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Abstract

Atmospheric clusters are weakly bound and can fragment inside the measuring in-

struments, particularly, mass spectrometers. Since the clusters accelerate under electric

fields, the fragmentation cannot be described in terms of rate constants under equilib-

rium conditions. Using basic statistical principles, we have developed a model for

fragmentation of clusters moving under an external force. The model describes an en-

ergy transfer to the cluster internal modes caused by collisions with residual carrier gas

molecules. As soon as enough energy is accumulated in the cluster internal modes it

can fragment. The model can be used for interpreting experimental measurements by

Atmospheric Pressure interface Mass Spectrometers.
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1 Introduction

The mass spectrometer and ion mobility spectrometer are effective tools for studying at-

mospheric clusters, e.g., measuring their composition and to some extent concentration.1–5

These instruments are capable of resolving the elemental composition of sub-3-nm parti-

cles.4,5 High-resolution and high-sensitivity mass spectrometers have increased our knowl-

edge of individual charged clusters at ambient concentrations. However, some clusters might

not be stable enough to survive severe conditions inside the instruments, and this might

alter the detected distribution. Therefore, it is possible that measurements do not give a

true picture of the clusters in both the atmospheric and laboratory experiments.

The trajectory of ions in mass spectrometers and ion mobility spectrometers is mostly

defined by parameters like electric field, number concentration of the carrier gas, its temper-

ature, flux, etc. The use of models such as ACDC (Atmospheric Cluster Dynamic Code)6

to describe cluster transformations inside mass spectrometers is it not possible. The ACDC

model has been designed to describe the kinetics of formation and growth of atmospheric

clusters. The model assumes the environment to be in equilibrium, but this is not the case

in the mass spectrometer measurements. Although comparison with experiments has shown

it to be quite successful,1 there are still uncertainties in interpreting the atmospheric mea-

surements and experimental results. Often, the discrepancies observed between the clusters

distribution predicted by models such as ACDC and those measured by mass spectrometers

have been attributed to possible cluster fragmentation inside the mass spectrometer.7 The

ionic clusters inside a mass spectrometer are accelerated under an electric field and expe-

rience collisions with carrier gas molecules. These collisions lead to energy redistribution

between the colliding molecules, and between the translational, rotational and vibrational

modes of the ionic clusters. As soon as the vibrational modes accumulate enough energy,

the ionised clusters can get fragmented. This process resembles collision-induced dissociation

(CID). CID is used in tandem mass spectrometry mainly to elucidate the structure of the

analysed ions.8 An essential difference between a cluster and a molecule is in the strength of
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the bonds, so it is misleading to use the term dissociation for non-covalently bound molecular

clusters when they fragment.

The cluster distribution measured by a mass spectrometer can be different from the one

in the atmosphere due to collision induced cluster fragmentation (CICF) in the instrument.

To investigate this possible artefact, we have developed a model for studying the influence

of collisions between ionic clusters and carrier gas molecules on the clusters’ fragmentation

in Atmospheric Pressure interface Time of Flight (APiTOF) mass spectrometers. The ionic

clusters are guided by electric fields inside the Atmospheric Pressure interface (APi) through

a series of three vacuum chambers before arriving to the Time Of Flight (TOF) mass spec-

trometer. A detailed description of the instrument is reported elsewhere.5 Using a trimer

cluster consisting of two sulphuric acid molecules and a bisulphate anion as an example, we

model collision induced energy transfer between the translational, rotational and vibrational

modes of the cluster, which can lead to cluster fragmentation.

Besides the introduction this article has four more sections: theoretical background of

the model, details of simulations, results and discussion, and conclusion. Some material is

placed in the supporting information (SI). In particular, we have included a list of symbols

in the SI.

2 Theoretical background of the model

2.1 General description of the model

The simplest setup for modelling CICF in some part of the mass spectrometer is as depicted

in Figure 1. The negatively charged ionised cluster (later we usually refer to it as ’cluster’

omitting ’ionic’ or ’ionised’) moves under an applied constant and uniform electric field from

one point to another. The electric field is along the z axis, the particular choice of direction

of x- and y-axes is unimportant. The cluster also experiences collisions with the carrier gas

molecules. Usually the carrier gas in APiTOF mass spectrometers is air. Typically, exper-
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iments are performed at stationary conditions when the flux, pressure and temperature do

not depend on time at any point in any of the chambers of the mass spectrometer. Thus we

have chosen to model the stationary conditions. We focus on the description of the collisions

voltage, distance

carrier gas 

Negative charge

Electrode

cluster 

−#⃗ Positive charge

Electrode

Figure 1: General setup of the model.

of the clusters with carrier gas molecules, energy transfer at collisions and energy redistri-

bution during the time between the collisions which can lead to fragmentation. To avoid

additional complications when developing the framework of the model, we keep the electric

field constant in time and uniform in space and we also assume the velocity distribution of

the carrier gas molecules to be Maxwellian. Alternating electric fields, magnetic fields and

deviations from the Maxwellian distribution can be straightforwardly included in the model.

We simulate the trajectory of the clusters moving from one electrode to another. The

travelling trajectory is defined by the electric field and random collisions with the carrier gas

molecules. Each cluster is considered individually. Its velocity, angular velocity, trajectory

and vibrational energy are monitored, and the probability of fragmentation is calculated

along the trajectory. There are two possible fates for each cluster: 1) it can reach the
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second electrode or 2) get fragmented earlier. The aggregate data on the parameters along

the trajectory as well as cluster’s final fate is called a realisation of the random process.

After running a statistically significant set of realisations we calculate the proportion of the

fragmented clusters. Each realisation includes several events and situations that can be

viewed as random. They are related to collision, energy transfer at collisions and possible

fragmentation. We consider these three processes and derive the related probability density

functions (PDF) in the next three subsections.

2.2 Collision probability density functions

In this subsection, we determine PDF, which provide the random values for the velocity

vector of the carrier gas molecule colliding with the cluster, for the point of collision on the

cluster surface, and for the time between the collisions. We treat both the cluster and the

carrier gas molecule as spheres of radii R and Rg, respectively. When calculating the collision

frequency, we consider the collision of the effective sphere with radius R = R + Rg and a

point-like particle. The mass of the effective sphere M is equal to the mass of the cluster

and the mass of the point-like particle m is equal to the mass of the carrier gas molecule.

Substitution of the two colliding spheres problem with the problem of the collision of a sphere

with the point-like particle does not change the value of the collision frequency.

The PDFs of the velocity component of the carrier gas molecule normal to the cluster

surface un, of the polar angle between the the cluster velocity vector and the vector drawn

from the centre of the cluster to the point of collision θ (see Figure 2), and of the time

between collision t can be found by solving the collision frequency of the cluster moving with

velocity v through a Maxwellian carrier gas. The solution can be found in the SI, here we

present only the results. The PDF of the normal component of the carrier gas velocity un

and of the angle θ at collision is

f0(θ, un) =
1

Υ
2πnR2

√
m

2πkT
(un + v cos θ) exp

(
−mu

2
n

2kT

)
sin θ, (1)
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Figure 2: Illustration of the angles defining the point of collision between the carrier gas
molecule and the cluster on its surface. The point of collision is marked wth a black dot.

where n is the number density of the carrier gas, k is the Boltzmann constant, T is the

temperature, v is the cluster velocity and Υ is the total collision frequency given by the

following formula

Υ = πR2n

((
kT

mv
+ v

)
erf

(√
m

2kT
v

)
+

√
2kT

πm
exp

(
−mv

2

2kT

))
, (2)

where erf is the error function. Naturally, Υ is approaching πR2n
√

8kT
πm

at small v ( to

calculate the limit one needs to expand erf into a Taylor series). This corresponds to the

collision frequency of Maxwellian gas with a motionless sphere. In the opposite limiting case,

Υ is approaching πR2nv at very large v, which corresponds to collision of the sphere moving

with velocity v through a motionless gas. The dependence of the collision frequency on the

velocity of the cluster is presented in Figure 3. The PDF of the azimuth angle φ (see Figure

2) is even, and the PDF of the component of the carrier gas molecule velocity tangential to
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Figure 3: Dependence of the collision frequency of the the cluster with the Maxwellian gas
at 300 K on the velocity of the cluster.

the cluster sphere obeys a two-dimensional Maxwell distribution.

The PDF of the time between collisions is

fc(t) = Υ(t) exp

− t∫
0

Υ(t)dt

 . (3)

The total collision frequency Υ(t) depends on time because the velocity of the cluster moving

in the electric field is not constant. Between the collisions the velocity is defined by

−→v = −→v0 +
q
−→E
M

t, (4)

where−→v0 is the velocity right after the previous collision, or at the beginning of the simulation,

q is the charge of the cluster, and
−→E is the electric field.
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2.3 Energy transfer at collisions

At first we consider the timescales of the processes related to collisions. The collision of

clusters with carrier gas molecules is possible only in the first two chambers of the APiTOF

mass spectrometer. The pressure there ranges from 1 to 200 Pa. The voltages between the

consecutive electrodes there do no exceed 17 V. Thus, we can estimate the upper limit of

the velocity v for a cluster with a mass of about 300 au to be about 3000 m/s. Therefore,

considering that the typical time between the collisions of the cluster with the carrier gas

molecules equals 1/Υ, we estimate it to be in the range between 10−5 and 10−8 s (see Eq.

(2) and Figure 3). When collision happens, the cluster and the carrier gas molecule form a

"collisional complex". Since the interaction between the colliding parties is weak, the lifetime

of the "collisional complex" can be determined either by the time for the carrier gas molecule

needed to pass 1 – 2 Å or by the lowest vibrational frequencies of the cluster. In both cases

we obtain the lifetime of the "collisional complex" to be an the order of 10−12 s.

The energy transfer at collision of two molecules as well as energy redistribution after

collisions have been intensively studied for many years. Quantum effects are essential in the

collision of molecules. The vibrational frequencies are relatively high, and the gaps between

the energy levels are usually much higher than kT . In case of clusters, the situation is

different. Some frequencies are low, and even at room temperatures quite many vibrational

modes are unfrozen. As one can see from the SI, already twelve vibrational modes of the

trimer under study are unfrozen at room temperates. Thus, the energy spectrum even at

room temperature is continuous, and energy transfer between the modes is not hindered. For

any amount of transferring energy, there are always available energy states. We assume that

the microcanonical principle holds, so that all states having the same energy can be observed

with an equal probability. Therefore, the amount of energy transferred to the vibrational

modes of the cluster is defined by the densities of states and the conservation of momentum,

angular momentum and energy. The rotational and vibrational degrees of freedom of the

carrier gas molecules are neglected.

8



Similarly to molecular rotational frequencies, the rotational frequencies of the cluster

are much lower than the vibrational ones. Therefore, post-collisional energy transfer in

the cluster is much faster for vibrational-vibrational energy exchange than for rotational-

vibrational energy exchange. This has been confirmed by a molecular dynamics study9 of

argon clusters. Translational-vibrational and vibrational-vibrational energy transfer occurs

at the timescales comparable to reverse vibrational frequencies, while rotational-vibrational

energy transfer takes 10 - 100 times longer. It was noted in the same study that the tan-

gential component of the colliding molecule’s velocity mostly enhances rotation rather than

vibration. Therefore, when writing equations for the normal components, we do not con-

sider rotational-vibrational energy transfer. Similarly, for the tangential components, we do

not consider energy transfer from the translational mode of the carrier gas molecule to the

vibrational motion of the cluster. After collision, we consider energy redistribution between

vibrational and rotational degrees of freedom of the cluster, as this happens on a much

faster timescale than the time between collisions of the cluster and carrier gas molecules.

The timescales of the energy transfer and redistribution are summarised in Figure 4.

The different timescales of the processes allow us to build a simple model for describing

energy transfer at collisions. In this model, they can be characterised as "instant inelastic

collisions". It is convenient to consider the collision in the system of coordinates where the

cluster centre of mass is at rest just before the collision. Since the rotational-vibrational

energy interchange can be neglected during the lifetime of the "collisional complex", we can

split our system, consisting of the motional modes of the cluster and the carrier gas molecule,

into two closed subsystems for which conservation of energy can be considered separately.

The first subsystem includes the component of the carrier gas molecule translational motion

normal to the cluster surface, and the vibrational modes of the cluster. The second subsystem

includes the component of the carrier gas translational motion tangential to the cluster

surface and the rotational modes of the cluster.

The collision time (lifetime of the "collisional complex") is very short, so the position
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Figure 4: Timescales of the processes related to collision of the cluster (blue sphere) with
the carrier gas molecule (green sphere), energy transfer process induced by the normal and
tangential components of the carrier gas molecule velocity, and energy redistribution.

of the carrier gas molecule and the cluster do not noticeably change while they stay to-

gether in the "collisional complex". We assume the same for orientation of the "collisional

complex" and this is in line with the timescales of the processes shown in Figure 4. When

the "collisional complex" decays, we assume that in the first subsystem the direction of the

velocities of the cluster and the carrier gas are collinear with the velocity component of the

carrier gas molecule normal to the cluster surface just before the collision. The additional

physical assumption made here is that the cluster vibrational modes return the energy to

the translational motion of the carrier gas molecule along the same line as they receive it.

Note that this assumption affects only the direction of the motion after collisions, not the

amount of energy transferred to the cluster.

First, we consider the conservation laws for the first subsystem. According to the conser-

vation of momentum and energy, the carrier gas molecule sticks to the cluster, so that the

"complex" acquires the velocity v′com = m
M+m

u′n and energy µu′2
n /2, where µ = mM

m+M
is the
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reduced mass, and prime in the notations of the velocities means that they are measured in

the system of coordinates moving with the same velocity as the centre of mass of the clus-

ter just before the collision. Since we do not consider rotational-vibrational energy transfer

during the lifetime of the "collisional complex", we can omit rotational energy, and write the

energy of the complex Ecom = εv0 + µu
′2
n /2, where εv0 is the vibrational energy of the cluster

just before the collision. After the cluster and the carrier gas molecule separate, part of the

energy Ecom goes to the translational energy of the relative motion of the separating parties,

while the rest stays in the vibrational modes of the cluster. According to microcanonical

principle this division is defined by the density of states. The combined density of states of

vibrational and relative translational motion can be written as

ρcom(Ecom) =

Ecom∫
0

ρt(εt)ρv(Ecom − εt)dεt, (5)

where ρt(εt) is the density of states of the relative translational motion of the cluster and the

carrier gas molecule, ρv(εv) is the vibrational density of states of the cluster, Ecom = εv + εt,

εv is the vibrational energy of the cluster right after collision, and εt is the energy of the

relative translational motion of the cluster and the carrier gas molecule. The energy is

counted from the zero-point energy of the cluster. The integrand, when normalised, is the

PDF to observe a certain energy in the relative translational motion of the cluster and carrier

gas molecule after collision fn(εt) (for a more detailed derivation of this PDF see the SI).

The normalisation constant is ρcom(Ecom). The density of states of the relative translational

motion can be written as10

ρt(εt) =
4
√

2 πV µ3/2√εt
(2πh̄)3

, (6)

where V is the volume of the system, and h̄ is the reduced Planck constant. The cluster

vibrational density of states can be calculated numerically (for description of the method see
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subsection 3). Hence,

fn(εt) =
ρv(Ecom − εt)

√
εt∫ E

0
ρv(Ecom − εt)

√
εt dεt

. (7)

When making simulations we draw a random value of εt from the distribution given by

Eq. (7). Due to conservation of energy the vibrational energy of the cluster right after

collision is

εv = εv0 + µu
′2
n /2− εt (8)

The convenient system of coordinates for considering conservation laws for the second

subsystem is formed by the mutually orthogonal unit vectors
−→
i ,
−→
j and

−→
k depicted in Figure

5. Note that the j-component of the angular velocity of the cluster (−→ω ) stays unchanged

!

