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BOUNDED H,-CALCULUS FOR
CONE DIFFERENTIAL OPERATORS

E. SCHROHE AND J. SEILER

ABSTRACT. We prove that parameter-elliptic extensions of cone differential op-
erators have a bounded Hoo-calculus. Applications concern the Laplacian and
the porous medium equation on manifolds with warped conical singularities.

1. INTRODUCTION

We show that closed extensions of differential operators on manifolds with conical
singularities, which are parameter-elliptic with respect to a sector

A=A(9)={T€i‘/’:r20,9§g0§27r—6‘}, 0<0<m,

admit a bounded H..-calculus in the natural weighted L,-Sobolev spaces, 1 < p <
+00; see Theorem for the precise formulation. To this end we combine our
investigations on this subject in [3], [4], [14], [T7] with the results of Gil, Krainer
and Mendoza [7], [8], [9]. Our main analytic tool is the calculus of parameter-
dependent cone pseudodifferential operators, cf. Schulze [I§], [19]; for a concise
summary we refer the reader to the appendix of [I7]. The ellipticity conditions
require the invertibility of both the interior symbol and the conormal symbol as
well as resolvent estimates for the model cone operator, see conditions (E1), (E2),
(E3) in Section

Let B be a compact smooth manifold with boundary X = 0B; the dimension of
X is denoted by n. We shall identify a collar neighborhood of the boundary with
[0,1) x X and denote by ¢ the variable of [0,1). A cone differential operator A of
order p € N is a p-th order differential operator with smooth coefficients on the
interior of B and a specific structure in the collar neighborhood, namely,

(1.1) A:fWinm4aﬁxMh%e%wmnmw%@m
k=0

where Diff’ (X) denotes the Fréchet space of differential operators of order at most
j on X. In general, we will assume all operators to act on sections of vector bundles
over B, but for simplicity we do not indicate the vector bundles in the notation.

We will consider a closed extension A of A, considered as an unbounded operator

(1.2) A6, (It B) C MY (B) — M (B)

comp

in a weighted L,-Sobolev space H;"(B) of functions on B of smoothness s and
weight v € R, defined in Section 2.1.2]
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Suppose that A is a sector of minimal growth, i.e., for R sufficiently large,

sup  [IAA = A) Mz @) < +oc.

AEA, N>R
Writing A, := A + ¢l with ¢ > R one can then define the operator f(4,) by
1 _
T JoA

for every bounded holomorphic function f : C\ A — C (actually, the above Dunford
integral makes sense only for functions f decaying with some positive power rate at
infinity; the case of general f involves an approximation argument). One says that
A, admits a bounded Hoc-calculus, if || f(A.)ll .27 @) < Cllflle for a constant
C' independent of f; see [6] or [11] for more details. The Ho-calculus and the
related notion of maximal regularity play an essential role in the analysis of non-
linear parabolic evolution equations in the functional-analytic approach based on
semi-group theory.

A prototype of a cone differential operator, of importance in many applications,
is the Laplacian with respect to a conically degenerate metric, i.e. a Riemannian
metric in the interior of B which in the collar neighborhood is of the form

g = dt* +t*h(t)

with a smooth family h(t), 0 < ¢ < 1, of Riemannian metrics on X. One speaks
of a straight conical metric, if h is independent of ¢, otherwise of a warped conical
metric. We find sufficient conditions for an extension A of the (warped) Laplacian
to satisfy the above assumptions (E1), (E2) and (E3), see Theorem [6.5 Finally, we
outline how these results can be used to show the existence of a short time solution
to the porous medium equation on manifolds with warped conical singularities, thus
improving on earlier work in [I5] for straight cones.

The paper is structured as follows. After recalling some notation in Section 2] we
describe, in Section [ the closed extensions of an elliptic cone differential operator
A as in ([LI) and a relation between the closed extensions of A and those of the
so-called model cone operator A associated with A,

o
(1.3) A=t "ar(0)(—tdy)",

k=0
which is a differential operator on X” := (0,400) x X. This relation was first

introduced in [9]; we provide here an alternative, equivalent description. In Section
[l we explain the concept of parameter-ellipticity and show that the resolvent is an
element of the cone calculus with parameters, see Theorem This improves the
results in [I7], where the coefficients a; of A were required to be independent of ¢ for
small ¢ and the domain was assumed to be dilation invariant. In Section [l we prove
resolvent estimates in all Sobolev spaces ;7 (B) of order s > 0 and the existence of
the bounded H..-calculus. We rely on techniques developed in [14]; note, however,
that in [I4, Section 3] detailed knowledge about the structure of the resolvent
in the spirit of Theorem was assumed while we find here simple conditions
which guarantee precisely this. In Section 6l we discuss the closed extensions of the
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warped Laplacian and the porous medium equation, establishing in Theorem [G.11]
the existence of a unique short-time solution.

2. SOME BASIC NOTATION
Throughout the paper we write (y) = (1 + |y|?)*/? for y € R™.

2.1. Function spaces. Let B as described in the introduction, v,p € R and p €
(1, +00). Write X" = (0, +00) x X with X = 9B and local coordinates (¢, z).

2.1.1. Function spaces on the infinite cone. For s € Ng let Hy7(X") denote the
space of all w € H?, (X") such that

., dt
"2 = (t9,)F 0% u(t, z) € LP (XA, 7d:v), k+lal <s,

where n is the dimension of X. These are Banach spaces in a natural way. By
interpolation and duality one can also extend the definition to s € R.

Let Ui,...,Un be a covering of X together with coordinate maps x; : U; —
V; € R". On R x X consider the coordinate maps &; : ﬁj =R x U; - R
given by ;(t,z) = (t, (t)x;(x)). We can define Sobolev spaces HS* (R X X)cone 0n
R x X in the standard way: Taking a partition of unity ¢1,...,¢x on X subordi-
nate to the covering Ui, ..., Uy we ask that (¢;u) o E;l belongs to H?(R"H!) =
()P Hy(R™).
The Banach space IC37(X")” consists of all u such that, with an arbitrary cut-off
function w(t) € €35,,,([0, —i—oo))El,

wu € Hy ' (X7), (1 —w)ue Hy"(R X X)cone-
For convenience we write K57 (X") := K57 (X")°. Also we introduce

FIXN) = N (logt) FK7 (XM,
s,p>0
keNy
FHXN) = N KH(XMNP (6> 0).
s,p20
0<d<e
These are Fréchet spaces and the definition is independent of the choice of p. Note
that (1 —w)u € (R, %>°(X)) is rapidly decreasing for ¢ — +oo whenever u €

LI (XN) with € > 0.
2.1.2. Function spaces on B. Using the above spaces on X" and a cut-off function
W € Geamp([0,1)), we introduce the Banach spaces #;7(B) by requiring that
wu € K57 (X7, (1 -w)ue H(B),
while €>°7(B), € > 0, is defined by the requirement
wu € S (XN), (1 —w)u e €°(B);

here, 1 — w is considered as a smooth function on B supported away from the
boundary.

11.0., w =1 near t = 0 and w has compact support
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2.2. Fréchet space valued symbols. Let E be a Fréchet space and ¥ a sector
in R2. We write S#(X, E) for the space of all smooth functions a : int ¥ — E such
that for every multi-index o € NZ and every continuous semi-norm p on F

p(Dga(n)) < Cap(m=lol, nex.

2.3. Twisted operator-valued symbols. We define a group kg, s > 0, of oper-
ators on €5, (X") by

comp
(ksu)(t,z) = s~ "D/ 2y (st, z).

