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LAGRANGE-HERMITE INTERPOLATION ON THE REAL
SEMIAXIS

G. MASTROIANNI, I. NOTARANGELO AND P. PASTORE

ABSTRACT. In order to approximate continuous functions on [0, +00), we con-
sider a Lagrange-Hermite polynomial, interpolating a finite section of the func-
tion at the zeros of some orthogonal polynomials and, with its first (r — 1)
derivatives, at the point 0. We give necessary and sufficient conditions on the
weights for the uniform boundedness of the related operator. Moreover, we
prove optimal estimates for the error of this process in the weighted LP and
uniform metric.

Keywords: Hermite-Lagrange interpolation; approximation by algebraic
polynomials; orthogonal polynomials; generalized Laguerre weights; real semi-
axis.

MCS classification (2000): 41A05, 41A10.

1. INTRODUCTION

In this paper we discuss the weighted polynomial interpolation of
continuous functions on [0, +00), which are (r—1)—times differentiable

at 0 and can increase with order O (exﬁ/z), g >1/2, for z — co.

The case 8 = 1 has been treated in [I, 5, 15, 20, 22, 24, 25 2],
where the Authors considered Lagrange polynomials based on Laguerre
zeros (see also [3]). Here we choose as a tool the orthonormal system
{pm(w)}m in (0,400) related to a generalized Laguerre weight of the
form w(z) = ze~*". From the numerical point of view, we observe
that the weight w is nonclassical in general and, for the construction
of the orthonormal system in the case 5 # 1, we can use the procedure
introduced in [2] (see also [10]).

The presence of the derivatives of the function in 0 leads in a natural
way to the construction of Lagrange-Hermite polynomial L, ,(w, f)
based at the zeros of the polynomial p,,(w), 0 as a multiple node and
another additional node. Applying the operator L, ,(w) to a suitable
finite section of the function f, we obtain a new interpolation process,
that we will denote by £y,  (w). This new operator is not a projector
into the set of all polynomials of degree at most m + r, P,,.,, but
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2 G. MASTROIANNI, I. NOTARANGELO AND P. PASTORE

on a special subset P} . C Py, that can replace the space P,,,, in
the sense we are going to show. Thus the projector £Z‘n,r(w) can be
profitably used in quadrature rules and in the numerical treatment of
Boundary Value Problems on (0, 00) (see, e.g., [0, 27]).

We estimate the error of the process in weighted LP and uniform met-
ric and compare it with the order of convergence of the best weighted
polynomial approximation (that can be found in [21]). The error esti-
mates are sharp for the considered classes of functions. All the results
of this paper are new and cover the ones in the literature.

The paper is structured as follows. In Section 2 we recall some basic
facts and give some preliminary results, in Section 3 we will state our
main results and in Section 4 we will prove them.

2. PRELIMINARY RESULTS

In the sequel C will stand for a positive constant that can assume dif-
ferent values in each formula and we shall write C # C(a, b, ...) when
C is independent of a,b,.... Furthermore A ~ B will mean that if
A and B are positive quantities depending on some parameters, then
there exists a positive constant C independent of these parameters such
that (A/B)*! < C. Finally, we denote by P, the set of all algebraic
polynomials of degree at most m.

In order to introduce some interpolation processes we consider the
weight
(2.1) w(z) =%, x e (0,+00),

with a > —1, 8 > %, and the corresponding sequence of orthonormal
polynomials {p,,(w)},,, with positive leading coefficient ~,,. The zeros
T = Tmp(w) of pp(w), m > 1, are located as follows

(v

m

2
c
<$1<x2<...<$m<am<1—7>,
m2/3

where
22921 (B)?

%:%sz{ﬂm

is the Mhaskar-Rakhmanov—Saff number related to the weight v/w (see
also [18, 19]). If 8 =1 the nodes xy are the Laguerre zeros. Neverthe-
less, in general w is a nonstandard weight and, for the computation of
the zeros and the Christoffel numbers, we may use the Mathematica
package “OrthogonalPolynomials” introduced in [2].

/8
] (4m + 2a + 1)Y? ~ /P
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For any continuous function in [0, +00), f € C°([0, +c0)), and (r —
1)—times differentiable at 0, briefly f € C?, r > 1, we define the
Lagrange-Hermite polynomial £, ,(w, f) as follows

Em,r(w7faxk):f(xk), k=1,...m+1,

with z,,11 = a,,, and

Lo (w, £)9(0) = £9(0), j=0,1,....,r—1,

where f(© = f. Here we used also an idea introduced by J. Szabados
for Lagrange and Hermite—Fejér interpolation, adding the additional
node a,, (see [28]).

The polynomial £,,,(w, f) can be written as

m+1
Lonp(w, f,7) = D ly(w,7) ()
k=1 "k
r-1 xi f (i)
where
B Pm(w, ) (am — ) B
U (w,x) = @ 200, (w.20) (@ —20) k=1,2,...,m,
and ( )
_ Pm(w,
€m+1(w7 [L’) - pm(w’ am)

are the fundamental Lagrange polynomials. It is easily seen that
Ly, (w, P) =P, PeP,.,,

and L, .(w) is a projector from C? into P, .

