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LAGRANGE INTERPOLATION AT POLLACZEK-LAGUERRE ZEROS ON THE
REAL SEMIAXIS

G. MASTROIANNI AND I. NOTARANGELO

ABSTRACT. In order to approximate functions defined on the real semiaxis, which can grow exponentially
both at 0 and at +o0o, we introduce a suitable Lagrange operator based on the zeros of orthogo-

nal polynomials with respect to the weight w(z) = :1:"’6717&*15 We prove that this interpolation

process has Lebesgue constant with order logm in weighted uniform metric and converges with the or-
der of the best approximation in a large subset of weighted LP —spaces, 1 < p < 0o, with proper assumptions.

Keywords: Lagrange interpolation, weighted polynomial approximation, orthogonal polynomials,
Pollaczek—Laguerre exponential weights, real semiaxis.

AMS subject classification: 41A05, 41A10.

1. INTRODUCTION

The polynomial approximation of functions defined on the real semiaxis, which can grow
exponentially both at 0 and at +oo, has received attention in the literature only recently
(see [3, 7, 8,9, 10, 11, 12]). In these papers, with the contribution of further authors, we
have introduced a weight of the form w(x) = e " with z > 0, a > 0, 8 > 1 and
v > 0, and developed the related theory of polynomial approximation in proper function
spaces. The properties of the orthonormal system {p,,(w)}men have been studied in [9] also
from the computational point of view. To this aim the results proved by Levin and Lubinsky
in their book [1] are crucial.

In the present paper, using the zeros of p,,(w), we introduce a new interpolation process,
which will be denoted by L% ,(w), in order to approximate the above mentioned class of
functions. As main results, we are going to prove that, under suitable necessary and sufficient
conditions, this interpolation process has Lebesgue constant with order logm in weighted
uniform metric (cfr. [13]) and behaves like the best approximation in a wide subspace of
weighted LP—spaces, 1 < p < oo.

2. PRELIMINARY RESULTS

In the sequel ¢,C will stand for positive constants which can assume different values in
each formula. We shall write C # C(a,b,...) when C is independent of a,b, ..., and, on the
other hand, we will write C, or C(a) when C depends on a. Furthermore A ~ B will mean
that if A and B are positive quantities depending on some parameters, then there exists a
positive constant C independent of these parameters such that (A/B)*! < C. Finally, we
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2 G. MASTROIANNI AND I. NOTARANGELO

will denote by P, the set of all algebraic polynomials of degree at most m. As usual N, Z,
R, will stand for the sets of all natural, integer, real numbers, while Z* and R* denote the
sets of positive integers and positive real numbers, respectively.

For the sake of completeness and for the reader’s convenience, we recall some basic facts,
recently proved in [3].

2.1. Classes of functions. Letting

(2.1) u(z) =a22\/o(z), o(x)=e* "

with a >0, 8 >1, >0, x > 0, we introduce the following spaces of functions.
If 1 <p< oo we will write f € LP if and only if

+oo 1/p
Iz = lsull, = ([ 17 @)ar) < oo

For p = oo, by a slight abuse of notation, we set

L*=C, = {f € C'(R™) : lim f(x)u(z) =0= lim f(a:)u(x)}

z—0t T—+00

and

[flleee = fullog = sup [f(z)ulz)],

2€(0,+00)
where C°(R™) is the collection of all continuous functions on (0, +00).
For smoother functions we introduce the Sobolev-type spaces
W) = {feLh: [TV e AC(0,+00), |[f"¢ ull, < oo},
with
1wz = 11 Fully + 1F O ull,
where 1 <p < oo, 1 <reZ, p(r):=+/rand AC(0,+00) denotes the set of all absolutely
continuous functions on (0, 400).

To characterize further subspaces of L, we introduce the following moduli of smoothness.
Let us consider the intervals

— |[pWetey __C
Ih<c) - |:h 7h1/(6_1/2)] ’

with o and 8 in (2.1), h > 0 sufficiently small, and ¢ > 1 an arbitrary but fixed constant.
For any f € LP, 1 <p < oo, r>1and ¢t > 0 sufficiently small (say ¢t < t;), we set

Qo(fi)up = Oiligt HA;W (f) UHLP(Ih(c)) ’

where

8o fe) = 310 ()7 o = gl o) = V.

