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POLYNOMIAL APPROXIMATION WITH POLLACZECK-LAGUERRE WEIGHTS ON
THE REAL SEMIAXIS. A SURVEY

G. MASTROIANNI, G. V. MILOVANOVIC AND I. NOTARANGELO

ABSTRACT. The paper summarizes recent results on weighted polynomial approximation for functions
defined on the real semiaxis, which can grow exponentially both at 0 and at +oo: orthogonal polynomials,
polynomial inequalities, function spaces with new moduli of smoothness, estimates for the best approxima-

tion, Gaussian rules and Lagrange interpolation with respect to the weight w(z) = x”e’zia’zﬂ

Keywords: orthogonal polynomials, weighted polynomial approximation, polynomial inequalities,
Gaussian quadrature rules, Lagrange interpolation, Pollaczeck—Laguerre exponential weights.

MCS classification (2000): 41A05, 41A10, 41A17, 41A25, 65D05, 65D32.

1. INTRODUCTION

This paper is a short survey on weighted polynomial approximation of functions defined
on the real semiaxis, which can grow exponentially both at 0 and at +o00. As far as we know,
this topic has received attention in the literature only recently (see [12, 13, 14, 15, 16]).

To this aim we consider weight functions of the form

(1.1) w(z) =ave ™™ " a>0,>1~v>0, z € (0,4+00).

Even if w can be seen as a combination of a Pollaczeck-type weight e=* * and a Laguerre-

type weight x‘*e‘xﬁ, one cannot investigate the problem reducing it to a combination of a
Pollaczeck-type case (on [0, 1], say) and a Laguerre-type case (on [1,+00)).

We are going to present the main results concerning orthogonal polynomials, polynomial
inequalities, function spaces with new moduli of smoothness, estimates for the best poly-
nomial approximation with respect to the weight w. We will also show due attention to
Gaussian rules and Lagrange interpolation in weighted L? norm. The behaviour of the re-
lated Fourier sums and their discrete version, the Lagrange polynomials, in L” norms remain
an open problem.

In the sequel ¢, C will stand for positive constants which can assume different values in each
formula and we shall write C # C(a,b,...), when C is independent of a,b,.... Furthermore
A ~ B will mean that if A and B are positive quantities depending on some parameters, then
there exists a positive constant C independent of these parameters such that (4/B)* < C.
Finally, we will denote by IP,, the set of all algebraic polynomials of degree at most m. As
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2 G. MASTROIANNI, G. V. MILOVANOVIC AND I. NOTARANGELO

usual N, Z, R, will stand for the sets of all natural, integer, real numbers, while Z* and R*
denote the sets of positive integer and positive real numbers, respectively.

2. ORTHOGONAL POLYNOMIALS

First of all we note that the weight w, defined by (1.1), can be reduced to a weight
belonging to the class F(C?+), introduced by Levin and Lubinsky in [7, pp. 7-8], by using a
linear transformation. Let us recall the definition of this class for the reader’s convenience.

Let I = (¢,d) be an interval, with —oco < ¢ < 0 < d < 400, and o : I € R be a weight
function, with o =79, Q : I € [0, +00), satisfying the following properties:

(i) @ is continuous in I and Q(0) = 0;

(ii) Q" exists and is positive in I\ {0};

(iii) limg e+ Q(x) = lim, - Q(x) = o0;

(iv) the function

/
Q(z)

is quasi-decreasing in (¢, 0) and quasi-increasing in (0, d), with

T(x)>A>1, xel\{0};

z e I'\{0},

(v) there exist C,Cy > 0 and a compact subinterval J C I, such that

Ol) o Q@ ven\{o},

Q' (z)] —  Qz)
and
Q" (z) Q' (2)]
|Q’(x)|202 0@) ae. xel\J.

Then we say o € F(C?+).
With the previous notation, we can state next lemma.

Lemma 1. (see [16, pp. 817-818]). Letting w be the weight in (1.1), there exists a A > 0
such that the weight w defined as

ﬁj(y) = eiQ(y) ) Yy € (_)‘7 +OO) )
with

_ 1 5_ Yo _\B
Qy) = (y+/\)a+(y+k) vlog(y +A) — A AN+ log(N),

belongs to the class F(C?*+).