We are now going to introduce another Lagrange-Hermite type oper-
ator £y, (w), modifying the operator £, .(w). To this end, for a fixed
6 € (0,1) and for a sufficiently large m we define an index j = j(m,0)
such that

(2.3) T = mkin{x;C D g > Oan}
Of course if m is small we let ; = m. Hence we define the new
Lagrange-Hermite type polynomial as follows
i
. x
Lm,r(wu f7 'T) = Z _rék(w’ x)f(xk>

T
k=1 "k

2 (@)
(2.4) +(am — ) pm(w, ) > ((am — -fpm(w)) (0).
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By this definition,
* .
’Cm,r(wafaxk):f(xk)7 k‘:l’”"]’

£:n,r(w7f7xk)zo7 kZ]"‘l,,m—{—l,
and
cr(w, /)P0) = f9(0), i=0,1,...,r—1.

Moreover, we observe that L  (w) does not preserve all the polyno-
mials of degree at most m + r, for example L}, (w,1) # 1.
Nevertheless, if we introduce the following set of polynomials

P:n,r = {Q € IPJm—i—r : Q(xz) = 07 1> j} .

then it is easy to show that for any f € C?, L, (w, f) € P}, and
for any Q € Py, ., L7, (w,Q) = Q, therefore L}, (w, f) is a projector
from C? into P}, ,.

In order to show some approximation properties of the projectors
defined above, we are going to define some function spaces.

2.1. Function spaces. Let us consider a weight of the form
(2.5) u(z) = e "2, z € (0,400),

with 6 > % and the following weighted function spaces associated to u.
For 1 < p < oo and v > —1/p, by L? we denote the set of all
measurable functions f such that

+o00 1/p
Hf||L5¢=||fU||p=</0 |fUI”(x)dx) oo

For p = oo and v > 0, by a slight abuse of notation, we set

L =0, =S feC%0,+00): lim f(z)u(x)=0,
e

and we equip this space with the norm

[fllzee == lfulls = sup [f(z)u(z)| .

2€(0,+00)

Note that the Weierstrass theorem implies the limit conditions in the
definition of C,,.
Subspaces of L?, 1 < p < oo, are the Sobolev spaces, given by

WP(u)={feLt: f* e AC(0,+0), || f ¢ ull, <o}, 1<s€Z,
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where AC(0, +00) denotes the set of all functions which are absolutely
continuous on every closed subset of (0,+00) and ¢(x) = /z. We
equip these spaces with the norm

1Flwew) = ILfully + 1D %ull, .
In order to define some further function spaces, we consider the s—th
modulus of smoothness of f € LP| 1 <p < oo, s > 1,

pr(fv t)u,p = Oilizlzt HA?W (f) u

(Irn)’

where
S

(s )
83,f0) = 1) 4 (5 - hplo)
=0
is the forward finite difference of order s with variable step hp(z),
o(z) = /x and Iy, = [8s*h?,Ch” E=1/3], h > 0.

Let f € LP) 1 < p < oco. Then the following estimate
(2.6) Q2 (ft)up < C sup B[ fO0%u 1o,
0<h<t

holds with C # C(f,t), provided the norm on the right-hand side is
finite (see [21]).

Using the previous moduli of smoothness we can define the Zygmund
spaces as

Q2 (fit)u
Zf\’(u):{feLﬁzsup—w(J;\)’p<oo,s>/\}, AeR, A>0,
>0
with the norm
Q5(f, )up
11l 22 ) —HfUIIersup—, s>\,

Let us denote by
En(fup = nf [[(f = P)ul,

the error of best weighted polynomial approximation in L2, 1 < p <
oo. Estimates for the error of best weighted approximation have been
proved in [21]. In particular it has been shown that

(2.7) lim By (f)up=0  Vf€LL

For our aims it is sufficient to recall the following weak Jackson
inequality

Nl
(2.8) Em(f)u,pgc/o " Mdt
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that holds for any function f € L?, 1 <p < oc.
In particular, if f € Z3, by (2.8) we deduce

m)* Q5 (f, t)up

sup ,
m t>0 tA

(2.9) Edﬁwgc(

and by (2.6) we have

(2.10) En(Flus <c(“_)|ugsmm

forany fe WP, s>1and 1 <p < oo.

We are now able to show an important property of the polynomials
in Py, .. To this end we need some further notation. We say that Py,
is a polynomial of quasi best approximation for f € L2 1 < p < o0, if,
for some C > 1,

I(f = Par) ull, < CEM(f)up

Moreover, we denote by

B (Fup = Jinf I(f = Q)ully,

the error of best approximation by means of polynomials of P, .. The
relation between E,,(f)u, and EF (f)u, is established by the following
Lemma.

