- < &,-1(q)
of the second fundamental form « of the boundary 02 at ¢ with respect to the unit normal
vector field v pointing towards Q satisfies &,(¢) + ...+ ¢;(g) > 0. If for some constant ¢ > 0
&1(q) + ... +&(q) > ¢, then we say that (2 is strictly j-convex with constant c.

A well known result, due to Hadamard [32], states that if the second fundamental form of
a compact immersed hypersurface M of R™ is positive definite then M is embedded as the
boundary M = 02 of a strictly convex body Q. In other words, a compact 1-convex subset
Q C R™ is a convex body, this is, any two points in {2 can be joined by a segment contained
in 2. The classical notions of convexity and mean convexity are respectively 1-convexity
and (n — 1)-convexity. The following example due to Jorge-Tomi [35] shows that a set can
be 2-convex without being 1-convex. Let

(1) T"(r1,72) = {(z,w) eR? x R 2: (|Z|*7‘2)2+|w|2 grf}, 0<r <ry

be the solid torus homeomorphic to S' x B"~! where B”~! is the unit ball of R*~!. It was
shown in [35] that T™ is 2-convex whenever r; < 79/2. Finally, we will show that strictly
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j-convexity of an open set 2 with constant ¢ > 0 and C3-smooth boundary 95 is equivalent
to the existence of suitable j-subharmonic C2-function f: 2 — R, see Lemma 3.5 for details.

2.1. Discrete Spectrum. Let 2 C N be a bounded open set in a Riemannian manifold.
For given r > 0 let T,.() = {y € N: disty(y, Q) < r} be the closed tube around € and let

(2) b= Sup{KN(Z), z € Tdiam(Q)(Q)}.

For each y € Q define 7(y) = min{injy(y), 7/2v/b}, where 7/2v/b is replaced by 4oo if
b<0. Set r, =inf _,r(y).

yeQ

Definition 2.2. A bounded domain ©Q C N is totally regular if diamy(92) < r,,.

Example 2.3. If NV is a Hadamard manifold then any bounded domain €2 is totally regular.
On the other hand, Q C §"(1) is totally regular if and only if diamgn(1)(2) < 7/2.

For b € R define the function py: [0,00) — R given by

1 .
7 tan(v/bt) if b>0
(3) ,LLb(t) == t if b=0

\/% tanh(v/—bt) if b<0
The notion of the generalized Hausdorff measures or W-Hausdorff measures Hy given by the
Caratheodory construction, where ¥: [0, 00) — [0, 00) is a non-negative continuous function,
can be found (with every detail) in the beautiful book of P. Mattila [47, Chapter 4], see the
Definition 3.1 later on in this article. Our first main result on this paper is the following
theorem.

Theorem 2.4. Let ¢o: M — N be an isometric immersion of a Riemannian m-manifold M
into a Riemannian n-manifold N with mean curvature vector H. Suppose that o(M) C Q,
a bounded, totally reqular, open subset of N and let b be as in (2) and up as defined in (3).
Assume that

m—1

(4) [ H || Lo (ar) < m - pp(diam(Q))

Define § = [m — 1 —m - py(diam(Q)) - [|H|| . (ar)] > 0 and let ¥: [0, 00) — [0,00) be given
by

12 if 0>1
(5) U(t) =< t*logt| if =1
1o+t if  0€(0,1),

If one of the following conditions holds
(1) impn o =0 and Hy(limp) =0,

(2) limpNdQ # 0, Hy(limp N Q) =0, Q is strictly m-convex with constant ¢ > 0, 9Q
is of class C° and the mean curvature vector H satisfies the further restriction

c
6 Hl|;~ < —,
(6) | H || Loo (a1 -
then the spectrum of —A is discrete.

‘We shall make few comments about Theorem 2.4.
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e We remark that in item 2, the Hausdorff measure of lim ¢ N 02 does not need
to be zero. In particular, the examples of Ferrer-Martin-Meeks [28] of complete,
proper minimal immersions ¢: M — € such that lim¢ = 9Q C R? have discrete
spectrum, provided () is strictly 2-convex. One illustrative example is the 2-convex
solid torus T?(ry,rs), r1 < r9/2 described in [35], see (1). By the result [28, Prop.
1] there exists, for any open surface M, a complete, proper minimal immersion
©: M — T?(ry, ) such that lim ¢ = OT?(ry,72), hence by Theorem 2.4, item 2, its
spectrum is discrete.

e A more technical observation is: our definition of 2 being totally regular implies that
pp(diam(€Q)) > 0 thus (4) is meaningful, where b = sup{Kn(2), 2 € Tyiam() ()}
However, if one knows only an upper bound for the sectional curvatures by > b
instead, then Theorem 2.4 is still valid, provided s, (diam(€2)) > 0.

e The case that lim o N = @ is equivalent to the properness of ¢ in 2, therefore the
statement of Theorem 2.4 extends in many aspects the main result of [10].

e Theorem 2.4 also applies to non-orientable manifolds M. In fact, its proof can be
applied to the two-sheeted oriented covering of M yielding the same conclusions?.

e The Riemannian manifold M may be geodesically incomplete and the statement
regards the spectrum of the Friedrichs extension of A: C° (M) — C(M).

The minimal surfaces in the set of examples (i.), (ii.), (iii.) and (iv.) are properly immersed
in 1-convex domains  of R? whereas the minimal surfaces in (v.) are properly immersed in
smooth domains Q. In those examples lim ¢ NQ = () thus Hy (lim N Q) = 0. The examples
in (vi.) and (vii.) are bounded and lim¢ is a non-rectifiable Jordan curve of Hausdorff
dimension 1. Thus Hy (limp N Q) = 0 for ¥(¢) = t?|log(t)|. By Theorem 2.4, all of those
examples of (i.), (ii.), (iii.), (iv.), (v.), (vi).) and (vii.) have discrete spectrum, provided {2 is
bounded strictly 2-convex with C3-boundary. That can be summarized in the following
corollary as follows.

Corollary 2.5. Let ¢: M™ — N be a minimal submanifold, possibly incomplete, immersed
into a bounded open m-convex subset Q0 of a Hadamard manifold with constant ¢ > 0.
Suppose that Q) is C3-smooth and W(t) = t* if m > 3 and ¥(t) = t?|log(t)| if m = 2.
If He(limp N Q) = 0 then the spectrum of —A is discrete. In particular, those minimal
surfaces constructed in (i.), (ii.), (iil), (iv.), (v.), (vi.) and (vii.) have discrete spectrum
provided € is bounded, strictly 2-convex with C®-boundary.

Let «y be a Jordan curve and let a-, be the infimum of all the areas of the disks spanning .
It is well known that J. Douglas [25] and T. Radé [53] proved the existence of minimal disks
¢: D — R3 spanning 7> if area ay < 400, therefore their spectrum are discrete (provided
Hy(y) = 0). When a, = +oo, there is no sense to speak about the least area surface
spanning v, however, Douglas [26] proved that there exists a globally stable minimal disk
¢: D — R? with infinite area spanning 4. On the other hand, the set J = {v: S — R3}
of all non-rectifiable Jordan curves of R? coming from the Martin-Nadirashvili’s procedure
is dense in the set of Jordan curves of R® with respect to the Hausdorff metric, see [46].
Hence, the globally stable minimal disks D. of Douglas spanning a non-rectifiable Jordan
curves v € J can not be complete since complete stable minimal surfaces (either orientable
or nonorientable) of R3 are planar by Do Carmo-Peng, Fischer-Colbrie-Schoen, Pogorelov,
Ros’ Theorem* [20], [29], [52], [57], [60]. For the same « € J there exists a complete minimal
disk M., spanning v by Martin-Nadirashvili’s result [46]. Hence, every non-rectifiable curve
v € J considered by Martin-Nadirashvili are spanned by, at least, two minimal disks. This
together with our main result yields the following corollary that has interest on its own.

