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CONORMAL DISTRIBUTIONS IN THE SHUBIN
CALCULUS OF PSEUDODIFFERENTIAL OPERATORS

MARCO CAPPIELLO, RENE SCHULZ, AND PATRIK WAHLBERG

ABSTRACT. We characterize the Schwartz kernels of pseudodiffer-
ential operators of Shubin type by means of an FBI transform.
Based on this we introduce as a generalization a new class of
tempered distributions called Shubin conormal distributions. We
study their transformation behavior, normal forms and microlocal
properties.

0. INTRODUCTION

The theory of pseudodifferential operators has proven to be a pow-
erful tool in many disciplines of mathematics. The space of conormal
distributions was designed to contain the Schwartz kernels of pseudo-
differential operators with Hérmander symbols, see [6, Chapter 18.2].
Conormal distributions are the starting point for the theory of La-
grangian distributions and Fourier integral operators [6, Chapter 25],
but it has also been studied in itself to a great extent, and it is essential
in several theories, see e.g. [1,10]. A distribution u defined on a smooth
manifold is conormal with respect to a closed smooth submanifold if
Lu belongs to a certain Besov space locally for certain differential op-
erators L that depend on the submanifold.

For the well-studied pseudodifferential operators on R¢ with Shubin
symbols [17], we are not aware of a concept corresponding to conormal
distributions. In this paper we fill this gap by introducing a theory of
conormal distributions with respect to linear subspaces of R?, adapted
to Shubin operators. Recall that a Shubin symbol a € I']" of order
m € R satisfies the estimates

0207 a(x, )| < (1+ |z + €)™, (2,€) e RT x R, a, B € N,

where 0 < p < 1.

The key feature of the Shubin symbols that is difficult to describe
by the standard techniques is the inherent isotropy, in particular that
taking derivatives with respect to x increases the decay in &. The tool
that we employ to circumvent this issue is a version of the short-time
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2 M. CAPPIELLO, R. SCHULZ, AND P. WAHLBERG

Fourier transform, which is more suitable to isotropic symbols than the
standard Fourier transform on which the classical theory is based.

Our work may be seen as phase space analysis of Shubin conormality.
We extend Tataru’s characterization [18] of the Schwartz kernels of
pseudodifferential operators with m = p =0 to 0 < p < 1 and order
m € R. The behavior of the symbols with respect to derivatives and
the order is reflected in phase space.

Based on the characterization of the Schwartz kernels of Shubin
operators, we define conormal tempered distributions on R? with re-
spect to a linear subspace and an order m € R. To distinguish them
from Hormander’s notion of conormal distribution, we use the prefix
[-conormal. The Schwartz kernels of Shubin operators are thus identi-
cal to the I'-conormal distributions on R?? with respect to the diagonal
in R%?,

We prove functional properties of I'-conormal distributions and check
that they transform well under the Fourier transform and linear coordi-
nate transformations. We equip them with a topology such that these
operators become continuous. The present paper can be seen as a first
step in the direction of a phase space analysis for Lagrangian distri-
butions in the Shubin calculus which, as far as we know, does not yet
exist. This will be the subject of a forthcoming paper.

The paper is organized as follows: In Section 1 we introduce the
FBI-type integral transform on which our analysis is based and state
its basic properties. Section 2 contains a phase space characterization
of Shubin symbols in terms of the integral transform. In Section 3 we
transfer the characterization to the Schwartz kernels of the associated
class of global pseudodifferential operators. Along the way we give a
simple proof of the continuity of these operators on the associated scale
of Shubin—Sobolev modulation spaces. Finally in Section 4 we define
[-conormal distributions and discuss their functional and microlocal
properties.

1. AN INTEGRAL TRANSFORM OF FBI TYPE

In this section we introduce the tool for the definition of Shubin
conormal distributions, namely a variant of the FBI transform, and
discuss its main properties. First we fix some notation.

Basic notation. We use . (R?) and .%/(R?) for the Schwartz space of
rapidly decaying smooth functions and its dual the tempered distribu-
tions. We write (u,v) for the bilinear pairing between a test function
v and a distribution u and (u,v) = (u,v) for the sesquilinear pairing
as well as the L? scalar product if u,v € L?(R?).

We use T,u(z) = u(r — y) and Meu(z) = e @Su(z), where (-,-)
denotes the inner product on R?, for the operation of translation by
y € R% and modulation by & € RY, respectively, applied to functions or
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distributions. For x € R? we write (z) = /1 + |z|2. Peetre’s inequality
is

(1.1) (x +19)* < Cylz)* (y)l r,ycRY seR, C,>0.

We write dz for the dual Lebesgue measure (27r)~%dx. The notation

f(z) < g(x) means that f(x) < Cg(x) for some C' > 0, for all z in the

domain of f and g. If f(z) < g(x) < f(z) then we write f(z) < g(z).
The Fourier transform is normalized for f € .%(R?) as

~

FHEO =1 =@m)™" | fle)e™ da

which makes it unitary on L?*(R?). The partial Fourier transform with
respect to a vector variable indexed by j is denoted .%#;. For 1 < j < d
we use D; = —10; and extend to multi-indices.

The orthogonal projection on a linear subspace Y C R? is my. We
denote by My, x4, (R) the space of d; x dy matrices with real entries,
by GL(d,R) the group of invertible elements of Mgy 4(R), and by O(d)
the subgroup of orthogonal matrices in GL(d,R). The real symplectic
group [4] is denoted Sp(d, R) and is defined as the matrices in GL(2d, R)
that leaves invariant the canonical symplectic form on T*R%

o((2,€), (¢, €)) = (@,€) — (x,€), (2,6, (&) e T'R".

For a function f on R? and A € GL(d, R) we denote the pullback by
A*f = foA. The determinant of A € Mgyq(R) is |A|, the transpose is
Al and the inverse of the transpose is A~.

An integral transform of FBI type.