- 1
=0
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Moreover, we introduce the following K-functional

K(f,t")u,= inf { — g ull, + |l g" e u }
(fst )up et 1(f —g)ull, + " lg" " ull,

r

and its main part

K )y, = su inf { —qg)u + B¢ c}.
(£t ) Sup i 1 = 9) ull oz + 2797 ull oo

Then we define the complete rth modulus of smoothness by

Dy = Lyt ol 1=l o),

f _
+ inf I(f q>u||Lp[cf”(ﬁ*%),+oo)

with ¢ > 1 a fixed constant. We emphasize that the behaviour of w](f,t)., is independent
of the constant ¢. Moreover, this modulus of smoothness is equivalent to the K-functional.
To be more precise (see [3, pp. 171-172, Lemmas 2.3 and 2.4])

w;(f> t)u,p ~ K(f, tr)u,p
and N
Q;(fa t)u,p ~ K(fa tr)u,p )

where the constants in “~” are independent of f and ¢, in both cases.
By means of the main part of the modulus of smoothness, for 1 < p < oo, we can define
the Zygmund-type spaces

113

Zf(u):{feLﬁ: sup#<oo 7’>3}

t>0

s € RT, with the norm

(f, tup

In the sequel, we will use the notation Q,(f, )W, = Q}O(f, t)up. We remark that, in the
definition of ZZ(u), the main part of the rth modulus of smoothness Q,(f,?)., can be
replaced by the complete modulus w,(f, )., (see [, p. 171]).

2.2. Best weighted approximation. Let us denote by
E = inf —P
m(fup = of [I(f = P)ul,

the error of best polynomial approximation of a function f € LP, 1 < p < oo.
Then, for any f € L2, 1 < p < oo, the following Jackson, Stechkin and weak Jackson
inequalities hold (see [3, p. 173, Theorems 3.2, 3.3 and 3.4])

By < € (£22)

).
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o (f, ﬁ)p <c (%)i (ja) Ei({;)u,p

=0

and, assuming Q7 (f, ).t~ € L'[0, 1],

L (o )y
22 Enfp e [ 7 Ry,

where m > 1r > 1, a,, = ap(u) ~ m!/? is the Mhaskar-Rahmanov—Saff number related to u
and C is independent of m and f.

In particular, for any f € WP(u), 1 < p < 400, we obtain
am ' r), r
(2.3) Ep(f)y,<C (Vm ) £ qu , C#C(m,f).
Whereas, for any f € ZP(u), 1 < p < 400, we get

Vv am ° Q7 at U
Em(f)upgc<— SUPM7 r>Ss, C%C(mvf)
’ m >0 t*
2.3. The interpolation process. Let us now consider the weight
w(z) =2o(z) = a%e "7
with a > 0, 5 > 1,7 > 0 and = € (0,+00), and denote by {pm(w)}men the sequence of
orthonormal polynomials with positive leading coefficients.

The zeros of p,,(w) lie in the MRS interval associated with \/w (see [1, p. 361] and [11,
p. 38, Proposition 2.3|, taking into account that w belongs to the Levin—Lubinsky class
F(C?+)), namely

Em < T < Ty < < Ty <y,
with m sufficiently large and

T

20 =W~ (E)TT wd a—a@ e 10,

Since e, (yv/w) ~ &,(u) and a,(y/w) ~ a,(u), where the constants in “~” depend only on ~
and 6, in the sequel with a slight abuse of notation we will simply write €, and a, for both
weights.

Then, setting z9 = &, and Z,,11 = a,, for any function f € C°(R"), we denote by
Li2(w, f) the Lagrange polynomial, interpolating the function f at the points xy, k =
0,1,...,m+ 1, namely

m+1
Loa(w, f) =Y le(x) f(zx) |
k=0
where
(o) = VPn(w,) hem.

o), (w, k) (2 — 2p)
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v(r) = (. — &) (am — ),
Uy — T P(w, )

Am — Em pm(wa sm) ’

go(l’) =

and

T —Em Ppm(w,x)

Apy — Em pm(wa am) .

Let us now fix 6 € (0,1). With that we introduce a new interpolation process L7, ,(w),

defined as
:<n+2<w7f7‘r) = Z ék(x)f(‘rk)
€om <Tr<aom
So, the operator L, . ,(w) has the advantage of requiring a smaller number of evaluations
of the function. To ensure that this definition is not an unmotivated (though fortunate)
“truncation” , we need some further observation. To this aim we recall the following inequal-

U (z) =

ities (see [1, p. 97] and [12, 11], taking into account that u belongs to the Levin-Lubinsky
class F(C?+)). For any P, € P, and s > 1, with u given by (2.1) and 1 < p < oo, we have
(2.5) 1P ull,, < C 1B ull Lo, 0,0

and

(26) HPm u||LP(R+\[eSm,aSm} < Ce—Cm” ||Pm qu ’

where C and c are independent of m and FP,, and

1 2c
—(1-= 1
. ( 25>2a+1€(0’)’

and &,,, a,, are the Mhaskar-Rahmanov—Saff numbers related to w.
For any fixed § € (0,1) and for every f € L2, 1 < p < oo, we get, by using (2.6) and

denoting by Py, M = L(%) mJ, the polynomial of best approximation of f in L2,

[ full Lo @ \comagn) < [1(f = Par) ull, + | Parte]| Lo @\ (g a0m))
Eni(f)up +Ce™M || Pas ],