They extend to unitary operators on L?(X”,t"dtdx) and to continuous operators

on 7'(X").

Given two Banach spaces E, F C 2'(X") which are invariant under every ks, s > 0,

we denote by S¥(X; E, F') the space of all smooth functions a : int¥ — Z(E, F)
such that for every multi-index o € N3

H/ﬂ;) (D?a(n))ﬁ<n> |l 2e,F) < Co(my=lol, pex.
If F = Njen Fj is a projective limit of Banach spaces F; C 2'(X") which are all

invariant under ks, s > 0, we set SH(5; E,F) = Njeny S*(X; E, F}). It carries a
natural Fréchet topology.

2.4. Parameter-dependent cone pseudodifferential operators. Throughout
the paper we shall make use of Schulze’s calculi for (parameter-dependent) pseu-
dodifferential operators on B. We will use various subclasses of these calculi like
CH*(B; (v,v — p, (—N,0])) and C4(X). For a concise presentation of the parameter-
dependent classes we refer the reader to the appendix of [17].

3. CLOSED EXTENSIONS OF CONE DIFFERENTIAL OPERATORS

Being a differential operator on the interior of B, we can associate with A its
homogeneous principal symbol oy (A) € €>°(T*int B\ 0). The limit

- Y —1
P (A)(,€,7) 1= lim Pt ()t ¢ )
defines the so-called rescaled principal symbol &) (A) € €>°((T*X x R)\ 0).

Definition 3.1. A is called cone-elliptic if both its homogeneous principal symbol
and its rescaled principal symbol are invertible.

From now on we shall assume that A is cone-elliptic. A second symbol of importance
is the so-called conormal symbol of A,

o (A)) =Y an(0),
k=0

which is a polynomial whose coefficients are differential operators on X. The cone-
ellipticity of A implies that of;(A) is meromorphically invertible, i.e., o, (A4)~"
is meromorphic with values in the pseudodifferential operators of order —u on X.
Moreover, any vertical strip in the complex plane of finite width contains only
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finitely many poles of of;(A)~! and the Laurent coefficients are smoothing pseu-
dodifferential operators on X of finite rank.

1. Closed extensions. The analysis of the closed extensions of cone differential
operators has a long history, see for example the works [12], [7], [8] and [I7]. Here
we summarize some results.

A considered as the unbounded operator ([2)) is closable and has two canonical
closed extensions:

i) The closure Amin, which is given by the action of A on the domain
— S+, yt+p— s,
Drnin(A) = {u e N My ==(B) | Aue HPV(B)}.

In case the conormal symbol of A is invertible (as a pseudodifferential op-
erator on X) for every z with Rez = "T'H — v — i, the minimal domain
coincides with Hs 7 (1B).

ii) The mazimal extension Amax, given by the action of A on the domain
Dmax(A) = {u e M, (B) | Au € H;’V(IB%)}.
It should be clear from the context to which particular choice of s, p and ~y we refer.

Similarly, we consider the model cone operator A associated with A as an un-
bounded operator

(3.1) A G (X1) C KT (XN — K57 (XN

comp

where p ranges over R (again, the choice of parameters will not be specified in the
notation). In case A satisfies a suitable ellipticity condition on X" near t = +o0
(which is satisfied, for example, if A satisfies condition (E1) in Section Hl), minimal
and maximal extension, denoted by Amm and Amdx, respectively, are as above,

substituting the Sobolev spaces 1" (B) by K (X")”.

It turns out that the gap between minimal and maximal domain is finite-dimensional.

In the following let w € €55,,,([0,1)) denote a cut-off function.

comp

Proposition 3.2. There exist subspaces &, & C e (X") (which do not depend on
the choice of s, p and p), both finite-dimensional and of same dimension, such that

@max(A) = @min(A) 2] w@@, @max(g) = @min(A\) 3 Wéa\-

The elements of both & and & are finite linear combinations of functions of the form
c(z)t~?In* ¢ with ¢(z) € €°(X), p € C, and k € Ny. For an explicit description
see the following subsection.

Therefore, any closed extension A of A is given by the action of A on a domain of
the form

(3.2) D(A) = Dnin(A) D wé, & subspace of &,

while any closed extension AA of A is given by the action of A on a domain of the
form

-~

(3.3) D(A) = Doin(A) ® wé, & subspace of &.
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For later purpose we present the following result:

Proposition 3.3. Assume that the conormal symbol of A is invertible for every z
with Re z = "T'H — v — p. Consider

A HSTHTH(B) @ wE — HE (B).

Then both Fredholm property and invertibility are independent on the choice of s
and p. Also the index does not depend on s and p.

The analogous result holds true for the extensions of the model cone operator 121\,
with indepndence on the involved parameters s, p, and p.

Proof. Since & is finite-dimensional, A is a Fredholm operator if and only if A :
H 7T (B) — HyY (B) is a Fredholm operator. The index of both operators is the
same, due to the stability of the index under compact perturbations. By assumption,
A is an elliptic element in the algebra of cone pseudodifferential operators C*(B; (v+
i, v, (=N, 0])) for arbitrary N. According to Corollary 3.5 of [I6], both Fredholm
property and index of A do not depend on the choice of s and p.

Now assume that A is invertible for some fixed choice of the parameters. We just
have seen that A is a Fredholm operator of index 0 for every choice of s and p. Thus
it suffices to show that A is always injective. So let u+e with u € Hy™#7%#(B) and
e € wé belong to the kernel. Then Au = —Ae € ;77 (B). By elliptic regularity in
the cone algebra we conclude that u € €;°**7(B). This shows that the kernel of
A does not depend on s and p, and neither does the injectivity. O

3.2. One-to-one correspondence between closed extensions. There exists a
certain one-to-one correspondence between the closed extensions of A and those of
its model cone operator which plays a fundamental role in the theory of parameter-
ellipticity of closed extensions.

With A we associate the sequence of conormal symbols

0 0. 1da
(3.4) f2) =2 s o= g O
J:

in particular, fo = o%;(A). Below, we will use the following notation:

1 1
(3.5) 57:{06(C|Uisapoleoffgl and %—W—N<Reo< %—7}.
We shall identify €>°(X ") with €°°((0, +00), ¢°° (X)) and use the Mellin transform
> dt
u(z) = / tzu(t)?, U € G (X7).
0
The following theorem describes the space & associated with the maximal extension

of the model cone operator.

Theorem 3.4. For o € S, define G g (XN) = €°(XN) by

comp

G0 = [ @)

|z—o|=¢
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where € > 0 is sufficently small. Then

~

& = D &, éA”g = range G((TO)

oES,

The characterization of & is more involved. We follow here the approach of [I7];
other descriptions can be found in [7], [9].

Define recursively
-1

(36) 90:17 ge = — efO ZT f@ —J g]7 EENu
7=0

where the shift-operators T?, p € R, act on meromorphic functions by (T?f)(z) =
f(z+ p). The g; are meromorphic and the recursion is equivalent to

¢ . =0
(3.7) ST fiy)g; = {go 1

If h is a meromorphic function, denote by II,h the principal part of the Laurent
series in o; of course, if A is holomorphic in ¢, then II,h = 0.

Theorem 3.5. For o € S, and { € N define G e (XN) = €°(XN) by

comp
(3.8) (GPu)(t) =t /I | t290(2) Mo (fo ' 0)(2) dz,
as well as
e ( ) n + 1
. £ - _
(3.9) Gy .—ZGU , fo = {Reo—l—u—i—v 5 },

where [z] denotes the integer part of x € R. Then

E= D &, &, = range G, .
oES,

Moreover, the following map is well-defined and an isomorphism:
(3.10) Oy E — &y, Go(u) = GO (u).