Definition 1.1. Let u € .%/(R?) and let g € . (R%)\ {0} be a window
function. Then the transform Tyu : R* — C is

(1.2) Tou(z, &) = (27r)_d/2(u,T$Mgg), z, & € R

If u e (R then T,u € . (R?*?) [5, Theorem 11.2.5]. The adjoint
T, is (T;U, f) = (U, T,f) for U € &'(R*) and f € .#(RY). When U
is a polynomially bounded measurable function we write

'ﬁwwz@m%”/ U, €) Ty Meg(y) da de

R2d
where the integral is defined weakly so that (7, U, f) = (U, Tyf)r> for
fe S (RY).
Remark 1.2. For u € .7 (R%) we have
Toule,§) = (20) 2 [ u()e 029 GG =2 dy = 09 F (W L) (©)
Rd

The standard, L?-normalized Gaussian window function on R? is
denoted ¥y (z) = a-e—2?/2,
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Proposition 1.3. [5, Theorem 11.2.3] Let u € #/(RY) and g €
S (R%)\ 0. Then T;u € C*(R?*¥) and there exists N € N that does not
depend on ¢ such that

(13) Toule, &) <A@ )Y, (x,6) € B
We have u € .%(R%) if and only if for any N € N
(1.4) | Tgu(z, I S (2, €))7, (2,€) € R*.

Remark 1.4. (Relation to other integral transforms.) The transform 7,
is related to the short-time Fourier transform (cf. [5])

Vgu(x7€> = (271-)761/2(“: MéTxg)a z,§ € Rda

(for the Gaussian window g = 1)y also known as the Gabor transform)
via

Tou(z, &) = em’g)Vgu(x, £).

For the standard Gaussian window (1.2) may be expressed as
(1.5)

Toou(z,€) = (2m)~42e="F (u s o)z — i€) = Bu(x — i€) e~ (=2,
where B stands for the Bargmann transform [5].

We have for two different windows g, h € .7 (R%)
(1.6) TiTou= (h,g)u,  ue S (RY),

and consequently, ||g|| 37 T;u = u for g € (R \ 0 [5]. If (h,g) # 0
the inversion formula (1.6) can be written as

(u, /) = (hg) (Tpu. Tuf), we SR, feS R

Two important features of 7, which distinguishes it from the short-
time Fourier transform are the following differential identities.

(L7) 0 Tu(x,8) = Ty(0"u)(w,€),  a €N,
(L8) D{Tyu(x,€) = Typu(x,&),  BEN,  gs(z) = (~2)7g(x).

As described in [5] for the short time Fourier transform, (1.6) may
be used to estimate the behavior of 7, under a change of window. The
following version of this result takes derivatives into account:

Lemma 1.5. Letu € .7/ (RY) and let f, g, h € S (R\O satisfy (h, g) #
0. Then for all o, 3 € N¢ and (x,€) € R*?

(L9) (970 Trulx, )| < (2m)*2|(h, )| 1105 Tyul * |T3,hl(z, €).
Proof. We obtain from (1.6)
(1.10) Tru= (h,g) " T; T Tyu.
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We may express T¢7," T u as
Ti Ty Tgu(w, €) = (2m) ™2 (Tyu, Tu(To Mc f))

=) [ Tyulyn) (TMh T Me )y
= (2m) /2 /R 5 eI Ty, n) Trh(z — y, & —n) dydny

= (27T)‘d/2/ W Tou(x —y,n) Trh(y, & —n) dy dn.
RZd
Combining (1.7), (1.8) and (1.10) yields
a;;pffrfu(x,g)

= (27)"2(h, g)7* / e ONT uy,n) Tr,h(z — y, & — n) dydn.

R2d
Taking absolute value gives (1.9). O

1.1. Transformation under shifts and symplectic matrices. A
pseudodifferential operator in the Weyl quantization is for f € 7 (R?)
defined as

(L11)  a¥(x. D)f(x) = / F V0 (2 +)/2,€) () dE dy

R2d
where a is the Weyl symbol. We will later use Shubin symbols, but
for now it suffices to note that the Weyl quantization extends by the
Schwartz kernel theorem to a € .%/(R??), and then gives rise to a
continuous linear operator from .7 (R%) to .7/ (RY).

The Schwartz kernel of the operator a*(z, D) is

(1.12) Ko(z,y) = / 9a (o +y)/2,) dg

interpreted as a partial inverse Fourier transform in .#/(R??) when
a € . (R*).

The metaplectic representation [4,19] works as follows. To each sym-
plectic matrix x € Sp(d, R) is associated an operator p(x) that is uni-
tary on L?(R?), and determined up to a complex factor of modulus
one, such that

(1.13) () 'a¥(z, D) p(x) = (a0 x)"(z,D), ae S (R*)

(cf. [4,6]). The operator p(x) is a homeomorphism on .# and on .7’
The metaplectic representation is the mapping Sp(d, R) 3 x — pu(x).
It is in fact a representation of the so called 2-fold covering group of
Sp(d,R), which is called the metaplectic group.
In Table 1 we list the generators x of the symplectic group, the
corresponding unitary operators y () on v € L?, and the corresponding
transformation on T,u, cf. [3]. We also list the correspondence for phase
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shift operators. Here xg,& € RY, A € GL(d,R), B € My 4(R) with
B = B'.
TABLE 1. The metaplectic representation

Transformation Action on:
(z,€) € T"R?
u € L?(R?)
Tyu(,§) € L*(R*)
(A7lz, A%E)
Coordinate change | A2 A
A 2Ty gu( Az, A1)
(&, —=)
Rotation 7/2 Fu
e T 51 u(—¢, 1)
(z,€ + Bx)
Shearing e2(®B)y ()
e%@’B@'EBu(x,f — Br)
(x + o, &+ &)
Shift Ty Meyu
ei(foyx—m)'];u(x — x9,& — &)

The proofs of the claims in Table 1 are collected in the following
lemmas.

