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1 Introduction

It is remarkable that in certain situations the path integral of an interacting supersym-
metric field theory can be reduced to the computation of one-loop determinants, using
the idea of localization [1]. Employing this method, the partition function Z of N’ =1
supersymmetric gauge theories with an R-symmetry, defined on a Hopf surface S' x Ms,
with periodic boundary conditions for the fermions on S*, has been computed in [2]. This
is proportional [3] to the supersymmetric index [4]

Z(B) = Tr(—1)Fe PHsusy (1.1)

where F'is the fermion number and Hg,gy, is the Hamiltonian generating translations on
S1, and commuting with at least one supercharge @, which exists on the manifold S' x Ms.
Here the trace is over the Hilbert space of states on Ms. Although this index can be refined
introducing additional fugacities, associated to other conserved charges commuting with
@, below we consider the simplest case with only one fugacity (3, proportional to the radius
of the S'.



In analogy with the standard path integral definition of the vacuum energy of a field
theory, from the localized partition function Z, one can define a quantity dubbed super-
symmetric Casimir energy [2, 5] as

. d
Egsy = —[}i)n;oﬁlogZ . (1.2)
In [2] this was shown to be given by a linear combination of the central charges a and c of
the supersymmetric theory, which in the simplest case reads

gy — %(a +3¢). (1.3)
In two dimensions, the fact that the Casimir energy is proportional to the unique central
charge ¢ has been known for long time [6], and attempts to generalize this result to higher
dimensions have been discussed in several places [7-9]. The usual strategy consists in
relating the expectation value (Ty;) of the energy-momentum tensor to its anomalous trace
(T}'). However, this approach has some limitations. First of all, the resulting Casimir
energy is ambiguous, with the ambiguities being related to the ambiguities in the trace
anomaly. Moreover, previous results focussed on the case of conformally flat geometries.!
Finally, in a generic background with non-dynamical fields, the energy-momentum tensor
is not conserved, even classically.

One may be concerned that the definition (1.2) leads to an ambiguous result, due to the
existence of local counterterms, that can shift arbitrarily the value of log Z. However, it has
been shown in [10] that in the context of new minimal supergravity [11], on S x M3 all the
possible supersymmetric counterterms vanish, strongly suggesting that the supersymmetric
Casimir energy is not ambiguous. Thus, for supersymmetric theories, we regard (1.3) as
a natural generalization of the results [6] in two dimensions. Notice that this is an exact
result, thus valid for any value of the coupling constants. For example, it is insensitive to
the superpotential of the theory.

The linear combination of central charges a, ¢ in (1.3) had previously appeared in [12],
in the context of studies of the supersymmetric index. Recent papers exploring relations
of the central charges a, ¢ with the supersymmetric index include [13-15].

In this note we investigate further the supersymmetric Casimir energy. In particular,
we show that it coincides with the vacuum expectation value (vev) of the Hamiltonian
Hyg,sy, appearing in the definition of the supersymmetric index

<Hsusy> = Esusy ) (14)

computed using zeta function regularization.
Since the results (1.3) and (1.4) are also valid at weak (or zero) coupling, one may
compare these with the Casimir energy in free supersymmetric field theories, computed

"While here we also restrict ourselves to a round metric on S®, the methods we use do not rely on
conformal invariance and can be extended to the more general definition of the supersymmetric Casimir
energy on a Hopf surface [2].



using zeta function techniques. In particular, for a free theory of N, vector multiplets and
N, chiral multiplets, this reads [7, 16]

Efee = <Hfree> = ﬁ (21Nv + 5Nx) . (1'5)
This is the free field value of the Casimir energy of N, conformally coupled complex
scalar fields, N, + N, Weyl spinors, and N, Abelian gauge fields, and does not agree
with (1.4) [2, 5]. See e.g. [17] for a concise derivation. Working in the framework of rigid new
minimal supergravity, we will consider the canonical Hamiltonian H of a multi-parameter
family of supersymmetric theories defined on the round R x S? or its compactification to
S x §3. We will show that this interpolates continuously between Hgusy and Hiee, thus
resolving the apparent tension between (1.4) and (1.5). Generically, the Hamiltonian is
not a BPS quantity, and we find that its vev, computed using zeta function regularization,
cannot be expressed as a linear combination of the anomaly coefficients a, c.

The rest of this note is organized as follows. In section 2 we introduce the back-
ground geometries and the field theories. In section 3 we reconsider the computation of
the supersymmetric Casimir energy from its path integral definition. Section 4 contains
the main results of this note. We examine the field theories in the canonical formalism and
derive (1.4). Our conclusions are presented in section 5. Three appendices are included.
In appendix A we collect details of the relevant spherical harmonics on the three-sphere.
Appendix B contains the definition and some useful properties of the Hurwitz zeta func-
tion. In appendix C we write expressions for the energy-momentum tensor and other useful

formulas.

2 Supersymmetric field theories

In this section we present the background geometry, that we view as a solution to the rigid
limit of new supergravity and then introduce the relevant supersymmetric Lagrangians.
We follow verbatim the notation of [2], to which we refer for more details.

2.1 Background geometry

We begin with the background in Euclidean signature, discussing the differences in
Lorentzian signature later. We consider a background comprising the following metric

ds?(St x §3) = r?dr? + ds*(S?)

2
= r2dr? + %3 (d92 + sin #2dp? + (ds + cos Hdgo)Q) , (2.1)

where 7 is a coordinate on S! and 6, ¢,¢ with 0 < 0 < 7,0 ~ @ + 27,5 ~ ¢ + 47 are

2

coordinates on a round three-sphere. We note the Ricci scalar of this metric is given

2For r1 = 1 and 73 = 2 this metric and the other background fields can be obtained specializing the
background discussed in appendix C of [2] to v =1, by = —b2 = 1/2. Below we will set 71 = 1 and r3 = 2,
but these can be easily restored by dimensional analysis.



by R = 6/r%, which is the same as the Ricci scalar of the 3d metric. We introduce the

following orthonormal frame?

ol — %3 (coscdf + sin fsincdy) ,

o2 — %3 (—sin¢df + sin @ cos ¢dyp) ,

e = %3 (ds + cosOdy) ,

i e, (2.2)

2

which corresponds to a left-invariant frame {e!,e? €3} on S%. We will consider a class of

backgrounds admitting a solution to the new minimal supersymmetry equation
(Vy—iA, +iV, +iVY0u,) (¢ = 0, (2.3)

with the metric (2.1). Let us set 71 = 1 and r3 = 2 below. In our coordinates the
supersymmetric complex Killing vector K reads

1
K= 3 (0. —i0;) , (2.4)

and the dual one-form is )
K:i(ﬁqéy (2.5)

We define the following “reference” values of the background fields

0_33 1 ]. 4 0_].3
A—4e +2<q 2)6, V—Qe, (2.6)

where we have included a constant ¢, which can be obtained performing a (large) gauge
transformation A — A + %da starting from the gauge choice adopted in [2]. Although in
Euclidean signature this yields an ill-defined spinor, this is not true in Lorentzian signature
and later in the paper this parameter will play a role. Assuming that U = kK, where & is
a constant, we can write the background fields as

A:ﬁ+%K, V=V+kK . (2.7)
We also note the value of the combination
i 1

3 . 3.
s — —_ = = —_ = = — — — 4
A® = A 2V A 2V 5 (q 2>e , (2.8)

that is independent of k. For generic values of «, the solution ¢ to (2.3) reads

¢ = \}Qe—év <f) , (2.9)

#Note that this frame is different from the frame used in [2].




where the normalization is chosen such that for ¢ = 0 one has |[¢|? = 1/2 as in [2]. Indeed,
because 7 is a periodic coordinate, this does not make sense unless* q = 0.