This is a consequence of Propositions[3.60land B. 7, below. The maps 6, induce a one-
to-one correspondence between the subspaces of & = @yes, 6, and & = Does, &5,
respectively, i.e., an isomorphism

(3.11) 0 : Gr(&) — Gr(&)

between the corresponding Grassmannians. Hence we obtain a one-to-one corre-
spondence between the closed extensions of A and A, respectively.
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3.2.1. An example. The operators Gg) introduced above are explicitly computable
by the residue theorem.

Let us consider a second order operator A whose inverted conormal symbol f; !
has only simple poles. This happens, for instance, when A is the conical Laplacian
and B has dimension larger or equal than 3; in the two-dimensional case there is,
in addition, one double pole in z = 0 (cf. Section [d for more details).

Let o be such a pole and denote by «a, the residue of f(;l in 0. Recall that a,

is a smoothing pseudodifferential operator on X and that E, := rangea, is a
finite-dimensional subspace of €>°(X). Using the above notation,

GO ) =t %0, (0(0)), uweET, (X").

comp

Since the range of u +— (o) is ¥°°(X), this implies that
éA”g = {t_“e |ee EU}.

In case "TH—7—2<ReU< "T'H—*y—lwe have &, :éAi,, since then G, :G((TO).

In case "TH —v—1< Reo < "TH — 7, the structure of &, depends on g1 =

—(T~'f5 1) f1: Write, near o,
91(2) = Ba(z =)' + 85

modulo a holomorphic function vanishing in o. In case g; is holomorphic in o,
obviously B, = 0 and B = g1(c). Now one computes

G () = 77 (B0 (@(0) + B (o) ogit).
It follows that

&, = {t_“e + t_"+1(626 + ﬁgelogt) |ee EU}.

3.3. The proof of Theorem Let w, w1 € 6o0,,([0,1)) be cut-off functions.

comp

Proposition 3.6. wé&, is a subspace of Dmax(A).

Proof. By construction, wé, is contained in 6,7 (B) because it consists of functions
of the form w(t)e(x)t=7 In‘t with ¢(z) € €°(X) and Reo < (n +1)/2 — 7.

Now let v = WG, (u) with u € €25, (X"). We show that Av belongs to €57 (B).
Choose w; such that w = 1 in a neighborhood of the support of w;. Since (1 —wq)Av
is smooth and compactly supported in the interior of B, it suffices to analyze wi Av.
Now we can write

pn—1
WA =wit ™ Z tjfj(—tat) + R,

Jj=0
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with a remainder R that maps 4,7 (B) into itself. Observing that wGY) maps
€2, (X7) into %000’7+“7(“°+1)+E(IB%), we see that wy Av belongs to 657 (B) pro-

comp

vided
Ko Ho—]
Wit fi(—t0) G (u)
(3.12) =00 o
=wit Ty Y T (—td) (‘GO (u) € €.°7(B);
7=0 ¢=0

note that we have used the Mellin operator identity f(—t0;)t? = t°(T " f)(—t0}).
Rearranging the summation (312) equals

Mo k
(3.13) Wit Y RN (T ) (—t0) (G (u) € 657 (B).

k=0 £=0

Inserting the expression (B.8]) for Gg), the summation over ¢ in ([BI3) then yields,
for each k,
k

S Y S ECL RILIBEE
zZ—0O|=¢€ =0
Using (37), we conclude that BI3)) is equal to zero. O

Proposition 3.7. Let u,v € €3,,(X"). Then G5(u) = Go(v) if and only if

~

a (u) = G(O)( ). In particular, &, has the same dimension as &;.

Proof. Set w = u — v and write

—4—1

NE

o (fo ') (2) =

ci(z— o)

~
Il
o

with coefficient functions ¢, € €°°(X). Since t* =t~ 7 exp(—(z — o) logt),

res,—o t~ I, (fy '@)(z) =t Z _E! co logf t.
=0
Thus GY(w) = 0 if and only if all ¢; = 0, ie., if and only if I, (f; '@) = 0.
This obviously implies G, (w) = 0. Conversely, G, (w) = 0 implies that el (w) =

o
- €l (w). However, by construction,
=1

Ha
range G\*) N range Z G = {o}.
=1

This shows G (w) = 0. The same argument shows that functions G (u1),. . -,
el (u,) are linearly independent in range G if and only if Go(u1),...,Gox(uy)
are linearly independent in range G, . g
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4. PARAMETER-ELLIPTICITY AND RESOLVENT OF CLOSED EXTENSIONS

Let A be the sector from (L) and A a closed extension of A in H;7(B) with
domain Z(A) = H; 7 (B) ©wé for a subspace & of &. We will next state three
conditions which will allow us to construct the resolvent to A for large A in A and to
determine its structure. Actually, these conditions are independent of s and p. They
involve the model cone operator /Al, considered as unbounded operator in IC(Q)"Y(X M)
with domain Z(A) = K47 (XM @ &, where & := ©71&, see (BI).
We call A parameter-elliptic with respect to A, if
(E1) Both A —07(A) and A — &}/(A) are invertible in the sector A.
(E2) The principal conormal symbol o%;(A)(z) is invertible for all z € C with
Rez = "TH—W—uorRez: nTH_]
(E3) A is a sector of minimal growth for A, i.e., there exist C, R > 0 such that,
for A € A, [\| > R, the operator A — A is invertible and

H)\()\ - A)_le(/Cg,’Y(X/\)) S O

Condition (E2) assures that Ziin(A) = H5TH+7#(B) and Drin(A) = KETTH(XN),
cf. 1) in the beginning of Section Bl The invertibility for z with real part "T“ —
is a symmetry condition used for treating the adjoint.

Below, it will be convenient to replace the variable A by n* in order to raise the
order of the parameter from 1 to u, which is the order of A. So let

E:E(A):{sei“’|520,9§ug@§27r—9};

then n — n* : ¥ — A is a bijective map.

4.1. Ellipticity condition (E3). We shall demostrate that, in (E3), we could as
well consider A as an unbounded operator in ICg’V(X MNP with an arbitrary choice
of p e R.

In fact, as mentioned after Proposition [3.3] the invertibility of
A— A KB XN @ wE — K9 (XN)P

is independent of the choice of p. We shall show that this is also true for the
finiteness of the supremum
(4.1) sup  [[A(A —A)_lllg(,cgw(mm-

AEA, |A[>R
Assume that (@) is finite for some p = py. Recall that for an unbounded op-
erator T : 2 C X — X in a Banach space X, the uniform boundedness of
AA=T)"tin Z(X) for X in a (truncated) sector is equivalent to that of (A —77)~*
in £(X,9), where 2 carries the graph norm. As the domain of A is continu-
ously embedded in K47 (X")?, it follows that (A — A)~! is uniformly bounded in
LK) (XM)Po, K57 (X7)P0). The complex interpolation identity

(K07 (X2, KB (XM)P) = KO (X2
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implies for 6 = (u — 1)/p the uniform estimate
@2 IO =D oo o xr ey SCATYE N2 R

Now consider another choice p = p; and let 7 be a smooth positive function on R
with 7(t) = 1 for t < 1 and r(t) = tPo=*1 for large t. Set B := r~1Ar. Note that
A — B =r~t[r, A] vanishes on (0,1) x X and is of order p — 1, i.e.,

(4.3) A—B: KX — Ky PY(XNY Vs peR

(actually, on the right-hand side one can replace p by the better weight p + 1;
however, we shall not need this fact).