Lemma 1.6. Let u € &'(R?) and g € /(R \ 0. If (x0,&) € T*R?,
A € GL(d,R), B € Mgxa(R) is symmetric, v(z) = e2®Pu(z) and
g5(y) = e 2WPg(y), then for (z,€) € T"RY
E(TxoMfou)(xa 6) = ei({o,x—x())Eu(x - anf - 60)7
T, (A2 A ) (2, €) = |A| V2 Ty gu( Az, A7),
Too(x,€) = e3P, u(z, & — Br).

Proof. The first and the fourth entry of Table 1 are immediate con-
sequences of Definition 1.1. For the third identity, assume first u €
< (RY). Then

Tov(x, &) = (27T)d/2/ 9(y — ) €%<y,By>u(y)ei<xfy,§> dy

R4

— (QW)—d/QG%(w,BQP) /d g(y — (I;) e—%(y—aaB(y—r))u(y)ei(ﬂb‘—y,ﬁ—Bl’) dry
R

= e%<I’B”>7;Bu(x,£ — Bz).
The formula extends to u € ' (R%). O
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Finally we prove the claim for “Rotation 7/2” in Table 1. For later
use, we prefer to show a more general result for a possibly partial
Fourier transform.

Lemma 1.7. Ifu € %'(R%), 0 < n < d and v = (v1,75) € RY,
7, € R", 25 € RT™, then

7;“($1a Ta, gla 52) = ei<z27£2>7ﬂ-_¢2992u(x17 £2a gla _$2)'
Proof.

T o Fou(a, €0, &1, — )
= "2 (91~ Y2(Fyu, Ty, e Me, 2y F29)
= @282 ()2 (4, Ty T, 6y Me, 0y Fag)
= (27r)_d/2(u,TxlmM&@g).

O
Remark 1.8. The extreme cases n = 0 and n = d represent %y = %
(the full Fourier transform) and the trivial case .%; = I (the identity),
respectively.

We observe that up to certain phase factors, changes of windows
and sign conventions, the “Action on Tyu(z,§)” reflects the inversion
of “Action on T*R% in Table 1.

2. CHARACTERIZATION OF SHUBIN SYMBOLS

We first recall the definition of Shubin’s class of global symbols for
pseudodifferential operators [17].

Definition 2.1. We say that a € C°°(R?) is a Shubin symbol of order
m € R and parameter 0 < p < 1, denoted a € I'}'(R), if there exist
C\,, > 0 such that

(2.1) 0%(2)] < Culz)™ Pl aeNY, zeRY

I (R?) is a Fréchet space equipped with the seminorms pjy;(a) of best
possible constants C,, in (2.1) maximized over |a| < M, M € N. We
denote I'™(R?) = I'"*(RY).

Obviously I'7"(R?) C .&/(R?) so Proposition 1.3 already gives some
information on Tya when a € I')*(R?). The following result, which is a
chief tool in the paper, gives characterizations of T,a for a € F?(Rd).

Proposition 2.2. Suppose a € 7' (RY). Then a € F?(Rd) if and only
if for one (and equivalently all) g € . (R%)\ 0
(2.2)

050 Ta(a, ) S (@)™l )™, N>0, a,BeN’, zeR’,



8 M. CAPPIELLO, R. SCHULZ, AND P. WAHLBERG

or equivalently
(2.3)
09 Tga(z, &) S (@)™, N20, aeN, z¢eR.

Proof. Let a € F;”(Rd), let g € L(RY)\ 0 and let a, 3,7 € N? be
arbitrary. We seek to show

€950, Tya(z, €)| S ()™,

To that end we use (1.7) and (1.8), integrate by parts and estimate
using (1.1) and the fact that g € .%

€020, Tya(x, )| = |£7T,,(0%a) (x,€)|

= n 2| [ (@07 ) gl orala +) ay

<
-l

S Z (Z) e ‘8"/—“95@” <I‘ + y>m—p|o¢+,{‘dy

KLY

St (7) [ ot )y

Ky

< <x>mfp|al_

d, [M@aa(:c + y)} dy

5 (D)oo

K

dy

KLY

This implies (2.2) and as a special case (2.3).

Conversely, suppose that (2.3) holds for a € .#/(R?) for some g €
S (R4 \ 0, which is a weaker assumption than (2.2). We obtain from
(1.6) that a is given by

a(y) = lgllz2 T, Tya(y)
= llgll 3 (27T)‘d/2/ Tya(z, €) eV g(y — z) da dé
RQd

which is an absolutely convergent integral due to (2.3) and the fact that
g € Z(R%). We may differentiate under the integral, so integration by
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parts, (2.3) and (1.1) give for any o € N¢ and any y € R?

o0t = loll? )2 | [ Toa(e, )05 (02 gty ) and

R2d

= lgllz 2m)" 2| [ Tya(z,&) (=0,)" (e g(y — z)) da df’

R2d

~ gl ()| [ 0Tl 02 gty - ) g
RQ

= |lg|l ;2 (2m) =/ / 2 Taly — x,€) €47 g(z) dz dé“‘
R2d
5/ (y — a)" Pl ()~ g ()| da d€
RQd
S el [ (g7 (@)l fg(o)] dedg
R2d

< () ekl

Thus a € 7" (RY). O

Remark 2.3. It follows from the proof that the best possible constants
in (2.3) maximized over [a| < M yield seminorms py, y, M, N € N,
on I'*(R?) equivalent to pyy, M € N.

We will next reformulate the characterization of I'™(R?) in a more
geometric form.

Proposition 2.4. Let a € '(RY). Then a € I™(RY) if and only if
for one (and equivalently all) g € (R?)\ 0 and all N,k € N

(2.4) Ly -+ LiTya(e, €)| S (@)™, (2,6) € T'RY,
for any vector fields of the form L; = x;0,, where 1 < j,n < d,
i=1,...,k
Proof. We may write
Li--- L= Z caﬁxo‘ﬁﬁ, cap € R,
lor|=B8I<k

and all differential operators of this form are linear combinations of
products of the vector fields L;.

