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Radial solutions for the bilaplacian equation with vanishing or
singular radial potentials

Marino Badiale*® - Stefano Greco - Sergio Rolando®®

Abstract

Given three measurable functions V' (r) > 0, K (r) > 0 and Q (r) > 0, » > 0, we consider the bilaplacian
equation

A%+ V(|e))u = K(lz]) f(w) + Q(lz) inRY
and we find radial solutions thanks to compact embeddings of radial spaces of Sobolev functions into sum of
weighted Lebesgue spaces.

Keywords. Bi-laplacian operator, weighted Sobolev spaces, compact embeddings, unbounded or decaying po-
tentials

MSC (2010): Primary 35J91; Secondary 35J60, 46E35

1 Introduction
This paper is concerned with the following bilaplacian equation
A?u+V(lz|yu = K(|lz)) f(u) + Q(la]) inRY (1.1)

where N > 5, A%u = A(Au) is the bilaplacian operator, the forcing term Q > 0 and the potentials V' > 0 and
K > 0 satisfy suitable hypotheses, and f : R — R is a continuous function such that f(0) = 0. In particular we
are interested in allowing the potential V' to be singular at the origin and/or vanishing at infinity.

Bilaplacian equations arise in describing different physical phenomena, such as the propagation of laser beams
in Kerr media or nonlinear oscillations in suspension bridges (see some references in [3.[13]]), and have been
extensively studied in the last decades (see e.g. [5H7L9l13\[14]] and the references therein). In spite of that, equations
of type (LI, namely with radial potentials possibly singular at the origin and vanishing at infinity, has been treated
only in [6[7] (at least to our knowledge), where the authors essentially consider power type potentials.

For problem (I.I) we will obtain several kinds of existence results of radial solutions. The main technical
device for our results is given by some new theorems about compact embeddings of suitable Sobolev spaces into
sum of weighted Lebesgue spaces. The natural approach in studying Eq. (L)) is variational, since its weak
solutions are (at least formally) critical points of a suitable Euler functional, as we will see. Then the problem
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of existence is easily solved if V' does not vanish at infinity and K is bounded, because standard embeddings
theorems are available. As we will let V' and K to vanish, or to go to infinity, as |x| — 0 and |z| — +o0, the
usual embeddings theorems for Sobolev spaces are not available anymore, and new embedding theorems must be
proved. This kind of work has been started in [6,[7] (for the bilaplacian equation) and we continue it here, using
some new ideas that has been introduced in [2-4]].

The main novelty of our approach is two-folded. Firstly, we look for embeddings not into a Lebesgue space
but into a sum of Lebesgue spaces. This allows us to study separately the behavior of V and K at 0 and oo, and
to assume different set of hypotheses about these behaviors. Secondly, we assume hypotheses not on V' and K
separately but on their ratio, so allowing general kind of asymptotic behavior for the two potentials.

Thanks to this second novelty we obtain embedding results, and thus existence results for Eq. (I.I), which
extend the ones of [6[7] to more general kinds of potentials. Moreover, thanks to the first novelty, we get new
results also for power type potentials (cf. Example[2. 10/ below).

The paper is organized as follows. In SectionsRland[6lwe give our results on compact embeddings and existence
of solutions to Eq. (L.I)) respectively. The former will be proved in the Sections[Bl3 the latter in Section [

Notations. We end this introductory section by collecting some notations used in the paper.

e We denote R, := (0, 400) and R_ := (—00,0).

e Forevery R > 0, we set B := {x € RY : [z < r}.

e For any subset A C RY, we denote A¢ := RV \ A.

e By — and — we respectively mean strong and weak convergence.

e C2°(9) is the space of the infinitely differentiable real functions with compact support in the open set  C RY.
e If 1 < p < oothen LP(A) and LI (A) are the usual real Lebesgue spaces (for any measurable set A C RY). If
p: A — Ry is a measurable function, then L? (A, p (z) dz) is the real Lebesgue space with respect to the measure
p (2) dz (dz stands for the Lebesgue measure on RY).

e p :=p/(p— 1) is the Holder-conjugate exponent of p.

2 Main results

In this section we state our main results on compact embeddings, that we will prove in the following Sections B3l

Firstly, we introduce some basic concepts and results. Assume N > 5 and define 2** := 22

By usual Sobolev embeddings, there exists a suitable constant C' > 0 such that for all u € C2°(R"Y) one has
lull 2 < C[D%ul]

where
1/2

ID?ullge = [ > [Dullf. | . 2.1)
|| =2

A basic space to work with is
D22(RY) = {ue L2 (RY) : || Dul| o < +00} .

It is the closure of C°(R™) in L2™ (RY) with respect to the norm || D?u|,, and, endowed with such a norm, it
is an Hilbert space. The bilinear form

(u,v) — AuAvdx
RN



defines a scalar product on D?2(R”) and the associated norm, that is ||u|| p2.2 := ||Aul 12, is equivalent to @.1)
(see for example [8])). Hence, one can also define D?2(R™) as the closure of C2°(R™) in L2 (RY) with respect
to the norm || Au|| 2. We will be particularly interested in the subspace of radial functions, i.e.,

D??% .= D*?(RN) .= {ue DZ2(RN) : u(x) = u(|z))},
for which the pointwise estimates given in the following lemma hold (see for a proof).

Lemma 2.1. For every u € D*2(RY) we have

2 1 A
lu(z)| < N i Nes |||x|1$2 almost everywhere in R™Y (2.2)
and ) A
[Vu(z)] < Not ||x|1i,|2L22 almost everywhere in RY (2.3)

where o denotes the (N — 1)-dimensional measure of the unit sphere of RN.

For any measurable function V' : Ry — [0, +00], we define the space

HERY) = {u € D**(RV) : / V(|z)|ul|? dz < oo}
RN
This is an Hilbert space with scalar product

(u,v) := AuAvdx + V(|z|)uv dz (2.4)
RN RN

and associated norm

fulli= ([ 1802 + volufdz)

We are interested in finding solutions of (I.1) in the radial subspace of H. ‘2/ (RN ), i.e.,
HE, = HE,(RY) = {u€ HL(RY) u(x) = u(lz))}
Remark 2.2. By the Sobolev embedding, there is a constant S > 0 such that
Vu € HE(RY),  |Ju pae- < Sn[lull- (2.5)

Remark 2.3. From the continuous embedding Hy,, — D2?*(R™) and inequality (2.2), we deduce that there
exists a constant C'y > 0 such that

”%”,4 almost everywhere in R (2.6)

e HE (R, Julo)] < O
|2

We now introduce the sum of Lebesgue spaces. For any measurable function KX : Ry — Ry and1 < ¢ <
q2 < 00, we define

L+ L% = LERY) + LERY) := {u1 + ug 1 w; € LERY),i = 1,2}



This space coincides with the set of measurable functions « : RY — R for which there exists a measurable set £ C
RN such that u € L% (E)N L%(EC) (where L%(E) := LY (E, K(|z|)dx) and L%(Ec) = L2 (E°, K (|z|)dx))
and it is a Banach space when endowed with the norm

lullpgy age o=, inf_ e {Jurll gy el o

(see []). Note that LY is continuously embedded into L% + L% forall g € [¢1, g2].

Our first result is Theorem 2.4 below. It provides sufficient condition to the embeddings we are interested in
and uses the following assumptions:

(V) V : Ry — [0, +00] is a measurable function such that V € L}, .(R)

)
(K) K :Ri — Ry is a measurable function such that K € L7 (R, ) for some s > 1

(8!, 4») FR1, Ry > 0 such that So (¢1, R1) < 00 and Sus (g2, R2) < o0
(St .2) A So(qr, R) = lim Sec(g2, R) = 0

where q1, g2 will be specified each time and Sy, So. are the functions of R > 0 and ¢ > 1 defined as follows:

So(q, R) := sup K(|z|)|ul? dz, (2.7)
weH? , ull=1JBx

S (q, R) := sup / K (|x])|u|? dz. (2.3)
weH}  |lull=1 JRN\Bg
Notice that Sy(g, -) is increasing, while S (g, -) is decreasing.
Theorem 2.4. Assume (V) and (K), and let q1,q2 > 1.
1. If (8], ,,) holds, then HE (RN) is continuosly embedded into LY (RY) + L2 (RY).

