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ON NYSTROM AND PRODUCT INTEGRATION METHODS
FOR FREDHOLM INTEGRAL EQUATIONS

PETER JUNGHANNS, GIUSEPPE MASTROIANNI AND INCORONATA NOTARANGELO

ABSTRACT. The aim of this paper is to combine classical ideas for the theo-
retical investigation of the Nystrom method for second kind Fredholm integral
equations with recent results on polynomial approximation in weighted spaces
of continuous functions on bounded and unbounded intervals, where also zeros
of polynomials w.r.t. exponential weights are used.

1. INTRODUCTION

There exists a huge literature on numerical methods for Fredholm
integral equations of second kind,

(L1) fa) / Ke.y)f(y)dy = g(z), zel,

where I is a bounded or unbounded interval. A very famous method
is the Nystrom method which is based on an appropriate quadrature
rule applied to the integral and on considering (1.1) in the space of
(bounded) continuous functions on /. Such quadrature rules can be
of different type. In the present paper we will focus on Gaussian rules
and product integration rules based on zeros of orthogonal polynomials.
The aim of this paper is to combine classical ideas for the theoretical
investigation of the Nystrém method, in particular the results of SLOAN
(35, 34], with recent results on polynomial approximation in weighted
spaces of continuous functions on bounded and unbounded intervals,
where also zeros of polynomials w.r.t. exponential weights come into
the play (cf. [13, 29]). Note that the Nystrom method, in general, is
based on the application of a quadrature rule to the integral part of
the operator. Here we focus on quadrature rules of interpolatory type,
which are constructed with the help of zeros of orthogonal polynomials,
i.e., which are of Gaussian type. Of course, there exists a lot of other
possibilities. As an example, let us only mention the paper [12], where
quasi-Monte Carlo rules are applied to the case of kernel functions of
the form K(z,y) = h(x —y) .

Considering weighted spaces of continuous functions is motivated by
the fact, that in many practical examples for the unknown function
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2 PETER JUNGHANNS, GIUSEPPE MASTROIANNI AND INCORONATA NOTARANGELO

it is known that it has some kind of singularities at the endpoints of
the integration interval. Moreover, the kernel function of the integral
operator can have endpoint singularities in both variables. For recent
attempts to combine the idea of the Nystrom method with weighted
polynomial approximation, we refer the reader to [ 1, 21, 25].

The present paper is organized as follows. In Section 2 we present
the notion of collectively compact and strongly convergent operator se-
quences and the classical result on the application of this concept for
proving stability and convergence of approximation methods for opera-
tor equations. After formulating the results of SLOAN from the 80’s on
the application of quadrature methods to Fredholm integral equations
of the second kind, we show how these results can be generalized by us-
ing weighted spaces of continuous functions, where we prefer a unified
approach for both bounded and unbounded integration intervals (see
Definition 4 and Lemma 5). In Section 3 we prove a general convergence
result for the classical Nystrom method (see Corollary 9), where “clas-
sical” means that usual quadrature rules are used for the discretization
of the integral operator, not product integration rules. In Subsections
3.1 and 3.2, this result is applied to the interval (—1,1) involving Ja-
cobi weights and to the half line (0, c0) involving exponential weights,
respectively. Finally, Section 4 contains the most important results
of the paper and is devoted to the application of product integration
rules in the Nystrom method, where again the Jacobi weight case and
the exponential weight case are considered separately. In particular, in
both cases we show how one can use the respective Llog® L function
classes, in order to weaken the conditions on the kernel function of the
integral operator (see Propositions 19 and 22).

2. BASIC FACTS

In the sequel, by ¢ we will denote real positive constants, which can
assume different values at different places, and by ¢ # ¢(a, b, .. .) we will
explain, that ¢ does not depend on a,b, ... If a and 8 are positive real
numbers depending on certain parameters a,b, ..., then by a ~g; 3
is meant that there is a positive constant ¢ # c(a,b,...) such that
cla<pB<ca.

We say, that a sequence (K,,), >, of linear operators IC,, : X — X in
the Banach space X is collectively compact, if the set {IC,,f : f € X, || f]|
is relatively compact in X, i.e., the closure of this set is compact.
The concept of collectively compact sets of operators goes back to
ANSELONE AND PALMER [I, 4, 2, 5, (].

