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Abstract

We consider quantum integrable systems associated with reductive Lie algebra g/(n) and Cartan-
invariant non-skew-symmetric classical r-matrices. We show that under certain restrictions on the form
of classical r-matrices “nested” or “hierarchical” Bethe ansatz usually based on a chain of subalgebras
gl(n) D gl(n —1) D ... D gl(1) is generalized onto the other chains or “hierarchies” of subalgebras. We
show that among the r-matrices satisfying such the restrictions there are “twisted” or Zp-graded non-
skew-symmetric classical r-matrices. We consider in detail example of the generalized Gaudin models with
and without external magnetic field associated with Z-graded non-skew-symmetric classical r-matrices
and find the spectrum of the corresponding Gaudin-type hamiltonians using nested Bethe ansatz scheme
and a chain of subalgebras gl(n) D gl(n —ny) D gl(n —ny —ny) D gl(n — (n| + ... + np_1)), where
ny+ny+..+np=n.
© 2016 The Author. Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

Quantum integrable models with long-range interaction play important role in the non-
perturbative physics. They are applied in the theory of small metallic grains [1-4], where the
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famous Richardson’s model [5] is used, nuclear physics [6,7], theory of colored Fermi gases [8],
in the so-called “central spin model” theory [9,10] etc.

The main example of integrable models with long-range interaction are the famous Gaudin
spin chains [11] associated with simple (reductive) Lie algebras g and skew-symmetric
g ® g-valued classical r-matrices with spectral parameters. In the papers [12,13] we have pro-
posed a generalization of classical and quantum Gaudin models with [13] and without [12] ex-
ternal magnetic field associated with arbitrary non-skew-symmetric g ® g-valued non-dynamical
classical r-matrices with spectral parameters that satisfy the so-called generalized or “permuted”
classical Yang—Baxter equation [29]. Moreover, we have shown that these models are applied
in order to construct new integrable fermion models of reduced BCS-type [14—16] and inte-
grable “s”-type and “p + ip”-type proton—neutron models of nuclear physics [17,18,20]. This
makes a study of the generalized Gaudin models associated with non-skew-symmetric classical
r-matrices important both from the mathematical and physical points of view.

The present paper is devoted to study of quantum integrable models based on classical non-
skew-symmetric r-matrices and reductive Lie algebras gl(n). The important problem of the
theory of integrable systems is not only the construction of quantum integrable models them-
selves (i.e. not only construction of the mutually commuting hamiltonian and integrals of motion)
but also the development of the methods of their exact solution. For the case of quantum in-
tegrable models based on higher rank Lie algebras the main method of the exact solution is
the so-called “nested” or “hierarchical” algebraic Bethe ansatz. It was invented in [21] for the
quantum group case and repeated in [22] for the Lie-algebraic case in the particular case of
skew-symmetric rational and trigonometric r-matrices.

In our previous paper [23] we have considered quantum integrable systems associated with
the Lie algebra g/(n) and Cartan-invariant non-skew-symmetric classical r-matrices for which
exists the standard procedure of the nested Bethe ansatz associated with the chain of embed-
dings gl(n) D gl(n — 1) D gl(n —2) D ... D gl(1). It is necessary to observe that, contrary
to Cartan-invariant skew-symmetric classical r-matrices, that are exhausted by fwo r-matrices,
namely, rational and trigonometric ones, there are many Cartan-invariant non-skew-symmetric
classical r-matrices. Moreover, contrary to Cartan-invariant skew-symmetric classical r-matrices
[22], majority of Cartan-invariant non-skew-symmetric r-matrices do not support standard
nested Bethe ansatz scheme associated with the chain of embeddings gl(n) D gl(n — 1) D
gl(n —2) D ... D gl(1). In fact, only three classes of non-skew-symmetric Cartan-invariant clas-
sical r-matrices support the standard nested Bethe ansatz scheme [23]. That is why, in order to
make it compatible with the structure of other r-matrices, it is necessary to generalize the scheme
of the nested Bethe ansatz onto other chains of embedded subalgebras.

In the present paper we generalize the “nesting” procedure of the algebraic Bethe ansatz onto
the wide class of the chains or “hierarchies” of the embedded subalgebras of gl (n). The standard
idea of the nested Bethe ansatz in the gl(n) case is to reduce the problem of the diagonaliza-
tion of the generating function of the commutative integrals defined for the gl(n)-valued Lax
matrix to the same problem for the g/(n — 1)-valued Lax matrix and then apply this method re-
cursively [21,22]. In the present paper we propose to reduce the problem of the diagonalization
of the generating function of the commutative integrals of second order for gl/(n)-valued Lax
matrix to the same problem for gl/(n — ny) @ gl(n1)-valued Lax matrix, where n; € 1,n — 1.
It occurred to be possible under certain requirements imposed onto the considered classical
r-matrix. In the cases ny = 1 or ny =n — 1 we recover our previous results [23]. Other cases
are new. In such a way, proceeding recursively, i.e. applying the similar steps to the Lie algebras
gl(n —np) and gl(n1) we obtain a lot of possible “nestings” or “hierarchies of embeddings” for
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the nested Bethe ansatz. We realize this scheme to the final end using the chain of subalgebras
gln)Dglln—n1) Dglln—ny1—nz) Dglln— (1 +...+np_1)), whereny +na+...+n, =n,
complemented by the sub-chains gl(ny) D gl(ngy — 1) D gl(ny —2) D ... D gl(l), k € ﬁ We
obtain the formula for the spectrum of the quadratic generating function of the quantum integrals
for the integrable models, whose representation space possess the highest weight vector and
whose r-matrix supports the above chain of the embedded subalgebras. The spectrum is given
in terms of “rapidities” — solutions of the corresponding Bethe-type equations. In particular, we
obtain the answer for the spectrum of the Gaudin-type hamiltonians (their representation spaces
do possess the highest weight vectors) and the corresponding Bethe-type equations.

All the obtained answers are quite general and are given in terms of the components of the
r-matrices that satisfy the above mentioned restrictions. Nevertheless, we also consider a con-
crete example of the r-matrix and Gaudin-type models with and without external magnetic field
that are solved by our method. The r-matrices we concentrate on are the so-called “twisted”
or Zy,-graded classical r-matrices [32]. The corresponding generalized Gaudin hamiltonians
have been studied in detail in [24]. The considered Z,-gradings are labeled by the decompo-
sition of n into the sum of p integers: n =ny + nz + ... + n,. The corresponding Z,-graded
gl(n) ® gl(n)-valued classical r-matrices after the appropriate equivalence transformation sat-
isfy the conditions sufficient for the applicability of the nested Bethe ansatz based on the chain
gln) D gln —n1) Dglln —ny —ny) D gl(n — (ny + ... +np_1)) and complemented by sub-
chains gl(ng) D gl(ny — 1) D gl(ng —2) D ... D gl(l), k € ﬁ Using this fact along with the
developed in this paper general theory we find the spectrum and Bethe equations for the corre-
sponding generalized Gaudin hamiltonians with and without external magnetic field. The case
p =2 is considered in some detail.

Observe, that example of Z,-graded r-matrices is not the only example of the r-matrices
that fit in the proposed scheme — some more general r-matrices from [24] also fit into it, but
Z »-graded example is the simplest one for which the nesting scheme based on the chain g/(n) D
gln —n1) D gln —ny —n3) D gl(n — (n1 + ... +np_1)) is applicable.

At the end of the Introduction let us emphasize, that the main motivation for the proposed gen-
eralization of the nested Bethe ansatz scheme consists in the fact that the standard nested Bethe
ansatz based on the chain gl(n) D gl(n — 1) D ... D gl(1) does not work for many physically in-
teresting models, i.e. is not compatible with the structure of the corresponding r-matrices. Among
such the models are Gaudin-type models in magnetic field associated with g/(n) and Z,-graded
classical r-matrices, where Z,-gradings are defined by decompositions n = n + n3, such that
ny > 1 and ny > 1. In particular, in the case when n =4, n| = ny = 2 such Gaudin-type model
produce integrable “p +ip” proton—neutron model [ 18], whose exact solution is not provided by
standard nested Bethe ansatz scheme based on the chain gl(4) D gl (3) D gl(2) D gl(1).

We would like also to outline that general non-skew-symmetric r-matrices do not satisfy usual
classical Yang—Baxter equation, lie out of the Belavin—Drienfeld classification [28] and are not,
generally speaking, connected with the quantum groups or related structures. That is why it is
methodologically important to develop a theory of the corresponding quantum integrable systems
independently of much better elaborated quantum-group formalism [33,34].

