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PSEUDO-DIFFERENTIAL OPERATORS AND EXISTENCE OF
GABOR FRAMES

PAOLO BOGGIATTO AND GIANLUCA GARELLO

ABsTRACT. We study from a pseudo-differential point of view the frame oper-
ator associated with a Gabor system. In particular we show how an application
of the classical boundedness theorem of Calderén -Vaillancourt yields sufficient
conditions for a Gabor system to form a frame in L?(R%).

0. INTRODUCTION

The central problem of time-frequency analysis is the extraction of information
about the frequency content of a signal in dependence on time. In this context a
signal is a complex function, or distribution, f(¢) of the time variable ¢, which for
generality is usually supposed to be in R?. To this aim, Gabor frames, also known as
Weyl-Heisenberg frames, have proved to be a particularly useful tool. Their theory
has grown in the last decades to a vast subject of research in applied harmonic
analysis, with connections to various aspects of abstract harmonic analysis.

At the core of Gabor frames is the idea of representing signals as expansions in
terms of translations and modulations of a fixed analysing window function. More
precisely suppose g € L?(R?) is a non identically zero function, then for a, 3 € Ry,
its translations and modulations

(0.1) gni(t) = ™ g(t —ah), bk e Z°,
are called time-frequency shifts of g of parameter «, 8. The Gabor system

(0.2) G(g,a,B) = {gh,k}h,kezd
is said a Gabor frame in L?(RY) if there exist A, B > 0 such that

(0-3) AFIE < D 1(F gna)iel® < BIIFI3,

h.k

for every f € L*(R?). In this case a classical result asserts the existence of frames
{Gh.k }h.kez, called dual frames of {gn k }n.kez, such that the following reconstruction
formula holds:

(0.4) F= (£, Gn1)9nk;

hk

for all f € L?(R%), with unconditional convergence in L2(R%).

The literature about Gabor frames theory is so vast that we do not attempt to
give an exhausting references list, but we just indicate for example the monographs
[5], [8], [15], [20], and the references therein. A problem of great interest is to find
conditions on the window g(¢) and on the parameters «, 8 in order that G(g, «, 8) is
a Gabor frame. In the most part of the literature the conditions are only sufficient
or necessary, characterizations are known only for few cases, see for instance [17]
and [18] for some recent results of Grochenig and Stockler about totally positive
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functions. The general leading idea is that, for suitable fixed window g, if o and
3 are “sufficiently small” then the lattice aZ? x BZ¢ is refined enough to yield a
frame. See [16], [19] for general surveys and, among others, [2], [4], [7], [9], [24],
[25], [27], [28], [29], [30], [35] for specific contributions.

For any Gabor system G(g, a, 8) a Gabor operator may be formally defined by

(0.5) Sf= Z(fygh,k)gh,ka feSRY.
Ik

It is well known that the Gabor system (0.2) is a frame in L? if and only if the
related Gabor operator is invertible in L?. In particular the invertibility of the
Gabor operator may be proved by estimating its closeness to the identity. See
for example [11] where such estimation is obtained with the aid of the spreading
function, in the case of more general lattices A = MZ2¢, generated by a 22¢ x 224
non singular matrix.

The results we present in this paper go exactly in this direction, but the technique
used is not quite typical of time-frequency analysis. The main idea is to estimate the
closeness of the Gabor operator to the identity by means of the classical Calderén
-Vaillancourt Theorem for L?—boundedness of pseudo-differential operators. We
work with lattices A = MZ??, where M is a diagonal matrix, therefore slightly
generalizing the case aZ? x pZ4.

Namely our Gabor systems G(g,a,b) are defined, for g measurable function,
a=(ai,...,aq), b= (b1,...bg) in Ri, by

(0.6) G(g,a,b) = {gni(t) = e2mibkt gt — ah)}h,kezd ,
where
a ... O hy by ... O k1
07) ah={ : . 3N T :
0 ... aqg hq 0 ... by kq

The aim is to find sufficient conditions on the vectors a,b and the windows g such
that the Gabor operator (0.5) is a well-defined, bounded and invertible operator on
L?(RY).

From a different perspective we remark that frames theory, and in general time-
frequency analysis, has already revealed deep and interesting connections in a num-
ber of topics essentially related to pseudo-differential operators which act, or admit
symbols in modulation or Wiener amalgam spaces, see for reference [1], [3], [6], [21],
[26], [32], [33], [34].

The paper is organized as follows. In Section 1 we state the main results and in
Section 2 we fix the notations and give the necessary definitions and tools.

In Section 3 we introduce a suitable class of pseudo-differential operators with
periodic symbol. By means of Calderén -Vaillancourt Theorem we prove their
boundedness and invertibility in L?(R?).

Incidentally we remark that we have chosen the Kohn-Nirenberg quantization
in order to apply a convenient version of the Calderén -Vaillancourt Theorem. In
principle however other quantizations can also be used.

In Section 4 we write S as a pseudo-differential operator in the class described
above and we prove that, for sufficiently small a,b, we have ||Id — ¢S||t2 < 1,
which, by the von Neumann series, implies the invertibility of the operator S. This
invertibility is equivalent to the fact that {gp &} is a frame and furnishes furthermore
the frame bounds. The conditions on a,b and ¢ depend only on the regularity and
the decay at infinity of the window g.

We remark that the sufficient conditions on the density of the frame lattice, as
well as the frames bounds that we determine in this paper are by far not optimal.
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The interest of the method relies instead on the fact that our results (Thm. 1.1, Cor.
1.2) are valid for a rather general class of windows in dimension d, whereas most of
the more sharp results are obtained in one dimension and refer to specific windows.
Moreover Theorem 3.7 about boundedness and invertibility of pseudo-differential
operators with periodized symbols is interesting by itself in the framework of the
pseudo-differential calculus.