2. If (8! ) holds, then H‘2,7T(RN) is compactly embedded into LI (RN) + L% (RN).

q1,92

We now define two new functions of R > 0 and ¢ > 1 as follows:

Ro(q, R) := sup K(|z|)|u|?"Y|h| da, (2.9
uwEHY,  hEHT, ., |[ul|=|[h]|=1/Br

Roo(q, R) = sup / K (|l d. (2.10)
weH?,  heH?, , |ull=llhl=1 JRN\Bx

Note that R (g, -) is increasing, while R (g, -) is decreasing. Furthermore, for any (¢, R) we have Sp(g, R) <
Ro(q, R) and Soo (¢, R) < Roo(q, R), so that (8! ) is a consequence of the following stronger condition:

q1,q2

(Rige) Jim, Ro(qi, R) = Jim Roc(ga, ) = 0.



In our next results we look for concrete conditions ensuring (Rgh q2) and thus the compactness of the embedding
HE (RY) — Lig(RY) + L (RY).
Our first results in this direction are Theorems 2.3l and 2.6 below. For any o € R and 8 € [0, 1], define the

functions
*(B) == o N J4p—-2-N/2 if0<B<1/2
a(ﬁ).—max{45 S B)N}_{—(I—B)N if 1/2<p<1
and v
() e a X 4B N
¢ (. f) = 21—

Theorem 2.5. Assume (V) and (K). Assume that AR; > 0 such that V (r) < +oo for almost every r € (0, Ry)

and

K(r)

esssup ————— < 0o forsome 0 < By < 1and g > a™(Bo). (2.11)
re(0.r;) TV (r)P

Then lim Ro(q1, R) = 0 forall g1 € R such that
R—0+

max {1,260} < q1 < ¢*(ao, fo). (2.12)
Theorem 2.6. Assume (V) and (K). Assume that 3Ry > 0 such that V (r) < 400 for almost every r > R and

K
ess sup (r)

————— < 400 forsome(0 < [o < landay € R. (2.13)
> Ro rQ&co V(T)Boo

Then lim Rso(ge, R) = 0forall g2 € R such that
R—+00

q2 > maX{172Booaq*(aoouﬁoo)}' (214)

Note that for all (a, §) € R x [0, 1], we have

(4 if o o
max{1,23,q" (o, B)} = {anzixj{?Qﬂ} if el i Q*EZ; '

Remark 2.7. Itis easy to check that the inequalities max {1,250} < ¢* (v, Bo) and g > a* (o) are equivalent.
Hence, in 2.12)), the inequality max {1,285y} < q*(ap, Bo) is automatically satisfied.

In the next two theorems we assume stronger hypotheses than those of Theorems and and we get
stronger results. Forall « € R, 8 < 1 and v € R, define

a—v8+ N

20+ (1 — 28)y + 2(N — 2)
N —~ '

2(N —=2)—~

Q*(a7ﬁ7’7) =2 and Q**(a7ﬁ7’7) =2 (215)

Notice that g, is defined for v # N, while ¢, for v # 2(N — 2).

Theorem 2.8. Assume (V) and (K). Assume that 3Ry > 0 such that V (r) < 400 for almost every r > Ry and

K
ess sup ¢ < 400 forsome () < By < land as € R (2.16)
r>Ro Taoov(r)ﬁoo



and

esg}i%nf 7=V (r) >0 forsome vy < 4. (2.17)
r>Ro

Then lim R (g2, R) = 0forall g2 € R such that
R—+oc0

q2 >ma’X{172ﬂOan*aq**}a (218)

Where Q* = Q* (aooa 6007700) and Q** = q**(aoou 6007/700)

To give the statement of our last embedding result, we need to define a subset .Ag -, of the plane (c, g). Recall-
ing the definitions of ¢. = q.(c, 3,7) and gux = qux (, 3,) in @13, we set

Agy = {(o, q) : max{1,26} < ¢ < min{qs, gus } } if4 <~ <N,

Ag = {(o,q) 1 max{1,26} < ¢ < gus, o > —(1 = )N} ify=N,

Ag~ = {(c,q) : max{1,20, ¢} < ¢ < qux} if N <~ <2N —4,

Ag = {(,q) : max{1,28,¢.} < g,a > —(1 = B)v} if y=2N -4,

Apy = {(a, q) : max{1,28, ¢, g } < q} ify > 2N — 4. (2.19)

Theorem 2.9. Assume (V) and (K). Assume that AR, > 0 such that V (r) < 400 for almost every r € (0, Ry)
and
esssup — )
re(0,r,) TV ()P0
and Then lim Ro(q1, R) = 0for all 1 € R such that
R—0*

< 400 forsome(0 < By <landay€e R (2.20)

(040, Q1) S ABO;’YO' (2.21)

We end this section with an example that might clarify how to use our results and compare them with the ones
of [6l[7]. Many other examples can be easily obtained by adapting the ones given in [2} Section 3].

Example 2.10. Consider the potentials

V(r):ia, K((r)= a<4.

r ra—1’

Since V satisfies (Z17) with o, = a , we apply Theorem[2.4] together with Theorems [2:3]land 2.8l Assumptions

.11} and @.16) hold if and only if g < aBy — a + 1 and ao > a8 — @ + 1. According to (2.12) and 2.18),
it is convenient to choose o as large as possible and o, as small as possible, so we take

ag=afop—a+1, as =afs —a-+1.

Then ¢* = ¢* (a0, 5o), @+ = Gx (oo, Boos @) ad G = Gux (oo, Boo, @) are given by

N—-a+1—(4—a)po N -—-a+1 2N —a-2
N1 , Qs =2 N4 and q**_22N—a—4’ (2.22)

¢ =2

where a < 4 implies ¢. < g... Note that «g > o™ (5p) for every fy. Since ¢* is decreasing in Sy and gy is
independent of 3., it is convient to choose By = o = 0, so that Theorems[2.3]and 2.8l yield to exponents q1, go
such that

N—-—a+1 2N —a —2

1 =2 g = 2————————
<q <gq N_4 q2 > q ON —a_4



If @ < 4, one has g.. < ¢* and therefore we get the compact embedding

2N —a —2 N—-a+1

P 22— 2.2
IN-a-4 1" "N-1 (&)

If a = 4, then ¢.. = ¢* =2 (N —3) /(N — 4) and we have the compact embedding

Hy,, < L}  for 2

N -4
Since V' and K are power potentials, one can also apply the results of [7], finding two exponents s, and s* such
that the embedding Hy,, < LY is compact if s, < q < s*. These exponents are exactly ¢. and ¢* of 222)
respectively, so that one obtains (2.23) again, provided that a < 4. If a = 4, instead, one gets s, = s* and no
result is avaliable in [7].

Hy,—LE+L%  for 1<q <2 < ga.

3 Proof of Theorem 2.4

This section is devoted to the proof of Theorem[2.4] so let N > 5, assume (V) and (K) and take ¢1,q2 > 1. We
begin with some preliminary results.