So, w(y) = Cw(y + \), where X is the unique positive zero of ¢'(z) = —ax="1 + Baf~1 —
~vx~1. Then we can deduce the properties of the orthogonal polynomials w.r.t. our weight
w from the results obtained by Levin and Lubinsky, using the inverse transformation.
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The Mhaskar-Rakhmanov-Saff (MRS) numbers related to w(z) = e 9@ with q(z) =
1% + 27 — ylog(z), are e, = &, (w) and a, = a,(w), are defined by

ot aw)
ﬂ/& V@ — @ -2

1 q(x) e
’ W/eT V(=) (x — &)

Proposition 2. (see [16, pp. 820] and [7, p. 13]).For 7 > 0, €, is a decreasing function and
a, is an increasing function of T, and

and

lim ¢, =0, lim a, = +o0,
T—+00 T—+00
with
T
(2.1) Er ~ <@>
-
and
(2.2) ay ~ 148

Let us denote by {pm,(w)}men the sequence of the orthonormal polynomials defined by
Pm(w, ) = Ypa™ + lower degree terms, Ym = Ym(w) >0,

and .
/ P (W, ) pp(w, z)w(z) dr = Oy, -
0

The zeros of p,(w) lie in the MRS interval associated with y/w. So, here and in the rest of
the paper, we use the notation e, = ¢, (yv/w) and a, = a,(y/w), taking into account that, by
definition, &,(y/w) = ey,(w) and a,(y/w) = az,(w). The next proposition provides further
information concerning the distribution of these zeros.

Proposition 3. (see [11, pp. 1656-1657] and [7, pp. 312-324]). The zeros of p,(w) are
located as
Em < T <X < - < Ty, < Qs

with
1)
a 3\ 2a 2(2a+3\(1_ 1
T1— Em ~ O, N mn Nm_3(22+1><1 2[3)7
m
and L,
Ay — Ty ™~ amm_2/3 ~m# 3

113 J.

where the constants in “~” are independent of m.
The distance between two consecutive zeros Axy = 11 — xp can be estimated by

Azy ~ VU, (zk) , k=1,....m—1,
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where
Am Tk,

m/ (@, — ) (am — k)

and the constants in “~7 are independent of k and m.

\Ijm(xk) =

Now, letting 6 € (0, 1) be fixed, we define two indexes j; = ji(m) and js = ja(m) as

(2.3) ), 1%63%}5” {zrp © o <epn} and zy, IISIIl;SIlm {z, + x> agn}
For the sake of completeness, if {z; : xp < egn} or {xy : xp > ag,} are empty, we set
Tj, = Ty OF Tj, = Ty, respectively.

From Proposition 3, it follows that

am

m vV Lk k’:jl,...,jQ.

Al’k ~
Let

A (10,) = (Z_pmw,w))

be the mth Christoffel function and
k(W) = A (w, ) k=1,...,m,
be the Christoffel numbers related to w.
Proposition 4. (see [7, p. 257]). We have
Am(w, ) ~ U, (2)w(z), T € [Em,am],
where V,, 1s given by
B A, T
B mA/ (T — em + 0n) (@ — T + apym—2/3)
and the constants in are independent of m.
In particular, for 6 € (0,1), we get

@ »
Y

A (W, ) ~ mﬁw(z) , T € [Egm, gm]

m
From the numerical point of view, in order to compute the zeros of p,,(w) and the
Christoffel numbers, we use a procedure given in [14] and the MATHEMATICA package
OrthogonalPolynomials (cf. [3] and [18]), which is freely downloadable from the Web

Site: http://www.mi.sanu.ac.rs/~gvm/.

For the sake of brevity we omit the description of the numerical procedures for the com-
putation of the zeros of p,,(w), the Christoffel numbers and the Mhaskar-Rahmanov-Saff
numbers ¢,, and a,,. The interested reader can find all the details about these procedures
in [14, pp. 1676-1680] (cf. [15]).

The following estimates are crucial tools in order to study the convergence of several
approximation processes.
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Proposition 5. (see [7, pp. 325 and 360]). We have
sup [ (w, 2)| V/w(@) V| (am — 2)(z — )| ~ 1,

x€(0,+00)
sup[pyn (w,2)| /() ~ mb () (552
z€(0,+00)

and

~ Az (am — ) (2 — 1)

1
|Pr (w, k)| v/ w ()

where the constants in “~”" are independent of m.