Since multiplication by r induces isomorphisms from 37 (X ") to K57 (X")P1,
studying the resolvent of A\ in ICS’W(X M)P1 s equivalent to studying the resolvent of
Bin K57 (XM )Po, where B has the same domain in K3 (XN)Po as A. The resolvent
identity

~

A=A -A=-B)'=A-B) " (A-B)(\- A"

yields
(=B =D 1+ @-Be -]

By [@2) and [@3) (with s = p—1) the norm of (A—B)(A—A) ! in L (K37 (X))
is O(|]A|~/#). A von Neumann series argument implies that the inverse [...]~! exists
and is uniformly bounded in A. We deduce that (A—B)~! decays like |A|~, showing
that (@) also holds for the choice p = p;.

Remark 4.1. In (E3) one can also substitute p = 2 by any other choice of
p € (1,400). However, there seems to be no analog of the simple proof used
above. Instead, one needs to show that the resolvent is an element of a calculus
of parameter-dependent pseudodifferential operators on the infinite cone X”. Then
general mapping properties of such operators give the norm-estimate of the resol-
vent simultaneously for all p. It exceeds the scope of this paper to go into the details.
Anyway, condition (E3) is most easily verified in the Hilbert space case p = 2.

4.2. Parameter-dependent Green operators. We will describe the structure
of the resolvent of A, using Schulze’s calculus for parameter-dependent operators on
conical manifolds with the slight modification that the parameter-dependent Green
operators are not assumed to be classical. We will next discuss this in more detail.

For v,7 € R and € > 0 let
FINXN X XN = ST (XN B ST(XD),
G (B x B) = 62°7 (B) & 62°7(B).
Recall that a function u = u(t, z) belongs to ./ (X"), e > 0, if and only if
n dt
45 78 ()R (19, )P Dyu(t, ) € L2 (R+ x X, ?da:)

for every choice of integers k and p, all differential operators D on X, and 0 < ¢ < ¢.
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Definition 4.2. Let n +— [n] be a smooth positive function with [n] = |n| for |n| > 1.
By RY¢.(X;7,7') denote the space of all operator-families a(n), n € 3, of the form

(amy)t.a) = [ [ oot st wats, ) dsdy
0
with an integral kernel satisfying, for some € = e(a) > 0,

ka(n, t,x, S,y) S SV(E’ ‘Sﬂg 7_’Y(‘X(/i\f,ﬂﬁ) X X(/;vy)))'

Here we do not require k4 to be a classical symbol.

Definition 4.3. The space C4(X;,v') consists of all operator-families g(n), n € X,
of the form

9(n) = wra(n)wo +r(n),
where wo,w1 € €°°([0,1)) are cut-off functions, a € RE (257, p), and

re (3,677 (B x B))
for some € = £(g) > 0.

In the representation of g above, the cut-off functions can be changed at the cost
of substituting r by another element of the same structure.

4.2.1. A characterization of Green operators. We shall show that parameter-depen-
dent Green operators can be characterized by certain mapping properties, without
reference to the structure of the integral kernels. This characterization will be im-
portant in the proof of our main theorem.

Lemma 4.4. Let Rg(7,7'): denote the Fréchet space of all bounded operators
A K3 (XN — K57 (XM

such that the range of A is contained in YQ/(XA) and the range of A* is contained
in S7(X"). Here the adjoint  refers to the pairings induced by the inner product
of ICg’O(X/\). Then every such operator A is an integral operator with kernel ky €
YJ/Q’W(XA X X™N) (with respect to the measure t"dtdx) and the following map is
continuous:

A ka s Ra(1.7): — Z037 (XN x X7,

Proof. Without loss of generality we may assume v = ' = 0. It suffices to show the
existence of the kernel k4 for any given A; the continuity of A — k4 then follows
from the closed graph theorem.

Let ¢1,...,¢n be a partion of unity on X. Considering these functions as constant
in the variable ¢ we get a partition of unity of X”. Writing A = ZNC i Ay,
it suffices to prove the following local version of the lemma: Let H = Lo(Ry x
R™, t"dtdx) and let R. denote the space of all operators A € Z(H) such that the
range of both A and A* is contained in #2(R, x R") :=.7%(R,)®,.7(R"). Then
A has a kernel

(4.4) ka € SRy X R™) @ SL)g(Ry x R™).
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Indeed, the mapping properties and general results on tensor product representa-
tions, see [10, Proposition 4.2.9] imply that A has a kernel

(4.5) kace SRy xR") &, HN H®,.72(Ry x RY).

We will show that this space embeds into that in ([@4]). To this end let us intro-
duce the following notation: For arbitrarily chosen integers k, k', £, ¢, p,p’, q, ¢ and
arbitrary 0 < 0 < €/2 set

ma(t) = ()%, ma(s) = s, ma(x) = (@) maly) = )"
and
Dy = (td,)P, Dy = (s85)", D3=(D,), Dys=(D,).
We then have to show that k4 = ka(t, x, s,y) satisfies

(4.6)  mymomsmyD1DsDsDyky € L2 (R+ x R" x Ry x R™, s"ds t"dt d dy).

Let ||-|| denote the norm of this L?-space and let A\; + X2+ A3+ Ay = 1 with positive
numbers A;. Then, by the inequality of arithmetic and geometric means and the
triangle inequality,

4
Hm1m2m3m4D1D2D3D4kAH S Z Hmzl/)\lDlDzDgD;lkAH
i=1

We check that each of the summands is finite. Let us consider the summand for
1 = 1; the others are treated analogously. Recall that the Fourier transform induces
an isometric isomorphism in L?(R™), while the Mellin transform gives an isometric
isomorphism from L*(Ry,t"dt) to L*(T(,41y/2), where T'y = v +iR = R is a
vertical line in the complex plane. Moreover, recall that (D,) under the Fourier
transform becomes multiplication by (£), while t9; under the Mellin transform

becomes multiplication by —z. Therefore, with r1 +r9+73+1r4 = 1, we can estimate

4
Im1/** D1 Dy D3 Dakiall < lmy/ ™™ Dikal + > DD} " kal
1=2

4
< mi" M Dikall + Y- (I1D3kall oz + 1D kall).
=2
Since § < €/2, we can choose A\; € (0,1/2) and 71 € (0,1) 6/r1 A1 < €. Then all
terms on the right-hand side of the latter inequality are finite due to ([@35]). O

In the following proposition we shall employ operator-valued symbols as introduced
in Section

Proposition 4.5. We have a € R{(2;v,v') if, and only if, there exists an € > 0
such that

a €SS KY(XN), #Y (X)), at e SUSKYTY (XN, LX),

where the pointwise adjoint refers to the pairings induced by the inner product of

KSO(XM).
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Proof. It is easy to show that every a € R{(X;v,v') has the stated properties.
Thus let us assume that a and a* are as described with some € > 0. Due to Lemma
E4 a(n) has an integral kernel k(n) = k(n; ¢, z, s, y) belonging to € (R, 5@/; (X%
X A)) The same is then true for the kernel

k(.. 5,y) = )~ Ok tl) sl ),
of k~1(n)a(n)k(n). We will verify that k belongs to S¥ (R yg/’;/ (X" x XM)).