Lemma 1. Let w,u be the weights defined in (2.1) and (2.5) with o >
—1,6>%anduELp, 1 <p<oo. Let f € LP and Py € Py one of
its polynomial of quasi best approrimation, with

b |

for a fized 6 € (0,1). Then we have
(2.12)

B (Pup S WS = Lo (w0, Paa)ully < CLEM(fup + e[| fullp}

where C, ¢ are independent of m,r, f. Moreover, for s > 1, we get
(2.13)

= S @QS 7tup
() 18w Py mu<c{ﬂmwmu+l —dgl;a}.

Using Lemma 1 and (2.7) it follows that the order of convergence
of By (f)up is the same as that of Ey,,(f)up. Therefore, J,, P, is
dense in LP. In the next Section we will show the behaviour of the

operators L, ,(w) and L (w) in different function spaces.
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3. MAIN RESULTS

The following results hold true in weighted uniform norm. In order
to state it we need a further definition. We say that a function is quasi
increasing on [ if there exists a constant C such that f(x) < Cf(y) for
x<y,x,y €l

Theorem 2. Let w and u be the previously defined weights, with ~v > 0
and o > —1. For every f € CONC,, r > 1, we have
(3.1)

||£m,r<w,f>u||oosc{<logm>||fu||oo+( )sz’f( (“_m)}

where C # C(m, f), if and only if

a 1 a 5
3.2 -+ - -+ -
(3.2) p ISt
Moreover, under the assumptions (3.2), if ‘f(i)| 1S quast increasing on
0, i, with vy = ay/m? and i =0,1,...,7 — 1, we get
(3.3)

1Lf = Loy (0, D] ll, < C10EM) B (Flue + O ((g) - )

where C # C(m, f) and the constant in “O7” is independent of m.

Therefore, in weighted spaces of continuous functions, the behaviour
of the operators {L,,, (w)},  is comparable with similar interpolation
processes based on Jacobi zeros on bounded intervals (see, e.g., [15,

).

We emphasize that if » and ~ are given, then, in order to approximate
a function f, we can always choose some « such that the Lagrange—
Hermite polynomial converges with the order of the best polynomial
approximation times the extra factor logm. In fact, we can rewrite
(3.2) as follows

5 1
2T+27—§ §a§2r+2’y—§.
Moreover, since the Lebesgue constants related to the processes {£;, ,.(w) }m
are bounded by the ones related to {L,,,(w)}m, by Theorem 2 and
Lemma 1, we deduce the following error estimate for the “truncated”
process.
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Corollary 3. Let 6 € (0,1), v and « as in Theorem 2. Then, for every
feC® r>1, form sufficiently large (say m > mgy) we have

|17 = £5s (o, DY ], < Cllogm) Bas (/s +© ((ﬁ) ) |

m

where M given by (2.11), C # C(m, f) and the constant in “O7 is
independent of m.

In weighted LP— spaces the behaviour of {£,,, (w)}, is not optimal,
while for the new process { L}, , (w)}m we can state the following

Theorem 4. Letu € [P, 1 < p < oo and 0 € (0,1) be fized. Then, for
every function f € CY, r > 1, we have

j 1/p
L5 (w0, F)ul], ~ (kauum))
a0\ 20 +1/p) T2 () o\ 2
(3.4) +(Q> Z\f (0) (\/_m)

2!
i=0

if and only iof

(3.5) %+i—}%<y+r<%+g—%,
where the constants in “~” depend on 6 and are independent of m and
/.

If the function f € LP fulfills the additional assumption
(3.6) Bl e e p
for some s > 1, then f is continuous in (0, +00) (see [21]). Moreover,
using the same arguments as in [22], we obtain

j 1/p Up T
p vV am m ) (f7 t)u,p
(; Az ful (Jck)> <C [Hqup—ir ( p- ) /0 ‘;H—l/pdt] :

Hence, if f € LP fulfills (3.6) and is (r — 1)—times differentiable at 0,
the bound (3.4) becomes

-~ 1/p @Qs 7tup
(BIE;. (w, ful|, < c[uquﬁ(\/?Z_) /0 %dt

N <Q>(“Z F9(0)] (ﬁ)] |

m : 7! m
=0
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where C depends on 6 € (0,1) (fixed) and is independent of m and f.
Note that if f € Py, ., (3.7) becomes an equivalence.

Theorem 5. Under the assumptions (3.5), let f € LP N CY satisfy
(3.6) for some s > r and || be quasi increasing on [0, ovy), with

Uy = Gy /m? and i = 0,1,...,7 — 1. Then, for m > mg, we have
(3.8)
Vam o r—1
. a\? Q¢(f, ) an
-t pluly e (L22) 7 [ 20 o ( (L

where C depends on 0 and is independent of m and f, the constant in
“O” s independent of m.