<1,neN}
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For the following proposition, see, for example, [3], or Sections 10.3
and 10.4 in [15], [16], or [17], or Section 4.1.in [7].

Proposition 1. Let X be a Banach space and K : X — X, K, :
X — X, n € N be given linear operators with lim ||[IC,f — Kf|| =0
n—oo

for all f € X (i.e., the operators K,, converge strongly to K in X). For
g € X, consider the operator equations

(2.1) Z-K)f=g
where L 1s the identity operator in X, and
(2.2) Z-Ku)fu=19.

If the sequence (KC,,), =, is collectively compact and if dimker(Z — K) =
0, then, for all sufficiently large n equation (2.2) has a unique solution
fre X, where

(2.3) Ifn = f I < cllKnf” = KfIl e cln, g, f7),
and f* € X is the unique solution of (2.1).

Let us consider the situation that X is equal to the space of con-
tinuous functions C(I), where I = (I,d) is one of the compact metric
spaces I = [—1,1], I = [0,00], or [ = [—00,00], the distance func-
tion of which can be given, for example, by d(z,y) = |a(x) — a(y)| or
d(z,y) = la(x) — ay)] with a(x) = arctan(z) . As usual, the norm

1+ a(z) - aly)
in C(I) is defined by || f|lec := max{|f(x)|:x € [} . As operators K
and IC,, we take

(2.4)
kn
(Kf)(x) = / Ko ) f@)dy aswellas (Kof)(a) = 3 Auk(0)f (),

where the A,;’s are certain quadrature weights and we assume x,; € [
(k=1,...kn), Tp1 < Tpa < ... < Tpg, , as well as

(K1) /|K(x,y)|dy < oo, ie, K(z,.) e L}(I) forallz € I,
I

(K2) lim K (z,.) = K(zo, M = lim [ |K(z,y)=K(zo,y)ldy =

T—TQ T

0 for all zg € I,
kn
(K3) lim > Api(@) f(zn) = / K(z,y)f(y)dy for all z € I and all
n—oo
k=1 I
fecC(),
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kn
(K4) lim sup {Z |Ank(x) — Apk ()| € N} =0 forall xg € I.

T—rxQ —1

Note that conditions (K1) and (K2) are necessary and sufficient for
the operator K : C(I) — C(I) being a compact one, which is a
consequence of the Arzela-Ascoli Theorem characterizing the relatively
compact subsets of C(I). Moreover, the following lemma ist true and
crucial for our further considerations (see [35, Section 2, Lemma] and
[34, Section 3, Theorem 1]).

Lemma 2. Suppose that conditions (K1) and (K2) are fulfilled. The
operators K,, : C(I) — C(I), n € N, defined in (2.4), form a collec-
tively compact sequence, which converges strongly to K , if and only if
(K3) and (K4) are satisfied.

Remark 3. For example, in case I = [0,00], conditions (K1) - (K4)
can be written equivalently as (cf. [31, (3.1)-(3.3)])

(K1) K(z,.) € L'(0,00) Vz € [0,00),
(KT) xh_{go HK@:? ) - K<x07 ')HLl(O,oo) =0 V:L‘O € [07 OO) )

(K3’) lim sup {/ \K (2, y) — K(z,y)| dy : 2’ > x} =0,
0

T—00

kn oo
(2) Jim > An(o) o) = [ Kag)f@)dy Vo € [0,50) and
=1 0
Vfe E[O, oo,

kn
(K5”)  lim sup {Z |Ani(x) — Api(z0)| 1m0 € N} = 0 for all xy €

T—I0 1

[07 OO) Y

kn
(K6’) lim sup sup {Z |Ank(z) — Api(z0)| i € N} =0.

T—>00 ./
' >z k=1

Now, we assume that the kernel function K (x,y) and the quadrature
weights A, (z) in (2.4) are represented in the form
(2.5)

K(z,y) = H(z,y)S(z,y) and  Au(a) = Ay (H(z,.)S (@, 2ur)
respectively, and consider the conditions (H1) — (H3) below. For this,
we need the following notions.

