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DETERMINISTIC AND STOCHASTIC CAUCHY PROBLEMS
FOR A CLASS OF WEAKLY HYPERBOLIC OPERATORS ON R”

AHMED ABDELJAWAD, ALESSIA ASCANELLI, AND SANDRO CORIASCO

AsstraCT. We study a class of hyperbolic Cauchy problems, associated with lin-
ear operators and systems with polynomially bounded coefficients, variable mul-
tiplicities and involutive characteristics, globally defined on R". We prove well-
posedness in Sobolev-Kato spaces, with loss of smoothness and decay at infinity.
We also obtain results about propagation of singularities, in terms of wave-front
sets describing the evolution of both smoothness and decay singularities of temper-
ate distributions. Moreover, we can prove the existence of random-field solutions
for the associated stochastic Cauchy problems. To these aims, we first discuss al-
gebraic properties for iterated integrals of suitable parameter-dependent families
of Fourier integral operators, associated with the characteristic roots, which are
involved in the construction of the fundamental solution. In particular, we show
that, also for this operator class, the involutiveness of the characteristics implies
commutative properties for such expressions.

1. INTRODUCTION

In the present paper we focus on the Cauchy problem
Lu(t) = f(t), te(0,T]

{ Df”(o) =g k=0,....m—1,

where T > 0 and L = L(t, Dy; x, Dy) is a linear partial differential operator of the
form

1.1)

m
(1.2) L(t,Dy;x,Dy) = D' + > " cjalt;x)DED} ™,
j=1lal<j
D = —i0, with (t,x)—smoothly depending coefficients cj,, possibly admitting a

polynomial growth, namely,
13)  |FFdcutx)] < Cu) TP, apezy, ol <j j=1,...,m,

for (x) := (1 + |x|*)/?, some C, > 0 and all t € [0,T], x € R". The hypothesis
of smoothness with respect to ¢ is assumed only for the sake of simplicity, since
here we will not deal with questions concerning low regularity in time for the
coefficients of the Cauchy problem.

The assumption (1.3) suggests to set the problem within the framework of the
so-called SG calculus (see [10, 30]), defined through symbols satisfying global
estimates on R” x R". Explicitly, given (m, i) € R?, the class of SG symbols S™# of
order (m, ) consists of all symbols a € C*(R" x R") such that

(14) 0328 (x, £)| < Cap Gy ™1l 1P
for all x,& € R", o, € Z, and some C,5 > 0, see Section 2 below for some

basic properties of the corresponding calculus. We are interested in existence and
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uniqueness of the solution to (1.1) in suitable weighted Sobolev-type spaces of
functions or distributions, according to the regularity of the Cauchy data and of
the operator L. More precisely, it is well-estabilished (see, e.g., [28] for PDEs with
uniformly bounded coefficients, and [10] for PDEs in the SG framework) that, to
have existence of a unique solution to (1.1) in Sobolev-type spaces, a hyperbolicity
assumption is needed. The operator L is said to be hyperbolic if its principal symbol

(1.5) Ly(t,T;x,&) i=1" + Z Z cja(t;x)é""[’”’f

j=1 lal=j

factorizes as
(1.6) Lu(t, t;x,&) = | [(r = 1j(tx,&)),

i=1

with real-valued and smooth roots 7;, usually called characteristic roots of the op-
erator L. A sufficient condition for existence of a unique solution is the separation
between the roots, which reads either as

(H) ITi(t;x, &) — t(t; x, &) =CLE) (uniformly bounded coefficients) or,
(SGH)  |tj(t;x, &) — wi(t;x, &) =Clx)(E)  (SG type coefficients),

for a suitable C > 0 and every (tx,¢&) € [0,T] x R*". Conditions (H) or (SGH),
respectively, are assumed to hold true either for every j # k (strict hyperbolicity),
or at least for every 7;, 7; belonging to different groups of coinciding roots (weak
hyperbolicity with roots of constant multiplicity). The strict hyperbolicity condition
(H) (respectively, (SGH)) allows to prove existence and uniqueness in Sobolev
spaces (respectively, in Sobolev-Kato spaces) of a solution to (1.1) for every f, gk,
k =0,...,m —1, in Sobolev spaces (respectivey, Sobolev-Kato spaces). A weak
hyperbolicity condition with roots of constant multiplicity, together with a condi-
tion on the lower order terms of the operator L (a so-called Levi condition) allows
to prove a similar result, and the phenomena of loss of derivatives and/or modifi-
cation of the behavior as |x| — oo with respect to the initial data appear. The first
phenomenon has been observed for the first time in [8], the second one in [2, 12].

If there is no separation condition on the roots, then the only available results in
the literature that we are aware of are those due to Morimoto [29] and Taniguchi
[37], dealing with involutive roots in the uniformly bounded coefficients case. The
condition of involutiveness, which is weaker than the separation condition (H),
requires that, for all k€ IN, t € [0, T], x, £ € R, the Poisson brackets

{T—1j,7— T4} 1= O1j — O + T;,é . Tilx - T;,X . T;Lé
may be written as
(INV) {t—1j, 1=} = b - (1j — ) + djg,

for suitable parameter-dependent, real-valued, uniformly bounded symbols b, d i,
j,k € IN. Under the hypothesis (INV), adding a Levi condition, the authors reduced
(1.1) to an equivalent first order system

LU(H) =F(t), 0<t<T, L=D;+A(tx,Dy)+R(tx,Dy),
u®©) =G,

(1.7)

with A a diagonal matrix having entries given by operators with symbol coinciding
with the 7;, j = 1,...,m, and R a (full) matrix of operators of order zero. They con-
structed the fundamental solution to (1.7), that is, a smooth family {E(¢,s) }o<s<t<T
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of operators such that
LE(t,s) =0 0<s<t<T,
E(s,s)=1, s€][0,T),

so obtaining by Duhamel’s formula the solution
t

U(t) = E(L0)G + i f E(t,$)F(s)ds
0
to the system and then the solution u(t) to the corresponding higher order Cauchy
problem (1.1) by the reduction procedure.

In the present paper we consider the Cauchy problem (1.1) in the SG setting,
that is, under the growth condition (1.3), the hyperbolicity condition (1.6) and the
involutiveness assumption (INV) for suitable parameter-dependent, real-valued
symbols by, djx € C*([0, T]; S*°(IR*")), j,k € N. The involutiveness of the characte-
ristic roots of the operator, or, equivalently, of the eigenvalues of the (diagonal)
principal part of the corresponding first order system, is here the main assumption
(see Assumption I in Section 3.3 for its precise statement).

We mainly work in the framework of Sobolev-Kato spaces H"*, see Definition
(2.5), and we obtain several results concerning the Cauchy problem (1.1):

e we prove, in Theorem 5.6, the existence, for every f € C*([0, T]; H"?(R"))
and gy € H+m—1=kptm=1=K(R") k = 0,...,m — 1, of a unique

we () Ck(o, T HFr=k(R"),
keZ+

for a suitably small 0 < T" < T, solution to (1.1); we also provide, in (5.10),
an expression of u, in terms of SG Fourier integral operators (SG FIOs);

e we give a precise description, in Theorem 5.17, of a global wave-front set of
the solution, under a (mild) additional condition on the operator L; namely,
we prove that, when L is SG-classical, the set of (smoothness and decay)
singularities of the solution of (1.1) with f = 0 is included in unions of
arcs of bicharacteristics, generated by the phase functions of the SG FIOs
appearing in the expression (5.10), and emanating from (smoothness and
decay) singularities of the Cauchy data gy, k =0,...,m —1;

e we deal, in Theorem 6.3, with a stochastic version of the Cauchy problem
(1.1), namely, with the case when f(t;x) = y(t;x) + o(t;x)E(t;x), and E is a
random noise of Gaussian type, white in time and with possible correlation
in space; we give conditions on the noise E, on the coefficients y, 0, and on
the data g, k = 0,...,m — 1, such that there exists a so-called random field
solution of (1.1), that is, a stochastic process which gives, for every fixed
(t,x) € [0, T] x R", a well-defined random variable (see Section 6 below for
details).

All the results described above are achieved through the use of SG FIOs, which
are recalled in Section 2.1. The involutiveness assumption is the key to prove that the
fundamental solution of the first order system (1.7) may be written as a finite sum of
(iterated integrals of smooth parameter-dependent families of) SG FIOs (modulo
a regularizing term). This is stated in Theorem 4.1, a furher main result of this
paper, and follows from the analysis performed in Section 3. The (rather technical)
results in Sections 3 and 4 are indeed crucial to achieve our main results. Namely,
in Section 3 we prove that, under the involutiveness assumption, multi-products
of regular SG-phase functions given as solutions of eikonal equations satisfy a
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commutative law (Theorem 3.4). Similar to the classical situation, this property
extends to the SG case the possibility to reduce the fundamental solution to a finite
sum of terms (modulo a regularizing operator), see Section 4. This also implies
commutativity properties of the flows at infinity generated by the corresponding
(classical) SG-phase functions. Their relationship with the symplectic structures
studied in [19] will be investigated elsewhere.

The paper is organized as follows. In Section 2 we recall basic elements of the
SG calculus of pseudo-differential and Fourier integral operators. In Section 3 we
prove a commutative property for multi-products of suitable families of regular
SG-phase functions, determined by involutive families of SG-symbols. In Section
4 we discuss how such commutative property can be employed to obtain the
fundamental solution for certain (N x N)-dimensional first order linear systems
with diagonal principal part and involutive characteristics. In Section 5 we study
the Cauchy problem for SG-hyperbolic, involutive linear differential operators.
Here two of the main theorems are proved: a well-posedness result (with loss of
smoothness and decay) and a propagation of singularity result, for wave-front sets
of global type, whose definition and basic properties are also recalled. Finally, in
Section 6 we prove our final main theorem, namely, the existence of random field
solutions for a stochastic version of the Cauchy problems studied in Section 5.
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2. SYMBOLIC CALCULUS FOR PSEUDO-DIFFERENTIAL AND FOURIER INTEGRAL OPERATORS
or SG TYPE

In this section we recall some properties of SG operators, a class defined through
symbols satisfying global estimates on R" x IR". In particular, we state several
fundamental results for SG FIOs. Further details can be found, e.g.,in [3, 10, 23, 25,

] and the references therein, from which we took most of the materials included
in this section. Here and in what follows, A =< B means that A < Band B < A,
where A < B means that A < ¢ - B, for a suitable constant ¢ > 0.