For generic values of x this background preserves only a SU(2) x U(1) subgroup of the
isometry group SO(4) of the round three-sphere. In the following, we will be interested

ACM —

in two special choices of k. In particular, the choice Kk = k —1/3 corresponds (for

q = 0) to the values in [2], namely

1 1 i
ACM _ ' 3 ACM _ 1 (3 14 9.1
A 5¢ V G (2.10)
where notice that AA“M is real. Another distinguished choice is k = k% = —1, where the

superscript stands for “standard”, giving

A = %(1 +q)e, Vet = %64 . (2.11)

For this choice, the full SO(4) symmetry of the three-sphere is restored and (2.3) has the
more general solution

(=e377¢, (2.12)

with (o any constant spinor [4, 19].

Notice that, in addition to g = 0 [2], there are two other special values of the parameter
g. Namely, for ¢ = —1 the background field A%® in (2.11) vanishes, while for q = 1/2 we
have A® = 0. The significance of these three values will become clearer in later sections.

2.2 Lagrangians

We consider an N' = 1 supersymmetric field theory with a vector multiplet transforming
in the adjoint representation of a gauge group G, and a chiral multiplet transforming in a
representation R, with Lagrangians given in section 2.2 of [2], evaluated in the background
described in the previous section. These Lagrangians then depend on the two constant
parameters q and &, as well as on the R-charges r; of the scalar fields in the chiral multiplet,
that below will be simply denoted r. We will restrict attention to Lagrangians expanded
up to quadratic order in the fluctuations around a configuration where all fields vanish.

Adopting the notation of [2], we will therefore consider the following Lagrangian of a
chiral multiplet

EChiral = (5(‘/1 + 5{‘/2 + 65CVU) |quadratic
= DudD"p + (VF + (e — 1)U <iDM$¢ - i&?pm) i % (R + 6V, V") 6o
i) 51D, + GW +(1— e)U“) DEub, (2.13)

where D, =V, —igrA, and qr denotes the R-charges of the fields [2]. This is therefore
the Lagrangian of |[R| = N, free chiral multiplets, each with R-charge r, where we will
denote as N, the dimension of the representation R.

4 Although an appropriately quantized pure imaginary value of q would be allowed in (2.9), for generic
R-charges we must have q = 0 for the correct periodicity of the matter fields [10].



The three terms in the first line of (2.13) are separately d--exact, and the parameter €
allows us to continuously interpolate between the localizing Lagrangian in [2], obtained for
e = 0, and the usual chiral multiplet Lagrangian [11], obtained for ¢ = 1. Notice that at
quadratic order the term d.V3 [2] vanishes. Inserting the values of the background fields,
and writing

cohiral(q ke ) = LTl (g e r) + L8 (g k€ ) (2.14)

fer

the bosonic part of the Lagrangian reads

Liral(q, i, e,7) = —02¢ + [; (1-2q)+x <gr - e)] G0 — PV,

3 3 ~
+i [27’ —14+k (27' - e)] ¢V
r r 3 ~
+-(1+q) |z2—q)+k|zr—¢€)]| oo, (2.15)
2 2 2
where V;, is the covariant derivative on the three-sphere, and we have omitted a total
derivative. The fermionic part of the Lagrangian reads

. ~ - 1 -
LRl ke, e,r) = 1h0rh — ihy Dgh — 3 Br —1+k @r - eﬂ Py

—% ;(T—l)(l—Zq)-i—;-i-l‘é(;)T‘—E)}7;1/1, (2.16)

where a = 1,2, 3 are frame indices on the three-sphere and v* denote the Pauli matrices,
generating the three-dimensional Clifford algebra. This expression is frame-dependent, and
we used the left-invariant frame (2.2), which is useful for applying the angular momentum
formalism. In particular, we used the identity

GHY 0 = 0 — 1OVt = D) — 1y Dt — %w. (2.17)

Notice that the Lagrangians in [4, 20] correspond to the values e = 1, Kk = —1, and q = 1/2.
Notice also that for » = 2/3 and € = 1 the total chiral multiplet Lagrangian does not
depend on k.

Let us introduce a compact notation, writing the Lagrangians above in terms of dif-
ferential operators. Denoting ¢, the Killing vectors dual to the left-invariant frame e, and

1¢,, one finds these satisfy

defining the “orbital” angular momentum operators as L, = 3

the SU(2) commutation relations
[La, L] = i€apeLe (2.18)

and we have® —ViV,; = [2 and V. = —iLs. Similarly, we identify the Pauli matrices with
the spin operator as S¢ = %7“, satisfying the same SU(2) algebra. Thus the Lagrangians

®Recall that here we have set r3 = 2. In general, the three-dimensional Laplace operator is r3V'V; =

> (la)?.



can be written as
Ll = §0, ¢ = ¢ (~02 + 2ud- + Oy) ¢,
Lbirel = ) Opep = (9 + Op) Y, (2.19)

where

Op = 205L% + 2B, L3 + 7,
Oy = 2a;L-S+2B7S3+ 77 (2.20)

with the constants taking the values ay = %,

/Bb——1+3T+K<3?”—6>,
5= % [;(1—2q)+m(gr—e>] : (2.21)

V== B(T— 1)1 —2q) + z +g @r—e)] : (2.22)

respectively.

For the vector multiplet the quadratic Lagrangian is

L£yector — Ty [le}"w,]:“” + %)\ O'MDZSX + %X 5“fo’/\] E (2.23)
quadratic
where D7 =V, —igrAj’. F is the linearized field strength of the gauge field A and A is
the gaugino, both transforming in the adjoint representation of the gauge group G. This is
therefore the Lagrangian of |G| = N, free vector multiplets, where we will denote N, the
dimension of the gauge group G.
The fermionic part of this Lagrangian can be put in the same form as the fermionic
part of the chiral multiplet Lagrangian, namely

[Lyector _ X@;ec A=\ (&r 4 O}ec) A, (2.24)

fer

where
O} = 2a,L - § + 28,55 + Yo, (2.25)

with o, = —1, B, = 0, 7, = § — 1. Notice that for q = 1/2, corresponding to A% = 0, this
reduces to the standard massless Dirac operator on the three-sphere.