Lemma 3.1. Tuke R > r > O and 1 < q < oo. Then there exist two constants C = C'(N, r,R,q,s) > 0 and

= 1(q,s) > 0 such that Yu € H; . one has
l
v [ ([ P da G
o Br\B,

Furthermore, if s > ]\QI—L in assumption (K), then there exists C, =0y (N,r, R,q,s) > 0 such that Vu € H‘Q,yr
andVh € H ‘2/ we have

[ (il < ()
Br\B:

q—1

2
[ (bl b de ( / |u|2dw> Wl ifasa
Br\B; < Br\ B,

= qg—1

Cr K (Dl N
LI Dllzs a0 / luf? dz 2 [ull T |R]| if ¢>q
Bgr\B:

where § := 2 (1—|— % — %)

Proof. Take u € Hy, . and fix t € (1,s) such that t'q > 2 (where ¢’ = t/(t — 1)). Then, by Holder inequality and
2.9), we get
1

1 1
/ K(jz|)|ul?dz < / K(|z|)! da / [u|t'9 da
Br\B- Bgr\B- Br\B,

Iult/q_QIUIde>

S
7

1_1 '
< 1Ba\ B I Dl ( /
r\Br

1
7

2
11 Cn [lu \*7 '
<P\ B IR Dl ()7 wlar)
R L



This proves (3.1). To prove the second statement, take u € Hy, . and h € Hy,. Let o := 1\27—14 be the Holder
conjugate exponent of 2**. Notice that £ > 1. From Holder inequality and (2.5) we deduce

1 1

T oFE
/ K (Je]) ] ] de s/ K (Jz]) Jul @7 de / P da
BR\BT BR\BT BR\BT

1 e

1
< / K(|z|)* dz / | @=D7(5)" gz (2) Sy |h|

Bgr\B., Bgr\B

q-—1

g—1 2

< Sn [IK(]-])] L*(Br\B) [ (/ |U|2F dl") )

Bgr\B-
thanks to the fact that o (g)/ = (N_‘_i% = %. If ¢ < g we have
-1\ 5
a1 o
[ Kl e < Sy UK Dl 0| 1B B ( / |u|2dx>
Br\B., Br\B

g—1

2

= SN UK Dl ez 5,y 101l |Br \ Bl 7 ( / |u|2dx>
Bgr\B-

On the other hand, if ¢ > G, from (2.6) we get

q—1

2

_ =1 _
i RO SR D 0 ()
Bgr\B- B

r\Br
G-1

C |u||>” / o\
s h - u|* dx
Ls(Br\B) H ” ( TN2 4 Br\B. | |

Hence the thesis follows. O

= S [IK(] - D

We will also need the following result about the convergence in L% + L%. It is proved in [T].

Lemma 3.2. Let {u,} C L%+ L% be a sequence such that Ve > 0 there are n. > 0 and a sequence of measurable
sets E. , C RY satisfying

Vn > ne, K(|z])|wn | do + K(|z))|un|® dz < €.
Ecn Eéc,n

Then u, — 0in LY + L.
We can now prove Theorem[2.4] The arguments are similar to those of [2]], so we will skip the details.

Proof of TheoremZ4 1. We can choose Ry < Ry in hypothesis (S}, ). Ifu € HE ., u # 0, we get

q1,92

u q1
K(aDlul® de = Jul® [ K(2) 19 de < Jullm So(qu, Ba) (3.2)

Br, Br, [[uuf| 1



and similarly

K(|z)|ul® dz < [Ju]|**Sx (g2, R2)- (3.3)
Bg,
Furthemore, from Lemma[3.1] and the continuous embedding D?2(RY) — L2

2 (RY), we obtain that there
is a constant C'; > 0, independent from u, such that

/ K(le])ul dz < Oy [lul®. (3.4)
Bry\Bry

Hence u € Ly (Bgr,) N L% (Bg,), so that u € Ly 4 L. Moreover, by (3.2)-(3.4) and Lemma[3.2] one
obtains that u,, — 0 in H‘Q,W implies u,, — 0in LY + L.

2. Assume (S ). fix € > 0 and choose a sequence u,, — 0 in H‘Q/)T. From (32), 33), Lemma[3.1]and the

q1,92
compactness of the embedding D22(RY) — L2 (RY), we obtain

loc

MMMWM+/ K(Je])u]® do < ¢
B, Bre

for any n large enough. By Lemma[3.2] this implies that u,, — 0in L} + L%, which gives the compactness
of the embedding.
O

4 Proofs of Theorems 2.5 and

In this section we let N > 5 and prove Theorems2.3]and 2.6l The first step is the following lemma, which will be
also useful in the proofs of Theorems[2.8]and 2.9l

Lemma 4.1. Let Q C RYN a nonempty measurable set such that V(|x|) < +oo almost everywhere on § and
assume that

A :=esssup K(Jz)

W < 400 forsome 0 < B <1landa e R.
e

Take u € H‘Q/ and assume that there exist v € R and m > 0 such that

Sfor almost every x € ().

ThenV'h € HZ and Vq > max{1,23}, we have

N+44(1—28)
N

a—v(qg— 2
Ay ([ ) Ihl Fo<p<l
—v(q— 1-p
l/KmmwfwmwS Amq”< wll”mdﬁ W a Fl<p<t
Q Q
1
2
Amq2</ﬂﬂM”@2w«MMuFMQ W =1
Q
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Proof. We consider several cases.
e Case 3 = 0. One has

1
& R Gablulnlde < [ fap e de < ([ olefu) #a
A Q Q Q

1

N+4
2N - PR
Q

Nia
1 avlasl) oy 2N
< Symi~ |:v| dx 1] -
e Case 0 < § < 3. Wehave 5 > 1and j 2** > 1 with Holder conjugate exponents (3) = 25 and
1 %) _ _2N(1-p
(1 2’%2 ) _W.Thenweget
1 - . B
1 [ K ablul bl de < [ JalV(al)? bl do
Q 0
1 1-8 B
< ([ Gaprae =)= ao) ([ vieing ac)
Q 0
N40-26) a=22) 1-8
v 2N (1= " =527
< ([ ety 757 ) ([ o) Il
0 0
N44(1-28)
2N
<ot ([ R )T sl g g
N44(1-28)

——N
" 1S1 283 (/ |I|N+4(1 2ﬁ>2Ndx) Al

e Case f = % We have

1
1 B N B 1 N B 2 2
3 [ teblulrnlde < [ et v el ao < ([ o ao) " ([ viahinp o)
Q Q Q Q
1
2
<ot ([ e an) .
Q



11

/
o Case 3 < 3 < 1. Wehave 55 > 1 with Holder conjugate exponent (2 5171) = ﬁ Hence

1 - . -
T [ K ablal bl de < [ JalV(al)lul” ] do
Q Q

<(/ |w|2av<|:c|>2ﬂ-1|u|2<q-”dw)% (f v<|:c|>|h|2dw)§

1
2
< (/ lezalulz(qw)‘/(lxl)w1|U|2(25”dx) 2]
Q

s 2(1-8) 28-17 2
< l( / |x|w|u|wda:> ( / v<|x|>|u|2da:> ] Il
Q Q

1
2

2(1-8) 28—1
gmq-w[(/ el ) ([ vl ac) ] Il
Q Q
2 1-p
quw( |x|“f"a”dx) ul® 1 1A
Q

e Case 8 = 1. As ¢ > max{1, 2/}, in this case we have ¢ > 2. Hence

1 - . -
1 [ Eablal bl de < [ fal Vel o
Q Q
Y 1

_ (/Q 220V (| 20D dx>é (/Q V(|$|)|h|2dx)2

1
2
< ([ paerupo2v et ac) " i
Q

1
2
< i < /Q |x|2a-2”<q-2>v<|x|>|u|2dx) Al

We can now give the proofs of Theorems[2.5 and 2.6l

Proof of Theorem2Z5 Letu € Hy,, and h € H{, such that [lul| = [|A]| = 1. Let 0 < R < R;. Thanks to 2.6)
and

K K
ess sup (=) < esssup (r)

T = —— < +00,
veBp [TV ([z))P T reo.ry) TV (r)%

we can apply Lemma LT with Q = B, o« = g, 8 = fo, m = Cy and v = %. In the following C' is any



12

positive constant independent from w, h and R. If 0 < §y < % we get
N44(1-28q)
1 D‘O*%(Ql*l)z[v
K(|z|)|ul® " |hldz < C || NFIO=2E0 T d
BR BR
N+4(1—-289)
R 2
apg—(N—=4)(q1—1) _
0

N+4(1—280)

200 =8B +2N—(N=4)qq pr 2N
=C | R N+4(1—280) ,

because

o — 4B+ N

200 — 880 4+ 2N — (N — 4)q1 = (N — 4) <2 !

q1> — (N — 4) (¢" (a0, fo) — 1) > 0.

