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COQUASI-BIALGEBRAS WITH PREANTIPODE AND RIGID
MONOIDAL CATEGORIES

PAOLO SARACCO

ABSTRACT. By a theorem of Majid, every monoidal category with a neutral
quasi-monoidal functor to finitely generated and projective k-modules gives
rise to a coquasi-bialgebra. We prove that if the category is also rigid, then the
associated coquasi-bialgebra admits a preantipode, providing in this way an
analogue for coquasi-bialgebras of Ulbrich’s reconstruction theorem for Hopf
algebras. When k is field, this allows us to characterize coquasi-Hopf algebras
as well in terms of rigidity of finite-dimensional corepresentations.

INTRODUCTION

A well-known result in the theory of Hopf algebras states that one can reconstruct,
in a suitable way, a Hopf algebra from its category of finite-dimensional corepresen-
tations. In details, if C is a k-linear, abelian, rigid symmetric monoidal category
which is essentially small, and if w : C — M, is a k-linear, exact, faithful, monoidal
functor, then there exists a commutative Hopf algebra H, unique up to isomorphism,
such that w factorizes through an equivalence of categories w™ : C — MY followed
by the forgetful functor; in fact H represents the functor

R — Aut®(w ® R)

which associates any commutative k-algebra R with the group of monoidal natural
automorphisms of w ® R : C — Modg sending X to w(X) ® R, see [R], [DM] and
[JS]. In particular, if C is already the category of finite-dimensional right comodules
over a commutative Hopf algebra A, then one can show that A = H as Hopf algebras.
In [U], Ulbrich showed that even in case the symmetry condition is dropped, it is
still possible to construct an associated Hopf algebra H.

In [M2], Majid extended this result to coquasi-bialgebras (or dual quasi-bialgebras),
proving that if C is an essentially small monoidal category endowed with a functor
w : C — Mi; that respects the tensor product in a suitable way (but that is not
necessarily monoidal), then there is a coquasi-bialgebra H such that w factorizes
through a monoidal functor w? : C — #M; followed by the forgetful functor.

In [API1], Ardizzoni and Pavarin introduced preantipodes to characterize those
coquasi-bialgebras over a field for which a (suitable) structure theorem for coquasi-
Hopf bicomodules holds and in [Sc4l Theorem 2.6] Schauenburg proved (in a
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non-constructive way) that preantipodes characterize also those coquasi-bialgebras
whose category of finite-dimensional comodules is rigid.

Inspired by these results, we are going to show in Section [2] that if C is an
essentially small right rigid monoidal category together with a quasi-monoidal
functor w : C — M; to the category of finitely generated and projective k-modules,
then there exists a preantipode for the coendomorphism coquasi-bialgebra H of w
(Proposition . In particular, this will allow us to reconstruct a coquasi-bialgebra
with preantipode from its category of finite-dimensional left comodules, in the spirit
of the classical Tannaka-Krein duality. Our approach presents three remarkable
advantages. First of all, nowhere we will assume to have an isomorphism between
the “underlying” k-module w(X*) of a dual object and the dual k-module w (X)*
of the “underlying” object (as it is done for example in [M1l, §9.4.1] or [HL §3]).
In fact, we will see that natural isomorphisms w(X*) = w(X)* are in bijection
with coquasi-Hopf algebra structures on H. Secondly, we will develop our main
construction working over a generic commutative ring k instead of over a field.
Thirdly, we will not only show that a preantipode exists, but we will show how to
construct it explicitly.

Then, we will apply this result to recover uniqueness of preantipodes and the
fact that coquasi-bialgebra morphisms automatically preserves them, from their
categorical counterparts. We will also recover the characterization of coquasi-
bialgebras with preantipode as those coquasi-bialgebras whose category of finite-
dimensional corepresentations is rigid and that of coquasi-Hopf algebras as those for
which in addition w(—*) and w(—)* are isomorphic (Theorem [2.21)). In conclusion,
we will see in §3| how we can endow the finite dual coalgebra of a quasi-bialgebra
with preantipode with a structure of coquasi-bialgebra with preantipode.

1. COQUASI-BIALGEBRAS AND PREANTIPODES

We extend here the notion of preantipode as it has been introduced in [API]
to the case of coquasi-bialgebras over a commutative ring. We prove that when it
exists, it has to be unique and that coquasi-bialgebra morphisms have to preserve it
under the additional assumption that the coquasi-bialgebras are k-flat.

1.1. Monoidal categories and coquasi-bialgebras. A monoidal category is a

category C endowed with a functor ® : C x C — C, called the tensor product, with a

distinguished object I, called the unit, and with three natural isomorphisms
a:®(®@xlde) = @ (lde x ®) (associativity constraint)

@ ([IxIde) = Ide, tv:®(lde xI) — Ide (left and right unit constraints)
that satisfy the Pentagon and the Triangle Azioms, that is, for all X,Y,Z, W in C
(X & aY,Z,W) O0x ywzw © (aX,Y,Z ® W) = axy,zew © Oxgy,Zz,Ww,
(X®ly)oaxy =tx®Y.

A quasi-monoidal functor between (C,®,1,a,[,t) and (C',®',I',a’,l',t’) is a functor
w : C — C’ together with an isomorphism ¢y : I’ — w (I) and a natural isomorphism
p=(pxy w(X)@ w(() > w(X®Y)), . inC. Omitting the composition
symbols, a quasi-monoidal functor w is said to be neutral if

(1) @ (Ix) prx (o @ W(X)) =[xy, W (vx) P (W(X) @ 9o) = ¥ (x)
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for all X in C. Furthermore, w is said to be monoida[™)]if

(2) wlaxyz)pxevz(pxy @ W(Z)) = pxyez(W(X) @ @Y,Z)aiu(X),w(Y),w(Z)

for all X,Y,Z in C. It is said to be strict if ¢y and ¢ are the identities.

The notions of (co)algebra and (co)module over a (co)algebra can be introduced
in the general setting of monoidal categories (see e.g. [AM| §1.2], where (co)algebras
are called (co)monoids). Given an algebra A in C, one can define the categories
4C, C4 and 4C,4 of left, right and two-sided modules over A, respectively. Similarly,
given a coalgebra C in C, one can define the categories of C-comodules ©C,C%,“CC.

Henceforth and unless stated otherwise, we will fix a base commutative ring k and
we will assume to work in the monoidal category 9t of k-modules: all (co)algebras
will be k-(co)algebras, the unadorned tensor product ® will denote the tensor
product over k and Hom(V, W) will be the set of k-linear morphisms from V' to W.
We will often omit the composition symbols between maps as we did above. In order
to deal with comultiplications and coactions, we will use the following variation of
Sweedler’s Sigma Notation (cf. [Swl, §1.2])

A(x) ::Zx1®x2, 4 (v) ::Zv()@vl, oy (w) ::Zw,1®wo

for every coalgebra C, right C-comodule V', left C-comodule W and for all x € C,
v €V and w € W. Recall that

e if W is a left C-comodule finitely generated and projective over k, then its
linear dual W* := Hom(W, k) is naturally a right C-comodule with Y fo ® fi
uniquely determined by Y fo(w)fi = > w_,f (w) for all w € W;

e if Aisan algebra, then Hom(C, A) is an algebra with composition law defined by
(f*9)(x)=>" f(x1)g(zy) for all f,g € Hom(C, A) and z € C (the convolution
product) and if M is an A-bimodule then we may as well consider (fx¢+*g)(z) =
S f(xy) - d(x2) - g(as) for all f,g € Hom(C, A), ¢ € Hom(C, M) and z € C.