We have chosen to remain in the L? setting since this is the natural context for
the Calderén -Vaillancourt theorem and our methods are new even in this context.
A reformulation in more general contexts, e.g. in the framework of Banach Gelfand
triple setting, see [10], could be possible. In Section 5 we end the paper using the
pseudo-differential form for the Gabor operator (0.5) to obtain a characterization
for dual frames of {g; r}. Here we also point out the connections between our
functional setting and the Feichtinger algebra M* (Lemma 5.1). To this regard see
also [12] for results in the more general context of weak duality.

1. STATEMENT OF THE MAIN RESULT

We give here the essential tools for understanding the main result. More nota-
tions and definitions will be detailed in the next section.
For any a,b € Ri and z, ¢ € RY we define:

(z) = 1+ [z[%
d
ar = (121, ...,04%4);
Hajbj :nglajbj;
Ty = {(al, NS Zi; such that o; = 0 or 1}.

For f: R? — C measurable function and ¢ > 0 we say that

(L.1) feLX =LE®RY if (|fllee = IO p= < oo,

(1.2) felx if felL,

where f is the Fourier transform of f. We write moreover f € C? if f belongs to
the set of d times differentiable functions.

The main result (Theorem 1.1) will make use of the following constants, depend-
ing only on the dimension d and the positive parameter e:

(1.3) Ny =3%2m)% (d+ 1), Ng. = (2(d+1))* </<x>—d—€ dx) ;

(1.4) My = 37749(d + 1)%4(2m) 27 My, = (2(d + 1))* </<$>d€ da:)Q.

Theorem 1.1. Consider g € C¥ N C4L such that, for any o, 8 € Ty, j =
1,...,d, 2202, xaamjafg, z;2°08g belong to L>°(RY) N L2 (RY), for some & > 0.
Assume that a,b € (0,1]¢ satisfy the condition

d

llgll7
1.5 a; +b;) < ez
( ) Jgo( J J) Mde7EICg

with g suitable positive constant depending on the norm of g in L2, f/g" Then
the Gabor system G(g,a,b) is a Gabor Frame in L*(R?).
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Moreover the frame bounds A, B in (0.3) are
d
||g||%2 — MaMaKCy Zj:l(aj + bj).
Hajbj ’
1.7 B = NgN, 208 g| o |€7 O g 1o }
(1.7) aNae max {[|2°0; gl €70 9l e }

(1.6) A=

Precisely the constant KCy is:

207 gl 22 11€° 0 gl e
(1.8) Ky = max le02g]| = ;€ €70¢gll s |20z, 07 gl oo 1670 Gl e
T W (£ aaﬂgllmllfﬁaggﬂm Hxaaﬁgllm||€5<95]3§9||L°o

The proof is obtained combining properties of frame operators in Hilbert spaces
and a result of invertibility of pseudo-differential operators with periodic symbols,
obtained by means of a careful application of the Calder6n -Vaillancourt Theorem.
The details are given in the next Section 4, after the preparation material of Sections
2 and 3.

Corollary 1.2. Consider g € C?*2 such that for any o € Ty, |B] < 2d + 1,
j=1,...,d, 2298, xo‘ax].(?fg, z;2°08 g belong to L (RY). Then, with the same
assumption on a,b € [O,I)d and the same involved constants, all the results in
Theorem 1.1 are true.

Ezxample 1.3. Despite the apparently complicated hypotheses, we notice that the
previous results apply to very simple types of window function, which do not belong
to the Schwartz space. For example in one dimension the functions

g(z) = :

p+qztt”
satisfy the hypothesis of Theorem 1.1.
Windows (essentially) of this type are of considerable interest; actually results
of Janssen [23] furnish a complete characterization of the Gabor sampling set for
windows of the type (1 + az?)~!, a > 0.

pg>0, k=1,23, ...

Let us notice that in the particular case a; = a >0, b; =58>0, j=1,..,d,
we have the bounded inclusion L2°(R4) — W (R?), where W (R?) is the Wiener
function space (see [15], Def. 6.1.1). In this case our results overlap with results
of Walnut [35], where however conditions on the sampling parameters «, 3, and as
consequence the frame bounds A, B, are given in different way.

Finally, due to the inequality ||.|2 < C||.||L=, C = (f(z)~2(4+9) dz)¥/2, we can
notice that the sufficient condition (1.5) implies the estimate E;io(aj +0b) <
C/MgMg, independently of g. We conclude that, as noticed in the Introduction,
the bound in the right-hand side of (1.5) is far from being optimal.

2. NOTATIONS AND BACKGROUND

Given f(z), u(x,t) in the Schwartz classes of rapidly decreasing functions
S(R?) and S(R24) respectively, we define the Fourier transforms Ff(€) = f(£) =
[ em?miew f(x) du, fgu(x §) = [e ™y (x,t)dt, togheter with the inverse trans-
forms: F~1f(¢) = = [e2™2 f(z)dx, Fy ‘u(x,€) = [e*™u(x,t)dt. In the
same way we denote thelr extension to S'(R?) and S’(R%).

Let us recall the following basic properties which will be useful in the sequel.

i) If 22 f(x) € L'(RY), |a| < N, then f € CN(R?) and
(2.1) F ((=2mix)* ) (§) = 0N(Ff)(E), laf <N.
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ii) If f € CV(RY) and 92 f € LY(RY), |a| < N, then

(2.2) F(0°f)(€) = (2mig)* F f(£).
Time frequency shifts. For y,w € R? we define the operators:
(2.3)  Ty,f(t)=f(t—vy), Tyu(z, &) = u(x, € —y) (translation);

(2.4)  M,f(t) = e*™ i),  Myu(z,€) = ™ Sy(z,€)  (modulation).