#⃗

$⃗, &'() * +

Figure 5: Directions of the axes i, j, k. The dashed tangential line drawn through the point
of collision (black dot) is in the plane formed by vector of the cluster velocity and by the
vector drawn from the centre of the sphere to the point of collision. The direction of the
axis i is collinear with the vector of the tangential velocity of the carrier gas molecule u′i0.

during the collision, and does not affect the velocities of either the cluster or the carrier gas
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molecule. The other components are involved in two independent sets of equations

Rmu′i0 + Iωk0 = Iωk +Rmu′i

mu′i0 = Mv′i +mu′i (9)
mu

′2
i0

2
+
Iω2

k0

2
=

mu
′2
i

2
+
Iω2

k

2
+
Mv

′2
i

2

and

Iωi0 = Iωi +Rmu′k

0 = Mv′k +mu′k (10)
Iω2

i0

2
=

mu
′2
k

2
+
Iω2

i

2
+
Mv

′2
k

2
,

where the index 0 indicates that the value is taken just before the collision and

I =
2

5
MR2 (11)

is the moment of inertia of the cluster (solid sphere). The sets of Eqs. (10) and (11) imply

that collisions occur under conditions when there is no sliding of the carrier gas molecule

over the cluster. This maximises the energy transfer between the translational and rotational

modes of motion. The solution of these sets of equation gives the components of the velocity

and angular velocity for the cluster right after collision with the carrier gas molecule:

v′i =
4m(u′i0 − ωk0R)

2M + 7m

ωk = ωk0 +
10m(u′i0 − ωk0R)

R(2M + 7m)
(12)
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and

v′k = − 4mωi0R

2M + 7m

ωi =
(2M − 3m)ωi0

2M + 7m
. (13)

Naturally, the solution of the sets of Eqs. (10) and (11) gives also values of the velocities of

the carrier gas molecules. Since we do not use them in this study they are not presented.

We neglect the effect of collisions with clusters on the velocity distribution of the carrier gas

molecules. Eqs. (12) and (13) allow one to calculate the change of rotational energy of the

cluster at the collision. Suppose that just before the collision the rotational energy of the

cluster has the value εr0. Then, the rotational energy of the cluster right after collision is

εr = εr0 +
I(ω2

i − ω2
i0)

2
+
I(ω2

k − ω2
k0)

2
. (14)

Redistribution of energy between rotational and vibrational degrees of freedom can be

described similarly to translational-vibrational energy exchange considered earlier. The ro-

tational density of states is10

ρr(εr) =
4
√

2 I3/2

h̄3
√
εr , (15)

Assuming the microcanonical principle to work for rotational-vibrational microstates of the

cluster, we can write the PDF of the rotational energy of the cluster:

fr(εr) =
ρv(E − εr)

√
εr∫ E

0
ρv(E − εr)

√
εr dεr

, (16)

where E = εr + εv is the cluster internal energy. If fragmentation does not happen before the

next collision, the rotational energy just before the next collision is determined by a random

value obtained from the PDF of Eq. (16).

The ionised clusters in mass spectrometers accelerate under electric fields. The centre
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of charge of the cluster does not necessarily coincide with its centre of mass. This leads

to pendulum type vibration around the centre of charge. Indeed, if we use the coordinate

system attached to the centre of charge, the centre of mass experiences an inertial force Ma,

where a is acceleration of the cluster. Hence, we observe a physical pendulum vibration

with frequency on the order
√
a/l , where l is the distance between centres of charge and

mass. This frequency at accelerations typical for mass spectrometers is about one order of

magnitude smaller than rotational frequencies of the clusters under study. In some conditions

this type of motion can be important, and should not be forgotten, but in the present study

these vibrations are neglected.

2.4 The cluster fragmentation rate

Due to the intra-cluster energy exchange between the modes, a large part of the internal

energy can be localised in particular bonds. This can lead to the cluster fragmentation.

RRKM11–14 theory of unimolecular reactions provides a tool for calculation of the frag-

mentation rate.15 The probability that enough energy to break the cluster or molecule is

accumulated in the weakest bonds is one of the key values in this theory. In terms of the

phase-space theory,16 the cluster is considered to be broken when a specific area of the phase

space is reached. In the present study, we use mostly the language of phase-space theory of

chemical reactions, however, we sometimes invoke RRKM language for illustrative purposes.

Accompanied with the detailed balance approached developed by Weisskopf17 for description

of neutron escape from a potential well, the phase space theory of chemical reactions allows

one to calculate the cluster fragmentation rate.18

The detailed balance approach allows one to express the fragmentation rate through the

reverse reaction of sticking of the fragmentation products. In our case, the cluster is the

trimer AAB, where A stands for sulphuric acid H2SO4, and B denotes the bisulphate anion
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HSO –
4 . The prevailing fragmentation channel of this cluster is

AAB→ AB + A. (R1)

The fragmentation energy for reaction (R1) is 29.3 kcal/mol. Other fragmentation path-

ways, having fragmentation energies 58.1 and 76.4 kcal/mol, can hardly be observed in the

mass spectrometer19). The energy required for detachment of the electron from B is 109.5

kcal/mol.20 This makes the detachment of the electron from the cluster to be also improbable

in the mass spectrometer.

As was mentioned in subsection 2.3, we count the internal energy of the cluster E from

the zero-point energy of the cluster. However, the zero-point energy of the products is higher,

and the difference between the zero-point energies is the fragmentation energy Ef . If E < Ef

fragmentation cannot happen. For the total energy of the products (including their relative

translational, rotational and vibrational motions) it is convenient to introduce the energy ε

counted from the zero-point energy of the products. Since energy is conserved in the process

of fragmentation Ef + ε = E.

Suppose we have a microcanonical ensemble consisting of Ntot isolated clusters having

the same internal energy E. Each cluster is placed in a box with volume V , clusters can

be fragmented, and the products of the fragmentation can merge again to form the initial

cluster. If we wait long enough, we observe a detailed balance between the initial clusters

and products, which can be written as

γ(ε)N(Ef + ε) = kp(ε)Np(ε), (17)

where γ(ε) is the fragmentation rate constant, kp(ε) is the rate of the reverse process of

cluster formation from the fragmentation products, N(Ef + ε) is the number of boxes where

the cluster is intact and Np(ε) is the number of boxes where the cluster is fragmented. Eq.

(17) is a sum of similar equations for individual microstates for both the left and the right
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hand side. Since the boxes are isolated energy, momentum and angular momentum are

conserved. The reverse of reaction (R1) (recombination of the fragmentation products) is

thought to be barrierless,21 and the reaction rate simply equals the collision rate. Therefore,

taking into account that the time between collisions of clusters with carrier gas molecules

ranges between 10−5 and 10−8 s (see subsection 2.3) it is natural to assume that the phase

space of the system is properly explored. This allows us to assume that the ergodicity holds

and all microstates having the same energy can be observed with equal probability like in

the microcanonical ensemble. Hence, we can write

N(Ef + ε)

Ntot

=
ρ(Ef + ε)

ρ(Ef + ε) + ρtot(ε)
(18)

and
Np(ε)

Ntot

=
ρp(ε)

ρ(Ef + ε) + ρtot(ε)
, (19)

where ρ(Ef + ε) and ρp(ε) are the densities of states, corresponding to the intact cluster and

the fragmented cluster, respectively. Using Eqs (18) and (19) we can rewrite Eq. (17)

γ(ε)ρ(Ef + ε) = kp(ε)ρp(ε). (20)

Eq. (20) allows us to calculate γ(E), but first we have to calculate ρ(E), ρp(E) and kp(ε).

It is convenient to consider fragmentation in the system of coordinates, which moves

with the same velocity as the centre of mass of the cluster. Therefore, only rotational and

vibrational densities of states are taken into account when calculating the total density of

states of the cluster. Fragmentation occurs when too much energy is localised in a particular

bond of the cluster, thus breaking it. The sources of this energy are other vibrational modes

and rotational motion. As was mentioned in the previous subsection the energy exchange

between rotational and vibrational modes is much slower than the energy exchange between

different vibrational modes. In this case, the fragmentation rate constant can be written
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as a product of two factors: the first is the probability of a certain distribution of energy

between the rotational and vibrational modes of the cluster fr(εr) defined by Eq. (16), and

the second is the fragmentation rate constant γ0(ε − εr) at this certain energy distribution

between the modes. All possible energy distributions must be summed up. We can thus

write

γ(ε) =

ε∫
0

fr(εr)γ0(ε− εr)dεr, (21)

Eq. (21) defines a fragmentation rate constant which is independent of the rotational energy

of the cluster. The rate constant γ0(ε − εr) is independent of rotational energy, hence it

describes the fragmentation of cluster which does not have angular momentum, indicated

by index 0. The influence of the angular momentum on the fragmentation rate is taken into

account through averaging of the rate constant γ0(ε− εr) over the PDF to observe a certain

rotational energy. For the rate γ0(ε− εr) a similar equation to Eq. (20) can be written

γ0(ε− εr)ρv(Ef + ε− εr) = kp(ε− εr)ρp(ε− εr). (22)

Now we have eliminated the translational and rotational motions from consideration, so the

task to calculate the fragmentation rate constant has been reduced to the case when total

momentum and angular momentum are zeros. Therefore, to complete the calculation of

the fragmentation rate constant we need to find the formation rate constant when the total

momentum and angular momentum of the products are zeros, and the total energy of the

products equals to ε − εr. We have previously assumed that the energy exchange between

rotational and vibrational modes is much slower than the energy exchange between different

vibrational modes, and that the recombination of the fragmentation products is barrierless.

This considerably simplifies accounting for the angular momentum conservation. In more

a general case, when the recombination reaction goes through a transition state and has a

barrier, it requires much more efforts.22–27

When a cluster having no rotational and translational modes breaks into two fragments,
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six of its vibrational degrees of freedom transfer to rotational and translational degrees of

freedom of the products. We illustrate this using the fragmentation reaction studied in this

work. The cluster AAB has 54 vibrational degrees of freedom, the fragmentation product

AB has 33 vibrational degrees of freedom and the product A has 15. The products altogether

thus have 48 vibrational degrees of freedom, and the remaining six degrees of freedom have

been transformed into rotational and translational degrees of freedom. Due to conservation

of momentum and angular momentum, twelve translational and rotational degrees of freedom

of the two products turn to six, since the total momentum and angular momentum are zeros.

We start by writing expressions for the rotational and translational energy of the prod-

ucts. For simplicity, we consider both fragmentation products as spheres, so that any di-

rections can be selected to designate the principal moments of inertia, and we then use the

observer’s coordinates to write the expression for the rotational energy. The collision be-

tween the products is schematically depicted in Figure 6. Index 1 is related to A and index

2 to AB. We select the direction of the
−→
ξ axis as opposite to the direction of the relative