The following result is formally dual to [ABM) Theorem 1] and has already been
mentioned in [Sc2l §2.3]. Since the proof is quite long, technical and not of particular
interest, it is omitted.

Proposition 1.1. For a coalgebra (C, A ¢e) there is a bijective correspondence
between

e monoidal structures on O such that the underlying functor U : M — M is
quasi-monoidal;

o sets of morphisms {m,u,w,l,r} such thatw: CR®CQC =k, l,r: C =k are
convolution invertible linear maps, m : C ® C — C,u :k — C are coalgebra
morphisms and

B) w@CC@M)*xw(mMCRC)=(uw)*xw(CemeC)*(w®e),
(4) wlCuel)=r'®l, muC)xl=1xC, m({C®u)*r=rx*C,
m(Ce@m)sw=wsm(meC).

A coquasi-bialgebra (or dual quasi-bialgebra) is a coassociative and counital

coalgebra (H, A, €) endowed with a multiplication m : HQ H — H,aunit u : k — H
and three linear maps w: H ® H ® H — k, I,r : H — k such that the conditions

(WIn [AM] Definition 3.5], these are called strong monoidal functors.
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of Proposition are satisfied. We set 15 := u (1) and we refer to w as the
reassociator of the coquasi-bialgebra. A morphism of coquasi-bialgebras

f : (H7m7u7 A7€7w7 l’ 71) _> (H,7m,7ul7 A/’El’w/) ll”r,)
is a coalgebra homomorphism f : (H,A,e) — (H', A’,&’) such that
m' (f® f)=fm, fu=d, W (fRfRf)=w, U'f=1, r'f=r

In particular, the category 9N of left comodules over a coquasi-bialgebra H comes
endowed with a monoidal structure such that the underlying functor ¢ : #9 —
M is a strict quasi-monoidal functor. Explicitly, given two left H-comodules V
and W, their tensor product V @ W is an H-comodule via the diagonal coaction
Prow (VW) = v_jw_; @ vy ® wy. The unit is k, regarded as a left H-comodule
via the trivial coaction py (k) = 1y ® k. The constraints are given by

avvw (U ®v@w) = Zw‘l(u_l ®v_1 ® W_1)up ® Vo ® Wo,
v (1 ®@v) = Zl(v_l)vo ty (V1) = Zr(v_l)vo

for every U, V,W € E9t and all u € U,v € V,w € W. Moreover, every morphism of
coquasi-bialgebras f : H — H’ induces a strict monoidal functor /9 : #9 — 7’9,
which is given by the assignments

M X, px: X > H®X)=(X,(f®X)px), MEAy: X —=Y)=1.

Remark 1.2 (Compare with [D]). Let H be a coquasi-bialgebra and consider a
convolution invertible element F': H ® H — k. Define

wpi=ERF)*«FHmM)*xw+xF'(meH)*(F'®c¢)
mp:=FsmxF ' lp:=FuH)*xl, rp:=F(HQQu)x*r.

Then Hp := (H,A,e,mp,u,wp,lr,rr) is still a coquasi-bialgebra and we say that
it has be obtained from H by twisting via the element F'. Notice that, since the
coalgebra structure has not been touched, #9t = #79N. What is changing is the
monoidal structure on #9. In fact, it can be checked that a coquasi-bialgebra H’
has been obtained from another coquasi-bialgebra H by twisting via an element
F (i.e. H = Hp as coquasi-bialgebras) if and only if there exists a monoidal
equivalence G : #9M — #'OM (i.e. a monoidal functor which is also an equivalence
of categories) such that U’ o G = U, where U, U’ are the obvious forgetful functors.
In particular, there is a bijective correspondence between convolution invertible
elements F' € (H ® H)* and monoidally isomorphic monoidal structures on 790.

If H' has been obtained from a coquasi-bialgebra H by twisting via an element F,
then we say that H' is (twist) equivalent to H. The interested reader may verify that
being (twist) equivalent for coquasi-bialgebras is an equivalence relation: (i) every
coquasi-bialgebra is equivalent to itself via F' = e ®¢; (ii) if g : Hr — H' is an
isomorphism of coquasi-bialgebras and F’ := F~'(¢~' ® g7'), then ¢! : H,,, — H
is an isomorphism of coquasi-bialgebras; (iii) if g : Hr — H' and ¢' : H},, — H" are
isomorphisms of coquasi-bialgebras and F” := F'(g ® g) * F', then ¢'g : Hpr — H"
is an isomorphism of coquasi-bialgebras. In particular, a coquasi-bialgebra H is
equivalent to Hy for every convolution invertible element F' € (H @ H)*.

Now, notice that m(1y @ 15) = I(15)15l17*(15) = 15 and hence, by resorting
to , wlg ®1p® 1) =w(ly ® 1y ® 15)% Since w is convolution invertible,
w(ly ® 1y ® 1) is invertible in k and so we conclude that w(ly ® 1y ® 1) = 1;.
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As a consequence, from we deduce that r='(15)l(1y) = 1, and therefore
p := r(lyg) = I(1g) is a well-defined invertible element in k. If we consider
F := pr~1 @171, this is a convolution invertible element such that I = & = 7.
Thus, any coquasi-bialgebra is (twist) equivalent to one in which [ =¢ = 1.

In light of Remark [.2] we will focus only on the latter case and from now on all
coquasi-bialgebras will satisfy

4) w(C®ue(C)=c®e¢, mueC)=C=m(C®u)

instead of relations . Moreover, all quasi-monoidal functors will be neutral and
hence we will omit to specify it.

Dually to coquasi-bialgebras we have quasi-bialgebras, that is to say, ordinary
algebras A with a counital comultiplication which is coassociative up to conjugation
by a suitable invertible element ® € A ® A ® A.

1.2. Preantipodes for coquasi-bialgebras. The following definition traces word
by word [AP1l, Definition 3.6].

Definition 1.3. A preantipode for a coquasi-bialgebra H is a k-linear endomorphism
S : H — H such that, for all h € H,

> S(ha)iha ® (1) = 1y @ S(h),
> S(ha)y @ hiS(ha), = S(h) @ 1,
(5) > w(hy @ S(hy) ® hs) = e(h).
Remark 1.4. Let H be a coquasi-bialgebra with a preantipode S. Then

> hiS(hy) =eS(h)1y = > S(ha)he

for all h € H. In particular, if w = e ® e ® ¢ (i.e. if H is an ordinary bialgebra) then
eS(h) =¢e(h) and S is an ordinary antipode.

A coquasi-bialgebra H turns out to be an algebra in the monoidal category
HomH [Scdl §2]. Thus we may consider the so-called category of right coquasi-Hopf
H-bicomodules "ML, = (FMH7) ;.

Assume that H is flat over k. Then the functor F : #OM — ZIME given by
F(V):=V ® H admits a right adjoint G : #IME — HM, G (M) := M" | where
Mt :={m e M | mo®@m, =m®1y} is the space of right H-coinvariant elements
in M. The counit € : FG — id and the unit 7 : id — GF of the adjunction are
given respectively by €y (z ® h) := zh and ny (n) :=n ® 1y for every M € ZIME,
N e "9t and for all m € M, n € N, h € H (we refer to [API] for details). Then
one can mimic step by step the proof of [APIl Theorem 3.9] to prove the following.

Theorem 1.5. Under the standing assumption that H is k-flat, the adjunction
(F,G) is an equivalence of categories if and only if H admits a preantipode.