The next properties follow:

(2.5) F(T,f) = M_,Ff, F YT, f) = M,F ',
(2.6) F(M,f) =T.Ff, F Muf) =T-oF'f,
(2.7) F(MJT,f) = T,M_,Ff; FYT,M,f)=M_,T,F .

Function spaces. Together with the definition of L2 and ﬁg@, given in (1.1),
(1.2), we define L2 (R??) as the set of the measurable functions p(z, &) on R x Rg
such that

(2.8) lpllze, = [z, €){) T+ (€) || oo (g2ay < 00

Notice that for any e > 0, L*(R?)  L'(R?) and L (R*) c L' (R?*).
Since for some C' > 0: (x)4+e/2(¢)d+e/2 < C{((x,€))??+ | we obtain for any € > 0
(2.9) LE(R*) C LY (R*).
We say moreover that the function p(x,¢) is (a,b)-periodic, a,b € R?, if for any
m,n € Z% we have p(z,¢) = p(z + ma, £ + nb)

Invertibility in Banach algebras. We will make use of the properties of the
von Neumann series in Banach algebras of operators in the following version

Proposition 2.1. Consider x € A, where (A, ||-]]) is a Banach algebra on the field
of complex numbers, with multiplicative identity e. If there exist ¢ € C\ {0} such
|le — cx|| < 1 then x is invertible in A and

(2.10) T l=c Z(e —cx)".
n=0

Frames in Hilbert Spaces. A sequence {z, },en in a separable Hilbert space
H is a frame if there exist A, B > 0 such that Aljz||? <> |(z,z,)]> < Bl|z|? for
reH.

Notice now that for any sequence {z,}nen C H we can formally define the
operator

(2.11) S:x— Sz = Z(x,xn)xm x € H.
neN

The main result in Theorem 1.1 is based on the fact that {x, }neny C H is a frame
if and only if S is a bijection of H in itself.

Although this result is well-known it is not easy to find it explicitly mentioned
and proved in the literature, therefore we give next the details.

Lemma 2.2 (Heil [20]). {zp }nen s a frame for H if and only if there exist A, B > 0
such that AI < S < BI.

Proposition 2.3. {x,}nen is a frame for H if and only of S : H — H is a
bijection. Furthermore in this case S is bi-continuous.
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Proof. See [20] for the proof that if {2, }ren is a frame then S is a bijection.
On the converse, suppose S : H — H is a bijection. Notice that for every N € N
the operators Sy : v € H — Syx = Zgzl(a:,xn)xn € H are bounded, namely
1Swall < 20 @) lllza] < llall SN, o2

Clearly limy_,oo Syx = Sx for every x € H. Then from the Banach-Steinhaus
theorem follows that S is bounded. From the Banach inverse operator theorem also
S~ is bounded.

For every z € H, (Sz,2) =Y, oy (%, 2,)|*> > 0, therefore S > 0.
As S > 0 and is invertible, the same holds for S~!, namely for y = Sz we have
(S_ly7y) = (z,52) > 0.
From the boundedness of S we have (Sz,z) < |[Sz||z] < |IS|z]* = ||S||(z, z),
ie. S <|S|I.
Analogously, as ™' continuous, (S~'y,y) < [[S~'yllllyll < [SIllyl* = [IS](y.v),
ie. ST <|ISTHI.
Multiplying this inequality by S we get ﬁ[ < S. Tt follows ﬁf < S < S|,
and this means that {z,},en is a frame by the previous Lemma. O

Multiple expansions. We prove here a technical result about multiple expan-
sions.

For fixed j < d, consider a set of indices J C {1,...,d}, containing exactly j
elements and set:

e  hi#0, ieJ |
(2.12) KJ{heZ nlo e |
(2.13) 2y =:{he€Z™; hj #0,forany j =1,...,m}
(2.14) Zg'y = {h € Z™; hj >0, for any j =1,...,m}

Lemma 2.4. For any f: R4 — C, a € Ri, N > 0, we have:

215 Y=Y 3 )

hezZd j=0|J|=j heK
(216) Y (ah) N =27 > (ah)N, m=1,..4;
heZg heZg',
(2.17) Z (ah)~ / Yy Ndx, m=1,..4d;

heZg',

218) 3 {ah) ™ <14 Mo /[ o, Mot =32 S

a€Zd Jj=1  |J|=j

HzEJ

Proof. Notice that [{J :J C {1,...d}}| = (‘;) We can prove (2.15) by induction
on the dimension d. Namely:

For d = 1, Syes F(1) = Xeo S0 Shere, F(0) = F(0) + Xy £(h) is verified.
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Assume now that (2.15) holds for d — 1, then:

dorm =Y fh0)+ > > flhha) =

heZzad hezd—1 ha#0 hezd-1

:di:l 3 Zf(ﬁ,O)Jeri:l S flhiha) =

i—0 JC{1,....d—1} T ho20 i=0 J={1,...,d—1} 7
! gLy ek 707 gLy ek

T OY Ty Y Y -

j=0 JC{1,....d} he K j=1J={1,...d} heK
|J|=5,d¢J |J|=j,deJ

T Y Y

§j=0 JC{1,....d} heK,
[J1=3

(2.16) directly follows by induction on the index m, since it is trivial for m =1
and

(2.19) > ah)™N = > 2" N Aah, amh) =2 > (ah)™N

hezy hm #0 hezg ! hezy,

Thanks to a classic result about multiple expansions, see e.g. [14], we obtain that the
expansion in (2.17) converges if and only if the multiple integral [ [0,-+00)™ {az)™N dz
is convergent, moreover