b
<latexit sha1_base64="MprZTP+kdrQzkrn2GhAnAl8E6NU=">AAAB93icbVBNS8NAEN3Ur1o/GvXoZbEInkoignorevFYwWihDWWzmbRLN5uwuxFqyC/x4kHFq3/Fm//GbZqDtj4YeLw3s7PzgpQzpR3n26qtrK6tb9Q3G1vbO7tNe2//XiWZpODRhCeyFxAFnAnwNNMceqkEEgccHoLJ9cx/eASpWCLu9DQFPyYjwSJGiTbS0G7mg/KRXEJY4KAY2i2n7ZTAy8StSAtV6A7tr0GY0CwGoSknSvVdJ9V+TqRmlEPRGGQKUkInZAR9QwWJQfl5ubPAx0YJcZRIU0LjUv09kZNYqWkcmM6Y6LFa9Gbif14/09GFnzORZhoEnS+KMo51gmcp4JBJoJpPDSFUMvNXTMdEEqpNVg0Tgrt48jLxTtuXbff2rNW5qtKoo0N0hE6Qi85RB92gLvIQRRl6Rq/ozXqyXqx362PeWrOqmQP0B9bnD5czkz0=</latexit><latexit sha1_base64="MprZTP+kdrQzkrn2GhAnAl8E6NU=">AAAB93icbVBNS8NAEN3Ur1o/GvXoZbEInkoignorevFYwWihDWWzmbRLN5uwuxFqyC/x4kHFq3/Fm//GbZqDtj4YeLw3s7PzgpQzpR3n26qtrK6tb9Q3G1vbO7tNe2//XiWZpODRhCeyFxAFnAnwNNMceqkEEgccHoLJ9cx/eASpWCLu9DQFPyYjwSJGiTbS0G7mg/KRXEJY4KAY2i2n7ZTAy8StSAtV6A7tr0GY0CwGoSknSvVdJ9V+TqRmlEPRGGQKUkInZAR9QwWJQfl5ubPAx0YJcZRIU0LjUv09kZNYqWkcmM6Y6LFa9Gbif14/09GFnzORZhoEnS+KMo51gmcp4JBJoJpPDSFUMvNXTMdEEqpNVg0Tgrt48jLxTtuXbff2rNW5qtKoo0N0hE6Qi85RB92gLvIQRRl6Rq/ozXqyXqx362PeWrOqmQP0B9bnD5czkz0=</latexit><latexit sha1_base64="MprZTP+kdrQzkrn2GhAnAl8E6NU=">AAAB93icbVBNS8NAEN3Ur1o/GvXoZbEInkoignorevFYwWihDWWzmbRLN5uwuxFqyC/x4kHFq3/Fm//GbZqDtj4YeLw3s7PzgpQzpR3n26qtrK6tb9Q3G1vbO7tNe2//XiWZpODRhCeyFxAFnAnwNNMceqkEEgccHoLJ9cx/eASpWCLu9DQFPyYjwSJGiTbS0G7mg/KRXEJY4KAY2i2n7ZTAy8StSAtV6A7tr0GY0CwGoSknSvVdJ9V+TqRmlEPRGGQKUkInZAR9QwWJQfl5ubPAx0YJcZRIU0LjUv09kZNYqWkcmM6Y6LFa9Gbif14/09GFnzORZhoEnS+KMo51gmcp4JBJoJpPDSFUMvNXTMdEEqpNVg0Tgrt48jLxTtuXbff2rNW5qtKoo0N0hE6Qi85RB92gLvIQRRl6Rq/ozXqyXqx362PeWrOqmQP0B9bnD5czkz0=</latexit><latexit sha1_base64="X/BbPPQRM1pmBhxdK1enSbL+gJw=">AAAB2HicbZDNSgMxFIXv1L86Vq1rN8EiuCozbtSd4MZlBccW2qFkMnfa0ExmSO4IpfQFXLhRfDB3vo3pz0KtBwIf5yTk3pOUSloKgi+vtrW9s7tX3/cPGv7h0XGz8WSLygiMRKEK00u4RSU1RiRJYa80yPNEYTeZ3C3y7jMaKwv9SNMS45yPtMyk4OSszrDZCtrBUmwTwjW0YK1h83OQFqLKUZNQ3Np+GJQUz7ghKRTO/UFlseRiwkfYd6h5jjaeLcecs3PnpCwrjDua2NL9+WLGc2uneeJu5pzG9m+2MP/L+hVl1/FM6rIi1GL1UVYpRgVb7MxSaVCQmjrgwkg3KxNjbrgg14zvOgj/brwJ0WX7ph0+BFCHUziDCwjhCm7hHjoQgYAUXuDNG3uv3vuqqpq37uwEfsn7+AaqKYoN</latexit><latexit sha1_base64="x6NrnOBVvW5dPBRFLzqBip4ieEM=">AAAB7HicbZBPS8MwGMbfzn9zTle9egkOwdNovag3wYvHCdYJWxlp+nYLS9OSpMIs+yRePKj4ebz5bcy6HXTzgcCP50nyJk+UC66N5307tY3Nre2d+m5jr7l/0HIPmw86KxTDgGUiU48R1Si4xMBwI/AxV0jTSGAvmtzM894TKs0zeW+mOYYpHUmecEaNtYZuqxxUl5QK4xmJZkO37XW8SmQd/CW0Yanu0P0axBkrUpSGCap13/dyE5ZUGc4EzhqDQmNO2YSOsG9R0hR1WFYzZ+TUOjFJMmWXNKRyf58oaar1NI3szpSasV7N5uZ/Wb8wyWVYcpkXBiVbDEoKQUxG5i2QmCtkRkwtUKa4fSthY6ooM7arhi3BX/3yOgTnnauOf+dBHY7hBM7Ahwu4hlvoQgAMCniBN3h3np1X52PRVs1Z1nYEf+R8/gBAqpHb</latexit><latexit sha1_base64="x6NrnOBVvW5dPBRFLzqBip4ieEM=">AAAB7HicbZBPS8MwGMbfzn9zTle9egkOwdNovag3wYvHCdYJWxlp+nYLS9OSpMIs+yRePKj4ebz5bcy6HXTzgcCP50nyJk+UC66N5307tY3Nre2d+m5jr7l/0HIPmw86KxTDgGUiU48R1Si4xMBwI/AxV0jTSGAvmtzM894TKs0zeW+mOYYpHUmecEaNtYZuqxxUl5QK4xmJZkO37XW8SmQd/CW0Yanu0P0axBkrUpSGCap13/dyE5ZUGc4EzhqDQmNO2YSOsG9R0hR1WFYzZ+TUOjFJMmWXNKRyf58oaar1NI3szpSasV7N5uZ/Wb8wyWVYcpkXBiVbDEoKQUxG5i2QmCtkRkwtUKa4fSthY6ooM7arhi3BX/3yOgTnnauOf+dBHY7hBM7Ahwu4hlvoQgAMCniBN3h3np1X52PRVs1Z1nYEf+R8/gBAqpHb</latexit><latexit sha1_base64="XdlcAA8DoVqpirDDidplBzxdp4M=">AAAB93icbVA9T8MwEL2Ur1I+GmBksaiQmKqEBdgqWBiLRGilNqocx2mtOk5kO0glyi9hYQDEyl9h49/gphmg5UknPb135/O9IOVMacf5tmpr6xubW/Xtxs7u3n7TPjh8UEkmCfVIwhPZD7CinAnqaaY57aeS4jjgtBdMb+Z+75FKxRJxr2cp9WM8FixiBGsjjexmPiwfySUNCxQUI7vltJ0SaJW4FWlBhe7I/hqGCcliKjThWKmB66Taz7HUjHBaNIaZoikmUzymA0MFjqny83JngU6NEqIokaaERqX6eyLHsVKzODCdMdYTtezNxf+8QaajSz9nIs00FWSxKMo40gmap4BCJinRfGYIJpKZvyIywRITbbJqmBDc5ZNXiXfevmq7d06rc12lUYdjOIEzcOECOnALXfCAQAbP8Apv1pP1Yr1bH4vWmlXNHMEfWJ8/lfOTOQ==</latexit><latexit sha1_base64="MprZTP+kdrQzkrn2GhAnAl8E6NU=">AAAB93icbVBNS8NAEN3Ur1o/GvXoZbEInkoignorevFYwWihDWWzmbRLN5uwuxFqyC/x4kHFq3/Fm//GbZqDtj4YeLw3s7PzgpQzpR3n26qtrK6tb9Q3G1vbO7tNe2//XiWZpODRhCeyFxAFnAnwNNMceqkEEgccHoLJ9cx/eASpWCLu9DQFPyYjwSJGiTbS0G7mg/KRXEJY4KAY2i2n7ZTAy8StSAtV6A7tr0GY0CwGoSknSvVdJ9V+TqRmlEPRGGQKUkInZAR9QwWJQfl5ubPAx0YJcZRIU0LjUv09kZNYqWkcmM6Y6LFa9Gbif14/09GFnzORZhoEnS+KMo51gmcp4JBJoJpPDSFUMvNXTMdEEqpNVg0Tgrt48jLxTtuXbff2rNW5qtKoo0N0hE6Qi85RB92gLvIQRRl6Rq/ozXqyXqx362PeWrOqmQP0B9bnD5czkz0=</latexit><latexit sha1_base64="MprZTP+kdrQzkrn2GhAnAl8E6NU=">AAAB93icbVBNS8NAEN3Ur1o/GvXoZbEInkoignorevFYwWihDWWzmbRLN5uwuxFqyC/x4kHFq3/Fm//GbZqDtj4YeLw3s7PzgpQzpR3n26qtrK6tb9Q3G1vbO7tNe2//XiWZpODRhCeyFxAFnAnwNNMceqkEEgccHoLJ9cx/eASpWCLu9DQFPyYjwSJGiTbS0G7mg/KRXEJY4KAY2i2n7ZTAy8StSAtV6A7tr0GY0CwGoSknSvVdJ9V+TqRmlEPRGGQKUkInZAR9QwWJQfl5ubPAx0YJcZRIU0LjUv09kZNYqWkcmM6Y6LFa9Gbif14/09GFnzORZhoEnS+KMo51gmcp4JBJoJpPDSFUMvNXTMdEEqpNVg0Tgrt48jLxTtuXbff2rNW5qtKoo0N0hE6Qi85RB92gLvIQRRl6Rq/ozXqyXqx362PeWrOqmQP0B9bnD5czkz0=</latexit><latexit sha1_base64="MprZTP+kdrQzkrn2GhAnAl8E6NU=">AAAB93icbVBNS8NAEN3Ur1o/GvXoZbEInkoignorevFYwWihDWWzmbRLN5uwuxFqyC/x4kHFq3/Fm//GbZqDtj4YeLw3s7PzgpQzpR3n26qtrK6tb9Q3G1vbO7tNe2//XiWZpODRhCeyFxAFnAnwNNMceqkEEgccHoLJ9cx/eASpWCLu9DQFPyYjwSJGiTbS0G7mg/KRXEJY4KAY2i2n7ZTAy8StSAtV6A7tr0GY0CwGoSknSvVdJ9V+TqRmlEPRGGQKUkInZAR9QwWJQfl5ubPAx0YJcZRIU0LjUv09kZNYqWkcmM6Y6LFa9Gbif14/09GFnzORZhoEnS+KMo51gmcp4JBJoJpPDSFUMvNXTMdEEqpNVg0Tgrt48jLxTtuXbff2rNW5qtKoo0N0hE6Qi85RB92gLvIQRRl6Rq/ozXqyXqx362PeWrOqmQP0B9bnD5czkz0=</latexit><latexit sha1_base64="MprZTP+kdrQzkrn2GhAnAl8E6NU=">AAAB93icbVBNS8NAEN3Ur1o/GvXoZbEInkoignorevFYwWihDWWzmbRLN5uwuxFqyC/x4kHFq3/Fm//GbZqDtj4YeLw3s7PzgpQzpR3n26qtrK6tb9Q3G1vbO7tNe2//XiWZpODRhCeyFxAFnAnwNNMceqkEEgccHoLJ9cx/eASpWCLu9DQFPyYjwSJGiTbS0G7mg/KRXEJY4KAY2i2n7ZTAy8StSAtV6A7tr0GY0CwGoSknSvVdJ9V+TqRmlEPRGGQKUkInZAR9QwWJQfl5ubPAx0YJcZRIU0LjUv09kZNYqWkcmM6Y6LFa9Gbif14/09GFnzORZhoEnS+KMo51gmcp4JBJoJpPDSFUMvNXTMdEEqpNVg0Tgrt48jLxTtuXbff2rNW5qtKoo0N0hE6Qi85RB92gLvIQRRl6Rq/ozXqyXqx362PeWrOqmQP0B9bnD5czkz0=</latexit><latexit sha1_base64="MprZTP+kdrQzkrn2GhAnAl8E6NU=">AAAB93icbVBNS8NAEN3Ur1o/GvXoZbEInkoignorevFYwWihDWWzmbRLN5uwuxFqyC/x4kHFq3/Fm//GbZqDtj4YeLw3s7PzgpQzpR3n26qtrK6tb9Q3G1vbO7tNe2//XiWZpODRhCeyFxAFnAnwNNMceqkEEgccHoLJ9cx/eASpWCLu9DQFPyYjwSJGiTbS0G7mg/KRXEJY4KAY2i2n7ZTAy8StSAtV6A7tr0GY0CwGoSknSvVdJ9V+TqRmlEPRGGQKUkInZAR9QwWJQfl5ubPAx0YJcZRIU0LjUv09kZNYqWkcmM6Y6LFa9Gbif14/09GFnzORZhoEnS+KMo51gmcp4JBJoJpPDSFUMvNXTMdEEqpNVg0Tgrt48jLxTtuXbff2rNW5qtKoo0N0hE6Qi85RB92gLvIQRRl6Rq/ozXqyXqx362PeWrOqmQP0B9bnD5czkz0=</latexit><latexit sha1_base64="MprZTP+kdrQzkrn2GhAnAl8E6NU=">AAAB93icbVBNS8NAEN3Ur1o/GvXoZbEInkoignorevFYwWihDWWzmbRLN5uwuxFqyC/x4kHFq3/Fm//GbZqDtj4YeLw3s7PzgpQzpR3n26qtrK6tb9Q3G1vbO7tNe2//XiWZpODRhCeyFxAFnAnwNNMceqkEEgccHoLJ9cx/eASpWCLu9DQFPyYjwSJGiTbS0G7mg/KRXEJY4KAY2i2n7ZTAy8StSAtV6A7tr0GY0CwGoSknSvVdJ9V+TqRmlEPRGGQKUkInZAR9QwWJQfl5ubPAx0YJcZRIU0LjUv09kZNYqWkcmM6Y6LFa9Gbif14/09GFnzORZhoEnS+KMo51gmcp4JBJoJpPDSFUMvNXTMdEEqpNVg0Tgrt48jLxTtuXbff2rNW5qtKoo0N0hE6Qi85RB92gLvIQRRl6Rq/ozXqyXqx362PeWrOqmQP0B9bnD5czkz0=</latexit>

�!�1
<latexit sha1_base64="euBMVy3Njh8p97dm+KEYUsN+REw="></latexit><latexit sha1_base64="euBMVy3Njh8p97dm+KEYUsN+REw="></latexit><latexit sha1_base64="euBMVy3Njh8p97dm+KEYUsN+REw="></latexit><latexit sha1_base64="euBMVy3Njh8p97dm+KEYUsN+REw="></latexit>

�!�2
<latexit sha1_base64="INwcS6kaoy7uPPa57G9EbCiqr7M="></latexit><latexit sha1_base64="INwcS6kaoy7uPPa57G9EbCiqr7M="></latexit><latexit sha1_base64="INwcS6kaoy7uPPa57G9EbCiqr7M="></latexit><latexit sha1_base64="INwcS6kaoy7uPPa57G9EbCiqr7M="></latexit>