Eni(f)up + 20”7 || full,

Now, for a sufficiently large M (say M > M), 2Ce=“M" < 1 and we get, using

IA A

[ fully < N fullzofepmagm] + 11 F 0l Lo @\ gmapm]) »
the estimate

1fully, < C [ full Loicom aom) + Enr(F)us]

for all sufficiently large M = Lg%j and with C = Cy # C(m, f). Hence the dominant part of
|| full, is the norm of a finite section of f, namely xgf, where xg is the characteristic function
of [€gm, agm]. For this reason we apply the operator L£,,,2(w) to this finite section.

Now, by definition, it follows that

>:m—i-Q(w’ f7 xk) = f(xk) ) T € [59771’ aem] )
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and

Lo, foag) =0, Ty, & [Eom, Aom] -
So, L _o(w) does not preserve all polynomials of degree at most m + 1. Nevertheless,
if we denote by P, the set of the polynomials of degree at most m + 1 vanishing at
T & [Eom, Gom), 1€,

:;Hrl = {Q EPerl : Q(xk) :()7 Tk ¢ [€9m7a9m]7 0 S k S m + 1}
then £}, ,(w, f) € Pk, and, for any Q € P, L}, .»(w,Q) = Q. Finally, if we denote by
Eni1(fup=_inf [|(f-Q) u”p

QeP; 1,

the error of best weighted approximation by polynomials of P}, ,;, we can show that (see [9,
p. 1664, Lemma 4.1] or [5, 0] for different weight functions)

(2.7) Err(Dup < C[Ext(up+e™™ || fully]

with 1 < p < o0, M = L9+1J (1 — 25) 3a07> C and ¢ independent of m and f. So,
U,, Piy1 is dense in L2, 1 < p < c0.

3. MAIN RESULTS

Let us now state some convergence results for the operator £ ,(w). To this aim we recall

that w(z) = 270 (x) is the weight of the orthonormal system {p,,(w)},, and u(z) = 2°\/o(x)

is the weight of the previously introduced function classes.

Theorem 3.1. For any f € C, we have

(3.1) 15512 (w, f) ulloe < Clogm) | fullo
and
(3.2) I[f = Loz (w, )] ulloe < € [(logm) Ers(fuco + €™ || fulloo]
with M = [0+1J = (1 — %) 3aa7, C and c independent of m and f, if and only if
3 v 1
: _2 <L <2,
(33) 4~ g 24

Before stating an analogous theorem in L —norm, we recall that (see [7, p. 160 Corollary
33)if fe 2, 1 <p< oo, and tl{f/;j” € L'0,1], then f is continuous on (0, +o0). So,
Ly o(w, f)is Well defined for this kind of functions.

Lemma 3.2. Let 1 <p < oo and f € LP satisfies

/ ol t)updt<oo
0

t1+1/p
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Then we have

1/p
(3.4) 1L 5a (w, f)ull, < Co ( > ACBkIfUI”(Ik))
Eom ST <aom
with Cy independent of m and f, if and only if
3 1 v 11
) — <<= -
(3.5) 175 < 5 <1 .

We remark that the constant Cy in (3.4) depends on the parameter §. To be more precise

=0 (g19))

hence the “truncation” does play a crucial role in this case and Lemma 3.2 does not hold if
we replace L o(w, ) by Lyi2(w, ).

Remark 3.3. We observe that, as a consequence of Lemma 3.2 and Remark 4.2, for any
Qe Py, withl <p<ooand0 <8 <1, if conditions (3.5) hold, then we obtam

1/p
|Qul], ~ ( > A$k|Q($k)u<xk)‘p>

Com<Tr<agm

where the constants in “~7 are independent of m and Q.
We note that this Marcinkiewicz-type equivalence is true only for polynomials of the sub-

space Py, and not for ordinary polynomials of P, 41.

Theorem 3.4. Let 1 < p < oo. Under the assumptions of Lemma 3.2, if (3.5) holds, we get

1/p
(3.6) Hﬁmw<wuﬂumuéce|uum+‘(Yzz) (A ﬁﬁ@?pd4
and
1/p Qr wp §
67 A= Lt ]y < | (L) /C et e‘cm'nfunp]

sai1: C and c independent of m and f.

with v = (1—%)

We remark that, under the assumption (3.5), if f fulfills only % € L0, 1], then

I - awijﬂmu=o<(wa)w),

m

while if f € WP(u) then
17 = Lt o <€ (L2 Whuecs
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and, by (2.3) this order of convergence is the same of the best weighted polynomial approx-
imation.