(2.20) S ()N < / @)y < 3 (az) V.

hery:, [0,+00)™ hezr

Using both (2.16) and (2.17), we obtain
Yonezalah)y™ = Z?:o Do1=j 2oheK, (ah)=N

d o; N -
(2.21) ST+3052 302, Hiel,] a; ffe[o,oo)j (z)~N dz
_ d o
1+ [ocpooy (@ N de 352 3 e
Setting now M, 4 = 27:1 23 1= ﬁ the proof is concluded. O

Remark 2.5. Ifa; <1, j=1,...,d, we can notice that M, q < 7 ijl 27 (;l) =
%%(3‘1—1), then 14+ M, 4 f[0,+w)d<x>_d_5 dr < H%l](%)d [(x)=4==dx. We can then
conclude that

d
(2.22) Z (ah)~97¢ < 1 (3> /<x>7d*6 dr, when a€ (0,1]% &> 0.

heZ? - Haj 2

3. PSEUDO-DIFFERENTIAL OPERATORS

Recall that, for a(z,¢) € S'(R??), the Kohn-Nirenberg quantization of a(z,¢) is
the pseudo-differential operator which defines the bounded map

(3.1) peSMRY) — a(z,D)p =F, (a(z,&)p(E)) € S'(RY).



8 PAOLO BOGGIATTO AND GIANLUCA GARELLO

We notice that
a(z, D)p(x) = [[ e Da(x, &)p(t) dt dE
(3.2) = [« f e 2mil=2 S q (., ) dé dt
<( ( )’ > < m(-/.'.Qa)(x")vQ0>a

and the following kernel theorem holds.

Proposition 3.1. For any a € S'(R??) the pseudo-differential operator a(x, D)
can be expressed as kernel operator, precisely for any p € S we have:

(3.3) a(x,D)p = (K(z,-),¢), where

(3.4)  K(x,t) = Tp(Faa)(z,t) or equivalently a(x,&) = M_,(Fy 'K)(z,£).

Concerning the L? boundedness of pseudo-differential operators let us recall the
Calderon -Vaillancourt Theorem in the version of Hwang [22, Theorem 2].

Theorem 3.2. Let a : R x R? — C be a continuous function whose derivatives
0202a satisfy the following condition:
there is a constantC > 0 such that||8§‘6§a||Loo(de) <C,
(3.5) wherea = (a1, ...,aq), 8= (B1,...,B4) € Z¢
witha; =0o0r1, 3; =00r 1.
Then a(x, D) is continuous from L?(R%) to L?(R%), with norm estimate ||a(z, D)|| <

Cylllalll, where Cq is a constant depending only on d and |||a|| is the smallest C' such
that (3.5) holds.

Remark 3.3. Arguing carefully on the proof of Theorem 2 in [22], assuming that
the conditions (3.5) are satisfied, we can write for any u,v € C§°(R?),

2d
(3.6) (a(xz, D)u,v) Z Z 1)l (2171-) /axa_ﬁb(%f)gﬁ(%f)h(%f) dxdg,

aeTy f<a
where ||ggl2 < (2m)¥ 272 ||u| 25 ||h] L2 = (2m) 7Y 2||v]| 25 1097 Pbl| Lo < 2¢]|a]-
Thus
(3.7) a(z, D)u,v)| < 2m)*Kallallul 2 0]z, Ka= Y Y 1.

a€Ty f<a

It may be easily proved by induction on the dimension d, that K; = 3%. Namely
1

o
Ki= Y Y 1=3; assuming now that K; = 3¢ we have Kgo1 = Y, Y 1=
a1=031=0 a€Tygq1 B<a
Qd+1

Z > Kg=3"
ad+1=0 B441=0
We can conclude that the constant in Theorem 3.2 is

(3.8) Cq = 3%(2m) 42,
Lemma 3.4. Consider the following periodization of p(x,§) € Lgf’g(RM):
(3.9) Z p(x — ah; € — bk).
h,kezd
Then for any a,b € (0,1]* we have:
i) the sum in (3.9) is convergent in L= (R?d), and it satisfies the estimate:

(3.10) I Y plz— ah,& = bk))|| L= (raey < 02
h,kezd

1
Zafga g Pl
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with
(3.11) Veq = 3%2°(d + 1)4F /<y>*d*5 dy.

i) If moreover p(xz,€) is a continuous function, then the sum in (3.9) is a
continuous function of x,& € R,

Remark that i) and ii) are still valid for general a,b € Ri, but the constants v q
also depends on (a)4¢, ()4 and on M, 4 and My 4 defined in (2.18).

Proof. Since the expression in (3.9) is (a, b) periodic, for any (x,¢) € R?? we can find
(7,€) in the thorus Tgfb :=I19_, ([0, a;] x [0,b;]), such that > hpeza P(@ —ah, & —
bk) = Zh,kezd p(Z — ah, & — bk). Considering moreover that p € L2, a,b € (0, 1]4,
using Peetre’s inequality and estimate (2.22) we have for almost any (z,&) € R2%:

Y. Ip(x—ah&=bk)| = Y |p(@—ah,& - bk)| <

h,keR2d h,keZd
< Z €SS SUP,, cer2e. |p(z — ah, & — bk)|(z — ah)dte (€ — bk)THex
h,kezd

X @ —ah)~* (€~ bk) 7] <
(B12) < PG WG, Y (ah) T (bR <

h,kezZd

2

1 1 —d—

< 22(d+5)32d<a>d+€<b>d+ana‘b'2761 (/<y> d Edy) ||p||L§f’5 <
77

2
< 32d225(d+ 1)2(d+e) (/<y>—d—e dy)