Proposition 6. (cfr. [7, p. 25]). For the leading coefficient of p,,(w) we have

m = \/12_7r (am j— 6m>m+é P (i /a:m \/(am _qux —&m) d:c) (1o,

where q(x) = 3 (;E_‘" + 27 — ylog .:1:)

3. POLYNOMIAL INEQUALITIES
Letting w be given by (1.1), x € R, we introduce the weight function
(3.1) u(r) = 2’ Jw(x), JER.

In the sequel, by a slight abuse of notation, we denote by || - ||, the quasinorm of the
LP-spaces for 0 < p < 1, defined in the usual way.

Lemma 7. (see [16, p. 809]). Let 6 € R and n = m + [|d|]. For any P,, € P, with
0 < p < oo, we have

||Pmu||p <C “PmuHLP[an,an] )

where C # C(m, P,,), and €, a, are defined by (2.1) and (2.2).
On the other hand, for any s > 1, we have

||Pmu||Lp(R+\[55m7asm]) S Ce_cmu ||Pmu||p I

where

1 2a

and C and c are independent of m and P,,.

For the rest of the paper, let
p(z) = V.

Next lemma has interest in itself and gives rise to a useful procedure for proving polynomial
inequalities.
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Lemma 8. (see [16, p. 809]). For a sufficiently large m (say m > myg), there exists a
polynomial Ry, € Py, with { a fixed integer, such that

Ry () ~ w(x)

and

IR, (2)] () < C—=

w(z)

B

for x € len, an], where e, = e (w) and ay, = ap(w) are defined by (2.1) and (2.2). The

114 ”

constants in “~” and C are independent of m.

By Lemmas 7 and 8 we reduce the problem of the polynomial inequalities related to the
weight v on (0, +00), to analogous inequalities on bounded intervals with Jacobi weights. In
fact, we get:

Theorem 9. (see [10, p. 810]). Let 0 < p < oo. Then, for any P, € P,,, we have

m
/
(3.3) 1Py pull, < C—m | P ],
and
m
(3.4) 1Py, ull, <C [ P il

where C # C(m, Py,) .

We want to emphasize that the presence of the algebraic factor z° in the definition of u
allows us to iterate the Bernstein inequality (3.3) as follows

Pgl, < (=) 1R,

m

for 1 <reZ.
Also, the factor

2a+2

z 45t

m m a—+1 m 2a+1

vgmamN (\/am> a <\/am> ‘

in the Markoff inequality (3.4) is smaller than the one appearing in the analogous inequality

(see [17])

2
m
=) 1Bl

m

Hﬂwmuéc(

with the generalized Laguerre weight wg(z) = e~ on (0, +00). Whereas, the factors of the
Bernstein inequalities for the weights « and wg are the same.

Using standard arguments, the Markoff inequality (3.4) can be deduced from the Bernstein
inequality (3.3) and the Schur inequality stated in the following theorem.
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Theorem 10. (see [16, p. 810]). Let 0 < p < co. Then, for any P, € P,,, we have

)
m \ a2
=) P,

m

Pl <

where vs(z) = 2° and C # C(m, B,,).

In analogy with the Bernstein and Markoff inequalities, we give two versions of the Nikolskii
inequality.

Theorem 11. (see [16, p. 810]). Let 0 < p < g < oo. Then, for any P, € P,,, we get

L m \#
(3.5) HPm ol <C <\/?) [P taf],
and
m o\
(5:6) P, <€ (=) 1P,

where C # C(m, P,,).
In analogy with different weighted polynomial inequalities, the factor m/\/g,,a,, in the
second Nikolskii inequality is the same as the one appearing in the Markoff inequality.
4. FUNCTION SPACES, K-FUNCTIONALS AND MODULI OF SMOOTHNESS

Let us now define some function spaces related to the weight u (see [13, pp. 168-172]).
By LP 1 < p < oo, we denote the set of all measurable functions f such that

—+o0 1/10
Hfungzuqup:(/o IfUIp(w)dw> <o,

while, for p = 0o, by a slight abuse of notation, we set
LY =0C, = {f € C°(0,+00) : lim f(x)u(z) =0= lim f(x)u(m)}
z—071 T—r+00

with the norm

[fllzee == [full o = sup  [f(z)ulz)] .