Definition 4. Let Iy = (=1,1), Iy = (0,00), or Iy = (—00,00),
and let v be a positive weight function on Iy, where v : I — [0, 00)
is assumed to be continuous and having the property that p(z)v(x) is

continuous in I for all polynomials p(z) . By C, = C,(Iy) we denote the
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Banach space of all functions f : Iy — C, for whichvf : Iy — C can
be extended to a continuous function on the whole interval I, where the
norm on C, is given by ||gllg. = |9/lv.co := max{|v(x)g(z)| :z € I} .
Moreover, let C, C C, be the closure (w.r.t. the C,-norm) of the set
P of all algebraic polynomials.

Now, we formulate the above mentioned conditions.

(H1) The \fys, k=1,... k,, n € N, are linear and bounded func-
tionals on a Banach space X, continuously imbedded in L} _, (1),
where L1 (I) = {f :v7'f € L'} with [[fll: | = [[v7'f]; =

o™ flls -
(H2) Forallz € I, H(x,.) € Xy and S(z,.) € C,, and forall g € I,

lim [|H(z,.) = H(zo..)lx, = 0.

kn

(H3) It holds lim Z Ao (f) g(@ng) = /f(y)g(y) dy for all f € X,
n—o00 pt T

and all g € C, ().

In case of v(xz) =1 and I = [—1,1], the following lemma is proved in
[35, Section 3, Theorem 2].

Lemma 5. Assume that K(x,y) and Api(x) in (2.4) are of the form
(2.5), where the conditions (H1) — (H3) are fulfilled and where S(x,y)v(y)
is continuous on I*. Then, conditions (K1) — (K4) are satisfied.

Proof. Condition (K1) follows from

/IIK(x,y)I dy < | H(z, g 5@, )00 = llH (@, )llxq 15 )00

and condition (H2). Moreover,
1 (2, ) = K (20, )|
< H(w,) = H(zo, gy 19, Jollog + [1H (2o, gy, IS, Jv = S(ao, o]

< |[H(x,.) = H(wo, lx, |15, )l + [ H (o, )l x, 15 (2, ) = S0, Joll o — 0

if © = z9 € [—1,1] because of (H2) and the (uniform) continuity of
S(x,y)v(y) on I%. Hence, (K2) is also satisfied. Using (2.5), (H2), and
(H3), we get, for f € C(I),

kn kn

Nk (@) f () = D Ae(H (2, ))S (@, @) f (@) — /IH(fv,y)S(fmy)f(y) dy

k=1 k=1
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since together with S(z,.) € C, also S(x,.)f belongs to C,. This
shows the validity of (K3). It remains to consider (K4). For this,
define G, : Xg — C;, f — G, [ with

kn
(Guf)(9) =D M(f)g(an) forall geC,.
k=1

>~

(S

~—

Indeed, G, f € C}, since |(G.f)(g9)] <

v lg]l0.00 - Moreover,

it is easily seen that

kn | \F

If we fix f € Xy, then sup{[(G.f)(g9)] : n € N} < oo for every g €
C,, due to (H3). Consequently, in virtue of the principle of uniform
boundedness,

(2.6) sup{||gnf|0;:n€N}<oo for every f € Xq.

Taking into account A\, € X& and

k k F
C SN Pl
(2.7) ||gnf|cz—; o) < 2= o) 1£1l

we see that G,, belongs to £(Xy, C}) . Again by the principle of uniform
boundedness and by (2.6), we obtain ¢y := sup {||gn||xo—>c* in € N} <
oo . This implies, together with (2.7),

kn | \F
SRl s, vrex,,
k=1 n
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Hence,
> [Ane(a) — Au(ao)]
= SO A (H (@, ) — M (H (o, )] S, 20e)

N Z” | AL (H (0, )] 1Sz, Jo — S(zo, vl

< co [[[H(x,.) = H(xo, )lIx, 15z, Joll + [1H (@0, llx, [19(z, Jv = S0, v)ll]
and (K4) follows by (H2) and the continuity of S(z,y)v(y) on I*. O

3. THE CLASSICAL NYSTROM METHOD

Let u be a positive weight function and w , w; be weight functions on
Iy, where u : I — [0, 00) is assumed to be continuous. For example,
all these three weight functions can be Jacobi weights (see Section 3.1)
or weights of exponential type (see Section 3.2). Consider a Fredholm
integral equation of the second kind