3 Supersymmetric Casimir energy

In this section we will recover in our set-up the supersymmetric Casimir energy defined
in [2] as

d
E = — lim —logZ(p), 3.1
susy Jim 5108 (B) (3.1)
where Z is the supersymmetric partition function, namely the path integral on S x S3
with periodic boundary conditions for the fermions on S', computed using localization.
Restoring the radii of S! and S3, the dimensionless parameter 3 in [2] is given by

g= 2" (3.2)

T3

Differently from [2], here we will not fix the value of k, showing that owing to the pairing
of bosonic and fermionic eigenvalues in the one-loop determinant, the final result will be
independent of k. Although the computation in Euclidean signature requires to fix q = 0,
we will start presenting the explicit eigenvalues for generic values of q. We will then
demonstrate that the pairing occurs if and only if q = 0.

The partition function takes the form [2]

Z(8) = e 7P 1(p), (3.3)

where Z(5) is the supersymmetric index, and the pre-factor F(5) = —im (\I!((:?l)l + \IJE,?C>
arises from the regularization of one-loop determinants in the chiral multiplets and vector
multiplets, respectively [2] (see also [21]). Since the index Z(/3) does not contribute to (3.1),
in order to compute Eg,s, we can restrict attention to ‘IJS[E and \IIE,%)C, and thus effectively
set the constant gauge field Ay = 0 in the one-loop determinants around the localization
locus in [2]. In particular, as the vector multiplet Lagrangian does not depend on k and
€, its contribution to Egusy can be simply borrowed from [2]. For example, by setting

|b1]| = |b2| = r1/r3 in eq. (4.33) of [2], one obtains

=g (22N, (34

For the chiral multiplet, we revisit the computation of the one-loop determinant (with
Ap = 0) by working out the explicit eigenvalues for an arbitrary choice of the parameters
k and e. The eigenvalues of the operators O, and Oy can be obtained with elementary
methods from the theory of angular momentum in quantum mechanics [22]. See appendix A
for a summary of the relevant spherical harmonics. Thus, writing

Opp = Ej¢,
Opp = N5, (3.5)
for the scalar harmonics we have
B} = S2UL+2) + 285m + 7, (3.6)



£
’27

g, are the
eigenvalues of L3. Each eigenvalue has degeneracy (¢ + 1), due to the SU(2) g symmetry.

where %(g +1) for £ =0,1,2,... are the eigenvalues of L2 and m = —£,...

We distinguish two types of eigenvalues of Of. For any £ =1,2,3,... we have

2
o «

)\Etm = —2f—|—’)’f:|:\/4f(€+1)2+04f5f(1+2m)+,312¢, (3.7)
where here the quantum number m takes the values m = —%, ey g — 1. Furthermore, for
any £ =0,1,2,..., we have the two special eigenvalues

iald o
et = Lot Byt (3.8)

Again, each eigenvalue has degeneracy (£ + 1), due to the SU(2)r symmetry. Expanding
the fields in Kaluza-Klein modes on S! as

d(x) = e *or(6,0,9) (3.9)
k€EZ
and similarly for ¢, we obtain the following eigenvalues for each mode
Opoy, = (K — 2iuk + E2) ¢y, ,
(5f¢k = (—ik‘ + )\i) Vg . (3.10)
For generic values of the quantum numbers £, m, we say that the eigenvalues of the operators
Op and Oy are paired, if for all k we have
(—ik + A7) (ik + A7) = — (k* — 2ipk + E}) . (3.11)

Inserting the values of the parameters given in (2.21) and (2.22) we find that this is satisfied
if and only if ¢ = 0, and for any value of k,e,r. Let us then set ¢ = 0 in the rest of this

section. Restoring generic values of the radius 73 of the S2, the one-loop determinant for
a fixed k is

(k) _det (5f - I, (—ik+ %)\—) I, <—ik+ %)\Jr)
1—loop det@b a HEb (k2 _ %i,uk—k %Ef)

: (3.12)

where the products are over all the bosonic and fermionic eigenvalues, including the special
ones. However, using the condition (3.11) all the paired eigenvalues cancel out. For
m = £/2 the generic fermionic eigenvalues do not exist, thus there are unpaired bosonic
eigenvalues, obtained setting m = ¢/2 in (3.6), which read

. 2
(Bj)menired = (%(z +1)+8r) - (=0,1,2,..., (3.13)

and remain in the denominator of (3.12). Therefore, taking into account the contribution
of the special fermionic eigenvalues in the numerator, and including the degeneracies, we

o0 . n;
4+ 1+ r3ik—7r\"°
1=loop <n0 —1—r3ik+r ’ (3.14)

obtain

no=1

SUp to an irrelevant overall sign.



where we defined ng = £+ 1 and used that ay = —1 and

Yoo, (3.15)

Brtu=g3

Upon obvious identifications, this coincides with the one-loop determinant of a d = 3,
N = 2 chiral multiplet on the round three-sphere, originally derived in [23] and [24],
although our operators O, and O} are slightly more general and interpolate between those
used in these two references. In particular, the Lagrangians used in [23] correspond to

k= —1/3 and € = 0, precisely as in [2], while those used in [24] correspond to k = —1 and
e = 1. Recall that in all cases we have q = 0.
Defining
ik
p=1—r+ 20 (3.16)
1

where 1 can be restored simply rescaling the coordinate 7 — 717, one finds Zf )10 Op(z) =
sp=1(iz), where sp(x) is the double sine function [24]. Alternatively, (3.14) can be written

in terms of special functions by integrating the differential equation

d k
10825, (2) = —mzcot(r2) | (3.17)
where the Hurwitz zeta function has been used to regularize the infinite sum [23] (see
appendix B).

In order to take the limit 5 — oo it is more convenient to write (3.14) as an infinite
product over two integers, namely

ny+ny+1+4+z2
. 3.18
1loop H Hn1+n2+1—z ( )

n1=0mn2=0

Regularizing the infinite product over the Kaluza-Klein modes as in [2], one obtains Zi _joep
in terms of Barnes triple-gamma functions, which eventually can be written as

iryr irg i7“1> (3.19)

(0)~
Z1- loop—e Chr Tgagag

where T, is the elliptic gamma function [2] and”

) 2rq 3 Lo T3
G —((r=-1) = —+ — -1 . 2
chi — 6 ( s (T ) (7’3 + T1> (T )) (3 0)

From this, one finds the contribution of a chiral multiplet to (3.1) to be

B = (2 1) (r - 1)) (3.21)

" Actually, the terms proportional to r3/r1 in (3.20) and (3.4) are not present if one uses a slightly different
regularization, consistent with the results of [14]. However, this does not affect the terms proportional to
r1/r3, which are relevant for the computation of Fsusy. We thank B. Assel, D. Cassani, L. Di Pietro, and
Z. Komargodski for discussions on this issue. See [18].

,10,



This is exactly the contribution of a chiral multiplet with R-charge r to the total super-
symmetric Casimir energy computed in [2], although we emphasize that here this has been
derived for arbitrary values of the parameters x and e.