2.1. Pseudo-differential operators and Fourier integral operators of SG type. For
a(x, &) € S"(R*") , m, u € R, see (1.4), we define the semi-norms |Ha|H;"‘ ‘by

@1) llall = max sup (x) ~"IFl¢ey | DeDlax, €)),
la+BI<] x,E€Rn i
where | € Z,. The quantities (2.1) define a Fréchet topology of S™#(IR*"). More-
over, let
SOO,OO(]RZn) — U Sm,y(]RZn)l S—oo,—OO(IRZH) _ ﬂ Sm,p(]RZn).
m,ueR m,ueR
The functions a € S"#(R*") can be (v x v)-matrix-valued. In such case the

estimate (1.4) must be valid for each entry of the matrix. The next technical lemma
is useful when dealing with compositions of SG symbols.

Lemma 2.1. Let f € S"™#(IR*"), m,u € R, and g vector-valued in R" such that ¢ €
SO (R*™) @ R" and {g(x,&)) = (&) . Then f(x, g(x,&)) belongs to S"™+(R*").

The previous result can be found in [13], and can of course be extended to the
other composition case, namely h(x, &) vector valued in R" such that it belongs to
SYW(R*)@R" and (h(x, &)y = (x),implying that f(h(x, &), &) belongs to S™(IR>").
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We now recall definition and properties of the pseudo-differential operators
a(x,D) = Op(a) where a € S™". Given a € S"™¥, Op(a) is defined through the
left-quantization (cf. Chapter XVIII in [24])

(2.2) (Op@)u)(x) = (Zn)_”f evea(x, )i(8)ds, ueS,

n

with i the Fourier transform of u € S, given by (&) = {g. e ™“u(x)dx. The
operators in (2.2) form a graded algebra with respect to composition, i.e.,

Op(§"#") o Op(S"#%) € Op(§""+#1%12),

The symbol ¢ € S"™*+"™#1FH2 of the composed operator Op(a) o Op(b), where a €
S™mi, b e S™2, admits the asymptotic expansion
ilal

(2.3) (&)~ ), — Da(x, &) Db(x, &),
which implies that the symbol ¢ equals a - b modulo §™ "~ Linti—1,

By induction, it is then possible to deal with the composition (or multi-product)
of (M + 1) SG pseudo-differential operators, where M > 1. The multi-product

Qm+1 =P1--- Py
of the operators P; = Op(p;), with p;(x, &) € St (R?m), mj,uieR,j=1,... M+1
is a SG pseudo-differential operator with symbol gur;1(x, &) € S™#(R*"), where
m=my+---+mpyyrand u = y; + --- + upmy1. Moreover, the boundedness of
@?glpj in @ﬁglsmww (R®") implies the boundedness of g1 (x, &) in S™#(R?").
The residual elements of the calculus are operators with symbols in

s =[] sm=S,

(m,p)eR?

that is, those having kernel in S, continuously mapping S’ to S.

An operator A = Op(a), is called elliptic (or S"™-elliptic) if a € S™* and there
exists R > 0 such that
24) Coy™EF <law )], x| +IEl >R,
for some constant C > 0. An elliptic SG operator A € Op(S™*#) admits a parametrix
P € Op(S7™~#) such that PA = I + Ky, AP = I + Ky, for suitable K;,K; €
Op(S~%~%), where I denotes the identity operator.

Itis a well-known fact that SG-operators give rise to linear continuous mappings
from S to itself, extendable as linear continuous mappings from &’ to itself. They

also act continuously between the so-called Sobolev-Kato (or weighted Sobolev)
spaces, that is from H"¢(R") to H"~"¢~#(R"), where H"?(R"), 1, 0 € R, is defined as

(2.5) H*(R") = {ue S'(R"): ul,, = [{.) (D) “ulls> < o0} .

Next, we recall the class of Fourier integral operators we are interested in,
together with some relevant properties. A SG FIO is defined, for u € S, as
(2.6) u— (Op,,(a)u)(x) = (2n)_”f e (x, £)iI(E) dE,

RY[

where a is a symbol in SG™#(IR") and ¢ is a SG phase function, that is a real valued
symbol in ™ (R?") such that, as |(x, £)| — o0, {pL(x, £)) = (&) and (@ (x, &)) = (x).
In the sequel, we usually write “phase function” in place of “SG phase function”.

It is well known, see [11], that given a phase function ¢ and two symbols
p € SU"(R*"), a e S™#(R?*"), we have the following composition rules:

Op(p) ©Op,,(a) = Op,(c1 +11),  Op,(a)oOp(p) = Op,(c2 +12),
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for some ¢y, ¢ € STTHHFT(R?Y), 1y, 15 € ST~ (R*"). Moreover, givena € §"#(R*")
and ¢ a regular phase function (see Definition 2.2 here below), Op (p(a) maps
continuously H"?(R*) to H"~"P~#(R"), for any r, p, m, u € R.

Definition 2.2 (Regular SG phase functions). Let T € [0,1) and r > 0. A SG phase

function ¢ belongs to the class P,(t) of (r, )-regular SG phase functions if it satisfies the
following conditions:

1: :et((pgé)(x,é(ﬂ 2)1', for(any)x,é e R": . |D‘§D§](x, )|
2: the function J(x, &) := @(x,&) — x - & is such that sup ————— < T.
f (p X,EEE” <x>1_‘ﬁ‘<é>l—\a|

la+pBl<2
If only condition (1) holds, we write ¢ € P,, and call it a reqular SG phase function.

In spite of providing a result formally somehow similar to the analogous one
involving pseudo-differential operators recalled above, the multi-product of (M+1)
SG FIOs with regular phase functions, M > 1, is a lot more difficult and technical
issue. It has been studied in [3] (see [37] for the classical case), extending to the SG
case the concept of multi-product of phase functions (see also Section 3 below).

2.2. Eikonal equations in SG classes. To study evolution equations within the SG
environment, we need first to introduce parameter-dependent symbols, where the
variation of the parameters give rise to bounded sets in 5™*.

Definition 2.3. Let QO = RN. We write f € C* (Q; S™#(R*")), with m, i € R and
keZ ork=w,if

(i) f=flwx&),weQ, x EeRY,

(i) forany w € Q, % f(w) € S™*(R*"), forall a € ZY, |a| < k;
(iii) {02 f(w)}weq is bounded in S™+(R™), for all v € ZY, |a| < k.

@
The next technical Lemma is one of the key tools needed to prove the commuta-
tive law for multi-products of a class of regular phase functions studied in Section
3. Its proof can be found in [1].

Lemma 2.4. Let Q < RN, a e CF (Q; S™#(IR?")) and h € C* (Q; S®°(R?") @ RN) such
thatk € Z., or k = oo. Assume also that, for any w € Q, x, & € R”, the function h(w; x, &)
takes values in Q. Then, setting b(w) = a(h(w)), that is, b(w; x, &) = a(h(w;x, &);x, &),
we find b e CF (Q; S™H(IR?")).

Given a real-valued parameter-dependent symbol a € C([0, T]; S**(R*")), con-
sider its associated eikonal equation

op(t,s;x, &) =allx, @t s;x,8), te][0,T],
p(s,5x,E8) =x-¢, se[0,T'],

with 0 < T" < T. By an extension of the theory developed in [12], it is possible to
prove that the following Proposition 2.5 holds true (see below).

Proposition 2.5. Let a € C([0, T]; S¥1(R*")) be real-valued. Then, for a small enough
T’ € (0, T), equation (2.7) admits a unique solution ¢ € C*([0, T']%; SV (IR*")). Moreover,
for every h = 0 there exists ¢, = 1 and Ty, € [0, T'] such that (t,s;x,&) € Prcp|t —s]),
forall0 <s <t<T.

2.7)

In the sequel we will sometimes write @(x, &) := @(t,s;x, &), for a solution ¢ of
@.7).

We now focus on the Hamilton-Jacobi system corresponding to the real-valued
Hamiltonian a € C([0, T]; S“! (IR?")), namely,

28) { oqt,s;y,m) = —a; (Lqlts;y,n),pts;y.n),
apt,ssy,n) = altqtsyn)plsy.n),
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where t,s € [0,T], T > 0, and the Cauchy data are

qs,sy,1m) =y,
2.9
29) { p(s,s;y,1m) = 1.

The next Proposition 2.6 describes the properties of the solution of (2.8). Here
we mainly refer to known results from [10, Ch. 6] and [12], and their extensions
studied in [1] (see also [25]).

Proposition 2.6. The solution (q,p) of the Hamilton-Jacobi system (2.8) with a €
C([0, T]; S**(IR*")) real-valued, and the Cauchy data (2.9), is such that:
(1) q belongs to C1([0, T)%; SYO(IR*")), and {q(t,s; y, 1)) ={y);
p belongs to C([0, T]%; S%Y(R*")), and {p(t,s;y,1)) = (n);
(2) for a sufficently small T' € (0, T] and a fixed t such that 0 <s,t <T', s #t,

(qt,8y,m) —y)/(t —s) isboundedin SYO(R*"),
(p(t,s;y,m) —n)/(t—s) isboundedin S*'(R*"),
and
{ q(t,s;y,1),q(t,53y,m) — y € C'UT); SO (RP)),
p(t,s;y,m),p(t s;y,1) —n e CHI(T); S¥ (R*)),

where, for T > 0, I(T) = {(t,s): 0 < t,s < T}.

(3) if, additionally, a € C*([0,T]; SY1(R*")), then, q(t,s;y,1n) —y € CC(I(T');
SW(R?")) and p(t, s; y, 1) — n € C*(I(T); S¥ (R*"));

(4) there exists Ty € (0, T'] such that the mapping x = q(t,s;y,n) : Rysy—x¢€
R, with (t,s, n) understood as parameter, has the inverse function y = q(t,s; x, 1)
for any (t,5) € I(Ty) and any n € R"; it also holds g € C*(I(Ty); S*°(R*")) and
@t s;x,m)) =<x);

(5) let T1 € (0,T'], €1 € (0,1] be constants such that on I(T;) we have

q
ay "

then, the inverse function q from the previous point satisfies

g(t,s;x,m) — x € CH(I(Ty); SO (R*")),
(q(t,s;x,1m) — x)/(t — s) is bounded in SY°(IR*"), whenever 0 < s,t < Ty;8 #

1—€1,'

(6) if, additionally, a € C*([0,T]; S¥}(R*")), we also have q,q(t,s;x,1) — x €
C*(I(Ty); SYO(R2")).