�!r2
<latexit sha1_base64="jiDiiifoIEwcMXo/Yaa68qFqwZw=">AAACUXicdVFNSwMxEJ2u3/Wr6tFLsAieyq4I6k304rGCVaFbSjadtsHsZklmlbLsbxTEiz/Eiwc1bfegVQcSHm/ezGReolRJS77/WvHm5hcWl5ZXqqtr6xubta3tG6szI7AltNLmLuIWlUywRZIU3qUGeRwpvI3uL8b52wc0VurkmkYpdmI+SGRfCk6O6tZkHk6a5AZ7BQu10xo5GBI3Rj/mppuHVhiZUnnTSCE7LIqiuj+rDbPUSuV6/lPSrdX9hj8J9hsEJahDGc1u7TnsaZHFmJBQ3Np24KfUybkhKRQW1TCzmHJxzwfYdjDhMdpOPtmmYPuO6bG+Nu4kxCbs94qcx9aO4sgpY05DO5sbk3/l2hn1Tzq5TNKMMBHTQf1MMdJs7C/rSYOC1MgB7gxwb2ViyA0X5H6h6kwIZlf+DVqHjdNGcHVUPzsv3ViGXdiDAwjgGM7gEprQAgFP8AYf8Fl5qbx74HlTqVcpa3bgR3irXzhXuNs=</latexit><latexit sha1_base64="jiDiiifoIEwcMXo/Yaa68qFqwZw=">AAACUXicdVFNSwMxEJ2u3/Wr6tFLsAieyq4I6k304rGCVaFbSjadtsHsZklmlbLsbxTEiz/Eiwc1bfegVQcSHm/ezGReolRJS77/WvHm5hcWl5ZXqqtr6xubta3tG6szI7AltNLmLuIWlUywRZIU3qUGeRwpvI3uL8b52wc0VurkmkYpdmI+SGRfCk6O6tZkHk6a5AZ7BQu10xo5GBI3Rj/mppuHVhiZUnnTSCE7LIqiuj+rDbPUSuV6/lPSrdX9hj8J9hsEJahDGc1u7TnsaZHFmJBQ3Np24KfUybkhKRQW1TCzmHJxzwfYdjDhMdpOPtmmYPuO6bG+Nu4kxCbs94qcx9aO4sgpY05DO5sbk3/l2hn1Tzq5TNKMMBHTQf1MMdJs7C/rSYOC1MgB7gxwb2ViyA0X5H6h6kwIZlf+DVqHjdNGcHVUPzsv3ViGXdiDAwjgGM7gEprQAgFP8AYf8Fl5qbx74HlTqVcpa3bgR3irXzhXuNs=</latexit><latexit sha1_base64="jiDiiifoIEwcMXo/Yaa68qFqwZw=">AAACUXicdVFNSwMxEJ2u3/Wr6tFLsAieyq4I6k304rGCVaFbSjadtsHsZklmlbLsbxTEiz/Eiwc1bfegVQcSHm/ezGReolRJS77/WvHm5hcWl5ZXqqtr6xubta3tG6szI7AltNLmLuIWlUywRZIU3qUGeRwpvI3uL8b52wc0VurkmkYpdmI+SGRfCk6O6tZkHk6a5AZ7BQu10xo5GBI3Rj/mppuHVhiZUnnTSCE7LIqiuj+rDbPUSuV6/lPSrdX9hj8J9hsEJahDGc1u7TnsaZHFmJBQ3Np24KfUybkhKRQW1TCzmHJxzwfYdjDhMdpOPtmmYPuO6bG+Nu4kxCbs94qcx9aO4sgpY05DO5sbk3/l2hn1Tzq5TNKMMBHTQf1MMdJs7C/rSYOC1MgB7gxwb2ViyA0X5H6h6kwIZlf+DVqHjdNGcHVUPzsv3ViGXdiDAwjgGM7gEprQAgFP8AYf8Fl5qbx74HlTqVcpa3bgR3irXzhXuNs=</latexit><latexit sha1_base64="X/BbPPQRM1pmBhxdK1enSbL+gJw=">AAAB2HicbZDNSgMxFIXv1L86Vq1rN8EiuCozbtSd4MZlBccW2qFkMnfa0ExmSO4IpfQFXLhRfDB3vo3pz0KtBwIf5yTk3pOUSloKgi+vtrW9s7tX3/cPGv7h0XGz8WSLygiMRKEK00u4RSU1RiRJYa80yPNEYTeZ3C3y7jMaKwv9SNMS45yPtMyk4OSszrDZCtrBUmwTwjW0YK1h83OQFqLKUZNQ3Np+GJQUz7ghKRTO/UFlseRiwkfYd6h5jjaeLcecs3PnpCwrjDua2NL9+WLGc2uneeJu5pzG9m+2MP/L+hVl1/FM6rIi1GL1UVYpRgVb7MxSaVCQmjrgwkg3KxNjbrgg14zvOgj/brwJ0WX7ph0+BFCHUziDCwjhCm7hHjoQgYAUXuDNG3uv3vuqqpq37uwEfsn7+AaqKYoN</latexit><latexit sha1_base64="NaofSSuZE+oNgDrzFFU7mqQqSfg=">AAACRnicdVFNSwMxEJ2u37Vq9eolWAqeyq4X9SZ48ahgbaFbSjadtsHsZklmlbLsbxTEiz/Eiwc1rXvQVgcSHm/ezGReolRJS77/WvFWVtfWNza3qtu1nd29+n7tzurMCGwLrbTpRtyikgm2SZLCbmqQx5HCTnR/Oct3HtBYqZNbmqbYj/k4kSMpODlqUJd5OG+SGxwWLNROa+R4QtwY/ZibQR5aYWRK5U1TheykKIpqc1EbZqmVyvX8p2RQb/gtfx5sGQQlaEAZ14P6czjUIosxIaG4tb3AT6mfc0NSKCyqYWYx5eKej7HnYMJjtP18vk3Bmo4ZspE27iTE5uzPipzH1k7jyCljThO7mJuRf+V6GY3O+rlM0owwEd+DRplipNnMXzaUBgWpqQPcGeDeysSEGy7I/ULVmRAsrrwM2iet81Zw48MmHMIRHEMAp3ABV3ANbRDwBG/wAZ+Vl8q7V7rlVUpwAL/C874AVg+4Hg==</latexit><latexit sha1_base64="NaofSSuZE+oNgDrzFFU7mqQqSfg=">AAACRnicdVFNSwMxEJ2u37Vq9eolWAqeyq4X9SZ48ahgbaFbSjadtsHsZklmlbLsbxTEiz/Eiwc1rXvQVgcSHm/ezGReolRJS77/WvFWVtfWNza3qtu1nd29+n7tzurMCGwLrbTpRtyikgm2SZLCbmqQx5HCTnR/Oct3HtBYqZNbmqbYj/k4kSMpODlqUJd5OG+SGxwWLNROa+R4QtwY/ZibQR5aYWRK5U1TheykKIpqc1EbZqmVyvX8p2RQb/gtfx5sGQQlaEAZ14P6czjUIosxIaG4tb3AT6mfc0NSKCyqYWYx5eKej7HnYMJjtP18vk3Bmo4ZspE27iTE5uzPipzH1k7jyCljThO7mJuRf+V6GY3O+rlM0owwEd+DRplipNnMXzaUBgWpqQPcGeDeysSEGy7I/ULVmRAsrrwM2iet81Zw48MmHMIRHEMAp3ABV3ANbRDwBG/wAZ+Vl8q7V7rlVUpwAL/C874AVg+4Hg==</latexit><latexit sha1_base64="TXXntsZumDXSnJz99T3jSzG0PqU=">AAACUXicdVFNSwMxEJ2u3/Wr6tFLsAieyq4X9Vb04lHBWqFbSjadtsHsZklmlbLsbxTEiz/Eiwc1bfegVQcSHm/ezGReolRJS77/WvEWFpeWV1bXqusbm1vbtZ3dW6szI7AltNLmLuIWlUywRZIU3qUGeRwpbEf3F5N8+wGNlTq5oXGK3ZgPEzmQgpOjejWZh9MmucF+wULttEYOR8SN0Y+56eWhFUamVN40VsiOi6KoHs5rwyy1Urme/5T0anW/4U+D/QZBCepQxlWv9hz2tchiTEgobm0n8FPq5tyQFAqLaphZTLm450PsOJjwGG03n25TsEPH9NlAG3cSYlP2e0XOY2vHceSUMaeRnc9NyL9ynYwGp91cJmlGmIjZoEGmGGk28Zf1pUFBauwAdwa4tzIx4oYLcr9QdSYE8yv/Bq3jxlkjuPbrzfPSjVXYhwM4ggBOoAmXcAUtEPAEb/ABn5WXyrsHnjeTepWyZg9+hLf+BTcXuNc=</latexit><latexit sha1_base64="jiDiiifoIEwcMXo/Yaa68qFqwZw=">AAACUXicdVFNSwMxEJ2u3/Wr6tFLsAieyq4I6k304rGCVaFbSjadtsHsZklmlbLsbxTEiz/Eiwc1bfegVQcSHm/ezGReolRJS77/WvHm5hcWl5ZXqqtr6xubta3tG6szI7AltNLmLuIWlUywRZIU3qUGeRwpvI3uL8b52wc0VurkmkYpdmI+SGRfCk6O6tZkHk6a5AZ7BQu10xo5GBI3Rj/mppuHVhiZUnnTSCE7LIqiuj+rDbPUSuV6/lPSrdX9hj8J9hsEJahDGc1u7TnsaZHFmJBQ3Np24KfUybkhKRQW1TCzmHJxzwfYdjDhMdpOPtmmYPuO6bG+Nu4kxCbs94qcx9aO4sgpY05DO5sbk3/l2hn1Tzq5TNKMMBHTQf1MMdJs7C/rSYOC1MgB7gxwb2ViyA0X5H6h6kwIZlf+DVqHjdNGcHVUPzsv3ViGXdiDAwjgGM7gEprQAgFP8AYf8Fl5qbx74HlTqVcpa3bgR3irXzhXuNs=</latexit><latexit sha1_base64="jiDiiifoIEwcMXo/Yaa68qFqwZw=">AAACUXicdVFNSwMxEJ2u3/Wr6tFLsAieyq4I6k304rGCVaFbSjadtsHsZklmlbLsbxTEiz/Eiwc1bfegVQcSHm/ezGReolRJS77/WvHm5hcWl5ZXqqtr6xubta3tG6szI7AltNLmLuIWlUywRZIU3qUGeRwpvI3uL8b52wc0VurkmkYpdmI+SGRfCk6O6tZkHk6a5AZ7BQu10xo5GBI3Rj/mppuHVhiZUnnTSCE7LIqiuj+rDbPUSuV6/lPSrdX9hj8J9hsEJahDGc1u7TnsaZHFmJBQ3Np24KfUybkhKRQW1TCzmHJxzwfYdjDhMdpOPtmmYPuO6bG+Nu4kxCbs94qcx9aO4sgpY05DO5sbk3/l2hn1Tzq5TNKMMBHTQf1MMdJs7C/rSYOC1MgB7gxwb2ViyA0X5H6h6kwIZlf+DVqHjdNGcHVUPzsv3ViGXdiDAwjgGM7gEprQAgFP8AYf8Fl5qbx74HlTqVcpa3bgR3irXzhXuNs=</latexit><latexit sha1_base64="jiDiiifoIEwcMXo/Yaa68qFqwZw=">AAACUXicdVFNSwMxEJ2u3/Wr6tFLsAieyq4I6k304rGCVaFbSjadtsHsZklmlbLsbxTEiz/Eiwc1bfegVQcSHm/ezGReolRJS77/WvHm5hcWl5ZXqqtr6xubta3tG6szI7AltNLmLuIWlUywRZIU3qUGeRwpvI3uL8b52wc0VurkmkYpdmI+SGRfCk6O6tZkHk6a5AZ7BQu10xo5GBI3Rj/mppuHVhiZUnnTSCE7LIqiuj+rDbPUSuV6/lPSrdX9hj8J9hsEJahDGc1u7TnsaZHFmJBQ3Np24KfUybkhKRQW1TCzmHJxzwfYdjDhMdpOPtmmYPuO6bG+Nu4kxCbs94qcx9aO4sgpY05DO5sbk3/l2hn1Tzq5TNKMMBHTQf1MMdJs7C/rSYOC1MgB7gxwb2ViyA0X5H6h6kwIZlf+DVqHjdNGcHVUPzsv3ViGXdiDAwjgGM7gEprQAgFP8AYf8Fl5qbx74HlTqVcpa3bgR3irXzhXuNs=</latexit><latexit sha1_base64="jiDiiifoIEwcMXo/Yaa68qFqwZw=">AAACUXicdVFNSwMxEJ2u3/Wr6tFLsAieyq4I6k304rGCVaFbSjadtsHsZklmlbLsbxTEiz/Eiwc1bfegVQcSHm/ezGReolRJS77/WvHm5hcWl5ZXqqtr6xubta3tG6szI7AltNLmLuIWlUywRZIU3qUGeRwpvI3uL8b52wc0VurkmkYpdmI+SGRfCk6O6tZkHk6a5AZ7BQu10xo5GBI3Rj/mppuHVhiZUnnTSCE7LIqiuj+rDbPUSuV6/lPSrdX9hj8J9hsEJahDGc1u7TnsaZHFmJBQ3Np24KfUybkhKRQW1TCzmHJxzwfYdjDhMdpOPtmmYPuO6bG+Nu4kxCbs94qcx9aO4sgpY05DO5sbk3/l2hn1Tzq5TNKMMBHTQf1MMdJs7C/rSYOC1MgB7gxwb2ViyA0X5H6h6kwIZlf+DVqHjdNGcHVUPzsv3ViGXdiDAwjgGM7gEprQAgFP8AYf8Fl5qbx74HlTqVcpa3bgR3irXzhXuNs=</latexit><latexit sha1_base64="jiDiiifoIEwcMXo/Yaa68qFqwZw=">AAACUXicdVFNSwMxEJ2u3/Wr6tFLsAieyq4I6k304rGCVaFbSjadtsHsZklmlbLsbxTEiz/Eiwc1bfegVQcSHm/ezGReolRJS77/WvHm5hcWl5ZXqqtr6xubta3tG6szI7AltNLmLuIWlUywRZIU3qUGeRwpvI3uL8b52wc0VurkmkYpdmI+SGRfCk6O6tZkHk6a5AZ7BQu10xo5GBI3Rj/mppuHVhiZUnnTSCE7LIqiuj+rDbPUSuV6/lPSrdX9hj8J9hsEJahDGc1u7TnsaZHFmJBQ3Np24KfUybkhKRQW1TCzmHJxzwfYdjDhMdpOPtmmYPuO6bG+Nu4kxCbs94qcx9aO4sgpY05DO5sbk3/l2hn1Tzq5TNKMMBHTQf1MMdJs7C/rSYOC1MgB7gxwb2ViyA0X5H6h6kwIZlf+DVqHjdNGcHVUPzsv3ViGXdiDAwjgGM7gEprQAgFP8AYf8Fl5qbx74HlTqVcpa3bgR3irXzhXuNs=</latexit><latexit sha1_base64="X/BbPPQRM1pmBhxdK1enSbL+gJw=">AAAB2HicbZDNSgMxFIXv1L86Vq1rN8EiuCozbtSd4MZlBccW2qFkMnfa0ExmSO4IpfQFXLhRfDB3vo3pz0KtBwIf5yTk3pOUSloKgi+vtrW9s7tX3/cPGv7h0XGz8WSLygiMRKEK00u4RSU1RiRJYa80yPNEYTeZ3C3y7jMaKwv9SNMS45yPtMyk4OSszrDZCtrBUmwTwjW0YK1h83OQFqLKUZNQ3Np+GJQUz7ghKRTO/UFlseRiwkfYd6h5jjaeLcecs3PnpCwrjDua2NL9+WLGc2uneeJu5pzG9m+2MP/L+hVl1/FM6rIi1GL1UVYpRgVb7MxSaVCQmjrgwkg3KxNjbrgg14zvOgj/brwJ0WX7ph0+BFCHUziDCwjhCm7hHjoQgYAUXuDNG3uv3vuqqpq37uwEfsn7+AaqKYoN</latexit><latexit sha1_base64="NaofSSuZE+oNgDrzFFU7mqQqSfg=">AAACRnicdVFNSwMxEJ2u37Vq9eolWAqeyq4X9SZ48ahgbaFbSjadtsHsZklmlbLsbxTEiz/Eiwc1rXvQVgcSHm/ezGReolRJS77/WvFWVtfWNza3qtu1nd29+n7tzurMCGwLrbTpRtyikgm2SZLCbmqQx5HCTnR/Oct3HtBYqZNbmqbYj/k4kSMpODlqUJd5OG+SGxwWLNROa+R4QtwY/ZibQR5aYWRK5U1TheykKIpqc1EbZqmVyvX8p2RQb/gtfx5sGQQlaEAZ14P6czjUIosxIaG4tb3AT6mfc0NSKCyqYWYx5eKej7HnYMJjtP18vk3Bmo4ZspE27iTE5uzPipzH1k7jyCljThO7mJuRf+V6GY3O+rlM0owwEd+DRplipNnMXzaUBgWpqQPcGeDeysSEGy7I/ULVmRAsrrwM2iet81Zw48MmHMIRHEMAp3ABV3ANbRDwBG/wAZ+Vl8q7V7rlVUpwAL/C874AVg+4Hg==</latexit><latexit sha1_base64="NaofSSuZE+oNgDrzFFU7mqQqSfg=">AAACRnicdVFNSwMxEJ2u37Vq9eolWAqeyq4X9SZ48ahgbaFbSjadtsHsZklmlbLsbxTEiz/Eiwc1rXvQVgcSHm/ezGReolRJS77/WvFWVtfWNza3qtu1nd29+n7tzurMCGwLrbTpRtyikgm2SZLCbmqQx5HCTnR/Oct3HtBYqZNbmqbYj/k4kSMpODlqUJd5OG+SGxwWLNROa+R4QtwY/ZibQR5aYWRK5U1TheykKIpqc1EbZqmVyvX8p2RQb/gtfx5sGQQlaEAZ14P6czjUIosxIaG4tb3AT6mfc0NSKCyqYWYx5eKej7HnYMJjtP18vk3Bmo4ZspE27iTE5uzPipzH1k7jyCljThO7mJuRf+V6GY3O+rlM0owwEd+DRplipNnMXzaUBgWpqQPcGeDeysSEGy7I/ULVmRAsrrwM2iet81Zw48MmHMIRHEMAp3ABV3ANbRDwBG/wAZ+Vl8q7V7rlVUpwAL/C874AVg+4Hg==</latexit><latexit sha1_base64="TXXntsZumDXSnJz99T3jSzG0PqU=">AAACUXicdVFNSwMxEJ2u3/Wr6tFLsAieyq4X9Vb04lHBWqFbSjadtsHsZklmlbLsbxTEiz/Eiwc1bfegVQcSHm/ezGReolRJS77/WvEWFpeWV1bXqusbm1vbtZ3dW6szI7AltNLmLuIWlUywRZIU3qUGeRwpbEf3F5N8+wGNlTq5oXGK3ZgPEzmQgpOjejWZh9MmucF+wULttEYOR8SN0Y+56eWhFUamVN40VsiOi6KoHs5rwyy1Urme/5T0anW/4U+D/QZBCepQxlWv9hz2tchiTEgobm0n8FPq5tyQFAqLaphZTLm450PsOJjwGG03n25TsEPH9NlAG3cSYlP2e0XOY2vHceSUMaeRnc9NyL9ynYwGp91cJmlGmIjZoEGmGGk28Zf1pUFBauwAdwa4tzIx4oYLcr9QdSYE8yv/Bq3jxlkjuPbrzfPSjVXYhwM4ggBOoAmXcAUtEPAEb/ABn5WXyrsHnjeTepWyZg9+hLf+BTcXuNc=</latexit><latexit