Combining the contributions of the chiral multiplets and the vector multiplets we
recover the result

4
Egsy = 2—7(a +3c), (3.22)

with the anomaly coefficients defined as

1
(9trR3 — 5trR) | (3.23)

3trR? — trR =
r rR) . c=

a=—
32(
where R denotes the R-symmetry charge, and “tr” runs over the fermionic fields in the
multiplets.
In the remainder of the paper we will show that (3.22) is also equal to the expectation
value of the BPS Hamiltonian Hgysy, appearing in supersymmetric index

Z(B) = Tr(—1)Fe Plsusy (3.24)
Therefore we now turn to the Hamiltonian formalism, working in a background with a

non-compact time direction, thus with § — oo from the outset.

4 Hamiltonian formalism

In this section we will study the theories defined in section 2.2 in a background R x S3
in Lorentzian signature, obtained from the geometry in section 2.1 by a simple analytic
continuation. In particular, we take the metric

ds*(R x §%) = —dt* + ds*(S?), (4.1)

where ¢ denotes the time coordinate on R, and ds?(S%) is the metric on S3, given in
equation (2.1). Below we continue to set r3 = 2. The background fields are obtained
setting A; = —iA,, V; = —iV,, and K; = —iK,, where here we must take x € R. Moreover,
the dynamical fields obey gg = ¢ and 1; = ¢! from the start. The o-matrices generating the

appropriate Clifford algebra are obtained setting 03& = iaéd = T4 and 53@ = i&éd = laa,
with the remaining components unchanged, such that
040 + 0b0q = —2Nap 0a0b + 0600 = —20ap (4.2)

with 7, = diag(—1,1,1,1). The Lorentzian spinor ¢ solving equation (2.3) for generic s

is then
1:
ezl [0
= , 4.3
- () w
again with a more general solution for the special value k = k%' = —1 [4, 19).

— 11 —



4.1 Conserved charges

The Hamiltonian® density H = Hpos + Heer, associated to the chiral multiplet La-
grangian (2.13), is obtained as usual, by defining the canonical momenta

=06 —ind, I=08o+ind, 7 =igd’®, FO=0, (4.4)
and its bosonic and fermionic parts read

Hbos = Hat¢ + ﬁaﬂg - Ecb}égal )
err = 7T3t¢ + %atibv - L"l%(?riral ) (45)

respectively. In terms of the operators Oy and Oy defined in equations (2.20) and (2.20),
we have

Hios = I — ip (g — 1) + ¢ (O + 1) &,
err = _&Ofw . (46)

The Hamiltonian is then obtained by integrating® over the spatial S2,

H = / VazdPz H . (4.7)

The R-symmetry current J{é can be derived either from the Noether procedure or as the
functional derivative of the action with respect to A, namely

1 48

and it reads
JH =ir(Dr¢ ¢ — oD o) + 2r(VF + k(e — 1) KF) b + (r — 1)h5Hap . (4.9)

This is conserved, i.e. V#Jf{ = 0, and the corresponding conserved charge R is obtained by
contracting it with the time-like Killing vector d;, and integrating on the S3, which yields

R= / Vazdiz (ir(aﬁ —¢Il) + (r — 1)&5%) . (4.10)

Rotational symmetry along the Killing vector 0. gives rise to a conserved current with the
corresponding conserved angular momentum

Jy = _i/\/gzd% ((qus) I+ (L3p) I+ i9) (L3 + S3) z/;) : (4.11)
Finally, supersymmetry gives rise to the conserved supercurrent

Ty 0 = —V2(0" 5" Dy . (4.12)

8In this section we will consider mainly the chiral multiplet Lagrangian, therefore we will drop the
superscript “chiral” from all the quantities.

°The integral is over the spatial S® with the metric ds*(S®) in (2.1). We define d®z = dfdsdy and
g3 = sin? @ denotes the determinant of this metric.

— 12 —



Using the equations of motion for the dynamical fields, after some calculations, one can
verify that
Vu((Jsy) =0 (4.13)

Note that V,{ # 0, and therefore Jisy is not conserved by itself, as is the case in the
standard flat-space computation. Contracting ¢Jhsy with the time-like Killing vector o,
we obtain the conserved supercharge

Q=2 / Bry/g3 (gzpn _ igg@fw) , (4.14)

where we defined

O =2aS-L+28S3+7, (4.15)
with 5 5 5
~ ~ - K

In summary, applying the Noether procedure to the Lagrangian (2.13), we have derived
expressions for the Hamiltonian H, R-charge R, angular momentum .J3, and supercharge
Q. These will provide the relevant operators in the quantized theory.

Let us briefly discuss other currents that can be considered, which however are not
conserved generically. In particular, the usual energy-momentum tensor, defined as

e
=g g

is not conserved in the presence of non-dynamical fields. This remains true even if T},

(4.17)

is contracted with a vector field that generates a symmetry of the metric and the other
background fields. Thus, for example, T}; does not define a conserved quantity, and in par-
ticular it does not coincide with the canonical Hamiltonian. Denoting the non-dynamical
vector fields as A{L, with F! = dA’, and the associated currents as JY, in general the
energy-momentum tensor (4.17) obeys the Ward identity

VAT = 3 (Fadf = AYV,TT) (4.18)
I
In the present case, after a tedious computation, one finds that the energy-momentum
tensor satisfies
3
V“TW = (dA)VuJﬁ - §(dv)vu=]1ébz + (dK)wJIM(

3
+5VoVinlty — KoVl (4.19)

where J#Z is the Ferrara-Zumino current

2 1 68
Jh == ———— | (4.20)
¥z 3v/—gdV,
and Y
J}M( = (4.21)
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Neither JE, nor Ji are conserved. Explicit expressions for T}, Jh,, and Jh are given in
appendix C. Note that in this context, we must formally treat K, as a background field,
although it was introduced in the Lagrangian as a shift of the original fields A, and V.
For the usual chiral multiplet Lagrangian with ¢ = 1, however, one has J ;‘( = 0.

For a generic Killing vector £, that is also a symmetry of the background fields, LA =
LV =0, we can define a conserved current as

%ﬂ:@(TW+u%A”—;ﬂ%V”+ﬁyW>. (4.22)

One can show that indeed VuYg“ = 0. In particular, for £ = J;, one finds that the conserved
charge is the Hamiltonian density
H = -Y; . (4.23)

up to a total derivative on the S3.

4.2 Canonical quantization

We now expand the dynamical fields in terms of creation and annihilation operators. Let
us first focus on the scalar field. In order for the field ¢ to solve its equation of motion, we
expand it as

£
o0 2

=3 3 (@) + b ()" (@) (4:24)

£=0 m,n*—§

with!? .