The next Proposition 2.7 explains how the solution of (2.9) is related with the
solution of (2.7) in the SG context. Its proof follows by slight modifications of the
classical arguments given, e.g., in [25], and relies on Proposition 2.6 (see [1, 12] for
details).

Proposition 2.7. Let a € C([0, T]; SY1(R?*")) be real-valued, q(t,s; y,1), p(t,s; y,n) and
q(t,s; x, &) the parameter-dependent symbols constructed in the previous Proposition 2.6.

Define u(t,s; y,n) by
(2.10) u(t,s;y,n) =y-n+
t
L (et sy, m,psiym) — i (Gae sy posym) - plos ) dr

and set

(2.11) o(t,s;x, &) =ult,s;q(t,s;x,8),E).
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Then, ¢(t,s;x, &) is a solution of the eikonal equation (2.7) and satisfies

(2.12) Pr(tsx,E) = q(tsx8),

(2.13) Pt s;x,8) = plts;qtsx,&),E),

(2.14) Osp(t,s;x, &) = —a(s; pc(t,s;x,8), &),

(2.15) (@it s;x, &) = (&) and (@i(t,s;x,&)) = (x).

Moreover, for any | > 0 there exists a constant ¢; = 1 and T; € (0,T] such that
aT; <1, p(t,s;x, &) belongs to P, (c/|t — s|) and {](t,s)/|t — s|} is bounded in S*(R*")
for 0 < t,s < T; < Ty, t # s, where J(t,5;x,&) = @(t,5;x,&) —x - & Finally, if,
additionally, a € C* ([0, T]; SY*(R*")), we find ¢, ] € C*(I(Ty); S¥* (R?")).

2.3. Classical symbols of SG type. In the last part of Section 5 we will focus on the
subclass of symbols and operators which are SG-classical, that is, a € SZ’“ c S™H
In this subsection we recall their definition, using material coming from [7] (see,
e.g., [23] for additional details and proofs). We fix a cut-off function w € CF(R")
with w = 1 on the ball of radius 1/2 centred at the origin.

Definition 2.8. (i) A symbol a(x, &) belongs to the class SZ’(‘:() (IR?") if there exist func-

tions a.,—j(x,&), j = 0,1,..., homogeneous of degree u — j with respect to the
variable &, smooth with respect to the variable x, such that,

M-—1
a(x, &) — > (1 — (&) auj(x, &) e S"MR™), M=12,...
j=0

(ii) Asymbola belongs to the class S:’(’;) (R?")ifacR € Sfl’("é) (R*>"), with R(x, &) = (&,x),

that is, a(x, &) has an asymptotic expansion into terms homogeneous in x.
Definition 2.9. A symbol a is called SG-classical, and we write a € Sle(i 5 (R*) =
SZ" ‘(IR?"), if the following two conditions hold true:

(i) there exist functions a.,_;(x, &), homogeneous of degree 1 — j with respect to & and

smooth in x, such that (1 — w(&))a.u—j(x, &) € S:’(’;)_j(]RZ”) and

M-1
a(x, &) = D1 (1= w(&)au—i(x &) e SHVRY), M=1,2,...;
j=0
(ii) there exist functions a,,_.(x, &), homogeneous of degree m — k with respect to the x

and smooth in &, such that (1 — w(x))am—x.(x, &) € SZ(;];’”(]RZ”) and

M-1
a(x, &) = > (1= w(x)) ayx,(x,&) € sg(‘;f’“(m%), M=12,...
k=0
We set LZ{’(’;@ (R?") = LI*(R*) = Op(Sy* (R™)).

The next results is especially useful when dealing with SG-classical symbols.

Theorem 2.10. Let a; € Sgik’kk(]RZ”), k =0,1,..., be a sequence of SG-classical
symbols and a ~ Y ;- ax its asymptotic sum in the general SG-calculus. Then, a €
STH(R?).

The algebra property of SG-operators and Theorem 2.10 imply that the composition
of two SG-classical operators is still classical.

Remark 2.11. The results in the previous Subsections 2.1 and 2.2 have classical coun-
terparts. Namely, when all the involved starting elements are SG-classical, the resulting
objects (multi-products, amplitudes, phase functions, etc.) are SG-classical as well.



CAUCHY PROBLEMS FOR HYPERBOLIC OPERATORS ON R" 9

3. COMMUTATIVE LAW FOR MULTI-PRODUCTS OF REGULAR SG-PHASE FUNCTIONS

In this section we prove a commutative law for the multi-products of regular
SG phase functions. Through this result, we further expand the theory of SG
FIOs, which we will be able to apply to obtain the solution of Cauchy problems
for weakly hyperbolic linear differential operators, with polynomially bounded
coefficients, variable multiplicities and involutive characteristics.

More precisely, we focus on the f-product of regular SG phase functions obtained
as solutions to eikonal equations. Namely, let [p;(t,s)](x,&) = @j(t,s;x, &) be the
phase functions defined by the eikonal equations (2.7), with ¢; in place of ¢ and
aj in place of a, where a; € C([0,T];S''), a;j real-valued, j € IN. Moreover, let
Ip;(t,8) = Iy(15) be the SG FIO with phase function ¢;(t,s) and symbol identically
equal to 1.

Assume that {a;} jen is bounded in C([0, T]; S*'). Then, by the above Proposition
2.7, there exists a constant ¢, independent of j, such that ¢;(t,s) € Pr(c|t—s|), j € N.
We make a choice of T; > 0, once and for all, such that ¢T; < 7( for a constant
7o < 1/4. Moreover, for convenience below, we define, for M € Z .,

tvy1 = (fo, ..., tme1) € A(T1),
tmr1,j(T) = (to, -/ ti-1, Ttjg1, o tme1), 0SS M4+,
where A(T1) = Ap41(T1) = {(fo, .-, tme1): 0 <ty <ty < -+ <t < T}

3.1)

3.1. Parameter-dependent multi-products of regular SG phase functions. Let
M > 1 be a fixed integer. We have the following well defined multi-product

(3.2) d(tmr1;%, &) = [@1(to, 1)Ep2(t1, b2)B - .- B (Em, tm+1)](x, &),

where we will often set ty = t, tpr41 = s, for tyy1 € A(Tq) from (3.1). Explicitly, ¢ is
defined by means of the critical points (Y, N) = (Y, N)(ty1;x, &), obtained, when
M > 2, as solutions of the system

(3.3)

Yi(tm+1;x, &) = @f ((fo, 1%, N1 (tmi1; X, £))

Yi(tmr1;x, &) = @) (tio1, £ Yjma (tmg1; X, &), N1, 8), - j=2,..,
Nj(tm1;%, &) = @ (b, s Yt 6, &), N (b %, 8)), j=1,.00,
Num(tv1;%,€) = Qg (vt Ym(tnen x, €), €),

M
M-1

namely,
(54)

M
P(tmy1;x, &) : Z @it t;Yia(tmex, &), Nj(tmy1;x, &)
j=1

—Yi(tms1;% &) - Ni(tms 1%, )| + @amsr (b, it Y (bvgas x, €), €).

We give below some properties of the multi-product ¢ (see [3] for the detailed
construction of the multi-product of regular SG phase functions which do not
depend on parameters; the proof of Proposition 3.1 here below can be found in [1]:
it follows by the results in [3], together with a careful use of Lemmas 2.1 and 2.4).
Let ¢ be the multi-product (3.4), with real-valued a; € C([0, T]; S*(R*")), j =
.,M + 1. For any ¢; solution to the eikonal equation associated with the
Hamiltonian a;, we have

65 { oot Z o0y

~

foralli,j=1,... M+ 1.
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Proposition 3.1. Let {a;}jcn be a family of parameter-dependent, real-valued symbols,
bounded in C* ([0, T); S¥*(R?*")), and (Y, N) be the solution of (3.3). Then, for yy € Z.,,
k=0,1...,M+1, the following properties hold true.

i: for some Ty € (0, T] as in Proposition 2.7,

Y belongs to C* (A(Ty); SO (R*)),
N; belongs to C* (A(Ty); S (R?")).

ii: For Jmt1(tm+1;%, &) = @(tmr1;x, &) — x - &, we have

{8330 . 3VM+1]M+1} is bounded in Sl,l (]RZn)'

EM41

3.2. A useful quasilinear auxiliary PDE. Consider the following quasi-linear par-
tial differential equation

(36) O Y (1) — H(Y (bar1), tarr1) - Vi (tvg) — Gt j(Y(tms1))) =0,
‘ Yt 1=t = tin

where, for s € R, ty11,(s) is defined in (3.1), Y(tamy1) = Y(tmy1;x, &) satisfies
Y € C*(A(Ty); S*0), and H(7, tmy1) = L(T, tms1;%, &) is a vector-valued family of
symbols of order (1,0) such that H € C*([tj11,tj-1] x A(T1); SY* ® R"). We also
assume that G(ty4+1,j(7)) = G(tm1,j(7); x, &) with G € C*(A(T1); S™?), and satisfies
Gltmi1;%,&) > 0, G(tyr1;%, &)=, = 1, forany ty1 € A(Th), (x, &) € R*".

The following Lemma 3.2 (cf. [37]) is a key step to prove our first main technical
tool, Theorem 3.4. In fact, it gives the solution of the characteristics system

at,,lR(tM-&-l) = —H(K(tpm41), tme1; R(tms1), &)
(3.7) 5t,,1K(tM+1): G(tm1,j(K(tm+1)); R(tmy1), &)
R|ff—1=ff =Y K|ff—1=f/ = tj+1,

which then provides, by standard arguments, the solution to the quasi-linear equa-
tion (3.6). The latter, in turn, is useful to simplify the computations in the proof of
Theorem 3.4. In view of this, we give a sketch of the proof of Lemma 3.2.

Lemma 3.2. There exists a constant T, € (0, T1] such that (3.7) admits a unique solution
(RK) = (R,K)(tus17y,€) € C#(A(T); (SO(R?) @ R") x SO(RY), t1_1 € [1,T2],
which satisfies, for any ty 11 € A(T2), (y, &) € R,

(3.8) '— (v, &) —1I| < C(tj—1 — tig1),

for a suitable constant C > 0 independent of M, and

{ tiv1 < K(tmey, &) < tja

3.9)
Kit_i=t; = tiga-

Proof. First, we notice that, as a consequence of Lemmas 2.1 and 2.4, the composi-
tions in the right-hand side of (3.7) are well defined, and produce symbols of order
(1,0) and (0, 0), respectively, provided that (R,K) € C*(A(T); (S @ R") x §%9),
<R(tM+1,' Y, 5)> = <y> , and K(tM+1; Y, 5) € [t]'_H, t]'_1] for any tvi1 € A(Tz), Y, e ]Rn,
T, € (0, T1] sufficiently small.