sha1_base64="jiDiiifoIEwcMXo/Yaa68qFqwZw=">AAACUXicdVFNSwMxEJ2u3/Wr6tFLsAieyq4I6k304rGCVaFbSjadtsHsZklmlbLsbxTEiz/Eiwc1bfegVQcSHm/ezGReolRJS77/WvHm5hcWl5ZXqqtr6xubta3tG6szI7AltNLmLuIWlUywRZIU3qUGeRwpvI3uL8b52wc0VurkmkYpdmI+SGRfCk6O6tZkHk6a5AZ7BQu10xo5GBI3Rj/mppuHVhiZUnnTSCE7LIqiuj+rDbPUSuV6/lPSrdX9hj8J9hsEJahDGc1u7TnsaZHFmJBQ3Np24KfUybkhKRQW1TCzmHJxzwfYdjDhMdpOPtmmYPuO6bG+Nu4kxCbs94qcx9aO4sgpY05DO5sbk3/l2hn1Tzq5TNKMMBHTQf1MMdJs7C/rSYOC1MgB7gxwb2ViyA0X5H6h6kwIZlf+DVqHjdNGcHVUPzsv3ViGXdiDAwjgGM7gEprQAgFP8AYf8Fl5qbx74HlTqVcpa3bgR3irXzhXuNs=</latexit><latexit sha1_base64="jiDiiifoIEwcMXo/Yaa68qFqwZw=">AAACUXicdVFNSwMxEJ2u3/Wr6tFLsAieyq4I6k304rGCVaFbSjadtsHsZklmlbLsbxTEiz/Eiwc1bfegVQcSHm/ezGReolRJS77/WvHm5hcWl5ZXqqtr6xubta3tG6szI7AltNLmLuIWlUywRZIU3qUGeRwpvI3uL8b52wc0VurkmkYpdmI+SGRfCk6O6tZkHk6a5AZ7BQu10xo5GBI3Rj/mppuHVhiZUnnTSCE7LIqiuj+rDbPUSuV6/lPSrdX9hj8J9hsEJahDGc1u7TnsaZHFmJBQ3Np24KfUybkhKRQW1TCzmHJxzwfYdjDhMdpOPtmmYPuO6bG+Nu4kxCbs94qcx9aO4sgpY05DO5sbk3/l2hn1Tzq5TNKMMBHTQf1MMdJs7C/rSYOC1MgB7gxwb2ViyA0X5H6h6kwIZlf+DVqHjdNGcHVUPzsv3ViGXdiDAwjgGM7gEprQAgFP8AYf8Fl5qbx74HlTqVcpa3bgR3irXzhXuNs=</latexit><latexit sha1_base64="jiDiiifoIEwcMXo/Yaa68qFqwZw=">AAACUXicdVFNSwMxEJ2u3/Wr6tFLsAieyq4I6k304rGCVaFbSjadtsHsZklmlbLsbxTEiz/Eiwc1bfegVQcSHm/ezGReolRJS77/WvHm5hcWl5ZXqqtr6xubta3tG6szI7AltNLmLuIWlUywRZIU3qUGeRwpvI3uL8b52wc0VurkmkYpdmI+SGRfCk6O6tZkHk6a5AZ7BQu10xo5GBI3Rj/mppuHVhiZUnnTSCE7LIqiuj+rDbPUSuV6/lPSrdX9hj8J9hsEJahDGc1u7TnsaZHFmJBQ3Np24KfUybkhKRQW1TCzmHJxzwfYdjDhMdpOPtmmYPuO6bG+Nu4kxCbs94qcx9aO4sgpY05DO5sbk3/l2hn1Tzq5TNKMMBHTQf1MMdJs7C/rSYOC1MgB7gxwb2ViyA0X5H6h6kwIZlf+DVqHjdNGcHVUPzsv3ViGXdiDAwjgGM7gEprQAgFP8AYf8Fl5qbx74HlTqVcpa3bgR3irXzhXuNs=</latexit><latexit sha1_base64="jiDiiifoIEwcMXo/Yaa68qFqwZw=">AAACUXicdVFNSwMxEJ2u3/Wr6tFLsAieyq4I6k304rGCVaFbSjadtsHsZklmlbLsbxTEiz/Eiwc1bfegVQcSHm/ezGReolRJS77/WvHm5hcWl5ZXqqtr6xubta3tG6szI7AltNLmLuIWlUywRZIU3qUGeRwpvI3uL8b52wc0VurkmkYpdmI+SGRfCk6O6tZkHk6a5AZ7BQu10xo5GBI3Rj/mppuHVhiZUnnTSCE7LIqiuj+rDbPUSuV6/lPSrdX9hj8J9hsEJahDGc1u7TnsaZHFmJBQ3Np24KfUybkhKRQW1TCzmHJxzwfYdjDhMdpOPtmmYPuO6bG+Nu4kxCbs94qcx9aO4sgpY05DO5sbk3/l2hn1Tzq5TNKMMBHTQf1MMdJs7C/rSYOC1MgB7gxwb2ViyA0X5H6h6kwIZlf+DVqHjdNGcHVUPzsv3ViGXdiDAwjgGM7gEprQAgFP8AYf8Fl5qbx74HlTqVcpa3bgR3irXzhXuNs=</latexit><latexit sha1_base64="jiDiiifoIEwcMXo/Yaa68qFqwZw=">AAACUXicdVFNSwMxEJ2u3/Wr6tFLsAieyq4I6k304rGCVaFbSjadtsHsZklmlbLsbxTEiz/Eiwc1bfegVQcSHm/ezGReolRJS77/WvHm5hcWl5ZXqqtr6xubta3tG6szI7AltNLmLuIWlUywRZIU3qUGeRwpvI3uL8b52wc0VurkmkYpdmI+SGRfCk6O6tZkHk6a5AZ7BQu10xo5GBI3Rj/mppuHVhiZUnnTSCE7LIqiuj+rDbPUSuV6/lPSrdX9hj8J9hsEJahDGc1u7TnsaZHFmJBQ3Np24KfUybkhKRQW1TCzmHJxzwfYdjDhMdpOPtmmYPuO6bG+Nu4kxCbs94qcx9aO4sgpY05DO5sbk3/l2hn1Tzq5TNKMMBHTQf1MMdJs7C/rSYOC1MgB7gxwb2ViyA0X5H6h6kwIZlf+DVqHjdNGcHVUPzsv3ViGXdiDAwjgGM7gEprQAgFP8AYf8Fl5qbx74HlTqVcpa3bgR3irXzhXuNs=</latexit><latexit sha1_base64="X/BbPPQRM1pmBhxdK1enSbL+gJw=">AAAB2HicbZDNSgMxFIXv1L86Vq1rN8EiuCozbtSd4MZlBccW2qFkMnfa0ExmSO4IpfQFXLhRfDB3vo3pz0KtBwIf5yTk3pOUSloKgi+vtrW9s7tX3/cPGv7h0XGz8WSLygiMRKEK00u4RSU1RiRJYa80yPNEYTeZ3C3y7jMaKwv9SNMS45yPtMyk4OSszrDZCtrBUmwTwjW0YK1h83OQFqLKUZNQ3Np+GJQUz7ghKRTO/UFlseRiwkfYd6h5jjaeLcecs3PnpCwrjDua2NL9+WLGc2uneeJu5pzG9m+2MP/L+hVl1/FM6rIi1GL1UVYpRgVb7MxSaVCQmjrgwkg3KxNjbrgg14zvOgj/brwJ0WX7ph0+BFCHUziDCwjhCm7hHjoQgYAUXuDNG3uv3vuqqpq37uwEfsn7+AaqKYoN</latexit><latexit sha1_base64="NaofSSuZE+oNgDrzFFU7mqQqSfg=">AAACRnicdVFNSwMxEJ2u37Vq9eolWAqeyq4X9SZ48ahgbaFbSjadtsHsZklmlbLsbxTEiz/Eiwc1rXvQVgcSHm/ezGReolRJS77/WvFWVtfWNza3qtu1nd29+n7tzurMCGwLrbTpRtyikgm2SZLCbmqQx5HCTnR/Oct3HtBYqZNbmqbYj/k4kSMpODlqUJd5OG+SGxwWLNROa+R4QtwY/ZibQR5aYWRK5U1TheykKIpqc1EbZqmVyvX8p2RQb/gtfx5sGQQlaEAZ14P6czjUIosxIaG4tb3AT6mfc0NSKCyqYWYx5eKej7HnYMJjtP18vk3Bmo4ZspE27iTE5uzPipzH1k7jyCljThO7mJuRf+V6GY3O+rlM0owwEd+DRplipNnMXzaUBgWpqQPcGeDeysSEGy7I/ULVmRAsrrwM2iet81Zw48MmHMIRHEMAp3ABV3ANbRDwBG/wAZ+Vl8q7V7rlVUpwAL/C874AVg+4Hg==</latexit><latexit sha1_base64="NaofSSuZE+oNgDrzFFU7mqQqSfg=">AAACRnicdVFNSwMxEJ2u37Vq9eolWAqeyq4X9SZ48ahgbaFbSjadtsHsZklmlbLsbxTEiz/Eiwc1rXvQVgcSHm/ezGReolRJS77/WvFWVtfWNza3qtu1nd29+n7tzurMCGwLrbTpRtyikgm2SZLCbmqQx5HCTnR/Oct3HtBYqZNbmqbYj/k4kSMpODlqUJd5OG+SGxwWLNROa+R4QtwY/ZibQR5aYWRK5U1TheykKIpqc1EbZqmVyvX8p2RQb/gtfx5sGQQlaEAZ14P6czjUIosxIaG4tb3AT6mfc0NSKCyqYWYx5eKej7HnYMJjtP18vk3Bmo4ZspE27iTE5uzPipzH1k7jyCljThO7mJuRf+V6GY3O+rlM0owwEd+DRplipNnMXzaUBgWpqQPcGeDeysSEGy7I/ULVmRAsrrwM2iet81Zw48MmHMIRHEMAp3ABV3ANbRDwBG/wAZ+Vl8q7V7rlVUpwAL/C874AVg+4Hg==</latexit><latexit sha1_base64="TXXntsZumDXSnJz99T3jSzG0PqU=">AAACUXicdVFNSwMxEJ2u3/Wr6tFLsAieyq4X9Vb04lHBWqFbSjadtsHsZklmlbLsbxTEiz/Eiwc1bfegVQcSHm/ezGReolRJS77/WvEWFpeWV1bXqusbm1vbtZ3dW6szI7AltNLmLuIWlUywRZIU3qUGeRwpbEf3F5N8+wGNlTq5oXGK3ZgPEzmQgpOjejWZh9MmucF+wULttEYOR8SN0Y+56eWhFUamVN40VsiOi6KoHs5rwyy1Urme/5T0anW/4U+D/QZBCepQxlWv9hz2tchiTEgobm0n8FPq5tyQFAqLaphZTLm450PsOJjwGG03n25TsEPH9NlAG3cSYlP2e0XOY2vHceSUMaeRnc9NyL9ynYwGp91cJmlGmIjZoEGmGGk28Zf1pUFBauwAdwa4tzIx4oYLcr9QdSYE8yv/Bq3jxlkjuPbrzfPSjVXYhwM4ggBOoAmXcAUtEPAEb/ABn5WXyrsHnjeTepWyZg9+hLf+BTcXuNc=</latexit><latexit sha1_base64="jiDiiifoIEwcMXo/Yaa68qFqwZw=">AAACUXicdVFNSwMxEJ2u3/Wr6tFLsAieyq4I6k304rGCVaFbSjadtsHsZklmlbLsbxTEiz/Eiwc1bfegVQcSHm/ezGReolRJS77/WvHm5hcWl5ZXqqtr6xubta3tG6szI7AltNLmLuIWlUywRZIU3qUGeRwpvI3uL8b52wc0VurkmkYpdmI+SGRfCk6O6tZkHk6a5AZ7BQu10xo5GBI3Rj/mppuHVhiZUnnTSCE7LIqiuj+rDbPUSuV6/lPSrdX9hj8J9hsEJahDGc1u7TnsaZHFmJBQ3Np24KfUybkhKRQW1TCzmHJxzwfYdjDhMdpOPtmmYPuO6bG+Nu4kxCbs94qcx9aO4sgpY05DO5sbk3/l2hn1Tzq5TNKMMBHTQf1MMdJs7C/rSYOC1MgB7gxwb2ViyA0X5H6h6kwIZlf+DVqHjdNGcHVUPzsv3ViGXdiDAwjgGM7gEprQAgFP8AYf8Fl5qbx74HlTqVcpa3bgR3irXzhXuNs=</latexit><latexit sha1_base64="jiDiiifoIEwcMXo/Yaa68qFqwZw=">AAACUXicdVFNSwMxEJ2u3/Wr6tFLsAieyq4I6k304rGCVaFbSjadtsHsZklmlbLsbxTEiz/Eiwc1bfegVQcSHm/ezGReolRJS77/WvHm5hcWl5ZXqqtr6xubta3tG6szI7AltNLmLuIWlUywRZIU3qUGeRwpvI3uL8b52wc0VurkmkYpdmI+SGRfCk6O6tZkHk6a5AZ7BQu10xo5GBI3Rj/mppuHVhiZUnnTSCE7LIqiuj+rDbPUSuV6/lPSrdX9hj8J9hsEJahDGc1u7TnsaZHFmJBQ3Np24KfUybkhKRQW1TCzmHJxzwfYdjDhMdpOPtmmYPuO6bG+Nu4kxCbs94qcx9aO4sgpY05DO5sbk3/l2hn1Tzq5TNKMMBHTQf1MMdJs7C/rSYOC1MgB7gxwb2ViyA0X5H6h6kwIZlf+DVqHjdNGcHVUPzsv3ViGXdiDAwjgGM7gEprQAgFP8AYf8Fl5qbx74HlTqVcpa3bgR3irXzhXuNs=</latexit><latexit sha1_base64="jiDiiifoIEwcMXo/Yaa68qFqwZw=">AAACUXicdVFNSwMxEJ2u3/Wr6tFLsAieyq4I6k304rGCVaFbSjadtsHsZklmlbLsbxTEiz/Eiwc1bfegVQcSHm/ezGReolRJS77/WvHm5hcWl5ZXqqtr6xubta3tG6szI7AltNLmLuIWlUywRZIU3qUGeRwpvI3uL8b52wc0VurkmkYpdmI+SGRfCk6O6tZkHk6a5AZ7BQu10xo5GBI3Rj/mppuHVhiZUnnTSCE7LIqiuj+rDbPUSuV6/lPSrdX9hj8J9hsEJahDGc1u7TnsaZHFmJBQ3Np24KfUybkhKRQW1TCzmHJxzwfYdjDhMdpOPtmmYPuO6bG+Nu4kxCbs94qcx9aO4sgpY05DO5sbk3/l2hn1Tzq5TNKMMBHTQf1MMdJs7C/rSYOC1MgB7gxwb2ViyA0X5H6h6kwIZlf+DVqHjdNGcHVUPzsv3ViGXdiDAwjgGM7gEprQAgFP8AYf8Fl5qbx74HlTqVcpa3bgR3irXzhXuNs=</latexit><latexit sha1_base64="jiDiiifoIEwcMXo/Yaa68qFqwZw=">AAACUXicdVFNSwMxEJ2u3/Wr6tFLsAieyq4I6k304rGCVaFbSjadtsHsZklmlbLsbxTEiz/Eiwc1bfegVQcSHm/ezGReolRJS77/WvHm5hcWl5ZXqqtr6xubta3tG6szI7AltNLmLuIWlUywRZIU3qUGeRwpvI3uL8b52wc0VurkmkYpdmI+SGRfCk6O6tZkHk6a5AZ7BQu10xo5GBI3Rj/mppuHVhiZUnnTSCE7LIqiuj+rDbPUSuV6/lPSrdX9hj8J9hsEJahDGc1u7TnsaZHFmJBQ3Np24KfUybkhKRQW1TCzmHJxzwfYdjDhMdpOPtmmYPuO6bG+Nu4kxCbs94qcx9aO4sgpY05DO5sbk3/l2hn1Tzq5TNKMMBHTQf1MMdJs7C/rSYOC1MgB7gxwb2ViyA0X5H6h6kwIZlf+DVqHjdNGcHVUPzsv3ViGXdiDAwjgGM7gEprQAgFP8AYf8Fl5qbx74HlTqVcpa3bgR3irXzhXuNs=</latexit><latexit sha1_base64="jiDiiifoIEwcMXo/Yaa68qFqwZw=">AAACUXicdVFNSwMxEJ2u3/Wr6tFLsAieyq4I6k304rGCVaFbSjadtsHsZklmlbLsbxTEiz/Eiwc1bfegVQcSHm/ezGReolRJS77/WvHm5hcWl5ZXqqtr6xubta3tG6szI7AltNLmLuIWlUywRZIU3qUGeRwpvI3uL8b52wc0VurkmkYpdmI+SGRfCk6O6tZkHk6a5AZ7BQu10xo5GBI3Rj/mppuHVhiZUnnTSCE7LIqiuj+rDbPUSuV6/lPSrdX9hj8J9hsEJahDGc1u7TnsaZHFmJBQ3Np24KfUybkhKRQW1TCzmHJxzwfYdjDhMdpOPtmmYPuO6bG+Nu4kxCbs94qcx9aO4sgpY05DO5sbk3/l2hn1Tzq5TNKMMBHTQf1MMdJs7C/rSYOC1MgB7gxwb2ViyA0X5H6h6kwIZlf+DVqHjdNGcHVUPzsv3ViGXdiDAwjgGM7gEprQAgFP8AYf8Fl5qbx74HlTqVcpa3bgR3irXzhXuNs=</latexit><latexit sha1_base64="jiDiiifoIEwcMXo/Yaa68qFqwZw=">AAACUXicdVFNSwMxEJ2u3/Wr6tFLsAieyq4I6k304rGCVaFbSjadtsHsZklmlbLsbxTEiz/Eiwc1bfegVQcSHm/ezGReolRJS77/WvHm5hcWl5ZXqqtr6xubta3tG6szI7AltNLmLuIWlUywRZIU3qUGeRwpvI3uL8b52wc0VurkmkYpdmI+SGRfCk6O6tZkHk6a5AZ7BQu10xo5GBI3Rj/mppuHVhiZUnnTSCE7LIqiuj+rDbPUSuV6/lPSrdX9hj8J9hsEJahDGc1u7TnsaZHFmJBQ3Np24KfUybkhKRQW1TCzmHJxzwfYdjDhMdpOPtmmYPuO6bG+Nu4kxCbs94qcx9aO4sgpY05DO5sbk3/l2hn1Tzq5TNKMMBHTQf1MMdJs7C/rSYOC1MgB7gxwb2ViyA0X5H6h6kwIZlf+DVqHjdNGcHVUPzsv3ViGXdiDAwjgGM7gEprQAgFP8AYf8Fl5qbx74HlTqVcpa3bgR3irXzhXuNs=</latexit>