2We thank an anonymous referee for pointing this out.
3Douglas proved the existence of minimal disks spanning Jordan curves in R™.
4A. Ros proved this characterization of the plane in the norientable case.
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Corollary 2.6. Let v € J be a non-rectifiable Jordan curve spanning a Martin-Nadirashvili
minimal surface My as in [46]. Then

(1) v is spanned by at least two minimal disks. A geodesically complete minimal surface
M., given by Martin-Nadirashvili result and a geodesically incomplete but globally
stable minimal surface D., given by Douglas’ result [26].

(2) Any Douglas’ solution D~ for the classical Plateaw problem for v € I, as well as
M., has discrete spectrum.

(3) Any minimal surface spanning a Jordan curve vy with Hy(v) =0, ¥(t) = t?|logt|,
has discrete spectrum.

Notice that there are examples of embedded continuous curves 7: [0,1] — R? with
dimy (7([0,1])) = 2, see [26], [49]. It would be interesting to know the spectrum of the
minimal solutions of the Plateau problem spanning such curve v with Hausdorff dimension
dimy () = 2.

Remark 2.7. The hypothesis concerning the measure of the limit set lim ¢ in Theorem 2.4
is sharp. Consider a bounded, complete proper minimal annulus ¢: M — B]FS(O) as in [62]
with lim ¢NQ = @, thus with discrete spectrum by Theorem 2.4 or [10, Thm.1]. Considering
the universal cover : M — M and setting ¢ = pom: M — R3 one has a bounded, complete
minimal surface with non-empty essential spectrum. In fact, if 7: (M, n*ds?) — (M, ds?)
is an infinite sheeted covering then the induced metric 7*ds? satisfies the“ball property”,
see Definition 2.8, therefore the essential spectrum of (]T/f ,m*ds?) is non-empty, regardless
the spectrum of (M,ds?). Observe that the immersed submanifold (M) = ¢(]\7 ) but the
limit sets are different, lim ¢ # lim¢ = ¢(M) and Theorem 2.4 could not be applied since

the Hausdorff dimension dimy, (lim ¢ N BE(0)) > 2.

2.2. Essential spectrum.

2.2.1. Ball property. As a counterpart to Theorem 2.4, it would be interesting to find a set
of geometric conditions for a Riemannian manifold to have non-empty essential spectrum.
In this regard, we will establish a criterion that does not involve curvatures and thus it
can be used to study the spectrum of the complete minimal surfaces, for instance, those
immersed into a slab of R? constructed by Jorge-Xavier [36] and Rosenberg-Toubiana [59].
We begin with the following definition.

Definition 2.8. A Riemannian manifold M is said to have the ball property if there exists
R > 0 and a collection of disjoint balls { B () ;;Of of radius R centered at x; such that
for some constants C' > 0, § € (0, 1), possibly depending on R,

(7) vol(Bjf(x;)) > C ™ vol(BY (x;)) VjieN

Observe that (7) is not a doubling condition since it needs to hold only along the sequence
{z;} and the constant C' may depend on R. The importance of the ball property is that its
validity implies that the essential spectrum is nonempty.

Theorem 2.9. If a Riemannian manifold M has the ball property (with parameters R, 4, C),
then
. C
(8) lnerss(—A) S m
The well-known Bishop-Gromov volume comparison theorem, see [12], [31], shows that
any complete non-compact Riemannian m-manifold M with Ricci curvature bounded from

below has the ball property, therefore it has non-empty essential spectrum. This was known
to H. Donnelly, that proved sharp results in the class of Riemannian manifolds with Ricci
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curvature bounded below. He showed that the essential spectrum of a complete non-compact
Riemannian m-manifold M with Ricci curvature Ricys > —(m — 1)c¢? > —oo intersects the
interval [0, (m — 1)%2¢2/4], see [21, Thm. 3.1]. However, there are examples of complete non-
compact Riemannian manifolds with the ball property and inf Ric = —oo. For instance, the
examples of Jorge-Xavier of minimal surfaces between two planes that have Ricci curvature
satisfying inf Ric = —o0, see [7], [68] and some of them have the ball property and therefore
have non-empty essential spectrum. H. Rosenberg and E. Toubiana, in [59], constructed
a complete minimal annulus between two parallel planes of R? such that the immersion is
proper in the slab. Jorge-Xavier’s and Rosenberg-Toubiana’s examples are constructed with
a flexible method depending on a chosen set of parameters and we will show that, depending
on this choice of parameters, the spectrum of the complete minimal surfaces immersed in
the slab can be the half-line [0, 00).

There are other examples of manifolds with the ball property, for instance, the non-proper
submanifolds with locally bounded geometry. An isometric immersion ¢: M — N is said to
have locally bounded geometry if for each compact set W C N there is a constant A = A(WW)
such that

gl Lo (-1 wy) < A

Here a, is the second fundamental form of the immersion ¢. To complete this section about
the ball property we will prove the following result.

Theorem 2.10. Let ¢: M — N be an isometric immersion with locally bounded geometry
of a complete non-compact Riemannian m-manifold M into a complete Riemannian n-
manifold N. If the immersion is non-proper then M has the ball property. Thus it has non
empty essential spectrum.

2.2.2. Spectrum of complete minimal surfaces in the slab. We will need to give a brief de-
scription of the examples of complete minimal surfaces between two parallel planes. Jorge
and Xavier in [36] constructed a complete minimal immersion of the disk ¢: D — R?® with
R3, (M) C {(z,y,2) € R3: |2] < 1}. Let {D,, C D} be a sequence of closed disks centered
at the origin such that D,, C int(D,1), UD,, = D. Let K, C D,, be a compact set so that
K,ND,_1=0and D, \ K, is connected as in the figure 1. below.

Fig. 1. The compact sets K.

By Runge’s Theorem, [34, p. 96], there exists a holomorphic function h: D — C such that
|h —cn| < 1 on K, for each n. Letting g = e" and f = e~ and setting ¢ = (f(1—g?)/2,i-
f(1+¢?)/2, fg), by the Weierstrass representation, one has that ¢ = Re [¢: D — R3 is
a minimal surface with bounded third coordinate. Let r,, denote the Euclidean distance
between the inner and the outer circle of K,, and for each n choose a constant ¢,, such that

+oo too
(9) Do ettt = oo, Y met Tt = 4o

n even n odd



8 G. PACELLI BESSA, LUQUESIO P. JORGE, AND LUCIANO MARI

Condition (9) implies that this minimal surface is complete. The induced metric ds? by
this minimal immersion is conformal to the Euclidean metric |dz|? given by ds? = A\?|dz|?,
where

(10) M) = 5 (1] + 1))

The choice of the compact subsets K,, C D,, with width r, and the set of constants c,
satisfying (9) and yielding a complete minimal surface of R® between two parallel planes is
what we are calling a choice of parameters, ({(r,,c,)}), in Jorge-Xavier’s construction. We
should give a brief description of Rosenberg-Toubiana construction of a complete minimal
annulus properly immersed into a slab of R3, see details in [59]. They start considering a
labyrinth in the annulus A(1/¢,¢) = {z € C: 1/¢ < |z| < ¢}, ¢ > 1 composed by compact
sets K, contained in the annulus A(1, ¢) and compact sets L, = {1/Z: —z € K,,} contained
in the annulus A(1/¢, 1) as in the figure below. The compact sets L,, are converging to the
boundary |z| = 1/c and the compact sets K,, are converging to the boundary |z| = c.

n+ 1

Fig. 2.

They need two non-vanishing holomorphic functions f,g: A(1/¢,¢) — C, in order to con-
struct a minimal surface via Weierstrass representation formula, such that the resulting
minimal surface is geodesically complete and properly immersed into a slab. They construct
f and g satisfying f(2) - g(2) = 1/z where |g(z) — e**"| < 1 on K,, and |g(z) — e~ 2| < 1
on L, where {c,} is a sequence of positive numbers such that

oo o0
E rpe’én = oo, E spe%n = 0o
n n

and r,, and s,, are the width of K, and L,, respectively. The induced metric by the immersion
on the annulus A(1/¢,c) is given by ds® = A\?|dz|?> where

2= oz (i 1o2)-

On K,, we have

2¢cy, 1
(11) e*n > (1 - 62 > >A> (2 —1)

The choice of the parameters {(ry,c,)} in Jorge-Xavier’s construction or {(ry, sp,cn)} in
Rosenberg-Toubiana’s construction gives information about the essential spectrum of the
resulting surfaces. Set A, :=sup ¢, A(2).
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Theorem 2.11. Let ¢: D, A(1/c,c) — R? be either Jorge-Xavier’s or Rosenberg-Toubiana’s
complete minimal surface immersed into the slab with parameters {(rp, cn)} or {(Tn, Snycn)}-
If limsup A, ryy, = 00 then oess(—A) = [0,00). And if limsup A,r,, > 0 then ¢(D) or
©(A(1/c,c)) has the ball property and cess(—A) # (.