The structure of the present paper is the following: in the second section we remind the con-
struction of the quantum integrable systems based on the classical r-matrices. In the third (main)
section we develop a theory of the nested Bethe ansatz based on non-standard chains of subalge-
bras gl(n) D gl(n —n1) D gl(n —ny —nz) D gl(n — (n1 + ... +np_1)). In the fourth section we
consider example of Z,-graded classical r-matrix and the corresponding Gaudin models with
and without external magnetic field.
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2. Quantum integrable systems and r-matrices
2.1. Definitions and notations

Let g = gl(n) be the Lie algebra of the general linear group over the field of complex numbers.
Let X;j, i, j = 1,n be a standard basis in g/(n) with the commutation relations:

[Xij, Xpl =0k Xis — 81 Xk - (D

n
Definition 1. A function of two complex variables r(uy,u2) = > rijuur, u2)X;j ® Xy
i, jkl=1
with values in the tensor square of the algebra g = gl (n) is called a classical r-matrix if it satisfies
the following generalized classical Yang—Baxter equation [29-32]:

P12, w2), 72 ur, u3)l = P o, uz), r' 2y, ua)l — 1772 (us, u2), rP (uy, us)l, ()

n n
_ 3 _
where r'2(uy,u2) = Y. riju(ur,u)Xij @ Xu@LrPuu)= Y rijuu,uz) X ®
i,j.k,l=1 i,j.k,l=1
1 ® Xy, etc. and 7;; ¢ (u, v) are matrix elements of the r-matrix r (u, v).

It is easy to show that there are three classes of equivalences in the space of solutions of the
equation (2). They are:

1. “gauge transformations™: r (uy, u2) — Adgu,) ® Adguy)r (Ui, u2).
2. “re-parametrization”: r(u1, uz) — r(vy, v2), where u; = u; (v;),i €1, 2.
3. “rescaling”: r(uy, uz) — f(u2)r(uy, uz), where function f(uy) is arbitrary.

Remark 1. In the case of skew-symmetric r-matrices, i.e. when rlz(ul, Uuy) = —r21(u2, uy),
where r21(u2, uy) = Plzrlz(m,uz)P12 and P12 interchanges the first and second spaces in
tensor product, the generalized classical Yang—Baxter equation reduces to the usual classical
Yang—Baxter equation [35,28,36]:

P12, u2), 73 un, u3)] = P (ua, uz), r 2wy, ua) + r3 @y, uz)]. 3)

Observe, that gauge transformations and re-parametrizations are equivalences in the spaces of so-
lutions of the equation (3), while “rescaling” is not, because it does not preserve skew-symmetry
property of the r-matrix.

In the present paper we are interested only in the r-matrices that by re-parametrization and
rescaling may be brought to the form possessing the following decomposition:

Q 0
r(uy, up) = ——— +r (u1, uz), 4
Uy —uy

n
where Q = Y X; ;i ® Xj; is the tensor Casimir and ro(ul, uy) is a regular on the “diagonal”
ij=1
u = v function with values in gl(n) ® gl(n).
For the subsequent we will also need the following three definitions:
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Definition 2. We will call classical r-matrix to be go C gl(n)-invariant if

[r(up,u2), X®14+1® X]=0,YX € go. (5)
Observe, that on the level of Lie groups this definition means exactly the Go-invariance:

(Adg ® Adyg) - r(uy, uz) =r(uy, uz),
where g € Gg and Gy is a Lie group of the algebra go.

Definition 3. We will call classical gl (n)-valued r-matrix to be diagonal in the root basis if it has
the following form:

n

r(uy, up) = Z rii(u, u2) X ® Xji. (6)
ij=1

Diagonal in the root basis classical r-matrices are automatically Cartan-invariant. Inverse is not
true: not all Cartan-invariant r-matrices are diagonal in the root basis.

Remark 2. Observe that in the case of the diagonal r-matrices the generalized classical Yang—
Baxter equation (2), is re-written in the component form as follows:

rijuy, up)rj(uy, uz) — rig(uy, up)rji(uz, uz) — rif(uy, uz)rij(us, uz) =0, (7
where i, j,[ € 1, n and all three indices cannot coincide simultaneously.
n
Definition 4. A gl(n)-valued function c(u) = Y ¢; j(u)X;; of one complex variable is called

i,j=1
“generalized shift element” if it satisfies the following equation:

r12 @y, u2), c(ur) ® 11— [ (ua, u1), 1 ® c(u2)]1 = 0. (8)

In the subsequent we will be interested only in the diagonal shift elements, i.e. shift elements
of the following form:

c(u) = Zcii(u)xii~
i=1

Remark 3. Observe, that for skew-symmetric classical r-matrices any element of its symmetry
algebra is a shift element. For non-skew-symmetric r-matrices it is not true.

2.2. Algebra of Lax operators and classical r-matrices

Using the classical r-matrix r(u1, us) it is possible to define the following “tensor” Lie
bracket:

(L) ®1,1® L)l =[r2ur, uz), Lur) @ 11— [r* (w2, u1), 1 @ L(uz)), )

~ ” A
where L(u) = ) L;j(w)Xj, r  (uy, uy) = P2r12(uq, up) P12
ij=1
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The tensor bracket (9) between the quantum Lax matrices i(m) and i(uz) is a symbolical
expression of the Poisson brackets between their matrix elements. In the case of the diagonal
r-matrices (6) which are the main object of interest in the present article the corresponding
commutation relations (9) have the following simple form:

[iij(m), Lig(u2)) = 3i1(rk1(u1,u2)ikj(u1) +7ij(u2, Ml)l:kj (u2)) —
— 8k (rit Gy, w2) Lig uy) 4 rij (ua, un) Liy(u2)). (10)

The explicit form of the operators Li j(u) as functions of the auxiliary spectral parameter u is
not arbitrary. It agrees with the structure of the r-matrix r(u1, u») and depends on the concrete
quantum system under consideration. In the present paper we will consider the simplest but the
most important examples of such the systems.

Meantime, let us clarify the role of the shift elements in the algebra of Lax operators. The
following proposition holds true:

Proposition 2.1. Let i(u) be the Lax operator satisfying the commutation relations (9) and c(u)
be the shift element satisfying equation (8). Then the operator

L) = L) + cu)

also satisfies the commutation relations (9).

(Proof of this proposition follows from the explicit form of commutation relations (9), defini-
tion (8) and the fact that ¢/ (1) are c-numbers.)

2.3. Quantum integrals

In this subsection we will explain the connection of classical non-skew-symmetric gl/(n) ®
gl(n)-valued r-matrices with quantum integrability. It will be shown that, just like in the case
of classical r-matrix Lie—Poisson brackets [29,31], the Lie bracket (9) leads to an algebra of
mutually commuting quantum integrals.

Let us consider the following functions in generators of the Lax algebra:

n(u) =i, L) =) Liz(u) and &, () = %trnﬁ(u) = % > LijaLjiw. (11)
i=1 i,j=1

The following important theorem holds true [26]:

Theorem 2.1. Let L(u) be the Lax operator satisfying the commutation relations (9) with the
diagonal in the root basis classical r-matrix. Assume that in some open region U x U C C? the
Sfunction r(u, v) possesses the decomposition (4). Then the operator-valued functions t,(u) and
ty (1) are a generators of a commutative algebra, i.e.:

[in(u), 5, (V] =0, [T4(u), 1, (V)] =0, [T, (), T,(v)]=0.

(The proof of the theorem involves the Leibnitz rule and Jacobi identity for the commutator,
the gl(n)-invariance of the corresponding quadratic form and some consequences of the gener-
alized classical Yang—Baxter equations.)
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Remark 4. It is necessary to emphasize that, generally speaking, operator

fn(u) =ty LGy =) Liz(u)

i=1
does not belong to a center of the algebra of Lax operators. Indeed, even in the simplest case of
the diagonal r-matrices from the commutation relations (10) we obtain:

[fn (), Lig ()] = (17 (v, 1) — reg (v, ) Ly (v). (12)

This expression is not zero if rix (u, v) # ry(u, v).
From Theorem 2.1 follows the next corollary:

QOrollary 2.1. Let the points v| belong to the open region U. Then all the operators of the form
H,, = —resy—y,ty(u) and C,,, = —resy—y, ty(u), [, m € 1, N mutually commute.

Remark 5. Observe that the operators I:I,,, are exact analogs of the generalized Gaudin hamilto-
nians [12] and coincide with them for the special choice of the Lax operator. From the equality
(12) itis easy to deduce that the operators C,, belong to the center of the algebra of Lax operators.

To summarize: in this section we have constructed an algebra of quantum commutative op-
erators that coincide with a quantization of linear and quadratic subalgebra of the algebra of
Lie—Poisson commuting integrals of a classical integrable system admitting Lax representation.
The problem of quantization of the other “higher” integrals is complicated. It is solved only in the
partial case of the classical rational r-matrices (i.e. r-matrices for which rOu, v) = 0) in [37].
Fortunately, for the physically applications the most important are quadratic integrals. Moreover,
as we will show below, their diagonalization does not depend on the higher integrals. That is why
we do not consider the problem of the quantization of the higher integrals here.

2.4. Example: generalized Gaudin systems

Let us now consider the most important for the applications (and the simplest at the same
time) examples of quantum integrable systems associated with classical r-matrices.