We might have given now a direct proof of the fact that coquasi-bialgebra
morphisms preserve preantipodes, but we opted for a less direct approach relying
on the subsequent proposition suggested by Alessandro Ardizzoni. The effort is
the same and we think that the general result in Proposition [I.6] deserves to be
highlighted, as it may find applications in other contexts.
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Proposition 1.6. Let (C,Ac,ec) be a coalgebra and let (H, Ay, e, m,u,w,S) be
a k-flat coquasi-bialgebra with preantipode S. Assume that g,h : C — H are k-linear
maps such that g is a coalgebra morphism and g and h satisfy:

(6) Z h(22)1 ® g(21)h(22)2 = h(z) ® 1g,
(7) Z h(z1)19(22) ® h(21)2 = 1u ® h(2),
(8) D wlg(z) ® h(z) @ g(z)) = (2),

forall z € C. Then h = Sg.

Proof. As in [AP1] §3.5], consider the coquasi-Hopf bicomodule H&H := H @ H
with explicit structures given by

PT($®Q)ZZ$1®%®$292, pl(x®y)=Zy1®x®y2,
(x®y)h:Zx1 Q@ yr1hiw (22 @ Yo @ ko),

for all z,y,h € H. Consider also the distinguished component € : (H®H) “f &

H — H®H of the counit of the adjunction (F,G), which is given explicitly by
E(rRyQh)=> o, @yihw(r, ®ys ® hy). Since H admits a preantipode, it is
invertible with inverse é ' (z®y) = > (1 ® S (22)) ® x3) y for all z,y,h € H.
Finally, consider the assignment g : C' — H ® H ® H given by

= 29(21) ® h(z2) ® g(23)
for all z € C'. Observe that

(ZQ 2'1 ®h 2’2 ) Zg 2'1 ®h(22)1 ®g(21) h( )2

= 29(21) ® h(z3)1 @ g(z2)h(z3)2 = 29(751) ® h(z2) @ 1,

where in (x) we used the hypothesis that g is comultiplicative, whence > g(z;) ®
h(z) € (H®H) “" for all z € C. Therefore for all z € C we can compute

e8(2) = & (Y g(a1) @ hiz) @ g(z0))
= > 9(21)1 @ h(22)19(z8)1w (9(21)2 @ h(23)> ® g(23)5)
= > 9(z1) ® h(z5)19(20)w (9(22) @ h(z5)2 @ g(25))
@ Z (1) E
so that

® 1pw (g(z2) ® h(zs) ® g(z4)) = 9(2) @ 1y
B(z) =" (9(z) @1u) =Y 9(2)1®5 (9(2)2)®9(2)s = Y _ (1) ® 5 (9(22)) @9 ()
and, by applymg e ® H ® ¢ to both s1des,
B(z) = 30 e (g(a)) )z (9(2) = (@ H e e) (3 9(21) @ h(z) @ g(2) )
—(ceH®e) (B(2) = (e H®e) (D g(x) @ 5 (9(22) © g(z)) = S(9())- 0

Proposition 1.7. If (H,Sy),(L,S.) are k-flat coquasi-bialgebras with preantipode
and f : H — L is a morphism of coquasi-bialgebras, then fSy = Sy f. In particular,
the preantipode for a k-flat coquasi-bialgebra H is unique.
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Proof. Since f is a morphism of coquasi-bialgebras, it is in particular a coalgebra
morphism and fSy = h satisfies @, @ and of Proposition whence
fSy = Spf. Now, assume that S and T are two preantipodes for H. The first
claim applied to the case (H,S), (H,T) and f = Idy entails that S =1T. O

Remark 1.8. Notice that the functor (—=)" : #OME — 9% needs not to be
well-defined if the functor H ® — does not preserve, at least, coreflexive equalizers
(i.e. equalizers of parallel arrows admitting a common retraction).

2. COQUASI-BIALGEBRAS WITH PREANTIPODE AND RIGID MONOIDAL CATEGORIES

It is well-known that every rigid monoidal category together with a monoidal
functor to the category of finitely generated and projective k-modules gives rise to
a Hopf algebra. Via a variant of the same Tannaka-Krein reconstruction process, it
has been shown by Majid in [M2] that every monoidal category C together with a
quasi-monoidal functor w : C — M, gives rise to a coquasi-bialgebra H instead. A
very natural question then is what happens if the category C is also rigid.

Our aim in this section is to show how this rigidity is related with the existence
of a preantipode on H. We will do this without any additional assumption on C. In
particular, we will implicitly allow w(X*) and w(X)* to be non-isomorphic objects,
as it happens for example in [Scll, Example 4.5.1].

Remark 2.1. The following observation about a previous version of the present
paper has been brought to our attention and deserves to be highlighted. Assume
that k is a field and consider a category C together with a functor w : C — ;. Let
C be the reconstructed coalgebra and denote by w® : C — “9M; the induced functor.
Then every finite-dimensional C-comodule can be recovered from comodules of the
form w(X) by taking finite direct sums, kernels and cokernels (see [Sc3, Corollary
2.2.9]). Since in an abelian monoidal category with exact tensor product (e.g. the
category of comodules over a k-coquasi-bialgebra), the family of rigid objects is
closed under finite biproducts, kernels and cokernels, if C is rigid then “9; has to
be rigid as well and hence C' admits a preantipode in light of [Sc4, Theorem 2.6].

This purely categorical argument shows that, at least when k is a field, the
validity of our reconstruction theorem should not be surprising. However, the main
focus in the present paper is not only on proving the existence of a preantipode
for the reconstructed coquasi-bialgebra (even when k is just a commutative ring),
but also to provide an explicit construction of it (thing that, up to our knowledge,
cannot be obtained from the foregoing approach).

2.1. The classical reconstruction. The results in this subsection are well-known.
Nevertheless, we retrieve the main steps of the classical reconstruction process for
the sake of the unaccustomed reader. We refer to [M2] and [Sc3] for further details.

Let (C,X,I,a,[,t) be an essentially small monoidal category equipped with a
quasi-monoidal functor w : C — M from C into the category of finitely generated
and projective k-modules. This means that in 9t we have a family of isomorphisms
oxy w(X)@w((Y) - w(XKY), which is natural in both components, and
an isomorphism ¢, : k = w (I) compatible with the left and right unit constraints
as in . For every k-module V' and every n > 1, denote by w” : C* — 9, the
functor mapping every n-uple of objects (X,...,X,) in C™ to the tensor product
w (X)) ®- @ w(X,) in M and by Nat (w™, V ® w™) the set of natural trans-
formations between w™ and the functor V ® w™ : C* — M, sending (X1,...,X,)
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to Ve w™(Xi,...,X,). It turns out the functor Nat (w", — ® w™) : M — Set is
represented by the n-fold tensor product HE™ of a suitable coquasi-bialgebra H,,
via a natural isomorphism

(9) 9" : Hom (HE", —) = Nat (w"™, — @ w™).
Forall X;,..., X, in C, V in M and f € Hom (HE™, V), this is given explicitly by

% (fx,

where § := ¥y (idy) : W = H® W, T, = Ten-1(xy,..,X,_1),H O """ O Tw(xy),n and
Tvaw - VW — W RV denotes the natural transformation acting as 7y w (v @ w) =
w ® v for every pair of objects V,W in 9. Since w is fixed, we may write H
instead of H,, and we refer to it as the coendomorphism coquasi-bialgebra of w. As
a k-module, it is defined to be the coend®)] of the functor w ® w* from C x C°P
to M. The comultiplication A and the counit ¢ are the unique linear maps such
that Ygen (A) = (H ® 0) 6 and 9y (¢) = idy,. The multiplication m : H @ H — H
is uniquely given by the relation (H ® ¢x y)¥% (m)y, = dxmypx,y while the
reassociator w € (H ® H ® H)" satisfies

o, =(fRW"(Xi,..., X)) T (6x, ® -+ ®6x,)

,,,,,

(10)  pxry.z (Pxy @ W (Z)) (W)xyz=w (a;?,ly,z) oxyrz (W (X)® vy z)

for all X,Y,Z in C. The unit is the unique morphism u : k — H such that
(11) (H ® o) (u®@k) = dipo.