B Jw - [Reoe@Fwd =36, och,

I
where g € C,and K : I? — C are given functions and ]7 e C, is
looked for. Using a set of nodes x,; € Iy satisfying

(3.2) Tpg < Tp2 < ... < Tpk,

and a quadrature rule
kn
(3.3) / Fyw@) de ~ 3 AeF(me),
I k=1

we look for an approximate solution f,(z) for equation (3.1) by solving
k

(3.4) Fol) = S AR, 00) Fos) = G(2).

k=1
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If we define f(z) = u(z)f(z), g(z) = u(z)j(z),

(3:5) K(z,y) =

and

Anpt(2) K (2, )

then (3.1) considered in C,(Iy) together with (3.4) is equivalent to (2.1)
considered in C(I) together with (2.2), where IC and K, are given by

= AnkKl(xa xnk) 5

(2.4).
Recall, that the function (cf. (3.4))
ki ~
fn(x) = Z Ak K (2, i) fo(Tnk) + G(2)
k=1

is called Nystrom interpolant at the nodes x,; . For its construction,
one needs the values &, = f,(zn) , which can be computed by consid-
ering (3.4) for x = x,,;, j = 1,..., k, and solving the system of linear
equations

kn
gnj _Z)\nkK(l'njaxnk)gnk :g(xnj)a J= 17"-71{771'

k=1
Note, that the convergence of the Nystrom interpolant to the solution
of the original integral equation is the main feature of the Nystrom
method. For that reason, the natural spaces, in which the Nystrom
method together with the integral equation should be considered, are
spaces of continous functions. Moreover, the natural class of integral
equations, to which the Nystrom method together with the concept of
collectively compact and strongly convergent operator sequences can be
applied, is the class of second kind Fredholm integral equations, since
collective compactness and strong convergence imply the compactness
of the limit operator.

Nevertheless, there were developed modifications of the Nystrom
method applicable to integral equations with noncompact integral op-
erators (see, for example, [0, 10, 22]).

We formulate the conditions

(A) Ko(z,y) :=u(x)K(z,y)wi(y) is continuous on I?,

(B) (wyu) " w e LY(T).

(C) there exists a positive weight function u; : Iy — [0, 00) contin-
uous on I, such that K;(z,.) = u(z)K(z, Ju='(.) € Cy, (I) for
allz e T,
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(D) uy'w € LY(I)
(E) for the quadrature rule (3.3), we have

kn
nh—{EOZ)\"kf(%w = /f(x)w(m) dx
k=1 I

for all f € C,, (o),
(F) the inequalities

kn

&7 Y e <

k=1

hold true for all n € N, where ¢ # ¢(n) .
The following corollary is concerned with condition (E).
Corollary 6. Let (D) be satisfied. If the quadrature rule (3.3) is exact

for polynomials of degree less than k(n), where k(n) tends to infinity
if n — oo, and if

k

n Ank/‘
3.8 <c
35) e

for all n € N | where ¢ # c¢(n), then

(@) Tm > A (o) = /I f@yw(z)de Ve Cu(l),

0) | [ faua)de =3 dufom)
1 k=1

where En(f)uy 0o = I {]|f — Pllus,co : 0 € Pin} is the best weighted uni-

form approzimation of the function f by polynomials of degree less or

equal to m . Moreover, if (E) is satisfied then (3.8) and (b) hold.

S CEm(n)—l(f)UhOO ) c 7& C(TL, f) 5

Proof. Define the linear functionals F,, : C,, (Iy) — C by

kn,
k=1

Then, in virtue of (3.8),

k
n An
Zofl £ 30 s W lune < cllfllrce ¥ f € Cuns ¢ e, f).
k=1 "
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Hence, the linear functionals F,, : C,, (ly) — C are uniformly bounded.
Moreover, due to our assumptions,

lim Fof = [ f@u@dr vfeP,

and the Banach-Steinhaus Theorem gives the assertion (a). For all
p € Pyny—1, we get

kn
x)dxr — Z Ak f (k)
k=1

< [11@ 2) do + ZAM £ @) — Pl

s[/ o Z - ]Hf Pl -

[t remains to take into account (D) and (3.8), and also (b) is proved.
Finally, we make the following observation The norm of the func-

tionals F,, : C,, (Iy) — C is equal to Z Hence, due to the

ul(:cnk)
uniform boundedness principle, condltlon (3.8) is also necessary for
assertion (a) to be fulfilled. O

Proposition 7. If the conditions (A) — (F) are fulfilled, then the op-
erators IC,, € L(C(I)), defined in (2.4) and (3.6), form a collectively
compact sequence of strongly convergent to KC (cf. (2.4) and (3.5)) op-
erators in C(I) .

