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1 Introduction and summary

In the past 16 years there has been quite a lot of progress in charting out the space of
possible solutions of the classical equations of motion of open string field theory (OSFT) [1]
by both numerical [2-12] as well as analytic tools [10, 13-23] by which new exact solutions
have been found or analyzed [15, 24-41]. See [42-47] for reviews.

The OSFT action

111 1
SOSFT:_gj §<\I/*QB\I/>+§<\I/*\I/*\I/> , (1.1)

o

can be formulated for an arbitrary system of “D-branes”, coincident or not, and described
by a generic Boundary Conformal Field Theory (BCFT, see [48-52] for reviews) for com-
posite or fundamental boundary conditions.

Obviously, to describe all solutions for the bewildering space of theories based on
arbitrary BCF'T is a difficult task. But besides the intrinsic importance of the classification
of OSFT solutions, this program can potentially help in the discovery of new D-brane
systems, by encoding new world-sheet boundary conditions into the gauge invariant content
of OSFT solutions [10, 20, 21]. Numerical approaches are sometimes useful, especially
when one does not know what to expect, i.e. when the problem of classifying all conformal
boundary conditions for a given bulk CEF'T is unsolved. Analytic solutions are scarce and
until recently they essentially described only the universal tachyon vacuum or marginal
deformations. A notable progress has been achieved with the solution [38], by Erler and
one of the authors, which can be written down explicitly for any given pair of reference
and target BCFT’s. The existence of this solution gives evidence that OSF'T can describe
the whole landscape of D-branes that are consistent with a given closed string background.
However since the solution requires the knowledge of the OPE for the boundary condition
changing operators relating the two BCF'T’s, it does not directly help in the problem of
discovering new BCFT’s.

It would be nice to have an organizing principle by which we could simply relate
solutions in the same or possibly different theories. Solution generating techniques are
scarce and problematic [53-55]. It is well known however that symmetries can be used to
generate new solutions. Given a star algebra automorphism S

S xx) = S¥) * S(x), (1.2)

commuting with the BRST operator () one can see that if W is a solution of the equation
of motion, then so is SW. The operator S can correspond to a discrete symmetry, or a
continuous symmetry. In the latter case one has a family of such operators S, which arise
by exponentiation of the infinitesimal generator, a star algebra derivative P

P *x) = (P) x x + ¢ (Px). (1.3)

Indeed, assuming [Qp, P] = 0 and setting S, = e**

, one finds that S, maps solutions to
solutions. The symmetry generator P is often given by a contour integral of a spin one

current and upon exponentiation it can be interpreted as a topological defect operator.



Even in the case of discrete symmetries, the operator S can be viewed as a so called
group-like topological defect operator [56, 57].!

The main goal of this paper is to extend this analogy further. For every topological
defect in a given BCFT we construct an operator D which maps the state space of one
BCF'T into another, in such a way that

D(y * x) = D(¢) * D(x)- (1.4)

What makes a defect topological is that the defect operator commutes with the energy
momentum tensor, and hence also commutes with the BRST charge Q5. Then it imme-
diately follows that if W is a classical solution of OSFT for a given BCFT, then DV is a
solution of OSFT built upon another BCFT.

The explicit action of the defect operator D on the open string fields turns out to be
quite tricky. In general the string field algebra is not given by a single BCFT Hilbert space
with a single boundary condition but is given rather by a direct sum of A-B bimodules
@mbH(“b), where a and b label the boundary conditions for the endpoints of open string
stretched by two D-branes. The algebras A and B represent a set of boundary fields on
a D-brane for the a and b boundary condition respectively, and are themselves bimodules
with the left and right multiplication provided by the operator product. As the defect
operator must commute with the Virasoro generators (single surviving copy on the upper
half-plane) it must act as

Dl = Xiahot? (1.5)
a’ b’
An important feature of D is that it maps boundary operators intertwining between two
given boundary conditions into a sum of operators intertwining between new boundary
conditions allowed by the fusion rules of the theory. It thus maps, in general, the original
star algebra into a bigger star algebra. This contrasts with the action of the defect operators
on the closed string Hilbert space where it maps the whole space into itself [58].

For the sake of simplicity and concreteness we limit our discussion in this paper to
topological defects of unitary Virasoro minimal models with diagonal partition function.
These have been fully classified [58] and they are in one-to-one correspondence with primary
operators. For these defects we find from the distributivity requirement (1.4), in a canonical
normalization for boundary fields (3.23), that the X-coefficients are given in terms of the
normalized g-functions ¢’ (2.22) and the normalized 6J-symbols (2.36)

dab rorr ia,a’,d
Xia’b’ = (gagbga’gb') |:b/, b, J (16)

For the special case of a = b this reduces, up to a normalization, to the result of Graham
and Watts [60].

The action of the defect on boundary fields can be conveniently understood in terms
of defects attached onto the boundary as in figure 1. The defect endpoints can be freely
moved along the boundary without changing correlators as long as the defect does not

Topological defects have played a prominent role in the recent development of two-dimensional CFT,
see also [58-62].
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Figure 1. Action of the topological defect on a boundary field ¢¢* can be described by enclosing it
with an open defect attached to the boundary. The result is a collection (direct sum) of boundary
fields d)?,b, for all possible new boundary conditions allowed by fusion. The dots at the junctions
represent simple normalization factors determined in subsection 4.2.

cross any operator insertion. The junction point can be viewed as an insertion of the
identity operator (and not a traditional boundary condition changing operator) up to a
normalization factor which we determine in subsection 4.2.

Quite surprisingly however, the fusion rules of the open defect operators are twisted by
an orthogonal similarity transformation when multiple boundary conditions are generated
by the defect. So instead of

DD =Y " N, D, (1.7)
e

which holds for the defect action on bulk states, the action on boundary operators obeys

DD = Uy, (@ Nd;De> ULk (1.8)

Here U is a matrix, which for fixed ¢ and d describes a discrete transformation in the space
of multiplicity labels, which for fixed initial and final boundary conditions has its rows
labeled by the intermediate boundary condition created by D¢, and columns labeled by e
the summation parameter of the direct sum on the right hand side. When we include also
the initial and the final boundary conditions as part of the multiindices, i.e. {a,d’, a”} and
[e; a, a”] respectively, the U matrix becomes orthogonal and it is surprisingly given by the
Racah symbol (2.40)
(Uge) M = 50y { 55 4 1. (19)
From the explicit formula [10] for the boundary state in terms of the OSFT classical
solution it follows that applying the defect operator to the open string field results in a
boundary state encircled by the defect operator which gives a new consistent boundary
state of the kind considered by Graham and Watts [60]. In formulas

| Bpw)) = D| By)). (1.10)

Therefore, assuming that a given solution Vx_.y describes BCFTy in terms of BCFT x,
upon action of the defect operator D, it will describe BCFTpy in terms of BCFTpy, i.e.

DVx_,y = ¥Ypx_py. (1.11)



As a byproduct of our analysis we discover the interesting relation

D! (a)B;; o = Z xdaa (a’)BJi, G (1.12)

ia’a’
a’edxa

relating bulk-to-boundary structure constants for different boundary conditions, where D?l
is the eigenvalue of the defect operator D? acting on a spinless bulk field labeled by j,
see (2.13).

In order to be as self-contained as possible the paper includes some review material
and it is organized as follows. In section 2 we review the basic definitions and properties
of defects and topological defect networks in two dimensional CF'T. We also introduce the
duality matrices as generic solutions to the pentagon identity (which is a consequence of
the topological structure of the networks and the basic fusion rules of the defects) and the
related 6J and Racah symbols. In section 3 we review the basic construction of boundary
states in diagonal minimal models and explain how topological defects act on them. In
addition, we review Runkel’s derivation of the boundary OPE coefficients and identify a
particularly useful normalization for boundary fields. Section 4 is devoted to the main
results of our work, namely the construction of open topological defect operators as maps
between two boundary operator algebras which is compatible with the OPE. We present
two independent derivations of our results, one which is algebraic and which builds on
the initial analysis by Graham and Watts [60] and one which is geometric and uses the
properties of defect networks in presence of boundaries. Both our constructions clearly
show that the composition of open topological defect operators follows the fusion rules
only up to a similarity transformation whose precise structure is encoded in the Racah
symbols. In section 5 we consider open topological defects as new operators in OSF'T
which map solutions to solutions. We show that the way OSFT observables are affected
by the action of defects is consistent with the BCFT description and the interpretation
of OSF'T solutions as describing a new BCFT using the degrees of freedom of a reference
BCFT. In section 6 we illustrate our construction in the explicit example of the Ising model
BCFT. Three short appendices contain further results which are used in the main text.

2 Defects in conformal field theory

Consider two, generally distinct, 2d CFT’s glued along a one-dimensional interface. We
assume that energy is conserved across this interface. Let (20, 2!) be the coordinates of the
system and the interface is placed at ' = 0. From the conservation law 9yT% +0, 710 = 0,
we see that if 719 is continuous then the total energy is conserved

0 100 1 0 10

The requirement that the momentum density 70! = 79 is continuous across the interface
reads simply

T (20, 21| = 79 (29, 2] (2.2)

1 =0+ zl s0—"
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Introducing the complex coordinates z = z° + iz! and z = 20 — iz', the above condition is

written as

lim (7() - 7(2) |

1 —0

= lim (T(z) - 7(2)) |

1 —0

(2.3)

z=x0+4ix! z=z0—jxl"

This condition also means that the system has invariance under conformal transformations
which leave the shape of the defect line untouched, and the interface enjoying (2.3) is called
a conformal interface or a conformal defect. The gluing condition (2.3) should be supple-
mented by giving a rule for the behaviour of the other fields near the interface. The concept
of conformal defects comes from the study of one dimensional impurity systems [63, 64].
For a recent discussion of conformal defects see [65-68|.

There are two special classes of conformal defects: the factorized defects and the
topological defects. The factorized defects are purely reflective,? and the two CFTs do not
communicate at all. This condition is given by requiring the energy current 7' to be zero
at the defect, or equivalently

lim T'(z)|

z1—0

= lim T'(2)|

z1—0

lim T'(z)|

1 —0

= lim 7(2)|

o 0 i
2150 z=xV—ix

(2.4)
From (2.4) we see that the system is reduced to two separated BCFTs sharing the defect

z=20+4iz! z=204izl’ Z=20—izg!

line as their common boundary. Also note that a conformal boundary can be viewed as an
example of a factorized defect between a given bulk CFT and an empty ¢ = 0 theory.

On the other hand, topological defects are purely transmissive with respect to the
energy, and this condition is expressed by the momentum conservation across the defect.
From the conservation law 0gT°' + 9,7 = 0, we see that if 7! is continuous across the
defect, the momentum is conserved. In complex coordinates, this condition is given by

lim T'(z)

z1—0

= lim T'(z)

z1—0

lim 7'(2)

z1—0

= lim T(%)

[
2150 z=aV—ix

(2.5)

The energy momentum tensor does not see the defect, since its components are continuous

}z:xOJr'ixl ‘z:mofi:pl’ ’2:x0+iml

across the defect line. Therefore, continuous deformations of topological defects do not
change the value of correlation functions.

Every CEF'T possesses a trivial “identity” defect that does not affect correlation func-
tions. A familiar example of a nontrivial topological defect appears in the Ising model CFT,
which is equivalent to the minimal model M (3,4) with three primary fields {1, ¢, ¢}. In
addition, there exists also the disorder field 1 which, however, is not mutually local with
the spin field o. The correlation functions containing both spin fields and disorder fields
have branch cuts on their Riemann surface, and they are represented by disorder lines
which connect a pair of disorder fields. Clearly the value of such correlation functions does
not change by continuous deformations of disorder lines.

In the above example, topological defects are curve segments with both end-points
at disorder fields but, as we will review and discuss later, we can consider more generic
configurations in which defects form closed loops, networks, or are attached to a boundary.

>The notion of transmissivity and reflectivity has been introduced in [66] and further developed in [69, 70].