Observe that every w(X) is an H-comodule via py(x) = 0x and that 9% (m)x,y =
Pwx)pwy) and u ® k = p, are exactly the coactions that makes of "9 a monoidal
category. Summing up, we have the following central result.

Theorem 2.2 (M2, Theorem 2.2]). Let (C,K,I,a,l,v) be an essentially small
monoidal category and let (W, @, po) w : C — M, be a quasi-monoidal functor.
Then there is a coquasi-bialgebra H, unique up to isomorphism, universal with the
property that W factorizes as a monoidal functor WH : C — "M followed by the
forgetful functor. Universal means that if H' is another such coquasi-bialgebra
then there is a unique map of coquasi-bialgebras ¢ : H — H' inducing a functor
M : HIM — H'IM such that “Mwf = wH :C — 79N,

In [M2] there’s no explicit reference to the unitality of the multiplication or of
the reassociator. Nevertheless, it can be checked that the above constructed maps
satisfy all the conditions defining a coquasi-bialgebra.

Remark 2.3. Assume that k is a field, C is already the category #91; of finite-
dimensional comodules over a coquasi-bialgebra B and w is already the forgetful
functor U : PM; — M;. Then B itself is a representing object for Nat (U, — @ U)
(cf. e.g. [Sc3, Lemma 2.2.1]). In this case, the (co)multiplication, the (co)unit and
the reassociator of B already satisfy the defining relations for A, e, m, u and w
stated in whence they are the unique coquasi-bialgebra structure maps induced
on the k-vector space B by the isomorphisms @D in view of Theorem

@see e.g. [ML, §IX.6] for details about the coend construction
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2.2. The rigid case. We recall briefly some facts about rigid objects in a monoidal
category.

Definition 2.4. A right dual object X* of X in C is a triple (X*, evx,dbx) in which
X* is an object in C and evyx : X X X* — T and dbx : -+ X* X X are morphisms
in C, called evaluation and dual basis respectively, that satisfy

(12) (eVX &X) a)_(,lX*,X (X xdbx) = IC‘I.X7
(13) (X* X eVX) Ax* x x* (de X X*) = ldx*

An object which admits a right dual object is said to be right rigid (or dualizable).
If every object in C is right rigid, then we say that C is right rigid.

We will often refer to right dual objects simply as right duals or just duals.

Remark 2.5. Once chosen a right dual object X* for every object X in a right rigid
monoidal category C, we have that the assignment (—)* : C°? — C defines a functor
and ev : (—)®(—)" = Tanddb : I — (—)" K (—) define dinatural transformation®)}
ie, forevery X,Y and f: X — Y in C we have (f*XY)dby = (X*X f)dbx and
evy (XK f*) =evy (fRIY™).

From now on, let us assume that C is right rigid. If we have a different choice
()Y : C°? — C of right dual objects, then we write ev® and db™ to mean the
evaluation and dual basis maps associated with the dual (—)* and ev(¥) and db®"
to mean those associated with (—)". We know (see e.g. [MI, §9.3]) that for every
X in C, its right dual is unique up to isomorphism whenever it exists, i.e. we have
an isomorphism xy : X* — X" in C given by the composition

(14) Kx = txv (XV X evg;>) Uxv x xe (db(Xv) X X*) .

Lemma 2.6. The isomorphism kx : X* — XV s natural in X and the dinatural
transformations ev®, db™, ev™) and db") satisfy

(15) (k®id)db™ =db™  and  ev™) (IdX k) = ev™.

Notation 2.7. In what follows we will retrieve some computations in terms of
braided diagrams in the category of k-modules. To this aim, let us agree on the
following notation

H H H H v ow X
A=y, e=d u=9, m= U nw= X, 0= A
H H H H WV H X

We will also omit to write the functor w in braided diagrams.

Henceforth and unless stated otherwise, we assume also that a choice (—)* of
dual objects has been performed. Let us consider the following maps

(16) eV (x) 1= Py W (evx) x, x+ and dbe(x) = cp;’Xw (dbx) o,

which we will represent simply as evy,(x) = G* and dby(x) = XQ :

These do not endow w (X*) with a structure of right dual object of w (X) in
the category 21 because the functor w : C — M does not satisfy the associativity

(3)More precisely, these should be referred to as wedges, since they are dinatural transformations
to a constant functor. However, we avoided this in order to spare the proliferation of terminology.
For the definition of dinatural transformations and wedges we refer to [ML} §9.4].
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condition . Nevertheless, we have the following result, whose proof follows easily
from the definitions and the dinaturality of ev and db.

Lemma 2.8. The assignments evy(x) and dby(x) defined in give rise to
dinatural transformations evy—y : W @ W* — k and dby,(—y 1 k = w* @ w.

Remark 2.9. Recall that if (F, ¢, ¢o) : (C,X, 1) — (D, ®,J) is a monoidal functor
between monoidal categories and if X in C has a right dual (X*,evy,dby), then
F (X) is right rigid with dual object F (X*) and structure maps

eV}‘(X> = (bgl.}—(eVX) (bX,X* and db}‘()() == ¢)_(£,X]:<de) ¢0

(cf. e.g. [St, page 86]). Therefore, even if w (X*) is not a right dual of w (X) in
M, (w (X*),dx-) is a right dual of (w (X),dx) in #M because w™ : C — HM is
monoidal. Evaluation and coevaluation maps are the same given in and they
are morphisms of comodules. In particular,

E 8
gﬁ M,

(18)

where encodes relations and .

2.3. The natural transformation V. Consider the distinguished natural trans-
formation V¢ : Nat(w, — ® w) — Nat(w, — ® w) given by

(19) Vy(€)x = (V@evyx) @ w(X)) Twx),v Exr (W(X) ®dby(x))

for all V' in M, € € Nat(w,V @ w) and X in C (when it would be clear from the
context where to apply a morphism, we will omit to tensor by the identity maps).
Graphically,

(20) VE©)x = (5

(

\% X

Proposition 2.10. Let C and D be essentially small right rigid monoidal categories.
Let (V,¢,10), V : D — My, be a quasi-monoidal functor and let (G,(, (o), G:C —
D, be a monoidal one. For allV € M and £ € Nat(V,V ®@ V) we have

(21) V()G = V7 (6G).
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Proof. Assume that we are given a choice of right duals (—)* in C and (—)V in D.
Since G is monoidal we have a natural isomorphism xx : G(X*) — G(X)Y as in
. Note that the composition VG is still a quasi-monoidal functor with structure
isomorphisms ¢ = (V) o (G x G) and ¢y = V((o)%o. We will need the following
relations, which descend from ,

(22)  (VE®VG)odb(VG) = (dbV)G and ev(VG) = (evV)Go (VG ® Vk).
That is, for every object X in C we have
(V (kx) ©VG(X)) dbygx) = dbugx),  evvgx) = evygrx) (VG(X) @V (kx)).
As a consequence, for every ¢ € Nat(V,V ® V) we can compute directly
Vv ©gxy = (V®evygx) @ VG (X)) Tvgx)v €axyv (VG (X) @ dbygx))
(V ® evuigony © VG (X)) Tugox.v Eacov V (5x) (VG (X) @ dbygix))
2V @ evugr) ® VG (X)) Torav V (x) Eorxsy (VG (X) ® dbugcx)
(V @ evugx) @ VG (X)) Tugx),v €axn (VG (X) @ dbugx)) = V7 (69) «

where in (x) we used the naturality of &. O

*

(22)

Corollary 2.11. Let C be an essentially small right rigid monoidal category and
let w:C — My be a quasi-monoidal functor. The natural transformation V® does
not depend on the choice of the dual objects.