2€(0,+00)

For smoother functions we introduce the Sobolev-type spaces
Wr(u) = {feLb: f'=V e AC(0,+00), [/ ull, < oo},

where 1 <p < oo, 1 <reZ, ¢(r):=+/rand AC(0,+00) denotes the set of all absolutely
continuous functions on (0,400). We equip these spaces with the norm

1wz = I fully + 1F e ull,.
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To characterize some subspaces of L?, we introduce the following moduli of smoothness.
Let us consider the intervals

_ [z1/(a+1/2) C
Ih(c) - |:h 7h1/(5_1/2)j| y

with a and 8 in (3.1), h > 0 sufficiently small, and ¢ > 1 an arbitrary but fixed constant.
For any f € LP, 1 <p < oo, r > 1 and t > 0 sufficiently small (say ¢t < t;), we set
Bl D = 500 |85, (1) vl oz, oy -

where
r - if T .
o @) = SV () ot = i) (o) = V.
i=0
Moreover, we introduce the following K-functional
K(f,t")u,= inf { —g)ull, + "¢ u }
(fst )up ot 1(f = g)ull, + " lg" ¢ ull,
and its main part
I?,t’"u:su inf { —qg)u + A lg o ul| 1o C}.
(= sp int {0 = 0) gz o)+ 0 o
The main part of the K —functional is equivalent to the main part of the previous modulus
of smoothness, as the following lemma shows.
Lemma 12. (see [13, p. 171]). Let r > 1 and 0 < t < toy for some to < 1. Then, for any
felr 1<p<oo, we have

Q;(fv t)u,p ~ [A{V(Lﬂ tr)u,p
are independent of f and t.

»

where the constants in “~
Then we define the complete rth modulus of smoothness by
wo(fsup = Qu(f Dup + qeiﬂl}f_l I(f = a) U||Lp(07t1/(a+1/2)]

. N (G L PRI

with ¢ > 1 a fixed constant. We emphasize that the behaviour of w;( f,t)u,p is independent
of the constant ¢. Moreover, the following lemma shows that this modulus of smoothness is
equivalent to the K-functional.

Lemma 13. (see [13, p. 172]). Let r > 1 and 0 < t < ty for some ty < 1. Then, for any
felr 1<p<oo, wehave

w;(fa t)u,p ~ K(f, tr)u,p )
are independent of f and t.

»

where the constants in “~
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By means of the main part of the modulus of smoothness, for 1 < p < oo, we can define
the Zygmund-type spaces

QL(f, D
Zf(u)z{fELﬁ: supM<oo, r>s},
>0 t*
s € R, with the norm
QS Du,
£l zzy = 1fll g + sup ===,
>0 t

We remark that, in the definition of Z?(u), the main part of the rth modulus of smoothness
Q7(f,t)up can be replaced by the complete modulus w](f,t)u,, as can be deduced from
Theorem 5.1 in next section.

5. WEIGHTED APPROXIMATION AND EMBEDDING THEOREMS

5.1. Estimates for the best weighted approximation. Let us denote by
Em(f)u,p: (f_P)qu

the error of best polynomial approximation of a function f € LP, 1 < p < co. The following
Jackson, weak Jackson and Stechkin inequalities hold true.

inf ||
PEP,,

Theorem 14. (see [13, p. 173]). For any f € L?, 1 <p < o0, and m > r > 1, we have

6.1) Bl Dup < € (1,002

u7p

and, assuming QU (f,t)upt™" € L'0,1],

Vam

T Q0 (f )

Em(f)u,pgc/ Mdt, r<m.
0

Finally for any f € LP, 1 < p < oo, we get

() e () B

m -
=0

)

In any case C is independent of m and f.

In particular, for any f € WP(u), 1 < p < +o0, we obtain

Am ' T), AT
(5.3) En(f),, <C (Vm ) 1Ol CACm £,
Whereas, for any f € ZP(u), 1 < p < 400, we get

\V m ° O D)
sup go(f ) P ’
m >0 ts

r>s, C#C(m,f).
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From (5.1), (5.2) and (5.4), we deduce the following equivalences

lim w, ( f, —V“’”) =0 & lim E,, (f)up =0
m m m
u7p

and .
Qq;(f: t)u,p
tS

~ Ll sup (%) Enlf)un

5.2. Embedding theorems. Now, using Theorem 14, the dyadic decomposition, the Nikol-
skii inequalities (3.5) and (3.6), we can prove some embedding theorems, connecting different
subspaces of LP.