2.1 Closed topological defects

A particularly interesting configuration of defects is given by closed loops associated to
homotopy classes of cycles on a punctured surface. These closed topological defects give
rise naturally to closed string operators D which act on bulk fields by encircling them.
Since both the holomorphic and antiholomorphic components of the energy momentum
are continuous across the defect, the encircling defect loop can be arbitrarily smoothly
deformed and the defect action should also commute with the Virasoro generators

[Ln,D) =[Ln,D] =0,  Vn. (2.6)

By Schur’s lemma the action of the defect operator on the bulk states must be constant
on every highest-weight representation. Then we can concentrate on the action of D on
the bulk primary operator ¢, ; . 5)(,%), where i and i are labels for the Virasoro repre-
sentations of the holomorphic and antiholomorphic parts and o and & are corresponding
multiplicity labels. Let a be a label classifying the topological defects then, following
Petkova and Zuber [58], we can write

Da¢ (3,3,0,@) ( ) D(;{aa (b(i,g,oc,d)(zag)a (27)
with constant coefficients DZIZ. Fd)” The operator D® can be written as

D= %" D{zamP Y, (2.8)

(i7z7a7a)

where P(i::28) ig the projector on the highest-weight representation labeled by (4,1, o, &@).

To determine the coefficients D?Z 7 a) let us consider the modular transformation of
the torus partition function with a pair of closed topological defects wrapped around the
same nontrivial cycle. There are two ways for evaluating this. One way is to consider time

slices parallel to the defect line, obtaining the following expression
Zapp =Tr ( TDb jlo—21 qLO 24)

_ a * b = (2.9)
B Z (D(J}ia,d)) D(j,j,a,@)Xj(Q)Xj(Q)-
(j?j7a7a)

The other way is to consider time evolution along the defect line. Let Vj; ¥ denote the

multiplicity of the Virasoro representation (ii) appearing in the spectrum in this time slicing

Happ = @vm R; @ R;, (2.10)

then the partition function is written as

a|b - Z iisa XZ Q)' (211)



From modular transformation property of the Virasoro characters x;(q) = >, Sjixi(q), w
can connect (2.9) and (2.11), and obtain a bootstrap equation

ua - Z ( (j,jaa)) D?jjya’@y (212)
jjaOé

which implies that the right hand side should be a nonnegative integer.
For the diagonal minimal models there is a simple solution to (2.12)

S .
Df;iqy =D = Sz Via' ZNm’me . (2.13)

We can check this result with double use of the Verlinde formula [71]
lejlskl
2.14
=2 e (2.14)

On the right hand side of the first equation of (2.13), index a runs over the irreducible repre-
sentations of the Virasoro algebra, and from this expression, we see that there are as many
distinct topological defects as primary operators. Plugging back to (2.8), we obtain that

Sy (2.15)
It then follows that these operators obey the fusion algebra
DDy =Y N, D, (2.16)
just like the conformal families of the primary fields
=D Nu“leel: (2.17)
c

This follows by a simple computation

Si S SMSZ i
(£3r)(Sor)-Sitr-srwie  en

where in the last equality we used the Verlinde formula (2.14).

2.2 Defect networks

To get a more conceptual understanding of topological defects, it is useful to consider
networks of topological defects, where the defects are allowed to join in trivalent vertices.
Let us state now some minimalistic assumptions: defects can either summed or fused.
Summation is naturally defined at the level of correlation functions. Two topological
depends can be brought close to each other so that the resulting configuration looks as a
single defect which in general might be given by a sum of elementary topological defects.
The labels of the elementary defects define naturally an associative algebra. For two
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Figure 2. The topological nature of defects implies that an“s-channel” configuration with an
elementary defect should be equivalent to a “t-channel” configuration with a composite, but still
topological defect.

a b
a b
>p—< = XE |
q
c d
c d

Figure 3. Elementary defect network move.

elementary defects a and b we define the product of labels a x b as a free sum of labels of
the elementary defects which arise upon fusing defect a with defect b. The associativity
follows from the topological nature of defects.

Another important assumption is that there is always an identity defect, labeled as 1
or 1, which can be freely drawn or attached anywhere without changing anything.?

The most powerful property of topological defects, is that they can be freely deformed,
without changing the value of any correlator, as long as they do not cross the position of any
operator insertion or another defect. Therefore, a piece of defect network in the “s-channel”-
like configuration, shown on the left hand side of figure 2, composed of four defects joined
by an intermediate one, can be deformed into an alternate “t-channel”-like configuration
where the new defect will in general no longer be an elementary one. Decomposition into a
linear combination of elementary defects defines a set of a priori unconstrained coeflicients

cd
be self-contained and perhaps more general, let us ignore this knowledge and proceed by

Fuq {a b}, see figure 3. In many circumstances these coefficients are known, but in order to

following the consequences of consistency.

The most important consistency condition comes from considering the defect network
shown in figure 4. By repeated use of the basic move of figure 3, from a given starting
configuration to the final one, along two different paths depicted by arrows in figure 4, one

3 At this point our conventions differ from some of the literature on the subject e.g. [72].
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Figure 4. Pentagon identity as a consistency condition for fusion of defects.

finds the celebrated pentagon identity*
b d d d b
Z Fps |:a ;:| th [Z e] Fsr |:z t:| = qu |:ZC) e] Fpt |:a £:| . (219)
S

By the MacLane coherence theorem, this equation is enough to guarantee the consistency
of the fusion rule in figure 3 for any possible defect network. This is not to say that other
identities are not of interest, but that those required for consistency are implied by the
pentagon identity.

A simple property of the F' following from our definition and the natural normalization
for the trivial identity defect is that

qu{ } 1 whenever 1 € {a,b,c,d}. (2.20)

Using this in the pentagon identity by setting e = 1 (which requires also ¢ = d, a =t and
p = r) one finds the orthogonality relation

ZFPS [Z ;]FST [z ﬂ = Opr. (2.21)

4This identity differs from the one given in [75] by transposition of columns in every F. For unoriented

defects this difference is immaterial as Fjpq [Z Z} = Fpq [Z ﬂ . For oriented defects one has to specify carefully

an orientation. Our implicit orientation (always downwards in figure 4) is the same as in [73, 74] and others,
but differs from the one required to match the formulas of Moore and Seiberg [75, 76].
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Figure 5. Defect bubble network. When no operators are present inside, the topological bubble can
be shrunk to zero size, yielding a numerical factor symmetric under the exchange of a and b labels.

For p # r the left hand side of (2.19) still makes sense, but the right hand side would
contain fusion matrix elements with non-admissible label, so the only consistent value for
the left hand side is zero. Alternatively, one can of course apply the elementary move again
to the right hand side of figure 3 viewed sideways.

Let us now consider defect networks containing closed loops. An arbitrary such network
can be reduced via the elementary move of figure 3 to a network without any closed loops.
The simplest defect network with a loop is of course a single loop, but let us start with
a slightly more general configuration shown in figure 5 consisting of a bubble with two
external defect lines attached. As long as there are no operator insertions inside the
bubble, one can shrink it leaving behind a pure number. This already tells us that the
two external lines must carry the same label otherwise, upon shrinking, one would expect
a defect changing operator insertion. These operators carry nontrivial conformal weight
and thus the correlator scaling properties would contradict those expected for a network
of topological defects. Attaching an auxiliary line of identity defect, see figure 5, allows us
to find a simple expression for the bubble in terms of the F-matrix. In rotation invariant
theories for unoriented defects the numerical factor Fi; [Z lﬂ must be symmetric in a and b,

as follows by considering the 180° rotation.

As a corollary we find that a bubble with no defects attached, which is the same thing
as if two external identity defects were attached, is equivalent to an overall factor

1
o = (2.22)

Rl

which we identify with the normalized g-function of the defect.®

Sia
Si1’
value of the g-function of the boundary condition associated to the defect via the folding trick, normalized

where S is the modular S-matrix. It is thus the

5In the context of the minimal models this is equal to

by the g-function of the trivial defect. In non-unitary theories (e.g. for the Lee-Yang model) or theories
with oriented defects this quantity may coincide with the usual normalized g-function only up to a sign.

,10,
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Figure 6. Defect sunset network gives rise to an S3 symmetric factor 6(a, b, c).

a b a b c
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x b b] - ZNab c C}

Fulie]  Fuls

Figure 7. Derivation of the Verlinde-like formula. In the second step we use the S3 symmetry of
the bubble factor 6(a,b, c).

Another corollary is an expression for the sunset diagram in figure 6. Since it can be
viewed as a symmetric bubble on a loop in two possible ways, it follows that

O(a,b,c) =0(a,c,b) = 0(c,b,a), (2.23)

and hence it enjoys the full S3 permutation symmetry. Analogously, we can introduce

~ 1
O(a,b,c) = . [Z Z} o [b b} ;

(2.24)

CccC

which, as a consequence of the pentagon identity (2.19), in which we set ¢t = ¢ = 1 together
with s =e=d =a, r = b and p = ¢, satisfies

grange. = 0(a,b, c)é(a, b, c), (2.25)

and hence é(a, b, ¢) also possesses the S5 permutation symmetry.
Another peculiar identity which can be obtained by the sequence of moves shown in
figure 7 is

1 1 1
= g N ¢ . (2.26)
Ja aa Ja bbd F cc
1, . £, c ..
It might come as a surprise that this equation is a consequence of the polynomial pentagon
identity (2.19). To see that it is indeed the case, one may proceed in two steps. Starting

with the orthogonality relation (2.21), setting p = r = 1 while adjusting accordingly the
other indices, and using the relation (2.25) one derives easily (2.26).

— 11 —
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Figure 8. Triangular defect network. When no operators are present inside, the topological triangle
can be shrunk to zero size, yielding a numerical factor with S3 permutation symmetry under the
exchange of (i,a), (j,b) and (k, ¢) labels.

For the minimal models, the relation (2.26) is nothing but the Verlinde formula for the
first row (or column) of the S-matrix

& Igjl LU Z:Nabcsﬂc. (2.27)
This is due to the relation between the modular S-matrix and the F-matrices
Sii (Bt — 1
which follows from the formulas in 1[76], see also e.g. (E.9) in [85], and which for ¢ = 1
simplifies to g} = % = (FH B ;]) )

The next natural step is to consider a defect loop with three external defect lines at-
tached, as in figure 8. Applying the elementary defect network move to any pair of vertices
connected by an internal defect line, we find the elementary vertex with a bubble on one
of the external lines, and as before we can replace the bubble by the corresponding factor.
The expected Z3 symmetry of the resulting factor follows directly from the pentagon iden-
tity (2.19) by setting t = 1 together with s = d, » = b and e = a using (2.25). For unoriented
parity-invariant defects in parity invariant CFT’s the symmetry is enhanced to Ss.

The symmetries of the F-matrices are actually much larger and can be nicely mani-
fested by considering a defect network in the shape of tetrahedron, see figure 9. It can be
naturally drawn on a Riemann sphere, but the resulting identities should have universal
validity. Let us now choose any triangular face, e.g. (abc), and shrink it to a point picking
up the triangle factor as in figure 8. This results in the sunset diagram, see figure 6, which
we have already evaluated. Combining the factors, one quickly arrives at

[z} i k} TET _ Fek sz lﬂ
st A A ]
- glze(a,b, R0, 5, k) Fur[] 1] (2.20)

The notation is such that the labels in the upper row always form an admissible triplet,
ie.t1€j xk.

— 12 —



Figure 9. Tetrahedral defect network. When no operators are present inside the faces, the topo-
logical tetrahedron can be shrunk to zero size, yielding a numerical factor with S; permutation
symmetry under the exchange of the faces with (a,b,c¢), (a,j, k), (b, k,i) and (c,i,7) labels.