At points z € K,, we have el T > \(2) > %ec"_l, therefore el > X\, > e /2e. If
¢, = —log(r?) we have that the parameters {(r,,c,)} satisfies (9) and \,r, = 1/(2er,).
Thus lim sup A,,7,, = oo yielding a complete minimal surface between two parallel planes
with spectrum o(—A) = [0,00). In the original construction in [36], Jorge-Xavier choose
¢n, = —logry, that yields e > r, A, > 1/2e and the resulting minimal surfaces has nonempty
essential spectrum.

3. PRELIMINARIES

In this section we set the basic notation and definitions used in the rest of this paper. For
instance, we will denote by ¢: M — N an isometric immersion of a complete Riemannian
m-manifold M into a Riemannian n-manifold N. The Riemannian connections of N and M
are denoted by V and V respectively. The second fundamental form o = Vdy® and mean
curvature vector H = tra/m. The gradient of a function g: N — R, is denoted by Vg
whereas V(g o) = (Vg)' is the gradient of g o ¢, the restriction of g to M. The hessian
of g is denoted by Vdg and the hessian Vd(g o ¢) of g o ¢ are related by

(12) Vd(g o ) = Vdg + (Vde*, Vg)
The symbol BY (z) denotes the geodesic ball of N centered at z € N with radius r. However
the unit ball BE(0) of R2, will be denoted by D. Similarly, for X C N the symbol TV (X),

called the tube of radius r around X, denotes the open set of points (in N) whose distance
from X is less than r. Finally, denote by R* = (0, +00) and R = [0, +00).

3.1. Carathéodory’s Construction. In this section we shall review the notion of gen-
eralized ¥-Hausdorff measures. We do follow the elegant exposition of P. Mattila, in [47,
Chap.4].

Definition 3.1 (Carathéodory’s Construction). Let X be a metric space, J a family of
subsets of X and ¢ > 0 a non-negative function on J. Make the following assumptions.
1. For every 6 > 0 there are Fy, Es,... € J such that X = |J;2, E; and diam(E;) < 6.
2. For every § > 0 there is E € J such that ((F) < ¢ and diam(E) < 4.

For 0 < § < oo and A C X we define

Ca(A) = inf {iC(El) tAC [j E;, diam(Ei) < (5, E; € j} .
=1

i=1

It is easy to see that (;(A) < ¢ (A) whenever 0 < € < § < co. Therefore,
H(4) = lim ¢, (4) = sup(, (4)
—0 §>0
defines the generalized (-Hausdorff measure H.

In this construction above, let X = M, be a complete Riemannian manifold M and let
J be the family of Borel subsets of M. Let ¥: [0,00) — [0,00) a continuous function such
that ¥(0) = 0. The ¥-Hausdorff measure is defined by Hy(A) = H¢(A) where ((A) =
U(diam(A)) and it is Borel regular, see [47, Thm. 4.2]. Taking J = {open subsets of M}
instead of the Borel sets and the same W, the generalized Hausdorf measures obtained by the
Carathéodory construction coincides, i.e they are the same W-Hausdorff measure Hy, see
[47, Thm. 4.4]. The choice ¥(t) = t#, for some fixed 3 > 0, gives the standard S-dimensional
Hausdorff measure H,s = H°.
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Remark 3.2. If J is the family of geodesic balls of M, the resulting measure Hy does not
coincide, in general, with generalized Hausdorff measure Hy, see [47, Chap. 5]. However, if
for some constant ¢ > 0 the following inequality holds W(2t) < c¢-¥(t) then Hy < Hy < cHy.

The first inequality Hy < Hy is obvious from the definition. To prove Hy < cHy
we proceed as follows. Since every open set Ej; is contained in a ball Bﬂ\;f (x;) of radius
r; = diam(E};), we have that for every covering {E;} of A C M with diam(E;) < § that

+o0 1 +oo 1 +o0
Z ¥ (diam(E;)) > . Z U (2diam(E;)) = = Z U (diam (B (x;))).

Taking the infimum, in the right hand-side, with respect to all covering {Bi\f (xj)} by balls
of diameter less than 26 and taking the infimum in the left hand side with respect of E; we
have (5 < c¢- (s, (( = ¥(diam). Letting 6 | 0 we obtain the desired Hy < cHy.

3.2. Strategy of proof of Theorem 2.4. In this section we give a brief description of
the strategy for the proof of Theorem 2.4. Let M be a Riemannian manifold. The Laplace
operator A = div ograd acting on C§°, the space of smooth functions with compact support,
is symmetric with respect to the L2-scalar product. If M is complete, it is known that A
is essentially self-adjoint, thus it has a unique (unbounded) self-adjoint extension to an
operator on L?(M), also denoted by A whose domain D(A) = {f € L2(M) : Af € L?(M)}.
If M is not geodesically complete then A may fail to be essentially self-adjoint in C2°(M)
and in this case we will consider the Friedrichs extension of A (that is, the unique self-adjoint
extension of (A, C2°(M)) whose domain lies in that of the closure of the associated quadratic
form). Moreover, —A is positive semi-definite so that the spectrum of —A is contained in
[0,00). The spectrum of a self-adjoint operator —A, denoted by o(—A), is formed by all
A € R for which —(A+\I) is not injective or the inverse operator —(A+AI)~! is unbounded,
see [19]. The set of all eigenvalues of o(M) is the point spectrum o,(M), while the discrete
spectrum oq(M) is the set of all isolated eigenvalues of finite multiplicity. The complement
of the discrete spectrum is the essential spectrum, oess(M) = (M) \ oq4(M).

To show that —A has discrete spectrum we rely on the characterization (13) of the
essential spectrum, see [24], [50, Thm. 2.1], and Barta’s eigenvalue lower bound, see [6], [9].
This characterization relates the infimum inf oess(—A) of the essential spectrum of —A to
the fundamental tone of the complements of compact sets. This is,

(13) inf oess(—A) = sup N'(M\K)

KCM
where K is compact and A\*(M\ K) is the bottom of the spectrum of the Friedrichs extension
of (=A,C*(M\K)), given by

fM\K |Vul?
fM\K u?

On the other hand, Barta inequality gives a lower bound for A*(M\ K') via positive functions,
this is

A (M\K) = inf{ L0#uc CSO(M\K)} .

—Aw
14 *(M\K) > inf ——  f 2(M\K).
(14) A (M )_1\141{1( ” or every 0 < w € C*(M\K)

To prove that —A has discrete spectrum or equivalently, by the min-max theorem, to
prove that inf oess(—A) = 400, it is enough to find, for each small € > 0, a compact set
K. C M and a function 0 < w. € C%(M \ K.) such that

—Aw,

We

(15) > c(e) on M\ K.,
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Where c¢(e) — +o0o as € — 0. Each w, will be constructed as a sum of suitable strictly
positive superharmonic functions, depending on a good covering of lim ¢ by balls.