Theorem 15. (see [12, p. 159]). For any f € L, 1 < p < oo, such that

1 r
/ —Qw(f’ Dy dt < oo,
0

ti+n/p

[ fullp + sup
t>0

for 1 <p<oocandr>s.

where n = (2a+2)/(2a + 1), we have

Jam
T (s Dup
Em(f)uoo<c/ t1+—n/pdt’

r Qm QT ftup
Q@(f >m<c/ —

L)
p\JrY)u,p
Ifulle < ¢ {lpaly+ [ Epe arf,

where C depends only on r.

and

In the following theorem, we replace n/p by 1/p.
Theorem 16. (see [12, pp. 159-160]). For any f € L2, 1 < p < oo, such that

LQL(f,t)

[%2] Y u,p
/(; W dt < oo,
we have -
Qo ) up
En(f)stirume < C/ tH—l/pd
r A, QT f t u,p
Q@ (f m > . < C/ t1+1/17 dt
and

D, D
A R

where C depends only on r.
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From Theorem 16 we can easily deduce the following corollary, useful in several contexts.

Corollary 17. (see [12, p. 160]). If f € L2, 1 < p < o0, is such that

1 r
/ —Q“O(f’ Dy dt < o0,
0

tl—}—l/p

then f is continuous on (0, +00).

6. QUADRATURE RULES AND LAGRANGE INTERPOLATION

Here we are going to show a slight extension of the results proved [11] for v = 0.

6.1. Gaussian formulas. The Gaussian rule related to the weight w(x) = gree e’

be defined by the equality

+o0o
(6.1) / Papa( dx—Z)\k ) Po—1 (1)
0

can

where z;, are the zeros of p,,(w), \x(w) are the Chrlstoffel numbers, which holds for any
polynomial P, 1 € Py,,_1.
Thus the error of the Gaussian rule for any continuous function f is given by
+oo

em (f) = fla dx—Z)\k

0
Let us consider the weight
(6.2) o(z) = (1+2)°w(z), 6>0,0<a<]l.

Naturally, taking also into account Lemma 7, the results of Sections 3 and 4 hold with u
replaced by o.
If we assume f € C,, then we can write

e (w) 0 w(x)
ZAk )| <ol YK <clel., [ F

k=1
and the next proposition easily follows.
Proposition 18. (cfr. [14, p. 1660]). If w/o € L', then, for any f € C,, we have
(6.3) lem (/)] < CEom1(f)y 00 »
where C # C(m, f).

This proposition generalizes a result due to Uspensky [19], who first proved the convergence
of Gaussian rules on unbounded intervals related to Laguerre and Hermite weights (see also
9, pp. 341-345] and [11]).

Notice that the assumption w/o € L' in Proposition 18 is fulfilled if = 1 and 6 > 1, or
if a < 1 and ¢ is arbitrary. The error estimate (6.3) implies the convergence of the Gaussian
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rule for any f € C,. For smoother function, for instance f € W°(o), by (6.3) and (5.3), we

obtain )
en ()] <€ (ﬂ> Tarz

m

where C # C(m, f) and a,, ~ m!/*.

Thus, a natural question is to establish the degree of convergence of e,, (f) if the function
f is infinitely differentiable, i.e., f € C*(Ry). We recall that [I, 2] proved estimates of
em (f) related to Hermite or Freud weights for analytic functions in some domains of the
complex plane containing the quadrature nodes. For precise estimates, considering the same
class of functions and different weights we refer to [3]. Here we consider the case of infinitely
differentiable functions on R, with the condition that (f™)¢)(z) is uniformly bounded
w.r.t. m and x. We note that the derivatives of the function can increase exponentially for
x — 0 and z — +o00.

Theorem 19. (c¢fr. [I1, p. 1660]). Let o be the weight in (6.2) with 0 < a < 1 and ¢
arbitrary. For any infinitely differentiable function f, if K (f) := sup,, Hf(m)aHOO < 400,
we have

lem (f)| <CK ()T,  lim %/T,, =0,

m

In order to study the behaviour of the Gaussian rule in Sobolev spaces W' (w), it is natural
to investigate whether estimates of the form

(6.4) (D) < froul,, C#Cm.p), f e W),

hold true.
We recall that, as shown in the previous Section, for the error of best approximation we
have

B (s SCY | oul,, €4 Cm.g), feWiw).

w,l —

On the other hand, inequality (6.4) holds, mutatis mutandis, for Gaussian rules on
bounded intervals related to Jacobi weights. But, as for many exponential weights (see,
e.g., [1, 5, 10, 11]), inequality (6.4) is false in the sense of the following theorem.