We could have chosen an arbitrary face of the tetrahedron for reducing the triangle
and due to the Z3 cyclicity of the defect triangle in figure 8, we would have obtained one
out of three possible expressions. Altogether we get 12 different expressions which must
be equal to each other, and which correspond to the orientation preserving subgroup A4 of
the tetrahedral group S4. The Zs subgroup cyclically permutes the columns

{z} ; k} TET _ [ . l}TET _ {k i j} TET7 (2.30)

a, b, c b, ¢, a ¢, a, b

while the Zy x Zy subgroup is switching upper and lower labels simultaneously in two
different columns

.. 4TET . TET TET . .TET

i, j, k _ |4, b, ¢ _ la, b k _ la, 3, ¢

{a, b, c} - [a, 7, k:| - [i, 7, c} - [i, b, k:| ’ (231)
The equality of the three expressions (2.30) follows already from the pentagon identity,
but (2.31) does not. The reason is that in deriving (2.31) we have assumed that all defects
were unoriented. For oriented defects some labels in the identity (2.31) must be replaced
by the conjugate labels to account for the change of orientation.

In the special case of parity invariant defects in parity invariant theories the tetrahe-
dral defect network is invariant under the full tetrahedral group .Sy which in addition to
the generators of A4 contains also 12 transformations combining rotations with a single
reflection. The additional identities can be generated with the help of

B = (2.32)

a, b, ¢ b, a, ¢
These are the symmetries of both the classical and quantum Wigner’s 6J symbols. This
object however differs from the 6J symbol by a tetrahedral invariant normalization factor
(see discussion in section 2.2.2), and resembles thus an object often called TET in the
literature, see e.g. [77, 78]. Another difference would arise in the case of oriented defects,
where the tetrahedral invariance of the defect network is broken.%

2.2.1 Specular symmetries

As follows from the definition of the F-matrix, see figure 3, invariance under 180° rotation
for unoriented defects implies

Fyy t Z} — Fpy {;’ Z]. (2.33)

6Also because of the fact, that up to a normalization factor, this object obeys the pentagon identity

without signs, it is more reminiscent of the classical Racah W-coefficient.
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Similarly, parity invariance of both the theory and the defect (with respect to any axis)
implies a stronger condition

Fpq [(z ﬂ = Fpq [2 (lﬂ = qu[z Z] (2.34)

Of course, the two identities (2.34) together imply (2.33). All these identities are true in
the Virasoro minimal models.

Mathematically, the symmetry of the F-matrix (2.33) is equivalent to the con-
dition (2.31) under the assumption of the pentagon identity, or in particular (2.30).
Analogously, under the same assumption, the symmetries (2.34) are equivalent to
{i’ i k} TET [b, o k} TET - k} TET _ [m P k} TET

= and
a, b, ¢ 7, 1, ¢ {a, b, ¢

boa o respectively.

2.2.2 6J symbols, Racah symbols and their identities

i i k] TET
a, b, c
tetrahedral symmetries as classical or quantum Wigner symbol. Such an object is by no

From the defect network manipulations we have seen that [ obeys the same

means unique, since a product over the four tetrahedron vertices of an S3 invariant function
of the three corresponding edges will always have the tetrahedral symmetry. A particularly
useful combination is what we call the normalized 6J symbol

[i, 7, k} _ 1 {z g,k
@ boel\/0(i, ,k)0(i, b, c)0(a, §, c)0(a, b, k) L= b €

1 [6(a,b, k)06, 5.k) . 114
_ s Yy 1J F J 2
gz\/eu,b, e s.0) ) (230

TET
} (2.35)

which enjoys also the full tetrahedral symmetry for unoriented defects. If it were not for
the prefactor 1/g; it would have obeyed the pentagon identity, since

F, [a b} _, Ma,b,q)A(e,q,d) F, {a b] (2.37)

cdl Ac,a,p)A(p,b,d)” " ledl

is an exact symmetry of the pentagon identity (2.19) called “gauge symmetry” by Moore
and Seiberg [76].7 Here A(i, 7, k) is an arbitrary function of an admissible triplet. Due to
the cyclicity of #’s, one can arrange their arguments, so that the full prefactor under the
square root in (2.36) can be viewed as the above gauge transformation. Consequently the
6J symbol obeys the following pentagon-like identity

/e, b, s||d, s, t||d,c,r| __ |d,c,r||r, bt
ng {a, a, /p} [m e, q} {b, t, 8} - Lv, e, q] {a, e, p}' (2.38)
s

This new symbol is normalized so that when any of the entries equals 1 it simplifies to

i = e 239

"Further discussion of this “gauge symmetry” is postponed to appendix A.
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A fundamental property of the normalized 6J symbol (2.36) is gauge invariance under
the symmetry (2.37) holding for any Ss-invariant A subject to the additional condition
A(l,a,a) = 1.

At this point, let us note, that the pentagon identity (2.38) for the tetrahedral invariant
object with this simple normalization is much more amenable to brute-force solutions than
the original pentagon identity (2.19). In general, given the fusion rules, we may first solve
the much simpler system g/, g, = > .N,,°g.. This system of equations in rational CFT’s
has as many solutions as there are labels. Every solution corresponds to a single column
of the modular S-matrix normalized by its first element. Then we can solve the pentagon
identities (2.38) by imposing the symmetries on the 6J symbol. We have checked that
indeed for Lee-Yang model, Ising model and tricritical Ising model these over-determined
polynomial systems have a unique solution.

Another very useful object which will play an important role in the following sections

of this paper is what we call Racah symbol following the terminology of Coquearaux®

gkl — )|t sk
{a, b, c} =\ 9kYe [a, b, c:|' (240)
It obeys the full pentagon identity,
Z c, bys)| [dys, t]| [dye,rl _ [dye,r)[r bt (241)
a, g, pf \a, e, af \bt,sf  \poe afla epf’ '
S
and can be therefore identified with the F-matrix in a given special gauge

{c, b, s} _ F;’;ac [b C] (2.42)

a, q, p aq

The defining property of this gauge is that

/
Feled] = Beefos] = [ (2.43)
i |gp il bb gagll)

When one of the entries of the first two columns equal 1, the Racah symbol simplifies
{Z’v . b} =1 (2.44)
1,0, ¢

which is necessary for its interpretation as an F-matrix. Just like a generic solution to the
pentagon identity, the Racah symbols obey the orthogonality condition

; {b . Z}{b i q} = Ops- (2.45)

The Racah symbol, just like the normalized 6J symbol, is also invariant under the
gauge transformation (2.37). For the type of computations that we will present in the
sequel only Racah symbols will appear in the final results, independently of the gauge

$What Coquearaux [78] calls geometrical Racah symbols, or Carter et al. [77] call the 6j symbol are our
F-matrices.
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chosen for the F-matrix used for the defect manipulations. On the other hand the F-
matrices arising from the transformations of the conformal blocks are uniquely determined
once the conformal blocks are normalized, by giving the coefficient of their leading term.
It would be interesting to know whether there is a specific normalization choice which also
fixes the gauge for the defect networks. This may involve a careful study of defect changing
fields, which goes beyond the scope of this paper.

3 Boundaries in conformal field theory

Conformal boundary conditions in 2D CF'T’s have to satisfy a number of consistency condi-
tions spelled out explicitly in [79, 80]. This section is a review of some of these consistency
conditions in diagonal minimal models and of the action of topological defects on the
fundamental boundary states.

3.1 Boundary conditions in minimal models

From the bulk perspective, conformal boundary conditions in 2D CFT’s are encoded in the
conformal boundary states which are required to obey a number of necessary conditions.
The most elementary requirement of preserving the conformal symmetry forbids the two-
dimensional energy and momentum to flow through the boundary, which leads to the gluing
condition

(Ln— L) [|B) = 0. (3.1)

The set of linearly independent solutions was written down by Ishibashi [81]. The Ishibashi
states are in one-to-one correspondence with spinless bulk primaries V¢

Vo)) =D MY (ho)L_1L_j|Va) (3.2)
IJ
=> In,a) @n,a) (3.3)

= [1 + iL_1E_1 + o | [ Va). (3.4)
2hq

The multi-indices I,.J, with I={iy, ..., i,} appearing in the first line label the non-degenerate

descendants in the conformal family of V,,, and M!”(h,) is the inverse of the Gram matrix

(V¥ LrL_j|Vy). We denoted Ly = L;;Li,...L;, and Ly =L_; L_; ,...L_;. The

Ishibashi states, see the second line, are given by a sum over an orthonormal basis of states

in the irreducible quotient of the Verma module over the chiral part of the primary V,,.

A highly non-trivial consistency requirement is given by Cardy’s condition. Consider
the partition function on a finite cylinder with two boundary conditions ¢ and b. Viewed
in the “closed string” channel, the diagram can be interpreted as a matrix element between
two boundary states ||a)) and ||b)). In the “open string” channel it becomes a trace over
the Hilbert space of the CFT with the two boundary conditions a and b

(allghEorEo=)||b) = Trygopen (0751 ) , (3.5)
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where
q= 6271'1'7'7 G= 6727”‘/7'7 (36)

and 7 = R/L is given by the radius and length of the cylinder.
It is well known that for minimal models with diagonal partition function Cardy’s
condition is solved by a set of fundamental boundary states, explicitly given by [82]

1By = 5L ), (3.7)

7 st

where Sij are the entries of the modular matrix and ¢ and j denote the Virasoro represen-
tation which are present in the minimal model. Therefore in this case there is a one-to-one
correspondence between chiral primaries and fundamental boundary conditions. In the
case of diagonal minimal models, the most general boundary condition consistent with
Cardy’s condition is obtained by taking positive integer linear combinations of the above
fundamental boundary states.

3.2 Runkel’s solution for boundary structure constants

Boundary operators generally change the boundary conditions. The multiplicity of a
boundary operator in the Virasoro representation k, changing the boundary conditions
from ¢ to j is the integer coefficient Nijk appearing in the fusion rules of the theory

¢ X ¢j = Nj* ¢ (3.8)
k

While one could extract the spectrum of boundary operators from the cylinder am-
plitude between two boundary states, to compute their OPE structure constants one has
to resort to the 4-pt conformal bootstrap. To this end, let us consider a 4-pt boundary

function
abed a c c a
G €)= (Lo s (Mo (0)) . (3.9)
where I(z) = —%. We can compute it in two ways using different OPE channels
abed a c c a
G (&) = (10 ¢ (008 (1)67()91(0) )
= (hogf*(0)hol o g (0)he i (1)h o ¢f(€) )
= ghrhah=hi (Lo gife(0) 3 (1) ¢l(1 — €) 62(0) )
fh ithj—h— hkgl(zi(]lgbc (1 _ 5)7 (3‘10)
where h(z) = Z—;g We now express the four-point functions in terms of the structure

constants and the four-point conformal blocks

G (€ > Ol et Glocn (i, j, k, I ) (€), (3.11)
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where the conformal blocks are given by the formula

Fi, 3.k, 15p)(€) = > Bir(hay by hy) By (i, T, b)) G (R ) &Pt 1 =P (3.12)
1,J

where I is a Virasoro multiindex, G’/ is the matrix of inner products in a highest weight
representation of Virasoro algebra, and the 3 coefficients are defined via

0f"() ZC““) Ol o) 1) (3.13)

— y)hithi—hu—T]

Notice that F does not depend on any normalization of boundary operators.
The conformal blocks in £ can be linearly related to the conformal blocks in 1 — ¢ via
uniquely fixed F-matrices

F(k,Li, 3 p)(6 ZF“““S[’ | FGL ki) (1 - ). (3.14)

Then, using (3.11) and (3.14), we find from (3.10)

Cl(zdab) pC (bed) pG (dbd) Z Fblocks [l z:| abc) qC(cda) qG(aca)’ (3 15)

where the two-point functions are given in terms of the three-point functions as

aca aca) 1l
Gl = clacallg,, (3.16)
This can be further simplified to?
Cz(abd bcd) p Z Fblocks [l z} abc) qC(acd) l' (3 17)

Runkel [84] has observed!? that this equation can be exactly solved by setting

Oi(;zbc) Fblockb [zzz ﬂ (3.18)

thanks to the pentagon identity.