When p(z, £) is continuous, the L convergence implies the uniform convergence,
thus the sum is continuous. (]

In the following we consider, for p € L (R??), the symbol

N

(3.13) ¢(z, &) = Z p(z — ah,& —bk), a,be[0,1)%
h,kezd

Since the expansion in (3.9) is convergent in S’(R?), thanks to (3.10) we have,
for any o, 8 € Zi:

()
(3.14) 0£07s(2, s = | 3 O¢O7p(e—ah,€=bk) |z < = I10fOFpllncs.
h,kezd a;0;

Applying now the Calderén -Vaillancourt Theorem, we can state the following:

Proposition 3.5. Consider a continuous function p(x,&) such that, for any a, B €
T4, we have agagjp € L. (R*®). Then the operator <(x, D) is bounded on L?(R?)
with norm estimate:

3.15 D < B, 020°

(3.15) o, D)oy < == max. {II 3 o;pHL?f’a}'

Lemma 3.6. Consider p € CN11(R??) and assume that 8?85}9 € L, forla+pB| <
N + 1. Then for any a,b € (0,1]* we have
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i) fN=0

||/ (y,)dy dn —Tab; > pla —ah,§ — byl L (ree) <

h,heZ?
(3.16) .
< k24> ail|0s,plloz + ;9 pll e
where
(3.17) e = 3225+ 12009 [ (o)

i) IfN>1and0<|a+p] <N

[Ta;b; > 0g0Lp(x — ah,& — bk)| oo (raay <
h,kezd
(3.18)

d
< w2a ) ;05,08 00l e, + bll06, 0200l 1
j=1

with ke q as before.

Proof. Since [ p(y,n)dydn is a constant and > hpeza P(@ — ah,& — bk) is (a,b)-
periodic, we can reduce the norm in the left-hand side of (3.16) to the essential
supremum on the Thorus 'H‘a L = I17_,[0,a;] x [0,b;].

Consider now the intervals Iy, = I19_;[a;h;; a;(hy 4+ 1)) % [bik;; b;(k; + 1)).
Notice that Uh,keZd Ing = R I x N 1y, = 0if (hyk) # (m,n). By setting
p(y,n) = p(—y, —n) and observing that the measure of any interval I, j is |Ij, x| =
Ila;b;, by means of a suitable change of variable we obtain, for any (z,§) € ']I‘i‘fb

/p(y, n)dy dn — Ila;b; Z p(x —ah,& —bk)| =

h,heZd

= /T@gﬁ(y,n)dydn— > 1 Ink| Trepah, bk)| =

h,hezZd

> /I ey, m)dy dn — T, ep(ah,bk) dy dn| <

3.19
( ) h,hezd h.hezd 7/ Thk
<> / Tecp(y,n) — Tu gp(ah, bk)| dy dn <
hokezd 7 Ih,
< > Ikl sup |Thep(y,n) — Toeplah, bk)| <
h,keZd (y,mM€ln,k

<Masb; Y sup  |Teeh(y,n) — Teehlah, bk)|.
h,kcZ4d (ym)€ln k

Assuming that p € C'(R**) and 939]p € L. when |a + 8| < 1, the Taylor
expansion with integral remainder and the Peetre’s inequality give the following
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estimate for any (y,7) € Ik and (h, k) € Z%:

|Tw Eﬁ(y 77) - Tx,ﬁﬁ(am bk))| =

Y I = aihsl Jy 10y, Toeblah + 4y = ah)s bl + tn — bk) | d+
In; — bik;l fo |8nJTw 5p(ah +t(y — ah); bk + t(n — bk))| dt <

Yo a fO 19y, p(x — ah — t(y — ah); € — bk — t(n — bk))| dt+

bj fo |0, p(x — ah — t(y — ah); & — bk —t(n — bk))| dt <

[ (@ — ah — t(y — ah)) =47 (€ — bk — t(n — bk))~*= dt x

xS0 agllay]pllmo +b; Hﬁg]pllmo <

494 x — ah) =S (€ — bR) 1% [ (t(y — ah))*HE(#(n — bR))HE dix
X 32 i=1 @j[102;pllLee, + b;|0g;pll e, <

< (16(x) (&) (a) (b)) **e Zle ;)| 0, pl L1100, pll oo, (ah) ~F¢ (bk) =9~

Thus recalling that a,b € (0,1]¢ and using (2.22), we obtain

IN + IN +

H/ynmmﬂw S (@ — ah € — byl g oy
h,hezd

< 2409 (d + 1)) b, Z%‘H@z Plloee, +bill0¢pllze, Y (ah)=* = (bk)~**
= h,k€Z4

2 d
< 22d24632d(d+ 1)4(d+€) (/<x>—d—5 daj) Hajbj Zaj\|8ij||L§?£ + bj”agijLg?E.

By setting e g = 392925 (d + 1)2(@+2) [(2)=9=¢ dz, the proof of ) is concluded.

In order to prove i) notice that there exists j = 1,...,d such that at least one
among «; or f3; is different from 0 (assume a; # 0). Moreover 6 (2 =1)-- “*98p €
Lz, that is it vanishes at infinity. Since 0208p € L' (R?), applylng the Fubini’s
Theorem we obtain

J0gap(a,€) dédr =
(3.20)
Jog du foar d€iz [ 0,0 (07D 10 p(z, €) d&; = 0.
i i J

The proof then follows observing that 8?85 p satisfies the assumptions in 7). (|

Theorem 3.7. Consider p(x €) € Czd“(de) such that, [p(x,&)dzd¢ # 0 and
foranya,B €Ty, j=1,...,d,0¢ 2p, 0y, 0¢ 9%p and O¢; 08 92p belong to L, > (R24).
Set

(3.21) c= max  {]0.,0000p] Lz 106, 0807pl Lz, }
a,BeT
j=1,....d

Then, for any a,b € (0,1]%:

Ia;b,
Tp(w.€)dnde S
its operator norm satisfies:

i) The operator I — (z, D) is continuous from L?(RY) to itself and

3d(2m)2Ck2 ,

Hajb
< E a; +b;)
|fp$§d$d€| !