Consider ag(n) := k= (n)D?a(n)k(n) for arbitrary 8. Since (n)!#1="az(n) is uni-
formly bounded in Rg (7, 7)., it follows from LemmalL4 that the associated kernel
(mP1=*k4(n) is uniformly bounded in 5’;/; (X" x X™). Since the kernel kg(n) of
Dfa(n) is

ke(nit,,s,y) = [0 ks (sl 2, (), ),
a straightforward calculation shows that

Fiwe, (n) = Dy Fis) + D[T][’” (0 1) + (49,) + (s0,)) s ().

Thus, by induction, D*k(n) is a finite linear combination of terms of the form
o~
pm(m)((n+1) + (t0:) + (s05)) ks(n),  B<a, m+|f=lal, (€N,

with symbols p,,(n) € S™™(R?). Since (n + 1) + (t9,) + (s9s) is a continuous
operator in 5”67/; (X" x X7, it follows that (n)l*I=*Dk(n) is unifomly bounded

in 777 (XN x XN). 0

4.3. The resolvent construction. We shall prove the following theorem:

Theorem 4.6. Let A be parameter-elliptic with respect to A, i.e., satisfy conditions
(E1), (E2) and (E3). Then there exists a constant ¢ > 0 such that

(4.7) A+c: 7—[;""“’7"'“(183) O ws — H"(B)
has no spectrum in A. Moreover, we then have

(4.8) (" —(A+¢) e Co"(2) +C5"(557,7),  mex.

It is sufficient to consider the case s = 0 and p = 2: According to Proposition 33|
the invertibility of (1) does not depend on s and p. Assume that (n* —(A+c))~! =
B(n) + G(n) as in (@8] for s = 0 and p = 2. For fixed 7 it is shown in Theorem 3.4
of [I7] that the inverse can be written as B’ + G’, where B’ extends continuosly to
mappings Hy7 (B) — Hy 7 (B) for every p, and G extends to maps #57(B) —
wé. Tt follows that B(n)+G(n) = B+ G’ induces maps 137 (B) — HiH7TH(B) ©
wé for every s and p. Since 65°(B) is dense in H;7(B) and Hy ™7 #(B) we see

that B(n) + G(n) induces the inverse for arbitrary s and p.

Next let us justify that it is also enough to verify the above theorem in case v = 0.
In fact, assume that A satisfies the ellipticity conditions for some ~. Let ¢ denote
simultaneously a boundary defining function for B and the variable ¢t € R. Define
Ay = t77AtY with domain Z(A,) = t77Z(A). We argue that A satisfies the
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ellipticity conditions for the weight v = 0. Conditions (E1) and (E2) are easily
verified. For (E3) observe that

A=A) =t -A7r

So the estimate of (A — AA,Y)_l in 9°(X")? is equivalent to that of (A — A1
K5°(X")P*7. Since we have shown that condition (E3) for A is satisfied not only
for p = 0 but for every choice of p € R, this is also true for A,. Hence A, satisfies
the assumptions of Theorem for the weight 0. Provided the theorem is true in
this case, we find that

A=At =00-A4)

has the structure stated in the theorem for the weight ~.

Proof of Theorem i case p =2 and s = vy = 0. For convenience of notation we
set A(n) =n* — A, A(n) = n* — A and similarly for the model cone operator.

By Theorem 6.9 of [8] we know that A(n)~! exists for n € ¥ of sufficiently large
modulus |n| > ¢ and that

I\A(n)*ll\g(ﬂg,o(m)) <C{m™*, Il = c.

Hence the resolvent of A, = A+c exists for all n € ¥ and satisfies the norm estimate
in the whole sector . Now we may assume without loss of generality that ¢ = 0,
otherwise we rename A, by A again.

Consider A(n) as an element of CH*(X; 1,0, k), the space of parameter-dependent
cone pseudodifferential operators of order p, with an arbitrary fixed integer 0 < k <
. The ellipticity assumptions (E1) and (E2) allow us to construct a parametrix
Bi(n) modulo Green operators of order 0, i.e.,

Mi(n) := 1= A(n)Bi(n) € C&(%;0,0, k).
Bi(n) belongs to C~#(X;0, pu, k). In particular, Bi(n) also belongs to C5# (%) +

C5"(%5;0,0). Moreover, By (n) maps Ho’(B) into H5H (B) = Z(Amin) C Z(A).
Hence A(n)B1(n) = A(n)Bi(n) on HY°(B) and we can write
(4.9) Am) ™ =Bi(n) + Al) 'TL(n),  neEX.

Denote by A! the formal adjoint of A. The adjoint A* of A coincides with some
closed extension of A® which we denote by A?. Obviously
(' =AY =@ = AT =A@, neS

The ellipticity condition (E1) remains true for A*. The conormal symbol of A’ is
given by fo(n +1 — u — %), where the formal adjoint refers to the inner-product
of L?(X). Hence A! satisfies (E2) with v = 0. As above, we thus find a parametrix
Bsy(n) € C7H(%;0, u, k) such that

Iy (n) :=1— (" — A")Ba(n) € C&(350,0, k)

and write
@ — A = Ba(n) + (" — A"z (n).
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By passing to the adjoint we thus obtain

Am)™ = Bo(m)* +T2(m)"Am) ™", neX.
Inserting this expression on the right-hand side of (Z9) results in the formula
(410) A~ = Bi(n) + Bo() () + Mo ()" A(n) T (n),  neX.

Since B(7)* € C~"(2; —u,0,k) € C*(%;0,0,k) and Green operators form an
ideal in the parameter-dependent cone algebra, By (7)*II1(n) € C;"(%;0,0,k) C
C:"(%;0,0). It remains to verify that

(4.11) g(n) = T2 (1) A(n) ' i (n) € C5"(%;0,0).
To this end, first observe that
«@ —1 —p—|a 2.
HDnA(ﬁ) Hg(?—[g’“(m)) S Ca<77> wl ‘a o€ N07

in fact, this follows from the above resolvent estimate and the fact that D A(n) !,
|a| > 1, is a finite-linear combination of terms of the form py ,(n)A(n)~'~* with
polynomials py, ¢ of degree at most (1 — 1)¢ — k and k + ¢ = |a|. It follows easily
that w A(n) "' w belongs to S™#(%; Ky (X "), KT (X ™)) for every cut-off function
w € €>°([0,1)) (note that the group action ) is unitary on Ky’ (X")).

Both II;(n) and II;(7)* belong to C&(3;0,0). Hence, composing these operator-
families with the operator of multiplication by 1 — w? (understood as a function
on B, supported away from the boundary), both from the left or the right, yields
functions belonging to .7 (X%, 6>%%(B x B)) for some € > 0. It follows that g(n)
differs by such an error term from w a(n) w, where

a(n) == wly()* w* A(n) " w? I () w.

Both wIl; () w and w II5(7)* w, considered as a family of operators on X", belong
to R%(2;0,0). Tt follows that a(n) € S™#(; K3°(X"),.#9(X")) for some € > 0.
Arguing in the same way for a(n)*, we conclude from Proposition L5 that a(n) €
RS (%;0,0) and thus obtain {IT]). 0

5. RESOLVENT ESTIMATES AND BOUNDED H,,-CALCULUS
We continue considering the extension A in H;7(B) with domain
D(4) = Uy (B) & wé
for a fixed space &.

Theorem 5.1. Let A be parameter-elliptic. Then, for every s >0 and1 < p < +o00,

(" = A Neper@) <Copm ™,  nex, nl>e

with suitable constants ¢ and Cs p; c is independent of s and p.