Let Si(jm), i,j=1,n,m =1, N be linear operators in some Hilbert space that span Lie algebra
isomorphic to gl(n)®" with the commutation relations:

187, 871 =67 (81,85 — 681",

Let us fix N distinct points of the complex plain v,,, m = 1,2, ..., N. It is possible to introduce
the following quantum Lax operator [12]:

n N n
Lay=>" Lij@Xij=Y" > rijuam 035" X (13)
i,j=1 m=1i,j=1
Using generalized classical Yang—Baxter equation it is possible to show that it satisfies a lin-
ear r-matrix algebra (9). This quantum Lax operator is a Lax operator of the generalized
gl(n)-valued Gaudin spin chains.
For the applications important are also the shifted Lax operators [13]:
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n N n n
Lwy= ) LGwXi;=Y Y rij,kl(Vm,u)g,-(;l)Xkl + > cij)Xij. (14)

i,j=1 m=1i,j=1 i,j=1
This quantum Lax operator is a Lax operator of the generalized g/ (n)-valued Gaudin spin chains
n

in an external magnetic field and a generalized shift element c(u) = ) c¢;;(u)X;; plays a role
i,j=1
of an external nonhomogeneous magnetic field.
Hereafter we will consider only diagonal r-matrices and diagonal shift elements.
As it was noted above, residues of generating function #,(u) produces only trivial integrals

n
proportional to the Casimir functions C,, = ) Sl(lk ) Residues of the second order generating
i=1

function 7 (1) produces nontrivial integrals Iflv,:

N n n
N A k) A 1 AT A
k) o Dol
Hy= 3 3 rijoewSP 50 +2 37 0w+ un§ 85 (15)
k=1,k#l i, j=1 i,j=1

in the case of the “unshifted” Lax operators and

N n n
~ AR A 1 ~A(T) A
k) o 1) o
Hi= 3 D rioe w880 42 37 () 4 ) S5

k=1,k#li,j=1 i,j=1
n
o
+ Y Sy (16)
i=1

in the case of “shifted” Lax operators.

The hamiltonians (15) are the generalized Gaudin hamiltonians corresponding to the diagonal
gl(n) ® gl(n)-valued r-matrix and hamiltonians (16) are the generalized Gaudin hamiltonians
in external magnetic field corresponding to the same diagonal g/(n) ® gl(n)-valued classical
r-matrix.

3. Hierarchical Bethe ansatz

The standard idea of the nested or hierarchical algebraic Bethe ansatz [21,22] in the gl (n) case
is to reduce the problem of the diagonalization of the generating function of the commutative
integrals of g/(n) to the same problem for the Lie algebra gl(n — 1) and then apply this method
recursively, using the hierarchy of subalgebras gl(n) D gl(n — 1) D ... D gl(1).

In this section we will show how to generalize the nested Bethe ansatz onto the wide class
of hierarchies of subalgebras starting from the reduction of the problem of diagonalization of
the generating function of the commutative integrals on gl/(n) to the same problem on gl(n) &
gl(n —ny). This procedure allows to solve by this method quantum integrable models associated
with the r-matrices not compatible with the usual sequence of embeddings gl/(n) D gl(n — 1) D
..Dgl).

3.1. Reduction to subalgebra gl(n1) ® gl(n —ny)

Let V be a space of an irreducible representation of the algebra of Lax operators. Let us
assume that there exist a vacuum vector £ € V such that:
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Li)R=A;i)R, Lyw)R=0, i,k,le1,n, k>1 (17)

and the whole space V is generated by the action of ﬁkl(u), k <[ on the vector 2.

In order to diagonalize the generating function 7 (u) and construct the corresponding set of
eigen-vectors we will reduce this problem to the same problem on the subalgebra gl(n;) @&
gl(n —ny). We will do this in several steps.

3.1.1. Reduction of the problem to subalgebra on “vacuum” subspace
Let us at first consider a subspace Vy C V consisting of the vectors v such that:

L)yv=0,k<ny, [ >ny,

where n; € 1, n is some fixed integer.

Using the commutation relations in the algebra of the Lax operators it is easy to see that this
subspace is invariant with respect to the action of the subalgebra of Lax operators taking values
in subalgebra gl(n1) @ gl(n —ny).

Let us return to the generating function 7, (u). We have:

R I p or
) = Y LijGLji)

i,j=1
1 ni . . 1 ni n . . . .
=5 Lyl +53 0 37 L)L)+ Lji) L)
i,j=1 i=1 j=ni+1
1 n
+5 > Lijlji.
i,j=n1+1

ni ~ ~ n A A
Let us take into account that %, (u) = 1 > Lij@)Lji (), Taen, ) =1 > Lij)Lji(u)
i,j=1 i,j=ni+1
are the generating function of commutative integrals of a gl/(n)-valued and g/(n — n)-valued
subalgebras of the algebra of Lax operators and:

[Lij @)L ji )] = (B + () G, 1) + 7 (e, u))) (L j () — Lii ().

(This equality is obtained by taking the limit uy — u; = u in the corresponding commutation
relations of the Lax algebra.)
Let us assume that the following conditions on the r-matrix are satisfied:

rii(u,v) =r_ u,v), rjj,v) =ry, W,v), Viel,ny, jen +1,n. (18)
In this case we will have:

ni n

Z Z [Lji(u)Lij(u)]

i=1 j=n;+1

= (3 + (2 Qo) + 79, @, w))) (0 = 1)y ) = nidg—p, (W),

. ny o, . n n

where 1, (u) = Z Lii(u), th—n, ()= Y Lju).

i=1 i=ni+1
In the result we obtain:
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1
fn(u)v = (fnl (u) + fn—nl (u) + E(au + (1’9’"1 (u,u) + r—(l)-,nl (u, u)))

X (1= 1)y () = iy @) ), (19)

where v € V). That is the problem of diagonalization of 7, () on this subspace is reduced to the
problem of the simultaneous diagonalization of the linear and quadratic generating functions of
the subalgebras g/(n1) and gl(n —ny).

So we have performed the needed reduction on the space Vj. Using this result, in the next
sections we will perform it on the whole space V.

3.1.2. Preparation for the reduction of the problem to the subalgebra

In order to construct the needed Bethe vectors and perform the required reduction to subalge-
bra we need to introduce some notations and perform many auxiliary calculations.

By the direct calculations, using the commutation relations in the Lax algebra (9) and defini-
tion of the function 7, (1) one can prove the following formula:

n

2200, L )]= Y (ry .0 (g ) ji @) + L1 i (0))

j=1
= @0 (L i) Ly () + Ly L1 ), (20)

which will be used by us in the subsequent calculations.
Let us introduce the following operator-valued matrix:

T (u) = T (u) 1.

We will also use the following operator-valued matrices (parts of the Lax matrix):

n n n
; > 0 A 0 A 2 0
Aw) = ZL,-j(u)ij), B(u) = Z Z L,,(u)ij), D(u) = Z Lij(u)ij),
i,j=1 i=1 j=n;+1 i,j=n1+1

where X i(;.)) is a standard basis element of g/(n) acting in some auxiliary linear space C" carrying
additional index 0. Hereafter it will be convenient for us to label auxiliary linear subspace by the
indices 0 and 0’ (instead of the indices 1 and 2 that were used for this purpose before).

Observe that the matrix A(u) belonging to g/(n1) may act (as a matrix) on é(u) only from
the left, while the matrix ﬁ(u) belonging to g/(n — n1) may act (as a matrix) on the matrix
B(u) only from the right. On the other hand in order to find the spectrum we will need to write
the components of A(u) to the right of operators B(u). That is why we need to introduce the

followmg symbolical notation for the multiplication of two operator-valued matrices Y(u) =
n

0 5 N 0
Zly,j(u)Xi(j) and X (u) :klzlxkl(u)X,El):
i,j =

n
YwXtwy= Y FijiaXy Xy = Z $ij ()i () X )
i,j,k,l=1 i,j,k=1
along with the standard matrix multiplication:
n n
YwXPwy = > $iieX)Xy = > fijipX).

ik, =1 ijl=1
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Now we can re-write relation (20) in the matrix form. The following proposition holds:

Proposition 3.1. Let the r-matrix r (u, v) satisfy the conditions (18) then the commutation rela-
tions (20) are written as follows:

[T, (), Bw)=r_ (v, ) (B@)AL (v) — Bw) DR (v) + Buw)p™ R (v)) +
+ (B()(roo (v, u), Dy )& — B){rog (v, u), Ay (w))§ +
+ é(v)pLR(v,u)), 2D

where {, )y is a pairing in a second tensor space labeled by the index 0’ and:

n

ni
0)R 0)L
20"y = Y i @ XOF +Y riw,wrn,0X
ij=ni+1 ij=1

—nr—p, (v, u)ry n, (v,u)ld,

n
OR
2058 (v) = n(rEﬁl (v,v) + r_?_’nl (v,v))Id — Z (r;-)l- (v, v) + rl-oj(v, v))X;j)
i,j=ni+1

n
0)L
DG RN R0) u))xﬁ.j)
i,j=1

Proof. In order to prove this proposition it is necessary to re-write the formula (20) in the fol-
lowing form:

(28, (), Lu @)1 =2 (rij (v, ) L jy () Lij (v) = a0, 1) L jy (0) Lij () +

j=1

+2 ) (rj ) Lag ) Lji(w) = rjx(v, w) Ly @) L j1(v)) +
j=ni1+1
ni n

+ 3 Ly ), L1+ Y rj.lLji(u), L (v)] -
j=1 j=ni+1

= rikan L), Ly = Y rjx, )L ji(v), Lij @)].
j=1 Jj=n1+1

(22)