If a € I™(RY) then the estimates (2.3) hold for any g € .7 (R?) \ 0.
For N,k € N we have

L1 LiTya(z, Ol S ) (@)¥0f Ty, )]

laf=|BI<k
S @)
which confirms (2.4).
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Suppose on the other hand that the estimates (2.4) hold for some
g € Z(RH\0and N,k € N. Then for any o, 8 € N¢ such that |a| = |3
and N € N

|20 Tya(z, )] < (2)™(6)~".

This gives using |z|/?l < d#V2 max),— 5 [2°]
0 Tgale, &) S (o)™ PN, Ja| > 1, ¢ eR’

In order to prove (2.3), which is equivalent to a € T™(R?), it thus
remains to show that (§)V]0%T,a(x, £)| remains uniformly bounded for
|z| <1 and € € RY, for any N € N. For that we estimate

<§>N’857;a(x>€)’ = <§>N anﬁ(if)a%f*—aga(xvf)

a<p

SO [ Toega(z, €]

a<p

By Lemma 1.5 we have

[Toega(z, &)| < ( [T49] % | Tougg |) (2,€) < (2)™ (€)™Y

Sz)m (6~ M =4

where the last inequality follows by Peetre’s inequality (1.1) applied to
the convolution. Choosing M > |B| + N, we obtain

OV |02 Ta(r. O] S 1 for e <1, EERY
which proves the claim. U

Remark 2.5. The vector fields z;0,, play a role in spanning all vector
fields tangential to {0} x R? C T*R?, see [6, Lemma 18.2.5].

2.1. Classical symbols. An important subclass of the Shubin sym-
bols are those that admit a polyhomogeneous expansion, so called
classical symbols. A symbol a € T"™(R?) is called classical, denoted
a € IM(RY), if there are functions a,,_;, homogeneous of degree m — j
and smooth outside z =0, 7 = 0,1, ..., such that for any zero-excision

function! y we have for any N € N

N-1

a—x Z Ui € TV (RY).

J=0

By Euler’s relation for homogeneous functions, u is homogeneous of
degree m if and only if Ru = mu, where R is the radial vector field
Ra(z) = (x,Va(x)). Adapting the method of Joshi [9] gives the fol-
lowing characterization of classical Shubin symbols.

!This means a function of the form 1 — ¢ where ¢ € C2°(R?%) and ¢ = 1 near zero.
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Proposition 2.6. A symbol a € T™(R?) is classical if and only if for
all N € Ny

(R—m+N-1)(R-m+N-2)---(R—m)a € T NR?.

The transformation a — 7T,a does not preserve homogeneity. Never-
theless (1.7) and (1.8) give the relation

T, (Ra) (,€) = (x +iVe, Vo) Toa(z, €) =: RT,a(x, ).

Corollary 2.7. Let a € /'(R%) and g € Z(R?)\0. Then a € I'(R?)
of and only iof

(2.5)

@«é—m+N—n@—m+N—m (R —m)T, %)ﬂ

S ()™ N”@>M
for any M >0, N € Ny, a € N and (z,€) € T*R?.
Proof. By Proposition 2.6, a € I"}(R?) if and only if
(R—m+N-1)(R—m+N—-2)---(R—m)a cIT™NRY.

By Proposition 2.2 this holds if and only if for all o € N%, (z,¢) € R,
and M >0

02Ty (R=m+N-=1)(R-=m+N=2)---(R—m)a)(z,§)
S () Nlel(g) =M.

Y

This is equivalent to (2.5). O

3. CHARACTERIZATION OF PSEUDODIFFERENTIAL OPERATORS

When a € T'(R?*) the pseudodifferential operator a*(z, D) is con-

tinuous on .%(R?), and extends to a continuous operator on .#’(R?)
[17]. The formulas (1.11) and (1.12) can be interpreted as oscillatory
integrals if 0 < p < 1.

Lemma 3.1. Let a € T/(R*) and g € & (R**)\ 0. Then, for (z,() =
(Zlv 225 Clv C?) € T*R2d7

(3.1) TyKa(2,)
:@ﬂﬂmﬁﬂ(“+226_({ﬁ+fm@—zo R,

)
where h = Fy(go k), k(z,y) = (x +y/2,7 —y/2) and x,y € R
Proof. The statement (3.1) can be rephrased as
T,K, 21—97214‘@@ C —C + (2
2 2
= (277)_(1/2771@ (21, (13 Go, 22) €072,
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for all (21, 22;¢1,G) € T*R?*. We have K, = (21)"%%(%; " a) o k!
which gives
Z2 22 G G
Ka a0 ) 5 Py
Ty (2’1 2Z1+2C1+2 €1+2)
3.2 _ —3d/2 —1 -1
( ) = (27‘[‘) / ((ﬁé a)om ’T21*%,21+%2M§1+%2,—§1+%2g)
= (27T)—3d/2<(l, tgé(Tzl_%szl"'%MClJr%,*ClJr%g o l{))
We calculate
(271-)d/2’g.2(1“’z1*272,21+272 C1+%27_C1+%29 ° H) (y7 77)
- /Rd Tz mrz Mg 906y, u)e” " du

_l/ GO+ Ryt s —mt RO+ Gyt aF)—(um)
R4

u z u Vs
xg<y+——zl+—2,y———z1——2>du

2 2 2 2
_ i1z Coy—21)) —i(un—C1) ( w_ 2, v é) d
e Af gy+2 m+2w 5 TAT 5 )du
— iC22) giCoy—21) / e*i@*ZWI*Cl)g <y — o+ E’ y— 2z — E) du
]Rd 2 2

= (2m) Y2122 i(C2y—21)H 22 m=C0) 22, (g o k) (y — 21,1 — (1)
= 2m)"2e 2T, Mo, 2, Fa(g 0 1) (y,m).
Insertion into (3.2) gives the claimed conclusion. 0
Definition 3.2. For u € .%/(R*) and g € .(R?*!) \ 0 we denote
T u(z1, 22, G, G) = e HOCnTEIT (2 2, (1, G)
for (21,22, C1, Go) € T*R*.