Theorem 20. (cfr. [11, p. 1661]). Let w(z) = x7e™* “~*" o >0, > 1 and v > 0. Then,
for any f € W}(w), we have

/m
lem ()] < le/?)THf/SOwHN

where C is independent of m and f. Moreover, for a sufficiently large m (say m > my), there
exists a function fy,, with 0 <|f,,owl||, < +oo, and a constant C # C(m, f,,) such that

Vam
lem (fm)| = le/STHfr/nSOer
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Nevertheless, estimates of the form (6.4) are required in different contexts. So, in order to
obtain this kind of error estimates, using also an idea from [10], we are going to modify the
Gaussian rule.

With 6 € (0,1) fixed, we define two indexes j; = ji(m) and js = jo(m) as in (2.3). Then,
for a sufficiently large N, let P}, denote the following subset of all polynomials of degree at
most N

Py ={PePy: Plx;) =0, x; <xj or x; >z;,}.

Naturally, p,,(w) € Py, for N > m and 6 € (0,1) arbitrary.
Now, in analogy with (6.1), we define the new Gaussian rule, by means of the equality

+o00 m

Qam-1(x)w (@) dz =Y~ \p(w)Qam—1(x1) ZM )Q2m—1(k) ,

0 k=1 k=31

which holds for every Qo1 € P35, .
Then, for any continuous function f, the “truncated” Gaussian rule is defined as

(6.5) 0+OO flx)w(x)de = Z A (w en (f)

k=31

whose error e’ (f) is the difference between the integral and the quadrature sum.

Compared to the Gaussian rule (6.1), in the formula (6.5) the terms of the quadrature
sum corresponding to the zeros which are “close” to the MRS numbers are dropped. From
the numerical point of view, this fact has two consequences. First, it avoids overflow phe-
nomena (taking into account that, in general, the function f is exponentially increasing at
the endpoints of R, ). Moreover, it produces a computational saving, which is evident in the
numerical treatment of linear functional equations (see [15]).

We are now going to study the behaviour e, (f) in C, and W!(w). We will see that the
errors e, (f) and €7, (f) have essentially the same behaviour in C,, but not in W}(w), since
e* (f) satisfies (6.4), while e, (f) does not.

m

The behaviour of e (f) in C, is given by the following proposition.

Proposition 21. (cfr. [14, p. 1662]). Assume w/o € L'. Then, for any f € C,, we get
(6.6) €5, (N S C{Ew (g + ™ £l }

where M = | (555) m], 6 € (0,1), v is given by (3.2), C # C(m, f) and ¢ # c(m, [).
In particular, if f € W>(0), inequality (6.6) becomes

e, <M<c(“_)uﬂmm

For smoother functions, the analogue of Theorem 19 is given by the following statement.
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Theorem 22. (cfr. [I1, p. 1662]). If the weight o and the function f satisfy the assumption
of Theorem 19, then, for any 0 < pu < a(1 —1/(2p))/(ac + 1/2) fized, we get

e (F) I < Clllfollee + K (£)] T,
where lim,, Th™ = 0 and C # C(m, f).

For functions f € W} (w) or f € Z}(w), 1 < s € Ry, the following theorem states the
required estimates.

Theorem 23. (cfr. [14, pp. 1662-1663]). For any f € Wl (w), we have

* (m —cmY
(6.7 6 ()] < €Y frow], + e ),
Moreover, for any f € Z(w), with s > 1, we get
% A, Vam/m 9% (f7 t)w,l —emV
(69 e (0 < 0¥ [T ST ¢ coen ),

where r > s > 1. In both cases C and ¢ do not depend on m and f, and v is given by (3.2).

In conclusion, inequality (6.7) is the required estimate and, by (6.8), it can be generalized
as

e, <>|<c(“_) 1l C#Clm. ).

for f € Z}(w), s > 1. In particular, if s is an integer number, recalling (6.7), the Zygmund
norm can be replaced by the Sobolev norm.

Finally, we emphasize that the previous estimate cannot be improved, since, in these
function spaces, e}, (f) converges to 0 with the order of the best polynomial approximation.