We focus only on the variables (t;_1,t;,t;,1;y, &), since all the others here play
the role of (fixed) parameters, on which the solution clearly depends smoothly. We
then omit them in the next computations. We will also write, to shorten some of
the formulae, (R, K)(s) = (R, K)(tpm1,j-1(5); ¥, ), s € [t}, T2], T2 € (0, T1] sufficiently
small, ty 1 € A(T2), (y, &) € R¥.
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We rewrite (3.7) in integral form, namely
R(s) =y — | H(K(0);0,tj,ti11;R(0), &) do
(3.10) b o
K(s) =ty + [ Glo,K(0) 1j11iR(0),€) o
b
s € [t;, T2], tus1 € A(T2), (y,&) € R?", and solve (3.10) by the customary Picard
method of successive approximations. That is, we define the sequences

Riza(s) =y — J H(Ki(0);0,tj,tj+1;Ri(0), &) do

(3.11) o

Kisi(s) =t + [ Gl Ki(o) i Ri(o), ),
tj

forl =1,2,...,s € [t;,T2], tu1 € A(T2), (y,&) € R*", with Ro(s) = y, Ko(s) =
s —tj + tjy1. Arguing as in [37, proof of Lemma 3.10], see [1] for detailed proof in
the SG case, we can show that {R;}; is bounded in C*(A(T); S*° ® R"), while {K;},
is bounded in C*(A(T,); S®0). It also holds (R;(s)) = {y), uniformly with respect
tos e [t;, Tz] and [ € IN, with T; sufficiently small. Moreover, for any a,f € Z,

(3.12)
( 51)1p2 &;‘85 (K (tarr1,j—1(H-1)5 1, &) — Ki(taarn,j—1(H-1); 1, £)) {y) 191¢E) l’g“
y,&)ER"

N+1
< CaﬁM,
(N+1)!

with C,4 independent of j, N, and, similarly,

(3.13)
sup 85,‘6[5 (Rig1(tmrnjo1(t1); Y, &) — Riltmrnjo1(tj-1); v, &) yp 1ol “Bl‘
(y,€)eR>
s (o —)"

PN+

where éaﬁ is independent of j, N. This follows by induction, via a (standard)
Taylor expansion technique, and direct computations. The main new aspect here,
compared with the original argument in [37], concerns the necessity of obtaining
global estimates also with respect to y € IR". This (rather challenging) complication
is overcome by carefully employing Lemmas 2.1 and 2.4, jointly with the known,
classical techniques.

Writing [ in place of N in the right-hand side of (3.12) and (3.13), it easily follows
that (R;, K;) converges, for I — +co, to a unique fixed point (R, K), which satisfies
the stated symbol estimates. Since, by induction, the properties (3.8) and (3.9) hold
true for (R;, K;) in place of (R, K), I = 0, uniformly with respect to M, j, I, they also
hold true for the limit (R, K). O

The next Corollary 3.3 is a standard result in the theory of Cauchy problems for
quasilinear PDEs of the form (3.6). Its proof is based on the hypotheses on L and
H, and the properties of the solution of (3.7).

Corollary 3.3. Under the same hypotheses of Lemma 3.2, denoting by R(ta1;x, &) the
solution of the equation R(tp11; Yy, &) = x with ty1 € A(T2),x, & € R”, the function

Y(tv1;%, &) = Kty R(tmt15x,€), &)
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solves the Cauchy problem (3.6) for x,& € R", typ1 € A(T2), for a sufficiently small
Tz € (O, T1]

3.3. Commutative law for multi-products of SG phase functions given by so-
lutions of eikonal equations. Let {a;},cn be a bounded family of parameter-
dependent, real-valued symbols in C*([0,T]; S*!) and let {¢;}jen be the corre-
sponding family of regular phase functions in #,(c|t — s|), obtained as solutions
to the eikonal equations associated with a;, j € IN. In the aforementioned multi-
product (3.2), we commute ¢; and ¢, 1, defining a new multi-product ¢, namely

Pi(tmr1;x, &) = (@1(to, t1)ipa(tr, b2)E .. 81 (tji—2, tj—1))
f(@jr1(ti, t)Ep(tj tie1)) B (jra (i tie2)d - Bome1(tm, tnsn)) (X, €),
where tM+1 = (t(), Hyeorfoo tM+1) € A(T1)

(3.14)

Assumption I (Involutiveness of symbol families). Given the family of parameter-
dependent, real-valued symbols {a;}jen = C*([0, T]; S"1(IR*"), there exist families of
parameter-dependent, real-valued symbols {bj};ken and {dj}jxen, such that by, dy €
C*([0, T]; S%°(R?")), j,k € N, and the Poisson brackets

{t—aj(t;x, &), T —a(t;x, &)} = omj(t; x, &) — o (t; x, &)
+ a;,é(t; x, &) -a;,x(t; x, &) — a;-,x(t; x, &) -a,’clg(t; x, &)

satisfy
(3.15) {1t —aj(t;x, &), T —a(t;x, &)} = bi(t;x, &) - (aj — ax) (%, &) + d(t; x, &),
forall jkeIN,te[0,T], x,&e R

We can now state our first technical, but crucial, result, Theorem 3.4. It provides
a commutative law for multi-products of regular phase functions obtained by
solving eikonal equations. The latter are related to the characteristic roots of the
largest class, to our best knowledge, of linear hyperbolic equations treated in the

literature by means of these microlocal techniques, to produce an expression of the
solution with finitely many terms (modulo a regular remainder).

Theorem 3.4. Let {a;}jcn be a family of parameter-dependent, real-valued symbols,
bounded in C* ([0, T]; SV (R*")), and let ¢; € Py(c|t — s|), for some ¢ > 0, be the
phase functions obtained as solutions to (2.7) with a; in place of a, j € IN. Consider
O (tpr1) and ¢j(tay 1) defined in (3.2) and (3.14), respectively, for any M = 2 and j < M.
Then, Assumption I implies that there exists T' € (0,T], independent of M, such that
we can find a symbol family Z; € C*(A(T"); S0 (IR?")) satisfying, for all tyq € A(T'),
x,&eR",

tiv1 < Zj(tmy1x, &) < tjq,

(3.16) Zj|t;=t/_1 = tjy1, and Zjltj=tj+1 =tji1,

—2< 0y Zi(tmy1;%,&) <O0.

Moreover, we have

¢i(tmr1;%, &) = P(tavig,j(Zj(tms15%, ), %, E)+ Wi (g1 x, &), g € A(T'), x, & € R,
where W; € CP(A(T'); SPO(IR*")) also satisfies W; = 0 if dj = djj;1 = 0, with the
symbols d; ;1 appearing in (3.15) for k = j + 1.

The argument originally given in [37], to prove the analog of Theorem 3.4 in the
classical case, extends to the SG setting, in view of Lemmas 2.1 and 2.4 above, and
the preparation in Lemma 3.2 and Corollary 3.3. To avoid departing too much

from our main focus (applications to SG-hyperbolic Cauchy problems), here we
just give a sketch of the proof of Theorem 3.4 (see [1] for more details).
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Proof of Theorem 3.4. We set

(3.17) Wi(tmi1;x, &) = Qj(tmr1; %, &) — dtvy1,j(Zj(tmr1; %, )5 x, &),

and look for a symbol Z; = Z;(ty1; x, &) satisfying (3.16), such that we also have
Wi e C(A(T');S°?), T' € (0, T]. Since the definition of W¥; is formally the same
givenin [37], by the same computations performed there, it turns out that W; must
fulfill

(3.18) &_,\W; = H;(Z)) -V’ . — Fi(Zj) — (0,0)(Z;) (@,-12;‘ —H;(Z))-Z, — Gj(Zj)),

where we omitted everywhere the dependence on (ty41; %, &), (6 ]qb) (Z;) stands for
(0r,0) (tm11,j(Zj(tyr15 %, £)); %, &), and

Fi(Zj) = Fi(tm+1,j(Zj(tmy15%,&)); %, E), Gi(Z)) = Gj(tmy1,(Zj(tmy15x, E)); x, E).

This first step of the proof is achieved by employing the properties of the solutions
of the Hamiltonian systems associated with the ax, k € IN, recalled in Proposition
2.6. Inview of the composition Lemmas 2.1 and 2.4, all the performed computations
produce symbols which remain in the SG classes. In particular, it turns out that
Fj,Gj € C*(A(T1);S") and Hj € C*([tj41,tj—1] x A(T1); 'Y ® R"), for a suitable
T1€(0,T].

Now, in order to simplify (3.18), we choose Z; as solution to the quasilinear
Cauchy problem

(3.19)

It turns out that (3.19) is a quasilinear Cauchy problem of the type considered in
Subsection 3.2. In view of Lemma 3.2, we can solve (3.19) through its characteristic
system (3.7), with H; in place of H and G; in place of G, choosing a sufficiently
small parameter interval [0, T'], T" € (0, T1]. Indeed, by Corollary 3.3, defining

Zi(tme1; %, &) = K(tme1; R(tvigp1;x,€),€), tmy1 € A(T),x,EeRY,

gives a solution of (3.19) with all the desired properties.
With such choice of Zj, (3.18) is then reduced to the linear, non-homogeneous
PDE

(3.20) oy Vi =Hj(Z;) V', — Fi(Z)),
with the initial condition

(3.21) Wil = 0.
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Notice that (3.21) holds true since we have Z;|; =t = tj+1, that, together with (3.5),
gives

Witme1;%, &)t =t = Wiltmer,j-1(t); x, &)
= Qj(tme,j—1(tj);x, &) — Pt - -+ tj—2, b, Zj(tma1; %, &) |tj=t o tjn, - - Ema15 X, €)

= [Q1(to, h)f - .- 8@j—1(ti—2, £ (@j1(tj, t) i (tj, tis1)) 8

o —

~~
=pj(titiv1)

b@jsa (v, tir2)t - ou (b, tve) | (%, €)

— [@1(to, b)) - i1 (tja, t1)8 (@ (tj tir) Qi1 (Fja, Eja1))

. ~

~~
=@j(tjti+1)

tpjea(tivn tiso)t - Bonten (b, i) | (x, &) = 0.