As a consequence of Proposition 2.2 we obtain the following charac-
terization of the Schwartz kernels of Weyl quantized Shubin operators.

Proposition 3.3. Let K € .%'(R*). Then K is the Schwartz kernel
of an operator of the form (1.11) with a € FZ‘(]RM) if and only if for
all a, 3 € NY and N € N and any g € . (R*?) \ 0 we have

(02 + 02,)"(0c, — 0e,) " TLAK (21, 22, G, ()|
(3.3) S (a1 + 22, G = QYN (2 — 20, G+ Q)T
(21, 22; 1, Go) € TR

Remark 3.4. Corresponding to Proposition 2.4, we may rephrase the
estimates (3.3) for '™ (R??) as

1Ly LeTRK (21, 22, G, )| S (122, G — G)) ™ (21— 22, G+ () 7Y,
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where L; are differential operators of the form
L= (Zld + ZQ»j)(azl,n + 622,77,)’ L; = (ZlJ + ZQ,j)(aCLn - aCQ,n)>
L, = (Cl,j - §2,j)(821,n + azz,n>7 or L; = (Cl,j - C2,j)<8C1,n - 8C2,n)
for1<jn<dand 1 <7< k.

Proposition 3.3 may be phrased in terms of the Schwartz kernel
K7,aw(e,0)7 Of the operator Tya®(z, D)T;* for a € T (R*). Let u,v €
Z(R?) and g, h € .Z(R%) \ 0. On the one hand

(a"(z, D)u,v) = [l 212l 2 (Tya® (x, D)Ty (Thw), Tyv)
= llgll 22 12 22 (K700 w.0y7, Tqv © Th)
and on the other hand

(a"(z, D)u,v) = (Ka,v @7) = |9l 2RI (Tyen ke Tyen(v @ 0))-
Since

(Tqv ® Thu) (21,1, 22, C2) = 7;®E(U ® ) (21, 22, G, —C2)
this proves the formula
(3.4) Kr,a0(e.0)77 (21, G,y 22, —C2) = Ty Ka(21, 22, (1, C2)-

In view of the last identity and Proposition 3.3 we have the following
result. Tataru [18, Theorem 1] obtained a version of this characteriza-
tion in the special case I'), and o = 3 = 0.

Corollary 3.5. We have a € FT(RQd) if and only if for all o, B € N¢
and N € N and any g, h € . (R?*¥)\ 0

(3.5)
(8z1 + 822)01@(1 — a{g)'g <€7%<Z]‘7Z2’<17<2>Kan(:E,D)ﬁ:‘ (Zl, Cla 22, —<2)> ’
S (222, =)™ PN (21—, G4 G)) T, (21,225 G, () € TR

3.1. Continuity in Shubin—Sobolev spaces. As an application of

the previous characterization we give a simple proof of continuity of

Shubin pseudodifferential operators in isotropic Sobolev spaces. The

Shubin-Sobolev spaces Q*(R?), s € R, introduced by Shubin [17] (cf.

[5,12]) can be defined as the modulation space M2?(R?), that is
Q*RY) = {ue S (RY) : ()*Tyu € L*(R*)}

where g € .Z(R9) \ 0 is fixed and arbitrary, with norm

[ullgs = [1{:)"Tgull 2 geay -
The characterization of Shubin pseudodifferential operators given in
Proposition 3.3 yields a simple proof of their Q*-continuity, cf. [18].

Proposition 3.6. Ifa € I'7'(R??) then a®(x, D) : Q*T™(R?) — Q*(R?)

15 continuous for all s € R.



14 M. CAPPIELLO, R. SCHULZ, AND P. WAHLBERG
Proof. Set A = a“(z, D). We have for u € Q*t"(R?)

o = sup |(Au,v)| = sup |(K7'woA7'* Too? @ Ty

vEQR ™S vEQR ™S
= s ()" ® ()7 Kz, (7 T © 07 Tl
veR™?® R

—
€L2(R2d) €L2(R24)

It remains to show that
(3.6) ((21, )" ((22, C2)) " " Koy amy (21, G, 22, Ga)

is the Schwartz kernel of a continuous operator on L?(IR??).
First we deduce from (3.4), Proposition 3.3 and (1.1) the estimate
for any N € N

((21,G))" (22, ) " Ky a7z (21, G 22, G|
= (21, Q)" ((22, C2)) " " Tyo Ka(21, 22, 1, —(2)|
S (21, )% (22, G2)) ™ (21 + 22, G+ o)) ™ (21 = 22, G — G2))
S (22, G)) ™ (21, G) (22, )™ (21, 1) = (22, )Y

S {(21,G1) = (22, Q)Y

Then we apply Schur’s test which gives, for N > 0 sufficiently large,

[ G160 ) o, (21,1202

/de

This implies that (3.6) is the Schwartz kernel of an operator that is
continuous on L?(R?). d

—~

\/\/\/

dz; d¢ 5 1

((21, )" (22, ) ™" Koy amy (21, G122, Go) | dzadGa S 1.

4. I'-CONORMAL DISTRIBUTIONS

The kernels of pseudodifferential operators with Hormander symbols
are prototypes of conormal distributions, see [6, Chapter 18.2]. We
introduce an analogous notion in the Shubin calculus. Before giving a
precise definition we make some observations to clarify our idea.