In particular, under the assumptions of Theorem 5, if f € Z}(u),
1/p < XA <r —1, the error estimate (3.8) becomes

I[f = Lo (w, )] u], = © ((”)) ,

m

where the constant in O is independent of m and f, that is the order
of the best approximation in Z%(u) (see (2.9)).
Analogously, if f € WP(u), s <r — 1, from Theorem 5 we get

1 = Lot lull = 0 ((X22)).

where the constant in O is independent of m and f (see (2.10)). While,
for f € WP(u), the following corollary holds.

Corollary 6. Under the assumptions (3.5), let f € WP(u)NC?, 1 <
p < oo, such that ‘f(i){ is quasi increasing on [0, |, Gy = apm/m?,
fori=0,1,...,r —1 and m sufficiently large (say m > mgy). Then we
have

39 eyl < e, + (L2 10sal, )

and
(3.10)

105 = i o, < € { (S22 15Ol + el

where C, ¢ depend on 6 and are independent of m and f.
Finally, the following remark is of some interest.

Remark 7. The behaviours of the two interpolation processes { Ly, (W)},
and {L;, (w)}m are essentially equivalent in weighted uniform norm.
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Nevertheless, the “truncated” process { L}, .(w)}m has the advantage of
dropping cm terms, ¢ < 1. This turns out to be useful in the numerical
treatment of functional equations, since the dimension of the matrices
obtained from the discretization of operators are strongly reduced with
an evident computational saving.

On the other hand, the two operators behave in a completely different
way in weighted LP—norm. In fact, the equivalence (3.4) of Theorem 4
is not true for the “nontruncated” operator {L, (w)}m.

Moreover, all the constants in Corollary 3, Theorems 4 and 5 are
independent of m and f, but depend on 6. For instance, the constant
in the upper bound of (3.4) is O ((1 — 6)=%/*) for & — 1 and so 6 cannot
assume value 1.

We refer to Section 4 for more details.

4. PROOFS

First of all we recall some weighted polynomial inequalities with the
weight u defined in (2.5) which will be used in the sequel (see [21]).

Let 1 < p < oo and a,, = ap(u) ~ m'/?. For any P, € P, the
restricted range inequalities

am
(1) Patlly SCIPwtllingnys L= [e o an] |
and
(4.2) ||Pmu||LP[am(1+5),+00) < Ce™ || Prullp, 0 >0,

hold with C # C(m, P,,) and ¢ # ¢(m, P,,). Moreover, we recall the
Bernstein and Markov inequalities

(43) IPiupully < €= [1Patdly, p(e) =V,
and

/ m2
(14) 1 Brully < €| Pl

where C # C(m, P,,) in both cases. Finally, for 1 < p < oo, we will
need the following Nikolskii inequality
e\
45) NPl <€ () Rl € #Clm R
We also need some estimates for the polynomials of the orthonormal
system {p,,(w) }men, where w is the weight defined in (2.1). The gener-
alized Laguerre weights w is a nonstandard weight and the estimates for

the related orthogonal polynomials can be deduced by [7, 11, 12, 21, 22].
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The estimate (which can be deduced from [9], see also [21, 19])
)35 o m |z — 4|
46)  Ipm(w.2)] (2 4+ 25)" " e o —af + T~ ST

holds with = € [0, +00) and 4 a zero closest to . From (4.6) it follows
that

(4.7) | D (w, x)|\/w(:v)\/x(am —xz)<C, x €I .

Moreover, the following proposition will be useful.

Proposition 8. Let w be the weight defined by (2.1) and {py,(w)}n, its
related orthonormal system. Then we have

m u%mﬁn~(£%)ﬁééﬁ,

(19) WW@MMSC(é%Q%WMwﬁW
and
(4.10) <miwym“)gc<ﬂ%>%maimr

where C and the constant in “ ~" are independent of m.

Proof. Equivalence (4.8) easily follows from (4.6) for = 0.
In order to prove (4.9) we set

am\ 51 _o A

Then, using (4.4) with u replaced by g, by (4.6), we obtain

rwose () e ()" by

Hence, for z = 0, by (4.8), we get

2% 2%
m 1 m
meﬁNSC< ) 1 SC( ) [pm(w,0)].
V am (x/am)a+2 m V am

Finally, let us show (4.10) by induction. For k = 1, by (4.9) we have

Kﬁ%ﬁy”ﬂzgﬁﬁg%gc(ﬂ%Yu%@ﬁ»




For k > 1, from the identity

() © =3
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k
w
Pm (W) pr

Lk 1 (@) ‘
. 0 pﬁ,’f*” w,0) =0
() (oter) w0
it follows that

- (pmtw))(k) Opm(w,0) = 3 5 o) ” 0p9,0)

1=0

Then, using the induction hypothesis and (4.9), we obtain

e, 0) ‘ () © () (b))

m 26
< C ,
)
which completes the proof. O
Furthermore, the following relation will be useful (see [10, 21])

4 Um
(411) NAl‘k{l/l‘k\/mm—l’k‘—FW.

1
|5, (w0, 1) |/ (k)

2
By (4.6) and (4.11) if z € [(@) ,am} we have

(4.12)
—5-1 _ 4 A
u@y @Dl o (2 m — T e (o)
u(zy) Tp A — T | —
Moreover, if x4 is a node closest to z, we get (see [1])
(4.13) ol ol g
u(a)

Proof of Lemma 1. We are going to prove (2.12) only for p < oo, since
the case p = oo is simpler.