Then, the method of characteristics, applied to the linear, non-homogeneous
PDE (3.20), shows that we can write W; in the form

~

t]‘,1 5
(3.22) Wi(tmix, &) = f Fi(tymi1,j-1(1); 0(7;0(7; %, &), &), &)dT,
t

i

where

~

Fi(tm+1;%, &) = —Fj(tmi1,j(Zj(tmr15x, £)); x, &),

G(Tr yr 5) = Q(tM+1,j(T); y/ 5)! Q(Tr X, 5) = Q(tMJrl,jfl (T)/ X, é)/
for suitable vector-valued functions 0, 0. By arguments similar to those in [37],
both 0 and 6 turn out to be elements of C*(A(T’); S'* ® R"), satisfying

Otms1,i(0)y,€)) =@y, Oltmsr, i (1);x,8)) = (),
with constants independent of ty11 € A(T"), x, & € R". Such result, together with
the properties of Z; and another application of Lemma 2.4, allows to conclude that
F; e C(A(T"); $°), which in turn implies W; € C*(A(T"); S°°). That W; = 0 when
d; = 0 follows exactly as in [37], since, also for the SG case, d; =0 = F ;i =0. O

4. CAUCHY PROBLEMS FOR WEAKLY SG-HYPERBOLIC FIRST ORDER SYSTEMS

In the present section we deal with the Cauchy problem

@.1) {LU(M) =F(t), (t5)€eAr,
U(s,s) = G, se[0,7),

on the simplex Ar := {(t,5)| 0 < s < t < T}, where
(4.2) L(t,Dy;x,Dy) = Dy + A(t;x, Dy) + R(t;x,Dy),

Aisa (N x N)-dimensional, diagonal operator matrix, whose entries A j(t; x,Dy), | =
1,...,N, are pseudo-differential operators with real-valued, parameter-dependent
symbols A;(t; x, &) € C*([0, T]; S*'), Ris a parameter-dependent, (N x N)-dimensional
operator matrix of pseudo-differential operators with symbols in C*([0, T]; S®?),
FeC®([0, T, H?*®RN),Ge H?*®RN, r,0e R.

The system (4.2) is then of hyperbolic type, since the principal symbol part
diag(A;(t;x,&))j=1,.,~ of the coefficient matrix is diagonal and real-valued. Then,
its fundamental solution E(t, s) exists (see [10]), and can be obtained as an infinte
sum of matrices of Fourier integral operators (see [25, 37] and Section 5 of [3] for
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the SG case). Indeed, for T’ small enough, it is possible to express {E(t,s)} in the
form

t 0
(4.3) E(t,s) = Iy(t,s) + f Ip(t,0) Y W,(6,s) do,
s v=1
where [, (t,s) is the operator matrix defined by
Iy, (t,s) 0
Iy(t,s) =
0 Iy (t,s)

Ly, = Op(p/.(l), 1 < j < N, and the phase functions ¢; = @;(t,s;x,&), 1 < j <N,
defined on Arr x IR*, are solutions to the eikonal equations (2.7) with —A; in place
of a.

Here we are going to show that if (4.1) is of involutive type, then its fundamental
solution E(t,s) can be reduced to a finite sum expression, modulo a smoothing
remainder, in the same spirit of [25, 37], by applying the results from Section 3
above.

We define the sequence of (N x N)-dimensional matrices of SGFIOs {W, (¢, s); (t,s) €
A(T")}ven recursively as

t

(4.4) Wyi1(t,s;x,Dy) = J Wi (t, 6;x, D)W, (6,s;x,D,)do,
S

starting with W defined as

(4.5) LI, (t,s) = iWy(t,s).

We also set

(4.6) wj(t,s;x, &) = o(Wi(t,s;x,Dy)), j=1,...,v+1,....

the (matrix-valued) symbol of W;. Notice that, since the phase functions ¢; are
solutions of eikonal equations (2.7) associated with the Hamiltonians —A;, we have
forj=1,...,N the relation

DiOP,, (15 (1) + Op(A;(£)Op,, (15 (1) = OP,, 1 (bo,j(t,5)),  bo(t,s) € S™(R™).
Then,
Boa(t,s) 0
4.7) Wi(t,s) := —i +R(t)I,(t,s) |,
0 Bon(t,s)
with Boj(t,s) = Op,, ;. (bo,j(t ) and by(t,s) € S0, i=1,...,N.
By (4.7) and algebraic properties of FIOs and PDOs, one can rewrite (4.5) as

(4.8) Ly(t,s) = > Wy, (t,s),

where W(p/(t,s) are (N x N)-dimensional matrices, with entries given by Fourier

integral operators with parameter-dependent phase function ¢; and symbol in $°°,
1< j<N. Thus,ifwesetM, = {t = (N1,...,N,) : Ny =1,...,N, k=1,...,v} for
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v = 2, the operator matrix W, (f,s) can be written in the form of iterated integrals,
namely

t 0 0y—2
(4.9) f J f DWWt 04,...,0,-1,5)d0,_1 ...d64,
5 Js s UEM,

where
W (£,601,...,0,-1,5) = Woy (£ 01) Wy, (61,02) ... Wy, (65_1,5)

is the product of v matrices of SG FIOs with regular phase functions ¢y; and sym-
bols (W, (6j-1,0;)) = —ia(VN\/gon(Qj,l, 0,)) € S°Y. By the algebra properties of
SG FIOs (cf. [3]), W® (¢,61,...,0,_1,5) is a matrix of SG FIOs with phase func-

tion cp(“) = @n,f...IpN, and parameter-dependent symbol w® (¢,61,...,64-1,9)
of order (0,0). Consequently, we can write

t N
E(t,s) = L,(t,s) + f L(t, 9){ D W, (6,5)

j=1

61
+Z Z J J f W(H 9 91,... _1,8 )dev 1. d91}d9
v=2 ueM,

Given the commutative properties of the product of the Fourier integral opera-
tors appearing in the expression of E(t,s) under Assumption I, which follow from
the results proved in Section 3, our main result for SG-involutive systems, the next
Theorem 4.1, can be proved by an argument analogous to the one illustrated in
[37] (the details of the proof in the SG symbol classes can be found in [1]).

(4.10)

Theorem 4.1. Let (4.1) be an involutive SG-hyperbolic system, that is, Assumption |
is fulfilled by the family {)\]-};.‘]: 1+ Then, the fundamental solution (4.10) can be reduced,
modulo smoothing terms, to

N
E(t,s) Z
4.11) .

N t 6 9]',2 '
Z Z J f J W(“)(t,Gl,...,Qj_l,s)de_l...d61,
i=2 M s s

t
where the symbol ofopj(t,s) isf w;(6,s)dO, withw;in (4.6),u" = (Ny,...,Nj) € M;f =

(Ni<--<Nj:Ne=1,...,N k=1,..,j},and W& (t,04,...,0,_1,5) isa(NxN)-
dimensional matrix of SG Fourier integral operators with reqular phase function oW =

on ... ]j(pNj and matrix-valued, parameter-dependent symbol w(“*)(t, O1,...,0j-1,5) €
SO’O (R2n)'

Remark 4.2. Theorem 4.1 can clearly be applied to the case of a N x N system such that A
is diagonal and its symbol entries Aj, j = 1,...,N, coincide with the (repeated) elements
of a family of real-valued, parameter-dependent symbols {Tj};ﬁ:l, 1 < m < N, satisfying
Assumption 1. In such situation, working initially “block by block” of coinciding elements,
and then performing the reduction of (4.10) to (4.11), through further applications of the
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commutative properties proved above, we see that (4.11) can be further reduced to

E(t,s) = I,(t,s) + i WY (t,5)

i=1
(4.12) N
j—2
+2 Z J J f W(M)(l‘,61,...,6]‘,1,5)119];1...d@l,
j= Z‘LIEM)( $
with ut = (my,...,mj) € M;f ={m <o <mj:m=1,..mk=1,..j}

and (N x N)-dimensional matrices of SG Fourier integral operators with phase function
qb(“{) = Qm ... tQm; and matrix-valued, parameter-dependent symbol as above.

The following result about existence and uniqueness of a solution U(t,s) to
the Cauchy problem (4.1) is a SG variant of the classical Duhamel formula, see

[5,10,12].

Proposition 4.3. For F € C*([0, T]; H*(R")®RN) and G € H?(R")®RN, the solution
U(t,s) of the Cauchy problem (4.1), under the SG-hyperbolicity assumptions explained
above, exists uniquely for (t,s) € A, T' € (0, T] suitably small, it belongs to the class
ﬂ CK(Ap; H ¢ F(R") @ RN), and is given by
keZ
t
U(t,s) = E(t,8)G + iJ E(t,0)F(o)do, (t,s)€ Ar,s€(0,T).

S

5. CAUCHY PROBLEMS FOR WEAKLY SG-HYPERBOLIC LINEAR OPERATORS

Here we employ the results from the previous section to the study of Cauchy
problems associated with linear hyperbolic differential operators of SG type. After
obtaining the fundamental solution, we study the propagation of singularities in
the case of SG-classical coefficients. We recall here just the basic definition, see
[10, 11,12, 13, 18] for more details.

Definition 5.1. An operator L of the form (1.2) is called (SG-)hyperbolic if its principal
symbol L,y in (1.5) satisfies (1.6) with real-valued, smooth roots t; € C*([0, T], S**(R")),
j=1,...,m. The roots T; are usually called characteristics. More precisely, L is called
(weakly) SG -hyperbolic with involutive roots (or SG-involutive), if L,, satisfies (1.6)
with real-valued characteristic roots such that the family {Tj};”=1 satisfies Assumption I.

5.1. Fundamental solution for linear SG-involutive operators of order m € IN.
Given an SG-involutive operator L in the sense of Definition 5.1, it is possible to
translate the Cauchy problem

{ Lu(t,s) = f(t), (ts)€Ar,

(5.1) ;
Diu(s,s) =g, k=0,...,m—1,5€(0,T),

into a Cauchy problem for an involutive system (4.1) with suitable initial condi-
tions, under a suitable factorization condition, see below.