We can find a more convenient expression for the structure constants by changing the
ab

normalization of the boundary operators. To this end, let us express FZE’(}OCkS[
cd

] in terms

of the normalized 6J symbols

(b, d,p)0(c,a,p)
Fblocks ab _ 5 Ly s Wy ,a, q ] 1
L d} Jq 0(c,d,q)0(b,a,q) L d, p] (3.19)

9US€ C}(Jda) qclggca) 1_ C;zcd) lCl(lada) 1 and Ci(iaba) lga _ Ci(ibab) lgb
9Generalizations have been studied in [85-87].
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Runkel’s solution then becomes

abe 0(c,7,0)0(i,a,b) k
C( be)k Fblocks a C _ ’ ) ¢ a 3.20
ij 92], 0 c, ’k){i,j, b} ( )
q b)0(i,a,b)
. 7]@ s by c, a, k
- \/ 1)0(c, a, k){ Js b} (32

7]7 0(i,a,b)
_ gcg gb vV gzgagb c, a, k (3 22)
0(ijk) O(c,ak) i, 5, bf ‘
93959, \/9-949%

From here we see that there is a special choice of normalization of the boundary fields, in

which!!
\/ 939395
Vo { e, ’“} (3.23)

~(abe) k
c 9(Z7j7k) i b)

ij

The Racah symbol is gauge invariant, but the object 0(i, j, k) has to be computed from

blocks [a b|
Fo L d}’ ie.

o 9;
0(i,j, k) = ——— (3.24)

Fblocks Jjk
Jjk

3.3 Defect action on boundary states

As we have seen in section 2.1, defects act naturally on bulk operators by encircling them.
Cardy boundary states are (non-normalizable) states in the space of bulk operators

| Ba)) = (3.25)
so, analogously, the action of the defect operator is given by [60]
Dal|Bo) = > Nl Be), (3.26)

as follows by a computation almost identical to the one presented in section 2.1, using
again the Verlinde formula and the fact that the projectors obey P*|j)) = d%|7).

Now we can easily offer an alternative proof for the observation of [11] that OSFT
makes predictions for the coefficients of the boundary states |[Bx)) =35 B§| o))

BYBy _ Z 8
8 ZNXY BZa (3'27)
BR 4

HThis expression for the boundary structure constants is particularly interesting since the square of the

prefactor coincides with the bulk structure constants, CP* = ”Gfii?f)’“

bulk operators where the coefficients of the two-point functions are set universally to one times the sphere

in a canonical normalization for

partition function.
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under the assumption that the reference D-brane || R)) allowed an OSFT solution describing
| X)) and that such a solution could have been re-interpreted on a D-brane ||Y)). This
assumption is in fact quite strong, so that (3.27) does not generally hold for arbitrary
triples R, X, Y. To reinterpret a solution found on the || R)) D-brane on another D-brane
|Y)) it is necessary that the subalgebra of boundary operators ‘turned on’ in the first
solution is present also on the ||Y')) D-brane. This is trivially satisfied if the string field
theory solution on the ||R)) D-brane lives only in (irreducible quotient of) the identity
Verma module.

Assuming that the defect operator acts as a multiple of the identity on each highest-
weight representation and that as an operator it is selfconjugate (or possibly antiselfcon-
jugate) under BPZ conjugation then the coefficients of the boundary states satisfy

(VPID|R) _ (VPID|X)

— 3.28
VOIR) — (VAIX) (3.28)
and hence 5 5
8 g 7 ’
BR BX

where DR and DX stand for D-branes obtained by fusing defect D onto R or X branes.
The new DX brane itself is either fundamental or should be an integer linear combination

of such and therefore
BchgR B Z npb
g = Bpx = ZNDX By, (3.30)
R Z

which matches the formula (3.27) derived from OSFT by reinterpreting a solution Vg, x
on the DR brane. It is one of the goals of this paper to explain this coincidence.

4 Attaching defects to boundaries

In this section we define and study the action of topological defects on boundary fields. This
was partially done by Graham and Watts [60] for boundary operators which do not change
the boundary conditions. We will generalize their algebraic approach to the full open
string spectrum, including the important case of boundary condition changing operators.
In addition, we will provide an independent geometric derivation using defect networks.
We determine first how an open string defect acts as an operator, mapping the bound-
ary operator algebra of a system of boundary conditions to a closed subset of the operator
algebra of a new system of boundary conditions. Then we study the composition of such
operators and we show how is this related to the fusion rules of the theory. We first proceed
in a completely algebraic way, imposing the condition that the OPE must commute with
the action of an open topological defect. This is a non-trivial constraint that can be solved
for the coefficients defining the open string defect operator and, together with an appro-
priate twist-invariance condition, allows to uniquely determine such coefficients, thanks to
the pentagon identity. Then we show that the composition of open topological defects
is governed by the fusion rules of the theory but, differently from the closed string case,
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there is a non-trivial rotation in the Chan-Paton’s labels corresponding to coincident final
boundary conditions. This rotation is in fact a similarity transformation. In the second
subsection we show that our algebraic results can be independently obtained in a purely
geometric way by manipulating the involved defect networks with boundary.

Our goal is to define an action of defects on the open string Hilbert space

D : Hopen — Hopen- (4.1)

This general action is further specified by decomposing Hopen into fundamental boundary
conditions

Hopen = P H, (4.2)
a,b

where, when a # b, the corresponding states are boundary condition changing fields. Let
d be a label for a topological defect, then the open string topological defect is a linear map

DL P HEW. (4.3)

a cdxa
bedxb

This map is injective but in general is not surjective (the defect maps from a given open
string Hilbert space, onto a “bigger” one). This is how open strings feel the fact that a
topological defect, in general, maps a single D-brane into a system of multiple D-branes,
according to the fusion rules of the underlying bulk CFT. As in the bulk case, Schur’s
lemma implies that the operator D restricted to H(%?) — H @) should be a multiple of

(a,b)

the identity on every highest-weight irreducible module Vir; in H'*". Assuming that all

states can be obtained by acting Virasoro operators on primary states, which is true in
unitary CFT’s, the open string defect action is fully specified by

d ,ab dab ,a'b’
D% ¢i” = Z ia'b’ Pi > (4.4)
ae€dxa
b edxb

where the ¢’s are the boundary primary fields, allowed by the involved boundary conditions.

4.1 Algebraic construction

In this subsection we will determine the above-defined X-coefficient in an algebraic way.
Then we will inspect how the composition of open topological defects is related to the
fusion of defects in the bulk and to the fusion rules of the theory.

4.1.1 Defect coefficients from OPE

A simple consistency condition for the action of open-string defects has been introduced
by Graham and Watts [60]

D! (¢ (2)oe(y)) = (DU (@)) (DUl(y) ) - (4.5)
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Using the general ansatz (4.4) as well as the operator product expansion, the constraint (4.5)
takes the explicit form

b bk
Xjlag, Cltt = 3T ol e x| (4.6)
bedxb

where C’Z(ja b are the boundary structure constants. Restricting ourselves to the A,, series
of the minimal models, see section 3.2, the boundary structure constants can be written as

\/ 9199 {c’ . k} @

e(i,j,k‘)bIOCkS i, j, b ?

b are generic normalizations of boundary fields with the convention that n“b =1

where nf
for the canonical normalization (3.23). With this explicit form of the structure constants

it immediately follows that (4.6) admits a general solution

nqb ;o N(d a CL,)
Xd/ ;) — 1 b7 LalZ_ A7 77 4'
b n?”bl {d, a', b} N(d’ b’ b/) ( 8)

thanks to the pentagon identity (2.41). The pentagon identity does not fix the N-constants,
but they are in fact fixed by imposing the parity condition'?

Xdab, — xdba, (4.9)

which, using the properties of the Racah symbol discussed in section 2.2.2, gives
N(d N 2 ! q
( 7&,&) gag/b’ (410)
N(d,b,b) 9ady

N(z,y,2) = {x > 1} = ( }q;,>i. (4.11)

SRS 9z9=

so that we can set

The X-coefficients take the explicit form

d bd
L

Xd/b/ == FRaC|:a b:| (412)
/b/ Y
nl a' b FII}ac |:Z Z:|
o n’?b AN i a, a', d 4 13
- na/b/ (gagbga’gb’) |:b/7 b, Z] ( . )

i
Notice that, differently from the boundary structure constants, the defect coefficients X

do not depend on the crossing symmetry properties of the conformal blocks, since only the
Racah symbols are involved in their definitions.

2Tn this work we consider only 2D CFT’s which are separately invariant under C, P and T discrete
symmetries. The parity symmetry P is related to the twist symmetry in the corresponding SFT [88].
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4.1.2 Fusion of open string defects

Let us now consider the fusion of topological defects acting on general boundary fields.
To this end, we need to calculate the subsequent action of D¢ and D? on qﬁ?b. As we saw
n (4.4), after the first action of D¢ there are multiple boundary conditions in general, and
it is natural to arrange the r.h.s. of (4.4) into a matrix regarding a’ and " as matrix indices.
That is

b} .. by,
b . b aibl,
al chglb’ b, 1b . XZCC:llb’ (z)z'l
Dot = . : , (4.14)
a \ Xy, ¢ mho L xeab P o

where a; € ¢ x a and b; € ¢ x b. The number of labels a; is given by the number of nonzero
Ngg's, and the number of labels b;- is that of Ng’s. The right hand side is a m x n matrix,
and m and n are given by

m=Y N  n=Y» Nu', (4.15)
i J

respectively. We also write this equivalently as (D¢¢#?)® 't — Xfc‘f,l,’),qb‘-l/b,. Similarly, after
the subsequent action of D%, we have

by b,
ay M ah b} M a’bl,
DD = S (4.16)
ap, \ My b, My g
where the submatrix Mg is given by
b ... by
af (X ca/ Ly, X d(t/ bl;// ”blll o X Ca, T Xd(f,bl;// ay'by
Magy, =D (X 07" ) = : : : L (417)
o \ Xith, Xf;t,;i’, L X, Xg;,g, ol

This is an s X ¢ matrix, and s and t are given by
S_ZNda’ i, t:ZNdb&bj, (418)
J

and the size of the matrix DdDCqﬁ?b is given by

Z s| X Z t] = Z Nda;a;/Ncaa;’ Z Ndb’ cb q . (419)
P

apEcxa by €cxb
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From (4.16) and (4.17) we see that to identify the position of components in (DID¢¢$?),
we need to refer to both the intermediate boundary condition (a’d’) and the final boundary
condition (a”b”). We then introduce a composite label {aa’a”} and express the above
result as

llb//

(de%z;z){aa/a”}{bb/b”} <Dd (DC¢ab) /b,> = xgab xdat pab" (4.20)

For the defect action on the bulk space we have D?D¢ = >"_N. g D¢. For the action
on the boundary operators we have to replace the ordinary sum by a direct sum, since
different defects map to different Hilbert spaces

AN Mel
e ab\? b
D (D ¢ ) _ , (4.21)
ecdXxc Mek
Where 1"t
6]/?;)?// gbal 67/?5//¢ 1%
M., =D g3t = : o : . (4.22)
6 "b”¢ ;;l ’ e e //b//¢ g h
Now we introduce the labels [e; a, a”] to represent
[67 a7 a }[f7 b7 bll}
e e jab a’'t"” a”b"
@ D ¢l = (D ¢l ) 66]“ = Xza"b”¢ ef. (4.23)
ecdxc

Clearly the two expressions (4.20) and (4.23) are different, but notice that they have the
same range of indices thanks to the identity

S ONGFNGT = Nim N (4.24)
k k

That is, as explained in (4.19), the number of the labels {ad’a”} is given
by > (Za/ Nac“/Na/d“”>, while the number of the labels [e; a, a”] is given by

Y oar <Z . cheNaea”). These two numbers are equal, as explained e.g. in [76]. Similarly,
we also conclude that the number of the labels {bb' "} and that of the labels [e; b, V'] are
the same.