6.2. Lagrange interpolation in Lf/a' Here we want to apply the results in Section 6.1

to estimate the error of the Lagrange interpolation process based on the zeros of p,,(w). If
f € C°%(R,), then the Lagrange polynomial interpolating f at the zeros of p,,(w) is defined
by
Pm(w, x)
P (W, ) (2 — 1)
and we are going to study the error ||[f — Ly, (w, f)] v/wl|, for different function classes.
Since

(6.9 I (a0 ) VTS = 32 25 Vo)
k=1

and we are dealing with an unbounded interval, we cannot expect an analogue of the theorem
by Erdés and Turan [6]. On the other hand, if f € Cy, with @(z) = (14+2)°\/w(x)), § > 1/2,
it is easily seen that

ILf = Lin (w, IV, £ CEnot (flae, C#Clm, f).

m(w, f,r) = Zlkwx le(w,z) =
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Nevertheless, as for the Gaussian formula, if f € W2(y/w), then L,,(w, f) has not an
optimal behaviour, i.e., an estimate of the form

I0F = Lon (w, DIV, < C% Ifeval, . c#cm.f).

does not hold. In order to overcome this gap, for any f € C°(R,) we introduce the following
“truncated” Lagrange polynomial

L (w, f,z) = Zlkwx

k=31

where j1, jo are given by (2.3).

Naturally, in general L? (w,P) # P for arbitrary polynomials P € P,,_; (for example,
Ly(w,1) # 1). But L (w,Q) = @ for any Q € P _, and L} (w,f) € P _, for any
f € C°%(R,). So, the operator L} (w) is a projector from C°(R.,) into P}, _,

Moreover, considering the weight

(6.10) i(r) = (1+2)°w(r), d>0,

we can show that every function f € L% can be approximated by polynomials of P7,. To this
aim we define

En (f), = inf

WP peP;

m

Lemma 24. (cfr. [I1, p. 1664]). For any f € LY, where @ is given by (6.10) and 1 < p <
+00, we have

Enn (fap < C{ B (Nay + e Il }
where M = | (555) m], 6 € (0,1), v is given by (3.2), C # C(m, f) and ¢ # c(m, f).

As an immediate consequence of the previous lemma and equality (6.9), we get the fol-
lowing

Proposition 25. (cfr. [11, p. 1664]). For any f € Cy, with @ as (6.10), § > 1/2, we have
117 = Ly G, )Vl < € {Bar (Fie + ¢ 1 Fiil )
where M = L(0+1> m|, 0 € (0,1), v is given by (3.2), C # C(m, f) and ¢ # c(m, f).

We are going to study the behaviour of the sequence {L (w)},, in the Sobolev spaces
W?2(\/w), which is interesting in different contexts.

To this regard, we observe that, since no results concerning the sequence of the Fourier sum
{Sm(w)},, are known, we cannot deduce the behaviour of { L% (w)},, from that of {S,,(w)},.
Therefore, we need a different approach.

The following theorem describes the behaviour of the operator L (w) in different function
spaces.
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Theorem 26. (cfr. [14, p. 1664]). Assume f € L?_ and

N
! 9% (f: t) w,2
(6.11) /0 %dt<+oo, r>1,
then we have
(6.12)
Y2 pam/m Qr (f 1)
Ay, ) w, —em?
I - o vl < f () [T B g

where v is given by (3.2) and the constants C, c are independent of m and f.

Note that, by Corollary 17, the assumption (6.11) implies f € C°(R,).
The error estimate (6.12) has interesting consequences.
Firstly, if

QL 1) vw
sup%dt<+oo, r>s>1/2,
>0

i.e., f € Z?(y/w), then the order of convergence of the process is O ((\/ﬂ/m)s) While, if
f e W2(y/w), r > 1is integer, we have

I = o 0l <€ (X2 ) Wl

This means that the process converges with the error of the best approximation for the
considered classes of functions.

Secondly, we are now able to show the uniform boundedness of the sequence {L},(w)} in
the Sobolev spaces.

Theorem 27. (cfr. [14, p. 1665]). With the previous notation, for any f € W2(y/w), r > 1,
we have

sup |, (0. ey <€ Iw(my - C#C)-

Moreover, for any f € W2 (y/w), s > r, we have

IF = Lo Dz <€ (L) W hzmy - € #Clms),

Remark 28. In all the estimates for e, (f) and (f — L%, (w, f)), a constant C # C(m, f)
appears. We have not pointed out the dependence on the parameter 0 € (0,1), since 0 is
fized. Nevertheless, it is useful to observe that C = C(0) = O ((6/(1 — 9))2). So, it is clear
that the parameter 6 cannot assume the value 0 or 1 and the “truncation” is necessary in
this sense (see [11] for more details).
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