Now it is easy to prove that the operator Ly, . ,(w) is uniformly bounded in Sobolev-type
spaces. Here we prove a more general theorem. To this aim we denote by DP(u), 1 < p < o0,
the following wide class of functions

(3.8) DP(u) = {f € Ll: Q(f t)u,t " € L0,1]},

with the norm

! Q (f,t)u
HfHDP(u) = ”fu”p +/0 iglﬂ/p £ dt.

We observe that the Besov-type space DP(u) contains the continuous functions, the functions
of ZP(u), s > 1/p, and those belonging to W»(u), r > 1.

Theorem 3.5. For any f € DP(u), 1 < p < o0, if

then
Sup || £z (@, ) poy < Collfllprcay
with Co = C(0) # C(f).
Therefore the polynomial £ ., (w, f) behaves essentially as the best approximation in the

space DP(u).

4. PROOFS

First of all we recall the following inequalities (see [/, pp. 1-34, 325 and 360] and also |11,
pp.39-40)). With w(z) = 27e™* "~*" and v(z) = (ay, — x)(x — &,,), we have

(4.1) |pm (w, )| A/ w(z)/|v(z)] < C Vo € (0, +00),

1
(4.2) ~ Az /v(zy)
195, (W, )| /w ()
(4.3) Az ~o —2mTh _ p 19 m,
ma/v(zy)
and
(4.4) Ay ~ :;’”\/x_k L @ € [Eoms Aom]

where C and the constants in “~” are independent of m and k.
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Proof Theorem 3.1: (3.3) = (3.1) and (3.2). By (2.5) we have
||£m+2 w, f) “H <C||£m+2 w?f)uHLOO(Im) ’

where I, = [em11,ams1] Hence, for x € I, x4 a zero closest to =, x; € [egm, agm] and
k#d,d=+ 1, using (4.1) and (4.2), we get

V()P (W, T)u(z)
v ()P, (W, 1) (2 — 21 )u(T))
3/4

= ¢ (%)5_#2 (U((fﬁk))> |$A—$i’k| '

Now, by (2.4), taking into account that xy € [ggm, agm]|, we have

[k ()]

v(@) < 0917
v(zk) Tk
whence
b—/243/4 A
|@mn““)g@(f) T Laden
u(zy,) T, |z — x|
Since [1, p. 361]
u(r)
/ ~1 k=d d+1
)] 2~ 1, ,
it follows that
||‘Cm+2 w> f) u”oo S
§—/2+3/4
x Axy,
< s e
<Glulimmm |1+ 5 () o=l
Egm < T < g
k#dd+1 |

By hypothesis 0 < 6 — 7/ 2+ 3/4 <1 and so the sum at the right-hand side is dominated by
Clogm. In fact, for € (ggm, apm), this sum is dominated by

5 v/243/4  dt
/ <[ — L+
Td+1 |m - t|

For the term Iy, since x < t, we have

afm dt
I, < C/ — ~logm.
Td41 -z
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While, for the term I, setting y = ¥ and A = —0 +/2 — 3/4, by (3.3) we have -1 <A <0
and then

_Azg

L=t = 0n/2-3/4
T
0

AN
N
i
|
8
<<
>
I—\/-\
[
QQ|
>
S—
o,
<
+
c\
|
8
N
|‘a
NS
<

17Aa:d 17A:c dy
< / yA(l—y)“der/ —

0 0 I—y
< C+Clogm,

which completes the proof, since the other cases are simpler. In the sequel we are going to
show that inequality (3.1) implies the assumptions (3.3).

Now, let us prove the error estimate (3.2). Since L ., (w) preserves the polynomials of
P 1, using (3.1) and (2.7), we have
If = Lo (w, )] ulle < Co(logm) By, 1 (Fuce
< Co [(logm) Enr(f)uco + ™™ || fulloo]
O
The following proposition will be useful in order to prove Theorem 3.4.

Proposition 4.1. Let 1 < p < o0, n >0 and 0 < § < 0 < 1. Then, for any polynomial
B, € Py, with | a fized integer, we have

a’ém
S An gl PP <C / 4" Pon(2)|” da,

com<Tr<agm om

where xy, are the zeros of py,(w) and C is independent of m and Py,.

Proof. From inequality

o-alfar <2 | [ e aro-o [1rere).

setting a = x, b = z11 and f = P, we deduce

Tpi1 Tk41
S Pl <2 | [ 1Rl do s @ar [ RGP d]
Tk T
Using (4.4) and xj ~ x for x € [xg, xpy1], we get
Az, [z P (1) 7 <

el [Tenar ass () [ o wval o).