This suggests that there might be a similarity transformation linking the two matrices,

Udc ( @ Ded)l) dc

ecdxc

{a a/ a”}{bb’, bll}
{aa’ al/}{bb/ bll}
(Ddl?cqbi) - . (4.25)

where Uy, is a real invertible matrix with matrix indices {aa’ @} and [e; @, a”’]. Substitut-
ing (4.20) for (DD°¢;) and (4.23) for (P, D°¢i), this equation is expressed as

Xd%ll;:/ C’b’ _ Z Z U{aa a"}eaa ]Xeab 5ef(U )[f b, b”}{bb’b”} (4.26)

l(l”b”
le;aa”] [f;b,b")

— 24 —



Since X 4%, is the Racah symbol with some extra factors (4.8), the equation (4.26) is again
reminiscent of the pentagon identity (2.41). In fact, we find that the following Uy, is
a solution

N(c,a,d')N(d,d',d") (¢, a & ~ ~
S M{d,e,c)N(e, a,a") {a” J e} (a =a) and (a" =a"),
(Udc){aa a’}e a,a”] _ » » >

0 (a #a)or (a" #ad"),
(4.27
where the factor N(z,y,z) is the same as that appearing in (4.8), and M(x,y,z) is a
nonzero arbitrary real number. To check (4.26), notice that the inverse matrix U,
given by

e a.afad o M(d,e,c)N(e,a,a”) (q»
U 1\[e;a,a”"{aa"a"} _ » & ) Uy a’, a, e 4.98
(Vae') N(c,a,a/)N(d,aaaﬂ){c, d, } (4.28)

as can be checked from the orthogonality relation (2.45). A natural choice for M(z,y, z) is

, 1
g 4
M(m,y,z) :N(ZL‘,y,Z): Fyf%ac{; ﬂ = < /y/) ) (429)
929z
which makes Uy. an orthogonal matrix
(Udc){aa’ a’}ea,a"] _ (Z-Jd—l)[e;&7 a"l{aa a”}. (430)
c

This can be easily checked by substituting (4.29) into (4.27) and (4.28), obtaining

Uaelee et < L5 00, (4.31)

and, using the tetrahedral symmetry of the Racah symbol we get

1

(UCl—Cl)[e;a,a”Haa’ a’y {ac’, Z: 5/} _ {;27 Z: o;’} _ (Udc){aa/ a”}[e;a,a”]' (4.32)

A comment on the appearance of the matrix structures in the above discussion: we
have arranged the elements of the matrices in a particular way as in (4.16), (4.17) and (4.21)
for illustrative purpose, but we do not have to necessarily adhere to this ordering of rows
and columns. Indeed, from (4.27) we see that the mixing only occurs when (a,b) = (&, b)
and (a”,0") = (a”,1"), and with a suitable ordering of the columns and the rows we can
bring Uy into a block-diagonal form. The net mixing is therefore given by

it = S ). (439
where
Uae[ o] = Ufe e Neseet {6 e, (4.34)

In section 4, we will explicitly work out this block-diagonalization in the example of the
Ising model CFT.
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4.2 Geometric construction

Imagine a disk correlator with a number of bulk operator insertions. Placing a topological
defect parallel to the boundary and sufficiently close to it, so that there are no bulk oper-
ators between the defect and the boundary, one can smoothly deform the defect so that it
fuses onto the boundary without affecting any correlator. From the bulk perspective, as we
reviewed in section 2, these correlators can be viewed as overlaps of the new boundary state
D||B)) with the vacuum excited by the vertex operators. Already by considering disk am-
plitudes without operator insertions, we find a number of interesting relations, illustrated
in figure 10

dd 0%
gb = Z F11 [d d} gb’ = gfl, (435)
b edxb vedxb 7d

from which it follows (assuming the existence of the identity boundary condition) that the
normalized g-function of the defect is in fact the g-function of the corresponding boundary
condition, normalized by the g-function of the identity boundary condition

L _ g4

Fiy { 4 d} g1
Similarly, considering the “sunset” disk diagrams we find
L P (4.37)

Fyy, B Z,} Fiy B Z]

whose actual numerical value depends on the chosen gauge for the F-matrices. We stress
again that consistency of defect network manipulations only implies that the involved F-
matrices obey the pentagon identity and therefore the gauge for the F-matrices used for
defect manipulations is not fixed. This has to be constrasted with the FP%S matrices
entering the boundary structure constants which, as we have reviewed in section 3.2, imply
a very specific gauge choice once the conformal blocks are canonically normalized.

Now, what happens upon fusing a defect to a boundary, when there are boundary
operators present? The conformal weight of such operators cannot change, so they must
become new boundary operators in the same Virasoro representation, but interpolating
between new boundary conditions, and possibly modified by a new normalization constant.

To understand what happens to the boundary operators it is convenient to proceed in
steps. First, imagine to partially fuse a defect d on a boundary segment b. Such a fusion

db
g b], see figure 11.

This factor can be assigned to the left and right junctions between the defect and the

brings in a nontrivial factor Flb/{

boundary, and it is natural to distribute it evenly between the two junctions. This implies
that when a defect d fuses on a boundary a to give a superposition of boundary conditions

a’ = d x a, the involved junction must be accompanied by a factor of | /Fi, E ﬂ This

factor will be represented by a boldface dot at the junction, see figure 12. The action of a
defect on an open string state is explicitly defined in figure 13.
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) Fip Ll b/] Fiy [d b}

Figure 10. Defects can be used to derive a relation between the g-functions of different boundary
conditions. Defect attached to the boundary can be shrunk in two different directions, producing
consistent answer thanks to the identities for the fusion matrix F'.

. d d d
K = rall N [/
L b'edxb

b b v b

Figure 11. Partial fusing of a defect d onto a boundary b.

d

— - > A — /— s L

!/
a a a

a’€dxa a’'edxa

Figure 12. A defect fusing onto a boundary. Every produced fundamental boundary condition is
accompanied by a junction factor which is graphically represented as a thick dot.

Once the above geometrical definition is given, defect distributivity

D! (6@ (w) = (Do) (Do) w9

follows rather naturally. Since the defect can be partially fused onto the boundary as
in figure 14 (using the rule of figure 11), the only issue one has to take care of is the
normalization factor Fi [;l Z] which is accounted by the non-trivial normalization of the

junctions.
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b edxb
a ad a
a €dxa
bedxb

Figure 13. The geometric description of a defect action on a boundary field. Notice the v F
factors at the junctions.

K ]1 \ — Z Fw /\ m
' ' A ag¢; b U b ¢ c ¢

b’edxb

/_\d /_\d
B Za'agf)ib v b ¢ ¢ (¢

b'edxb

Figure 14. Defect distributivity. In the second line the factor Fiy {Z Z has been absorbed into the

two c-number insertions at the junction points denoted by thick dots.

4.2.1 Defect action on a boundary field from network manipulations

It remains to compute the explicit X-coefficients of the defect action

Dl = > X oV (4.39)

a €dxa
vedxb

In order to make use of the needed defect network manipulations, we uplift the boundary
conditions and the boundary insertions into a defect network with a line carrying the ¢
representation and ending on a chiral defect-ending field, placed at the boundary with
identity boundary conditions. This is explained in detail in appendix B. In our setting
this move is essentially equivalent to a corresponding three-dimensional manipulation in
the topological field theory description of defects in RCEFT [57], see in particular [72],
but it has its own two-dimensional description given in appendix B. After this topological
move, the defect coefficient X can be easily computed as in figure 15. The a-coefficients
appearing there explicitly depend on the chosen normalization for boundary fields (with
the convention that n =1 for the canonical (3.23) choice) and on the chosen gauge for
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Xd/b/ ¢?/b/

Figure 15. Defect network manipulations determining the defect coefficients X{%%,. Notice that
the boundary insertion i is traded for a defect ending on the boundary. Along such a defect an
ab-bubble is collapsed, after F-crossing on the original defect line d. The two junctions at which
the defect d joins the boundary corresponds to square roots of F-matrix elements.

defect networks, see (B.7), giving in total

Xd . n?b ZCL/ b, da ab’ F/db
@b @V \l (i, a, b) da W d b
i

Rac | a b:|
b Fy
_ na FRac da di [d" b FRac db
T alt! da b W |db
né FRac a
z i
b
n% l VAR
_ 7 /AN v, a1
= na’b’ (gagbga’gb’) |:a7 b, d:| (440)

(2
Notice in particular that the gauge dependent factors v introduced in (B.6) conspire with
the gauge dependent F-matrices to give an overall gauge invariant result which only de-
pends on the normalization choice for the boundary fields, as it should: acting a defect on
a boundary field does not depend on the defect’s gauge.
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fedxc

Figure 16. Defect network manipulations determining the fusion rules of open string defects.

4.2.2 Defect fusion from network manipulations

Let us now see how we can use similar manipulations to reduce the composition of two
defects ¢ and d to a direct sum of defects e, appearing in the fusion of ¢ and d. We start
with a general boundary field ¢ and act with the defects on it

AN

DD Z Z Z Z <Dd <DC gLb)a'b/>a

Z a/ b/ 1 b/l

-y ¥ (decq>){a’a/’a//}’{b’b/’bu}. (4.41)

{(J/?a’/ 7a//} {b7b/7b/l}

Then we can perform the manipulations shown in figure 16 giving us the result

Figr [Z Z;} Fia E ﬂ
R ]

which coincides with (4.31). Notice that in the geometric approach there naturally appears

(Udc) {aa’a"}e;a,a"] _

Fa’e{(f/ (j = { (i; % e}, (442)

a a’, a,a

the transpose of the U matrix on the right

DIDD = Uy, ( &y Decb) Ur. (4.43)

ecdxc

Before closing this section, let us comment on one particularly surprising aspect of
the relation (4.43). It is a bit reminiscent of some sort of generalized non-abelian projec-
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tive representation'3 of the closed string defect algebra D?D¢ = % cedxe D¢ and one may
ask whether the corresponding 2-cocycle condition is satisfied. This is equivalent to the
condition of associativity of the defect algebra on the open string fields

(De Dd) D = D¢ (Dd Dc) . (4.44)
To prove associativity, following the steps in figure 17, one has to show that

d d d d
> Uy L;,, a,} Uy s {b, b,e,,} Uarh Ljfu 2] Uyn [Z ,ﬂ = Uwg [a// Z] Uyg [Z bu] Uah [ai, Z] Uy [i b/e//:| :
I g

(4.45)
To see that, let us start by writing the pentagon identity for the Racah symbols (2.41) in
a more convenient form

p,e,r|[r, ep :z: c, b, s\ [d,s, t] [d, t, s
{d7 C, q}{a7 b? t} {a7 q, p}{a7 €, q b7 [ ’ (4.46)
s

Using this identity we can express the product of the two factors on the left hand side
depending on the a-type labels (any of the labels a,da’, a” and a”)

€ d f c f— d? 67 f C, f7 h — al7 all/7 f f7 a///’ al
Ua//f |:a/// a/i| Ua/h [a/// a] - {a///’ a/7 a//}{a///7 a, a’ - e, d, a!’ a, ¢, h

_ d, c, glfe, g, h)fe h, g
= Z {a, a//7 al}{a7 a///7 CL”}{C, d, f} (447)
g

After multiplication by the remaining b-type label dependent U-matrices present in the
left hand side of (4.45) the last expression can now be easily summed over the label f
using (4.46), and one ends up precisely with the right hand side of (4.45). This concludes
the proof of associativity.

5 Topological defects in open string field theory

In this section we would like to study how topological defects act on OSFT solutions.
As we have already stated, OSFT provides a new way to explore the possible conformal
boundary conditions of a bulk CFT, by solving the equations of motion. Let us then
briefly review how can we use OSF'T to analyze BCFT’s with central charge ¢ different
from 26 [10, 11]. The open string star algebra is factorized in the Hilbert space of the
¢ = —26 ghosts’ BCFT, with standard boundary conditions, and in the matter ¢ = 26
BCFET, whose boundary conditions can be generic. In our application of OSFT to BCET
we will further assume that the matter BCFT is the tensor product of a BCFT. (whose
properties we wish to study) times a compensating “spectator” BCFTys_.

BCFTota1 = BCFT. ® BCFT26_c ® BCFTgpost- (5.1)

In the total corresponding star algebra we restrict to the subalgebra where only descendants
of the identity in the spectator sector are excited. Then we can search for classical solutions

BInstead of the usual representation on vectors up to a phase, this behaves as a representation on matrices
up to a similarity transformation.