Now, using the very definitions of the matrices A(u) and D(u), multiplying the both sides of
22) by X ,(((l)), summing the both sides over k € 1,n1, [ € n1 4+ 1, n and taking into account that

by our assumption on the form of the r-matrix: rj; (u, v) =r_ 5, (u,v), Vi€ l,ny, jen; +1,n
we obtain from (22) that:

[T (), B) =7, (v, u)(B)A"(v) — Bu) DR (v)) + B(v)(roo (v, u), Doy () —

A . 1. .
— B){roo (v, u), Ay () + 5[[Tn(u), B)]l, (23)
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where we have introduced the following notation:

([T, (w), B)]]

ni n ni n

=y > (Zm,-(zz,u)[likj(v),i,»z(u)]xkz+ > njwlLjiw), Ly ()1 Xu
k=1l=n1+1 j=1 j=ni1+1
ni R R n R R
= i )L ), L)X — Y rjkw,u)[L,-l(v),ij(u)]xkz).
Jj=1 Jj=ni+l

Let us now calculate this expression. Using the commutation relation of the Lax algebra (10) and
re-grouping the summands we obtain:

([T, (), B(v)]] =

ni

ni n
=30 > (i w0, w) = o, w0, )

k=1l=n1+1 j=1

— Y e ) = 1y 0,00, 10) ) L (0 X

j=n1+1

ni n ni
30D (Dot vy, = 1y, i (e, )

k=1l=n1+1 j=1

n
— Z (rjx(v, wrj(u, v) — rij (v, wrj(u, v))>Lkz(u)Xk1. (24)
Jj=ni+1
Now, using the fact that by our assumption on the form of the r-matrix: r;; (u, v) =r_ ,, (u, v),
rij(w,v) =1y (w,v) Vi € 1,n1, j € ny + 1, n we obtain that the first two sums in the right-
hand-side of (24) is equal to the expression ZB(U),OLR(U, u). That is why it is left to transform
the last two sums of the expression (24).
For this purpose it is necessary to use the following identities:

Pk, 10rj1 @, v) = rig (0, 1) (15 (v, ) = 9 (v, V) + dpri (v, 1),

raj (e, ) (v, 1) = rg (U, W) (0, V) = ) (0, ) + By (v, w),

which are the differential consequences of the generalized classical Yang—Baxter equation writ-
ten in the component form (7).
Using them we obtain:

ny
D i, v)rjr (v, ) = 1 (v, W)k (u, v))

j=1
ni
=Y ) (9 (0, 0) + 1 (0, 0) = (9, (v, V) + 1, (v, ),
j=1
Z (r1j (v, wWrgj (u, v) — rjx (v, wrj (u, v))
j=n1+1

n

= Z ik (v, u)((r;)k(v, v) + r,?i(v, v)) — (r?l(v, v) + rloj (v, v))).
j=ni+1
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Using this and the condition r;;(u, v) = r_ ,, (u,v), rij(u,v) = ri, (u,v) Vi € Lny, j €
n1 4+ 1,n we finally obtain that the last sums in the left-hand-side of the expression (24) are
equal to the expression r_ ,, (i, v) B(u) pL R (v).

Proposition is proven. O

Let us re-write the obtained in the above proposition formula in the different form, which will
be important for the subsequent. For this purpose we need to introduce some new operators:

n

n
A A 0/ 0 R O/
DVwy = Y Lywxy+ Y rjewxPx

i,j=ni+1 Jj=n1+1
ni ni
N A o 0)L (0
AVw) =" Lij X = > rijw,mx P x
i,j=1 ij=1

It is easy to see that the operators b(l)(u) and A(l)(u) are the gl(n — ny) and gl(n1)-valued
Lax operators, satisfying the Lax algebra (9) were the r-matrix is the corresponding gl(n —
n1) ® gl(n —ny) and gl(n1) ® gl(ny)-valued sub r-matrices of the initial g/ (n) ® gl(n)-valued
r-matrix r(u, v). Let, furthermore,

2D (u)——trn m (DD @))?, 0 w) = —rrn (AD )2,

nn]

The following corollary of Proposition 3.1 holds true:

Corollary 3.1. The equality (21) are written in the new notations as follows:
(7 ), B = r_n, 0, w) Bresu—y (8" @) + £, ) — r_ 0 (U )4y (v ) Id)

+ B (N @) + 2, ) = T, (@) = Facy (u)

n
— Er_,nl(v,u)r+,nl(v,u)ld). (25)

Proof. To prove this corollary it is enough to observe that the expressions for p“R (v, u) and
,oéR (v) are re-written in the following form:

szR(U u)_tr()/( Z rlj(v M)X(O)RX(O))2+trO’(Z sz(U M)X(O)LX(O))Z
j=ni+1 i,j=1
—nr— (v, u)rq n, (v, u)ld,

PR (v) =resu—yp" R (v, u).

Then calculating explicitly %trn_n] (ﬁ(l)(u))2 and %trnI (A(l)(u))2 and their residues and com-
paring them with the right-hand-side of (21) one obtains the equality (25). O

For the subsequent we will need to prove similar proposition and corollary for the tensor
products of many B;(v;). For this purpose we will need to “lift” all the above matrices with
the non-commuting entries to the tensor products of the M coples of gl(n) and we will use the
followmg ‘tensorial” notations: Bk(vk) =1,® --® B(vk) Q- 1y, A =1, - ®
A ® - @1y, Di(v) =1, ® - @ D(vx) ® - -+ ® 1, where A(v), B(vr), D(vg) stand in
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the k-th component of the tensor product and 1, is the unit matrix in the space C". We will also
“lift” the matrix 7, () to this tensor product in the following way:

Toy) =2, @1, @ - ®1,. (26)

_The most important technical step we need to accomplish is to calculate the commutator
[T, m(u), B1(v1)B2(v2) - - - Byr(var)]. The following important lemma holds:

Lemma 3.1. The following commutation relations are valid:

(T3 (), B (v1)...By (vpn)]
M

=3y W ) By 1) By (00) By ). By (onn)
i=1

M
~ ~(1 n
X resy—y, (‘cé})(u) + t,fjnl (u) — 3 E Fen (Uj, W g, (), u)ld)
j=1

+ B () By i) (3P ) + 20, ) = 20, () = Facy ()

M
n
-3 § :r_,,,l(vj, g (vj, wld), 27
j=1

”»

where “check” over the operator é;(vi) means that it is absent in the product, 1?,511)(14) =
%trn1 (A(l)(u))z, f’,gl_)n] (n) = %tr,,,nl (ﬁ(l)(u))2 where A(l)(u) and ﬁ(l)(u) are defined as fol-
lows:

n

M n
. A o k)R (0
DY@y = > LywXP+> Y rjwewx P,

i,j=ni+1 k=1 j=n;+1
ni M n
n - 0 k)L (0
B0 = 3 Eyx -3 3 rytun X
i,j=1 k=11i,j=1

Idea of the proof. The lemma is proven in the direct way, using the Leibnitz rule for the com-
mutator, Proposition 3.1, Corollary 3.1 and the classical Yang—Baxter equation written in the
component form. We will not expose the detailed proof here, due to its long and technical char-
acter. O

3.1.3. Reduction of the problem to subalgebra on the Bethe vectors

Now we are ready to reduce a problem of the diagonalization of the generating function
of quadratic commutative quantum integrals on gl/(n) to the same problem on the subalgebra
gl(n) @ gl(n —ny).

Using the action formula (19) and Lemma 3.1 we obtain the following theorem:

Theorem 3.1. Let the r-matrix r(u, v) be such that the conditions (18) are satisfied. Let, more-
over, the r-matrix satisfy the following conditions:

Faa(u,v) =rpp(u,v),Ya,bel,ny and ryu,v)=ry,v),Yk,len +1,n (28)
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or

auraa(uv U) = avrbb(u’ v)a Va7 b € 17 nl’ avrkk(ua U) = avrll(u, v)a Vkal € nl + 1’ n
and (rgn1 (u,u) + r?ﬁnl (u,u))=0. 29)

Let vi, iy j1,...iw € Vo and let the subspace Vo be a vacuum subspace defined in the previous
subsections. Then the vectors of the form:

v(vl, e, Uy) = Z Z Ly jy 1)Ly oy OMIViy iag, 1

i1sesipm =1 j1 s jy=n1+1

Jm l]® -®

......

are the eigenvectors of the operator T, (u) if the vectors V=3 Vit iyt

w e ®...Qej, are the common eigen-vectors of the operators t,,,)(u) and 7, n n1 (u) and
the followmg conditions (Bethe-type equations) are satisfied:

M
resu—y G @) + 50, @) — gzr,,nl(vj, Wry Wi, wld)=0,Yie 1, M.  (30)
j=1
(Here e; are basis vectors in the space C" — vector-columns with unit on the place i and zeros
elsewhere and e} are dual basis vectors in the space C" — vector-rows with unit on the place i
and zeros elsewhere.)
Then the cigen-values A, (u) and A(l)(u) A (u) of the operators T,(u) and f,ﬁ)(u),

n—nj
(l)

T,—n, (1) are connected as follows:

M
1 n
An() = A+ A @) = 23 T ) ) (] ) +
j=1

1
5 (0 + 02 ) 3 ) (= n)eny () = micn, @),

where ¢, (u) and c,_n, () is a spectrum of the linear Casimir operators fnl (u) and fn,nl (n)
of Lax subalgebras with the values in subalgebras gl(n)) and gl(n — ny) in the rep-
resentations of these Lax algebras with the highest weights (A11(u),...., A, (W) and
(A 410 +1), ..., Apy(u)) correspondingly.