Let Py € Py, with M = L%J, be a polynomial of quasi best
approximation for f € LP. So we can write

E:”L,r(f)%p S H [f - ‘C:(n,r(w7PM)] qu .

Since

- Ek(w, X

(4.14) Ly (w,Py) = Py — Z #PM(%)

x
k=j+1 k
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then, letting v"(x) = 2", we get

By < CEn(Dup + | 0 0 (P (o)

p
By (4.1) the second summand on the right-hand side is dominated by

w, x)|v" (x)u(x)

A
O e D vy

and, using (4.12) and (4.13), we have
[ (w, 2) v (@)u(z)

or () u(zy)

(4.15) sup

<Cm’,

for some 7 > 0. Moreover, by (4.2) and (4.5), we obtain

m g w,UTu
> T"’(—)<PMu>(xk> < O ay||Parul] 1(6a,n,+00)
v, v (zr)u(zy)
7‘7—‘,—1 p
< Cm"al/Pe™™|| Paul|so
< e e Pyull,
) < Co | ful.

Let us now prove (2.13). By (4.14) we have

\/am ' * ), AT
m b

< (L) 1eperal, + (L) (i ngWPM(%))m o

v V()

p
For the first term on the right-hand side we use the following estimate

(see [21])
r Vam /m Qr ,t
() g, <c [ EE D gy
0

While, for the second term on the right-hand side, using k£ times the
Bernstein inequality (4.3) and (4.16), we obtain

(@) (i %?STPM(%O(T) ou

k=j+1

m

Z gk(w)vr PM(xk)u

W ()

IN

C

p
< Cem ™[ fullp-
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Hence we get (2.13). O
We recall the following estimate, concerning the distance Az, be-
tween two consecutive zeros (see [10, 21]):
Am 1
(417) AJZk = Tp4+1 — T~ — /T s
m vl — T3, 4 aym—2/3

(13 2

where the constants in “~” are independent of m and k. We remark
that from (4.17), with j given by (2.3), it follows that

Am

&l¢ﬁ k=1,2,...7.

Aask ~

Now, letting
L I0)) an 2i
(4.18) %mzzfm%fj

and

r—1 l’i (2)
(119 Aw) = (- Dpnlw0) 5 (=)0,

1=0

we can state the following proposition:

Proposition 9. With the notation (4.18) and (4.19), we have

an \ 2
a2 aule<e (V) o, e cm)
if and only if
a 1 a b
. Syl < <242
(4.21) s tiSvHr<g+7

Moreover, for p > 1, we get

2(v+1/p)
Vv m
(4.22) | Aull, <C < - > om(f), C #C(m,f),
if and only iof

a 1 1 a H 1
4.2 &< <%i2_ 2
(4.23) 2—|—4 p_7+r_2+4 ’
Proof. We first prove (4.20). Recalling (4.19), we may write
| D]
il

(4.24) |A(z)u(z)| < z_: b;

where
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and

o1 = |(=tw) ©

I 00 () o)

By (4.10) and (4.11) we get

3
Il
=)

() o) o

. c i—n ( ) ( m )2(i77j)
N |pm | —0 a )J—H VvV am

J

B C 1 n m2\ "
" an|pm(w,0)] \am  anm
- 1

2i—2n
m
co(m)
Vam [P (w, 0)]

Then we have

oo e (e ()

On the other hand, by (4.1), (3.2) and (4.6) , we get

; o
b, < Cmax‘\/ 2)pm(w, ) —x)z' 2
€l
3 1
< Cmax |(ay — )iz t7271
z€ly,

(4.26) < Clay)? (%)%M_a_; ~ (M)Wv [P (w, 0)].
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Combining (4.25) and (4.26) in (4.24), we obtain

e 5 () EIE (e ()’
- e(%r )Z oo (V) ()2
() B0 o ();
- ()RS

r—1 .
. 2\ 1
since g ( )H ~ 1.

~ n
i=n
Let us now show (4.22). Recalling (4.25), we have that

[(m = pm(w)uv'll, < Cll(am = )pm(w)uv'|| Lo,
ClIVwpm (w)(am — 72 || Lo,

Cll(am — )T 575 | Lo

2i+27—o¢—%+%
C(am)i (— am)

IN

<
m
2i+2vy+4 2
/m P
= C (T) am‘pm(w7 0)‘

where we have applied (4.1), (4.6), (4.8) and considered the assumption
(4.23). Then, we deduce (4.22).