Proposition 3.3 may be rephrased using the diagonal and the antidi-
agonal

A ={(z,z) € R*: z € R}, At = {(v,—7) e R*: z € R%}
considered as linear subspaces of R??. Denoting Euclidean distance to

a subset V' by dist(-, V') we have

. . ‘33' - y\ 2d
d x A) = inf |(z x cR

and dist((2,y), A*)) = |z +y|/V2 for (z,y) € R*.
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The inequalities (3.3) can thus be expressed, for (z,£) € T*R?? as
Ly LT K, )] S (14 dist((2,€), N(A1) "
x (1 + dist((z, ), N(A) ™,

where N(A) = A x At C T*R*? and N(At) = A+ x A C T*R*
denote the conormal spaces of A and At respectively, and

(4.2) Lj=(bj,Vaie)

is a first order differential operator with constant coefficients such that
bje N(A),j=1,2,...,kand k, N ¢ N.

Observe that in (4.1) we may substitute N(A*1) by any linear sub-
space transversal to N(A), that is any vector subspace V' C T*R? such
that T*R?? = N(A) @ V. Note also that

%@1 — 23,6 — &) = (marz, §).

In the following we generalize (4.1) by replacing the diagonal A by
a general linear subspace, and the dimension 2d is replaced by d. For

simplicity of notation we work with p = 1 but this can be generalized
to0<p< L.

Definition 4.1. Suppose Y C R? is an n-dimensional linear subspace,
0<n<d let NY)=Y x Y+ and let V C T*R? be a d-dimensional
linear subspace such that N(Y) @V = T*R?%. Then u € '(RY) is
[-conormal to Y of degree m € R, denoted u € I[*(R?Y), if for some
g € .Z(R%\ 0 and for any k, N € N we have

(4.1)

(4.3)

Ly LT ul, €)| S (1 + dist((x, €), V)™ (1 + dist((z, £), N(Y))) ™,
(z,€) € T'RY,

where

T ul,€) = e Tou(,€), (x,€) € TR,
and L;, 7 = 1,...,k, are first order differential operators defined by
(4.2) with b; € N(Y).

For a fixed g € .\ 0 we equip I[*(R4,Y) with a topology using
seminorms defined as the best possible constants in (4.3) for N, M € N
fixed, maximized over k < M and all combinations of b; € N(Y)
belonging to a fixed and arbitary basis.

As observed, the definition is independent of the linear subspace
V as long as N(Y) @V = T*R? and often it is convenient to use
V = NY)t = N(Yt). We will also see that the definition and the
topology does not depend on g € .7 (R%) \ 0 (see Corollary 4.8).

If we pick coordinates such that Y = R" x {0} C R¢ then

N(Y) = {(21,0,0,&) : z; € R", & € R} C T'RY,
NY*) ={(0,22,£,0) : z2 € RT™" & € R"} C T*R
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We split variables as @ = (z1,79) € RY 17 € R", 25 € RE ™. The
inequalities (4.3) reduce to

(44) 102,07, (e Tu(w, €)) | S (w1, &)™ (e, €))7
for a« € N, 3 € N and N € N.
Example 4.2. By Proposition 3.3 and (4.1) we have

IMR* A) = {K, € ' (R*) : a € I™(R*)}.

Example 4.3. Write x = (21, 22), 1 € R, 25 € R and consider
u=1®d € (R with 1 € #/(R") and &, € ./(R¥™). The distri-
bution wu is a prototypical example of a distribution I'-conormal (and
also conormal in the standard sense of [6, Chapter 18.2]) to the subspace
R"™ x {0}. It is a Gaussian distribution in the sense of Hormander [§]
(cf. [13]). A computation yields

Tyou(, €) = (2m) 3
so the inequalities (4.4) are satisfied for m = 0. In particular §(R?) €
Ip(R?, {0}).

Next we characterize the conormal distributions of which the latter
example is a particular case. Again we denote x = (11,25) € RY,
X € R”, To € R4,

Lemma 4.4. Ifu € ' (R?) and 0 < n < d then u € IF*(RY,R™ x {0})
if and only if

n

4 pil@2,62) o3 (o2 6 )

u(z) = (277)(d”)/2/ @20 q(z,,0) do

Rd—n

for some a € T™(R?), that is u = .F, ‘a.
Proof. Let g € #(R%)\ 0. By Lemma 1.7 we have
Tou(x1, 22,1, &2) = €i<x2’§2>7j%g<g52u(xh &2, &1, —2).

Set a = Fou € ' (RY). Proposition 2.2 implies that a € T (R?) if and
only if the estimate (4.4) hold for all for « € N*, 3 € N*™" and N € N.
By Definition 4.1 this happens exactly when u € I"(R? R" x {0}). O

The extreme cases n = 0 and n = d yield
Corollary 4.5. I'(R4,{0}) = ZT™(RY) and IF*(RY, RY) = "™(RY).
The proof of Lemma 4.4 gives the following byproduct.

Corollary 4.6. The topology on IF(RY, R™ x {0}) does not depend on
g.

The next result treats how I'-conormal distributions behave under
orthogonal coordinate transformations.
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Lemma 4.7. If Y C R? is an n-dimensional linear subspace, 0 < n <
d, and B € O(d) then B* : (R4, Y) — I™(R?, BYY') is a homeomor-
phism.

Proof. Let g € #(R%)\ 0. We have
Ty(B*u)(z,§) = Thu(Bz, BE)

where h = (B')*g € .#(R%). From this and mpiyy = B'my. B we
obtain
7,27 (B u)(,€) = T u(Bu, BE)

g
so B*u € I™(RY, BYY) follows from Definition 4.1, N(B'Y) = B'Y x
B'Y+ and

dist((Bx, BE), N(Y)) = dist((z, &), N(B'Y)), (z,¢€) € T*RY

It also follows that the map v — B*u is continuous from I/*(R?Y) to
I (RY, B'Y') when the topologies for I7*(R%,Y) and I[*(RY, B'Y) are
defined by means of h € . and g € ., respectively. O

If we combine Lemma 4.7 with Corollary 4.6 then we obtain the
following generalization of the latter result.