— 31 —



d

[DeDch¢gb] {a,a’,a"}{b, b, b"} _ ﬁ

a/// a// a/ a ¢7, b b/ b// b///

sl ] Ol el O 4

f e

g

N 2
a/// a/ a ¢74 b b/ b/// a/// a// a (Zsz b b// b///

vl Ul ] o[ 3 O ]
h
a/// a ¢i b b///

Figure 17. Proof of associativity. Fusing together three defects attached to a boundary in two
different ways results in a consistency condition (4.45) for the U matrix. The resulting condition
follows from the pentagon identity for the Racah symbol (2.41).

with the most general ansatz at ghost number one

V= ZZZ a0 12 gty @ L 110) @ L 1 [0), (5.2)

i I,J K

where L, = L_; L_;, ,---L_; for 0 <iy <ip <---iy,, and J, K are defined in the same
way. The label ¢ runs over all Virasoro representations of BCFT, that are allowed by the

—in

pair of boundary conditions a, b (with, possibly, non-trivial multiplicities). In the case of
diagonal minimal models we have that ¢ € a x b. If some fundamental boundary condition
i(ab)

appears multiple times (trivial multiplicities), then the coefficients a;),  are matrices in
the degeneracy labels (Chan-Paton factors).
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A possible approach to search for new boundary conditions in the CFT, factor (5.1)
is to solve the OSFT equation of motion with the ansatz (5.2). In particular the boundary
state corresponding to these new boundary conditions can be computed from OSFT gauge
invariant observables [10].

In the previous section we have defined the action of topological defects on generic
boundary operators including those which change the boundary conditions. This then
naturally defines an action of a topological defect on open string fields

i(ab C a
D =330 3 aiRLe (Do) @ LE o) © L o), (5.3)
ab i I,JK
because
[Liatter D] = (. (5.4)

It follows that, noticing that [b,, D] = 0 and [¢,, D] = 0,
[@Q,D] =0. (5.5)
It is also not difficult to establish that

D¢+ x) = (D9) « (D) Vo, x. (5.6)

Indeed, assuming the BFCT of interest is unitary and therefore its total Hilbert space is
spanned by the direct sum of the irreducible quotients of Verma modules over the primaries,
this condition just follows from the compatibility with the OPE (4.5) and the conservation
laws of the star product [13-15]. Concretely, given two descendant string fields L_;¢%°(0)|0)
and L_ J¢2C(O)\O>, we can express their star product schematically as

L_1¢¢*(0)[0)  L_;¢(0) ZVU (his hj) Lo ce>="sL kg ()¢ (y)]0),  (5.7)

where the coefficients V; JK , v as well as the insertion points x and y are explicitly known
or calculable. Acting with D¢, one can bring it through all the Virasoro generators, use
formula (4.5) and use again formula (5.7) to reassemble the left hand side.

Therefore open topological defects map solutions to solutions in OSFT

QU+Y«U =0 — QDY)+ (DY) (D¥)=0. (5.8)
The main issue is now the physical interpretation of these new solutions.

5.1 Defect action on string field theory solutions

In this subsection we will derive the following key result: given a solution Wx_,y which
shifts the open string background from BCFT x to BCFTy, we will show that the solution
DV x_.y shifts from BCFTpx to BCFT py, where the subscript denotes the boundary con-
ditions obtained by fusing the defect D on the X and Y boundary conditions respectively.
In formulas

DVx_,y =¥px_py- (5.9)
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To do so we will evaluate the OSFT observables of DW x_,y and show that they fully agree
with the observables of the r.h.s. of (5.9). In particular we will show that the boundary
state of DWx_,y is just the result of the defect action on the boundary state of Wy _.y

| Bpw)) = D| By)). (5.10)

Notice that in OSFT there appears a natural interplay between the open string defect
operator D and its closed string counterpart D.

5.1.1 Computation of S [D¥]

Before studying the full boundary state, it is instructive to look at the simpler case of the
OSFT action. Carrying out the summation on I, J and K in (5.2) we can write the string

field as
v=>">"u (5.11)
a,b i

where the label ¢ and ab denote the Virasoro representation and boundary conditions of
BCFT,. In order to treat both the quadratic and cubic terms in the action (1.1) at the
same time, it is useful to prove the more general statement

Te[(DU) # - - % (DUD,,)] = %Tr[qzl woox 0y, (5.12)

where Tr is the usual Witten integral, combined with trace over Chan-Paton factors. By
defect distributivity

(D) - % (DIW,) = DTy 5 --- % T,), (5.13)

it is enough to show that

Te[D] = %Tr[\l’]. (5.14)
1

Using the results of previous sub-sections the Lh.s. can be easily evaluated as

ZZ Z Xdae, Ty [\I,{aa}{aa}}

i a’Edxa

=3 o > m [wirehtet] (5.15)

a’edxa

since only the boundary Virasoro representation ¢ = 1 can contribute to the Witten integral.
Moreover, on general grounds, ch‘f‘;, = 1 since a defect always maps the identity to the
identity, as can be easily checked in the explicit example (4.8). To continue we simply
notice that

Tr [\1/{“ a'}{aa }} Ja’ [, (5.16)

Ya

since the two traces involve the same operator algebra and only differ in the normalization

of the vacuum amplitudes g, = (1 >((ﬂs)k, and similarly for a’. We therefore have

Te[D] = ZTr [W2] ( 3 9“’). (5.17)

a’edxa Ya
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Using the Pasquier algebra for the g-functions, see equation (2.26) and (4.36)

> go = gd‘i]“, (5.18)

a’edxa 9

concludes the proof of (5.12).

In the next section we will see an alternative geometric approach making use of defect-
network manipulations, see figure 19.

What we derived holds at the level of the Witten integral therefore, remembering that
the defect trivially commutes with the BRST charge, it is immediate to see that for any
open string field ¥ we have

Sospr D] = %SOSFT (). (5.19)

Suppose now we have a solution Wx_,y which describes BCFTy as a state in BCFTx.
This means in particular that we have a solution whose action is given by

1
ﬁ (gX - gy) : (520)

It follows that the defect-acted solution will have an action given by

Sosrr[¥xy] =

1
Soser [P x y] = 9 S0gpm[Tx y] = 5 (gd Ix _ gdgy> : (5.21)
g1 27 g1 g1

The difference entering into the above equation is nothing but the difference in the identity-
coefficients (g-functions) of the two boundary states obtained by acting the closed string
defect D% on the source and target boundary states ||Bx)), |By)), connected by the
solution ¥y _,y

DBy ) = D (g 1) ) = FEL) (5.22)
DBy ) = D (g [1) ) = FEL) +- (5.23)

This is the first non-trivial check that (5.9) indeed holds.

5.1.2 Computation of the Ellwood invariant

Let us now see how the Ellwood invariant is affected by the defect action. To start with,
it is useful to derive an identity involving the bulk-boundary structure constants (“)Bji», the
g-functions and the open and closed defect coefficients. The required identity is obtained
by computing a disk amplitude with a spinless bulk field V7(z, z), a boundary field ¢%¢(x)
and a defect loop d encircling the bulk field. See figure 18.

The correlator can be computed by acting the closed string defect on the closed string
field V7, or by partially attaching the defect to the boundary, producing an open string
defect acting on the boundary field ¢;(z). Calling, in generality, D¢ the defect coefficient,
ie. D=5, DZdPi, where P; projects onto the highest-weight irreducible representation Vir;
in the bulk, we get the identity

DY B0 3 X B e 520

a’edxa
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Figure 18. Two equivalent ways of computing a bulk-boundary correlator in presence of a closed
string defect d.

which in the case of diagonal minimal models reads'*
S A
o Bga= Y [t o] “Big. (5.25)

1 a’edxa

Thanks to this relation it is easy to algebraically show that

Try; (D] Z SO X vy, [wle o]

i a’Eédxa
(a")pgi
d 9o’
RIPPPY Fob |3 o] g Trvs [0
i a’€dxXa J Ya
S
3D PELLIITEES PP B
a % Lj a 7
= Trpay;[¥], (5.26)

where in the second line we have used that the two involved open/closed couplings (carrying
the same Virasoro labels but different boundary conditions) only differ by the overall bulk-
boundary structure-constant B and the g-functions, due to the identical operator algebra
involved in their calculation. Again, this can be shown geometrically manipulating defect
networks, as shown in figure 19, and the result is correctly independent of the gauge used
for defect manipulations.

"Boundary fields are here canonically normalized (3.23). In the special case where the boundary field

carries the identity representation it coincides with (4.42) of [85]. In this case we have (B} g, = S;j and
1)
analogously for the new boundary conditions a’, and so the relation reduces to the Verlinde formula,

Sd]S Z Sa]

a’€dxa
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Figure 19. Defect networks manipulations for the Ellwood invariant of a defect-acted open string-
field. The dashed line corresponds to the identification of the left and right part of the open

N2
1+iz
1—iz

string, via the identity conformal map f(V(z) = ( Notice that thanks to the junction

normalizations and the consequent F-matrix orthogonality relation, only the identity defect p =1
stretches between the boundary and the defect d, making d a genuine closed string defect. When
V' =1 this also gives a geometric proof of (5.14).

5.1.3 KMS and KOZ boundary state

Having obtained in generality how an Ellwood invariant is affected by the action of an open
string defect, let us see how the OSFT boundary state constructed in [10] (KMS from now
on) behaves under the defect action. The KMS approach gives a simple recipe to directly
compute the coefficients of the matter Ishibashi states of the boundary state associated
to a given solution ¥ in terms of a minimal generalization of the Ellwood invariant. In
the setting of this paper, where we are assuming that the matter BCFT is the tensor
product of a diagonal rational BCF'T of central charge ¢ and a “spectator” sector of central
charge (26 — ¢), the required generalization of the Ellwood invariant is simply achieved
by assuming that the spectator sector contains a free boson (call it Y) with Dirichlet
boundary conditions, see [10, 11] for further details. Then the KMS construction is usefully
summarized as

(c)
IBe )M = | Y "nf V) | ®[1Bo)* 79 @ || Bo)Etet, (5.27)
J

gy = (2m0) Trp, [W — Wy, (5.28)

Vi(z,2) = ce Vi VITNY (2, ), (5.29)

where Wy, is the tachyon vacuum solution in an arbitrary gauge. Since we have shown that
Try [DV] = Trpy [¥] for any string field, the KMS construction applied to the solution DW¥
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will obviously give'®

|Bpw ) = DJ| By ). (5.30)

Finally, let us also consider the other available construction of the boundary state in
OSF'T, given by Kiermaier, Okawa and Zwiebach (KOZ) [21]. KOZ geometrically construct
a BRST-invariant ghost number three closed string state obeying the level matching b, =
L, = 0. This closed string state is conjectured to be BRST equivalent to the BCFT
boundary state and in fact the two coincide for many known analytic solutions. The main
ingredient of this construction is a choice of half-propagator strip in the background of a
classical solution ¥, whose left edge and right edge are glued together, to form an annulus-
like surface, which is used to build the closed string state

S
| By )07 = ¢ (Lot To) f Pexp {— / QLR + {Br(t), WY (531)
s 0

The various objects entering the above definition are defined in [21], but for us it is sufficient
to recall that the quantity Pexpl...] represents a half-propagator strip of length s, in the
background of the classical solution ¥, and that the symbol fs identifies the initial left
edge of the strip with the final right edge. The internal boundary of this annulus-like
surface (corresponding to the propagation of the open string midpoint) defines a closed
string state, the KOZ boundary state.

If, instead of the original classical solution ¥ on BCFT x we replace the defect-acted
solution D¥ on BCFT px, then by defect distributivity on the star product (and the obvious
commutativity with the b-ghost insertions) we will recover a closed string defect extending
along the midpoint line, which is nothing but a closed-string defect operator acting on the
original KOZ boundary state, see figure 20

| Bpy JKOZ = ¢ (Lo+Lo) f Pexp [— / "dt [La(t) + {Br(t), DY)

S

= D| By )X©Z. (5.32)

6 Ising OSFT example

In this section we would like to illustrate our general findings on the concrete example of
open string field theory for the Ising model CFT [11]. This is the simplest unitary diagonal
minimal model with ¢ = % It has three irreducible Virasoro representations, denoted as

1, ¢ and o with well-known fusion rules

exe=1
EXo=o0 (6.1)

ocxo=1+e¢.