+ —iwk —

Uy (€)= — e Y(@) (4.25)
4\/ Wo, 1

where Y;""(Z) are the scalar spherical harmonics on a three-sphere of unit radius (see

appendix A for further details), and

wi, = tp+ \/O;I)E(E +2) £ 28m + vy + p? . (4.26)

The canonical commutation relations

i

§O(z -z,
= ( )

[d’(tvf)?H(tvf,)] =
[gb(t,f),qb(t,f,)] = [H(t’f)an(tvf/)] =0, (4'27)

with 6@ (Z — 2') = 6(6 — 0)d(p — ¢)d(s — ¢'), hold by taking the oscillators to satisfy
the usual

[afmna ajl[’m’n’] = [bémna bZ’m’n’] = 6@,6’5m,m’5n,n’ . (4-28)

19 Although all the eigenvalues in this paper never depend on the SU(2)r C SO(4) quantum number n,
we keep track of this in the spherical harmonics and in the expansions.

— 14 —



From (4.6) it follows that the Hamiltonian of the scalar field reads
‘
lem ©
Hbos = 5 Z Z wz_m (afmnazmn + azmnafmn)
(=0 et
’ 2
‘

oo 2
% S D i (bemnblyun + Blyubimn) (4.29)
£=0 m,n:—%
Notice that we have used the Weyl ordering prescription, as this is the correct one for
comparison with the path integral approach.
For the fermion, we expand the field 1 in terms of the spinor spherical harmonics S7 -
As discussed in appendix A, these are eigenspinors of the operator Oy,

_)\i Si

OfSKmn fmn (430)

with the eigenvalues )‘iztm given in equation (3.7). In addition, there are the “special”

spherical harmonics,
special® _ | special+ gspeciald
OfS,,, =X S, , (4.31)

with A}° ccial given in equation (3.8). We expand the field 1 as

woc - Z Z Z ComnUWemn o T Z Z Z dgmnvfmna s (432)

=0 e Lp=—L1 =1 p=—tm=—t
with
1 1t)\ = 1 1t)\ + =
U@mna(a?) = ﬁ tm Sfmncx(‘r)7 Ugmna(.%) = 2\/5 stémna<m) . (433)
Here we included S%Pe¢@l+ in the sums by defining
— ial ial
SZ:%?” = SZEGC a+ ’ )\27%777' = )\z’rpleca—‘r ’
_ ial— _ ial—
S, oy, = SE Ny, = AR (4.34)
Of course, by imposing the anti-commutation relations
{Cémna ch[mn} = {dfmna dzmn} = 5Z,Z’6m,m’5n,n’ ) (435)
one finds the field 1, and the conjugate momentum 7 = iizéﬁo A gatisfy the canonical
relations
. o i Lo
{Wa(t,2), 77(t,3)} = =07 (F - &) d”,
{$a(t, ), 95(t,7")} = {7(t,8),7°(t, ")} =0 . (4.36)
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The mode expansion (4.32) can now be inserted into the conserved charges of section 4.1,
recalling that these have to be Weyl ordered. For example, the Hamiltonian density in (4.6)
becomes

1 -~
err = 5((Of¢)w - lﬁofw) . (437)
Inserting the mode expansion and integrating over the S yields the quantized Hamiltonian

err = Z Z Z )\gm (Cfmncgmn szncﬂmn)

K On*—gm*———l
£ £_
I=1 p=—

In the next section we will turn to the computation of the expectation values of these

w\m
l\')\N

Hamiltonians, and we will show that the infinite sums can be evaluated with (Hurwitz) zeta
function regularization in two special cases. One case is obtained for q = 0, for which we
can use the pairing of bosonic and fermionic eigenvalues discussed in section 3 to evaluate
the vev of H = Hy,os + Hper. Another case is obtained for 3y = £, = 0, where we will be
able to evaluate the vevs of Hyos and Hye, separately.

Thus, for simplicity in the remainder of this section we restrict to 8y = 8, = 0. Using
the mode expansions of the fields, and after Weyl ordering, we obtain expressions for the
remaining conserved charges of section 4.1. For the R—charge equation (4.10), this leads to

R = Z Z aﬁmnafmn + G’Zmnaémn - Z Z gmnbémn + bgm"bzmn)

e 0 mn=—1% e 0 mn=—1%
‘ ‘

— 1 2
B - 2 Z Z Z (cem"c};mn - szncémn>

Ll Z Z Z <d5mn o = by imn) - (4.39)

J3 = %Z Z Z m(aémnaZmn +aZmnaémn)
¢
2
GL X 2 () (omehan o)

=PI Ze <m+ ;) (demndly, = dhydimn) - (4.40)

g
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and finally the supercharge (4.14) reads

:—12 Z Z \/f—l—m—i-lagmnqmn

=0 =L p=—"

. P 4 t
Y S e b
= 2
By direct computation, one can now verify the following commutation relations

mQ=-10. [RQ-Q [hQ=--30Q. (142

where we restored the radius r3 of the S3. Note that the Hamiltonian commutes with
Q@ only for ¢ = 0, which from equation (3.11) is the value required for the pairing of
eigenvalues. By conjugating equation (4.41), one can further verify that

1 9
Bro.oh = H+ ~(1+qR+=J;: , (4.43)
2 3 T3

where : : denotes normal ordering.
Let us set r3 = 1 in (4.43) and (4.42) and comment on the special values of the
parameter q discussed in the literature. Setting q = 0 we have

%{Q,QT} = H+R+2J3: ,
[H,Q] =0, (4.44)

corresponding!! to the relations in eq. (5.9) of [25], where H |, coincides with H in that
reference. For this reason we refer to H|—o = Hgusy as the BPS Hamiltonian.
Setting q = 1/2 we have

Q@ = H 1 SR 2g:

which coincide for example with eq. in (7) of [20] as well as with eq. (6.11) in [25], where
H|q—1/2 corresponds to A in the latter reference.
Finally, setting ¢ = —1 we have

%{Q,QT}::H+2J3: ,
[H,Q] = Q, (4.46)

corresponding to eq. (5.6) of [25], where H|,—_1 corresponds to P in that reference.

"Here and below, the equations correspond up to convention dependent signs of R and Js, as well a
possible factor v/2 in the supercharge @, descending from the definition of the supersymmetry variations.
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Although these commutation relations are here written for the chiral multiplet, it is
straightforward to verify that they hold also for the vector multiplet, and hence for the
total Hyot = H + Hyec, and similarly for the other operators. It was noticed in [5] that
these may be formally derived from the abstract supersymmetry algebra of new minimal
supergravity.

4.3 Casimir energy

We are now ready to compute the vacuum expectation value of the Hamiltonian. This
yields infinite sums which we regularize using the zeta function method. Thus, for an
operator A, we define its vacuum expectation value as

(4) = lim Cals), (4.47)

where, denoting with A2 the set of all the eigenvalues (here n is a multi-index) of A and
with dﬁ their degeneracies, the generalised zeta function is defined as

Cals) = TrA™* =) "d}(\) ™. (4.48)
Notice that if A = B + C, with corresponding eigenvalues denoted as A2 and A¢, then

lim, (Z(Afrs + Z(AS:‘)—S) # lim ST(F 420 (4.49)
n n n

This lack of additivity is related to the lack of associativity of functional determinants,

det(BC) # det(B) - det(C'), which is known as “multiplicative anomaly”. See e.g. [26].