3.3. Technical lemmas.

3.3.1. Main Lemma. Let ¢p: M — N be an isometric immersion of a complete Riemannian
m-manifold M into a Riemannian n-manifold N, with mean curvature vector H. Suppose
that (M) C €, a bounded, totally regular subset and let b = sup{ Ky (2), 2z € Tyiam()(2)}-
Fix @ > 0 such that (log(a))? > log(diam(f2)) and if b > 0, suppose in addition that
a < min{r/3vb,7/2(1 + 0)v/b}. Recall that § = [m — 1 —m - pp(diam(Q)) - || H|| po (ar)] -

Lemma 3.3 (Main Lemma). Suppose that 8 > 0. For each a € (0,a/3] and x € Q such
that (M) C BY (Q)(a:) there exists u € C°°(M) satisfying these three conditions.

diam
i. u >0 and u(p) =0 if and only if p(p) = .
ii. Au>0/3 on o Y (BY(2)) if o1 (BN (z)) # 0.
iii. Au >0 on M.
iv.
Ca? if 60>1
lullz= (M) < { Ca?|logal if =1

Cal*! if 0<6<1
Where C is positive constant depending on m, diam(Q), ||H || g (ar)-
Proof. Fix x € Q such that ¢(M) C Bé\ifam(m(m) C BN (z). Thus, the distance function

p(y) = disty (x, y) is smooth (except at y = x) and the geodesic ball Bé\fam(m(x) is 1-convex.
In fact, by the Hessian comparison theorem, [11, Theorem 1.15],

(16) Vdp > Z((Z)) () - dp@dp).
where h: [0,00) — [0, 00) given by
% sin(Vbt) if b>0
h(t) = t if b=0
\/%sinh(\/jbt) if b<O.

Let f € C%(N) be defined by f(y) = g(p(y)) for some g € C*(R{) that will be chosen
later. The chain rule applied to the composition f o € C%(M) implies that

Vd(f o @) = Vdf(de,dp) + df(Vde™)

where V.,V are the connections of M and N respectively and Vdp' is the second funda-
mental form of the immersion. Let {e;,e,} be a local Darboux frame along ¢, with {e;}
tangent to M. Tracing the above equality, it yields

(17) A(fop)=> Vdf(ej, e;) +mdf(H).

j=1
On the other hand
Vdf =g"(p)dp @ dp+ g (p)Vdp.
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If ¢ > 0 and by (16)

= g (p)h (p)
(18) Vdf > e

B (<7 )—dp® dp) +9"(p)dp @ dp.

Using |dp| = 1 and by (18)

S Vdf(egoeg) +mdf(H) = L5 (m =3 dp(e;)?) + 9" > dple;)” + moldp(H)
j=1

Jj=1 j=1

g/h/ m h m
(19) > S (m = de(e)? —m|IH| ) + ¢ dole,)?
j=1 j=1
g/h/ =0
> (= 1= mpy(diam(Q)) | H 2~ ) )
+g" > " dp(e;)?.
j=1
'n m
= gh 9—|—g”2dp(ej)2.
j=1
In other words,
20 A > glh/e " % 2
(20) (Fop)===0+4¢" > dple;)*.
j=1

Define w: [0,00) = R by

t ’ .
w(t) = { (1- m)(e + DA'(¢) if t < 3a(1+6)
! if ¢ > 3a(1+6).

where 3a < a. Setting

(21) g(t) = /Ot h(i)f) [/Osh(a)ew(a)da] ds.

We have that g is solution of

W(t)

(22) 705

0+ g"(t) = w(t).
It is easy to show that g € C?([0,00)). From (22) we have that if ¢ < 3a(1 + 0) then

90 = wlt) - s [ (1= g ) S ),

(23) = w(t)—0n'(t)+ hfg]il()t()t)/o ;—ahg(s)h’(s)ds

t on'(t)y ' s ,
(1= g (H) + h<9+1(>()t)/0 3—ah9(s)h (s)ds.
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From (23) we have that ¢”(t) > 0 if ¢ < 3a. Moreover, h'(t) > 1/2 if t < 3a. Then at any
2’ € (BN (z)) we have from (20)

Afop(a’) > 9"y dple;)?
j=1
, W
2 g (plp(a)))5-p(p(2))0,
(29 > (1= D0 plola)
1o ple@)
= 305y e)
0
>
- 3

Let M = {y € M: g"(p(¢(y))) = 0} U{y € M: g"(p(¢(y))) < 0} = AU B. Clearly, the
inequalities (24) also shows that if 2’ € A then Af o p(x) > 0.
On the other hand, at any point 2’ € B we have by (20), using

Vol =1=> dp(e;)*+ > dplea)” > dple;)’,

J=1 a=m-+1 Jj=1

that

Afop(x)

V
Q\
>
>
_|_
Q\
o,
e}
—~
Q
<
—

\Y
\
>
+
Q

(25)

(A\VARLYS

Observe that

t O if 0<t<3a(l+06)
(26) / s)ds <
0 W if t >t =3a(1+0).

Taking in account that ¢; -t < h(t) < ¢ - t, t € [0,diam(€2)] for some positive constants
c1, co, we have the following upper bounds for g.

If0<t<t =3a(l+0),
/ot ﬁ Uo h(U)GW(U)da] ds

g(t)

(27)

IN
CN“
>
—

VA
S~—

[oN
)

IN
Q
)
I
Ne)
Q
)
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Ift > ¢, = 3a(1+90),

g(t) = Oa @ [/Osh(a)%(a)da] ds+/at ﬁ Uot h(a)"w(a)da] ds

146 fl
< Ah(s)d8+h+(t1)A st

5% (3a(1 + )1+ /t 1

—ds

2
-a® +
s?

IN

C2
2 C1

t
= c3-a+ey- a(9+1)/ —ds
a

if >1

(28) < cg-at+ey-a®tY e |Inal if 0=1

t1=¢  diam(Q)*~¢
1-606—- 1-96
We can deduce from (27) and (28) that there exists a positive constant C' depending on
m,diam(€2),b and || H ||z as) such that

if 0<f<1

Ca? ifg >1
(29) 9]l (0,diam(e))) < § Ca?|logal  if6=1
Caft? if 0 € (0,1).

Taking u = fop: M™ — R we have:
e By construction u(p) = 0 if and only if p(p) = =
e By (24) and (26) we have Au > 6/3 on =1 (BY(z)) and Au > 0 on M, respectively.
e By (29) we have [Jull Ly < [fllz o183, 0 @) = [19/l22(0.diam@)-

This proves the Lemma 3.3. g

3.3.2. Strictly m-convexr domains. A strictly m-convex domain 2 C N with constant ¢ > 0
is related to the existence of strictly m-subharmonic functions on €.

Definition 3.4. A C2%-function ¢: Q — R is said to be strictly m-subharmonic with
constant ¢ > 0 if A1(p) < A2(p) < --- < Ay(p) are the ordered eigenvalues of the hessian
Vde(p) then there exists an € > 0 such that

M@+ +Amlp) = ¢, VpeTN(0Q) ={y e N:disty(y,00) < €}

AM(p)+ -+ An(p) 0, Vp € Q.

Let Q C N be a strictly m-convex domain of N with constant ¢ > 0 and I" = 09 of class
C3. Let t: N — R be the oriented distance function to I with orientation outward . This
is,

v

—disty(y,00) if ye
(30) t(y) =
disty (y,00) if ye N\Q

The oriented distance t(y) is Lipschitz in N and of class C? in a tubular neighborhood
TE];/ (09) for some €g. Let as be the shape operator of the parallel hypersurface I's = t~1(s),
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|s| < € with respect to the normal vector field —Vt. At each point of Ty there is an
orthonormal bases of TT's such that oy is diagonalized

Qg = dlag (€i>§§7 s 76271) 3
where £ < & < ... <, _;. By the uniform continuity of each £; and the compactness of
TN (0%), for each § € (0,1) one can choose € small enough to have

)+ +&.(y) = dc
Vy € TN (09). Let €1 be a positive number so that

€1 < min{l,eo, HO‘sHZolc(TeIg(aQ))} :

Define ®.: N - R, 0 < e < ¢€/2, by

—2¢ if t(y) < —2e

(31) Dc(y) =
! 2¢ [(75;?+1)3—1] if t(y) > —2¢

The function @, is Lipschitz on N and of class C? in TN (Q) =t~ ((—o0, €]).

For t(y) < eg, we can compute the gradient and the hessian of ®. as follows.