Proof. In order to prove the theorem, let us calculate the action fn, m@) - V(vy, ..., vp), where
the Bethe vector V(vy, ..., vpr) is defined as follows:

V(vl, cees UM) = é] (Ul)...éM(UM)V.
We will have:

To st @OV (1, ... Va1) = By (v1).. By (0an) T g @)V + [T0.01 1), By (v1).. Byr (uar) V.
(1)

Using the action formula (19) and the Lemma 3.1 we obtain:
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T V1, ..., vy)
M A~ X A A
=Y o i, w)Bi(1)...Bi (v) Bi (w)... By (vr)
i=1

M
1
X resy—y, ( ,5})(u) + ,5 )nl (u) — = Zr,‘nl(vj, WIry g, (v, u)Id)V
j 1

+ Bi(v).. BN(vM>( D)+ 20, @) — = Zr_ m U )74, (v, u)1d
] 1

1 0 0 N N

S0+ 0, ) 47 @ 10) (0= 1Dy () = mif—y () ) V. (32)

Now, in order to prove this theorem it is left to identify the action of the operators 7, () with the

action of the operator 7A"n, (1) in the corresponding spaces.

Let us consider the spaces V ® (C"")Y®M & (C")®M  There is a canonical projection of this
space onto V: V @ (C"")®M @ (C")®M — V made with the help of the pairing (, ):(C"")® g
(C")®M _ C which is obtained as a prolongation of the pairing C"* x C" — C onto the tensor
product of M copies of these spaces. It is easy to show that eigen-vectors of f‘n, M (1) pass into
the eigen-vectors of 7, () under this projection. The Bethe vectors

+

Bi(v)...By (va)V

ni n ni
= Z Z Z Lk111 (vl)-“LleM(UM)Uil,‘..iM,jl Lim€ il ® ®€

ki,...ky=11,..Iy=n1+1liy,...iy=1
® Xy €y ® oo ® Xiyyiy €y

under this map pass into the vectors

v(vi, .. vy) = Z Z Liyjy D) Liyg jog UM) Vi g e jas -

wim=1j1,. juy=ni+1

Taking into account all the above and the fact that under the condition (28) the operators
fnl (u) and fn_nl (u) are the Casimir operators of Lax subalgebras with the values in subalgebras
gl(ny) and gl(n — n1) and are proportional to unit operators, or, due to the condition (29) the
operators dy fnl (1) and 9, fn,nl (u) are the Casimir operators of Lax subalgebras with the values in
subalgebras gl(n1) and g/(n —n1) and are proportional to unit operators, we obtain the statement
of the theorem as a direct consequence of the formula (32).

The theorem is proven. O

3.2. Diagonalization of T (u)

In order to diagonalize quadratic generating function of the commutative quantum integrals it
is necessary to apply in a recursive manner Theorem 3.1. For this purpose it is necessary to fix the
chain of embedded subalgebras which is used in the recursion. We will use the following chain
of the subalgebras: gl(n) D gl(n —n1) D gl(n —ny —n2) D glln — (n1 + ... +np_1)), where
ni+ny+...+n, =n, complemented by the following sub-chains: gl(ny) D gl(ny —1) D ... D
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gl(1), k € 1, p. The choice of the chain of the embedded subalgebras for the recursion in the
nested Bethe ansatz will impose certain conditions on the corresponding classical r-matrices.
The following theorem holds true:

Theorem 3.2. Let the r-matrix r (u, v) satisfy the condition (4) and the following two conditions' :
rji(U, V) =7r— i 4..4n, W, V), rij(u, v)
=Ty 4tn,,0), Viel+n1+ ... +ns_1,n1+ ... +ng,
jeni+..+ng+1,nsel,p—1 (33)

rji(u,v) =r—;(u,v), rij(u,v)
=ryim,v),vViel+n+...+ng_1,n1+...+n5—1,
Vici+1l,n+..+n5,sel,p (34)

and the following condition:
Faa(u,v) =rpp(u,v),Ya,b e l,ny and ri(u,v) =ryp(u,v),Vk,len; + 1,n 35)

Then the spectrum of the generating function of the second order integrals is given by the
following formula:

n My, My,

— 2

28, = Y (M@ + Y @ ) =Y e )
j=1 j=1

k=1
pong
0 0
+ Z Z(au F et W) T ”))
k=1I=1

Nk

X ((nk - Z)Al+n|+...+nk,1,1+n|+m+nk,| (u) — Z Ai+nl+“.+nk,1.i+n|+.“+nk,1 (u)
i=l+1
Mignytong -1
(I+ni+...4ng_1—1)
+ (nk - l) Z Fldn 4. 4ng_y, 040+ 4np_q (vj s u))
j=1
p ng—1 M1+u|+...+nk,|

(I+ni+...+nk—1) (4ny+..4ng_1)
- E E (ng —1+1) E F— l4n+...+ng_ (Uj 7)) R R (Uj J )
k=1 =1 =

p—1 My 4.y,
0 0 (ny+...+nx)
+ Z("k =D e @) L (s u)) Z Pyttt L+ +1 (V) , )
k=1 j=I1
p—ln—1 My +...ny,

. 0 0 (ny+...4n)
+ Z Z (d“ T e @ 1 ”)) Z Ty +.ctng g +..tng (Uj Ju)
k=1 I=1 j=1

p—1 My vy,
(ny+...+n, ni+...4ng)
) (m—=(1+...+np_1) T (M 28 u)r+,n|+.“+nk(u(' ! K u)
J j
k=1 j=1

P
Y =t A ) B+ )+ 1)
k=2

! Hereafter it is naturally implied that 1 +ny +...+n,_1=1ifs=1.
2 Theorem 3.1 and the chosen set of the embedded subalgebras permit one to consider more complicated (branching)
set of conditions instead of one condition (35). For simplicity we will restrict ourselves by simple condition (35).
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Myt P
X Tny+.Ang— 1+ 4ng |+1(U(nl+ ke l) u) + Z(Bu +r9v”1+---+”k—l (u, ) +r‘?’,'ll+---+"k—1 (u, ”))
j=1 k=1
ng n—(ny+...4+ng)
x ((n— (1 +.. +nk)ZAn.+4..+nk+1,nl+.“+nk+l(u) —ng Z YRR g (7)) § (36)
=1 I=1

where Mo = M,, =0, My, k € 1,n — 1 are non-negative integers, r— ,(u,v) =ry ,(u,v) =0
and “rapidities” vi(k), kel,n—1,iel, My satisfy the following Bethe-type equations:

(ny+...4+ng) (ny+...4ng)
Anyt..gngng+..4ny (U )= Myt L+ +1 )

(r (v(n1+ +nk) (”l+--~+”k))+r ((nl+ +nk) (n1+...+nk)
ny+..Ang,ng+.tng nyt..tng+lng 4. 4ng+l

)
Mnl+“,+nk
(ny+...4n ) (n +...4ng) (ny+...4n ) (n +...+ng)
- Z (”n1+ Angng+.. +nk(v ! k ! k)+rn1+ Angtlng+.. +n1\+](v ! k ! k))
J=Lj#
Mn1+.,.+nk—l
+...+ 1 +...+
+ Tny+...4ng,ny+.. +nk(v(n1 " ) ¥n1 nk))
j=1
Mn1+.4,+nk+l
(ny+...4n +1) (n +...4ng)
+ ny+..4ng+1n+. +nk+l(v ! k ! k )
j=1
(=@ +..+ng-1) ot ot +.t ot
T - (7n1+ i (V) @y nk) ('11 "k)) +r+ G @y nk) (nl ’lk)))
(’1_(”]+ +”k+1)) (n]+ —0—nk) (n1+...+nk) (ny+.. +nk) (n|+...+nk)
D) (—n1+ +nk+|( )+r+n1+ +nk+1(v i )
(ni+.. +nk) Pttt Lyt +nk) (111+ +ng)
(}’lk—l)(r_ e +"k+1(v i )+r+ ny+.. +”k+1( )
ng—1
(ny+.. +n) (n +..tng) (ny+.. +n) (n+ Any)
3 Z(rfnﬁr g Y 1 ot ! )+’+n1+ A+ i : ot “N= (37

corresponding to the chain gl(n) D gl(n —n1) D gln —ny —nz) D glln — (1 + ... +np_1))
ni+na+ ... +n, =n, and the following set of Bethe-type equations:

k k ky k)
A ) = A1 @) = 0, ) + 12, 0, 6))

e +""+2ns _k+l(r9’k(vl_(k> v®) 4y 20, v ®)

_nit +2ns —k— (r k+1(v(k) (k)) +r+ . (v(k) (k)))

M M-y

Z (rkk(”;k)’ ”i(k)) +Vk+1k+1(v§k), vi(k))) - Z rkk(vjk_l), vl.(k))
j=lj#i ot

Mji
Y @), -

j=1

keni+...+n5_1+1,n1 +.... + ng corresponding to the sub-chains

gling) Dgling—1)>...D¢gl(l), sel, p.
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Remark 6. Observe, that we have chosen the numeration of the upper index of the rapidities

v in the same way as in the upper index of the rapidities in Bethe ansatz corresponding to the
simplest possible chain of embedded subalgebras gl (n) D gl(n — 1) D gl(n —2) D ... D gl(1).