In the present context, we use the following prescription for dealing with the infinite
sums: for each given operator, we sum independently the eigenvalues corresponding to
every different field. In particular, we define the vev of each operator as the sum of the
vevs of the terms containing the fields ¢, 1, A, and A, respectively. Therefore, for example,

(H) = (Hpos) + (Hter) (4.50)

and similarly for R, J3, and (. This recipe is in accordance with [27] and yields to the
supersymmetric Casimir energy computed in [2].
The vevs of the scalar and fermion Hamiltonians, (4.29) and (4.38), are

i ‘
2
(Hbos) = lim, *Z Z (i) ™+ 3 Z > @)
ZOmni_, g Omn7—§
: . 4o
(Hi) = lim fz Z Z R D DD DNV il BRCE
=0 n—f§ m_,,, (=1 nzfg mzfg

respectively. However, due to the square roots appearing in both sets of eigenvalues wztm
and )\fm, the vevs in (4.51) cannot in general be separately regularized with any'? zeta
function and written in closed form.

12F.g. Hurwitz, Barnes, Shintani, Epstein zeta functions.
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In the special case ¢ = 0, we can take advantage of the pairing as discussed in section 3
to compute the vev of the Hamiltonian of the chiral multiplet, H = Hypos + Hger. Thus,
setting ¢ = 0 one has

’ for £>1, -—

/m

<m< - —1. (4.52)

tm

N
N

+ - _
Wy = —A w&_m—)\

The eigenvalues not included in equation (4.52) are the “special” fermion eigenvalues, which
we can write as 1
ial+
)\;Pecla :_§(€+ 1):E5f—u, >0, (4.53)

and the “unpaired” bosonic eigenvalues

)

1 1
wh, ==(+1)—Br+pu, w =zl +1)=Br—p, (>0. (4.54)
4,5 2 l—3 2

Here we used that ay < 0 and assumed 3y < —Q—Qf in order simplify the square roots in
and w, ,. Due to the pairing, equation (4.52), all eigenvalues containing square roots

¢ ¢
1 o - + \—s 1 o - - —s
(H)qm = lim, [2;:; 2. @it g X W)
n=—s3 —Yn=—3
¢ ¢
1 - - special4\ —g 1 - - special—\ —sg
+§ZZ()‘zp ) +§ZZ()‘£ )
=0 p—_¢ =0 p—_¢
RS I e s
=S§g[4§:k%—2wf+M) =5 2 (ke +2(8s + ) ]
k=1 k=1
1
= (87 +m) (1 =808 + ) . (4:55)

Notice that the first and third term in the first line further exactly cancelled and in the last
step we regularized separately the two remaining sums using the Hurwitz zeta function.
See appendix B. To summarize, since for ¢ = 0 one has 2(85 + p) = 1 — r, the vev of the
Hamiltonian of a chiral multiplet with R-charge r is

(HYq—0 = (1-r)(1-21-17)%), (4.56)

12r3
where we restored r3. This result is valid for any value of 7, k, €. Notice that if we were
to combine the two sums in the middle line of (4.55), before regularization, we would get
a different result.

It is now simple to combine this with the contributions of the fields in the vector
multiplet, and recover the supersymmetric Casimir energy Eg,sy of section 3. The Casimir
energy of the gauge field does not depend on any of our parameters and is simply given
by the result for an Abelian gauge field (Hgange) = 7o (see e.g. [7]) multiplied by the

12073
dimension of the gauge group N,. For the gaugino A, the Casimir energy is computed
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as for the fermion ¢ above, but using the operator O}ec in equation (2.25), giving simply

<Hgaugin0> == —71257,3, again IIllllti[)lied l)y NU. A(l(lillg everything t()gether, we obtain
(Hiot)q=0 = ! (2tR3 tR)— (a 3c)—1E (4.57)
= — (Z2trR" — tr = —(a+ = — . Y
tot/a=0 12?”3 277’3 T3 susy

This result is valid for arbitrary values of x and ¢, in agreement!'? with (3.22). Indeed
this is exactly the same BPS Hamiltonian defining the path integral, and therefore the free
field result should have agreed with the localization result, that is valid for any value of
the couplings.

Next, we consider the special case 8, = By = 0. This corresponds to setting x = —1
and ¢ = 1, but leaving arbitrary q. In this case, both sums in (4.51) can be separately
regularized using Hurwitz zeta function, as the square roots in wétm and )\ztm are absent,
namely

wf =g +2-r(4a),  wp = (C+r(i+a), (4.58)

and
specia. 1 1
Ay = AP 1i:—§(£+2—r(1+q)+q), Aj:§(£+r(1+q)—q), (4.59)

where we dropped the subscript m, as this quantum number becomes degenerate. Thus,
regularizing the sums as described at the beginning of this subsection using the Hurwitz

zeta function, we obtain the finite Casimir energies
1 4
(Hios) = 515 =100+ - 1) (4.60)

and

(Hier) = 52 [10(a +1)° (1 + a) (r = 1)

240
+20(q+ 1)3(r — 1)3 —10(q + 1)(r — 1) — 1] . (4.61)

Adding (4.60) and (4.61), we obtain the Casimir energy of a chiral multiplet with
R-charge r

(H) =~ [a* + 200+ 1P - 1) - 1)
+60%(q+1)%(r— 1)+ (q+1) (4> + 1) (r — 1)} . (4.62)

This generalizes straightforwardly to an arbitrary number of chiral multiplets. As before,
we can include easily an arbitrary number N, of vector multiplets as well. In this case,

for the gaugino, the Casimir energy can be obtained by formally setting r = % in
equation (4.61), and reads
1 4 3
(Hgaugino) = 5,5 (10 (q* —29° +q) — 1) . (4.63)

BThe quantity Fsusy defined in [2] is dimensionless. Therefore, if writing the radius of the three-sphere
explicitly, this has to be compared with the dimensionless combination r3(Hot)q=0-
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Combining these results, we find that (for kK = —1, e = 1) using our regularization, the
Casimir energy of a supersymmetric gauge theory with IV, vector multiplets and IV, chiral
multiplets with R-charges r; is given by the following expression

Ny

(Hin) = 3= (0 =26 +0+ 1) = 15 > (it (10" + 1) @+ 10er -1
+69%(a + 1)2(r = 1) +2(20 = 1)(a + 1)*(rr = 1)*) | (4.64)
where we restored the radius r3 of the three-sphere. Setting q = 0 as in [2], we see
that (4.64) reduce to
(Hiot)omo = 32— (a+ 30), (4.65)

in agreement with (4.57).