If 3 < By < 1 we get

N

_ — —Bo
ag— 4 (q1—280) 1=Bo R 5, —(N—4)(q1 —2Bg) !
/ K(|x|)|u|‘h*1|h| de < C (/ lz| =70 dx) <C / 7‘—0 ST B +N-1 dr

Br Br 0

1-Bo
200 —(N—=4)(q1 —2B0)
=C (R (- 5o) +N) 7

because

2040 — (N — 4)((]1 — Qﬁo) -
21— fo) N =205

If 6o = 1 we get

= () =g e A e >

K(allul pld < ([ oo oDy (apjup o)
B

BR R
<C (R2ao—(N—4)(¢h—2) V(Jz))|ul? d:v) : <C 11372C¥(’7(1V7241)(‘1172)7
Br
because
—44+ N .
20 8428 = (V= 0y = (= ) (222 1) = (8 - ) g o) - 1) > 0.
Hence, in any case, we get Ro(q1, R) < CR? for some § = 6(N, g, B0, q1) > 0, which gives the result. [l

Proof of TheoremZGl Letu € Hy; . and h € Hy, such that [|uf| = ||2|| = 1. Let R > R,. By 2.6) and

K K
ess sup (=) < esssup (r)

—_— ——— L — < oo,
veBg |Tl*=V([z))f= T opg, reeV(r)fe
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we can apply lemma[@ Il with Q = Bf;,, & = oo, 8 = oo, m = Cy and v = N=4  Hereafter C' denotes any

2
positive constant independent form u, h and R. If 0 < S < % we get

N+4(1-28c0)
2N

oo~ Nt az—1)
/ K(Jz])u|® | de < C / ||~ 2N gy
B, .

R

C <
2000 =8Bo0 +2N — (N —4)az p;

C (R N+4(T=2Fc) )

N44(1-2800)
2N

IN

T ap—(N-9)(g2-1)

/ P NFAT2B00) N+N—1dr)

R

N+4(1—2800)
2N

)

because

Qoo — 4P + N

20000 — 8000 + 2N — (N — 4)go = (N — 4) (2 T

q2) — (N — 4) (¢" (coo i) — 2) < 0.

If 1 < B < 1 we have

N—4 1-Bs
-1 Qoo T (4272000)
[ Ktz <o [ =T
By Be

R

1—Bo

OO pase - (N-a)(ag=2600) | N4 ’

< r 2(T=Foo) dr
R

2000 = (N —4) (95— 2800) 1—-Pes
:O(R = 2(1—Boo) = +N) s

because
2000 = (N =4)(g2 =20) | - (N=4) [ a0 —4Bs + N
2(1_ﬁoo) +N_2(1—BOO) <2 N _4 —QQ>
_ -9
B 2(1 — ﬂoo) (q (aoovﬁoo) - Q2) < 0.

If oo = 1 we get

1
2
/ K(|z])|u|=~ A dz < C </ |I|2“°°(N4)(q22)V(I$|)IUI2dI>
Bg, BS

R

Nl

S C <R2am—(N—4)(q2—2)/ V(|£U|)|’LL|2 d(E) S CRw,
Bg

because

20400—4—|—N

2aoo—8+2N—(N—4)q2:(N—4)( T

~2) = (V= 0) (" (a1 - ) <0,

So, in any case, we get Roo (g2, R) < CRY for some § = 6(N, ap, B, q1) < 0. Hence the thesis follows. O
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5 Proofs of Theorems 2.8 and

Let N > 5. To prove Theorems 2.8l and 2.9 we need some preliminary results about pointwise estimates of radial
Sobolev functions.
For any open interval Z C R, we will consider the space

W2NT) = {ue LYT): D*u e LY(T), V|a| < 2}.

The proof of the following lemma can be easily derived from the arguments of [3, Appendix], so we skip it.

Lemma 5.1. Letu € D*%(RY) and define @i : Ry — R such that u(z) = @(|z|) for almost every x € RY. Then
@ € W2Y(T) for every open bounded interval T C R such that inf T > 0.

Proposition 5.2. Assume that there exists Ry > 0 such that V (r) < +o0 for almost every r > Ry and

14
Ao 1= inf r7>=V(r) >0 o < —.
efg}%ri r (r) for some Yoo < 3
Then NVu € H‘Q/)T we have
[u(x)] < Cooroc? | |2(]|Vul|)w almost everywhere in By, 5.1
x

1 8 4

where Cop = .
VON (N(2(N -2)- 'Yoo))

Notice that 2(N — 2) — v > 0 in (&I).

Proof. Letu € Hy,. Define @ : Ry — R as the continuous function such that u(x) = @(|x|) for almost every
z € RY. Define

—1— Joo

o(r) == re T a(r)? foreveryr > 0.

If A := liminf, ; v(r) > 0, then for r large enough we get

A
PN A(r) >
2raYeeT2

|z

and from this we get the following contradiction:

J

where the last integral diverges because N > 5 and 7o, < 14/3. Hence, it must be A = 0 and therefore there is a
sequence r,, — +oo such that v(r,,) — 0. From lemmaSllwe getv € W2 ((r,r,)) forall Ry < r < r,, < +00,
whence

2 +oo ~ 2 +oo A
V(|z|)u® dx > /\oo/ = /\OOUN/ MTN% dr > /\ooUN/ ——x dr = +00
Ic?z Bf%z |£L’|'Y°° Ry e Ra 2rafeT

() — v(r) = / V' (s) ds.



Furthermore, for all s € (r,,,) we have
N o
’U/(S) = (5 —-1- ’YT) 8%727

> =253 Jas) 1 (5))

|2
“>|8
I{!
—~
V2]
N~—
o
[N}
V2]
o
—
|
|4
N
<
—~
V2]
N~—
=4}
N
—~
V2]
N~—
vV
[N}
V2]
vz
I
—
|
|-2
N
I{!
—~
V2]
N~—
=4}
N
—~
V2]
N~—

: : : N o < N _ 13
The first inequality derives from 5- — 1 — 2= > 5 — 3¢ > 0. Then we get

v(r,) —v(r) = /Tn v'(s)ds > —2/” s%_l_%|ﬂ(s)||ﬁ'(s)| ds.

Now from (2.3)) we deduce that

1 - 2 " N_q-2 | Aull,

.

v(r) —v(r) < 2/ g-1-

2(|Aull, [ a(s)] xox 1
= VNon =5 7 w1 = U8
ON Jr S 2 S22 1

1 1
2| Aully (™ w(s)® no1 )P /T" 1 :
< -
= /Now /T P s ds s ds
1
+oo ~ 2 2 o0
< 2y (1P o) ([
vVNoy Ro §7e r 52(7_1_7%
1 N +oo
2 |Aull, < 1 /+OO ~ N2 N—1 : sT2(E1)
2o (L[ vis)a(s)2sN 1 ds
VNon \ A= Rs _2(%_1_’%)
1 N Yoo
2| Aull, (1 / 2, NPt
< \%4 d .
< R (o [ V0] e

Since it is easy to see that || Aul|, [|ull,, < [|w||®, we obtain

~—
+
—
QU
»
N———
N

IN

1 8 [[ul
U(T) a 'U(Tn) = E\/)\OOND(N - 2) - FYOO] T(%flf%) '

Finally, recalling the definition of v(r) e the fact that v(r,,) — 0, we conclude

xT (%_I_WTOO) ulax 2 i 8 HUH
2 @) < UN\//\OON[2(N—2)—%0] || (F-1-2%)

1 —2) e
and hence |u(z)] < coodoct [Jul| |z~ 272

We now prove a second pointwise estimate.