0 it t(y) < —2e
3 <2 + 1) Vi(y) if —2e<t(y) <eo
€
if t(y) < —2e
Vdo,( 2
3 (t(y + 1 Vdt(y)(X,Y) + > (’fé) + 1) XY () if —2¢ < ty) < e
€ €
Write Vd®,(y)(X,Y) = (S(X),Y), for an endomorphism S: TN — TN. We have that

for —2¢ < t(y) < 2¢, S(y) can be represented by a diagonal matrix,

st —ans (5 ('L 1) g3 (42 1) a0 2 (12 01))
Since

(30 sw-2(50) - o (F[(Fr)sw -]

1
(32) < [28 — }
€1
< 12 (f;(y) - 2||at||Loo(Tg§(aQ))>
< 0
W _ t t _ 3 t(y) .
eget)\lg)\ggg)\n,)\j—i’)(z—i—l) ],_] 1,. n—l,)\n(y)—g TéJrl with

S = diag (A1, A2,...A,). By Lemma 2.3 of [35], we have that for any subspace V' C TN,
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y € T (0Q) and 1 < dimV =m < n — 1 that
Trace (VA®(y)|V) > Mi(y)+---+ An(y)

2
(33) > 3 (15(22) + 1> [gi(y) S gfr(Ly)
2
> 3 <t(y) + 1> de,
2e
Then

o If t(y) < 2¢, we obtain that, Trace(Vd®,(y)|V) > 0 and
e for [t(y)| < €(1 — V/6), we obtain, Trace (Vd®.(y)|V') > 3(1 + v/§)%sc/4.

This proves the following lemma.

Lemma 3.5. Let Q be a strictly m-convex, 1 < m < n—1, with constant ¢ > 0. There exists
a Lipschitz function ®.: N — R, C? in To (), 2¢ < €1, €1 is a positive number depending
on the geometry of 002, and such that

L. &71((—00,0)) = Q, -1(0) = 9Q

2. |®,| < 2€ in Q.

3. Trace (Vd®.(y)|V) > 3(1 + v8)25¢/4, for |t(y)| < (1 — V) and any subspace
V C TyN of dimension m.

4. Trace (Vd®.(y)|V) = 0, in Q for any subspace V C T,N of dimension m.
In other words, ®, is strictly m-subharmonic function with constant 3(1 + /8)%dc/4.

We will need the following lemma for the proof of Theorem 2.4.

Lemma 3.6. Let p: M™ — N be an isometric immersion such that there exists a bounded,
totally regular, strictly m-convex domain @ C N with constant ¢ > 0 and C3-boundary 09
such that o(M) C Q, He(limp N Q) =0 and

m—1 c
m - up(diam(Q))’ E}

(34) | H || o (ary < min{
Take § € (0,1) such that
] (01) < 2
L= m
and let € < €1/2 as above in Lemma 3.5. Then the function u: M™ — R given by u = .o,
where O is also given in Lemma 3.5, satisfies
(1) |u(z)| < 2¢ for allx € M
(2) Au(x) >0 forallz e M
(3) Au(z) > Cs, if [t(e(x))] < e(1 — V36), where Cs =3c-6- (1 —06) - (1 4+ v6)?/4.
(4) p(M)NoQ =10
Proof. Taking u = ®. o  the item 1. holds by the item 2. of Lemma 3.5 and the fact that
w(M) C Q. On the other hand, we have by (33)

Au(z) = Trace (VAP |T,M)+ < VO, mH >
- (1 Y e (1) Y

(1) 1) s
0

Y%
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This proves item 2. If [t(¢(x))| < €(1 — V/3) we get
3
(36) Au(z) > 01+ V)% (1 — 6)ée

and that proves item 3. If there exists a @ € o~ (o(M) N IN) then Au(x) > 0 by (35). On
the other hand v has a maximum at = therefore Au(z) < 0 a contradiction. This proves
item 4 and finishes the proof of Lemma 3.6. |

4. PROOF OF THE RESULTS

4.1. Proof of Theorem 2.4. Let ¢: M — N be an isometric immersion of a Riemannian
m-manifold M into a Riemannian n-manifold N with mean curvature vector H. Suppose
that (M) C Q2 C Bé\i’am(m (x0), for a bounded totally regular subset {2 and a point z¢ € 2,
b= sup{ K (=), = € Tagun(2)} and [ H| o (ap) < (m — 1)/m -y (diam(9).

We are going to prove the Theorem 2.4 under the assumption of item 1. Suppose that
Hy(lim ) = 0. Choose a positive number @ > 0 such that (log(a))? > log(diam(Q2)) and
if b > 0 take @ < min{r/3vb, 7/2(1 + 0)Vb}, where § = m — 1 — my(diam(Q)) || H || 1o (ar).-
Choose m < diam(f2) such that the 2r;-tubular neighborhood Tb,, (lim ¢) C Bé\i’am(ﬂ) (x0)-
Fix € € (0,71). Since Hy (lim ¢) = 0 and Remark 3.2, there is a > 0 and a countable covering
of lim ¢ by balls B; = Bé\; (y;) C N of radius 2a; < a < min{ry,a/3} such that

(37) limy C UBj and Z U(2a;)| < e.
j J

J

Since lim ¢ is compact we can extract a finite sub-covering {B;}%_, of lim ¢ such that (37)
holds, and each B; C Ty, (lim¢) for all j = 1,...,k. Applying Lemma 3.3, we construct,
for every j =1,...,k, a function u;: M — R such that

u; >0, wu;(p) =0 if and only if ¢(p) = y;,
(38) lwjll Lo (ary < C¥(2ay)

Auj >0 on M, Auj>6/3 on ¢ (B;),

where C' is positive constant depending on m,diam(Q), || H || o (ar)-
Let w, = Z?lzl(QHUjHLOO —uj) > 0. By the boundedness of ¢(M) the set

k1

KEZM\w_l(UBj)

j=1

A

m W

is compact in M. Now, by (14) the fundamental tone \*(M \ K.) > infyp g (—

1 ).
1
Let ¢ € M\ K, then ¢(q) € Uflzl B;. Let j' be so that ¢(¢q) € Bj,. Then Apruj(q) > 60/3
and Apu;(q) > 0 for all other j's. Therefore,

Awl Zj AMuj(q)
B A T P
(39) AMujl(q)

= 30, ¥(2a)

0
6Ce

v
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0
Here C' = C(m, Ry, |H||p~(ar)). This shows that \*(M \ K.) > TP for each € € (0,71).
€
Therefore \*(M \ K.) — 400 if € — 0 and proves item 1.

To prove item 2. we recall that we have an isometric immersion ¢: M™ — N™ of a
Riemannian m-manifold M into a Riemannian n-manifold N with mean curvature vector
H such that ¢(M) C Q, Q C Bé\i'am(ﬂ)(yo) a totally regular, strictly m-convex domain with
constant ¢ > 0 and C3-boundary 9 and ¥-Hausdorff measure Hy (lim ¢NQ) = 0. The mean
curvature vector is assumed to satisfy [|H|,w,, < min{(m —1)/m - py(diam(Q2)), c/m}.
We may assume that lim ¢ N OQ # (), otherwise we can apply item 1. By Lemma 3.6, there
exist positive numbers § = §(p), Cs > 0 and €1 = €1(2) such that for any € < €1/2, there
exists a C? function u: M — R, such that

1. u(~00,0)) = M.

2. |u(x)] < 2ein M.

3. Au(z) >0 for all z € M.

4. Au(z) = Cs, if () € T, _ /5)(092).
Fixonee, 0 <€ <e1/2and set K =limp\T,;_ /5 (0). We have K C lim ¢ N2 compact
Hy(K) = 0. By the first part of this proof we have finite functions u,;: M — R and balls
B; C Q (covering K) such that (37) and (38) holds. Take w, = Z?;1(2||uj||Loo —u;) >0
(related to K) and u: M — R given by Lemma 3.6. Define w : M — R by

w(x) = wi(x) + € — u(x), xreM
and
K.=M\p! ((ug?:lBj) U Te(l_\/g)(aﬁ))

The set K, is compact and for x € M \ K, we get
.0
—Aw > ¢y = mm{g,C(;} > 0.

Since 0 < w(z) < (2C + 3)¢, © € M, we get

A
w (20 +3)€

Then A*(M \ K.) — oo if ¢ = 0 what proves item 2.