Corollary 4.8. If Y C R? is an n-dimensional linear subspace, 0 <
n < d, then the topology on IF(RYY) does not depend on g.

We can also extract the following generalization of Lemma 4.4 from
Lemma 4.7.

Proposition 4.9. Let 0 < n < d and let Y C R? be an n-dimensional
linear subspace. Then u € '(R?) satisfies u € IT(RY,Y) if and only
if

(4.5) u(z) = / e M320) o (Mtz, ) df
Rd—n

for some a € T™(R?), where M, € Max (@-n)(R) and M; € Mayn(R)
are matrices such that Y = Ker M4 and U = [M; M) € GL(d, R).

Proof. If uw € IP(R4,Y) then we can pick U = [M; M,] € O(d)
where M; € Mgy, (R) and My € Mgy (a—n)(R) such that ¥ = Ker M},
which implies that U'Y = R™ x {0}. By Lemma 4.7 we have U*u €
(R4 R"™ x {0}), and (4.5) with a € I"™(R?) is then a consequence of
Lemma 4.4.

Suppose on the other hand that (4.5) holds for a € I'(R?) and
U = [M; My] € GL(d,R). Set Y = Ker M., We may assume that
U = [M, My] € O(d), after modifying a € I"™(R?) by means of a
linear invertible coordinate transformation, which is permitted since
'™ is invariant under such transformations. By Lemma 4.4 we have
U*u € II(RY R" x {0}), and Lemma 4.7 then gives u € I[*(RY). O
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Since
IR =7 (RY)
meR
we have the following consequence.

Corollary 4.10. If0 < n < d and Y C R? is an n-dimensional linear

subspace then
S (RY) C IF'(RYY).

We also obtain a generalization of Lemma 4.7.

Corollary 4.11. If Y C R? is an n-dimensional linear subspace, 0 <
n < d, and B € GL(d,R) then B* : ["(R%Y) — I™(RY, B7YY) is a
homeomorphism.

Proof. By Proposition 4.9 we have u € IF(R? YY) if and only if B*u €
I (R4, B7YY). Tt remains to show that B* is continuous. By Lemma
4.7 we may replace Y with any n-dimensional linear subspace. Using
the singular value decomposition B = UXV*, where U,V € O(d) and
Y is diagonal with positive entries, the proof of the continuity of B*
reduces, again using Lemma 4.7, to a proof of the continuity of

¥ IR R x {0}) — IR R™ x {0}).

The latter continuity follows straightforwardly using the estimates (4.4).
O

By Lemma 1.7
Ty, €) = e Tgu(=¢, 2)
which gives
T ii(x, €) = O e Ty (e 2y = TYu(—¢, ).

Thus it follows from Definition 4.1 that .Z : II'(R4,Y) — IP(R4, Y4)
continuously.

Proposition 4.12. If Y C R? is an n-dimensional linear subspace,
0 < n < d, then the Fourier transform is a homeomorphism from
IM(REY) to IT(RE, YH).

Example 4.13. If u € [*(R¢,R" x {0}) then by Lemma 4.4 there
exists a € I'™(R?) such that

u(z) = (27?)(d")/2/ @29 q(z1,0) db.

Rd—n

(B, 0
B‘(o BJ

then the action of B can understood as an action on the symbol of w,

If B € GL(d,R) and

Bu(z) = (2m)~ (- / ¢ a( By, By'0)| Ba| ! 6.

Rd—n
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Remark 4.14. The estimates (4.3) in Definition 4.1 can be translated
to a geometric form, as in Remark 3.4 for Schwartz kernels of Shubin
operators. The result is

|y (2, €))* My v)0ae) T, ulz, §)|
< (1 +dist((z, ), V)™ (1 + dist((2, &), N(Y)) ™V,
for a, B € N*¢ such that |a| = ||, and N € N arbitrary.

Remark 4.15. Let X be a smooth manifold of dimension d and let
Y C X be a closed submanifold. Hormander’s conormal distributions
I'"(X,Y) with respect to Y of order m € R is by [6, Definition 18.2.6]
all u € D'(X) such that

Li...Lyue B," 74(X), keN,

2,00, loc
where L; are first order differential operators with coefficients tangen-
tial to Y, and where B, ™ %4

2,00, loc

Comparing this definition with the estimates defining I*(R%,Y’) in
Remark 4.14 we see that the fact that we are working with isotropic
symbol classes made it necessary to replace the local, Fourier-based
Besov spaces with a global, isotropic version based on the transform
Ty, resembling a modulation space.

We note that he submanifold Y is allowed to be nonlinear in I"™(X,Y’),
as opposed to the linear submanifold Y C R? we use in I'-conormal dis-
tributions I7*(R4,Y).

4.1. Microlocal properties of ['-conormal distributions. The wave
front set of a conormal distribution in I™(X,Y") is contained in the
conormal bundle of the submanifold Y [6, Lemma 25.1.2].

The wave front set adapted to the Shubin calculus is the Gabor
wave front set studied e.g. in [7,11,14-16], see also [2]. It can be
introduced using either pseudodifferential operators or the short-time
Fourier transform. In the latter definition one may replace V,u by T,u
since they are identical up to a factor of modulus one.

Definition 4.16. If u € %'(RY) and g € (R?) \ 0 then (z,&) €
T*R4\ 0 satisfies (zg,&) ¢ WFg(u) if there exists an open cone V C
T*R4\ 0 containing (z9,&), such that for any N € N there exists
Cygn > 0 such that |Tyu(z, &) < Cyyn{(z,€))" when (z,£) € V.

The definition does not depend on g € .7 (R%) \ 0. The Gabor wave
front set transforms well under the metaplectic operators discussed in
Section 1, cf. [7], that is

WFq(u(x)u) = x (WFg(u)), uwe . (R?), xeSp(d,R).