Proof. Tt is enough to take D = C and G = Id¢ in the proof of Proposition [2.10] O

Remark 2.12. Mimicking [Sc3] we may consider a category € whose objects are
pairs (C,U) where C is an essentially small right rigid monoidal category and
U :C — M, is a quasi-monoidal functor. Morphisms in € between two objects
(C,U) and (D, V) are given by monoidal functors G : C — D such that VG = U as
quasi-monoidal functors. It follows from Proposition [2.10] that the transformation
V™~ introduced in the foregoing is a natural transformation between the functor
Nat(~, — ® ~) : € = Funct(9M, Set) sending (C,U) to Nat(Ud,— @ U) and itself.

2.4. Rigidity and the preantipode. By Yoneda Lemma and the fact that H
represents the functor Nat(w, — ® w), there exists a unique natural transformation
in Nat(w, H ® w) which corresponds to V¢ and it is V¢ (0). Its component at X is

(23)  ViE(0)x = (H @evex) @ W(X)) Twe),u dx (W(X) @ dbex))-

Moreover, there exists a unique linear endomorphism S of H such that

(24) Iu(S)x = @ﬁ = ( =V¥(8)x.

Notice that, by naturality of ¥ and V<, for all g : H — V in 9t we have
(25) v (99) = Vi ((g ® w)d).
Proposition 2.13. The morphism S is a preantipode for H.
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Proof. Since db,(x) is H-colinear, it follows that

) il bl
® = _ _
Yhiednall

S LY

i.e. for every h € H we have >~ .S (hy), ha ® S (h1), = 1z ® S (h). Now, since ev(x)
is H-colinear as well, we have also

X
X
X
N - ﬂ
( \j H H X
H H X H H X H H X
H H X

i.e. for every h € H we have ) S (hy), ® hiS (h2), = S (h) ® 1. Finally

p.e
P
—]
—] —] X
—] — —]
B 3 B @ ﬁ
X
& :

X

N

T — e

X

T
T
>

z@x
uﬁk

o]

X

so that Y w (hy ® S (hy) @ hs) =e(h) for all h € H. O

Summing up, we can state our main theorem, connecting the rigidity of the category
C with the existence of a preantipode for the coendomorphism coquasi-bialgebra.

Theorem 2.14. Let C be an essentially small right rigid monoidal category together
with a neutral quasi-monoidal functor w : C — M. Then there exists a preantipode
S for the coendomorphism coquasi-bialgebra H of (C, w).

Corollary 2.15 ([Ul page 255, Theorem]). If in addition w : C — M, is monoidal,
then the coendomorphism coquasi-bialgebra H is a Hopf algebra.
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Proof. Since w = ¢ ® ¢ ® ¢, H is a bialgebra and the preantipode provided by
Theorem 2.14] satisfies

eS(h) =3 w(h @8 (h)@hs) D),
i.e. it is an ordinary antipode (see Remark . (]

Remark 2.16. Between the distinguished natural transformations in Nat(w, w)
that one may consider, there is also (W(X) ® dby(x)) (evew(x) ® W(X)). This ho-
wever does not endow H with a new structure. Instead, it can be checked that

(e5 © (X)) ox = (W(X) @ dbu(x)) (eVa(x) ©@ W(X))
= (W '(S®H®S)(A®H)A)® w(X))dx
whence w™'(S(h;) ® hy ® S(hs)) =eS(h) for all h € H as in [AP2], Lemma 2.14].

We conclude this subsection by showing that Theorem [2.14] can be refined in order
to get a reconstruction theorem for coquasi-Hopf algebras as well (this result already
appeared in a sketched form in [M1l §9.4.1, page 476] and it can be considered
as a dual version of [H, Lemma 4] and [M1], §9.4.1, page 474]). Henceforth, with
evgg) :VeV* = kand dbgg) :k = V*®V we will denote the ordinary evaluation
and dual basis maps of a finitely generated and projective k-module V. Graphically,

Vuv* and V*mv
respectively, for every V' in 9.

Recall that a coquasi-Hopf algebra is a coquasi-bialgebra H endowed with a
coquasi-antipode, that is to say, a triple (s, «, ) consisting of an anti-coalgebra
endomorphism s : H — H and two linear maps «, 8 € H*, such that, for all h € H

> hiB(ha)s(hs) = B(h)1g, Y s(hi)a(ha)hs = a(h)ly,
Zw(hl ® B(hs)s(hs)a(hs) ® hs) = e(h),
D W (s(h) ® a(ha)hsB(ha) @ s(hs)) = £(h).

Remark 2.17. Let us point out two distinctive features of coquasi-Hopf algebras.

e Differently from preantipodes, coquasi-antipodes are not unique in general.
If x € H* is convolution invertible and if (s, o, ) is a coquasi-antipode for a
coquasi-bialgebra H, then (x * s * x ™1, x * 0, 8 % x ') is still a coquasi-antipode
for H.

e If H is a coquasi-Hopf algebra with coquasi-antipode (s, o, ), then its category
of comodules that are finitely generated and projective over k is a rigid monoidal
category. In fact, a dual for an H-comodule (V, py) in #9; is given by its
dual k-module V* with comodule structure, evaluation and dual basis given
respectively by
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Proposition 2.18 (Reconstruction theorem for coquasi-Hopf algebras). Let C be an
essentially small right rigid monoidal category together with a neutral quasi-monoidal
functor w : C — M. Then there is a bijective correspondence between natural
isomorphisms d : w (=*) = w(=)* in M; and coquasi-Hopf algebra structures on
the coendomorphism coquasi-bialgebra H. FExplicitly, if d is a natural isomorphism
with inverse 0, then s, a, B are the unique linear maps such that

o o1 o-15] = -l
ST S

Conversely, if H is a coquasi-Hopf algebra, then the natural isomorphism d is given
by the canonical H-comodule isomorphism w (X*) = w(X)" from .

Proof. If H is a coquasi-Hopf algebra then the existence of a natural isomorphism
d: w(—*) = w(—)* follows from the fact that both (W (X)*, puw(x)+) (Remark[2.17)
and (w (X*),0x~) (Remark [2.9) are dual objects of (w(X),dx) in 7.

Conversely, let (C,w) be as in the statement and assume that we have a natural
isomorphism d : w (—*) = w(—)* in M;. Consider the coendomorphism coquasi-
bialgebra H associated with (C, w). We may endow w(X)* with an H-comodule
structure given by dxdx+0x. To simplify the exposition, we denote it by dx«, even
if this notation does not strictly make sense. With this coaction, w(X)* becomes a
right dual of w(X) in 9, with evaluation and dual basis maps given by

X X*

(G - : ) _
&V (x) = Lj@ and db(x) = @ .
X* X

Then, there exist unique linear morphisms «, 8 € H* and s : H — H such that
are satisfied. The reader may check that (s,a, ) is a coquasi-antipode for H.
These two constructions can be showed to be inverses of each other. We verify
one composition explicitly and we leave the other one to the reader. Assume that
H admits a coquasi-antipode (s, a, §). As in the first part of the proof, we define

eVl = eviily (B8 w(X) ® w (X)) (0x ® w(X)"),
dby) ) == (W(X)" ® o ® w(X)) (w(X)* ® dx)dbl) ),

6X* = Tw(X)*,H ((,U(X)* ®QH ®ev2)k)<x)) 86X (dbgﬁ)(x) & (.U(X)*) .