The necessity of the conditions (4.21) and (4.23) can be proved using
standard arguments (see [22]). We omit the details. O

Proof of Theorem 2. Let us first prove that conditions (3.2) imply in-
equality (3.1). Recalling (2.2) and Proposition 9, it remains to prove
that

S @) D e | < Cltogm) | max (7).

z}, u(zy) 1<i<m+1
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Let x € I, = [c;—";, am} and x4 be a zero closest to . By using (4.7),
(4.11) and (4.13), we get

& a |f(w, )]
D) gy e
< |mafeevam—n & (5) T (50) e

k#d,m+1
Pm(w, )

+1+
P (W, ay,)

max |ful(x;).

1<i<m+1

2" () ]

ar u(an)

r4+y—
By (4.6) the last summand on the right-hand side is bounded by <ﬁ> !
and so the whole right-hand side is dominated by

() (=) e
ktdmi1 N am — ) |2 — Ty
2 \TE
+1+ (—) max | ful(x;).

G, 1<i<m+1

Therefore, if the parameters r, v and « fulfill the assumptions (3.2), the
sum on the right-hand side is bounded by C(logm) and the last term
is bounded by 1.

Let us now prove that inequality (3.1) implies conditions (3.2). To
this aim, for any f € C,, consider the piecewise linear function f;
defined as follows

(4.27)
£7(0) =0, i=0,1,...,r—1,
fi(zx) = —|f(xp)|sgni{p,,(w,zx)} #0, for 1 <z <2,
fi(zy) =0, otherwise.

By (3.1) we have

(4.28)

C(logm) 1I<T§Ca)<<2 |frul(zi) > || Lo (w, f1)ulloe > Hﬁm,r(ukfl)UHLoo[o,l],

where, for z € [0, 1] and =z € [1,2],

Logw, froayu(@) = — 3 L Ll 2lfiulm) (am—x) u(a)

1<2,<2 sz ‘ph(w? wk)’(.ﬁl? - xk) Am — Tk U(.ﬁEk)

- ¥ 2" pm(w, )| ful(r) (am—x> u(z)

1<z, <2 377]; |p;n(w7 .Tk)“l‘ - $k| am — Tk U(.’L‘k) 7
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since x — x, < 0. Now, if z € [0,1] and x4, € [1,2], then |z — x| < 2
and === ~ 1. Hence, setting

g(x) = pm(w, x)\/w(:v)\/x (@ — )

and using (4.11), we get

(4.29)
T gpy_a 1 Azg|ful(x
Lo, ey = €A 8 ey 3 BLIC)
2 4
1<z,<2 Ty,
Combining (4.28) and (4.29), we obtain
< a1 Azg| ful(zs)
|40 5 75 ey Y — a1 < Cllogm) max |ful(z:)
1<z,<2 Ty, ==
with C # C(m, f), whence letting b; = |fu|(x;) and ||b||%, = max b;,
we have o
= 7-+’y,2,l Al‘k bk
||AU 2 4HL°°[0,1] Z ry—a_1 HbH* < C(logm)v C % C(m7 f)
1<op<2x, 2 4 NIZleo
and then
~ a1 Axy,
[ A" 72 T | ooy sup Z T%_%dk <C(logm), C#C(m,f[).

lld I5.=1 1<z, <2 J}k
Hence we get

~ A
HAUrJr’Y*%*iHLOO[OJ] Z —xi

1
r+y—5—7
1<gp<2 T, - °

< C(logm).

Obviously the sum on the left-hand side is ~ 1. Moreover, by (4.6), we
have
a 1
T ordy—a_ 1 7 [ Om rdy—a 1 Qm am T2
A0t o > |4 (T5) 73 (T5)] ~ (T3) -
So, from
A\~ 53
() < Cllogm)
it follows that r +~v > § + i.
In order to prove the necessity of the other inequality in (3.2), we
introduce the piecewise linear function f; defined as

D0y =0, i=0,1,...,r—1,

(4.30) fa(zr) = | f(xr)|sgn{p), (w,zg)}, for 0 <z, <1,
fa(wx) =0, otherwise.
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Using similar arguments we obtain

e _a_1 Az
HA’UT'VY 2 14 HLoo[LQ] Z Tz—l S C(lOg m) .
O<zp<1 X 0 °

Now, the sum on the left-hand side is ~ lel 2775+ d, while the
norm is bounded. So, from

! a1 Al'k
/ xR Tide < C Z ———— < C(logm)

rpy—2_1
1 O<zp<1 T, =~ °*

we deduce r +v < 3 + % and the first part of the theorem follows.
Let us now prove (3.3). Since |f®] is quasi increasing on [0, ay,),
with i € {0,1,...,r — 1} and «,,, = a,,/m?, we have

ot ‘f(i)(O)’ < CalT | f® (a_m)’ < Cait Hf(i) H o )
m m 9 m L [T,am}
Recalling a formula in [3, p. 15], it follows that
ot |f(i)(o)\ < Caj, HfHLOO[QTmM} + Cal Hf(r—l

r—1
< C HquLOO[O‘Tm,Ocm] +C <g) Hf(r_l)""r_IUHLoo[aTm,am] :

Hence (3.1) becomes

o o 1)l < Clogm) | il + O (({f) ) .