Proof. The proof of the theorem is based on the recursive usage of the formula (30) and the
following chain of subalgebras: gl(n) D gl(n —ny) D glln —ny —ny) D glln — (ny + ... +
np—1)), where ny +na + ... +n, = n, complemented by the sub-chains: gl(ny) D gl(nxy — 1) D
Dgl(l), ke, p.

Let us at first apply the theorem (30) (p — 1)-times using the chain gl(n) D gl(n — ny) D
gln—ny—n2) Dglln —(n1 +...+np_1)), where ny +nz + ... +n, =n.

We will obtain the following formula for the spectrum of the generating function:

14 p—1
200) =2 AR @) =D (n— (1 + ... + m1)
k=1 k=1

M+ 4y

X Z r—,n1+...+nk(U§n1+"'+nk),M)r+,n1+..‘+nk(U;-n1+"‘+nk),M)

=1

+ (a” + rgn1+...+nk (u, Lt) + r9r,n1+...+nk (u, Lt))

k=1

X ((n —(ni+..+ nk)c,(ql;{_l)(u) — nkc,(lk__(,ll)ﬁﬁ_nk)(u)).

Here A,(,i) (u) is an eigen-value of the quadratic generating functions of quantum integrals

of the subalgebra gl(ny) after k-times application to it the procedure described in Lemma 3.1,
(k=1) (k—1) . . . .

¢p, (u) and Cr (4., Jrnk)(u) are eigen-values of the linear generating functions of quantum
integrals of the subalgebras g/ (n) and gl(n — (n + .. + ny)) after (k — 1)-times application to
it the procedure described in Lemma 3.1.

Let us specify at first the values of c,(/f(_l) (u) and cr(zk__(,ll)1 o) (). By the very definition these
are eigen-values of the linear Casimir functions of the Lie subalgebras gl(ny) and gi(n — (n1 +
..+ ny)) correspondingly. They have the following form:

ni+...+ng n
(k—1) _ (k—1) (k—1) _ (k—1)
= 3 ATV 6 = 3 AT .
i=ni+..+ng_1+1 i=ni+..+ni+1

It is necessary only to find Ag‘fl)(u), keeping in mind the procedure described in Lemma 3.1
that had been applied to the Lax operator k — 1 times. We will have:

ni+...+ng Mn1+,”+nk71
k—1 (n1+...4+nk—1)
Cﬁlk ) (u) = Z Aji(u) + Z Pyt H Lo +1(0; Ju),
i=ni+..+ng_1+1 j=1
n
(k—1) _ B
Cn—(n1+..+nk) (u) = Z Aii (u).
i=ni+..+ng+1

In order to see this it is necessary to take into account that, by the very procedure described
in Lemma 3.1 and by the k — 1 steps based on the chain of subalgebras gl(n) D gl(n —n1) D
glln—ny—ny)D...Dglln — (n1 + ... + ng—1)), we will have:
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Mn]+“,+nk 1
(k—1) (k—2) (n1+...+nj— 1)
ii (u) = A,'i (u) + 8i,n|+...nk_1+1 E Y+ 4ng_ 1+ 1,0 +...4n_ |+1(U u)

j=1

Mnl+...+nk 1
(AR N SUS 1)
_Si,n1+...nk71 Z Tny4. Ang_1,n1+...+np_ 1( ) (39)

The formula (39) gives the change of the highest weight vector Algf—z) (u) after the application of
the (k — 1)-th procedure described in Lemma 3.1 to the Lax submatrices. Applying this formula

recursively we come to the above expressions for c )(u) and cr(lk (}11)1 4ot nk)(u).

It is left to describe A,(zk) (#). In order to do thls we have to apply additionally the chain of
the embedded subalgebras g/ (ny) D gl(ny — 1) D gl(ng—1 —2) O ... D gl(1), keeping in mind
that the initial highest weight vector of the representation of the corresponding sub-Lax matrix
is changed by the previous steps of the nested Bethe ansatz.

Let us consider the case Aﬁlll) (u). We have that the corresponding spectrum is described by
the following formula [23]:

np—1 My
2080 @) = (A} @) - Zm(v“) w)* +Z(A,E%3<u)+2rkk<v Vo= ru)
k=2 j=1 j=1

j=l1
My X 5 ni
(AN @+ Y g O T 0) B+ 0wy + 7Y 1))
j=1 k=1
1 - 1 = k-1
x (11 =A@ — Y AP @+ —k) Y @ w)
i=k+1 j=1
ni—1
—Z(m k+1>2r * @ w0 @0, ), (40)

where My, k € 1,n; — 1 are non-negative integers.
Using the fact (see above) that

M, M
)l] nl
1 R
A @) = Mii @)+ 81 D Pyt 1 O ) = Sy Y 1y @8 0), i € Ty,
j=1 j=1
we obtain the following answer:
1 = k-1 o 02
2 ) = Z(Akk(’l)+ > ”kk(v( ), *Zrkk(v;»),u)
k=1 j=1 j=I
nj My
A7 B+ 00w+ u)) (0 — k) A () — Z Aii @)+ oy =) Y g, w)
k=1 i=k+1 j=1
nyp—1 nyi—1 My,
- Z (ny *k+1)zr k(U() uwry, k(v(k) u) + Z (8 + & u)Jrr+ (. 1)) Z”nl nl(v '),
k=1 j=1 k=1 Jj=1

(41)
where My =0.
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In the similar way we have:

2 " e k-1 & 2
21\5,2)(14) = Y (Aww+ ) ’”kk(U; R Z”kk(U; )
k=ni+1 j=1 i=1
ni+ny
+ Y (Ot 0y + 1Y wu)
k=nj+1
ny+ny My—y -
x (11 +m2 =A@ = Y A+ +n =0 Y rae Y w)
i=k+1 j=1
ny+ny—1 My
— Z (ny+ny—k+1) Zr,’k(v.(ik),u)r+!k(v.(,.k),u)
k=n;+1 j=1
My,
+ (np — (0 + (rg’nlJrl(u, u) +r«0k,n1+l(”’”))) Z r”1+1,n1+](v;.n]),”)
j=1
ny+ny—1 Mn1+n2
Y et 00 w9 @) D g bag gy @ 0, (42)
k=nj+1 j=1

where we have used (in a recursive manner) two times the formula (39), i.e. we have used that:

Mp, Mp,
) (1) (ny)
A ) = Aii )+ 8141 Y Tyt 410 = 8y D gy 05 w)
j=1 =1
M +ny My +ny
(n1+ny) (n1+ny)
+5i,n1+n2+1 Z rn1+112+l,n|+n2+l(vj ﬁu)—ai,nrrnz Z rn|+n2,n|+n2(vj L ).
Jj=1 j=1

In the analogous way we obtain the following formula:

ny+...4ng My, M,

k
MWW= Y (A + Y w0 =Y e w)?

k=ni+...+ns_1+1 Jj=1 Jj=1
ny4+...4+ng

+ Y G+ + )
k=nj+..4n5_1+1

ny+...+ng My
(4t =A@ — Y A+ g — k) Y D )
i=k+1 j=1
nyt..tng—1 My
=Y etk DYk 0k 0 0 4 s = 1)
k=nj+..4ng_1+1 j=1
Mg+ 4ng_y

0 0 (ny+...4n5_1)
$ (B4 00 e Y D)) D Tk ety 41 (Y = u)

Jj=1
ny4..4ng—1 My +..4ng
: +ony
+ Y e+ ) DT g, @8 ), (43)
k=nj+..4ns_1+1 j=1

for 1 < s < p, and the last “closing” expression for s = p:
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nyt..+np My My,
k—1 k 2
200 () = > (A + Y "kk(U} ) u) — Z"kk(v} ) u))
k=ni+..+np_1+1 Jj=1 j=1
ny+..4np
+ > (0w + 00 pw) + 19 u))
k=ny+..4np_1+1
ny+..+np My
k—1
><((n1+.l.+npfk)Akk(u)f Z Aji(u)+(y+...+np —k) Z "kk(U; ),u))
i=k+1 j=1 '
n1+...+n,,—1 My,
k k
_ 3 (n1+...+n[,—k+1)2r,’k(v§.)7u)r+’k(vﬁ.)’u)+(np—1)
k=ni+..4+np_1+1 j=I

. 0 0
x (0u + ’—,n1+‘..+n,,_1+1(“’ u) +’+,n1+4..+n,,_1+1(”’ u))

Mnl +..A+np,1

(n
X Z r111+u.+np,1+1,n1+...+np,1+1(Uj
Jj=1

1+ Fnp_1)
u

),

where we have used that ny +nz + .... +n, =n and M, =0.
Taking into account all the above we obtain the formula (36) for the spectrum.