These make of w(X)* a dual for w(X) and so we have a canonical H-colinear
isomorphism dx : w(X*) — w(X)* given as in (14). By Lemma[2.6] dx satisfies
(dx ® (X)) dbgx) = db{ly, and evi)) ) (W(X) ® dx) = evx, so that

4)-Uef-d
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and analogously (eve(x) ® w(X)) Ox (w(X) ® dbﬁ)k)(X)) = (8® w(X))dx. Moreo-
ver, since dx is H-colinear, it follows also that dxdx+~0x = dx~ which implies

X

@:@ :cﬁx
[ (I o

H X

X

H X

Summing up, the unique morphisms «, 3, s satisfying (27)) are exactly the ones we
started with, proving that we have recovered the original coquasi-antipode. ([

Remark 2.19. The lack of uniqueness we observed in Remark can be clearly
perceived in the statement of Proposition different choices of the natural
isomorphism d give rise to different coquasi-antipodes and conversely. For the sake
of clarity, let us assume that d : w(—*) — w(—)* is another natural isomorphism
and let us see explicitly which relation connects the new coquasi-antipode (s, &, B)
with the one coming from d. The composition dd~' gives a natural automorphism of
w(—)* and there exists a unique natural automorphism ¢ of w such that ¢* = dd~".
By the universal property of H, there exists a unique k-linear map y : H — k such
that (x ® w(X))dx = (x for all X € C and since ( is a natural isomorphism, x has
to be convolution invertible. Moreover, after recalling that evg)( x) is a dinatural
transformation we may compute

1914940

that is to say, @ = y*«. Similarly, one may check that 5 = S*x ' and 5 = y*s*x ",
as expected.

2.5. The field case. Under the additional assumption that k is a field, some
previous results can be refined and some further conclusions can be drawn. The key
point, as we already mentioned in Remark [2.3] is that the reconstruction process
applied to “M; for C a coalgebra over a field gives back the starting coalgebra.

Remark 2.20. Assume that B is a coquasi-bialgebra with a preantipode Sp.
Denote by U : M, — M, the forgetful functor and by p € Nat (U, B@U) the
natural coaction of the B-comodules in ;. It can be checked that for V' in P01,
a right dual of V is given by V* = (V* ® B)*” with coaction py+ (33, f: ® b)) =
>, (), ® (f ® (by),). Evaluation and dual basis maps are given by

dy

evy <U & Z(ft & bt)) = th(u)a(bt), dbv<1k) = Z (vé ® SB(UD) vy,

=1

forall 3, f, ®b, € V*, u € V, where 7V v’ @ v, € V* @V is a dual basis for V as
a finite-dimensional vector space. In particular, 29, is right rigid.
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The following theorem characterizes coquasi-bialgebras with preantipode and
coquasi-Hopf algebras via rigidity of their categories of finite-dimensional comodules.
Only for this occasion, let us agree that a functor w : C — M, from a rigid monoidal
category C to finite-dimensional vector spaces preserves duals if there exists a natural
isomorphism d : w(—*) — w(—)* (as in Proposition [2.18). Moreover, let us denote
by € the category whose objects are k-linear abelian rigid monoidal categories C
together with a k-linear exact quasi-monoidal functor w : C — 9M; and whose
morphisms are monoidal functors G : C — C’ between them which are compatible
with the w’s, that is to say, such that (w’, @', ©}) o (G, ¥, 1) = (W, @, o).

Theorem 2.21. A coalgebra C is a coquasi-bialgebra with preantipode if and only
if “M; is a right rigid monoidal category in such a way that the forgetful functor
U: My — M, is a quasi-monoidal functor. It is a coquasi-Hopf algebra if and
only if, in addition, U preserves duals in the above sense, if and only if for every
(N,pn) € “M; the vector space N* admits a left C-comodule structure and an
evaluation evy and a dual basis dby maps which are left C-colinear. A posteriori,
the latter ones are going to be of the form .

Moreover, the assignments H — (¥9;,U) and (C, w) — H,, provide an equiva-
lence of categories between the category of coquasi-bialgebras with preantipode and
coquasi-bialgebra morphisms on the one hand, and € on the other.

Proof. The first claim follows from Theorem [2.2] Theorem [2.14] and Remark [2:20]
The second one from Theorem Remark and Proposition The last
assertion follows from [Sc3| §2.2] and the first claim of the statement. In fact, in
[Sc3, §2.2] it has been proven that the assignments C' — (9, U) and (C, w) — Cy,
provide an equivalence of categories between the category of coalgebras and coalgebra
morphisms on the one hand, and the category of k-linear abelian categories C together
with a k-linear exact faithful functor w : C — M, and functors G : C — C’ between
them such that w’G = w, on the other. The first claim entails that if we restrict
the foregoing equivalence to the subcategory of coquasi-bialgebras with preantipode,
then they correspond to k-linear abelian rigid monoidal categories C together with
a k-linear exact quasi-monoidal functor w : ¢ — M, and Theorem [2.14] states
the converse. Moreover, if f : H — H’ is a morphism of coquasi-bialgebras then
the induced functor /9 : #9, — 9N, is a strict monoidal functor such that
(U, \d, Id) o (90, 1d, Id) = (U, Id, Id). Conversely, if (G,1,1q) : (C,w) — (C', w’) is
a monoidal functor such that (w’, ¢’, ¢}) o (G, 1, 1y) = (W, @, wy) then it induces
a unique morphism of coquasi-bialgebras g : H,, — H by the universal property
of Hy,. The reason why faithfulness is no longer required explicitly is that a k-
linear exact functor between rigid monoidal categories is faithful in view of [DM]
Proposition 1.19, page 121]. O

Remark 2.22. The second paragraph in Theorem [2:21] tells us that we have a
bijective correspondence between coquasi-bialgebras with preantipode (up to iso-
morphism) and k-linear abelian rigid monoidal categories C together with a k-linear
exact quasi-monoidal functor w : C — M (up to monoidal equivalence compa-
tible with the w’s). In relation to Remark let us point out that there is a
(more general) bijective correspondence between coquasi-bialgebras with preanti-
pode (up to twist equivalence) and k-linear abelian rigid monoidal categories C
together with a k-linear exact quasi-monoidal functor w : C — M, (up to monoidal
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equivalences G such that w’G = w). The difference here is that we are no lon-
ger requiring that (w’, ¢, ¢f) o (G, 1, 10) = (W, ¢, @y) as quasi-monoidal functors,
but only that w’'G = w as functors. As a consequence, the natural isomorphism
o lot:w®wWw — W W corresponds to a unique convolution invertible linear
map F : H® H — k and G to a unique coquasi-bialgebra isomorphism g : Hr — H'.