�!r1
<latexit sha1_base64="0W25rds1dXMGIjm68/JSZF0VOxY="></latexit><latexit sha1_base64="0W25rds1dXMGIjm68/JSZF0VOxY="></latexit><latexit sha1_base64="0W25rds1dXMGIjm68/JSZF0VOxY="></latexit><latexit sha1_base64="0W25rds1dXMGIjm68/JSZF0VOxY="></latexit>

�!
⇠

<latexit sha1_base64="1xEcnAFwv8gF49dSlD00T32ovX8=">AAAB/3icbVBNS8NAEJ3Ur1q/ooIXL4tF8FQSEfRY9OKxgv2AJpTNdtMu3WTD7kYtMQf/ihcPinj1b3jz37htc9DWBwOP92aYmRcknCntON9WaWl5ZXWtvF7Z2Nza3rF391pKpJLQJhFcyE6AFeUspk3NNKedRFIcBZy2g9HVxG/fUamYiG/1OKF+hAcxCxnB2kg9+8ATxpZsMNRYSnGfZd4Dy/OeXXVqzhRokbgFqUKBRs/+8vqCpBGNNeFYqa7rJNrPsNSMcJpXvFTRBJMRHtCuoTGOqPKz6f05OjZKH4VCmoo1mqq/JzIcKTWOAtMZYT1U895E/M/rpjq88DMWJ6mmMZktClOOtECTMFCfSUo0HxuCiWTmVkSGWGKiTWQVE4I7//IiaZ3WXKfm3pxV65dFHGU4hCM4ARfOoQ7X0IAmEHiEZ3iFN+vJerHerY9Za8kqZvbhD6zPH4+WlxU=</latexit><latexit sha1_base64="1xEcnAFwv8gF49dSlD00T32ovX8=">AAAB/3icbVBNS8NAEJ3Ur1q/ooIXL4tF8FQSEfRY9OKxgv2AJpTNdtMu3WTD7kYtMQf/ihcPinj1b3jz37htc9DWBwOP92aYmRcknCntON9WaWl5ZXWtvF7Z2Nza3rF391pKpJLQJhFcyE6AFeUspk3NNKedRFIcBZy2g9HVxG/fUamYiG/1OKF+hAcxCxnB2kg9+8ATxpZsMNRYSnGfZd4Dy/OeXXVqzhRokbgFqUKBRs/+8vqCpBGNNeFYqa7rJNrPsNSMcJpXvFTRBJMRHtCuoTGOqPKz6f05OjZKH4VCmoo1mqq/JzIcKTWOAtMZYT1U895E/M/rpjq88DMWJ6mmMZktClOOtECTMFCfSUo0HxuCiWTmVkSGWGKiTWQVE4I7//IiaZ3WXKfm3pxV65dFHGU4hCM4ARfOoQ7X0IAmEHiEZ3iFN+vJerHerY9Za8kqZvbhD6zPH4+WlxU=</latexit><latexit sha1_base64="1xEcnAFwv8gF49dSlD00T32ovX8=">AAAB/3icbVBNS8NAEJ3Ur1q/ooIXL4tF8FQSEfRY9OKxgv2AJpTNdtMu3WTD7kYtMQf/ihcPinj1b3jz37htc9DWBwOP92aYmRcknCntON9WaWl5ZXWtvF7Z2Nza3rF391pKpJLQJhFcyE6AFeUspk3NNKedRFIcBZy2g9HVxG/fUamYiG/1OKF+hAcxCxnB2kg9+8ATxpZsMNRYSnGfZd4Dy/OeXXVqzhRokbgFqUKBRs/+8vqCpBGNNeFYqa7rJNrPsNSMcJpXvFTRBJMRHtCuoTGOqPKz6f05OjZKH4VCmoo1mqq/JzIcKTWOAtMZYT1U895E/M/rpjq88DMWJ6mmMZktClOOtECTMFCfSUo0HxuCiWTmVkSGWGKiTWQVE4I7//IiaZ3WXKfm3pxV65dFHGU4hCM4ARfOoQ7X0IAmEHiEZ3iFN+vJerHerY9Za8kqZvbhD6zPH4+WlxU=</latexit><latexit sha1_base64="1xEcnAFwv8gF49dSlD00T32ovX8=">AAAB/3icbVBNS8NAEJ3Ur1q/ooIXL4tF8FQSEfRY9OKxgv2AJpTNdtMu3WTD7kYtMQf/ihcPinj1b3jz37htc9DWBwOP92aYmRcknCntON9WaWl5ZXWtvF7Z2Nza3rF391pKpJLQJhFcyE6AFeUspk3NNKedRFIcBZy2g9HVxG/fUamYiG/1OKF+hAcxCxnB2kg9+8ATxpZsMNRYSnGfZd4Dy/OeXXVqzhRokbgFqUKBRs/+8vqCpBGNNeFYqa7rJNrPsNSMcJpXvFTRBJMRHtCuoTGOqPKz6f05OjZKH4VCmoo1mqq/JzIcKTWOAtMZYT1U895E/M/rpjq88DMWJ6mmMZktClOOtECTMFCfSUo0HxuCiWTmVkSGWGKiTWQVE4I7//IiaZ3WXKfm3pxV65dFHGU4hCM4ARfOoQ7X0IAmEHiEZ3iFN+vJerHerY9Za8kqZvbhD6zPH4+WlxU=</latexit>