T ple. €)dude®

where ke q defined in (3.17);

(3.22) HI s(z, D)

L(L?)
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ii) If moreover

Up x,§) dxdg|
(3.23) Zaj +b; W
then the operator s(x, D) is invertible in L(L?(R%)) and we have:

Ila;b; Ila,;b; "

. D)1 — 30 I J DY) -

B24) < DY = 6 dnde E_I()( T, €) dade ™ )> ’
Ila;b;

(3:25)  ls(z, D) ey <
| Pl ) ddg] — 3342m)4/2CH2 4 35 (a; +y)

Proof. i) is a straightforward application of Lemma 3.6, Theorem 3.2, jointly with
Remark 3.3.
Working now in the Banach algebra £(L?), ii) easily follows from (3.22), (3.23),

Wg(z, D) in Proposition 2.1. The estimate (3.25) directly

follows from the well known identity >, (" = 11 when [t| < 1. O

by settingx = I—

4. GABOR OPERATORS

For a,b € R‘i, g measurable function, consider the Gabor systems G(g,a,b) and
G(v,a,b).

Assume g € L=, v € L and a,b € R4, then for any ¢, p € S(R?):
(4.1) {gh.1e> @Y Vhker B)] = 1 gn.k» 0) Tk D) = [(Mok Tang, 0) (Tor M _an, )| <
< Tangll e ol [ TorAl o [l 21

Directly from Lemma 3.4 we obtain that the expansion Zh,kezd(%gh,k)%,k is
convergent in S'(R?), for any p € S(R?).
For any g € L2, v € L2 we can then define the operator from S(R?) to &' (R9):

(4.2) Sgyp = Z (©5 Ghk )V ks p € S(RY),
h,keZd

which is said (generalized) Gabor operator. For g € L2° N L2, we write S, = S, 4.
The explicit form of the kernel of S - is given, for any ¢ € S (R%), by

(4.3) Sgrp(@) = (K(z,-),0), with K(z,t)= Y gne(t)ynr(2),
h,keZd

where the sum converges in S’(R?).
The next result shows how a Gabor operator may be expressed as pseudo-
differential operator with suitable periodic symbol.

Theorem 4.1. Fory € L®(RY), g € L°(R?) we obtain Sy~ = o(x, D), where:
(4.4) o(x,6) = Y e mem ey (y —ah)g(¢ — bk),
h,k€Zd

with convergence in L™= (R??). Moreover, when a,b € (0,1]%, its norm satisfies the
following estimate:

(4.5) lo(z; )l <

with ve ¢ defined in (3.11).

=lllze

H
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Proof. Using (4.3) and (3.4) we have:

o(z,6) = M_p(Fo ' K)(2,8) = M_,F> " (Eh,kezd %k(ﬂﬁ)ghk(t)) &)=

fo > nneze Yok (@) (F2 " gnk) (€) = M_, S nnezd YakF2 (M_peTang) (€) =
M_, Zh,kezd ik (@) Top Mang (&) =

€PN heza €Ty (x — ah) Ty Mang(€) =

e—2miz-g Zh,kezd e2mibk-x ( ) 2miah-(§— bk)g(f bk) —

D ohkezd e 2mile=ah)-(€=bh)y (3 — ah)g(¢ — bk).

The convergence of the expansion, estimate (4.5) and the continuity of o(z,§),
directly follow from the conditions on the functions g, and Lemma 3.4. (]

Lemma 4.2. Consider u,v € S'(R?), set a(z,£) = e~ 2™ Sy(z)v(€), then for any
a, B € Zd we have

(4.6) 0g0fa(z,&) = > > OV (=2mi)Mrrlem Ly, L (2) V()
A<a p<A
v<p p<v

(A7) with UY, (x) =210 u(@), Vi, () =& 19g (¢

o - ()0

If moreover a,, 8 € Ty, j =1,...,d we obtain the estimate:
(4.9) ||8?8§a(x,§)||po < glatBl(on)latsl max {||x’\8;u||Loo||§"8§‘v||Loo} .
v,n<B

(4.10) 102,08 07 a(w, &)|[ Lo < 31T 2m) A FPFIME (u, v),

(4.11) 10e, 08 05 alw, )| o < B1*HF 2m)l*HEHING (u, ),

with

|22 O ]| e [| €70 V]| o<
(4.12) M) = max { [20%ulli~ &€ 0l o,
2155 | oo, aul e ool o~

a2 0%l o |70 o
(4.13) N (o) = max { @ ol o € 0o
525, | o0zl 1€79g, 0ol

Proof. By a straighforward application of the Leibnitz rule we have:

o oga(x,&) = Au(x) Y (‘;) g (—2mi)Mare2mirga— 2y (¢) =

= < ) —2mi) 'A?;:O; €Y (5)35 (aPe72m5€) 7 u(x) =
(4.14) e N , = |
N o

v<ppulv
X efzm'x{x/\*”g”*“aa*)‘v(f)aﬁf’ju(x).
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By noticing that =5 u)‘ = (2)/1!, setting UY , (%), V/\Buﬂ(ﬁ) and Ci’f# as in (4.7),

(4.8), we obtain (4.6). Estimate (4.9) directly follows by observing that u! = 1, when
a, 8 € T% and by means of a suitable application of Newton’s binomial identity:

(4.15) (x+y)* = Z (g)xaﬂyﬁ, r,yeRY aezl.
B<a

Setting e; = (0,...,0,a; =1,0,...0) we have:

(4.16) Oz, Unu(@) = (A — )2 =900 V() + 2107 (),

thus

(4.17) 0p,0000a(x,&) = > Y CF P (2mi)rrrle 2 A (2, €)
PR

with

Aw,&) = (2mi)&;Er10g M o(&)ar 10l u(x)+
(4.18) (\j — 1) rog~ Ap(€)arHe A8V u(x)+
§rogT Mo(&)x A 0y, 08 ().