Proposition 5.3. Assume there exists R > 0 sucht that V (r) < +o0 almost everywhere on (0, R) and

Ao := essinf r°V(r) >0 forsome vy > 4.
re(0,R)

15
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Then Vu € H ‘2/774 we have

s, almost everywhere in B, (5.2)

\/max{2/\/N,N —7/2)
where ¢y = .

ON

Proof. Letu € Hy,, and define @ : Ry — R as the continuous function such that u(z) = a(|z|) for almost every
x € RY. Define

—70

2N -3 N9
o(r):==r— =z a(r)® forallr > 0.

If A := liminf, 4~ v(r) > 0, then for all r large enough we have

A

— Y0 1
2rz "2

V

T,N—l—'yo,a(r)2

)

from which we derive a contradiction as follows:

2 R ~ 2 R )\
/ V(|z|)u? de > )\OO/ LA )\OUN/ MTN_l dr > )\OUN/ — o dr = +00
BE B 0 0 2

- |:1;|'YO r7o r

where the last integral diverges because 79 > 4. This proves that A = 0 and thus implies that there exists a
sequence r, — 0V tale che v(r,) — 0. From lemma5Ilwe get v € W2((r,,,r)) forall0 < 7, < r < R,
whence

o(r) — v(ry) = / V' (s) ds.

n

Furthemore for all s € (r,,, ) we have

V(s) = (L;"%) s T (62 4 25 ()i () = <W> I(s) + 2 (s)

with obvious definitions of I(s) and J(s), on which we obtain the following estimates:

r r L ro~r\2 B B R ~(.)2
/ I(s)ds = / g a(s)? ds = / ﬂstlsst ds < o / ﬂstl ds
Th T T 0

570

n

Y0—3 1

<rz — V(s)u(s)?sNlds <r 2z
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AN
> %
15
Z o
/N
|-
=)
=
<
o
=3}
“
o
oy
P
L
QL
@
N——
M
VR
o\%
IS
5y
N—
o=

1Aully flully 5 | "
T onVN VA T onVNXo

Now, if 4 < 9 < 2N — 3, we get

o(r) —v(ry) = /T: v'(s)ds < (W) /TT I(s)ds + 2/; J(s)ds

n

§<2N—3—%)Rvoz4 lull 2, 2]

72 r
2 /\QO'N O'N\/N)\o

< N_Z R Hu||2 rs 4 2HU”2 .
- 2 AoonN onvNXo

1
2

On the other hand, if v > 2N — 3, we get

V(s) = (Lj‘%) 1(s) + 2J(s) < 2J(s)

and thus
/T v'(s)ds < 2/T J(s)ds < Mr%
Tn B T B ONV N)\O '

n

<
—~
E
N~—
I
<
—~
3
3
S~—
I

So, in any case, we have

vo—4
() — o) < % l\/;_AO + <N - g) RA; [ 3.
Hence, recalling the definition of v(r) and the fact that v(r,,) — 0, we deduce
e O l e (v-3) R—l Jull Jal 2
on |VNXo 2) X
which gives (3.2). O

We will also need the following lemma.
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Lemma 5.4. Assume that there exists R > 0 be such that V (r) < 400 almost everywhere on (0, R) and

Aq g(R) := esssup K(r)

1
———— < 400 forsome - < <landa eR (5.3)
re(o,r) TV ()P 2

and
A(R) := essinf r7°V(r) >0 for some vy > 4.
re(0,R)
Assume also that 3q > 23 such that (2N — 4 — 79)q < 4o+ 4N — 2(vo + 4)B. Then Vu € Hy,, and Vh € Hy;

we have
da+4N —2(vp+4)B—(2N—4—¢)q
4

/ K(jz)ul"" ] do < ™ a(R)R ul|” |12l
Br

1 +R”“T*4
MR)  AR)

(a—28)/2
where a(R) := Ay g(R) ( ) and ¢y is given in Proposition[5.3]

Proof. Take u € H{,, and h € Hy,. Thanks to assumption (3.3) and Proposition 53] we can apply Lemma 1]
with Q = Br, A = Mg 5(R), v = 28172 and

B T s
m = co )\(R)+ D) [lee]] -

1
If 5 < 8 < 1wehave

(e 1-5
J e e O et I e
Br Q

1-8
da—(2N—4—~q)(g—2B) _ _
=% a(R) < / B m— da:> ol 27 ()| 772 |11
Br

a— —4—v0)(a— 1-8
< Pa(R) (R TN )
because
da— (N -4-7)(g=20) _4da+dN-200+4)F-@N-4-%)1
4(1-B) 4(1-5)
If 6 =1 we get

1
2

K (x|t h] de < Am?™? </ 22DV (| ) ) dx) [

Br Q

1
_9 doa—(2N—-4—v¢)(q—2) 2 —9
= alw) ([l el )l ]
R

1
_9 4a—(2N—-4—~0)(g—2) 2 _9
< 8= a(R) (R—2 [ v<|x|>|u|2dw) ]2 ]
R

doa—(2N—-4—v¢)(q—2)
1

- -1
< a(R)R [l (Al
because 4o — (2N —4 —y0)(q — 2) = 4a + 4N — 2(y9 +2) — (2N — 4 — 0)g > 0. O
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We can now give the proofs of Theorems[2.8/and[2.9] For convenience, define three functions oy = 1 (8, 7),
as = as(f) and ag = a3(B, ) as follows:

N+(1-28
o1(B7) = (1= By, a(B) = —(1 = BN, () = L2 sy
Proof of Theorem2.8 For brevity, define
K
Ao = eisj%llp ﬁ and Ay = ersi};gf v (r).

Take u € Hy,, and h € Hy, such that [[u|| = ||h]| = 1. Let R > Ry. Hereafter C' denotes any positive constant
independent from u, i and R. For all £ > 0 we have

esss K(r) < esss K(r) < Ao <+ 5.5

u u —= 00. .
’r‘>Rp fr‘aoo‘f‘g'YooV(T)Boo"F& - T>R2p raoov(r)ﬂoo (T'Yoov(r))g - )\go - ( )

We now distinguish several cases. In each of them we will choose a suitable £ > 0 and we will apply Lemma 1]

with Q = B%, & = Qoo + EY00, 8= foo + & m = Coo A4 l[ul| = S WL % and
K(r)
A=esssup e Yy

In each case we will get
/ K (|2)ul || dz < CR®
B

for some § < 0, independent from R, whence the thesis follows. Recalling the definitions (3.4), we set a1 =
1(Boos Yoo)s 2 = @2(Boo) and a3 = a3 (SBoo, Yoo ) for brevity.

o Case (i > 1. We take & = 1 — 4 and apply LemmaIl with 8 = S + & = 1 and & = oo + EYoo =
Qoo + (1 = Boo) Voo We get

1

3
/K(le)lulqz‘llhldeC / o221 =DV (| uf® da
Bg, B§

R
%
<C <R2M"<q22>/ V(|x|)|u|2da:> < CRe (9272,

R
because

oc—I/(qz—2)=aw+(1—ﬁoo)%o—wwz—2)

20000 + Yoo — 2B00Voo + 2N — 4 2(N —2) — 74

= 2 4 q2

o 2(N_2)_'Yoo (2204004'(1_2500)700"'2(]\]_2) _ )
- 1 2(N — 2) — 7o 2
2N =D e gy <o

4
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e Case max{as, a3z} < as < aj. We take & = W and apply Lemma [Tl with 8 = (., + £ and
Q= Qo + £Yoo. Notice that, if ag < s < a1, then