For the sake of completeness, assume that we have a monoidal equivalence
G: (C,w) — (C',w'). By universal property of H := H,,, there is a unique
coalgebra isomorphism g : H — H' := H,» induced by G. We retrieve explicitly the
argument to show that gompr = m’ o (g ® g) and we leave the other verifications to
the reader. For every X in C denote by ¢% : w(X) - H' @ w(X) the (natural) H'-
coaction on w(X) = w’ (G(X)). By definition, g is the unique coalgebra morphism
such that 99 w# = w'™ G, whence & = (¢ ® w(X))dx. By construction, the
multiplication m’ on H' is the unique map such that

(28) (M @ w' (W) ® W' (Z)) Tww),u (O ®0,) = (H @vy,) Oweswz
for all W, Z in C’. Therefore, by definition of m and F,

[

X Y P
_
OO —GQ‘—
@ ;
B

which implies that m’ o (¢ ® g) = g o mp.

Conversely, if there is a coquasi-bialgebra isomorphism g : Hr — H’ then this
induces a strict monoidal isomorphism (Y01, Id,1d) : #r9t, — ', which in
turn gives, by composition, a monoidal isomorphism (Y9, ¥, Id) : 90, — H’E)J?f
where Vg, : MON - M@ N,m®@n+— F(m_y ®n_y)mg ®ng. Observe that
U,1d,Id) o (4M, Yp, Id) # (U, 1d,1d) as quasi-monoidal functors, even if U’ 90 = U.
Corollary 2.23 ([AP1l Theorem 3.10]). Every coquasi-Hopf algebra H with coquasi-
antipode (s, a, ) admits a preantipode given by S :=  * s * .

Proof. By Theorem there is a coquasi-bialgebra with preantipode structure on
H, where w is the former one and S is uniquely given by

< ~

= UYL

b [ { ey
&

Therefore, S = % s % a. (]
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Lemma 2.24. If a preantipode for a coquasi-bialgebra B exists, it is unique.

Proof. Tt can be checked directly that Sp satisfies condition and hence Sg = 9,
the unique linear endomorphism induced on B. O

Lemma 2.25. Let g: A — B be a morphism between coquasi-bialgebras A and B
with preantipodes S, and Sp respectively. Then g S, = Spg.

Proof. Since g is a coquasi-bialgebra morphism, it induces a strict monoidal functor
IM : AM — B, which in turn restricts to a strict monoidal functor G : AS)JTf —
B9, such that VG = U, where U : A0 — M and V : PM; — M are the forgetful
functors. Observe that, in particular, this implies that (g9 ® U(X)) p& = pg(x, for
every X in 9. Let us denote by ¥ : Hom(A, —) — Nat (U, — ® U) the natural
isomorphism such that ¥y (f) = (f @ U) p* for all V in M and f € Hom(A, V). We
want to show that ¥5(g.S4) = ¥5(Sp g). For all X in 491; we may compute

25] 21]
I5(95)x B V4 (90U p*) = VI (°6) . B V5 ("),
= (Sp ®VG(X)) Pg()o = (Sp@U(X)) (g @U(X))px = U5 (Sp 9)x -
Hence g S4 = Sg g as claimed. O

Remark 2.26. Let B be a coquasi-bialgebra over a commutative ring k. The
natural coaction p € Nat (U, B ® U) coming from M induces, via the isomorphism
Hom(H,,, B) = Nat (4, B ® U), a canonical morphism cang : Hy; — B. Then, all the
results in §2.5] still remain true if we assume to work with k-flat coquasi-bialgebras
B such that canp is an isomorphism (mimicking [EG [GV], these may be referred
to as Galois coalgebras).

3. THE FINITE-DUAL OF A QUASI-BIALGEBRA WITH PREANTIPODE

Assume that k is a field. As a final application of the theory we developed, let
us show that the finite dual coalgebra of a quasi-bialgebra with preantipode is a
coquasi-bialgebra with preantipode (for the definition of the finite dual coalgebra we
refer to [Swl, Chapter VIJ, for the definition of a preantipode for a quasi-bialgebra
and its properties we refer to [Sa] and Appendix . The proof of this fact lies on
the following result, which can be deduced from [Al Chapter 3, §1.2].

Lemma 3.1. Let A be an algebra and A° be its finite dual coalgebra. We have
an isomorphism L : A°M; — ;M4 between the category of finite-dimensional left
A°-comodules and that of finite-dimensional right A-modules that satisfies VL =U,
where V@ My — M, and U : A" IM; — M, are the obvious forgetful functors.

For the sake of completeness, let us recall that £ associates every left A°-comodule
(N, pn) with the right A-module (N, u%;) where the action is given by p%, (n ® a) =
S n_y(a)ne. Its inverse R : ;M4 — 4“9, assigns to every finite-dimensional right
A-module (M, pyr), the left A°-comodule (M, ph,) with coaction

dnr

(29) phr(m) =Y (€'m) @ €

i=1

where f1,,,(a) := py(m®a) for all a € A and .1 ¢’ @ e; € M* ® M is a dual basis
for M as a vector space. Notice that UR =V as well.
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Lemma 3.2. Let (A,m,u,A,e,®,5) be a quasi-bialgebra with preantipode. The
category of finite-dimensional right A-modules ;M 4 is a right rigid monoidal category
with quasi-monoidal forgetful functor V : ;M4 — M.

Proof. As it happens for coquasi-bialgebras, the axioms of a quasi-bialgebra ensures

that the category of right A-modules 9t becomes a monoidal category with tensor
product the tensor product over k, unit object k itself, and associativity constraint

tane (M@&n)@p) = (me (n@p)) &7
forall M, N, Pin M4 and m, n, pin M, N, P respectively. The unit constraints are
the same of 9. In particular, the forgetful functor V : 94, — M is a quasi-monoidal
functor and the same property holds for its restriction to finite-dimensional modules.
One may check directly that a dual object of an A-module M is given by
A M*
M= _AeM
At (A® M*)
where A" := ker (¢) and M* is the k-linear dual of M. The A-module structure on

M *isa® f-x=ax® f for all a,x € A and f € M*. Evaluation and dual basis
maps are explicitly given by

dn

evy (m®a® f) = f(m-S(a)) and dbM(lk):ZLq@ei@ei

for all m € M, f € M* and a € A and where >/ ¢’ @ ¢; is a dual basis of M as a
finite-dimensional vector space. O

Proposition 3.3. Let (A,m,u,A,e,®,5) be a quasi-bialgebra with preantipode.
Let (A°, A, €,) be its finite dual coalgebra. Then A° can be endowed with a structure
of a coquasi-bialgebra with preantipode.

Proof. Denote by V: (9, — My and U : A°M; — M the forgetful functors. As a
consequence of Lemma [3.1] we have a chain of natural isomorphism

Nat (V,— ® V) = Nat (U, — ®U) = Hom (4°, —)

which allows us to consider A° itself as a representing object for Nat (V,— @ V).
If we consider then the category of finite-dimensional right A-modules (9, as a
right rigid monoidal category together with the quasi-monoidal forgetful functor
VM4 — My, then A° can be endowed with a structure of a coquasi-bialgebra
with preantipode in view of Theorem O

Remark 3.4. It is worthy to point out that the corestriction VA° : ;0t, — 4“9,
of the functor V4° : ;9 — A°9 provided by Theorem coincides with the
functor R, which becomes this way a strict monoidal functor.