Finally the Bethe-type equations (37)—(38) are obtained as the condition of the absence of the
(k)

poles of the functions (36) in the points v e

Theorem is proven. 0O
3.3. Case of the Gaudin models

Let us specify the obtained answers for spectrum and Bethe equations for the cases of the
generalized Gaudin models with and without an external magnetic field. By other words, let us
calculate the spectrum of the corresponding Gaudin-type hamiltonians. In order to do this it will
be necessary to specify the explicit form of the eigen-values A;;(u).

In more detail: in the cases of Gaudin-type models Lax algebra coincides with the direct
sum of N-copies of the Lie algebra gl(n). A space of an irreducible representation of the algebra
gl(n)®N has the form: V = (®fV= | V)‘(I)), where V" is the space of an irreducible representation
of the I-th copy of gl(n) labeled by the highest weights A0 = .\, ..., 4), 1 € T, N. In the
representation space V there exists the highest weight vector 2 such that:

$Pe=1"%. §@=0.ijeln i<jilelN.

Using the definition of the Lax operators (13) and (14) it is easy to see that € coincides with
the vacuum vector for the corresponding representation of the Lax algebra (we assume that the
corresponding “shift element” is diagonal).

The following proposition (corollary of Theorem 3.2) holds true:

Proposition 3.2. Let the r-matrix r(u, v) satisfy the conditions (4), (33), (34), (35). Then the
spectrum of the generalized Gaudin hamiltonians (15) and the generalized Gaudin hamiltonians
in an external magnetic field (16) has the form:

n My My
k—1 k
=00+ Y 4" (Y @Y o) = Y a0 ), (44)
k=1 j=1 j=1
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where Mo = M, =0 and h? is an eigen-value of these hamiltonians on the vacuum vector 2:

n N
l
h?n = E ( E Tiek (Vs Vm))\(S))‘«(m) + rkk(‘)ls Vm)()‘() E ckk(Vm))Vk
k=1 s=1,s#l

+ZZ — I n e 1(”m7‘)m)+r+l+n1+ g I(Vm’”m))
k=1 1=1

ny

(m)
X ((”k l))‘l+n1+ A Z )‘i+nl+.,.+nk,1)
i=l+1

p
+Z T ny 4 tny 1(Vm’ Vm)+r+nl+ A l(Vma Vm))

k=1
ng n—ny+...4+ng)
(m) (m)
X ((n — (4t Z)\"H‘----Hlk'H — Z )”711+...+nk+l)’ 435)
=1 =1
ckk (V) are the components of the shift element — external magnetic field and the “ra-

pidities” v,({), ke l,M;, i € 1,n—1 satisfy Bethe equations (37), (38) with Apx(u) =

N
> A;(:")rkk(vm, u) + crk ().

m=1

Proof. The proof is achieved by the direct calculation, using the formulas (36), taking into ac-
count that in the case of the generalized Gaudin models in an external magnetic field A (1) =

N
> k,((m) rkk (Vs u) + cki (1) and taking the residue in the point # = v, in the formula (36). O

m=1

4. Example: case of “Z ,-graded” classical r-matrices
4.1. Zp,-graded classical r-matrices

4.1.1. General case 1
—
Let g be semisimple (reductive) Lie algebra. Let g = > g7 be Z, =7/ pZ grading of g, i.e.:
j=0

L7, 97] C o7 where j denotes the class of equivalence of the elements j € Z modp Z. It is
known, that Z ,-grading of g may be defined with the help of some automorphism o of the order
p, such that o (g7) = e2mik/p g7 and gg is the algebra of o -invariants: o (g5) = gg. It is also known
[32] (see also [24]), that using this data it is possible to define the following classical »-matrix:

Z M ”2 ]Q(])

o —— 4
r?(uy, uz) W —ul) (46)



350 T. Skrypnyk / Nuclear Physics B 913 (2016) 327-356

where X, 7 is a basis in the space a7 X%~/ is a dual basis in the space g—; and Q(j )
dim 97
> gaﬁXa F®Xg — is a projection operator onto the subspace 97, g_ﬂ = (X* =i, xP J) In

a=1

particular, QO i the tensor Casimir of the subalgebra gg.

4.1.2. Case of the gl(n)

Let us return to the case g = gl(n) and consider a Z,-grading of gl(n) corresponding to
the decomposition n =ny + nz + .... +n, such that the graded subspaces consist of the block
matrices. In more detail:

Gu 0 .. 0 0 0 .. Gy
0 G .. 0 G 0 0
a5 = 2 I 2
0 Gpp 0 Gppl 0
0 Gip .. 0
N
I Gp-1p
Gyt .. 0 0

etc., where G;; € gl(n;), G;; € Mat(n;,n;). This grading corresponds to the internal automor-
phism o = Adg, where g is a diagonal matrix g = diag(g1, g2, ..., g») With g1 = g2... =g, =1,
8ni+1 = -« = ny+ny = €5 Eni+ny+l = oo = Eny+np+ny = 62, cos nptAn, 41 = o = 8n =

2mi

e’ le=er.

The corresponding r-matrix written in the form (46) for p > 2 does not satisfy Bethe-ansatz
conditions (33), (34) for any possible chain of the embedded subalgebras. In order to make it
satisfy the conditions (33), (34) it is necessary to apply to it certain equivalence transformations.
The resulting r-matrix is given in the following proposition:

Proposition 4.1. Let g = gl(n) and its Z ,-grading be defined as above. Then by the equivalence
transformations the corresponding r-matrix (46) is brought to the following form:
12
. B C12
ro(u,v) = + —, (47)

u—v v

n
where Q12 = Y Xij ® Xj; and tensor C'2 is defined as follows:

i,j=1

=1 ni+no+...4ng n

B> > xex: )
s=li=l+4+n1+...4+n5_1 j=n1+ny+...+ng+1

Sketch of the proof. In order to prove the proposition it is necessary to apply to the r-matrix
(46), specified for the given Lie algebra and the given grading, the gauge transformation
r(uy,ur) —> g_l(ul) ® g_l(uz)r(ul ,u2)g(u1) ® g(up) with the following matrix g(u;):

g(u;) = diag(g1(ui), g2(u;), -, 8n(Ui)),

where g1(u;) = go(i)... = gny (i) = 1, gny41(i) = gny+2(Ui) = ... = Gnyn, (Ui) = u;,
gn1+nz+l(ui) = gn1+n2+2(ui) = . = gn1+n2+n3(ui) = u,'zv-~~7gn]+‘..+l‘lp71+1(ui) =
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Snitootny_y42(Ui) = oo = gn(u;) = uf’*‘, i €1,2, divide the obtained r-matrix by u} and make

the substitution of variables u = uf , U= ug . O

Remark 7. Observe, that the considered r-matrix satisfies the regularity property (4) with

12
rO(u,v) = —
v

Observe also that this r-matrix is diagonal in the root basis.

Example 1. In the case p = 2 the r-matrix (46) has the form:

2 ni n
u
) = () Xy @ X+ Y0 X @ X))

1742 0 i j=ni+1

ni n
ujun
+7u2—u2 Z Z Xi;®Xji+Xji ®Xij). (49)
1 2 i=1 j=n;+l

After the gauge transformation and re-parametrization described in Proposition 4.1 the corre-
sponding r-matrix acquires the following form:

n ny n
Z X ®Xji ZZ Xii®Xji
P20, vy = 2= 4 El=m . (50)

u-—v v

Let us now specify the diagonal shift elements for the »-matrix (47):
Proposition 4.2. The general diagonal shift element for the r-matrix (47) has the form:

1.
c(v) = —diag(cy, ..., cn), where
v
Cl=C2=...=Cni, Cny+1 = Cny42+-- = Cny+ngs «-e» Cn]+...+np_|+1 = Cn]+..4+np_1+2 = .

= Cni+ny+..4n,-

Proof. As was shown in our previous paper [25], the “diagonal” shift elements for the »-matrices
(46) are constant and belong to the center of the reductive subalgebra gg, i.e. in the case
at hand have the form: ¢ = diag(cy,...,cy) Where ¢ =2 = ... = ¢y, Cny+1 = Cpy42... =
Cnytngs -oos Cnjotny 141 = Cny+otny 42 = oo = Cnjny+...+n,- NOW, in order to obtain the shift
element for the r-matrix (47) it is enough to apply the equivalence transformation from the pre-
vious proposition to this shift element, i.e. in our case simply to divide it by v.