We write ®; = Op(7;), and also set, for convenience below, I = D; — ©;,
j=1,...,m. Moreover, with the permutations My of k elements of the set {1, ..., m}
and their sorted counterparts M,i, 1 < k < m from Section 4, we introduce the

notation
m—1

Mo={2}, M=|JM, M = UM*

k=0
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For o € My, 0 < k < m, we define card(a) = k and
FQZI, ra=ral...rak,0(=(al,...,O(k)EMk,kZL
The proof of the following Lemma 5.2 can be found in [13]. Analogous results
are used in [25] and [29].

Lemma 5.2. When {A;} is an involutive system, for all a € M,, we have

(5.2) To=T1...Tw+ ) Op(q3(t)Tg,
BeM

where q € C*([0, T]; SOO(R?M)).

A systemization and well-posedness (with loss of decay and regularity) theorem
can be stated for the Cauchy problem (5.1) under a suitable condition for the
operator L. This result is due, in its original local form, to Morimoto [29] and it has
been extended to the SG case in [12], where the proof of the next result, based on
Lemma 5.2, can be found.

Proposition 5.3. Assume the SG-hyperbolic operator L to be of the form
(5.3) L=T1Ty+ >, Op(pa(t))Ta mod Op(C*([0, T]; S~ *(R™))),
aeM!

with p, € C*([0,T]; S°(R?")). Moreover, assume that the family of its characteristic
roots {T]'}?Ll sastisfies Assumption 1. Then, the Cauchy problem (5.1) for L is equivalent
to a Cauchy problem for a suitable first order system with diagonal principal part, of the
form (4.1), where U, F and G are N-dimensional vector, K a (N x N)-dimensional matrix,
with N given by (5.4). U is defined in (5.5), (5.6), and (5.7). Namely,

m—1 m!
(5.4) N = —,
g@ (m — j)!
]
(55) u= t (le@ = u,u(l),...,u(m),u(l,z),u(zll),...,ua,...) ,

with o« € M, and
- forae My, 0 <k<m—2and j=max{l,...,m} — a, we set
(56) rjua = uaj
with aj = (j,a,...,a) € Myyq;
- fora € My,_1 and j ¢ {a}, we set
(57) Tja = f = D Op(ps(t)ug + Y Op(dy (£))ug,
pemt peM
with aj = (j,a1,...,ak) € My, and the symbols pg, qg from (5.2) and (5.3).
Remark 5.4. We call the SG-hyperbolic operators L satisfying the factorization condition
(5.3) “operators of Levi type”.
Remark 5.5. Since, for a € My, k = 1, we have
k-1
Ta = Df + ), Op(Yi(s))D], Yi € C*([0, TJ; S FT(R*)),
j=0
the initial conditions G for U can be expressed as
Gg(s,5) = 8o,
card(a)—1

5.8 i
(>8) Gal55) = Searate) Y. Op(Yh(s))g, €M card(a) > 0.
j=0
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Notice that, in view of the continuity properties of the SG pseudo-differential operators and
of the orders of the X', (5.8) implies

(59) Gy € Hmfl7card(a),y717card(a) (]Rn)/ aeM

The next Theorem 5.6 is our first main result, namely, a well-posedness result,
with decay and regularity loss, for the Cauchy problem (5.1). It is a consequence of
Proposition 5.3 in combination with the analysis of first order systems in Section 4.

Theorem 5.6. Let the operator L in (5.1) be SG-involutive, of the form considered

in Proposition 5.3. Let f € C*([0,T]; H?(R")) and g, e Hm—1-kerm—1-k(Rn)

k=0,...,m —1. Then, for a suitable T' € (0,T], the Cauchy problem (5.1) admits a

unique solution u(t,s), belonging to ﬂ CK(Aqr; He=K(R™)), given, modulo elements
keZ

in C*(Ar; S(R")), by

(5.10) u(t,s) = Z W, (t,5)G, + Z f Wu(t,0)f(o)do, (ts)e Ar,se[0,T),

aeM aeM,,_1 VS

for suitable linear combinations of parameter-dependent families of (iterated integrals of)
reqular SG Fourier integral operators Wy(t,s), « € M, (t,s) € A, with phase functions
and matrix-valued symbols determined through the characteristic roots of L.

Proof. By the procedure explained in Proposition 5.3 and Remark 5.5, we can
switch from the Cauchy problem (5.1) to an equivalent Cauchy problem (4.1), with
u = Ug. The uniqueness of the solution is then a consequence of known results
about symmetric SG-hyperbolic systems, see [10], of which (4.1) is a special case.

The fundamental solution of (4.1) is given by (4.12), in view of Theorem 4.1 and
Remark 4.2. It is a matrix-valued, parameter-dependent operator family E(t,s) =
(Ey )uurem(t, s), whose elements E v (t,s), u, i’ € M, are, modulo elements with
kernels in C*(Ar/;8), linear combinations of parameter-dependent families of
(iterated integrals of) regular SG FIOs, with phase functions of the type

¢4 = pu, ut = (m) € Mj,
O = Pt P, ut = (my,...,m)) eMj,j>2,

@y solution of the eikonal equation associated with the characteristic root 7, of L,
k =1,...,m, and parameter-dependent, matrix-valued symbols of the type

a)(”{)(t,el,...,ej_l,s)eSO'O, MGM;,

j=1,...,m. Then, the component Uy = u of the solution U of (4.1) has the form
(5.10), with W, = Eg,, taking into account (5.7) and (5.8).

We observe that the k-th order f-derivatives of the operators W,, a € M, map
continuously H™ to H"%¢~k k € Z, in view of the algebraic properties of FIOs
and of the fact that, of course,

OUOP 50 10y @1 (£,5))] = OBy 1 ({211 (8 5) - w1, 5) + B0l (8,5)),

obtaining a symbol of orders 1-unit higher in both components at any ¢-derivative
step. This fact, together with the hypothesis on f, implies that the second sum in
(5.10) belongs to ﬂ CK(Ap; H e K (R™)).
keZ
The same is true for the elements of the first sum. In fact, recalling the embedding
among the Sobolev-Kato spaces and (5.9), since @ e M = 0 < card(a) < m — 1, we
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find
Wa(t, S)Ga c m Ck(AT/,.Hr+m717card(a)7k,9+m717card(a)fk)
keZ .
— (] C (A H ), aeM,
keZ
and this concludes the proof. |

5.2. Propagation of singularities for classical SG-involutive operators. Theorem
5.6, together with the propagation results proved in [16], implies our second main
result, Theorem 5.17 below, about the global wave-front set of the solution of
the Cauchy problem (5.1), in the case of a classical SG-involutive operator L of
Levi type. We first recall the necessary definitions, adapting some material that
appeared in [15, 16, 17].

Definition 5.7. Let B be a topological vector space of distributions on R" such that
S(R") =< B< S'(R")

with continuous embeddings. Then B is called SG-admissible when Op,(a) maps B
continuously into itself, for every a € SO°(R*"). If B and C are SG-admissible, then the
pair (B, C) is called SG-ordered (with respect to (m, u) € R?), when the mappings

Op,(a) : B—C and Op,(b) : C — B
are continuous for every a € S™#(R*") and b e S~ H#(R*").

Remark 5.8. S(R"), H?(R"), 1,0 € R, and S'(R") are SG-admissible. (S(R"), S(R")),
(H"e(R"), H—"™¢~#(R")), 1,0 € R, (§'(R"), S'(R")) are SG-ordered (with respect to any
(m, u) € R?).

Definition 5.9. Let ¢ € P, be a reqular phase function, B and C be SG-admissible and
Q < R" be open. Then the pair (B,C) is called weakly-I SG-ordered (with respect to
(m, u, @, Q)), when the mapping

Op,@) : 8—-C

is continuous for every a € S™*(R*") with support such that the projection on the &-axis
does not intersect R™\Q.

Remark 5.10. (S(R"),S(R")), (H"?(R"),H~"™¢~#(R")), r,0 € R, (§'(R"),S'(R"))
are weakly-I SG-ordered pairs (with respect to any (m, ) € R?, ¢ € P,, and Q = ).

Now we recall the definition given in [15] of global wave-front sets for temperate
distributions with respect to Banach or Fréchet spaces and state some of their
properties. First of all, we recall the definitions of set of characteristic points that
we use in this setting.

We need to deal with the situations where (2.4) holds only in certain (conic-
shaped) subset of R" x R". Here we let Q,,, m = 1,2, 3, be the sets

O =R" > (RN{0}), Q= (R1\{0}) x R,
Q5 = (R™\{0}) x (IR"\{0}),

Definition 5.11. Let O, k = 1,2,3 be as in (5.11), and let a € S™#(IR?").

(1) ais called locally or type-1 invertible with respect to m, u at the point (xo, &o) €
)y, if there exist a neighbourhood X of xo, an open conical neighbourhood I of &y
and a positive constant R such that (2.4) holds for x e X, £ e T and |&| = R.

(5.11)
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(2) ais called Fourier-locally or type-2 invertible with respect to m, i at the point
(x0, &0) € Qy, if there exist an open conical neighbourhood I of xo, a neighbourhood
X of &y and a positive constant R such that (2.4) holds for x € T, |x| = R and
e X

(3) a is called oscillating or type-3 invertible with respect to m,u at the point
(%0, &0) € Qs, if there exist open conical neighbourhoods I'y of xo and I’y of &g, and
a positive constant R such that (2.4) holds for x € T'1, |x| = R, £ e Trand |&] = R.
If k € {1,2,3} and a is not type-k invertible with respect to m, u at (xo,&o) € C,
then (xo, &o) is called type-k characteristic for a with respect to m, u. The set of type-k

characteristic points for a with respect to m, u is denoted by Char’, ().

The (global) set of characteristic points (the characteristic set), for a symbol a €
SM (R?") with respect to m, p is defined as

Char(a) = Chary,,(a) = Chariw (a) U Charﬁw (a) U Charfn,y (a).

In the next Definition 5.12 we introduce different classes of cutoff functions (see
also Definition 1.9 in [14]).

Definition 5.12. Let X € R" be open, I = R"\{0} be an open cone, xo € X and &y € T.
(1) A smooth function @ on R" is called a cutoff (function) with respect to xo and X,
if0< ¢ <1,¢eCP(X)and @ = 1inan open neighbourhood of xo. The set of
cutoffs with respect to xo and X is denoted by €x,(X) or €x,.
(2) A smooth function 1 on R" is called a directional cutoff (function) with respect to
Eo and T, if there is a constant R > 0 and open conical neighbourhood I't < T of
&o such that the following is true:
<t < landsupp () < T;
( E) =y(&) whent = 1and |E| =
(&) =1when & ey and |E] = R
The set of directional cutoffs with respect to &g and I is denoted by %gir(l") or Cég)ir.