In general, however, equation (4.64) cannot be written as a linear combination of a
and c. In the special case q = 1/2 and r; = 2/3, corresponding to the usual conformally
coupled scalars, Weyl spinors, and gauge fields, the Casimir energy (4.64) reduces to

(21N, +5N,) = —(a +2¢) , (4.66)

I=501=5 19274 A7y

in accordance with standard zeta function computations (see e.g. [17]). In particular,
notice that for theories with N, = 3N, (so that a = c), such as A = 4 super-Yang Mills,
this becomes simply %a. However, the agreement with the CEFT result of [8] for the
Casimir energy is accidental [7, 8]. Finally, we note that for ¢ = —1, the Casimir energy is
independent of the R-charges and reads
1

(Hiot)q=—1 = Tors (BN, — Ny) . (4.67)
This is simply because in this case A = 0, and therefore the Lagrangian does not depend
on the R-charges, as we observed at the end of section 2.1.

We can also compute the vev!® of the R-charge operator R, by using the regularization
described above. For a single chiral multiplet of R-charge r we get (R) = %(r - 1),
where only the fermion 1 contributes, while for an (Abelian) vector multiplet we get
(Ryec) = 1—12, where again only the gaugino contributes. Thus, for the total R-charge
operator Ryt = R+ Ryec, we find

<Rm>:§@—cy (4.68)

The results discussed in this section rely on the fact that the operators we are using
are not normal ordered. See also [28] for a similar discussion.

"The vev of the supercharge Q is zero. For the chiral multiplet this follows from (4.14) or its mode
expansion (4.41). Similarly, for the vector multiplet it follows from the explicit expression of Qvec, which is

Quec = & [ \/G3d%x 05" 0N F .
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5 Conclusions

The main purpose of this note was to examine aspects of the supersymmetric Casimir
energy of N/ =1 gauge theories introduced in [2], in the simplest case where the partition
function depends only on one fugacity. It has been argued recently in [10] that this quantity
does not suffer from ambiguities, and therefore it should be a good physical observable.

Firstly, by revisiting the localization computation in [2], we have verified explicitly that
its value does not depend on the choice of the parameter k, characterizing the background
fields A and V, as expected. Secondly, we reproduced it by evaluating the expectation
value of the BPS Hamiltonian that appears in the definition of the supersymmetric index,
as anticipated in [12]. Our computations also clarify the relation of the supersymmetric
Casimir energy with the Casimir energy of free conformal fields theories, demonstrating
that these two quantities arise as the expectation values of two different Hamiltonians,
evaluated using the same zeta function regularization method.

An obvious extension of this note is to compute the vev of the BPS Hamiltonian in the
more general case of supersymmetric theories on a Hopf surface with two complex structure
parameters, and to check that this agrees with the general form of the supersymmetric
Casimir energy [2]. It should also be rewarding to study this problem from the viewpoint
of [7-9, 29], or using the effective action approach of [14].

The discrepancy between the supersymmetric Casimir energy and the renormalized
on-shell action in AdSs, pointed out in [5], remains unexplained. We think it is imperative
to elucidate how to reproduce the supersymmetric Casimir energy from a holographic
computation.
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A Spherical harmonics

A.1 Scalar spherical harmonics

In this appendix we give some details on the scalar and spinor spherical harmonics on the
three-sphere, following [19, 30]. We can obtain the metric on the unit three-sphere by
considering a parametrization on R* ~ C? with the metric,

dse = duda + dvdo . (A1)
The three-sphere of unit radius is then defined by

ut +vo=1. (A.2)
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The isometry group is SO(4) ~ SU(2);, x SU(2)g, with generators'® LL and L with

a

a=1,2,3, satisfying

[LE LL] = iewcLE [LE Lf] = iewc LY, Lk Lf] =0. (A.3)
As usual, we define raising and lowering operators,
Y =rt+irl, LRE=rB+iLll. (A.4)

In the (u,v)-coordinates, these are represented by

LY = —udy +vdy, LE =ud, —vd,,
L = —ud, + 09y, L% =udy —vd,, (A.5)

while
1 - - rR_ 1 — -
Ly = 5 (uOy + v0, — udy — V) , L3 = 5 (u0y — V0, — udy + VIy) . (A.6)
In terms of these operators, the scalar Laplacian is
— Vi =4rlrl —4rRpk (A7)

The spherical harmonics Y, are constructed starting from the highest weight state,

ce  frg1
YR =55 ut, (A.8)

which is annihilated by the raising operators L% and L. The number m (n) can be lowered
by LY (L%®), so that

£
2

Y o (Lé)g’m (ij)é’”ye : (A.9)

[SIEN

and take values —% < m,n < £. The spherical harmonics are eigenfunctions of the operator
Oy, equation (2.20),

oY,/ = EXy, ™, E} = %6(6 +2)+26m+ 7y, (A.10)
and also
LEymm = my;/™ . LEy™ =y | (A.11)
We normalize the spherical harmonics as [30]

(_u)f-&-k—a—bakvb—k@a—k
= Ngg :
¢ bzk: K0+ k—a—0b)(a—Fk)(b—k)

fa,gfb

£
2
Y,

(A.12)

where the sum is over all integer values of k for which the exponents are non-negative, and

Noop = \/(€+ 1)a!b!(2£7r; )¢ b (A13)

15Tn the main text, we use the operators LY, but drop the superscript L.

— 23 —



Now specifically taking u = isin gei(“’_g)/Q and v = cos ge_i(‘p“)/z, one finds the metric

1
ds?; = 1 (d02 +sin? @dp? + (ds + cos 9d90)2) ) (A.14)
and
LY =10, L =g, . (A.15)
With the above normalization, the spherical harmonics satisfy
/ Vo d3ry;m (Ym”> = by p 8 g (A.16)
and
(Y7t = (=)™, (A.17)

as well as the completeness relation,

Z Yvﬁmn(g, 4,0,§) (Yvemn(el’ (,0,,§,))* _

lm,n

1
— Bz -7, (A.18)

sin 0
where 6G)(Z — ') = 6(0 — 0)d(¢ — ¢")o(s — ).

A.2 Spinor spherical harmonics

The spinor spherical harmonics can be constructed from the scalar harmonics. These are
eigenspinors of the operator

Of = 2afi-§+ 2,8f53+’}/f , (A.lg)
Ya
2 )
Vo are the Pauli matrices. For 8y = 0, the spinor spherical harmonics can be constructed
as [19]

where L, are the left-invariant operators of the previous subsection, and S, = where

+ mn
+ cosv, Y,
Stmn = (Sm Vétni";/;fﬂ,n) : (A.20)
where
. (+1+£(2m+1) C+1F(2m+1)
+ +
Sangm_:F\/ ST+ 1) , cosyem—\/ ST+ 1) . (A.21)
For S’jmn, one has ¢ > 1 and —g

<m < % — 1, while for S, = one has £ > 0 and
<n

—g —1<m< %. In both cases —%

5 %. The spinor spherical harmonics satisfy the

completeness relation
+ + t I
Z Sﬂmna<x) (Sﬁmn(‘r))d = mng Taa (A.22)
m,n

with n/ = ¢({+1) and n, = ({+2)(¢{+1). Further, using the properties of Y;"", one can
show the identities

l,m,n

SO(F -7 1aa, (A.23)
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and
’ T . /
/d3$ 93 Sétmna(x) (Sl#’:m’n’ ($)> . 1 = 5874/5”&7”@/5”7”/5:‘:7:‘: ) (A24)

where the integral is on the unit three-sphere. Using that

1
Loy = 5\/z(z +2) —dm(m + 1)y,

1
Loy — im(z +2) —dm(m + 1)Y,™" | (A.25)
one can verify that
with
No=—Fr 4y ar =Ly (A.27)

When f; # 0, the spinor spherical harmonics given by (A.20) are not eigenspinors of the
operator Oy, except the special cases