On the other hand, if a, = a2 (= max{as, ag} when % < foo < 1), then & = 0 and

1

We obtain
1-8 -
a—v(ga—28) a—v(gx—28) -
/ K(|z])|u|®="2|h| de < C / | A <cC (Rilfﬂ +N) ,
B, B;,
because
a—v(qg —2p) v Qoo — BooVoo + N v
=B I N= 2 —g) = . — 0.
-5 1-8 N~ g9 <

e Case (o <0 = g (= max{as,as})and 3o, = 1. We take £ = 0 and apply LemmalIlwith 8 = 8o +& =1
and o = oo + Voo = Qoo We get

2
/ K<|w|>|u|@-1|h|dxsc< / |x|2aw-2v<qz-2>v<|w|>|u|2dw> < ORee ),
Bg &

By

because oo — V(g2 — 2) < —v(g2 — 2) < 0.

o Case (o < o (= max{ao,a3}) and 3 < Bo < 1. We take ¢ = 0 and apply LemmaE.Tl with 8 = S, €
(%, 1) and o = Qoo + €Yo = oo- We get

1—Boo
oo —v(22—2B00) oo —v (22 —2B00) 1=Boo
/ K(|z])u|= bl de < C </ o] e dw) <C (R#“V) ,
B

c
R

because

< 0.

aoo_y(q2_2ﬁoo)+N7O‘oo+(1_ﬁoo)N_V(q2_2Boo) 7aoo_a2_y(q2_2ﬁoo)
1—[’300 o 1—500 N 1_ﬂoo

o Case o < a3 (= max{asg,a3}) and Bs < % We take & = —1_226“’ > 0 and apply Lemma 1] with
B=1Poc+E=12%and o= au + Yoo = . We get

1

2
/ K<|w|>|u|@-1|h|dxgc< / |x|2a-2"<qz-1>dx> < CRe-via-D+E
Bg, ¢

By

1-28

= Qoo + 5=V + 5 — (g2 — 1) = @ —az —v(g2 — 1) < 0. O

because o — (g2 — 1) + &
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Proof of Theorem[2.91 Define
K
Ap := esssup () and Ao := essinf 77V (r).

re(0,Ry) reoV/ (r)bo re(0,Ry)

If 79 = 4 the thesis derives from Theorem[2.3] so we assume «y > 4. To prove the result, we want to find a function
b(R) > 0 such that b(R) — 0 when R — 0" and

/ K(|z)|u|® A de < b(R)|[u|~HAll, Yue HY,,, Yh € Hi.
Br

Sowe fix0 < R < R;. Then

AR) := essinf 77V (r) > X >0 (5.6)
re(0,R)
and for all £ > 0 we have
A = esssu K(r) < esssu K(r) < ﬂ < 400 5
ot fott = OB aoteno (r)fote = TR reo V()P oV (7)€ = Y : 5.7

We now consider several cases.
e Case 4 < 7y < N. In this case (g, q1) € Ag,,~, implies ag > max{as, a3} and

- N 2a0+(1-2 N — 4
max{1,2f5p} < ¢1 < min {2% b0+ N 200 + ( Bo)vo + } '

N—v 2N —4—
Hence, we can find £ > 0, independent from R, w and h, such that o = ay + 7o and 5 = [y + € satisfy

Ao+ AN — 2y + 4
<B<1 and 28<q < 2% (o +4)8 (5.8)
AN —4—

N =

Recalling (3.6) and (3.7), we can apply Lemma[5.4](with ¢ = ¢;), whence Vu € H ‘2,770 and Vh € HZ we get

4a+4N—2(vpg+4)B—(2N—-4—~p)a1
1

/ K(ja)[u]® ! |h| dz < cf~*a(R)R [l R])-
Br

This implies the thesis because R** 4N —2(10+H)F=2N—4=v0)a1 _; () as R — 0F and

- a1 —28 yo—4 q1;2ﬂ
1 R\ 7 Ao [ 1 R;?
a(R) = A, i R + <= | =+
( ) 0+E’Yoﬂo+f( )( /\(R) /\(R)) )\8 \/)\_O o

e Case N < < 2N — 4. Again, (o, q1) € Ag, ~, implies that we can find £ > 0 such that o« = ap + £ and
B = Bo + € satisfy (35.8). We get the thesis applying Lemma[5.4l

e Case 9 = 2N — 4. In this case, from (o, ¢1) € Ag,,, We infer that there exists £ > 0 such that &« = ap + &
and 5 = [y + & satisfy

<B<1, @1>28 and 0<2a+2N — (v +4)p.
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As in the previous cases, the thesis follows from Lemma 3.4l

e Case 79 > 2N — 4. In this case, the hypothesis («v, q1) € Ag, -, implies that we can find £ > 0 such that
a = ay+ &y and B = [y + € satisfy

N =

2 2N — 4
<B<1 and q1>max{2[3,2 ot (o + )ﬂ}

2N —4 — Yo
Again, the thesis follows from Lemma 3.4l O

6 Application to the bilaplacian equation

In this section we state our existence results for Eq. (L), which are Theorems[6.2]and[6.3]below (see also Remark
[63). We let N > 5 and assume that V, K and @ satisfy (V), (K) with s > 13—14 (cf. Lemma[ZIlbelow) and the
following hypothesis:

(Q) Q: Ry — [0,+00) is a measurable function such that the linear funtional & — [~ @ (||) hdz is contin-
uous on HE.

We also assume that f : R — R is a continuous function satisfying the following condition, where g1, go will be
specified later:

dM > 0 such that t)| < M min {t@ 1 ¢t~ forall t > 0.
q1,92

Remark 6.1. 1. Assumption (Q) is quite abstract, but it is easy to find explicit conditions on () ensuring it.
For example, by Rellich inequality, if Q € L?(R,rV*3dr) then one has

1/2 2 1/2
‘/ Q (|z|) hdz| < </ Q (|z])? |a:|4dx) </ %m) < (const.) ||n||, Vh e HZ.
RN RN RN |z

In a similar way, (Q) holds true if Q € L*N/(N+9(R ., +N=1dr) (by Sobolev inequality) or V~/2Q ¢
L?(R ., rN~1dr) (by definition of H. 2). Other similar conditions ensuring the same result can be obtained
by the interpolation Hardy-Sobolev inequalities of [13L16] (see also [11]).

2. Assumption (fy, 4, ) implies | f ()] < M 9! forall ¢ > 0 and g € [g1, ¢2], whence it is more stringent than
a single-power growth assumption if g1 # g2. On the other hand we will never require g1 # ¢, so that our
results will also concern single-power nonlinearities as long as we can take g1 = g2 in (fg, .4, )-

We are interested in finding radial weak solutions of Eq. (1), i.e., functions u € H‘Q/_’T such that
Au - Ahdx + / V (|z]) uh dx = / K (Jz|) f (u) hdx + / Q(|x|)hdx forallh € H:. (6.1)

RN RN RN RN

Our existence results are the following.

Theorem 6.2. Assume Q = 0 and assume that there exist q1, g2 > 2 such that (fg, 4,) and (’Rg1 )qz) hold. Assume
furthermore that f satisfies:

(f1) 30 > 2 suchthat 0 < OF (t) < f(t)t forallt > 0;
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(f2) 3to > 0 such that F (to) > 0.
IfK () € LY(RY), we can replace assumptions (f1)-(f2) with the following one:
(f3) 30 > 2 and 3ty > 0 such that 0 < OF (t) < f (t)t forallt > t.

Then Eq. (I1) has a nonzero nonnegative radial weak solution.

Theorem 6.3. Assume that there exist q1,q> € (1,2) such that (fg, 4,) and (R;’hqz) hold. Assume furthermore
that either Q) # 0 (meaning that Q) does not vanish almost everywhere), or Q = 0 and f satisfies the following

condition:
(f1) 30 < 2 and 3tg,m > 0 such that F (t) > mt? forall 0 < t < to.