T m T
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and

Y. Anfa] Pz <

€om<TL<agm
agm, p afm

SC[/ | Py ()7 dx+(va’”> / 2Py, (2) Vx| da| .
EOm m €om

For the second integral at the right-hand side, taking into account that

T a
T — Egm agy — X

Em < Eom < Eom T < g < gy, < A s

(“_m) " | Pl (@) Val? d

w) [l

" | P () (& = ) (g — 0)|

for

we obtain

p

dx

| o

S

€om

SC/ |2 Py ()P d

m

having used the Bernstein inequality related to the interval [g,,, ag,,] in weighted LP—norm.
The proposition easily follows. 0

Remark 4.2. We note that, proceeding as in the proof of Proposition 4.1 and taking into
account that u(x) ~ u(xy) for v € [rg, Tpq1] (see [8, p. 170, Proposition 2.1]), for any
P € Py, with 1 a fized integer, with 1 < p < oo and 0 < 0 < 0 < 1, we obtain

> AnlPu(aue)? <¢ [ Pl o,

EgmSTK<agm om

where xy, are the zeros of py,(w) and C is independent of m and Py,.
Proposition 4.3. Let 1 < p < oo, a > 0 fized and g € LP. Then, for t,(z) =
Pm(w, ) \/w(x)\/](am —z)(x — &n)|, the inequality

/|g |pdx>0/ (@) do

holds with C # C(m, pm(w)
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Proof. Letting xj be the zeros of p,,(w), we set

Im = Uz, <a <:Uk - %Amk, T + %Amk> ,
with g > 0 small. Taking into account (4.2) and (4.3), since

pm(w, 7)
Ph(w,z4)(x — 24)

where 4 is a zero closest to x € (g, a,,), we have

~ 1,

|5U — Tgs1]
(45) 0] = ) 0(0) = a1z — 2|~ 221
and then
{tm(2)| > C, ze€[0,a]\ Jp .
So we get

/|g D dz > c/wmunpdx
/|g W do—C /m|<x>|pdx.

Since the measure of J,, fulfills |J,,| < %, using the absolute continuity of the integral, for
any fixed g we can choose p such that the second integral at the right-hand side is a half of
the first one and the proof is complete. O

In order to prove Lemma 3.2, we recall some properties of the Hilbert transform H extended
to an interval (a,b), defined by

b
H(f,y) = igl@u y € (a,b),

a T—UY

where the integral is understood in the Cauchy principal value sense. The commutation

formula
([Hﬁwzi[H@f

holds for any f € LP and g € L9, 1 < p < oo, 1/p+ 1/q = 1. We recall that, for any
measurable function f such that fv € L, 1 < p < oo, the inequality

IH () vll, <Cllfvll,,  C#C),
holds if and only (see [2]) the weight v belongs to the A, class, 1 < p < oo, i.e.,

G%[W@NQYMG%%ﬁﬂ@ﬁ@ymgc I¢C(ab),

where |I| denotes the measure of I and % + % = 1.
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Proof of Lemma 3.2. By (2.5) we have
[£5ia (w, full, < €|

ﬁirri-? (U), f) u“Li"(Im)

= C sup Lo (w, f,x)u(x)g(x)dx
llgllLa(rm)y=1 Im
= C sup Ag)

llglla (1) =1

where I, := [emi1, Gmy1] and ¢ = p/(p — 1). By using (4.2) and since v(zy) > Coamzy for
T € [€om, Gom), We obtain

Co Axg|ful|(xy)
Alg) < “3/4 Z 6—v/2+3/4

/ o(@)pul, D)u()gle)
< C—n{ ) %mw,
with
_ V()P (w, ©)Q() — v(y)pm(w, y)Q(y) u(x)g(x) .
nw = f b
— H(opm(w)ug. y) — v(y)pm(w, 9) QWK (%@

where () > 0 is a polynomial of degree Im that will be chosen in the sequel and H is the
Hilbert transform related to the interval I,,,. Then, using the Holder inequality, we get
1 1

2—0—3/4
A 1 (0

C P q q
A(g)ﬁ%( ZAxk\fu\p(xk)> ( <Z<A:1:k T ) .

m Eom<TKr<agm

By Proposition 4.1, the second sum at the right-hand side is dominated by

1/q
C (/ ‘y7/2—5—3/41—[(y)|q dy)
Im
1/q
<C ( / |y 23 (vp (w)ug, y)|* dy)
Im

(.