4.2. Proof of Theorem 2.9. In this section we show that the ball property, introduced
in Definition 2.8, implies the existence of elements in the essential spectrum of —A. Let
M be a Riemannian manifold with the ball property, this is, there exists R > 0 and a
collection of disjoint balls { B (x;)}52, such that for some constants C' > 0 and é € (0, 1)
the inequalities

vol(B%(x;)) > O~ vol(BY (x4)), j=1,2,...
hold. For each j, define the compactly supported, Lipschitz function ¢;(z) = ((p;(z)),
where p;(z) = dist(x, ;) and
1 if t<46R
R—t
R(1-90)
0 if t>R

(40) C(t) = if teldR,R)]
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1
Observe that |('] < RO=0) By the ball property (7),
IN(¢5:05) = / |V¢j|2*A/ %5
BR (%5) By (z5)
vol(BR' (z;)) M
(41) < RO 5;2 — Avol(Bjg(z;))
1
< My, -1
< vol(Bjg (z;)) (R2(1 —5)2 AC )
< 0

provided that A > C/(R*(1 — 6)?). Since {¢;} span an infinite-dimensional subspace of
the domain of —A, the Friedrichs extension of the operator —(A + ) has infinite index,
or equivalently, —A has infinite eigenvalues below ), for each A > C/(R(1 — §))2. By
the Min-Max Theorem, see [21, Prop. 2.1 & 2.2 ], [51, Section 3] or [54], the inequality
inf oess(—A) < C/(R(1 — 6))? follows.

Remark 4.1. In virtue of Bishop-Gromov volume comparison theorem, [12], [31], all Rie-
mannian n-manifolds M with Ricci curvature bounded below Ricp > —(n — 1)k? has the
ball property. In fact, if we denote by voly(r) the volume of a geodesic ball of radius r in the
hyperbolic space H"(—k?) of constant sectional curvature —k2. By the Bishop-Gromov vol-
ume comparison theorem, the ratio vol(B,(z;))/volx(r) is non-increasing on [0, R]. Hence,
for each § > 0

Volk((SR)
VOlk(R)

4.2.1. Application of the ball property. Now, we will show that, for a suitable choice of their
parameters, the Jorge-Xavier and Rosenberg-Toubiana complete minimal surfaces immersed
into slabs of R3 have the ball property. Denoting by ¢: D — {(z1,z2,23): |z3] < 1}
and ¢: A(l/c/c) = {(x1,22,23: 1/c < 3 < ¢} with parameters {(rn,cn)}, {("n, Sn,cn)}
respectively, the examples of Jorge-Xavier and Rosenberg-Toubiana, we shall show that with
the choice ¢, = —log(r2), we have that 0 = inf gess(—A) in both surfaces. The induced
metric ds? in Jorge-Xavier minimal immersion is conformal to the Euclidean metric |dz|?.
More precisely, ds? = A\?|dz|?, where

vol(B%(a:j)) > Vol(ng(xj)) = C(6, R)_lvol(Bf\{[(mj)).

A= (|eh| + |e*h|) )

N =

At points of K,
1
61+Cn >\ > *60”’_1
2
thus,

<22+2“"|dz|2 > ds? = )\2|dz\2 > 62“”_2|dz|2

RNy

Choosing ¢,, = —log(r?2) and letting I,, be the segment of the real axis that crosses K, one
has that the length ¢(I,,) of this segment in the metric ds? has the following lower and upper
bound

[\v]

e~ 1

> (1) > rper Tt > —
Tn

ﬁ‘m
RS

2
Let p, be the center of the I,, and denote by Bjifg (pn) and B‘Igzl (pn) the geodesic balls
of radius R and center p,, with respect to the metric ds? and the metric |dz|? respectively.
Giving R > 0, there exists n, such that for all n > n, the geodesic ball B%SQ (pn) C Ky,
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-1
for all n > ng. Indeed, since r, — 0 as n — oo, just choose n, be such that Tn, < g-

Moreover, these inclusions

Bl torreny (0n) € B (0u) € B oy (p0)
R/(et+en)\Pn R Pn 2R/ (een—1)\Pn

holds. Therefore, for 6 € (0,1), we have

2 22
volag2 (Bi: (b)) = Volag (Byj) aven (Pn)

1 C — dz|?
(42) > 162 o 2V01‘d2|2(B(‘;R/I(el+0n)(pn))
1 dz|?
- @volleP(B(LR' (pn))
2 2|2
volgee (BE" (pn)) < volawr (Byp) (pen -1 (Pn)
2
(43) < €2 20lgu e (B o1y (Pn)
—  detvolyg.pp (Bl
e*voljqz2(Bg™ (pn))
From (42) and (43) we have
ds? 52 ds?
(44) volas2 (BSg (pn)) > oo -volgs2 (BR (pn))

This shows that Jorge-Xavier minimal surfaces with those choices of ¢,, above has the ball
property, (along the sequence p,,, for n > ng), with parameters R, § and C = ¢'9/§%2. By
Theorem 2.9,
inf oess(—A) < __c
s ~ R*(1-946)?
Letting R — oo, we conclude that 0 € o.ss(—A). Likewise, in the construction of Rosenberg-
Toubiana’s complete minimal annulus properly immersed into a slab of R3 the induced

1 1
metric is given by ds? = \2|dz|?, A = 0 <|g(z)| + |g(z)|) On K, we have

2en > 1+€2C" >\A> 1 (e —1)
c = 2 ) =" =9 \°

Letting I,, be the segment of the real axis crossing K,, and p, the middle point of I, we
have that the geodesic ball (in the metric ds?) with radius R > 0 and center p,, is contained
in K,,, for sufficiently large n,

2
B (pn) C K,

Moreover,
212 §2 2|2
B (pn) € BE (pa) € B (pn)
e2¢cn P re—
Thus
2c 2
s2 dz|? esr —1 dz|?
volge2 (B?R (pn)) > volye (BQBR(;D”)) > (41|C2e4ch01|dz|2(leiR| (Pn))
and
s? dz|? 4lc 264Cn dz|?
volgse (B (pn)) < volaa(BYE, | (p1)) < (egcl_l)zvoldﬁ(BR (o).
e4fn —1
2 (52 ds?
Therefore, for n so that 1 —r, > 2/3 we have volg.z(BSs (p,)) > mvoldsz (BS (pn))-
c

This shows that Rosenberg-Toubiana minimal surfaces with those choices of ¢,, above has
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the ball property, (along the sequence p,,), with parameters R, § and C = 81|¢|*/62. By

Theorem 2.9,
C

<~ .
~ R%(1—46)?
Again, letting R — oo, we conclude that 0 € o.s5(—A). This finishes the proof.

inf oess(—A)

We conclude this section calling the attention to an example of a bounded minimal surface
©: M — R3 with dimy (p(M)) = 3, which is not a covering and cess(—A) # 0. In [4] P.
Andrade constructed a complete minimal immersion ¢: C — R? with bounded curvature
with the property that ¢(C) was an unbounded subset of the Euclidean space R? with
volz(p(C)) = oo, see also [56]. In other words, he constructed a dense complete minimal
surface with bounded curvature thus, with the ball property. However, the restriction of the
parametrization of Andrade’s surface to a strip U = {u+iv € C: |u| < 1}, yields a bounded,
simply-connected minimal immersion with the ball property and dense in a bounded subset
of R3. To give more details, we will keep Andrade’s notation, thus, here and only here, H
will be a holomorphic function.