Proof. For s = 0 this is an immediate consequence of the fact that the inverse has
the structure (ZX]). The general case is obtained by arguing as in Step 2 of the
proof of Theorem 3.3 of [I4]. The fact that the spectrum does not depend on s and
p implies that neither does c. g
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Theorem 5.2. Let A and ¢ be as in Theorem BIl Then A + ¢ has a bounded
Hoo-calculus on Hy"(B) for every s >0 and 1 < p < +o0.

Proof. According to (@), we have (n" — (A+¢))~' € C5" () +C;"(%,7,7). This
form of the resolvent differs from the structure used in Theorem 1 of [5] only by the
fact that, writing A = n#, the operator family G(\) used there is no longer required
to be classical in A. It was already pointed out in the proof of [, Proposition 2]
that this property is not necessary for the subsequent argument. So it follows from
Theorem 2 of [5] that A has bounded imaginary powers on 7—[277(18%). As shown in
Step 3 of the proof the Theorem 3.3 in [I4], the proof can be modified to give
also the boundedness of the imaginary powers on H;”(B), s > 0. Moreover, it
was shown in [3] that a structure of the resolvent as in [5 Theorem 1] implies the
existence of a bounded Ho-calculus on 1) (B), see [3, Theorem 4.1] based on the
representation [3] (3.11)]. Arguments analogous to those used in Step 3 of the proof
of [I4, Theorem 3.3] then imply the existence of a bounded H.-calculus on #;7 (IB)
for s > 0. 0

6. LAPLACIAN AND POROUS MEDIUM EQUATION

6.1. Abstract quasilinear parabolic equations. Consider an abstract quasilin-
ear parabolic problem of the form

(6.1) W)+ A(u@®))u(t) = f(t,u(t) +9(), te(0,To); u(0)=1uo
in L9(0,Tp; Xo), 1 < ¢ < 0o, where A(u(t) is, for each ¢, a closed, densely defined
operator in the Banach space Xy with domain Z(A(u(t))) = X1, independent of ¢.
The following theorem by Clément and Li, [I, Theorem 2.1] provides a simple
criterion for the existence of short time solutions:
Theorem 6.1. Assume that there exists an open neighborhood U of ug in the real
interpolation space X1_1/qq = (Xo,X1)1-1/q,¢ Such that A(ug) : X1 — Xo has
maximal L1-reqularity and that

(Hl) Ae Cl_(U,f(Xl,Xo)),

(HQ) f S Cli’li([O,TQ] x U, XQ),

(H3) g € L0, To; Xo).
Then there exists a T > 0 and a unique u € L(0,T; X1) "W, (0,T; Xo) solving the
equation (@10) on (0,T). In particular, uw € C([0,T]; X1_1,4,4) by interpolation.

A central property is the maximal regularity of the operator A(ug). Without going
into details, we recall the following facts, which hold in UMD Banach spaces:

Proposition 6.2. (a) The existence of a bounded Hoo-calculus implies the R-
sectoriality for the same sector according to Clément and Priss, |2, Theorem 4].

(b) Every operator, which is R-sectorial on A() for 6 < w/2, has mazimal L9-
reqularity, 1 < q < oo, see Weis [22, Theorem 4.2].

All the Mellin-Sobolev spaces used here are UMD Banach spaces, hence the exis-
tence of a bounded Hoo-calculus on A() for 0 < 7/2 implies maximal Li-regularity.
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6.2. The Laplacian on warped cones. Let g be a Riemannian metric on the
interior of B that is degenerate of the form

g = dt* +t*h(t)
on the collar neighborhood [0,1) x X. Here [0,1) 3 ¢ — h(t) is a smooth family of
(non-degenerate) Riemannian metrics on X. We denote by A the Laplace-Beltrami
operator associated with g. This operator has been analyzed in detail in [I7] for
the case of a straight conical singularity, i.e., when h is constant in ¢t. We will now
extend the analysis to the more general situation.
Let us recall a few basic facts, referring to [I7) Section 5] for more details: The
Laplacian is a second order conically degenerate differential operator on B. In the
collar neighborhood it is of the form

(6.2) A=t ((t0)* — (n— 1+ H(t))(—td) + Ay)

where A; is the Laplace-Beltrami operator on the cross-section X associated with
the Riemannian metric h(t), n = dim X, and 2H (t) = td;(log det h(t)). The conor-
mal symbol of A is

(6.3) fo(2) = om(A)(2) =22 — (n— 1)z + Ay
and, in the notation of (B4,
(6.4) f1(2) = Ag — H(0)z.

The model cone operator A is
(6.5) A =t72((t0)% — (n — 1+ H(0))(—tdy) + Do) .
Denote by 0 = A\g > A1 > ... the different eigenvalues of Ay and by Ey, 1, ...

the associated eigenspaces. The non-bijectivity points of o (A)(z) are the points
z= q;-L and g; , where

. n-—1 n—1)\2 )
=t ( - )—AJ— j=0,1,2,....

In fact, we have

(6.6) foz) 7t =(z" = (n = 1)z + Ag) 7! :Z

Ty

where ; is the orthogonal projection, in L?(X), onto the eigenspace E;. The poles
are always simple, except for the double pole in z = qat =0in casen = 1.

6.3. Extensions with (E1), (E2), and (E3). Considering A as an unbounded
operator in HZ’V(IB%) for s,v € R, 1 < p < oo, we are interested in the question which
of its closed extensions satisfy the assumptions (E1), (E2) and (E3) and therefore
have a bounded H..-calculus. As the sector A we choose A(6) for arbitrary 6 > 0.
Clearly, (E1) is always fulfilled. (E2) will hold for every v satisfying

n+1 n+1 .

We will assume this in the sequel. It remains to check (E3).

(6.7)
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With qj[, 7 =1,2,..., we associate the function space
~ 7 i - :t
gqji =t"% QE; ={(t,z) —»t % e(x)|ec Ej}.

Moreover we set

_ t95 @ By in>1
&+ = .
0 1® Ey+logt® Ey n=1

For ¢ different from every qjj-[ we set d;@; = {0}. Let us also introduce the interval

n-+1 n-+1 n—1 n—1
p=(2 -2 - ()
0 2 2 2 5

and the translated intervals

(6.8) I, =1 -7, v €eR.

By Theorem B4l the maximal domain of A is as follows.

Proposition 6.3. The mazximal extension of A as an unbounded operator on

K57 (X7) has the domain

@max(ﬁ) — ,C;+2,v+2(XA) @ 6? wé@;.
qely

In view of ), the minimal domain is K5H>712(X 7).

We next consider an extension A of A with domain

(6.9) 2(8) = K2 (XN e O wé,

q€l,
where éAq is a subspace of (;@:1. For n = 1 and ¢ = 0 we confine ourselves to the
choices éo = {0}, 50 =1® Ej or ﬁAO = gAO. We define the spaces éj as follows: For
j#0orn>1we write gqji — @ E; with a subspace E; of E; and let

. =t @ By
with the orthogonal complement E]L of E; in F; with respect to the scalar product
~L ~ ~ ~1
on L*(X).Forj =0andn =1 (i.e. ¢f =0), welet & = &, if &, = {0}, &y = {0},
PO U . ~1
if &y =& and &, = &, if £, = 1 ® Ey. For every other g set &, = {0}.
Just as in [I7, Theorem 5.3] we find that

Proposition 6.4. In case p = 2, the domain of the adjoint é* of the extension A
with domain ([69) is

2B =K (XN e D wé,.