15 A simple consequence of this is that acting with a topological defect on a tachyon vacuum solution,
the new solution will still be the tachyon vacuum (the boundary state will still vanish), although expressed
with the degrees of freedom of the new BCFTpx.
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Figure 20. Pictorial representation of the KOZ boundary state for a defect-acted solution (the
boundary integrals in the “Pexp” operation, as well as other details, are not shown, as they are not
important for our argument). Thanks to the defect distributivity, the various open string defects
result in a single defect-loop encircling the closed string coordinate patch.

The bulk fields, also labeled by 1, € and o, are all spinless. There are three possible
fundamental boundary conditions also denoted as 1, ¢ and ¢ which describe the fixed (£)
and free boundary conditions for the spins in the underlying lattice model. We will refer
to the conformal boundary conditions of the Ising model as the Ising “D-branes”.

6.1 Defect action on Ising boundary fields

In the Ising model there are three (fundamental) topological defects. They can act on bulk
fields via closed-string defect operators, with the following composition rules

D? = Dy,
DO'DE - DEDO' - DO'7
D? =Dy + D,,

which realize the fusion rules (6.1).

Now we would like to construct the open string defect operators and study their compo-
sition rules according to section 4. The general boundary field on a system of N; 1-branes,
N. e-branes, and N, o-branes has the form

1 € o
1 L%]l]l) Pa(ILe) Qgﬂa)
U = A PS(EIL) M1([€€) ((750) ’ (65)

- Q((fa]l) R((Taa) N]EO’O’) + Na(aa)

where the (a,b) component is a N, x N, matrix with respect to the Chan-Paton indices.
We have chosen this presentation since topological defect operators are blind to Chan-
Paton factors. The upper indices inside the parenthesis represent the left and the right
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boundary conditions, which are also indicated outside the matrix for later convenience, and
the lower index is the Virasoro label. Each entry of (6.5) is a generic matrix-valued state
in the irreducible quotient of a Verma module indicated by the corresponding subscript,
and allowed by the boundary conditions. This expression can also represent an open string
field of the form (5.2), (5.11).

As a useful example, let us study the fusion of two o defect operators, D2, on a
boundary field (or open string field) of the general form (6.5). From (4.4) and the concrete
value of the defect coefficients X for the Ising model BCFT (see appendix C), applying the
D, on the open string field (6.5) results in a matrix with a larger size

{lo} {eo} {1} {oe}
Gor( LY LA ol o
(co? %ps(aa) M]EO’O’) 21/4R5;01) _2171/4Rgae)
Do = L AMe) o174 p(10) (1) (1¢) (6.6)
{o1} WQU 2 Ra Nn \/iNa
o \ 2 QE) —LRED ANED N

Here indices {ab} (a,b =1,¢,0) outside the matrix keep track of changes of the left and the
right boundary conditions; for example, the (1,1) component of the matrix has the indices
{lo}{1c}, and the boundary condition of the corresponding entry has been changed as

Dy LM s L7, (6.7)
The (1,2) component of the matrix has the indices {1o}{eo}, and correspondingly,

D, : P19y x7Leploo), (6.8)

[Slexen

where XZL¢ = %, and so on. Note that the action of D, increases the number of branes
in general, because it changes the o-brane into a 1-brane and an e-brane. Now the system

has N, 1-branes, N, e-branes and (Ny + N.) o-branes.
Applying D, again we obtain

{101} {loe} {eol} {eoe} {olo} {oeo}
11 1 1o 1o
ftony [ LY 0 o P Lol Lol
(10e} 0 L%{:‘E) Ps(sﬂ) 0 %Q((fa) _%Qc(rso)
(co1} 0 Pg(lls) MI(LIHL) 0 ((7110') _Rg_ﬂo)
D2y = 5l o o) |, 6.9
V= oy | PV 0 0 M LR LRE [ (69)
{010} %ng'ﬂ) %QUGE) Rgoﬂ) %R((;Ts) N](lacr) NE(O'O')

{oc0) %anﬂ) _%QJO’E) o *((70'1) %R((Tae) NEEUO') NI(lcro)

which has an equal number of rows and columns given by 2(Ny + Nz + Ny ).
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On the other hand, (D1 & D.) ¥ is given by

[1;11] [L;ee] [L;00] [e;1e] [e;:21] [e;00]
may /LY pe) (o) 0 0 0
Mice] P}El) M) RE 0 0 0
ool | QY R NE 4 NED o 0 0
1 |0 0 0 L pev Q57
et |0 0 0 pie V2R§)
fosl \ 00 0 Q9 V2R N7 - N

(6.10)

This is clearly not equal to (6.9). While the closed defect operators Dy obey the defect
algebra (6.4) which is strictly isomorphic to the Verlinde fusion algebra, this is not the

case for the open string defect operators Dy. As discussed in section 4, we need to take

into account the similarity transformation (4.31) and (4.32) in order to connect (6.10)

with (6.9). In this case, the similarity transformation is given by

{lo1}
{loe}
{eol}

{eoe}
{clo}

{oeo}

{101}
{1oe}
{eo1}
{eoc}

{oclo}

{oec}

([L;11]  [Liee] [Lioo] [gle]  [gel]  [g;00]
1 0 0 0 0 0
0 0 1 0 0
0 0 0 0 1 0
0 1 0 0 0 0
0 0 5 0 0 o
0 0 5 0 0 -
([L;11]  [es1e]  [e5el]  [Liee]  [Lio0]  [g500]
1
1
1

S s
- S

The reader can easily check that

D2V = U,, [(D1 ® D) V] U,

Similarly, to investigate the relation (6.3), we calculate D, D, ¥

{leo}
elo
p.pw = 7
{ool}

{ooe}

{1eo} {elo} {001} {ooe}
17 LR ol -Gl
% plo7) MI(LM) 91/4 o) 21% RO
5%7ic?gﬂa) 21/4j?gﬂa) ]Vﬁﬂl) __\/ijéﬂe)
23% (=) 21% RED _ aNED N]Ese)
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(6.11)

(6.12)

(6.13)

(6.14)



and DD,V

{loo} {eoo} {oel} {ole}
(100} Lgloa) —%P;UJ) 21/4Q(a]l 23%@(0’8)
5(00) (00) VipeD) 1 p(oe)
coo —= M -2V Ry Ry
p.ow= I@ (10 g (1) an e (6.15)
{oe1} | 5i2Q0 —2Y*Ry Ny V2N:
(o1c} L/Q((y %R(EU) \/§Ng(€]l) N]EEE)
Comparing these expressions with (6.6), we find
(o;1o]  [oieo]  [o;0l]  [o;0€]
{leo} 1
Upe = 17 ! — (Ue)Y, (6.16)
{ool} 1
{ooe} —1
[o;1o]  [oieo]  [o;0l]  [o;0€]
{lec} 1
Uy = 1 ! = (Ueo)L. (6.17)
{oel} 1
{ole} 1

6.2 Defect action on Ising classical solutions

Now let us discuss the action of the defect operators on the classical solutions of OSFT.
For illustration, let us focus on the o-brane of the Ising model and let us consider the
corresponding OSFT. At lowest nontrivial level % the string field takes the form ¥ =
tc1]0) + acy|e) for which the potential is [11]

Lo 27v/3

27
Vil Wtf” + 1—615@2. (6.18)

From here one can already see the four critical points given by the perturbative as well as

1
V(t,a) = —§t2

tachyon vacuum, and further two solutions related by a Zs-symmetry describing the other

two fundamental boundary conditions.'6

Going to higher levels, the string field will keep the form
Voopy = 977 + 92, (6.19)

where ¢{7 and ¢Z° will stand for the two components in the identity and e irreducible
quotients of the Verma modules respectively. Correspondingly, the equations of motion
split into two independent sets:

QUT” + 977+ P77 + 927 xy2% =0, (6.20)
QU7 + 917 P27 + 477 x P77 = 0. (6.21)

16 At higher levels one may find other solutions, see the discussion in [11].
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Incidentally, these equations are enough to guarantee that three other string fields con-
structed from 1§ and ¢Z° obey the equations of motion as well:

1 =P (6.22)

7 *Ue” 6.23
<iw§” wa’f’)' (0:29)

Intuitively, following our discussion in section 4, it is clear that first of these solutions should
be the result of applying the D, defect to (6.19). Actually, we obtain X779 = —X:77 =1
from (4.12), then D.V,_,q results in (6.22).

The remaining two solutions in (6.23) also fit in with our discussion: from the analysis

and

in section 5, we see that the solution D,W¥, .1 describes a o-brane in the theory around a
system with a 1-brane and an e-brane. We then denote it by ¥Uq. s,

\I/]H_E_>g = DU\IIU_>]1. (624)

From (4.12), we see that
Xqegult 1
e ( xpgs) T\ ) o)
ge

oo XgILasU z}e gle
DU € coo,el = el : (626)
XseIl € €

and Uy, ,, is given by

v = 1/}%1 36 6.27
I+e—o = el ,jee |- ( )

3 1

Further acting D, or D.D,, we obtain the two solutions in (6.23)

,1/}:(&'0' _i_,l/]CTO'
DoViteso = <+ng {;f , (6.28)
DEDJ\IIH—FS—)J = (_ ILJU ) Uif ) . (629)
5 1
Note that these two solutions are related by a similarity transformation,
DDy Viteso = Uso (Do Vitesa) Uy (6.30)

where

é}aa}[o;ﬂo’] 1
Uaa = 6{500}[0;80] = 1) (631)

The matrix which is used here to connect these two solutions is nothing but the U matrix
discussed in section 4.1.2 and which is a part of (6.17) we derived in the first half of this
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section. Furthermore, we can consider the entries of U as proportional to the identity string
field, and then we can regard (6.30) as a gauge transformation in OSFT A(Qp + ¥)A~ L.
The discussion here can be generalized and we can prove the following statement:
consider a Verlinde fusion algebra a x b = ) Ny and let ¥ be a general classical
solution of OSFT. Then two classical solutions ¥/ = D,D,¥ and ¥’ = @ .N,4*D. V¥ are
related by a gauge transformation with a constant gauge parameter, which is given by the
U matrix,
V' =Uw(Qp +9"U, (6.32)

This is true in general because the entries of U are proportional to the identity string
field and thus vanish upon action of the BRST charge. Note that there is no problem
in considering the components of U to be proportional to the identity string field, for if
two final boundary conditions are not the same (a” # a”), the corresponding components
become zero, as showed in (4.27). This is consistent with the fact that (quotients of) the
identity Verma module cannot connect different boundary conditions.

Similarly, we can produce different classical solutions by acting defect operators on
W, ,1. We here summarize solutions obtained by acting combination of D,’s and D.’s
with the number of D,’s less than three:

De
Do m Do Do
Vo1 —>VY11e0 — Voo s14e — ... (633)

DEHDE ||

Dy 1+e—0o Dy 20—e+1 Dy

)
De
where
Voye =977 —2°, (6.34)
w]l]l _ e
Ttemro = (_ R (6.35)
€ 1

besides Voo 514+c = DoWiterse and Yo, er1 = DD, Vi, in (6.28) and (6.29), respec-
tively. The relation between Wy . ,, and ¥} _,  is also given by a U matrix,

DoDVo e = Upe (Do Vo) U, (6.36)

gg )

1 1
\IJIH-E—hT = ( _1> /IL+54)U ( _1> . (637)

Starting from Wq_,,, another series of classical solutions can be obtained. Since the

that is,

state Wq_,, satisfies the boundary condition 1, the whole solution will be solely composed
by the identity highest weight representation

Uyp =1t (6.38)
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Applying open string defect operators D, and D, again and again, we obtain the following

sequence: 17

5B LA

Do’ o o DO’
Ui o —>= Yot 4e —> Vites2o —> Yoo so142: — ... (639)
D, D. De
D: | | De
H e TG
o / o / o / o
Veso —> Vo g4 — ‘I’1+e—>2o T T ¥202.042e T e
where
oy = U5, (6.40)
\II0'~>1L+E = q]:)-—)]l-i-g - ]01—05 (641)
~1#1
/
‘111+5ﬁ\20' = ¥14e—20 — T | (642)
(G5
~if"
‘1120~>]l+5 = \Illgg_ﬂ[_t,_g = oo | - (643)
1

It is interesting that we constructed these solutions without using the ¢ highest weight
representation, which also corresponds to possible excitations on a o-brane, or on a (1 +¢)-
brane system.