If Q # 0, we also allow the case max {q1,q2} = 2 > min {q1, g2} > 1. Then Eq. (L) has a nonzero nonnegative
radial weak solution.

The above existence results will be proved in Section [7] and can be generalized and complemented by other
results in different and quite standard ways (see Remark [6.3] below). They rely on assumption (R;’lm), which
is rather abstract but, as already discussed in Section ] it can be granted in concrete cases through Theorems
which ensure (sz’l ) qz) for suitable ranges of exponents ¢; and g» by explicit conditions on the potentials.
Some basic examples of nonlinearities satisfying (f,, 4,) and the other assumptions of our results can be found

in [4, Example 4.11].

Remark 6.4. 1. In Theorem[6.2] the information K (|-|) € L*(RY) actually allows weaker hypotheses on the
nonlinearity, as assumptions (f1) and (f2) imply (f3).

2. In Theorem[6.3] the case max {q1,¢2} = 2 > min {¢1, g2} > 1 cannot be considered if (f4) holds, as (f1)
and (fg,,q,) imply max {g1, g2} < 0 < 2.

Remark 6.5. 1. Theorems[6.21and [6.3] can be easily adapted to the case of Eq. (LI) with a general right hand
term g (||, u) (see [Bl Section 3] and [4] Section 4]). Moreover, they can be complemented with multiplicity
results by standard variational techniques (see again [3, Section 3] and [4], Section 4]).

2. Theorems[6.2land[6.3]can be used to derive existence results for Eq. (I.I) with Dirichlet boundary conditions
in bounded balls or exterior radial domains, by suitably modifying the potentials V' and K in order to
reduce the Dirichlet problem to the problem in R¥. In this cases, a single-power growth condition on the
nonlinearity is sufficient and, respectively, only assumptions on the potentials near the origin or at infinity
are needed. We leave the details to the interested reader, which we refer to [3] Section 5] for similar results
and related arguments.

3. Using some ideas of [7]], we think that our compactness and existence results can be easily extended to the
case of inhomogeneous bilaplacian equations of the form

Au+V(|z])u™t = K(|z])f(u) + Q(lz]) inRY

withl <p < N,p# 2.
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7 Proof of Theorems 6.2 and

In this section we apply the compactness results of Section [2l to prove the existence results of Section |6l Let
N > 5 and assume that V, K and @ satisfy (V), (K) and (Q). Let f : R — R be a continuous function and set

F(t):= [y f(s)ds.

The weak solutions of Eq. (I.1) are (at least formally) the critical points of the functional

T gl = [ K(ahFyde= [ Qahuds 1)

As a matter of fact, by the continuous embedding of Theorem[2.4]and the results of [1]] about Nemytskif operators
on the sum of Lebesgue spaces, (Z.I) defines a C'* functional on H ‘2,7T provided that ( f,, 4,) and (S{Z1 ) qz) hold for
some q1, g2 > 1. In this case, the Fréchet derivative of I at any u € H ‘2,7T is given by

I’(u)h:/RN (Au - Ah +V(|x|)uh)dx—/RN (K (|z]) f (u) + Q (|z])) hdz, Vhe Hy,, (7.2)

but I does not need to be well defined on the whole space HZ, and therefore the classical Palais’ Principle of
Symmetric Criticality does not actually ensure that the critical points of 1 : H ‘2,7T — R are weak solutions of

Eq. (LI). This is the aim of our first lemma, which relies on the following stronger version of condition (S(’I 17(12):

(R’ ) 3Ry, Ry > 0 such that Ry (q1, R1) < 00 and R (ge2, R2) < o0.

91,92
Lemma 7.1. Assume s > J\?—L in condition (K) and assume that there exist q1,q> > 1 such that (fq, 4,) and
(R’ ) hold. Then every critical point of I : H‘Q/_’T — R is a weak solution to Eq. (I.1).

q1,92

Proof. Letu € Hy,, and assume Ry < Ry in (R}, ,,), which is not restrictive by the monotonicity of Ro and
R . By Lemma[3.1] there exists a constant C' > 0 (also dependent on u) such that for all h € HZ we have

[ (el e < c
Bry\Br,
and therefore, by (fy, ¢, ), We get

[ K e r llblde <1 [ K (olymin{ul® " o) bl de
RN RN

IN

M K (J]) |u|™ " |h| dz + / K («]) [u|™"" |n dz + C |7
Bry BIC22

IN

M (J[ull™ ™ Ro (a1, Ba) + [l Rec (a2, R2) + C) ]
Together with assumption (Q), this gives that the linear operator
T (u)h = /RN (Du- Db+ V (J2]) uh) de - /RN (K (2]) f (u) + Q (|a])) h da
is well defined and continuous on H. Hence, by Riesz representation theorem, there exists a unique @ € HZ

such that T (u) h = (@, h) for all b € HZ, where (-, -) is the scalar product defined in (2.4). By means of obvious
changes of variables it is easy to infer that . € H‘Q/)T, sothat 7' (u) = 0 on H‘Q,W implies @ = 0 and hence (6.1). O



25

Hereafter, we will assume that the hypotheses of Theorems[6.21and [6.3]also include the following assumptions
respectively: f(f) = 0 for ¢t < 0 in Theorem and f is odd in Theorem This can be done without
restriction, since Theorems and concern nonnegative solutions and all their assumptions still hold true if
we replace f (t) respectively with f (t) xr, (t) and f (t) xr, (t) — f (|t]) xz_ (t) (xr, denotes the characteristic
function of R).

With such additional assumptions, (f,, 4, ) implies that there exists M > 0 such that

|F (t)| < M min {[t|",|t|”} forallt e R. (7.3)

Lemma 7.2. Let Lo be the norm of the linear continuous functional h € Hy, — [on Q (|#]) hda. If (fq,.q,) and
(Séh%) hold for some q1,q2 > 1, then there exist two constants ci,co > 0 such that

I(u) > 5 ful® = e flul™ = eo |lull®™ = Lo |ull  forallu € H,. (7.4)

N =

If (S ,,) also holds, then Ve > 0 there exist two constants ¢y () ,ca (€) > 0 such that (Z4) holds both with

c1 =g, ca = co(e) and with ¢; = ¢; (€), ca = €.

Proof. Leti € {1,2} and assume Ry < Ry in (Szln-,q2)’ which is not restrictive by the monotonicity of Sy and
Swo- By Lemma[3.Tland the continuous embedding Hy, — L

i (RYN), there exists a constant A > 0 such
that for all u € H . we have

Ri,R»

[ Kbl do < ) g, Jull
Bry\Bry

and therefore, by (Z.3),

|, ) F @+ Qal) wy o

IN

[ Eabir@lds+| [ Qqel)uas

SM/ K (|]) min{Ju™ , [u[*} dz + Lo [|ul|
RN

IN

([ K]l de / K (|zf) [u]® dz + / K (|af) [ul™ da | + Lo [lul
Br, Bj, Br,\Br,

IN

O (|1l So (g1, Ba) + ull™ Soc (42, o) + g,

= 1 [Jull™ + c2 Jull® + Lo [Jull,

Qi) + Lo |Jul| (7.5)

with obvious definition of the constants ¢; and co, independent of u. This proves (Z.4). If (S('I’l 7 q2) also holds, then

Ve > 0 we can fix R; . < Ry such that MS, (q1, Ry.) < eand M8+ (o, Ry ) < &, so that inequality (Z.3)
becomes

"+ Lo [lul -

/R (K (ja) F () + Q(la) w) da| < € [lull™ +¢ [[ull® + ) _ g, lu

The conclusion thus ensues by taking ¢ = 1 and ¢; () = ¢ + cgl) Ry.oOri=2andcz(e) =+ cgl) SR, O

Lemma 7.3. Under the assumptions of Theorem the functional I : H‘Q/)T — R satisfies the Palais-Smale
condition.