Letting P, € P, be the polynomial of best approximation for
f € C,, it follows that

)
HLOO (722 am]

||[f_£m,r (w7f>]u||oo = ||[f_Pm+T _Em,r (w7f_Pm+T)]u||oo
< C(logm)Epyr(fuee + O ((@) ) ,
ie. (3.3). O

In order to prove Theorem 4 we recall some known results concerning
the Hilbert transform H(f,t). The Hilbert transform related to the
interval (0,a) is defined as follows

a

H(f,t) = i %dx, te(0,a), a>0,

where the integral is understood in the Cauchy principal value sense.
Letting v”(z) = z” and 1 < p < oo, the bound

(4.31) [(Hf)v*(lzr0,1) < Cllfv°lleeony, € #C(f),
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holds for any f such that fv? € LP(0,a) if and only if —]l) <p<l-— %

(see [23]).

The following lemma, that can be found in [21] (see also [3]), will be
also useful in the proof of Theorem 4.

Lemma 10. Let 0 < 0 < 1, j be given by (2.3), u € L, 1 < p < o0
and Axy = w11 — xp. Then, for an arbitrary polynomial P € Py,
(where 1 is a fized integer), there exists 0 € (0,1) such that

J fam
(4.32) Z Axg|PulP(zy) < C/ | Pul?(z) dz,
k=1 o1
with C # C(m, f).

We want to emphasize that the first Marcinkiewicz inequality (4.32)
does not hold if the sum on the left-hand side is extended to all the
zeros of p,,(w), i.e. k=1,...,m (see [13, 11]).

Proof of Theorem 4. Taking into account Proposition 9 it remains to
estimate the L2-norm of the first term in (2.4). Letting v"(x) = 2" and

pm(w,l') (am_x)

]~

L;kn<wv f> 'T) - gk(wvx)f(xk) ) Ek(wVT) =

k=1 (x — 1)) (w, 21) (@ — 1) ’

this term can be rewritten as v"L?, (w, ULT) So, using (4.1), we have

"Ly, (w, ir) u < C|vL,, <w, ir) u
v P v L (Im)
= C sup / i (w,ir,x) u(x)g(z) dz
lgllg=1 1 Im X
(4.33) = sup [['(g)|,
llgllg=1
where I,,, = [ca,,m ™2, a,,] and

o) = [
ol f(zp)u(zk) (am — )pm(w, 2) 2" g(x)u(z)
: ; Pr (W, @) (am — wp)u(zy) ) /Im T — Ty d
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By using (4.11), we have

Kl < ¢y —=mld

1 i

3 r4+vy— 2 -1
k=1 (@ — Tg) 12,

[ (em=slonlen ) oot

T — T

C ZAxk|fu|(xk)
= e xz—m—%—i

/ (@ — 2)pm(w, 2)2"g(z)u(2) | |

r — T

Denoting by G(zj) the integral on the right-hand side and using the
Holder inequality, we get
) 1/q

(4.34)
For any polynomial 0 < @) € P;,,,, with [ a fixed integer, we can write

_ Glo)

r+’y a/2 1/4

j 1/p
T(9)| < i/ (Z Axk|fu|p<xk>) (Z Ay

G(wk) =
/ (A = 2)pm (0,2)Q(2) = (am = )P (w0, 2) Q) ” g(@)u()
Im T — Tk Q(x)

and G(t) is a polynomial of degree m + Im. Thus, using Lemma 10, we

have
1/q q 1/q
R =
Ié’"L

where 0 < § < § < 1 and Iy, = [ca,,m 2, 0a,,]. Then we obtain

q 1/q
B < / dt
I,

Tl (0, Q) / vlgw@) g,

: (/I- 1 o= QM)

oOm

= HA—ng .

Let us estimate the term B;. By (4.7) we have

_ Gla)

r4+y— o¢/2 1/4

G(t)

tr+v—a/2-1/4

t—r—’y+a/2+1/4/ (am — )pm(w, x)z" (gu)(v) du
I’m

r—t

g 1/q
dt>

‘g(x)‘ = |pm(w,a:)|\/w(:v)\/a:(am—x) <cC, x € 1I,.
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Moreover, under the assumptions (3.5), TSt e [land P81 €
LP, we can apply (4.31), obtaining
q 1/q
dQ

s (1

< ¢(/ [(@n oAt

3
(4.38) Caml|gllLa(,,) -

In order to estimate By we can construct a polynomial () € P, such
that Q(z) ~ z"u(z) for x € I,,. So, using (4.7), we have

|t (@, — p (w0, Q)] < Caplt.