Following the same line of reasoning, we can generally prove that for a x b = ¢ with a, b
and c¢ general conformal boundary conditions, ¥, .. can be constructed strictly within the
identity highest weight representation, since ¥, .. = D,¥q_.;. This is a rather nontrivial
fact derived by considering defect action on classical solutions.

7 Conclusions

In this paper, starting from CF'T topological defects, we have built new operators acting on
the open string star algebra, and we have used them to generate new solutions in OSFT.
To this end we have carefully studied the action of topological defects on boundaries and
boundary fields, extending the results of Graham and Watts [60] to the full boundary
operator algebra. We have also provided a clear geometric construction of open topological
defects using defect networks. Our geometric picture is two-dimensional and it does not
require the 3D topological description of [57]. The action of defects on boundary fields
turns out to be much more involved than the action on bulk fields and the composition
of open defect operators follows the fusion rules only up to a similarity transformation in
the Chan-Paton space. The pentagon identity is crucial for the consistency of open defect
operators and their fusion. The concrete results we presented are valid for diagonal minimal
models but the idea of using topological defects to generate new solutions is clearly very
general and applies to any string background.

"Here we have distinguished ¥, ;14 and N2 +e because Do(Viso —Veys) # 0 as topological defects
do not kill boundary fields [60].
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We have payed special attention to the issue of gauge freedom in the definition of
the F-matrices, which arises from the symmetries of the pentagon identity. We do not
use the auxiliary concept of chiral vertex operators and we take conformal blocks to be
canonically normalized as in [83] which fixes the “gauge” of the F-matrices. However, in
the computations we have performed, we did not have to specify any gauge choice for the
F-matrices involved in defect network manipulations: our results concerning the action of
topological defects on boundary fields and their composition are explicitly independent of
the gauge chosen for defect networks. Combining defects and disorder operators may give
further constraints relating the defect F-matrices with the F-matrices coming from the
transformation of the conformal blocks.

A simple generalization of our results should be given by the study of open topological
defects in RCFT’s with charge-conjugation modular invariant, the original setting of [60].
In this case the representations won’t be self-conjugate and one will have to pay attention
to the orientation inside defect networks. More work would be needed to address RCFT
with non-diagonal partition function (the simplest example being the Potts model).

It would be interesting to explore open topological defects in irrational CFT’s (although
a complete classification of them is not available). For example, a typical property of defects
in non rational CFT’s is that they can possess a moduli space as it happens for boundary
conditions. It would be also useful to extend our work to conformal defects [67] to get more
general solution generating techniques in OSFT.

A more interesting (and difficult) question, and actually one of the motivation for the
present research, is whether defects can be used as part of the building blocks for construct-
ing OSFT solutions. This is certainly a new arena where interesting new structures may
appear and which could overcome some limitations of the known solutions such as [38].

Open topological defects are very natural objects inside the open string star-algebra
which are relevant to the description of the open string landscape. We hope that our
research is a useful step towards a better understanding of the space of solutions of OSF'T.
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A  Comments on Moore and Seiberg “gauge symmetry”

An important property of the pentagon equation is its huge symmetry called a bit mis-
leadingly a gauge symmetry

Aa,b,q)A(c,q,d) {a b], (A1)

F ab
pq[ } 7 Meap)A(p.bd) Pled

cd

where A(i, 7, k) is an arbitrary function of an admissible triplet. One can redefine A(i, j, k)
by multiplying it with ¢1(i)d2(7)ds(k) to get

ab ¢1 (p) (;52(CL) ¢3(p) A(a’ ba Q)A(Cv q, d) ab
b [C d] - o1(a) p2(q) ¢3(q) Alc,a,p)A(p, b, d) Fpq [C d}’ (A-2)

so that the symmetry looks even bigger. Imposing that our normalization condition
F, E Z} = 1 is preserved by the gauge transformation, implies A(1,b,b) = A(c, 1,c¢), Vb, ¢,
so that both expressions are label-independent, and hence we can freely normalize them
to 1, i.e.

A(1,b,b) = Ac,1,¢) = A(1,1,1) = 1. (A.3)

Under this condition g/, = (FH [Z ZD is gauge invariant.

Imposing that a gauge transformation preserves the 180° invariance condition

Foq {‘; Z} = Fpq [Z (j implies that A must be cyclically invariant. The specular conditions

cd ab d dc
invariant.

Fyy {“ b] = Fpy [C d} and F), [‘; b] = Fpy [” a] would similarly imply that A is permutation

An important question however, is to what extent is this freedom physical. Here we
wish to stress that, while different physical quantities in BCFT might be related by such
a transformation, in general there is no gauge freedom when a concretely defined quantity
is concerned.

In particular the structure constants of boundary CFT are given by one concrete
gauge choice of F', which cannot be changed by a choice of normalization of the boundary
operators. Changing their normalization as

¢ = o =nfe, (A.4)

the structure constants transform as well

ab,,bc
(abe) p ~(abe)p n; nj (abe) p
Cij — Cij = ne Cij , (A.5)
B nacpca
ci > e =T g a0
1

It is easy to check that the equation (3.15) is obeyed also for the transformed structure
constants, and that it is not required to transform F'

ab,,bc cd, da bcycd da, ab
N T N aeca T M Y bd, db A
not = ngng . (A.7)
nac nea PP nbd ndb q '°q
P P q q
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a b
a b
~_~ _ _\J z’
—_—— = e = aqb
1 ¢ 1 1 ¢ 1

a d)l b ! 1 ¢Z 1

Figure 21. A boundary field in the i Virasoro representation can be traded for a defect network
ending on a defect ending field carrying the same Virasoro representation but sitting on a boundary
with the 1 boundary condition.

So the freedom in normalization of the boundary operators has no relation to the choice
of gauge for Fhlocks B I;

In general there are two special gauges for the solutions of the pentagon identity (obey-

], which in fact is fixed in conformal field theory as we saw above.

ing also the identity and specular conditions): the blocks gauge and the Racah gauge. The
blocks gauge has been discussed in section 3.2. The Racah gauge is defined as

Rac|a b| _ [b,a, q
FR [ d} = { . p}. (A.8)
It has the special property
1
Rac|a a| mRac|bc| _
Fiy L G}Fla {b C} —W- (A.9)
a (&

The Racah-gauge F-matrix is among other things important for expressing the boundary
structure constants in terms of the bulk structure constants, see formula (4.7).

B Un-fusing defects from boundaries

In this appendix we will derive a useful manipulation which we have used in section 4.2.1
to determine the defect coefficients X%‘?Z, in the geometric approach. We will assume that
all fundamental boundary conditions in the game can be obtained by fusing a topological
defect on a particular reference boundary condition, denoted as 1. Consider a boundary
field qS?b changing an a boundary to a b boundary. By our assumption this is topologically
equivalent to a T-shaped network of defects with a leg ending on a defect ending field,
carrying the ¢ Virasoro representation and sitting at the 1 boundary, as in figure 21.

The equality holds up to an unknown three-label coefficient agb = af“, symmetric in the
boundary condition labels for parity reasons. By the triviality of the identity representation
we must have

ade = 1. (B.1)

This is consistent with the fact that the normalized g-function of the defect is related to
the disk partition function as

(1)@ = (1 ——

= (1) g} = ga. (B.2)
Auls ]
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a k 1 k

ab bc  ca
(2]

b j 1 j

Figure 22. Two equivalent ways of computing a boundary three-point function. The « coefficients
are sensitive to both the normalization choice for boundary fields and the F-matrix gauge used in
defect manipulations.

i = G f3(vs, 75, 71

J
Figure 23. A simple three-point function which depends on the gauge chosen for defect manipu-

lation. The function f3(x;,x;,xx) is the part of the three-point-function which is completely fixed
by conformal invariance.

We can determine the coefficients a?b by computing a boundary three-point function in
two ways, either by using the (given) boundary structure constants, or by manipulating
defects after having performed the move in figure 21, as represented in figure 22.

After factoring out the universal dependence on the insertion points, we are left with
the equality

Fyp|®©
Ci(;zbc)k C';S;an)]l gg = Gk a?ba?caza Fi[{zé}} (B.3)

The new quantity G;j; is the non-trivial coefficient of the three-point function involving
the elementary defect network with boundary shown in figure 23.

We will now see that consistency will relate G and the o’s to the choice of normalization
of the boundary fields and the chosen gauge for the defect networks. Suppose we made
a generic rescaling of the canonically normalized boundary fields with structure constants
given by (3.23), ¢%° — n%¢% so that

b, b ld'd.
C(abc)k o n;'l njc glg]gk c, a,k (B 4)
ij - nic 9(1’]’ k)blocks {i, 7, b}' :
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Then rewriting the right hand side of (B.3) by expressing the generic F-matrices in terms
of the Racah symbols, using (2.36) and (2.40), and isolating the unknowns a and G to the
right we get

ab, bc,,ac ..
T n] T, 7(Z j>k) G ab _bc ca
=G, B.5
/ Z .7 k- blocks Z a, b ],b,c)v(k,a,c) ik Qi G A ( )
where we have defined for convenience
.. 0(i,j, k
v(i,4,k) = CHL) (B.6)

\/ g{ggg;

Notice that specifying this quantity corresponds to picking a gauge for the F-matrices
used for defect manipulation. Racah gauge corresponds to ~(i, j, k) = 1, for an admissible
triplet. The generic solution to equation (B.5), enforcing a?b = afa, is then given by

ab

’ B.7
P=bo s (B7)

1 v(i, 5, k)
Giir = RS - B.8
" BiBiBr \| v(i, j, k)blocks (B:8)

Notice the undetermined parameters 5;. Their presence is easily explained: they are just a

normalization choice for the defect ending field appearing in figure 21. This undetermined
normalization always cancels in the defect manipulations we consider in this paper and it
is consistent to set all 3; to 1.

C Ising data

In this appendix, we present explicit data for the Ising model to facilitate concrete
calculations.

The standard F-matrices (the one entering in the transformation properties of the
canonically normalized conformal blocks, and called FP°*® in the main text) are given by
the expressions below for ¢ = % The Racah coefficients are given by the same expressions
for £ = 1. Note that the parameter £ corresponds to the gauge-freedom of Moore and
Seiberg, but we stress again that there is no such freedom in the transformation property
of the 4-pt conformal blocks, once the coefficient of their leading term is canonically set
to 1. The general ¢£-dependent F-matrices read

Rl =1, Fallg] = -Fe[l 7] = 5 (1)
Fefo?] ; Falr?] = \/155 (C.2)
Aol =relrd=e Rl =l = ©3
Fm[j Z: —F, [ ] 1. (C.4)
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The modular S-matrix is (the order of rows and columns is 1, €, o)

y

1

2
/i (C.5)
0

S:

DN[—= N[
N[ =

1

2

1

2

L _
2

The normalized g-functions, g, = (F11 [Z ﬂ)_l, are therefore

=1 g.=1 g,=V2 (C.6)
We can obtain the symmetric defect coefficients Xi‘fﬁg, = fél?z, given in (4.12) by using

the above F-matrices in the Racah gauge. The action of defects on the boundary fields in
the 1 highest weight representation is given by

ell _ yeee __ yeoo __ oll __ yoee __ ooo __ ooo __
X]lae - XIL]lIL - XILUU - XILUJ - XILUU - XILIL]I - X]lae - 1a

on boundary fields in the ¢ highest weight representation

1
ele __ oo __ ole __ ooo
XEEIL - _Xsacr - 17 Xsaa - \/57 ele — \/57

and finally for o

1 1
1 o 1 o
Xcersccrf = ﬁ’ gilo = \/E’ Xgaﬁ = _Xacig = W
1
Xg = s Xgg =20
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