= Il + IQ .
Now, by (4.1), we have

Yy PO () pm (w0, ) Q(y) H (% y)

q 1/q
dy)

Cy* P am — )y — em)?/!
Cy5—7/2+3/4a3/4 ]

[0(Y)Pm (W, y)u(y)|

IA A
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By virtue of (3.5), y?/27973/% is an A, weight on I, and we can use the boundedness of the
Hilbert transform, obtaining

1/q
I < C( / !y”/z53/4v(y)pm(w,y)U(y)g(y)\qdy)
I,
< Ca¥lgllzacr,, = Call*.

In order to estimate Zy we can choose @) such that @ ~ w in I, (see [12, p. 809, Lemma
3.1]) and, by (4.1), we get

|y () pm (w, )Q(y)] < Capl?,
whence, using the boundedness of the Hilbert transform H : L(1,,) — L%(1,,), we deduce

ug
(%)
Q@ / lpar,)

< CalM|gllna(rny = Cail*.

:Zé f; (3@3{4

Collecting the previous inequalities we obtain

1/p
[ lU,f)UHp§09< > Aﬂ?k!f“!”@k)) -

Com<Tr<agm

Now, let us prove that inequality (3.4) implies conditions (3.5). To this aim, letting m
fixed and sufficiently large, we consider a piecewise linear function Fj such that

Fy(x) =0 x ¢ [2,3]
and
Fo(xx) = sgn(p), (w, 7)) zy € [2,3],

joining two consecutive points with a segment. Since Fy is continuous on (0, +00), we can
write

1/p
||‘Cm+2 w7F0)u||LP[59m,1] < H‘C:”LH <w’F0>qu <C ( Z Aa:k]Fgu|p(xk)>

2<x, <3

and, using (4.2 (z) > CopX for x > g, and x, > 2, we get
) xy,

1Lk o (w, Fy, ) u(z)| > C }pm(w,x)vl/4(:c)u(q:):c3/4| Z Axy, x,;6+“’/2_3/4u(a:k)
2<z <3

and

[P w’FO)u”LP[sng]ZCHpm(w)Ul/4 3/4HLP[59m Z Az 52y ()

2<2, <3
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Using Proposition 4.3 we obtain

1 1/p 1/p
sup (/ g 0=/2+3/9p dx) Z Ay () < C ( Z A:r;kup(xk)>
€om

m 2<2,<3 2<2,<3

Therefore

1 1/p
( / $(5—7/2+3/4>pdx> ST Awpa, T u(ay)
0

2<z,<3

1/p
(4.6) < C( Z A:Ekup(xk)> :

Now, let A = {Ay}, oy, Where 4j, = (Az) P u(xy,) and ||A||p = (X aca<s A,’;)l/p, the last
inequality (4.6) can be rewritten as

1 1/p
A _ _
(6—~/2+3/4)p k 1/q ,,—0+7v/2—3/4
</o T d:z:) sgp E Al (Axy) "z, <,

2<x,<3

A . . _ _
sup Z k (Axk>1/qu5+7/2 3/4 _ Z Aﬁkxl(f 0+v/2=3/4)a 1
"2 Al 2

It follows that (3.4) implies 6 — /2 > —=3/4—1/p, 1 < p < oc.
Let us now show that (3.4) implies § — v/2 < 1/4 — 1/p. To this aim we consider a
piecewise linear function Fj such that

Fi(x)=0  z ¢ [eom, 1]
and
Fi(zy) = sen(p),(w,zx)) 2k € [eom, 1] .

Hence we get

1/p
||£:n+2 (w,Fl)u”Lp[Q’S] < HE;H (w,Fl)qu <C < Z Amk|F1u|P(a:k))

om <z <1

and, proceeding as before, inequality (4.6) is replaced by

5 1/p 1/p
(/ x(é—’y/2+3/4)p dx) Z Axkx;6+v/2—3/4 <C ( Z Aacmﬁ’(m)) .
2

com <z <1 com <z <1
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Now, with B = {By},cn, Bx = (Azy)" P u(xy) and || B|j;p = (X 0<a<1 Bi)l/p, the integral at
the left-hand side is bounded, while -

1/f1
Bk 1 —6+ 2—-3/4 —6+v/2-3/4
sup g || (AZE ) /a k v/ / = E AZL’]CZL',(C / /a

liv 0<2,<1

1 1/q
~ (/ $(—6+v/2—3/4)qu> )
0
1 /g
( / S(-+7/2-3/0)q dx) <c
0

condition 0 —v/2 < 1/4 — % follows. So the proof is complete. O

From

Proof that inequality (3.1) of Theorem 3.1 implies conditions (3.3). Let us first prove that
(3.1) implies 6 — /2 — 3/4 > 0. To this aim, using the same arguments of the previ-
ous proof (inequality (3.4) implies 6 — v/2 > —3/4 — 1/p), but replacing p with co and ¢
with 1, we obtain

max ‘pm w, )M Z Azju(x (SH/Q 3/4
J:E[aem 25 <3
Hﬁm_;'_Q w, FO) uHLoo[aﬂmvl]
< C||Foull gy, 1y log m

where Fj is the above defined function. The sum at the left hand side is bounded from below
and using (4.5), it follows that
max 2?7/ < Clogm,
TE[Egm,1]
ie. 6 —~/243/4>0.