Example 4.2. Choose r1,79 > 0 such that ry/ry is irrational and strictly less than 1, and
set d = r9 — 1. Define the map x: C — R3 = C x R, x(2) = (L(2) — H(2), h(z)), for the
following choice of holomorphic functions L, H and harmonic function h:
1), d\'? 1y,
LG = (=)t HE) = —aelEL we) =4 (S) |2 - (i557).
2

where ® means the real part. Then, a computation gives that

oh\?

|L'(2)] + |H'(2)| > 0, L'H = (32) on C,
which is a necessary and sufficient set of condition on x to be a conformal minimal immersion
of C in R3. Restricting x to the region U = {z = u +iv € C: |u|] < 1}, we get a bounded,
simply-connected minimal immersion ¢ = x|y. For each fixed u € (—1,1), ¢(u + iv) is a
dense immersed trochoid in the cylinder I'y = [Bq, (u)\Bs,(u)] % (—1(u), (u)), where s1, 52,1
are explicit functions of v depending on 71 and re. Therefore, lim ¢ is dense in the open
subset J,¢(_1,1) T'u of R?, which gives dimy(lim ¢) = 3. Moreover, the induced metric ds?
satisfies

, 2
(45)  ds? = (|| + |H'])?|dz)? = <|r2 —ryle* + de(r%*)“) dz)? > 4(ry — r1)?|dz |2

2
Considering zy, = 2ik € U, each of the unit balls B‘ldz‘ (21;) C U in the metric |dz|? contains
a ball Br(zy) in the metric ds? of radius at least R = 2|ry—71|. Since the sectional curvature

of x satisfies
r r —4
K:_Cl <6(1_4T12)u—|—626(ié —l)u) ,

for some positive constants ¢y, co, and 1 — 4T712 and i% — 1 have opposite signs, x has globally

bounded curvature. In particular, {Bg(zx)} is a collection of disjoint balls in (U, ds?) with
uniformly bounded sectional curvature, therefore, gess(—A) # 0 on (U,ds?), by Theorem
2.9 and Remark 4.1.

4.3. Proof of Theorem 2.10. Let ¢: M — N be a non-proper isometric immersion with
locally bounded geometry of a complete Riemannian manifold into a complete Riemannian
manifold N. We are going to show that there exists a sequence {z;} C M a radius R, a
constant C' > 0 and ¢ € (0,1) such that

VOlM(B%(ajj)) > C_lvolM(B%(xj)).
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In other words, M has the ball property. Let yy € limy and let W C N be a compact
subset with yo € int(W). Let Ag = Ag(W) be such that [[ay||zeo-1w)) < Ao. The Gauss
equation and the upper bound supy, |Kn| < oo of the sectional curvatures of N on W gives
a positive number by > 0 such that
sup Ky ()| < 2A8 + sup |[Kn| < bo
z€p~ (W) w

where Kj; are the sectional curvatures of M. In particular, each connected component
U C = }(W) has sectional curvatures uniformly bounded |Ky| < by. Set

(46) 2r = min{iw, (2A0) 1, by /- cot ™1 (1/(2v/bo)), disty (yo, N \ W)}

where i, = inf{injy(z),z € W}. Let By = BN (yo) be the closure of the geodesic ball of
N with radius 9 and center 1. There exists a sequence of points ¢; € M, ¢; — oo in M
such that ¢(g;) — yo in N. Passing to a subsequence if necessary we may assume that
q; € By and q; # gjr if j # j'. Define py,: N — R by py, (2) = distn(yo, 2)?/2, z € N. Since
ro < injy(yo), the function py, (z) is at least C? if distn (yo, 2) < 7. If dp, () = distyy(p,) (0, )
is the distance to a origin 0 in a simply connected n-space form N"(bg) of constant sectional
curvature by then by the hessian comparison theorem we obtain

1
Hesspy, (2)(Y.Y) > Hessidbo(po,p)z(Y’,Y')

(47) > /by cot(v/bo 7o) [Y'|?
> Ly,
2

where dn (yo,2) = dp, (po,p) < 710, |Y| =Y, Y L Vp, and Y’ L Vdy,. We need part of
the following result that might have interest in its own.
Lemma 4.3. Let r < ry/8. Then

i. For each x € ¢~ 1(By) we have inj,,(x) > ro.

ii. Let U; be a connected component of 0o Y (B (y0)) containing qj, then
disty (p(21), ¢(22)) < distas (21, 22) < 2disty (p(21),¢(22)), V21,20 € U
Thus the map ¢y, : Uj — N is an embedding.

ili. Take x; € U; such that disty (yo, ¢(x;)) = distn(yo, ©(U;)). If j is large enough
then B3 (z;) C U; € B (z;).

Proof. Let x € o 1(By). Suppose, by contradiction, that distys(z,cutys(z)) < 79. Let
z € cutps(z) such that distps(z, z) = distps(x, cutpr(z)). By the restrictions (46), z is not
conjugated to x, thus, there are two distinct minimal geodesics 7y; and <2 joining = to z,
making a geodesic loop v = 71 U ye based at z, [14, Lemma 5.6]. Since rq > distps(x, 2) >
distn (¢(z), p(2)), the closed curve ¢(v) is the region in N where p,, is C?. The function
h(s) = py, ((7(t))) has a maximum at s = inj,,; (), however

h'(s) = Vdpy,(dey',dey') + (Vpye, a(v',7))
(48) > 1/2—19Ag
> 1/4, 0 < s < 2inj,, (x).

This contradiction proves item (i). To prove (ii), let U; C ¢~ '(BL.(y0)) be a connected
component containing ¢;. Let 21,20 € U; and y1 = ¢(21) and y2 = ¢(22). Let v(s), s €
[0, distpz(21, 22)] be a minimal geodesic in M joining z1 to z2. We may assume without loss
of generality that disty(yo,y1) < dista (o, y2). Observe that py, (¢(7(s))) < py,(y2) for all
s. Otherwise, s — py, (©(7(s))) has a maximum at some interior point so € (0, distas (21, 22))
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and disty (yo, @, (7(s0))) < 7o. Taking the second derivative at this point of maximum and
we get a contradiction, as above, and that proves our assertion. Moreover, s — py, (p(7v(s)))
is of class at least C2. It is clear that (py, (¢.(7(s))))” > 1/4 for all s € [0, ¢ = distar(21, 22)].
Then

dist} (1, y2)

) ) o)
= Pyl(w(v(o)))+tpy1(<p(7(8)))’|s:o+/o (1= 5) (py, (0(7(st))))" ds
2t
(49) > 7 i (1—s)ds
t2
- %

It follows that distas(z1, 22) < 2distn(¢(21), @(22)).
To prove item iii. Pick x; € U; such that disty(yo, ¢(z;)) = distn(yo, v(U;)). We may
choose j large enough so that distn (o, ¢(z;)) < r. Let x € B! (x;). Then

distn (p(2),0) < distn(p(x), ¢(z;)) + disty (0(;),y)
< diSt]\/[((E,(L'j)+T
< 4r
Now let = € U then
distar(zj,2) < 2disty(o(25), p(2))
< 2[distn (), yo) + distn (yo, ¢(2))]
< 10r

By the Lemma 4.3, there exists a sequence z; € M such that B! (z;) C U; C B (z;)
for all j. Observe that disty(g;,y0) > disty(¢(z;),%0) — 0 as j — oo and yo € limep.
Therefore passing to a subsequence we have that z; # x;4; for all & > 1. Recall that
the sectional curvatures of U; are bounded below Ky, > —bg. Let N™(—bg) the simply
connected space form of constant sectional curvature —by. Choose any ¢ € (0,1). By the
Bishop-Gromov volume comparison theorem we have

vol (B?;;(*bo))

vol(BM (z;)) >
( 63 ( ])) VOI(B?I?IT (—bo))

vol(B3!(z;)) = C(bo,m, 8,3r) vol (B! (z;)).

This shows that M has the ball property with respect to the parameters {z;}, R = 3r,
C=1 = vol (B, ") fvol (B, ")) and any § € (0,1). Since 3r € (0,3r(/8) and 6 € (0,1)
we have by Theorem 2.9 (taking § = 1/2) that

256 vol(B;, ")

95 vol (B (™)

inf oess(—A) <

O N

O

4.4. Proof of Theorem 2.11. To prove Theorems 2.11 we will apply the following propo-
sition derived from the Spectral Theorem, see details in [21, Prop.2], [30, pp. 13-15].