Remark 5.13. Let X < R" be open and T, T1,T, < R™\0 be open cones. Then the
following is true.
(1) ifxoe X, & el, peCy(X)and e ‘5;“(1"), then c1 = @ ® P belongs to
SO0(IR?"), and is type-1 invertible at (xo, &o);
(2) ifxg €T, & € X, ¢ € C€I(T) and ¢ € €5,(X), then c; = ¢ ® Y belongs to
SO0(IR?"), and is type-2 invertible at (xo, &o);
(3) ifxo S I“l, (SO € FQ, 17[11 € %x%ir(l”l) and I]lJz € %g}ir(l”2), then C3 = l,bl ® 4)2 belongs
to SOO(R2"), and is type-3 invertible at (xo, &o).

We can now introduce the wave-front sets.

Definition 5.14. Let k € {1,2,3}, O be as in (5.11), and let B be a Banach or Fréchet
space such that S(R") € 8 < S'(R").

(1) The point (xo, o) € Q is called type-k regqular for f with respect to B, if
(5.12) Op(ci)f € B,

for some ¢ in Remark 5.13, k = 1,2,3. The set of all type-k regular points for f
with respect to B, is denoted by O%(f).

(2) The type-k wave-front set of f € S'(IR") with respect to B is the complement of
®X(f) in Qu, and is denoted by WFy(f);

(3) The global wave-front set WFEg(f) < (R" x R")\0 is the set

WFs(f) = WF(f) | JWFL(f) | WF,(f)
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The sets WFy(f), WF(f) and WF% (f) in Definition 5.14, are also called the local,
Fourier-local and oscillating wave-front set of f with respect to 8.

Remark 5.15. In the special case when B = H"?(R"), r,0 € R, we write WF’,‘/ 0( ),
k = 1,2,3. In this situation, WF, ,(f) = WF}Q(f)UWFf@(f) UWF‘:’O(f) coincides
with the scattering wave front set of f € S'(R") introduced by Melrose [27]. In the case
when B = S(R"), WEg(f) coincides with the S-wave-front set considered in [17] (see
also [34]).

The next result describes the relation between “regularity with respect to 8" of
temperate distributions and global wave-front sets.

Proposition 5.16. Let B be SG-admissible, and let f € S'(R?). Then
feB < WFg(f)=d.

Theorem 5.17 here below extends the analogous resultin [16] to the more general
case of a classical, SG-hyperbolic involutive operator L of Levi type, and the one in
[37] to the global wave-front sets introduced above. Itis a consequence of Theorem
5.6 and of Theorem 5.17 in [16].

Theorem 5.17. Let L in (5.1) be a classical, SG-hyperbolic, involutive operator of Levi
type, that is, of the type considered in Proposition 5.3 with SG-classical coefficients, of the
form (5.3). Let gy € S'(R"), k = 0,..., m—1, and assume that the m-tuple (By, . .., Bu_1)
consists of SG-admissible spaces. Also assume that the SG-admissible space C is such that
(B, C), k=0,...,m —1, are weakly-I SG-ordered pairs with respect to

k—jk—jo 9 @), k=0,....m—1,j=0,...,k,ae M.

Then, for the solution u(t,s) of the Cauchy problem (5.1) with f = 0, (t,5) € Ar,
se[0,T'), we find

(513)  WFh(u UU U U ) (WFy (80)°™, k=1,2,3,

j=1 aeMm! tieA, (T)t’ 0
T ty=tt;=

where V% for V. < (), is the smallest k-conical subset of (y which includes V, k €
{1,2,3} and ®,(t;) is the canonical transformation of T*IR" into itself generated by the
parameter-dependent SG-classical phase functions ¢ (t;) € Py, a € M;f, tj e A(T),
to=ttj=s,j=1,...,m, appearing in (5.10).

Proof. We prove (5.13) only for the case k = 3, since the arguments for the cases
k = 1and k = 2 are analogous. Let

wae(1N N ﬁ [03(@4 (&) (WES, (1)) ™.

=1 aeM tjea;(T") ¢
t[) ft =s

Then, by (5.10) and [16, Theorem 5.17], in view of (5.8) and the hypotheses on C,
B, k=0,. — 1, there exists c; € S°0, type-3 invertible at (xo, &), such that
Op(c3)(W, (t s) Gy eC,a eMj.,j: 1,...,m

In fact, for the terms such that a € MJ{, this follows by a direct application of
Theorem 5.17 in [16]. For the terms with « € M;f, j=2,...,m, we first observe that

we can bring Op(c3) within the iterated integrals analogous to those appearing in
(4.11). Then, in view of the hypothesis on (xo, &y), again by Theorem 5.17 in [16]
and the properties of the operators W, in (5.10), the integrand belongs to C for
any t;, j = 2,...,m, in the integration domain. In view of the smooth dependence
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on t;, the iterated integral belongs to C as well. Since the right-hand side of (5.10)
is a finite sum, modulo a term in S, we conclude that Op(cs)(u(t,s)) € C, which
implies (xo, &) ¢ WF%(u(t,s)) and proves the claim. O

Remark 5.18. (1) We recall that the canonical transformation generated by an arbi-
trary regular phase function ¢ € P, is defined by the relations

y=g:(x,n) =gnx,n),

x, &) = Dy(y, —

(5.8) = @y (1) ot

(2) Assume that the hypotheses of Theorem 5.17 hold true. Then WF’é(u(t,s)), (t,5) €
A7, k = 1,2,3, consists of unions of arcs of bicharacteristics, generated by the
phase functions appearing in (5.10) and emanating from points belonging to
Wng(gk),k =0,...,m—1,cf [17,29,37].

(3) The hypotheses on the spaces By, k = 0,...,m — 1, C, are authomatically fulfilled
for B, = H+m-1-ketm=1-k(Rm) ¢ = H(R"), ,0e R, k =0,...,m — 1.
That is, the results in Theorem 5.17 and in point 2 above hold true, in particular,
for the WFlr‘,o(u(t, s)) wave-front sets, r,0€ R, k=1,2,3.

(4) A result similar to Theorem 5.17 holds true for the solution U(t,s) of the system
(4.1) when F = 0 and A and R are matrices of SG-classical operators.

6. StocHasTic CAUCHY PROBLEMS FOR WEAKLY SG-HYPERBOLIC LINEAR OPERATORS

This section is devoted to the proof of the existence of random-field solutions of
a stochastic PDE of the form

(6.1) L(t,Dy; x, Dy)u(t, x) = y(t,x) + a(t,x)E(t,x),

associated with the initial conditions D’t‘u(O, x) = g(x), k=0,...,m—1, for a
SG-involutive operator L, where y and o are suitable real-valued functions, = is
a random noise, described below, and u is an unknown stochastic process called
solution of the SPDE.

Since the sample paths of the solution u are, in general, not in the domain of the
operator L, in view of the singularity of the random noise, we rewrite (6.1) in its
corresponding integral (i.e., weak) form and look for mild solutions of (6.1), that is,
stochastic processes u(t, x) satisfying
(6.2)

t t
u(t,x) = vo(t,x)—kf J A(t, s, x,y)y(s, y)dyds—kj J Alt,s,x,y)o(s, y)E(s, y)dyds,
0 n 0 JRr"

where A is a suitable distribution, associated with the fundamental solution of
the operator L, and in (6.2) we adopted the usual abuse of notation involving
distributional integrals.

Based on the results of the previous Section 5, and on the analysis in [4], we
can show that (6.2) has a meaning, and we call it the solution of (6.1) with the
associated initial conditions.

6.1. Stochastic integration with respect to a martingale measure. We recall here
the definition of stochastic integral with respect to a martingale measure, using
material coming from [4], to which we refer the reader for further details. Let us
consider a distribution-valued Gaussian process {E(¢); ¢ € Cy(R; x R")} on a
complete probability space (€3,.#,P), with mean zero and covariance functional
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given by
(6.3) E[E(¢)E(¢ f J t)) (x) T(dx)dt,

where &(t,x) = Y(t, —x), = is the convolution operator and I is a nonnegative,
nonnegative definite, tempered measure on R”. Then [35, Chapter VII, Théoreme
XVIII] implies that there exists a nonnegative tempered measure u on R" such that
F 1 = u =T. By Parseval’s identity, the right-hand side of (6.3) can be rewritten as

=
E[E(¢
[E(

[I]

J [FoWNE) - TFPDIE) u(d)at

The tempered measure I' is usually called correlation measure. The tempered mea-
sure u such that ' = [i is usually called spectral measure.

In this section we consider the SPDE (6.1) and its mild solution (6.2): this is the
way in which we understand (6.1); we provide conditions to show that each term
on the right-hand side of (6.2) is meaningful.

In fact, we call (mild) random-field solution to (6.1) an L*(Q)-family of random vari-
ables u(t, x), (t,x) € [0, T] x R", jointly measurable, satisfying the stochastic integral
equation (6.2).

To give a precise meaning to the stochastic integral in (6.2) we define

(6.4) J J” (t,5,%,y)0(s, y)E(s, y)dsdy —J Alt,s,x,y)o(s, y)M(ds,dy),

where, on the right-hand side, we have a stochastic integral with respect to the
martingale measure M related to E. As explained in [22], by approximating indica-
tor functions with Cj°-functions, the process Z can indeed be extended to a worthy
martingale measure M = (M;(A); t e Ry, A € %,(R")), where %,(R") denotes the
bounded Borel subsets of R”. The natural filtration generated by this martingale
measure will be denoted in the sequel by (.%;);>0. The stochastic integral with
respect to the martingale measure M of stochastic processes f and g, indexed by
(t,x) € [0,T] x R" and satisfying suitable conditions, is constructed by steps (see
[9, 21, 38]), starting from the class & of simple processes, and making use of the
pre-inner product (defined for suitable f, g)

{f, 80 = [ f f (x) (dx)ds]
= fo fR (FFS))E) ~W#(d£)ds],

with corresponding semi-norm | - |o, as follows.