Assuming that a, 8 € T%, observing that u; < A\; < a; < 1 and arguing as in proof
of (4.9), we obtain (4.10). Simmetrically we can prove (4.11). O

Thanks to Theorem 4.1 the Gabor operator S, , is a pseudo-differential operator
with symbol obtained as periodization of p(z,&) = e~27%¢(z)g(¢). Using then
Theorem 3.2, Theorem 3.7, Lemma 4.2 and observing that [ p(z,§) dzd§ = (v, g),
we obtain the following invertibility result.

Theorem 4.3. Consider the functions v € C4t1, ¢ € CY such that, for any
a,B € Tyandj=1,....d, 2902, x“@wjaf'y, :cjxo‘af'y belong to L>(R?) and
1298, x*0,,02g, x;2°0%g belong to L2 (RY).
set:

|08 Lo 1P B | Lo i 08y L 16,65 029 e
Kgn= max ¢ [2%05,007]|2 €708l 5 Nlzja®0 vl ll€ 08 dllLees ¢

a,BeETy

0 o009 e 16906, 06 9]
then for some positive constants My, Mg ., Nq, Ng. we have

i) For any a,b € (0,1]¢ the operator S, - is L* bounded and moreover

(4.19) [Sg.41lcr2)y < NalNa,e ax {Hwaaﬁ <[1€°0¢ 9l L=},
Ia;b, -

(4.20) HI—(—TSW”ap)gA@NQE |§:aj+b
%9 ~

ii) If moreover Z?Zl(aj +b;) < % then the operator Sy ., is invertible
in L(L*(R?)), more precisely

_ Ha > Ila "
(4.21) Sit=— 2:( Jﬂ%7>,

and
Hajbj
4 .
|(’Ya g)l - Mde,EICg,'y ijl(aj + bj)

(4.22) 19, 4 22y <
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The constants Mg, Mye, Ng, Nq, depend only on d and €, precisely:
2
(4.23) Ny =3%2m)% (d+ 1), Ngo = (2(d+1))* < / (z)~4== dac) ;

(4.24) My = 351494 + 1) (27) 57 | My, = (2(d+ 1))%* (/<x>_d_5 d:c)2 .

Now applying Proposition 2.3 we obtain the main result of the paper: Theorem
1.1.

Proof of Corollary 1.2

Proof. In order to prove Corollary 1.2, let us notice that in general £° og g(§) € L
if ((£)d+1H18N)zag(€) € L. Thanks to (2.1), (2.2), the last statement is verified if
g € CH1HIPl and, for any |y| < d+148]|, ) (z¥g(z)) = > on<n Cnr TN T g(7)
belongs to L C L'. Remembering we need that gﬁagg, gjgﬂagg and gﬁagj 9¢g
belong to L2°, when «, 8 € Ty, with straightforward calculation we obtain the re-
sults in Corollary 1.2 with the assumptions: g € C??+2, 2298, %0y, 0Bg, ;2298
belong to L2, for any o € Ty, |8] <2d+1,j=1,...,d. O

5. A CHARACTERIZATION OF DUAL GABOR WINDOWS

By means of the pseudo-differential calculus, we characterize in this section when
two windows in the modulation space g,v € M' generate dual Gabor frames
in terms of their 7-Wigner transform (for the definition of M! and more gen-
eral modulation spaces see for example [15], Ch. 11). As Lemma 5.1 will show,
the condition g,y € M! is a generalization, for suitably large ¢, of the condition
7,9 € L (RY) N ﬁgo(Rd) which was considered in the paragraphs before.

We start by recalling some facts about the 7-Wigner peudo-differential calculus,
see [31]

For 7 € [0, 1] define the torsion operator T, : ®(z,y) — ®(z+71y, 2 — (1 —T7)y).
The 7-Wigner transform of f, g € L?(R?) is

(5:1) Wige (L)) = [ e o+ rt)gla = (T =70 dt = FATAf @ 7).

whereas the 7-Weyl operator with symbol b, (x,w) is

Whr e f — W f(z) = /R y e @0y (1 — 1)z 4 1y, &) f(y) dydE.

In our result will be crucial the fact that the map b, — Wt~ is injective.
The 7-Wigner transforms and 7-Weyl operators are related by the formula

(Wb f,9) = (br, Wig, (g, f))

The connection between the 7-symbol b, of the operator W’ and its Schwartz
kernel K, is given by:

Kr(xa y) = ff—)z—y[b‘r((l - T)JJ + Tyag)]
br(v,8) = Fyoe[Kr(v+ Tw,v — (1 — T)w)] = Fo[T-(K;)]

We remark that when K, = f ® g, we have
b, = WZgT(fa g)
Let a,b € Ri, for a function f(z,¢) defined on R?? we define the periodization

Popf(@,8) = D Tanpi f(2,6) = Y f(x —ah,&—bk).

h,kEZ h,k€Z

(5.2)
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As proved in section 0.6, given two window functions g,~, the Gabor operator
formally defined as

Sgry 1 3(x) — Sgrd(@) =D (6, gnk)Vnk (@),
h,k

has Schwartz kernel

(5.3) Z Vit (2) g,k

where the sum converges in S’(R?).