Proposition is proven. O

Example 2. In the simplest non-banal p = 2 case the diagonal shift element has the form:

| &
c@) = —(eny ) Xii +Cnm Y, Xii):

i=1 i=nj;+1
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4.2. Zp-graded classical r-matrices and generalized Gaudin models

For Z,-graded r-matrix (46) corresponding to g = gl(n), the specified Z,-grading and the
gauge (47) the Gaudin-type Lax operator is written as follows:

. N S(m)X =1 ny4na+..+ng n .
La =) Z Z 2 2 S 5D
m=1 i,j=1 s=1i=l4+n1+...+ns_1 j=1+n1+...4ng

The Gaudin-type Lax operator with an external “diagonal” magnetic field has the form:

N n S(m)X —1 ni4no+...+ng n
T L S(m)
=Y (0 LIS ST s
m=1 i,j=1 s=1li=l4n1+..+ns_1 j=1+n1+...4ng
1 p ni+...+ng
+;Z}thk > Xa (52)
k=1 i=l4+ni+...4+ng_1

The corresponding Gaudin-type hamiltonians (15) and Gaudin-type hamiltonians in an exter-
nal magnetic field (16) are written as follows:

N S(m)S(l) p—l ni4ny+...4ng n
& NWIO)
Hy= 3, (Zv - Z > >SS+
m=1,m#l i,j=1 m s=1i=14+n14...4ns_1 j=14n1+...+ng
p—1 ni+ny+..+n n el e
S . s
o Z > Y S SIS, (53)
s=1i=l4+n1+...+n5_1 j=14+n1+...4ny
N S(m)S(l) 1 p—=1 ni+ny+..+ng n
e Yyl Q(m) s
= (va_wnz > >SS+
m=1,m=#l ij 1 s=1li=14+n1+...4+n4_1 j=14n1+...4ng
=1 ni+no+..+ng n

NOK OB OO
Z > Y. GBS+ +
s=1i=14+n1+...+n5_1 j=14+n1+...4ny
1 ni+...+ng .
*?Z%hw S0 (54)
L =1 =14+t
In the next subsection we will consider the diagonalization of these hamiltonians by means of the
nested Bethe ansatz, according to new “nesting”” scheme described in the previous sections. But at
first let us consider in some detail the simplest non-banal (i.e. different from the standard rational
r-matrix case) example of the described in this subsection Lax operators and hamiltonians.

Example 3. In the p = 2 case the Gaudin-type Lax operator (52) with an external “diagonal”
magnetic field has the form:
N &(m)
Sl o Xji

P =Y (3 LIS 3 sy

m=1 ij=1 i=1 j=n1+1

_(Cn| ZXH + Cny+ny Z Xii).

i=nj+1
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The corresponding Gaudin-type hamiltonian in the external magnetic field is written as follows:

N S(m)S(l) 1 ny
e YL o(m) & (l)
P SO ok N o SR I
m=1,m#l i,j=1 i=1 j=n;+1

1 ny n n R
=00 2 P +808) +— (cnIZS-(f)+cn1+nz > 5.

L5Z1 j=m 41 i=ni+1

The Lax operator and Gaudin-type hamiltonians without external magnetic field are obtained
simply by putting ¢,, = ¢,,4x, = 0 in the above formulas.

4.2.1. Nested Bethe ansatz and Z ,-graded classical r-matrices
Let us now pass to the nested Bethe ansatz. First of all we note, that the considered 7-matrix
in the gauge (47) satisfies the conditions (33), (34) for the chain of the embedded subalgebras of
the form gl(n) D gl(n —ny) D gl(n —ny —nz) D gl(n — (n1 + ... +np_1)), where ny +ny +
..+np =n. Indeed, due to the fact that

1
rji(u, v) = T
ifiel+..+ns_1,n1+...+ng,jeni+...+ns+1,n,s€l,p—1, (55)
1
rji(u,v) = ——, for all other indices i, j, (56)

the conditions (33), (34) are satisfied. In more detail we have:

1 1
r*,n1+...+ns (’/l, U) = + )
u—v v
1 N 1
Fentdn, U, 0)=——,Vsel,p—1Lr_;u,v)=ry;u,v)= .
u—v u—uv

Moreover, instead of the condition (35) the following stronger condition holds true:
1

)
u—v

rii(u,v) =

iel,n. (57)

Now, for the applicability of the nested Bethe ansatz it is necessary to guaranty the existence of
the “vacuum vector” in the representation space. But, as it was argued above, for the Gaudin-type
models it is automatic. That is why we have only to specify the results of Proposition 3.2 for the
r-matrix (47). The following corollary of Proposition 3.2 holds true:

Corollary 4.1. The spectrum of the generalized Gaudin hamiltonians (53) and the generalized
Gaudin hamiltonians in an external magnetic field (54) in the space of an irreducible represen-
tation of the algebra gl(n)®VN labeled by the highest weights () = (k(ll), vy k,(,l)), l€l,N has
the form:

n l My 1 My 1
0 )
hi = hy + Zkk Z =D - Z *) ). (58)
k=1 = v =) T (v =)

where h? is an eigen-value of these hamiltonians on the vacuum vector 2:
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n N )L(s)k(l) ny+...+ng
=3 > By Y
k=1s=1,s#l $ i=ni+..+np_1+1
P 1 ny n—(ni+...4ng)
+Zu_((”_(”1+ F) Y Mt = D Rt g
k=1 m=1 m=1

(59)

Cny+..tny Ar€ the components of the shift element — external magnetic field and the “rapidities”
v,(;), kel,M;, iel,n— 1 satisfy the following Bethe-type equations:

N 4 (m) (m)
Z )‘n1+ e T Mk bl Cnbetne — Cryeni n (ng 4+ ng+1) 1 .
(n1+ +nk)) ) 2 ) -
m=1 i i
M, +...+n Mn +..4np—1
IZ k 2 1 k 1
- (ny1+...4+ng) G N Z (ni+...4ni—1) i+t~
=t —; e R ) — | )
My 4. g +1

1
Z (v;n1+...+nk+l) _ vi(n1+.,,+nk))v

(60a)

kel, p—1, corresponding to the chain gl(n) D gl(n —n1) D gl(n —ny —n2) D gl(n — (n1 +
+np_1)), n1+ny+...+n,=n, and the following set of Bethe-type equations:

N A(m) )L(m) My ) My Mi11 1

1
E:M_ E: 7_2:4_2:7
k k k k—1 k k+1 k)N’
o®) B e R A WFD 0

m=1 (Vm — j=lj#i Vi T j=l
(61)

keni+...+n5_1+1,n1 +.... + ng corresponding to the sub-chains
gling) Dgling—1)>...0gl(l), sel,p.

Remark 8. Observe, that in the case of the Gaudin systems without external magnetic field one
has simply to put in the above formulas ¢, 4. 4n, =0,k € 1, p.

Remark 9. Observe, that the spectrum (59) of the Gaudin-type hamiltonians for the consid-
ered Z,-graded classical r-matrices has (formally) the same form as for the case of the rational
r-matrix, but the “rapidities” v( ) satisfy different system of Bethe equations. Observe also that
among the system of the Bethe equations only the equations that correspond to the subchain
gln) D glln —n1) D gln —ny —nz) D gl(n — (n1 + ... +np_1)) differ from those in the case
of the rational r-matrices.

Example 4. In the simplest “non-banal” p = 2 case the only group of Bethe equations different
from the corresponding equations in the case of the rational r-matrix has the following form:
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N 4 (m) (m)
Z )‘”1 _)‘n1+] Cny — Cni+ny n 1

— (O — Ui(nl)) Ui(nl) 2 vi(nl)
My, My -1 My, +1
2 1 1
= 2 N 2 M= ey 2 mFD ey
j=tii#i \Yj i j=1 Y i j=1 'Y i

Observe also, that the case p = 2 can be treated in the framework of our scheme directly, without
the application of the gauge transform to the r-matrix (49). The Bethe equations obtained using
this direct treatment are equivalent to those described above (see [27] where integrable spin,
boson and spin—boson models corresponding to the case p = 2 have been considered). They
are also equivalent to the Bethe equations obtained in the case p = 2 using the analytical Bethe
ansatz [19].

5. Conclusion and discussion

In the present paper we have generalized nested Bethe ansatz onto a wide class of chains
or “hierarchies” of embedded subalgebras of Lie algebra g/(n) and certain sub-classes of the
Cartan-invariant non-skew-symmetric classical r-matrices. We have shown that among such the
r-matrices there are “twisted” or Z,-graded non-skew-symmetric classical r-matrices with spec-
tral parameters. We have considered an example of the corresponding generalized Gaudin models
with and without external magnetic field and found the spectrum of their hamiltonians using
nested Bethe ansatz.

The important on-going problem is a solution (at least a numerical one) of the obtained nested
Bethe equations, which is necessary for concrete applications of the corresponding integrable
models in quantum physics.

Finally we would like to suggest that some of the results of the present paper on the gener-
alized nested algebraical Bethe ansatz for the case of linear Lax algebras can be prolonged onto
the quadratic “quantum-group” cases. In particular, we suppose that for the case of the Reflec-
tion Equation Algebras corresponding to the considered “Z;-graded” classical r-matrices [19],
there should be a generalization of the nested algebraic Bethe ansatz scheme onto a chain of
subalgebras gl(n) D gl(ny) or gl(n) D gl(ny), n1 +ny =n, n1 > 1, np > 1, complimented by
sub-chains gl(ny) D gl(nx — 1) D gl(ng —2) O ... D gl(1), ke 1,2.
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