Remark 3.5. If we want to know explicitly the coquasi-bialgebra structure on A°
we may proceed as follows. First of all observe that the quasi-monoidal structure on
Vo My — My is the strict one: gy nv = idyrgn and ¢ = idi. Secondly, for every
object M in ;94 the natural transformation py, : V(M) — A° ® V(M) is given by
the coaction (29). Let us denote by 37 ei, @ eM € M* ® M a dual basis for M
as a vector space, for all M in ;9,. If we denote by pu™®N the A-action on the
tensor product, then

pran (@)= ((ehy @ ek) p®V) @ (e ®el)

4]
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for all x € M ® N, where we considered M*® N* injected in (M ® N)*. Furthermore,
it is well-known from the associative case that the convolution product * restricts to
a morphism x : A° ® A° — A°. It is also clear that ¢ € A°. To show that they are
the multiplication and the unit induced on A°, denote by u* and puV the A-actions
on M and N respectively and compute for 22:1 m; @n; € M @ N

00 ) (2 (S ) ) = 3 (bt ot o et o),

ik

t
i=1

Since for every a € A, f e M*, ge N*andx =), m; ®n; € M ® N we have

t t

ST((Fur)« (gud)) (@) =" (fui) (ar) (gul) (a2) = (f @ g) p2'®N (a),

i=1 =1

we conclude that (A° ® o n) oo (%) .y = Pren ©urn and by uniqueness of the
morphism A° ® A° — A° satisfying this relation we have that the multiplication
induced on A° is exactly *. Moreover, if we compute

Tao (P (1n)) =740 (e® 1) =&,

then we recover that the unit of the multiplication * is e, in view of and the
fact that ¢, = id;. Consider also the assignment

Wi AARQA°RA =k w(fRg®h)= Zf h(®%).

For every M, N, P in ;9,4 and all m € M, n € N, p € P, it satisfies

PMeN,P ((SDM,N ®V(P)) (1911?2 (@) n,p (MON® P)))
= S w (e ) @ (i) ® (i) e @ N el
i,7,k
:Zm~<1>1<X>7”L-<I>2®p-(1>37
whence prgn,p (oa,n @V(P)) 0 (W) an,p = V(i n,p) ouver (V(M) @@y p) and
so w is in fact the induced reassociator. The antipode can be constructed explicitly
as well. Consider the transpose S* : A* — A*. Let us show firstly that S* factors

through a linear map S° : A° — A°; the proof relies on formula from Appendix
[A] Pick f € A° and compute

S* (1) (ab) = ) B ST (5 (9'5) 7S (19" 1S (avh?))
= Zfls«o b) f2 (go?swlsaf”)w >f35<a¢3)
= (@ = £9)© LS @) ) (1S = ¢") (a@b).

Since this implies that m* (S* (f)) € A* ® A, in view of [Swl Proposition 6.0.3] we
have that S* (f) € A°. Let us prove now that S° satisfies the relation ¥ 40 (5°) =
V%o (p). For all M in /9, and all m € M we need to show that

dn

(30) ZSO (m,1)®m0:Z(1A®ei)o(m) (la@e) | ®e;.

=1
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Since M* is finite-dimensional, we may fix a dual basis Z M* NI @y, of M* as an
object in 9Mt; and then, by (29 . the right-hand member of (| . can be rewritten as

das dag+

>N yim) (7 1A®e,) ® e;.

i=1 j=1

Let us focus on Z] " y(m) (7j

dpr* dpp*

Z% ( i‘i@ei) Z% (a®e’) =a®ei(a) =e'(m-S(a))

and since e*(m - S(a)) = S° (¢ ,um) (a), we have

M ) € A°. Foralla € A,
14Q®e?

dpr dparx

ZZ%‘(m)(W 1@(31)@62 ZS"(ei,uf\,f)@ei.

i=1 j=1

We can conclude then that relation is satisfied, as desired.

Remark 3.6. The fact that the finite dual coalgebra of a quasi-bialgebra is a
coquasi-bialgebra has already been shown in [AES| §5.2] with a different approach.

APPENDIX A. A RELATION FOR THE PREANTIPODE OF A QUASI-BIALGEBRA

Recall from [Sa] that a preantipode for a quasi-bialgebra (A4, A, e, m,u, ®) is a
k-linear map S: A — A that satisfies

(31) > aiS(bay) =¢(a = S(ab)az, > PSP =1,

for all a,b € A, where Z P! @ P2 ® 2 = ®. Let us introduce also the following
extended notation for the reassociator and its inverse:

o= Z@1®q>2®<1>3 qu1®xp2®\p3—
=) "0'RRF =) Py ey’ =

Let (A, m,u, A, e, ®,5) be a quasi-bialgebra with preantipode and consider the A-
actions on End(A) = Hom(A, A) defined by (f — a) (b) = f(ab) and (a — f) (b) =
f(ba) for all a,b € A and for all f € End(A). Define the elements

(32) pi=> 90 (¢*=95) € A®End(4),
=Y (S—¢)’®¢® € End(4)@ A4,

where (z (y — f)) (a) = zf(ay) and ((f — ) y) (a) = f(ax)y for all a,z,y € A and
for all f € End(A). Let us introduce the following notation for shortness:

pi=Y pep and  q=) ¢ ©@¢"

Lemma A.1. In the foregoing notation we have that for every a € A
D P p(a) =) i © e elS (ap®ie?) 0’30’
> q'(a) @ ¢ —Zcbl 1918 (PP phip*a) @%@ s

Moreover, the following relations hold for every a,b € A

(34) Zpla ®@p*(b) = Z anp' ® ayap®(bas),

(33)
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(35) D q'(a) @bg* = ' (bra)bar @ ¢*bs.
Proof. The reassociator ® satisfies the dual relation to , ie.
(1a®@®) (ARARA) (D) (P214)=(ARARA)(P)- (A®RAR®A) (D).

In particular, it satisfies

D et @ P3P’ d @ PP @ YRR = D 0"y ® Y} @ VY] @ Y.
Applying (A@m) (A A®m) (AR A® (S < a) ® A) to both sides we get

D et @ U elS (aptyie?) 3w§<1>3

=50 @ P28 (ap®y2) v B S ot @ S (ap®) = 3 pt @ p¥(

which is the first identity in (33)). The second one is proved analogously. Let us
check that holds as well (([35)) is proved similarly). We compute

Zpla ® p*(b) Z p'a® *S(bp®) Z ©ra; ® *an S(bp’ay,)
(;) Zan@l ® a12<,025(ba2<p3) = Zanpl ® a12p2(ba2),
where in () we used the quasi-coassociativity ® - (A ® A) A= (A A)A-P. O

Lemma A.2. Let (A, m,u,A,e,®,5) be a quasi-bialgebra with preantipode and let
D, q be defined as above. For all a € A we have that

=Y q' (14) S (p'ag’) => S(g! Dlag®) ¥2S (4°).
Proof. Keeping in mind that ®~! is counital, i.e. that it satisfies
(ERARA) (P ) =14014=(AReRA) () =1401s= (A A®e) (7',

we may compute directly
DS ¢*S (W'ag®) ¢S () = Y q' (14) S (p'ag®) p* (1)
IZ¢1 LS (B2p1y?) DU (110 ap®y3) 1P TS (265 0) AP g
DY 01015 (8%01) 826°5 (61ag®) 9201 (9102 30°
B3 ¢15(@%) 975 (a) ¥'5 (1) ¥ = S(a). O

Proposition A.3. Let (A,m,u,A,e,®,5) be a quasi-bialgebra with preantipode.
For all a,b € A we have

(36) S(ab) = S ('0) ¢*S ('¢”) > (ar)®).

Proof. We know from Lemma[A.2]that S(a) =" ¢* (14) S (p'ag®) p? (14). Relation
is proved directly by applying it to S (ab):

= qu (14) S (p'abg®) p® (1,4) @ Z S (a11p'bg*) a12p* (az)
q1 (1A)S(p bq . Zq 1)b21S ( P q bzz) ( )
> d'0)S (0'¢) ZS P28 (V16" V28 (ar)?) 0

Formula can be viewed as an anti-multiplicativity of the preantipode.
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