�!
⇣

<latexit sha1_base64="7b6/wCJp76/y8dIjfLzFFaXipuc=">AAACAXicbVBNS8NAEN3Ur1q/ol4EL4tF8FQSEfRY9OKxgv2AJpTNdtMu3WTD7kSpIV78K148KOLVf+HNf+O2zUFbHww83pthZl6QCK7Bcb6t0tLyyupaeb2ysbm1vWPv7rW0TBVlTSqFVJ2AaCZ4zJrAQbBOohiJAsHawehq4rfvmNJcxrcwTpgfkUHMQ04JGKlnH3jS2IoPhkCUkvdZ5j0wIHnes6tOzZkCLxK3IFVUoNGzv7y+pGnEYqCCaN11nQT8jCjgVLC84qWaJYSOyIB1DY1JxLSfTT/I8bFR+jiUylQMeKr+nshIpPU4CkxnRGCo572J+J/XTSG88DMeJymwmM4WhanAIPEkDtznilEQY0MIVdzciumQKELBhFYxIbjzLy+S1mnNdWruzVm1flnEUUaH6AidIBedozq6Rg3URBQ9omf0it6sJ+vFerc+Zq0lq5jZR39gff4ALRyX/A==</latexit><latexit sha1_base64="7b6/wCJp76/y8dIjfLzFFaXipuc=">AAACAXicbVBNS8NAEN3Ur1q/ol4EL4tF8FQSEfRY9OKxgv2AJpTNdtMu3WTD7kSpIV78K148KOLVf+HNf+O2zUFbHww83pthZl6QCK7Bcb6t0tLyyupaeb2ysbm1vWPv7rW0TBVlTSqFVJ2AaCZ4zJrAQbBOohiJAsHawehq4rfvmNJcxrcwTpgfkUHMQ04JGKlnH3jS2IoPhkCUkvdZ5j0wIHnes6tOzZkCLxK3IFVUoNGzv7y+pGnEYqCCaN11nQT8jCjgVLC84qWaJYSOyIB1DY1JxLSfTT/I8bFR+jiUylQMeKr+nshIpPU4CkxnRGCo572J+J/XTSG88DMeJymwmM4WhanAIPEkDtznilEQY0MIVdzciumQKELBhFYxIbjzLy+S1mnNdWruzVm1flnEUUaH6AidIBedozq6Rg3URBQ9omf0it6sJ+vFerc+Zq0lq5jZR39gff4ALRyX/A==</latexit><latexit sha1_base64="7b6/wCJp76/y8dIjfLzFFaXipuc=">AAACAXicbVBNS8NAEN3Ur1q/ol4EL4tF8FQSEfRY9OKxgv2AJpTNdtMu3WTD7kSpIV78K148KOLVf+HNf+O2zUFbHww83pthZl6QCK7Bcb6t0tLyyupaeb2ysbm1vWPv7rW0TBVlTSqFVJ2AaCZ4zJrAQbBOohiJAsHawehq4rfvmNJcxrcwTpgfkUHMQ04JGKlnH3jS2IoPhkCUkvdZ5j0wIHnes6tOzZkCLxK3IFVUoNGzv7y+pGnEYqCCaN11nQT8jCjgVLC84qWaJYSOyIB1DY1JxLSfTT/I8bFR+jiUylQMeKr+nshIpPU4CkxnRGCo572J+J/XTSG88DMeJymwmM4WhanAIPEkDtznilEQY0MIVdzciumQKELBhFYxIbjzLy+S1mnNdWruzVm1flnEUUaH6AidIBedozq6Rg3URBQ9omf0it6sJ+vFerc+Zq0lq5jZR39gff4ALRyX/A==</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="ldWxxzZANxTEMILNbQ5CSY+gbS4=">AAAB9nicbZBLSwMxFIXv1FetVUdXgpvBIrgqM250KbhxWcE+oFNKJs20oZlkSO4odRg3/hU3LhTxp7jz35g+Ftp6IHA4J+HmflEquEHf/3ZKa+sbm1vl7cpOdXdv3z2otozKNGVNqoTSnYgYJrhkTeQoWCfVjCSRYO1ofD3t2/dMG67kHU5S1kvIUPKYU4I26rtHobK15sMREq3VQ56HjwxJUfTdml/3Z/JWTbAwNVio0Xe/woGiWcIkUkGM6QZ+ir2caORUsKISZoalhI7JkHWtlSRhppfPNii8U5sMvFhpeyR6s/T3i5wkxkySyN5MCI7McjcN/+u6GcaXvZzLNEMm6XxQnAkPlTfF4Q24ZhTFxBpCNbd/9eiIaELRQqtYCMHyyqumdV4P/Hpw60MZjuEEziCAC7iCG2hAEyg8wQu8wbvz7Lw6H3NcJWfB7RD+yPn8AaPllpA=</latexit><latexit sha1_base64="ldWxxzZANxTEMILNbQ5CSY+gbS4=">AAAB9nicbZBLSwMxFIXv1FetVUdXgpvBIrgqM250KbhxWcE+oFNKJs20oZlkSO4odRg3/hU3LhTxp7jz35g+Ftp6IHA4J+HmflEquEHf/3ZKa+sbm1vl7cpOdXdv3z2otozKNGVNqoTSnYgYJrhkTeQoWCfVjCSRYO1ofD3t2/dMG67kHU5S1kvIUPKYU4I26rtHobK15sMREq3VQ56HjwxJUfTdml/3Z/JWTbAwNVio0Xe/woGiWcIkUkGM6QZ+ir2caORUsKISZoalhI7JkHWtlSRhppfPNii8U5sMvFhpeyR6s/T3i5wkxkySyN5MCI7McjcN/+u6GcaXvZzLNEMm6XxQnAkPlTfF4Q24ZhTFxBpCNbd/9eiIaELRQqtYCMHyyqumdV4P/Hpw60MZjuEEziCAC7iCG2hAEyg8wQu8wbvz7Lw6H3NcJWfB7RD+yPn8AaPllpA=</latexit><latexit sha1_base64="VL0GveX3YRhtoQ9FYiVOd9UwpGg=">AAACAXicbVA9SwNBEN3zM8avUxvBZjEIVuHORsugjWUE8wG5I+xt9pIle7vH7pwSj9j4V2wsFLH1X9j5b9wkV2jig4HHezPMzItSwQ143reztLyyurZe2ihvbm3v7Lp7+02jMk1ZgyqhdDsihgkuWQM4CNZONSNJJFgrGl5N/NYd04YreQujlIUJ6Usec0rASl33MFDW1rw/AKK1us/z4IEBGY+7bsWrelPgReIXpIIK1LvuV9BTNEuYBCqIMR3fSyHMiQZOBRuXg8ywlNAh6bOOpZIkzIT59IMxPrFKD8dK25KAp+rviZwkxoySyHYmBAZm3puI/3mdDOKLMOcyzYBJOlsUZwKDwpM4cI9rRkGMLCFUc3srpgOiCQUbWtmG4M+/vEiaZ1Xfq/o3XqV2WcRRQkfoGJ0iH52jGrpGddRAFD2iZ/SK3pwn58V5dz5mrUtOMXOA/sD5/AEr3Jf4</latexit><latexit sha1_base64="7b6/wCJp76/y8dIjfLzFFaXipuc=">AAACAXicbVBNS8NAEN3Ur1q/ol4EL4tF8FQSEfRY9OKxgv2AJpTNdtMu3WTD7kSpIV78K148KOLVf+HNf+O2zUFbHww83pthZl6QCK7Bcb6t0tLyyupaeb2ysbm1vWPv7rW0TBVlTSqFVJ2AaCZ4zJrAQbBOohiJAsHawehq4rfvmNJcxrcwTpgfkUHMQ04JGKlnH3jS2IoPhkCUkvdZ5j0wIHnes6tOzZkCLxK3IFVUoNGzv7y+pGnEYqCCaN11nQT8jCjgVLC84qWaJYSOyIB1DY1JxLSfTT/I8bFR+jiUylQMeKr+nshIpPU4CkxnRGCo572J+J/XTSG88DMeJymwmM4WhanAIPEkDtznilEQY0MIVdzciumQKELBhFYxIbjzLy+S1mnNdWruzVm1flnEUUaH6AidIBedozq6Rg3URBQ9omf0it6sJ+vFerc+Zq0lq5jZR39gff4ALRyX/A==</latexit><latexit sha1_base64="7b6/wCJp76/y8dIjfLzFFaXipuc=">AAACAXicbVBNS8NAEN3Ur1q/ol4EL4tF8FQSEfRY9OKxgv2AJpTNdtMu3WTD7kSpIV78K148KOLVf+HNf+O2zUFbHww83pthZl6QCK7Bcb6t0tLyyupaeb2ysbm1vWPv7rW0TBVlTSqFVJ2AaCZ4zJrAQbBOohiJAsHawehq4rfvmNJcxrcwTpgfkUHMQ04JGKlnH3jS2IoPhkCUkvdZ5j0wIHnes6tOzZkCLxK3IFVUoNGzv7y+pGnEYqCCaN11nQT8jCjgVLC84qWaJYSOyIB1DY1JxLSfTT/I8bFR+jiUylQMeKr+nshIpPU4CkxnRGCo572J+J/XTSG88DMeJymwmM4WhanAIPEkDtznilEQY0MIVdzciumQKELBhFYxIbjzLy+S1mnNdWruzVm1flnEUUaH6AidIBedozq6Rg3URBQ9omf0it6sJ+vFerc+Zq0lq5jZR39gff4ALRyX/A==</latexit><latexit sha1_base64="7b6/wCJp76/y8dIjfLzFFaXipuc=">AAACAXicbVBNS8NAEN3Ur1q/ol4EL4tF8FQSEfRY9OKxgv2AJpTNdtMu3WTD7kSpIV78K148KOLVf+HNf+O2zUFbHww83pthZl6QCK7Bcb6t0tLyyupaeb2ysbm1vWPv7rW0TBVlTSqFVJ2AaCZ4zJrAQbBOohiJAsHawehq4rfvmNJcxrcwTpgfkUHMQ04JGKlnH3jS2IoPhkCUkvdZ5j0wIHnes6tOzZkCLxK3IFVUoNGzv7y+pGnEYqCCaN11nQT8jCjgVLC84qWaJYSOyIB1DY1JxLSfTT/I8bFR+jiUylQMeKr+nshIpPU4CkxnRGCo572J+J/XTSG88DMeJymwmM4WhanAIPEkDtznilEQY0MIVdzciumQKELBhFYxIbjzLy+S1mnNdWruzVm1flnEUUaH6AidIBedozq6Rg3URBQ9omf0it6sJ+vFerc+Zq0lq5jZR39gff4ALRyX/A==</latexit><latexit sha1_base64="7b6/wCJp76/y8dIjfLzFFaXipuc=">AAACAXicbVBNS8NAEN3Ur1q/ol4EL4tF8FQSEfRY9OKxgv2AJpTNdtMu3WTD7kSpIV78K148KOLVf+HNf+O2zUFbHww83pthZl6QCK7Bcb6t0tLyyupaeb2ysbm1vWPv7rW0TBVlTSqFVJ2AaCZ4zJrAQbBOohiJAsHawehq4rfvmNJcxrcwTpgfkUHMQ04JGKlnH3jS2IoPhkCUkvdZ5j0wIHnes6tOzZkCLxK3IFVUoNGzv7y+pGnEYqCCaN11nQT8jCjgVLC84qWaJYSOyIB1DY1JxLSfTT/I8bFR+jiUylQMeKr+nshIpPU4CkxnRGCo572J+J/XTSG88DMeJymwmM4WhanAIPEkDtznilEQY0MIVdzciumQKELBhFYxIbjzLy+S1mnNdWruzVm1flnEUUaH6AidIBedozq6Rg3URBQ9omf0it6sJ+vFerc+Zq0lq5jZR39gff4ALRyX/A==</latexit><latexit sha1_base64="7b6/wCJp76/y8dIjfLzFFaXipuc=">AAACAXicbVBNS8NAEN3Ur1q/ol4EL4tF8FQSEfRY9OKxgv2AJpTNdtMu3WTD7kSpIV78K148KOLVf+HNf+O2zUFbHww83pthZl6QCK7Bcb6t0tLyyupaeb2ysbm1vWPv7rW0TBVlTSqFVJ2AaCZ4zJrAQbBOohiJAsHawehq4rfvmNJcxrcwTpgfkUHMQ04JGKlnH3jS2IoPhkCUkvdZ5j0wIHnes6tOzZkCLxK3IFVUoNGzv7y+pGnEYqCCaN11nQT8jCjgVLC84qWaJYSOyIB1DY1JxLSfTT/I8bFR+jiUylQMeKr+nshIpPU4CkxnRGCo572J+J/XTSG88DMeJymwmM4WhanAIPEkDtznilEQY0MIVdzciumQKELBhFYxIbjzLy+S1mnNdWruzVm1flnEUUaH6AidIBedozq6Rg3URBQ9omf0it6sJ+vFerc+Zq0lq5jZR39gff4ALRyX/A==</latexit><latexit sha1_base64="7b6/wCJp76/y8dIjfLzFFaXipuc=">AAACAXicbVBNS8NAEN3Ur1q/ol4EL4tF8FQSEfRY9OKxgv2AJpTNdtMu3WTD7kSpIV78K148KOLVf+HNf+O2zUFbHww83pthZl6QCK7Bcb6t0tLyyupaeb2ysbm1vWPv7rW0TBVlTSqFVJ2AaCZ4zJrAQbBOohiJAsHawehq4rfvmNJcxrcwTpgfkUHMQ04JGKlnH3jS2IoPhkCUkvdZ5j0wIHnes6tOzZkCLxK3IFVUoNGzv7y+pGnEYqCCaN11nQT8jCjgVLC84qWaJYSOyIB1DY1JxLSfTT/I8bFR+jiUylQMeKr+nshIpPU4CkxnRGCo572J+J/XTSG88DMeJymwmM4WhanAIPEkDtznilEQY0MIVdzciumQKELBhFYxIbjzLy+S1mnNdWruzVm1flnEUUaH6AidIBedozq6Rg3URBQ9omf0it6sJ+vFerc+Zq0lq5jZR39gff4ALRyX/A==</latexit>
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1=A2=AB

Figure 6: Schematic depiction of the product collision. The radius vectors of the colliding
parties are drawn from the centre of mass, which is marked with a red dot.

19



velocity of the products −→υ = −→υ1 − −→υ2. The other two axes −→η and
−→
ζ are perpendicular to

each other and to
−→
ξ , and collision occurs in the plane ξζ. With such an arrangement, using

the law of conservation of momentum and Eq. (24), we can write the conservation laws of

angular momentum and energy in the form

L1ξ + L2ξ = 0

L1η + L2η +
√

2µpεt b = 0

L1ζ + L2ζ = 0

εt + εr + εv = E − εr (23)

where Lξ, Lη, Lζ are the components of the angular momentum along the corresponding

axes, labeled with indexes 1 and 2 for the fragmentation products A and AB, respectively.

Their relative velocity υ is expressed through the translational energy of the relative motion

of the fragmentation products εt and their reduced mass µp as

υ =

√
2εt
µp

, (24)

εv is the sum of vibrational energies of the products, b is the impact parameter as depicted

in Figure 6, and the combined rotational energy of the products is

εr =
L2
1ξ

2I1
+
L2
1η

2I1
+
L2
1ζ

2I1
+
L2
2ξ

2I2
+
L2
2η

2I2
+
L2
2ζ

2I2
, (25)

where I1, I2 are the moments of inertia of the fragmentation products. After some algebra

with the set of Eqs. (23) and Eq. (25), we can write the combined rotational energy of the

products as

εr =
L2
1ξ

2Ip
+

(
L1η +

I1b
√

2µpεt

I1+I2

)2

2Ip
+
L2
1ζ

2Ip
+

µpb
2

I1 + I2
εt, (26)
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where we have introduced a notation

1

Ip
=

1

I1
+

1

I2
, (27)

The translational and rotational energies of the products are now expressed through three

components of the angular momentum of one of the the products and the energy of the

relative translational motion of the products, which also has three components.

According to kinetic gas theory, the collision rate of the fragmentation products can be

written as

dkp(ε− εr) = dτdPtr(εt, εr|ε− εr). (28)

The probability of collision per unit time is

dτ =
υ

V
dσ, (29)

where the collision cross section dσ can be expressed through the impact parameter b (see

Figure 6)

dσ = 2πbdb. (30)

The probability dPtr(εt, εr|ε−εr) to observe a certain energy distribution between the degrees

of freedom of the fragmentation products, provided that their total energy is equal to ε− εr,

can be calculated as

dPtr(εt, εr|ε− εr) = ρpt(εt)ρpr(εr)ρpv(ε− εr − εr − εt)
dεtdεr

ρp(ε− εr)
(31)

where ρpt(εt), ρpr(εr) and ρpv(ε − εr − εr − εt) are the densities of states of the relative and

combined rotational and vibrational motions of the products, respectively. Using Eqs. (24),
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(28) - (31) we can write the cluster formation rate as

kp(ε− εr) =
2
√

2 π

ρp(ε− εr)√µp V

∫∫∫
0≤εr+εt≤ε−εr

0≤b≤bmax

√
εt bρpt(εt)ρpr(εr)ρpv(ε− εr − εr − εt)dεtdεrdb, (32)

Integration over b in Eq. (32) is limited by the maximal impact parameter bmax leading

to the formation of the cluster. Since AB is an ion and A has a dipole moment µD and

polarisability αA, the maximal impact parameter can be considerably higher than the sum of

the radii of the colliding parties. Due to the attractive interaction the value of bmax depends

on the translational and rotational energies of the fragmentation products.

The next step is to explicitly write the translational and vibrational densities of states.

We can use an analogue of Eq. (6) for the density of states of the relative translational

motion of the products

ρpt(εt) =
4
√

2 πV µ3/2
p

√
εt

(2πh̄)3
. (33)

Since rotations of the two bodies are coupled due to angular momentum conservation it is

sufficient to find the density of states of only one product. In this case, it is advantageous to

express the rotational density of states through the components of the angular momentum

rather than through the rotational energy, as was done in Eq. (15), resulting in28

ρpr(εr)dεr =
dL1ξdL1ηdL1ζ

πh̄3
. (34)

Using Eqs. (22), (32),(33) and (34), we obtain the fragmentation rate of a non-rotating

cluster

γ0(ε− εr) =
2µp

π2h̄6ρv(Ef + ε− εr)
×∫

· · ·
∫

0≤εrt≤ε−εr
0≤b≤bmax

εtbρpv(ε− εr − εrt)dεtdL1ξdL1ηdL1ζdb, (35)
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where

εrt =
L2
1ξ

2Ip
+

(
L1η +

I1b
√

2µpεt

I1+I2

)2

2Ip
+
L2
1ζ

2Ip
+

(
1 +

µpb
2

I1 + I2

)
εt (36)

is the sum of translational and rotational energies of the products (see Eq. (26)). It is

convenient to carry out a transformation of coordinates: εt → ε̃t =
(

1 + µpb2

I1+I2

)
εt, L1ξ →

L̃1ξ = L1ξ, L1η → L̃1η = L1η +
I1b
√

2µpεt

I1+I2
and L1ζ → L̃1ζ = L1ζ . The set of three variables

{L̃1ξ, L̃1η, L̃1ζ} constitute the cartesian coordinates, and we can make a transformation to

the spherical coordinate system. In spherical coordinates, integration over the angles can be

performed. After changing variables and denoting

ε̃r =
L̃1ξ

2

2Ip
+
L̃1η

2

2Ip
+
L̃1ζ

2

2Ip
(37)

Eq. (35) reduces to

γ0(ε− εr) =
8
√

2 µpI
3/2
p

πh̄6ρv(Ef + ε− εr)
×∫∫∫

0≤ε̃t+ε̃r≤ε−εr
0≤b≤bmax

(
I1 + I2

I1 + I2 + µpb2

)2

bε̃t
√
ε̃r ρpv(ε− εr − ε̃t + ε̃r)dε̃tdε̃rdb. (38)

As mentioned, the value of bmax depends on translational and rotational energies of the

products due to interaction of the colliding parties. The lower the energies, the higher is bmax.

Only this coupling prevents the analytical integration of Eq. (38) over b. We investigated

how strongly the rate constant the rate constants depend on bmax. First, we set bmax =∞ in

all cases. Then Eq. (38) transforms to

γ0(ε− εr) =
4
√

2 I
3/2
p (I1 + I2)

πh̄6ρv(Ef + ε− εr)
×∫∫

0≤ε̃t+ε̃r≤ε−εr

ε̃t
√
ε̃r ρpv(ε− εr − ε̃t + ε̃r)dε̃tdε̃r. (39)
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We have compared Eqs. (38) and (39) using a relation, presented in the literature, between

the microcanonical collision rate and the energies of colliding parties experiencing ion-dipole

interaction. The microcanonical collision rate calculated by variational rate theory has been

compared to numerical classical trajectory calculations.29 The results of the theory are only

about 10 % higher than the numerical results. As we shall see later, even much larger

variations in the fragmentation rate constant do not affect the main conclusions. Adapting

the expression for the microcanonical capture rate constant calculated with variational rate

theory to our notations we can write

πb2max =

√
µp

2εt
kLg(w), (40)

where kL = 2πq
√
αA µp is the Langevin rate constant, and

g(w) =


27

1024w3/2

(
8w2 − 20w − 1 + (8w + 1)3/2

)
, 0 ≤ w ≤ 5

9

1
9w2

(
2(9w2 + 3w + 1)3/2 + (3w + 2)(6w + 1)(3w − 1)

)1/2
, 5

9
≤ w ≤ ∞,

(41)

where

w =
2αA(εt + εr1)

µD

, (42)

and εr1 is the rotational energy of A. Note that the rotational energy of AB is not included in

Eq. (42), as the charge is considered to be at the centre of mass, and thus the rotation of AB

does not affect the interaction of the products. Eqs. (40), (41) and (42) allow us to perform a

numerical integration of Eq. (38), taking into account the dependence of bmax on translational

and rotational energies of the products due to the interaction between them. The comparison

of Eqs. (38) and (39) in Figure 7 shows that the difference is negligible. Therefore, we have

used Eqs. (39) in numerical calculations since it takes much less computing time than is

required for integrating Eq. (38).