Then, by (4.31), we get

(4.37)
ign)
/Im - 00k

B2 S CCL%4 </
Im

So, taking into account (4.36), (4.37) and (4.35), it follows that

(

and combining with (4.34) and (4.33) the first term in (2.4) is bounded
by

oS / (am — "E)%A(x)xr—i_w_%_%g(x) dx
Im

rx—t

q 1/q
dt> < Ca¥* gl Lagrny-

G(t)

q 1/q
friv—a/2-174 dt) < Canlgllzacrn.

j 1/p
C (Z Azy| fu|p(xk)> .
k=1

Therefore, recalling (4.22), we have that (3.5) implies (3.4).

In order to prove that (3.4) implies (3.5) we use arguments similar
to those in the proof of Theorem 4. So, we are going to show only the
main steps. Considering the function f; as in (4.27) we can write

1/p
L5, (w0, f)ullLofeamm-2,1) < |1£5, (w, fr)ull, <C ( > A$k|flu|p(xk>> ;

1<z, <2

where [¢ a,m ™2, 1] = [0, 1]N1,,. Recalling the expression of £}, .(w, f1,z)
for x € [ca,m™2,1], with

3@)] = lpm(w, D)y @) Volan — 7).
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we obtain
(4.38)
1/p
T opay_a_1 A:kau T
| A3 | popamy D %sc( > AwklfWIp(xk)) .
1<zp<2 Ty 1<, <2
Now, to simplify the notation, we set
1/p
(AZL‘k)l/q
ak == ars be = (Aw) Pl frl(m), ol = D0 %)
), 1<), <2

Hence (4.38) becomes

1AV 55 | poeapmozy D AT <c C #C(m, f).

1<x <2 -

Taking the supremum on b, we get

1/q
e _a_ 1
||AUT+’Y 2 4’|Lp[camm2,1]( Z |ak|q> <C,

1<z, <2

which implies r + v — § — 1 > —i, taking into account that, by (4.7),
‘;{(x)‘ <C,r€[capm21].

Analogously, considermg the function fy defined in (4.30), we get

1/q
T a_ 1
||A’UT+’7_2 4||Lp[172] ( Z |ak|q> S C,

0<z<1

1.e.

A 1/q
T orgy—o_1 Lk
| Av 2 4HLp[1,2] < Z x(r+7_a/2—1/4)q> <C

0<zp<1 Tk

whence —r—7+%+i > —% that isr+7—%—i < 1—%, which
completes the proof. O

Proof of Theorem 5. Since ’ f (i)} is quasi increasing on [0, a,], with ¢ €
{0,1,...,r—1} and a,,, = a,,/m?, using the Holder inequality, we have

QP | fO(0)] < cm+v+1/p‘f(z‘) (O‘_mﬂ < Calfrti/r /am |fO(2)| da
m - m 2 o " “m
2

S Ca’+7 ||f HLF 35 Ot'm]
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Recalling a formula in [3, p. 15|, it follows that
QP FO©) < Cad | fllpgeg g + Capy T [£0

)
HLP[O‘Tm,am]

7m}

r—1
Vv dm r— r—
< C“fU”Lp[O‘Tm,am] +C <T) Hf( 1)90 luHLp[aTma

So inequality (3.7) becomes

1/p @ 03 ,t wp
120 (. D ul, < C[\If@tllp+<¢;_m> /0 B g,

tl—i—l/p

an r—1 . .
(4.39) —|—<\/m_) Hf( Ve luHLp[o,am]]'

Let Py € Py, with M = [%J, be a polynomial of quasi best

approximation for f € L?, and set Q = L, . (w, Pyr). Hence, by (4.39),
we get

Jam

NP QS (f — Q) up
IS = £, Pl < c[w—@)uuﬁ(g) [y

r—1
() o-arre,,
P[0,cem]

Now, to estimate the first summand at the right-hand side we can use
(2.12) and (2.8). For the second summand we note that

O F = Quup < O g + £ QO]
So, by (2.13), taking into account that

vam  ~o vam  ~o
/ ™ Q@(];,t)u,p dt§< /am>1/P/ o Q5 (f, i
0

m

0

inequality (3.8) follows. O

Proof of Corollary 6. Proceeding as in the proof of Theorem 5, since
‘f(2)| is quasi increasing on [0, o], with ¢ € {0,1,...,r—1} and «,, =
am/m?, and f € WP(u), we get

QT OO < Cal 1 lipgeps g + CO 5 ey

am ' r), T
(1.40) <l uliog a + € (Y2) 150l g

Hence, by (3.7), (2.6) and (4.40), we obtain (3.9).
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Now, in order to prove (3.10), let Q = L;,  (w, Py), where Py €
Py, with M = V—mj, is a polynomial of quasi best approximation for

0+1

f e LP. By (3.9) we have

LF = £y (D) ], < CUCE = @l + [ (0 f = Q)]
<el(f - Qull, + () gl + (V) @0l

Using Lemma 1, (2.10) and (2.6), we obtain (3.10). O
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