(1) For a simple process g(t, x; w) = Z] 1101 (D)14;(x)Xj(w) € & (withm € N,
0<a <b <T, A € %([R"), X; bounded, Za;-measurable random
variable, 1 < j < n) the stochastic integral with respect to M is given by

(6.5

(g . M)t = Z (MM;J/(A]') — Mt/\u]’(Aj>)Xj/
j=1

where x A y := min{x, y}. One can show, by applying the definition, that
for all g € & the following fundamental isometry is valid:

(6.6) E[(g-M)7] = [g]3-



CAUCHY PROBLEMS FOR HYPERBOLIC OPERATORS ON R" 25

(2) Since the pre-inner product (6.5) is well-defined on elements of &, if now
we define Py as the completion of & with respect to (-, -)o, then, for all the
elements g of the Hilbert space Py, we can construct the stochastic integral
with respect to M as an L?(Q)-limit of simple processes via the isometry
(6.6). So, Py turns out to be the space of all integrable processes (with respect
to M). Moreover, by Lemma 2.2 in [32] we know that Py = L% ([0, T} xQ, H),
where here L}%(. ..) stands for the predictable stochastic processes in L?(...)
and H is the Hilbert space which is obtained by completing the Schwartz
functions with respect to the inner product {:,-). Thus, Py consists of
predictable processes which may contain tempered distributions in the
x-argument (whose Fourier transforms are functions, IP-almost surely).

Now, to give a meaning to the integral (6.4), we need to impose conditions on
the distribution A and on the coefficient o such that Ac € Py. In [6], sufficient
conditions for the existence of the integral on the right-hand side of (6.4) have been
given, in the case that o depends on the spatial argument y, assuming that the
spatial Fourier transform of the function ¢ is a complex-valued measure with finite
total variation. Namely, we assume that, for all s € [0, T],

[Fo(,s)| = [Fol-,9)|(R") = sup Y [Fo(-)|(A4) < o0,
T Aem
where 7t is any partition on R” into measurable sets A, and the supremum is taken
over all such partitions. Let, in the sequel, vs := Fo(-,s), and let |v|w denote its
total variation. We summarize all these conditions in the following theorem; for
its proof, see [6, Theorem 2.6].

Theorem 6.1. Let At be the simplex given by 0 < t < Tand 0 < s < t. Let, for
(t,5,x) € Ar xR", A(t, s, x) be a deterministic function with values in §'(R") o, the space
of rapidly decreasing temperate distributions, and let o be a function in L*([0, T], C,(IR")).
Assume that:
(A1) the function (t,s,x,&) — [FA(t,s,x)]|(E) is measurable, the function s —
Fo(s) = vs € L*([0, T], My(R")), and, moreover,

T
67) [} (sup [ 175,006 + mPutde) ) s < o

0 neRr” R
(A2) A and o areasin (Al) and

T
lim (sup L{" sup |[F(A(t,s,x) — A(t,1,x))](E + T])Zy(dé)> [vs|? ds = 0.

hl0 Jo ner” (s,s+h)
Then Ao € Py, so the stochastic integral on the right-hand side of (6.4) is well-defined and

t
Bl 3o ) M7 < [ (sup [ 788 1€ + mPutde) ) v .
neRr JRY

The reason for the assumption that A(f) € S'(R")y is that, in this case, the
Fourier transform in the second spatial argument is a smooth function of slow
growth and the convolution of such a distribution with any other distribution in
S'(R") is well-defined, see [35, Chapter VII, Section 5]. A necessary and sufficient
condition for T € 8'(R"), is that each regularization of T with a Cj°-function is a
Schwartz function. This is true in our application, due to next Proposition 6.2 and
the fact that the Fourier transform is a bijection on the Schwartz functions.

Proposition 6.2. Let A = Op,,(a) be a SG Fourier integral operator, with symbol a &
S™H(R?Y), (m, ) € R?, and phase function ¢. Let K4 denote its Schwartz kernel. Then,
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the Fourier transform with respect to the second argument of K, ¥..,Ka(x, -), is given
by
(6.8) T'_)T’KA (x, ') = el({)(x,_rl)a(x/ _T])'

In the next subsection we will apply Theorem 6.1, Proposition 6.2 and the theory
developed in the previous sections to prove the existence of random-field solutions
for stochastic PDEs associated with a SG-involutive operator.

6.2. Random field solutions of stochastic linear SG-involutive equations. We
conclude the paper with our third main result.

Theorem 6.3. Let us consider the Cauchy problem

69) L(t, Dy x, 0y )u(t,x) = y(t,x) + o(t, x) (t,x), te][0,T],xeR",
' DFu(0,x) = gk(x), k=0,...,m—1,xeR",

for a SPDE associated with a SG-involutive operator L of the type (1.2), m € IN, of
Levi type, that is, satisfying (5.3). Assume also, for the initial conditions, that g €
HrtmokLetm k=R, 0 < k < m — 1, with z € Rand C > n/2. Consider a Gaussian
noise B of the type described in Subsectzon 6.1, with associated spectral measure such that

(6.10) pu(dé) < o

R
Finally, assume that y € C([0, T]; H**(R")), o € C([0, T], H**(R")), and s — Fo(s) =
vs € L2([0, T], Mp(IR™)).

Then, for some T' € (0, T], there exists a random-field solution u of (6.9). Moreover,
E[u] € C([0, T'], H**(R™)).

Proof. The operator L is of the form considered in Section 5, and by Theorem 5.6
we know that the solution to (6.9) is formally given by (5.10), that is

(6.11) = Y Eoa(t,0)Gy + )| Emts )f(s)ds, tel0,T'],

aeM aeMy,—q

where M = U?:o M with M the permutations of k elements of the set {1,...,m},
and where Eg,(t,s), @« € M, (t,s) € Ar are (modulo elements with kernels in
C*(Ar/;8)) suitable linear combinations of parameter-dependent families of iter-
ated integrals of regular SG FIOs, with phase functions given by (sorted) sharp
products of solutions to the eikonal equations associated with the characteristic
roots of L, and matrix-valued symbols in S(*?) determined again through the char-
acteristic roots of L. Let us insert now f(t,x) = y(t,x) + o(t,x)E(t,x) in (6.11), so
that, formally,

(6.12)

u(t,x) = vo(t, x) + ff A(t,s,x,1)v(s,y) dyds+J-J A(t,s,x,y)a(s, y)2(s, y) dyds
=vo(t,x) + v1(t, x) + va2(t, x),

In (6.12), A(t,s,x,y) is the kernel of the finite sum ZaeMm_] Egu(t,s), that is, A is
(modulo an element of C*(Ar/;8)) a linear combination of (iterated integrals of)
kernels of parameter-dependent FIOs with symbols of order (0, 0). We have already
observed (see the last lines of the proof of Theorem 5.6) that vy € C([0, T'], H*).
Since, by assumption, ¢ > 3, vp produces a function which is continuous and 12

with respect to x € R" and ¢ € [0, T'], respectively. We have that

V(t,x) e [0,T] x R", vo(t, x) is finite.
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Since all the operators Eg,(t,s) in (6.11) are linear and continuous from H* to
itself, and y € C([0, T'], H**), the first integral in (6.12) certainly makes sense, and
also v; € C([0, T'], H**). This gives:

V(t,x) € [0,T] x R", vi(t,x) is finite.

Let us now focus on the term v,. We can rewrite it as

(613) 6 = [ [ A% y)ots, M, ay),

where M is the martingale measure associated with the stochastic noise E, as
defined in Section 6.1. By Proposition 6.2 we then find

(6.14) [Fpon At 5,5, N < Coa® = Co,

where C;; can be chosen to be continuous in s and ¢, since A differs by an element of
C*®(A1/,S) from the kernel of a linear combination of (iterated integrals of) kernels
of (parameter-dependent) SG FIOs with symbol in C(ar/, S®?). Using (6.14), we
get that condition (A1) in Theorem 6.1 is satisfied if

t t
| (sup [FonAC5,%, )]0+ a>|2u<dn>> veds s [ s [ utin) <.
0 \zerr Jr 0 R
In view of the assumptions on ¢, we conclude that assumption (A1) holds true as
long as (6.10) does. To check the continuity condition (A2) in Theorem 6.1, since A
is regular with respect to s and ¢, it suffices to show that

(6.15) sup |F(A(t,s,x) — At,7,x)(E+1)]* < tsh’
re(s,s+h)

with G5 — 0ash — 0and Cisy < Cp forevery h e [0,f —s], (£,5) € Ar.

Indeed, if (6.15) holds, then (A2) holds via Lebesgue’s Dominated Convergence
Theorem, in view of assumption (6.10), the fact that |v5|2, € L'[0, T], and C; < Cr,.

Then, it only remains to show that (6.15) holds true. But this follows from the
fact that the function s — FA(t, s, -) () is, by (6.14), uniformly continuous on [0, ¢]
with values in the Fréchet space S°(R*"), endowed with the norm

la—bl| = i 1 tete
202 1+ Ja—b],"
so its modulus of continuity,

wish) = sup [[(FA(s,) () — FA®LL ) ()]
re(s,s+h)

tends to 0 as h — 0. For more details see [4]. The argument above shows that we

can apply Theorem 6.1 to get that v, is well-defined as a stochastic integral with

respect to the martingale measure canonically associated with E.

Summing up, the random-field solution u(t, x) in (6.12) makes sense: its deter-
ministic part is well-defined for every (¢, x) € [0, T] and its stochastic part makes
sense as a stochastic integral with respect to a martingale measure.

The regularity claim E[u] € C([0, T'], H**(R")) follows from the regularity prop-
erties of the Eg,, of y and of the Cauchy data, taking expectation on both sides of
(6.12), and recalling the fact that the expected value E[v;] of the stochastic integral
is zero, being = a Gaussian process with mean zero. It follows that the regularity of
E[u] is the same as the one of the solution of the associated deterministic Cauchy
problem.

O
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Remark 6.4. One could say that the random-field solution u of (6.9) found in Theorem
6.3 “is unique” in the following sense. First, when o = 0, it reduces to the unique solution
of the deterministic Cauchy problem (5.1), with f = y and s = 0. Moreover, by linearity,
if uy and uy are two solutions of the linear Cauchy problem (6.9), u = uy — uy satisfies the
deterministic equation Lu = 0 with trivial initial conditions, and such Cauchy problem
admits in S’ only the trivial solution. The latter follows immediately by the S’ well-
posedness (with loss of smoothness and decay) of the Cauchy problem for the homogeneous
deterministic linear equation Lu = O proved in Theorem 5.6.
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