The rate constant (Eq. (21)) calculated with Eqs. (16) and (39) allows us to obtain the
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Figure 7: Dependence of the fragmentation rate constant of the cluster with zero angular
momentum calculated on internal energy. It is calculated for two cases: (1) maximal impact
parameter is infinite and (2) depends on the rotational and translational energies of the
products.

probability for the cluster to stay intact until a certain time t

Pin(t) = exp(−γ(ε)t). (43)

Hence the cumulative probability to get fragmented by time t is Ff (t) = 1 − Pin(t). Thus,

the PDF of the fragmentation time can be written as

ff(t) =
dFf (t)

dt
= γ(ε) exp(−γ(ε)t). (44)
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3 Details of the model and simulations

3.1 The cluster and the products parameters and the vibrational

densities of states

We have sampled the AAB potential energy surface by first creating 2800 input structures

by randomly distributing molecules in space.30 The structures were subsequently optimised

using the semi-empirical PM6 method.31 All converged structures were then re-optimised at

the PW91/6-31+G* level of theory.32 Different conformers were characterised based on elec-

tronic energies and dipole moments. 120 different structures were re-optimised and their fre-

quencies were calculated using the PW91/6- 311++G** level of theory, and for the resulting

conformers we computed zero-point-energy-corrected (ZPE-corrected) electronic energies.33

Since different levels of theory might yield different global minima, we selected 22 ZPE-

corrected local minimum energy conformers. These structures were optimised and thermo-

chemical parameters were calculated using the PW91 functional with a large aug-cc-pVQZ

basis set. The lowest energy conformer for AAB was selected, and the normal mode vi-

brational frequencies as well as rotational constants for the principal axes were calculated

approximating the cluster as a rigid rotor and harmonic oscillator. The electronic energy

corrections were calculated on top of the DFT structure using the DLPNO-CCSD(T)/aug-

cc-pVTZ level of theory with a tight pair natural orbital criteria.34,35 The electronic energy

corrections were computed using the Orca 4.0.1.2 program.36 The fragmentation product AB

was treated similarly. The vibrational frequencies and rotational constants are presented in

the SI.

The vibrational densities of the states both for the cluster and the products have been

calculated using the Beyer-Swinehart algorithm.37 The algorithm is based on an exact recur-

rent relation, and the accuracy relies upon the width of energy bins for defining the density

of states. They are recommended38 to be smaller than 1 cm−1. Thus, we use a value of 1 K

(1 cm−1 ' 1.44 K). Additionally, we checked that densities of states calculated with Beyer-
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Swinehart algorithm match the ones calculated with direct counting method at low energies,

and the densities of states calculated with an analytical formula18 at high energies. The

principal moments of inertia have obtained from rotational constants Θi using the relation

Θi =
h̄2

2Iik
, (45)

where i = β, δ, λ correspond to the principal rotational axes. When calculating the fragmen-

tation rate constants and considering collisions, we approximate the cluster and the products

of fragmentation as spheres. Therefore, it is reasonable to define the radius of the sphere

using the relation (see Eq. (11) )

(
2

5
MR2

)3

= IβIδIλ, (46)

where Iβ, Iδ, Iλ are the cluster principal moments of inertia. Eq. (46) yields R = 3.47 Å for

the AAB cluster.

The radii of the N2 and O2 molecules were calculated from the van der Waals volumes

taken from a handbook.39 For nitrogen, the radius is 2.49 Å and for oxygen it is 2.33 Å.

Therefore, the average radius of the carrier gas molecule, according to the relative abundance

of N2 and O2 in the atmosphere, is Rg = 2.46 Å. The air molecules interact with the cluster

by ion-induced-dipole interactions. However, the effect of this long-range interaction on the

collision frequency is negligible based on the values of the polarisability of N2 and O2.40

The fragmentation rate constant was calculated as described in Subsection 2.4 by numer-

ical integration for the values of energy separated by intervals of 1 K. The values of the rate

constant inside these intervals has been obtained by linear interpolation. The temperature

of the carrier gas was kept at 300 K. We average over 2000 realisations when calculating the

fraction of fragmented clusters.
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3.2 Simulation of random values

In our simulations, we frequently need to obtain the value of a random variable obeying some

PDF. These functions are denoted by f with some index throughout this text (see Eqs. (3),

(7), (16), (44). We use a standard technique in all these cases. Suppose we have PDF f(χ)

for the random variable χ defined in the interval from d to h. The cumulative probability

F (χ) is defined by

F (χ) =

χ′∫
d

f(χ′)dχ. (47)

To obtain the value of the random variable χ we generate a random number c in the interval

from 0 to 1, then solve the equation

F (χ) = c. (48)

The solution of this equation χc is the value of the random variable obeying the PDF f(χ).

In practice, to solve Eq (48), we numerically integrate Eq. (47) until the integral reaches c,

which gives us the value of the random variable. The method to obtain random values from

two-dimensional PDF is based on probability theory,41 and is described in the SI.

3.3 The scheme of simulation

1. We assign initial values for the coordinates, velocity, angular velocity and vibrational

energy of the cluster. We have used random values from the Maxwell distribution at 300 K

for the initial velocities of the cluster. Similarly, for initial angular velocity and vibrational

energy of the cluster, we have used random values from the Boltzmann distribution at 300

K.

2. We calculate the time of the next collision using the PDF defined by Eq. (3). Before the

collision, the cluster accelerates under an electric field.

3. We check whether the cluster is fragmented or not using the PDF defined by Eq. (44).

If yes, we start from the item 1 for the new realisation. If no, we calculate a new rotational
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energy using PDF (16) (changes due to rotational-vibrational energy exchange) and continue

with item 4.

4. We define the point of collision on the surface of the cluster by the angle θ (Figure 2)

using the PDF defined by Eq. (1) and the angle φ using an even PDF from 0 to 2π. Using

the PDF defined by Eq. (1) and a two-dimensional Maxwellian PDF, we simulate normal

and tangential components of the velocity of the colliding carrier gas molecule, respectively.

Using an even PDF from 0 to 2π, we obtain the direction of the tangential component of

the colliding carrier gas molecule (angle α in Figure 5). To consider the consequences of

collision, we determine the direction of axes i, j, k, and define the projection of the cluster

angular velocity onto these axes. We calculate new energies, velocity and angular velocity

of the cluster as described in the subsection 2.3, and transfer the new velocity to laboratory

coordinates.

5. We continue with items 2–4 until the cluster is fragmented or reaches the end point intact.

6. We start a new realisation with item 1.

7. We calculate the fraction of the intact clusters after completing all realisations.

4 Results and discussion

In our model, the three essential factors determining the fragmentation of the ionised clusters

are the number of collisions, the amount of energy transferred to the internal modes of the

cluster at collisions and the fragmentation rate constant as a function of energy. First, we

consider the fragmentation rate constant.

The dependence of the rate constant (Eq. (21)) on internal energy is presented in Figure

8. Figure 8 can be used to estimate the internal energy the cluster needs to be fragmented.

As discussed in subsection 2.3, the time between the collisions of the cluster with carrier

gas molecules at the conditions of an APiTOF mass spectrometer is in the interval 10−5 −

10−8 s. Therefore, according to Eq. (43), we can expect a high probability for the cluster
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Figure 8: The dependence of the fragmentation rate on the internal energy. The meaning of
parameter B is described in the text.

fragmentation when the rate constant is roughly in the interval 105 − 108 s. We can see

from Figure 8 that such values are reached when the cluster’s energy is from 2000 to 5500

K higher than the fragmentation energy (14744 K).

To study how the variation of the fragmentation rate constant affects the results of our

model, we have multiplied it by an uncertainty factor B ranging from 10−3 to 103. The

new rate constant γ′(ε) = Bγ(ε) has been fed to the model. The resulting fragmentation

probabilities are presented in Figure 9. Changing the rate constant by one order of magni-

tude alters the degree of fragmentation by roughly 10 %. Such a variation of the results is

not significant, as it is close to the experimental error in studying the fragmentation inside

mass spectrometers.19 The weak effect of the rate constant variation can be explained by the

relatively high amount of energy transferred in one collision. For example, in the conditions

of Figure 10 the vibrational energy change per collision is about 1000 K just before fragmen-
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Figure 9: The effect of the uncertainty factor B of the fragmentation rate constant on the
survival fraction.

tation. In the conditions of Figure 10b the change is about 4000 K. This range of changes

is typical for conditions of the APiTOF mass spectrometer. Because of such big leaps, the

exact value of the limiting energy at which the cluster is fragmented is not significant. Figure

8 shows that the energies at which the rate constants γ′(ε) and γ(ε) have the same value in

the interval 105− 108 s, differ roughly by 1000 K when B = 10 or B = 0.1. We can conclude

that the results show moderate sensitivity to the values of the fragmentation rate constant.

The dependence of the degree of cluster fragmentation on pressure and the electric field

are presented in Figure 11 . The figure shows that the clusters are fragmented at pressures

ranging from 1 to 150 Pa with the travelled distance set to 2 mm. At higher than 150

Pa pressures, the clusters collide with carrier gas molecules frequently enough to establish

a steady state drag velocity for the cluster. Hence, the translational energy of the cluster

only fluctuates within certain limits, thus constraining also the internal energy to the certain

limits. At lower pressures than 1 Pa the clusters practically do not collide with carrier gas
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Figure 10: The cluster energy fluctuations during one realisation at the carrier gas pressure
and electric field: a) 40 Pa and 4000 V/m, b) 6 Pa and 5200 V/m, c) 100 Pa and 5200 V/m,
d) 100 Pa and 3200 V/m respectively. In all cases, except d) the cluster is fragmented.

molecules while travelling the distance of 2 mm, so there is no chance for the translational

energy to be transferred to internal energy, and fragmentation does not occur. The depen-

dence of the fragmentation degree on the electric field is natural. The stronger the electric

field, the more energy can be transferred to the internal modes of the cluster, increasing its

chances to be fragmented.

As we can see from Figure 12, lengthening the travelled distance increases the degree of

fragmentation. However, the rate of growth is different at low and high pressures. Comparing

the curves of growth for two pressures having similar rates at short distances, we observe

32



10
-1

10
0

10
1

10
2

10
3

Pressure, Pa

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

S
u

rv
iv

a
l 
fr

a
c
ti
o

n 2870 V/m

3690 V/m

4100 V/m

4930 V/m

5750 V/m

6550 V/m

7400 V/m

8300 V/m

Travelled distance =2 mm

Figure 11: The dependence of the cluster fragmentation on pressure at different values of
the electric field.

that the curve corresponding to lower pressure displays significantly higher fragmentation at

long distances. There are two factors enhancing the fragmentation with lengthening travelled

distances at low pressures. First, the longer the distance, the higher the probability to meet

a collision partner. Second, the longer the distance, the higher the translational energy

of the cluster at low pressures (see Figures 10a,b), because the steady state level for both

translational and internal cluster energies is not reached before the cluster gets fragmented.

Additionally, the higher the cluster translational energy, the more energy is transferred to its

internal modes in one collision. We have observed that at pressures around or lower than 1

Pa, the amount of energy transferred in one collision to the internal modes reaches the level

of 10000 - 15000 K when electric field is 5200 V/m. This is often enough for the cluster to

fragment. At pressures 0.2 - 0.4 Pa, the amount of energy transferred in one collision reaches

30000 - 40000 K with the same electric field value.
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Figure 12: The dependence of the cluster fragmentation on the travelled distance at different
pressures. The electric field is: a) 4100 V/m, b) 8300 V/m.

At high pressures the picture is different. As we can see from Figure 13, the right

borderline between the presence and absence of fragmentation shifts towards higher pressures

much slower than the left borderline shifts towards the lower pressures when we increase the

travelled distance. At high pressures, the cluster rather quickly reaches the steady state drag
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Figure 13: The dependence of the cluster fragmentation on pressure at different travelled
distances. The electric field is: a) 4100 V/m, b) 8300 V/m.

velocity. As we can see from Figure 10c, in this case the rotational and vibrational energy

of the cluster do not grow either, they just fluctuate so that sometimes the internal energy
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is higher than the fragmentation energy and the cluster can be fragmented. Such situations

correspond to the slow growth of fragmentation with increasing travelled distance. If the

pressure is high enough (or the electric field is rather low), both the steady state level of

the cluster internal energy and the amplitude of its fluctuation are such that fragmentation

cannot happen. An example of this situation is presented in 10d. Therefore, in this case the

right borderline between fragmentation and non-fragmentation does not shift towards higher

pressures with increasing travelled distance at all.

This observation has practical importance. Simulations are quite time consuming at high

pressures. To make a conclusion on the possible fragmentation there is no need to simulate

the whole region between the electrodes, which can be several centimetres. It is enough to

explore a small part of it, mapping whether or not the travelling cluster is in the steady-state

regime, and whether or not its internal energy can reach the fragmentation level.

5 Conclusion

We have developed a model for studying the influence of collisions between ionic clusters

and carrier gas molecules on the cluster fragmentation rate in Atmospheric Pressure interface

Time of Flight (APiTOF) mass spectrometers. The model simulates the collision of a cluster

with carrier gas molecules as it moves through the chambers of the mass spectrometer under

an electric field. The translational energy can be transferred to the cluster internal modes

in the collisions. If the cluster internal modes accumulate enough energy, the cluster can

be fragmented. The collision, energy transfer and fragmentation have been considered as

random processes. Appropriate probability density functions have been calculated for all of

them.

The probability density function for the collisions has been derived from kinetic gas

theory. Energy transfer is governed by probability density function based on conservation

laws and the microcanonical principle. The rotational and vibrational energy spectra of the
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cluster are practically continuous at the conditions of the mass spectrometer experiments.

Therefore, energy transfer between the modes is not hindered, and it is defined by the

densities of states. The latter have been calculated using the rigid-rotor-harmonic-oscillator

approximation for the cluster minimum energy structures, which has been obtained from

quantum chemistry calculations.

The probability of fragmentation is based on the fragmentation rate constant. The mi-

crocanonical fragmentation rate constant has been calculated on the basis of phase space

theory for chemical reactions and the detailed balance principle. To take momentum and

angular momentum conservation into account, we have assumed that rotational-vibrational

energy exchange is much slower than vibrational-vibrational exchange. This has allowed

us to reduce the problem to the calculation of the rate constant when the cluster angular

momentum is zero. This considerably reduces the computational effort.

We have used the trimer consisting of two sulphuric acid molecules and one bisulphate

anion as a model object for the fragmentation study inside the mass spectrometer. The

dependence of the degree of cluster fragmentation on the distances between the electrodes,

applied electric field and the residual carrier gas pressure has been examined. We have

determined the pressure interval for typical APiTOF mass spectrometer electric fields and

distances between the electrodes, at which the clusters may not survive. The clusters can

be fragmented when the pressure is between 1 and 150 Pa. At higher than 150 Pa pressures,

collisions are frequent enough to establish steady-state conditions for the internal cluster

energy, which does not reach the level at which fragmentation is possible. At lower than 1

Pa pressures, collisions are too rare for fragmentation to occur in noticeable amounts.

The developed model has been successfully applied to the description of the experiments

on the cluster fragmentation inside the APiTOF mass spectrometer. The results are to be

published elsewhere.19
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