4
77n 0
special+ _ or— Y2 special— __ o—
gspecial+ _ ¢ . = f) S -9 , _ o
In 4,5.m 0 ’ In L—5—1n }/K 21 ’

Ofszzecial:t _ )\;pecialiszieciali ’ Azpecial:t _ (%Z 4+ Bf + '7f> ) (A28)

For the generic harmonics, the eigenspinors of Oy for general 3 are obtained by an SO(2)

Sz_mn — RH R12 Sz_mn (A 29)
Sﬁ_mn - RQl R22 Sﬁ_mn

The rotation matrix is given by

rotation,

(%f(f +2)+ )\jm — Bf —vf) cos I/Z_m

Ri2 = Ri1——4 -,

Se— N, + B+ cosy,,

B Y P -
Ryt = Rop o 20 Aem =Py = 0p)cOSVi, (A.30)

(=5 (0+2) =X, +Bf +y)cosv,

with
« o

A;tm:—?f + oy £ Zf(£+1)2+afﬁf(1+2m)+ﬁj%. (A.31)

Requiring the matrix to be SO(2) fixes all the R;;, with a choice of overall sign fixed by
requiring the matrix to be the identity matrix for 3; = 0. We then have

+ + gt
Ofsfmn = )\stfmn ’ (A32)
for £>1, —£<m<—£f—1 and £ <m<L
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B Hurwitz zeta function

In this appendix we include the definition of the Hurwitz zeta function and some useful
properties. This is defined as the analytic continuation to complex s # 1, of the follow-

ing series
o0 1
pu— —_— B.l
Cr(s,a) nEO ta) (B.1)

which is convergent for any Re(s) > 1. Notice that

Cr(s,1) = ((s), (B.2)
corresponds to the Riemann zeta function.
For s = —k, where k = 0,1,2,..., the Hurwitz zeta function reduces to the Bernoulli
polynomials
Byi(a)
—k,a) = ———~ B.3
Cu(—k,a) ) (B.3)
defined as

By(a) = Zk: (i) bp—na, (B.4)

Bo(a) = 1,
1
Bi(a) = a— 3
1
BQ(CL) = a2—a+6,
3 1
B N -
3(a) = a 50 + 50>
1
By(a) = a* — 243 +a® — — . (B.5)
30
The following formulas used in the text are easily proved
— k
kzl o - Cr(s—1,a) —alu(s,a), (B.6)

and

> k(k’JF;) = Cu(s—2,a) + (1= 2a)¢u(s — 1,a) + ala —1)¢u(s,a) . (B.7)
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C Energy-momentum tensor and other currents

In this appendix we provide explicit expressions for the energy-momentum tensor and other
currents obtained from the (quadratic) chiral multiplet Lagrangian (2.13). Denoting with
S the corresponding action, the energy-momentum tensor is defined as

—2 65
V=g og

A straightforward but tedious computation yields

T, = (C.1)

~ 3 ~
T = (200,00 — Gug™) [quspm + 51V Vade

+(V, + (e~ 1) K,) (iDMqu _ 1$DA¢) }

+g <Ruu - ;Q;WR> ¢~5¢ + % [Quuvpvp (5@1)) - Vuvlf (5¢):|

%D(#{anw - %{Ea(upyw - <;V(H +r(l - e)K(”> Jayw,  (C2)

where the lower parenthesis denote symmetrization of the indices. Recall that we defined
D, =V, —iqrA,, with qr the R charges of the fields [2].

Below we collect some useful formulas for deriving this expression. For the bosonic
part we used the variation of the Ricci tensor,

g""ORu, = 9 VPV, (0g") =V, V. (0g"), (C.3)
and we note that for any vector field X*,
V., V] XH =R, X", (C.4)

For the femionic part, the variation of the action with respect to the metric gives
st = [ dta [sy=g it + mgacil] = [dtay=g oL, (c)

where in the second equality we used that E‘fjgral vanishes on-shell. The variation of the
Lagrangian can be expressed in terms of variations of the vielbein and of the spin connection
and reads

i ~a . 1 i~
sLghiral — )ze <1DH + 5Vt k(1 — E)KH> Y degt — %d}a”aabvp Swuap - (C.6)
Using the property that the vielbein is covariantly constant,
0=V,e,* =0ue," — Ffwep“ + wuabeyb , (C.7)
we read off the variation of the spin connection

dwpab = 017, €aper” — €V (dear) - (C.8)
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Further, using the variation of the Christoffel symbol

ag 1 ag a
5F,uu = igu)\gupv (69Ap) - g)\(uvv)((;gA ) ) (CQ)
and
deq, = _gyﬂeaaégaﬂ + g;wéea'u ) (C.lO)

we can write the variation of the spin connection as
dwpap =V <gu/\e[a”eb]p5g)‘p + %eaAebpcSZ(;g’\p - ebpézéeap> . (C.11)
Using this, the second term of (C.6) can be written as,
—%{/?aﬂaabw Swpap = —1h3° (iDM + %VM + k(1 — e)KM> b Seg”

i ~_ ~
5 | Dutid, 0 — 95, D) 69

1 /1 ~_
—5 <2VH + K](l — E)K‘u> ¢0'1ﬂ7b 5QMV s (012)
up to a total divergence. Substituting this back into (C.6), the terms containing de,*
cancel. The remaining terms are all proportional to §g"” and give the fermionic part of
the energy-momentum tensor (C.2).

We also used the following identities for the o-matrices in Lorentzian signature

O_a&bo_c _ —’I’]abO'C + T]aCO'b o anO'a + iEadeO'd,
fo_vao_b&c _ _nab&c + naCfO_Vb o 7IbCfO_va . ieabcdgd ’ (Cl?))
with €923 = —1, and the identities
1 ~ 1 ~ab T
[v;u vu] w = _§R;wab0'abw s [vua VV] 7/} = _iR;wabU bw s (014)
valid for generic spinors 1, 1;
One can easily compute the Ferrara-Zumino current
2 1 48
JE = —c——— C.15
Fz 3 \/jg (5‘/# ) ( )
and the current L 6
Be_ - 77 1
K =50k, " (C.16)
These read
2 (.~ ~ ~ 1~_
Jh, = —3 <i¢D“¢ —iD*¢p o — 3rVHoe + 2@!}0“1/)) , (C.17)
T = k(1 —e) <iD“<;~S ¢ — ipDF G + Jaw) , (C.18)

and are not conserved. Starting with the expressions above, a further computation
yields (4.19).
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