Proposition 4.4. Let M be a Riemannian manifold. A necessary and sufficient condition
for (n — €, + €) N oess(—A) # 0 is that there exists an infinite dimensional subspace G, of
the domain D(—=A) of =A, for which ||(A +n1)Y| 2y < €ll¥llLzany, ¥ € Ge.
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To show that n € oess(—A), using this proposition, we need to take a sequence v, — 0
as n — oo and a sequence of functions ¢, € C§°(M) satisfying [[(A + nI)¥nllr2(ar) <
Un||¥nllL2(ar) with supp v, N supp ey, = O if n # n’. Consider a sequence of compact
subsets K,, C D, with Euclidean width r,, — 0 as n — oo and the set of constants ¢,
satisfying (9) in Jorge-Xavier’s or Rosenberg-Toubiana’s construction. The induced metric
ds? = ¢*|dz|? on the minimal surface is conformal to the Euclidean metric |dz|? on the disk
D. More precisely, ds®> = A?[dz|?. Set A, = supg, A(z) and ¢, = A,/ (infx, A(2)) so that

An/Cn <A< A, in K,,. Let I, be the segment of the real axis that crosses K,,. The length
Las2(I,) of I, in the metric ds? has the following lower and upper bound

AT
b

2
Let p,, be the center of the I,, and denote by Btds2 (pn) and Btldz| (prn) the geodesic balls of
radius ¢ and center p, with respect to the metrics ds? and |dz|? respectively. Denote by

< gds ( ) < )\n/r'n

A= and by dx, respectively the Laplace operator and the Lebesgue measure of R? with
respect to the metric [dz|? and denote by A" and by A2dz the Laplace operator and the
Riemannian measure on M with respect to the metric ds?>. The Laplace operators Aldzl?
and A%’ are related, on D, by Ads® = #A'dﬂz Given n > 0 and f € C’go(ByliZF(pn)) be

a smooth function with compact support in B| =l (pn) C K, to be chosen later. We have

that
2
| Ads f+77f||2L2(M /B|dz|2( ()\2 Ald=F p 4 f> Ndz

= Ald=l" ¢ dx+n/ ANz
/B"“'Qw ) Az( ) 19212 (p,)

Tn

(50) +2n / . fAlEF pag
1o (o)
2
< / 2 (AP f) dx+n2C2/ F2a2de
= B P ) AR "Bl
o2 / FAIT 23— ) / 191 2d
Bl (p, Bl (p)

= (2 Alas f 4 f) oo -0 [ VP
Bl (pu)\ A Bl ()

™n

Consider the ball Bl\(tzrln (Pn) = pn + B‘dz| _(0) € R? of radius \,r, and center p,, and the

map &: Bl\dzr‘n (pn) — BLiZ‘Q(pn) given by &(pn,+2x) = pp+x /N, and define h: B‘dz| (pn) =R

by h = fo¢& We have that Ald=*p = Al £(£) /X2 and the Jacobian J(f)( ) = 1/)2.
Considering the change of variables = £(y) we have that

2 2
. fgl.dz‘z(pn)(ﬁAldz‘zf+”f) Al = [parz n><Aldzl2h+’7h) de

>\n Tn

2
° fBl‘(;{Lz‘z(pnﬂvldz‘ f|2dx = fB‘dz‘i/(pn) |V‘dz‘ h|2dx
Therefore from (50) and the change of variable above we have the following inequality
(51)
2 2
A% fH+nflleeany < Call A h ) e +V2n(G — ||V|dz‘ hl| 2(plas1?
L2(By )., (Pn)) L2(By, )., (Pn))

Anrp T
Where f: B (p,) ¢ K, — R, h = foé: B (p,) » R defined by h(p, +z) =
f(pn +x/\,). Observe that f =ho¢=1: Blizlz(pn) — R so that f(p, +z) = h(pn + A1),
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x € Blrizlz(()). In other words given h € CSO(BELZ,E (pn)) we obtain f € C’(‘)’O(B‘Tiz‘z(pn)) and
vice-versa, satisfying the inequality (51).

Given a positive real number n > 0 and since J(deZP) = aess(fA‘dz‘Q) = [0,00) we
have that n € aess(—A|dz|2) . Therefore for each § > 0 there exists, (by Proposition 4.4),
h € C§°(R?) such that

2
(52) 1A= R | 22y < S]]l L2 g2) -
Suppose that lim sup,,_, ., 7 A = 00. Then there exists ng such that for all n > ng the ball
2
B/‘\(izjn (pn) contains the support of h since for large n we have 1 < e, < 2 and the length
Las2(I,) > A1 /G — 00. For this function h € C’go(Bl\iZTIi (pn)) we have
. / |V‘dz|2h|2dx < ,ul(n)/ h%dy, where p(n) = Al(B‘)\dzf(pn)) is the
B‘dzP(pn) B|dz\2(pn) nTn

AnTr AnTn

first Dirichlet eigenvalue of the ball Bl\izrli(pn).
o Letting f(pn, + ) = h(pn + Anz) € C(‘)’o(BLiZIQ(pn)) we have

hdy = A2 124
/de2(p") y ‘/Br122(pn) nf r

AnTn
4 / . PNda
Bv“iz‘(pn)

Al £lZ2 ar)-

IN

(53)

since A, < 2.
e Putting together these information we have

2
[ e 9 0P A < 41110
BA ,Tn(pn)

n

From the inequality (51) we have then
2
IAYf +0fll 2wy < (2Cn5 +2v2n(¢ - 1)#1(”)) £l (ar)-

We are ready to conclude that each n > 0 belongs to Jess(fAdSQ). Let us consider a sequence
of positive numbers v; — 0. For each i, choose n such that 2,/2n(e2 — 1)p1(n;) < v;/2.

This n exists since pq(n) = Al(Bl)iii(pn)) =c¢/(Aprn)? = 0 and €, — 1 as n — oo. Take
§ < v;/4 and choose h; € C§°(R?) such that (51) holds and choosing n; large enough so

dz|?

that supp h; C BIA (pn). Then the function f; associated to h; satisfies

T,
n;T'ny

2
A% £+ nfillzoan < vill fill L2 oa-
It is clear that we can choose the family h; with support in different balls. All that shows

that n € aess(—Adsz). To finish the proof of Theorems 2.11 we need to address the case
that lim supr, A, > 0. Observe that in K,, we have that

A
A<,
G =

This implies that, in K,
A2
<C) |dz|? < ds? < A2|dz|?.
From this point on, is easy to see that (D, ds?) or (A(1/c,c),ds?) has the ball property, see
details in the application the subsection 4.2.1. Thus oess(ds?) # ). This finishes the proof
of Theorem 2.11.



26

4.5.

G. PACELLI BESSA, LUQUESIO P. JORGE, AND LUCIANO MARI

Open problems.

(1) We presented an example of a complete bounded surface with non-empty essential
spectrum and limit set with positive 2-dimensional Hausdorff measure, see Remark
2.7. This shows that Theorem 2.4 is sharp. However, for submanifolds of dimension
m > 3, it seems that requiring that the 2-dimensional Hausdorff measure of the
limit set be zero is a technicality of our proof. A natural question arises.

Question 4.5. Let ¢: M™ — N™ be a bounded, minimally immersed submanifold
of dimension m > 3 of a Hadamard manifold N. Let Q@ C N be a bounded open
subset so that (M) C Q. If H™(limp N Q) = 0, does —A has discrete spectrum?

(2) Infinite sheeted coverings of complete bounded minimal surfaces always have non-
empty essential spectrum. On the other hand, Example 4.2 establishes the existence
of incomplete minimal surfaces with gess(—A) # ) and whose immersion map ¢ is
not a Riemannian covering. One could naturally ask the following: is it possible
to find a complete, bounded minimal surface ¢: M — R? with non-empty essential
spectrum and such that ¢ is not a Riemannian covering map?

(3) Although Theorem 2.4 can be applied for each of the examples (i.),..., (vii.), it is
still unapplicable to the original example of Nadirashvili [48]. Is it possible to find a
choice of parameters in Nadirashvili’s construction, such that the essential spectrum
of the resulting minimal surface is not empty?

(4) In the Jorge-Xavier’s or in the Rosenberg-Toubiana’s construction, what can be said
about the essential spectrum if the choice of the parameters {(r,,c,)} is such that
limsupr, A, = 07
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