Let us now prove that (3.1) implies § — /2 — 3/4 < 1. As before, we will use a procedure
similar to that of previous proof (inequality (3.4) implies § — /2 < 1/4 —1/p), with p = 0o
and ¢ = 1 and F} in place of Fj. In this case (4.7) becomes

5+’y/2 3/4
max |pm w, x)v 14dy3/4, Z Azpu(zx
vel2:3] Eom <Tk<1

H£m+2 w, Fy) UHLOO[2,3}
< C [ Frull ppp g log m

< Cllull g,z logm.
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Since |py(w, z)v"/*2%*u(x)| is bounded from below in [2,3], we get

sup Z Amkﬂx;(sﬂ/Z_SMSClogm

U <l ||U||Loo[2,3]
and
Z A:Ekx,;(sﬂﬂ_g“ <Clogm,
eom <z <1
whence
1
/ t7OH/2=3/4 q < Clogm,
€om
ie. d —v/2+3/4 <1. So, (3.1) implies conditions (3.3). O

Proof of Theorem 3.4. First of all, inequality (3.6) can be obtained proceeding like in [15,
pp. 232-234]), since

1/p
2y, < ce( 5 Axkuuw)

Egm ST <agm

a\ VP
< @[wmu+(ﬁf) [ ﬁiﬂww]

Then, for any P € P, of quasi best approximation, we can write

f=Lhpp(w, [)=(f—-P)= L 5w, f-P).
By (2.7) and (2.2) we get

I(f = Pull, < C[Em(fup+e™ || fully]
A\ D .
(ﬂ) /0 —i§{1/27dt+ecm Hqup]

(4.8)

C

IN

m

and, using (4.8) and arguments similar to those in [14, Prop. 4.2, pp.280-281],

|

Vvam

ml/p Q) — P t)uy
L, f — Pul], gc@hu—Pmm+(ff) P

Vam
—cmV \V Am 1p m Q;<f7 t)uzp
C [e ||fU||p + ( m ; Wdt

IA

we obtain (3.7).
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Proof of Theorem 3.5. Let us consider the space DP(u), defined by (3.8). We have

H£m+2 w, f) HDP(u) pS ||f||DP + Hf Lo (U’?f)HDP(U)
and

(f ‘Cm 2( 7f)7t>’u,p
I - £m+2(w7f)||D:0 = ||[f = Lonsa (w, f)] u||p+/0 tlil/p st

Let us estimate the second addend, decomposing it as

1 Qtp (f - ’Cm+2 (U) f up dt — - m+2 (w7 f) at)%p dat
o t1+1/p am t1+1/p '

For the second integral we get

/1 o (f = Lhpa (w, f) 1)

uP g < c( i )WHU Ly (w, £)] ul]
t1+1/p — m+2 ) P

Vam
O (ot
< c/ 2o (fil)up )’Pdt+c—cm I full, -
0

t1+1/p

In order to estimate the first integral we can write
=L (w, f)=(f=P) =Ly (w, f=P)+ Loz (w, (1= x0)P)

where P € Py, M = Lg% , is a polynomial of quasi best approximation for f, ys is the

characteristic function of [g,,, agm|. Since (using a procedure in [1, pp . 98-100], see also [,
p. 174, Theorem 3.5])

Vvam
o Qu (f,t
V%WHMMbSC/ 2ol ay g,
m 0 t

we obtain

Nam am -1
Tmo Q@ (f — P, t)u’ QT (f )u \/ Qo 1= ,
/0 A+1/p Pdt < C / T/p dt + ( - ) |27l

up
< c/ t1+1/P .
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Moreover, we have

am _ 1-1
Q ( m+2(w7f P)’t)u’pdt S (,/am> /p

[m+2<wf P)] Spup

0 tl—i—l/p m

IN

C

VRS
5
3

—1/p
) i twf = Pl

QU (f,t
< c/ —ig;ﬁﬁﬁL.
0

t1+1/p

B

In this last inequality we have used the estimate for H,Cjn 4o (w, f—=P) u||p given in Theorem
3.4.1t follows that

Vam -
m Q‘p ( :n+2 (w7(1 _XG)P),t)u m 1 l/p /
tl—l—l/p il dt S C ( m ) |: m—+2 ( (1 X@)P)} U ,

C(ng)AmucmH w, (1= xo)P)ul|,

0

IN

Since

: 06| ()
[t (0, (L= x0)P,2) u(o)| < WPullimeoemany DS S
xk¢[€9m,a9m})

where the sum is dominated by Cm”, for some 7 > 0, using (2.6) and the Nikolskii inequality
(see [12, p. 810, Theorem 3.4])

1
E
Pul.<¢(—Z=)"IPul,.
we get
e (L (0 L —x0)P) 1), dt < Ce™™" | full
0 ti+i/p - P
which completes the proof. 0
ACKNOWLEDGMENTS

The authors thank the referees for their relevant comments, which allowed to improve the
previous version of this paper.