26

Proof. By (f1) or (fs) together with the additional assumption f (¢) = 0 for ¢ < 0, we have that either (f1) holds
forallt € R,or K (|-|) € L*(RY) and f satisfies

OF (t) < f(t)t forall |t| > to. (7.6)

Let {u,} be a sequence in Hy, . such that {1 (u,)} is bounded and I’ (u,,) — 0 in the dual space of H7; .. Then

! 2 = u xI|) Undl = u
3ol = [ K (el Flunydo =) + [ @ el unds =01+ 0 (1) fu

and

Uy, 2 K (|x Up) Undr = I’ (up) Un, z|) undr = o (1) ||uy, O (1) |uyn]| -
[[wan] /RN (]) f (un) (un) +/RNQ(| ) (1) llunll + O (1) [Jun|
If f satisfies (f1), we get

S Il +0 )+ O fluall = [ K (Jal) F ()
RN
1

1
7 Jox K (|2]) f (un) undz = 5 lunl* + 0 (1) uall + O (1) [[unll

IN

which implies that {||u,||} is bounded since 6 > 2. If K (|-|) € L*(RY) and f satisfies (Z.6), we have
[ Kb ude < [ KD ) udot [ K () 1f () do
{lunl=to} RN {lun|<to}

< | K () f (un) unde + M K (J]) min {Jun|* , [un|*} dz
RN {lun|<to}

< [ K (jal]) f (un) unde + Mmin {5, 667} | K| 11 gy
RN

and then, using ([Z.3)), we get

1
3 lun* + O (1) + O (1) Jual|

— [ KD F@)des [ K (el F ) do
{Junl<to} {Jun]>to}
. 1
< M K (|z|) min {|u,|" , |un|?} do + —/ K (|z]) f (un) undx
{Jun|<to} 0 J{jun|>t0}
<

- 1 M .
M min {8, t¥} 1K || 2 vy + 7 /RN K (|z]) f (un) updx + 5 min {td 32} 1K 12 vy

~ M . 1
(0 + 5 ) i 28 83 VRl + 00 ]+ O ()

This yields again that {||u, |} is bounded. Now, thanks to assumption (Q) and since the embedding Hy;, —
L% + L% is compact by Theorem 2.4l and the functional u — [, K (|2]) F (u) dz is C* on L + L% by [l
Proposition 3.8], it is a standard exercise to conclude that {u,, } has a strongly convergent subsequence in H ‘2,7T. O
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Proof of Theorem[6.2l We mean to apply the Mountain-Pass Theorem. To this end, from (Z.4) of Lemmal[7.2]
where Ly = 0 and q1, g2 > 2, we readily infer that 3p > 0 such that

inf  I(u)>0=1I(0). (1.7)

weH , llull=p

Now we check that 3u € W, such that ||| > p and I (@) < 0. To this end, from (f3) (which holds in any
case, as (f1) and (fa) imply (f3)), we deduce that F' (t) > t;*F (to) t? for all t > t,. Then, taking into account
assumption (V), we fix a nonnegative function ug € C2°(R™) N H{,, such that the set {x € RN : ug (x) > to}
has positive Lebesgue measure. We now distinguish the case of assumptions (f;) and (f2) from the case with
K (|-]) € L*(R™). In the first one, for every A > 1 we have

K (|2]) F (o) dz > /

K (|z|) F (\ug) dx > )\(’F(to)/ to Oubd
{)\uozto}

RN {Auo>to}

Y

MNFE (to)/ to Pubde > N F (to)/ dr >0
{wo>to} {

up>to}

and therefore, since 6 > 2, we get

A——+oo {

)\2
lim 1) < Tim [ o [fuo|? —)\(’F(to)/ d:c—)\/ Q (|2]) uods | = —oo.
)\—)+OO 2 ’U«OZtO} RN

If K (|-|) € LY(RYN), we observe that (Z3) implies F (t) > —M min {td', %} for all 0 < ¢ < to, so that, arguing
as above about the integral over {A\ug > o}, for every A > 1 we obtain

K (|2]) F (o) dae = / K (|z]) F o) d:c—i—/ K (|2]) F (o) dae
RN {Muo<to} (o>t}
> — M min {t& 2} K (|z|)dz + X F (to)/ dzx,
{)\u0<t0} {uozto}
which implies
N 2 T i q1 44 0
I (Auo) < = lluoll”™ + M min {tg", t6°} | K 11 gy — A F (to) dr—A [ Q(|x]) uodr — —o0
{uozto} RN

as A — +o00. So, in any case, we can take u = Aug with A sufficiently large. As a conclusion, taking into account
Lemma[Z3] the Mountain-Pass Theorem provides the existence of a nonzero critical point u € H. ‘Q/W for I, which
is a weak solutions to Eq. (LI) by Lemma[71l Since the additional assumption f (£) = 0 for ¢ < 0 implies
I' (w)u_ = — |lu_|* (where u_ € H,,, is the negative part of u), one has v = 0 and thus u is nonnegative.

Lemma 7.4. Under the assumptions of Theorem the functional I : H‘Q/)T — R is bounded from below and
coercive. In particular, if Q = 0 and f satisfies (f4), then

inf I (v)<0. (7.8)

UEH‘ZAT
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Proof. I is bounded below and coercive on H‘%_’T thanks to Lemma[Z.2l Indeed, the result readily follows from
(Z4) if q1, g2 € (1,2), while, if max {g1,¢2} = 2 > min{q1, g2} > 1, we fix e < 1/2 and use the second part of
the lemma in order to get

() > (— - ) el = ¢ (&) Jlul ™™} _ Lo ul|  forall u € HZ,,

which yields again the conclusion. In order to prove (Z.8) if Q = 0 and (f4) holds, we use assumption (V) to fix
a nonzero function ug € C°(RNV) N H‘Q,W such that 0 < ug < to. Then, by (f4), forevery 0 < A < 1 we get that
Aug € H,, satisfies

1 A2
TOw0) = 5 ol = [ K (1) P (o) da < - ol =N [ (fa

Since 6 < 2, this implies  (Aug) < 0 for \ sufficiently small and therefore (Z.8) ensues. O

Proof of Theorem[6.3] Recall Lemmal[7Z4and let {v,,} be any minimizing sequence for x := inf mz I (v) €
R. As F'is even and () is nonnegative, we have ,

1
Iloal) = 5ol = [ K () F (ol da = [ Qal) ol do (1.9
1 2
= 5 IUn|l — n dx — nd nd
sleall = [ K@D F@de— [ QUevades [ Qe
=TI (v,) + 2/{ ) Q (|z]) vodx < I (vy),

so that |v,| € HZ, is still a minimizing sequence. Hence we can assume v,, > 0. Since {v,,} is bounded in
H?Z by Lemma[Z4 and the embedding HZ, — LY + L% is compact by assumption (S;’MD) and Theorem
2.4 we can assume that there exists © € H ‘Q,T such that (up to a subsequence) v, — u in H ‘Q,T and v,, — wu In

L% + L% and almost everywhere. Hence u is nonnegative and, thanks to (Q) and the continuity of the functional
v [on K (J2|) F (v) dz on LY + L% (which follows from (fg, 4,) and [l Proposition 3.8]), we have

o K (Jz|) F (v,) dz + /RN Q (|z]) vodx — /RN K (Jz|) F (u) dx + /RN Q (|z]) udax.

By the weak lower semi-continuity of the norm, this implies

rw s i (Gl = [ Kl Fe)dos [ Qo) =x

and thus 7 (u) = p. So w is a critical point for I and thus a weak solutions to Eq. (II) by Lemma[Z1] It remains
to show that w # 0. This is obvious if @ = 0 and f satisfies (f4), since p < 0 by Lemma[Z.4] If Q # 0, assume
by contradiction that u = 0. From ([Z.2) we get [, Q (|z]) hdx = 0 forall h € Hy, and therefore Q = 0, which
is a contradiction.
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