Lemma 5.1. X
a) If v,g € L=(RY) N L2 (RY), with ¢ > d/2, then vy,g € M*.
b) If v,g € M*, then P, Wig-(v,9) € L>(R2%4), for any a,b > 0.

Proof. a) For ¢ > 0 consider the spaces L? (R?) which consists of the measur-
able functions f on R? for which the norm || f||z2, = (fga | f () |2 () 2(d+e) dg)1/2
is finite. Choosing 0 < ¢’ < ¢ — d/2, by an easy calculation we obtain ||.|[;2, <

, 1/2
[l Lo (f{x}Q(E -e) dm) and therefore L°(R?) < L2 /(R?). The conclusion fol-

lows now from the well-known fact that L2 (R%) N L2 (R?) < M (see e.g. [15],
Prop. 12.1.6).

b) If v,g € M, then Wig,(v,g) € W(R24), ( [15], Prop. 12.1.11), (which is
actually a characterization of M), and this in turn implies that the periodization
P, yWig.(7y,g) is in L°°(R??) ( [15], Lemma 6.1.2). O

Proposition 5.2. Consider v,g € M, then the T-symbol of the operator Sy .,
belong to L>(R%) and has the following expression

(LL' 5) abWZgT(PYﬂ )(‘T7§)

Proof. We notice at first that, from Lemma 5.1 b), the periodization P, , Wig, (7, g)
is in L>°(R2?). We show now the covariance property of the —Wigner transform.
For g,v € L?(R%), we have

Wigr (Y gnp)(@,€) = Wige (M Ty, MyThg)(z,§)
= Wigr(Thy, Thg)(x,§ — bk — (1 — 7)bk))
= Wig,(v,9)(x — (1 — 7)ah — Tah, & — bk)
= Wig, (v, g)(x — ah,& — bk).
Therefore Wig: (Ya ks gnk)(2,§) = Wigr (v, 9)(x — ah,§ — bk) for every T € [0,1].
By (5.3) the operator S, 4 has Schwartz kernel K(z,y) = 32, ;. vhk(2)gnk(y)
and by (5.2) its T-symbol is

br(2,8) = FelTr 320 x Vhk (@) g0 k(y)
= Zh k]:e[ (Y, k(T )gh,k(y))]
= Eh,k ng-r (7h7ka thc)(xa 6)
= Eh,k Wig. (7, g)(x — xh, & — b)
= a,bWigT (77 g) (1‘7 f)

O

Proposition 5.3. Lety € M and suppose that {y 1} is a Gabor frame in L?(R%),
then for a Gabor system {gn x} with g € M* the following are equivalent:

(@) {gnx} is a dual frame of {ynx},
(b) PupyWigr(v,9) =1 idendically on R2?.
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Proof. {gnr} is a dual frame of {7} if and only if the operator S, ., = Id.
From the injectivity of the correspondence between 7-symbols and operators and
by Proposition 5.2, this happens if and only if P, ;Wig,(v,¢9) = 1 idendically on
R24, U

The property above can be reformulated using more general representations in
the Cohen class, which is the set of time-frequency representations defined as qua-
dratic forms of the type

(5-4) @) — Qu(f)(=,8) = (0 x Wig(f))(z,w).

Here o(z,€) is the so-colled Cohen kernel (note that Wig(f) is obtained for
o = 0, the Dirac delta), see e.g. [3], [5], [15].

Clearly f(z) and o(z,§) must be chosen in functional (or distributional) spaces
such that the convolution in the time-frequency space R x Rg appearing in (5.4)
makes sense.

Proposition 5.4. In the same hypothesis of Proposition 5.3, suppose o € £ (R?4)U
LY(R?%) and F~1(1/5) € &'(R*)UL (R2?), where £ (R??) is the space of compactly
supported distributions on R*?. Then the following are equivalent:

(@) A{gnk} is a dual frame of {yn 1} modulo a multiplicative constant,
(b) PupQo(7,9) is constant on R

Proof. Let gp1 be multiple of a dual frame of +, , then by Proposition 5.3 with
T = 1/2 we have that P, ;Wig(y, g) is constant. As Q, = o * Wig(v, g) we have

PopQo(7:9) = 2 s Ttan,oky (0 * Wig(7, 9))
= 2k 0 * (Tansw Wig(1,9))
(55) =0 * Eh,k T(ah,bk)Wig(’Ya g)
=0 * P, Wig(y, 9)
=c
with ¢ = fR?d o(xz,w)drdw. We remark that the convolutions above make sense
either considering o € &'(R??) and the constant P, ,Wig(y,g) € E(R?*?) or o €
LY(R??) and P, ,;Wig(y,g) € L*°(R?%).
Viceversa suppose that (b) holds and consider the Weyl symbol by /5(z,§) =
P, yWig(7, g)(z,§) of the Gabor operator. We have from (5.5)

c=0%by

iLe. by = F L) = cF Y6 « FH(1/5) = ¢+ F1(1/5) = ¢/, which makes
sense as F~1(1/5) € &'(R??) U L' (R?9). This means that the Gabor operator is a
(multiple) of the identity and therefore (a) holds.

U

A simple example of Cohen kernel satisfying the hypothesis of the previous propo-
sition is the function o(x, &) = e~*1*I=Flél with a, 8 > 0. Actually

4a3
a? + 4n2w2) (B2 + dn2y?)

6—\((")7 y) = (

and

FA/E) e =F((5+%2) (5+222)) @)
= (30, — 50) (50— 50¢).
Therefore 1 (1/7) belongs to £'(R?) and we have
¢+ F~1(1/5) = constant.
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