REFERENCES

[1] Z. Ditzian and V. Totik, Moduli of smoothness, Springer Series in Computational Mathematics, Vol. 9, Springer-Verlag,
New York, 1987.

[2] R. Hunt, B. Muckenhoupt and R. Wheeden, Weighted norm inequalities for the conjugate function and the Hilbert trans-
form, Trans. Amer. Math. Soc. 176 (1973), 227-251.

[3] P. Junghanns, G. Mastroianni and I. Notarangelo, On Nystrém and product integration methods for Fredholm integral
equations, In: Contemporary Computational Mathematics - a celebration of the 80th birthday of Ian Sloan (J. Dick, F.Y.
Kuo, H. WoZniakowski, eds.), Springer, Cham, 2018, pp. 645-673. https://doi.org/10.1007/978-3-319-72456-0-29



20
(4]
[5]
[6]
[7]
(8]
[9]

(10]

(11]

(12]

(13]

[14]
(15]

G. MASTROIANNI AND I. NOTARANGELO

A.L. Levin and D. S. Lubinsky, Orthogonal polynomials for exponential weights, CSM Books in Mathematics/Ouvrages de
Mathématiques de la SMC, 4. Springer-Verlag, New York, 2001.

G. Mastroianni and I. Notarangelo, A Lagrange-type projector on the real line, Mathematics of Computation 79 (2010),
no. 269, 327-352.

G. Mastroianni and I. Notarangelo, Lagrange interpolation with exponential weights on (—1,1), Journal of Approximation
Theory 167 (2013), 65-93.

G. Mastroianni and I. Notarangelo, Embedding theorems with an exponential weight on the real semiaxis, Electronic Notes
in Discrete Mathematics 43 (2013), 155-160.

G. Mastroianni and I. Notarangelo, Polynomial approzimation with an exponential weight on the real semiaxis, Acta
Mathematica Hungarica 142 (2014), no. 1, 167-198.

G. Mastroianni, G.V. Milovanovi¢ and I. Notarangelo, Gaussian quadrature rules with an exponential weight on the real
semiaxis, IMA Journal of Numerical Analysis 34 (2014), no. 4, 1654-1685.

G. Mastroianni, G.V. Milovanovi¢ and 1. Notarangelo, A Nystrom method for a class of Fredholm integral equations on
the real semiaxis, Calcolo 54 (2017), 567-585.

G. Mastroianni, G.V. Milovanovié¢ and I. Notarangelo, Polynomial approximation with Pollaczeck—Laguerre weights on the
real semiazis. A survey, Electronic Transactions on Numerical Analysis 50 (2018), 36-51.

G. Mastroianni, I. Notarangelo and J. Szabados, Polynomial inequalities with an exponential weight on (0, +o00), Mediter-
ranean Journal of Mathematics 10 (2) (2013), 807-821.

G. Mastroianni, I. Notarangelo, L. Szili and P. Vértesi, Some new results on orthogonal polynomials for Laguerre type
exponential weights, Acta Math. Hungar. 155 (2) (2018), 466-478.

G. Mastroianni and M. G. Russo, Lagrange interpolation in weighted Besov spaces, Constr. Approx. 15 (1999), 257-289.
G. Mastroianni and P. Vértesi, Fourier sums and Lagrange interpolation on (0,400) and (—oo,+00), in: Frontiers in
Interpolation and Approximation, Dedicated to the memory of A. Sharma, (N.K. Govil, H.N. Mhaskar, R.N. Mohpatra,
Z. Nashed and J. Szabados, eds.) Boca Raton, Florida, Taylor & Francis Books, 2006, pp. 307-344.

DEPARTMENT OF MATHEMATICS, COMPUTER SCIENCES AND ECONOMICS,, UNIVERSITY OF BASILICATA, VIALE DELL’ATENEO

Lucano 10, 85100 POTENZA, ITALY



	1. Introduction
	2. Preliminary results
	2.1. Classes of functions
	2.2. Best weighted approximation
	2.3. The interpolation process

	3. Main results
	4. Proofs
	Acknowledgments
	References