T qely
Theorems 5.6 and 5.7 in [I7] then imply the following result:

Theorem 6.5. Let |v| < (n+ 1)/2 satisfy @) and let A be an estension with
domain as in (69), where the spaces &, are chosen such that:

~1 o~
(1) &, =Epq_g forqe,NI_,,
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(2)
3) &

—q

q:%for’yZOandqéLy\I,.y,
={0} fory <0 andqel,\1_,.

y [Sn)

Then A satisfies (E3) for every sector A C C\ Ry: There exists a C' > 0 such that
H)‘()‘_é)_lH_g(zcgﬁ(XA)) <C, 075 A €A

In principle, the associated domains of A can be determined as described in Section
[B:21] But since the eigenvalues \; are not known explicitly, it seems not feasible to
write down a formula for the domains. See, however, the following Section for
a more specific situation.

6.4. The porous medium equation on manifolds with warped cones. The
porous medium equation is the quasilinear diffusion equation

(6.10) u'(t) — A(u™(t)) = f(u,t), t € (0,To),

with initial condition u(0) = ug. It describes the flow of a gas in a porous medium;
here w is the density of the gas, m > 0 and f is a forcing term which we assume for
simplicity holomorphic in v and Lipschitz in ¢.

In [I5] the porous medium equation has been studied on a manifold with straight
conical singularities. We will next show how this analysis can be extended to the
case of warped cones.

The setting is the same as in [I5]: We let £ = —¢; > 0 and fix vy with

~3 ~3
(6.11) nT <7< nT+min{€,2}.

Then none of the poles qji lies on the line Rez = (n + 1)/2 — v — 2. Condition
(E2) requires that also no pole lies on Rez = (n+ 1)/2 — ~. In case n > 3 this
is automatically true, since then qf > 2. In case n = 1 or n = 2 we additionally
require it.

In view of (6I1) we write v = (n — 3)/2+ ¢ for some 0 < 6 < min{g, 2}. Then

I’Y:(_572_5)5 177:(71—3—|-5,n—1+5)

So I, always contains g, = 0, but none of the g; for j > 0, whereas I_, contains
qar, but none of the q;-L for j > 0. Moreover, I, NI_, contains at most the elements
gy =0and ¢ =n — 1. In fact, for n = 1 we have I, N I_, = {0}. For n = 2, the
intersection contains both ¢, = 0 and qg =1, provided § < 1, else it is empty. For
n > 3, the intersection is always empty.

6.4.1. The space &. We shall use the notation from Section[3.2land from the begin-
ning of Section[6.2} in particular ([6.3) and (G.4). Let us analyze the space & = ;' &y
associated with A.

The principal part of fo(2)~!in z = qj[ is

_ M , _
(1L fo NE) =+—FL—(z— Qf) h Jj=1
’ 4G~ 9
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for 7 = 0 the same formula holds in case n > 2, while for n = 1 the principal part

inz=0is mz"2.

The case n > 2: If § < 1 then Gy = Géo) by definition. For § > 1, the fact that AO
is a differential operator without constant term implies that Agmy = 0 (recall that
7o is the projection onto the space Ejy of locally constant functions on dB), and so

91 ()Mo ((f7 ) (2)i(2)) = —folz — 1) (Ag — H(0)2) moa(0) 1

n—1z
Woa(O)

n—1"

= —folz=1)""H(0)
As fo(z — 1)~ is holomorphic in z = 0, G(()l) =0and Gy = GE)O), again. Thus
(;@;J =6y =1® Ejp.
The case n = 1: We calculate

G((Jo)u = / t~* o (fo(2) " 0(2)) dz
|z|<e
(0 (0
= / t *mo (KJ + M) dz =logt FQ@(O) + Woal(()),

|z|<e < <

showing that
éA”o = {eo+6110gt | eo,e1 € Eo} =1Q® Ey +logt® Ey.

By definition, Gy = G((JO) for 9 < 1, while for § > 1, similarly as before,

(e )Mo 8)(2) = ol = 1) (o — HO)z)m (23 + TE)

z
. 2(0 =N
=folz — 1) H(0)mo <g + u’(0)> ,
By definition of g, f; ! is holomorphic in z = —1. Hence

GPu = ta(x)mo@i(0),  a(z) == £ (=1)H(0) € €(0B).
We conclude that
{eo + er(logt + ta(z)) | eo,e1 € Eo}, 621
gg, o<1

0=

The isomorphism 6y : & — @30 is the identity map in case § < 1, otherwise

Oo(eo + e1(logt + ta(x))) = eg + e logt, eo,e1 € Ey.

6.4.2. A closed extension of A. In the following, we consider the closed extension
A of the Laplacian in #H;7(B) defined by
(6.12) 2(8) =H; P B) o wsy, =11 Ep.

By the relations obtained in the previous subsection we find that the associated
extension A of the model cone operator A is given by

(6.13) 2(B) = 22X aws,,  Ey=Er =10 E.
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Proposition 6.6. —A satisfies the ellipticity conditions (E1) — (E3) of Section Hl
Moreover, its spectrum is a subset of R .

Proof. By the choice of 7, —A satisfies (E1) and (E2). (E3) holds, since A with the
domain (6.I3) satisfies the assumptions of Theorem [6.5] The same argument as for
the proof of [I4, Theorem 4.1] shows that the spectrum is a subset of R . O

Theorem 6.7. Let ¢ > 0,1 < p < +00 and s € R. Then ¢ — A has a bounded
H o -calculus on H;" (B).

Note that here, in contrast to Theorem [5.2] also negative s are allowed.

Proof of Theorem[6.7. Proposition and Theorem show the existence of a
bounded H.-calculus for s > 0.

To cover negative values of s, we shall show that the adjoint operator (—A)* also
satisfies the assumptions of Theorem (2] hence admits a bounded H.-calculus
on H >~ 7(B). Thus its adjoint (~A)** = —A admits a bounded He-calculus on
H; 7 (B). Clearly, (—A)* satisfies (E1) and (E2), so it suffices to check (E3). We

consider separately the cases n > 3, n =2, and n = 1.

The case n > 3: The operator A coincides with the maximal extension of A.
Hence its adjoint is the minimal extension with domain ’Hg’_VH(IB%). Accordingly,
the model cone operator associated with (A)* A
coincides with the adjoint of the maximal extension of ﬁ, i.e., with the adjoint of
A. Hence it is clear that (—A)* satisfies (E3).

The case n = 2: Recall that then &, = &). In case § > 1, the only pole of the
inverted conormal symbol in I, = (—0,2 — 6) is ¢, = 0. In this case, A coincides
with the maximal extension of A and we can argue as before. So let us assume
0 < 1 (the case § = 1 is excluded by the assumptions). Then the poles in I, are

is the minimal extension of A and

q =0, qar = 1 and possibly a finite number of q;f, j=1,...,N, which are larger
than 1 and smaller than 2—¢. Then I, = (—1+6,1+J) contains the poles ¢; =0,
qar =1,and g;, j=1,...,N. Now write

-@'y,max(A) = H§7’Y+2(B) @wgryﬁmax; g’y,max = @ gfn

o€l
where &, = 9;1@30. Analogously define Z_ - max(A). Then it is known that
[u,v]a = (Au,v)o0 — (u, Av)o o

yields a non-degenerate pairing on Zy max(A) X Z_~ max(A) which vanishes when-
ever one of the entries belongs to the corresponding minimal domain, see e.g. [7,
Section 3]. Hence we obtain a non-degenerate pairing

[u7 U]/A = [wou,wlv], (u,v) € g’y,max X éa—w,maxa

which does not depend on the choice of the cut-off functions wy and w;. Moreover,
denoting by &5 the space orthogonal to & with respect to [-,+)’, the domain of
(A)* is given by Ha T (B) @ wéy-.