Proposition 4.17. Let Y C R? be an n-dimensional linear subspace,
0<n<d IfucI®(RLY) then

WEg(u) € N(Y).

(X) is a Besov space.
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Proof. Suppose (z,&) ¢ N(Y). This means (my 1z, my€) # 0,50 (x,§) €
V where the open conic set V C T*R? is defined by

V ={(z,6) e T*'R*: |(nyz,nyr&)| < C|(myrz, 7yé)|}
for some C' > 0. Using
(2, &)1 = |(myz, my ) * + [(my 12, 7y €)%,
dist(2,Y) = |7y, dist(z,Y?+) = |myz| and
dist?((z,£), N(Y)) = dist?(z, V) + dist?(£, Y1),
the result follows from Definition 4.1 (with trivial operators L;). O

Corollary 4.18. Ifa € T™(R*?) and a*(z, D) has Schwartz kernel K,
then

WFq(K,) C N(A) C T*R*.
It is well known that Shubin pseudodifferential operators are mi-

crolocal with respect to WFg, that is if a € T™(R??) and u € .7/(R?)
then

WFq(a®(x, D)u) C WFg(u),
see e.g. [7,16]. We show that they also preserve I'-conormality.

Proposition 4.19. Let Y C R? be an n-dimensional linear subspace,
0<n<d IfaelI™(R*) then a®(z, D) is continuous from I (R, Y)
to IM™ (R Y).

Proof. If a € ™ (R*) and U € O(d) then we have by symplectic
invariance of the Weyl calculus (1.13)

(UY*a®(z, D)U* = b"(x, D)

where b(z, &) = a(Ulz, U¢) € T™ (R??). By Lemma 4.7 we may there-
fore assume that Y = R™ x {0}. The symplectic invariance also guar-
antees that

Z; W (x, D).Fy = (2, D)

with c(z, &) = b(x1, &, &1, —x2) € T™ (R??) where 2 = (11, 75) € R,
z, € R", zy € R¥™. To prove a®(z, D)u € I™™ (R4 R™ x {0}) for
a € I (R*) and u € [*(R? R™ x {0}) is therefore by Lemma 4.4
equivalent to proving that a"(z, D)u € '™ (R?) for a € T™ (R?)
and u € I™(R?).

Let a € I (R??), u € I'"(R?) and set A = a®(x, D). By Proposition
2.2 it suffices to verify

105 Ty Aulz, €)| S ()" ™)™, (2,6) € TR,

for any N > 0 and o € N%.
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Let N > 0 and a € N%. Writing Ty, Au = (Ty, AT, ) Tu and using
(3.4) we are thus tasked with estimating 0% acting on
(4.6)

TooAu(w.€) = [ ToFulir .6 =) Tiguly. 1) dydl

- /RM e%(x y,&+m) 7—A Ka(z, 9,6, —1) %ou@,n) dydi.

The integral (4.6) converges due to the estimates
05 Ty, )| S ()" "M ™™, y,meRY, aeN, Nxo,
which follows from Proposition 2.2, and the estimates
(8 +8,)* T Kalw,y, & —n)| S (& +y, &+ )™ N (@ —y, & —m) ™7,
vy, & €RY, aeN, N0,

that are guaranteed by Proposition 3.3.

Writing 0,, = 0., + 9,, — 9,, for 1 < j < d and differentiating
under the integral in (4.6) we obtain by integration by parts for any
Ny, Ny 20

|07 Two Au(z, )|

—ZCB

i

(0.0, (47000 T, 0,06, -1)) 0 Toguty) dy

5<Oé RQd

- Zcﬂ / €%<x y&+) (856 + ay)ﬁ T%Ka(xay7§7 —77) 33_57:#0“(%77) dy dn‘
BLa R

<y / (0, + 0, T Ko, 3, €, —n) 2 Toyuly, m)| dydn,
fea

S Z/ (@41, E+m)™ (@ =y, & —n) ™™ ()1l N dy dn.
B<La

Finally we estimate
/de«x +y &)™ T (2 =y, & — )N (y)ymT Bl ) TN dy dy
_ /de<(2x 4y, 26+ )™ B (g, )Ny 4 2yl 4 ) Nedy dyy
S /de () =18 gy 181y 181 g B 181 )=V gy mela]
() mIH1e () N2 (VN

<x>m/+m—la| <§>|m/l+\o<|—Nz / <y>lm’\+\m\+2\a| (n) |m/|+]al+N2 {(y, n»—Nl dy dn

R2d
S (o)l ™,

AN
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provided Ny > Ny 4 2|m/| + |m| + 3|a| + 2d and Ny > N + |m/| + |a|
This proves

105 Ty Au(z,€)| < ()™ 19E) ™, (2,€) € T'R?

and as a by-product of these estimates we obtain the claimed continuity.
OJ

Remark 4.20. The proof shows that the result can be generalized. If
a € I'(R*) and u € I{",(R?,Y) then a*(z, D)u € I;";™ (R Y), for
0 < p < 1. Here I",(R?Y) is defined as in Definition 4.1 with the
modified estimate

(1 4 dist((x,€), V)™ " (1 + dist((x, &), N(Y))) ™V
in (4.3).

Since Proposition 4.19 shows how ['-conormality is preserved under
the action of a pseudodifferential operator, we obtain the following
result on conormal elliptic regularity:

Corollary 4.21 (Conormal elliptic regularity). Suppose u € .&'(R?)
solves the pseudodifferential equation a*(z, D)u = f with f € (R Y)
where a € T™ (R??) is globally elliptic, that is satisfying

(4.7) la(z, )] = C{(z, )™, |, >R
for C,R>0. Thenu e I™™ (R Y).

Proof. Under condition (4.7), a*(x, D) admits a parametrix p*(z, D)
with p € T™™ and p*(z, D)a®(z, D) = I + R, where R is continuous
" — . [17]. Then u = p*(z, D) f — Ru and hence u € I"™™ (R, Y).

U
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