BOUNDED H.-CALCULUS FOR CONE DIFFERENTIAL OPERATORS 23

We shall now verify that & = bor D @ O 5(1;. Since &y has dimension

d := dim Ej, é”ol has co-dimension d in &_, max. Hence it suffices to show that
&~ C &t for every j = 0,..., N (recall that dim é”q; =dimé& = dimé& = d).

According to Theorem B3] the elements of é”q; are of the form t~% ¢j, e; € E;.
Let u=c€ &y and v = ejt_q; S do@qf. Fixing w; and choosing wg so that wy =1
on the support of wy, we find that

(614) [u, U]/A = (CAOJQ, ejt_q;)o)o — (CLU(), A(ejt_q;))070.

The inner product is that of L2((0,1) x X,t"du; dt), n = 2, where the measure
wt refers to the Riemannian metric A(t) on X (note that both wy and Awg are
supported in [0,1)). We can take wy(t) = w(t/e) for a fixed cut-off function w and
arbitrary € > 0 sufficiently small. Since then

w(t/e) - Alet™ )| < wi(t)|Alest™ )] € LY,
the second term on the right-hand side of (GI4]) converges to 0 as ¢ — 0 by
Lebesgue’s theorem on dominated convergence. Moreover,
Aw(t/e)) “2[((t0r)?w)(t/e) + (1 + H(t))(t0w)(t /)]
= e %pa(t/e) + H(t)pa(t/e)]

for suitable @1, 2 € €5 ((0,1)). Thus, after the change of variables s = t/¢e, the

comp

first term on the right-hand side of ([614) is

(cAW(t/2)), et~ o, Aféq:/’/ (5)+-H (e5)03 ()] (2)5 % s%dpies ds.

Since all g; are non-positive, this expression vanishes as ¢ tends to 0.
Hence & is as claimed and (—A)* satisfies (E3) by Theorem [B.5l

The case n = 1: The argument is very similar to that for n = 2. The interval I,
contains the (double) pole g = g, = 0 and possibly a finite number of poles qj'.",
j=1,...,N. Then I_, contains the poles 0 and q.7=1.. ., N. One shows now
that &5 = &, @d?q; D... @é)@q;. To this end, let first v € é)@q; for j > 1. Since the

poles in all the ¢;, j > 1, are simple, Theorem [.5] implies that v has the form

1
o(t, ) = a(z)t™ % +t7 % Z ar(x)logh t

for certain functions a, ag, a;. Following the above calculations, using the measure
tdu dt, it is easy to see that v is perpendicular to &,. If u = cp,v = ¢; € & are
two locally constant functions, the above argument shows that

[u,v]s = hm/ / co(x 57 2[(505)%w(s) 4+ H(es)(505)w(s)]s dpies ds

e—0

_L%u<wmﬁ@@%@§—u
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Hence &, C & . Since both & and &, @ &~ ® ... ® &~ have co-dimension
d = dim Fy in &_ max, the desired equality of both spaces follows An application
of Theorem [6.5] shows (E3). O

In the previous proof we have verified that the model cone operator associated with
A" coincides with the adjoint of the model cone operator associated with A, i.e.,
@ = (A)* Though this identity appears to be quite natural it does not hold
true, in general, for closed extensions of arbitrary cone differential operators. In
fact, here is a counter-example:

Example 6.8. Let 0 # o € R. On the half-axis Ry = (0,400) let us consider
Ay = 0} — b,

We will analyze the closed extensions in L?(R;) = K%°(R ). We can represent this
operator in the form

Aq = t72(fo(—t0e) + tf1(—tdy)), folz) =2(z+1), fi(z)=
In particular, the associated model cone operator is
Ay = A= (—t3)(1 — td;) = 02
obviously it does not depend on «. Its maximal domain is Zax(A) = K22(R,) &
wé&’, where
E=&aéa, b =(l), E1=()

throughout this example we shall write (u) = span{u} and (u,v) = span{u, v}. Let
us now determine the maximal domain of A,. To this end we apply Theorem

Clearly G(j% = 0; hence &1 = g,l and 0_; is the identity operator. A straightfor-
ward calculation shows that

Gu) () = atti(0),  we E2,,(Ry).

comp

It follows that & = (1 + at) and that 6y : & — & is given by 6(1 + at) = 1. This
shows that

Dinax(Aa) = K2 (Ry) @ws, & =(1,1+at) = (1,1).
Though & does not depend on «, the isomorphism © = 0, of [BI1) does; in fact,
O((a+bt)) = (a+ (b — aa)t), a,beC.

Since the formal adjoint of A, is A_,, the pairing & x & — C that determines the
domain of the adjoint of a closed extension of A, is given by

ol = (Aa(wt), ) — (@i, A_a(wv)
= ((wu)", wv) — (wu, (wv)") — a(((wu)', wv) + (wWu, (Wo)"))
with the inner product (-,-). in L?(R ). We thus find the formula
[a + bt,c+ dt]', = ad — be + aaz, a,b,c,d e C.

Analogously, the pairing for the model cone operator is given by this formula with
a = 0.
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Now let A be the closed extension of A, with domain determined by & = (1 + at).
Then for the orthogonal space we find & = (1). The extension of A_,, with domain
determined by & L is the adjoint of A. The model cone operator AA is determined
by Ou(&) = O4((1 + at)) = (1) = &. Note that & is perpendicular to itself, i.e.,
AA is self-adjoint. However, the model cone operator of A* is/:clle extension of A
determined by O_, (&%) = ©_4((1)) = (1 — at) # (1). Thus (A*) # (A)*.

6.4.3. Short time existence for the porous medium equation. We shall apply the
Theorem of Clément and Li with Xo = 757 (B) and X; = H;T>72(B) & wé,.

Choose 1 < p,q < oo so large that

1 2 -3 2
(6.15) nt +-<1, andn——|——<'y.
P q 2 q
Moreover, fix
1 2
(6.16) s> —142F o

With the same proof as for [I5, Theorem 6.1] we obtain the proposition, below. In
[15], A was supposed to be the Laplacian with respect to the straight cone metric.
The proof, however, does not use this geometric assumption but only the fact that,
for ¢ > 0, ¢ — A is R-sectorial of angle 6 for every 6 € (0, 7). In the present case,
R-sectoriality is implied by the existence of the bounded H,-calculus.

Proposition 6.9. Let s,v,p and q be as above and let v € (X, X1) satisfy

1-4.q
q
v > a >0 for some constant «. Then, for every 6 € (0,7), there exists a constant

¢ > 0 such that ¢ — ul : X1 — X is R-sectorial of angle 6.

Remark 6.10. There are alternative ways to obtain this result. The key point
is the R-sectoriality of A, which we infer here from the bounded H..-calculus.
Alternatively, one might proceed as in [13, Theorem 4.1] or use the technically very
difficult argument in [I4] Section 5].

Theorem 6.11. Choose s,7v,p and q as in (@I1), (618) and @IG). Then for any
strictly positive initial value ug € (Xo, X1)1-1/4,q there exists a T > 0 such that the

porous medium equation ([GIQ) has a unique solution

we L0, T; 1y 72 (B) G wéy) NWHI(0,T; Hy ' (B)).

Proof. We apply Clément and Li’s theorem. The maximal regularity of the operator
upA follows from Proposition Properties (H1) and (H2) have been shown in
[14, Theorem 6.5]; (H3) is trivially fulfilled, since g = 0. O
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