Proof. We check if conditions (K1) — (K4) are fulfilled. Condition (K1)
is a consequence of

/]K T,y ]dy = /!K1 z,y)|w(y) dy HKl( )Hul,oo“(ul)ileLl(I) :

Analogously, (K2) follows from

/I K () — K (2o,y)| dy = / Ko, y) — Ko(o,)] % dy
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by applying the continuity of Ky(x,y) and condition (B). In view of
(3.6), condition (C), and condition (E),

kn

k=1 =
— /Kl z,y)f w(y)dyzflK(x,y)f(y)dy

if n — oo for all f € C(I) and all € I, ie., K(x,y) satisfies
also (K3). Finally, for every ¢ > 0, there is a § > 0 such that
|Ko(z,y) — Ko(zo,y)| < € for all (x,y) € Us(xg) x I, where Us(xo) =
{zr €l:d(x,xy) <9} . Consequently, according to (3.7),

kn kn
Z |Ank(x) - Ank(x0)| - Z )\nk|K1(xa xnk) - K1($0, xnk)|
k=1 k=1

= K - K <ce
Z w(@r)wn ( l’nk)| o(Z, Tnk) 0(Zo, Tnk)| < ¢

for all © € Us(xg), which shows the validity of (K4). The application
of Lemma 2 completes the proof. O

Remark 8. In case of u='u; = w, , for the proof of Proposition 7, one

can also use Lemma 5. Indeed, if we set v = uy and define H(x,y) =
w(y), S(x,y) = Ki(z,y), Xo = span{w} with |.|x, = [lllw:_ ),

M (yw) = YA\ for v € C, then, we have Xo C L_,(I) continuously
(see (D) which now coincides with (B)), K(z,y) = H(x,y)S(x,y) with

the continuous function S(z,y)v(y) (see (A)), and Api(x) = A5 (w)S(x, Top)
(cf. (3.6)). Moreover, for all f =~w € Xy and all g € C,(1p),

kn kn,
JE&Z AP (Dg(xm) = nlggOVZ Ak (Tng) = /f(y)g(y) dy
k=1 k=1 1

in view of condition (E). Consequently, conditions (H1) — (H3) are
fulfilled and Lemma 5 can be applied.

Corollary 9. Assume (A) — (F). Consider the equations (3.1) and
(3.4) with g € éu(lg). Assume further, that the homogeneous equation
(3.1) (i.e., § = 0) has in Cy(Io) only the trivial solution. Then, Jor
all suﬂiczently large n , equation (3 4) possesses a unique solution f €
C «(Io) converging to f* where f* € C,, is the unique solution of (3.1).



12 PETER JUNGHANNS, GIUSEPPE MASTROIANNI AND INCORONATA NOTARANGELO
If the assumptions of Corollary 6 are satisfied, then

(3.9) N < ¢ sup {EQn_l(u(x)[?(:v, .)f*)uhoo tx € I} :

where ¢ # c(n,g). (Note that, due to condition (C), u(z)K(z,.)f* €
C.,(Ip) forallz € 1.)

Proof. In virtue of Proposition 7, we can apply Proposition 1 with
X = C(I) to the equations (2.1) and (2.2) with the above definitions
(3.5) and (3.6). Estimate (2.3) gives

Flluse = 152 = £l S clKaf = KF Nl -

where f* € C(I) and f € C(I) are the solutions of (2.1) and (2.2),
respectively, and where
el }

1Kt = KF
— sup { > ) R o) F () — [ )R o) P o) dy

k

kn
:sup{ZA “(Tnk) /ny dy
I

:xef}.

It remains to use u(z)K(z,.)f* € Cu, (Io) (cf. (C)) and Corollary
6,(b). O

3.1. The case of Jacobi weights. Let us apply the above described
Nystrom method in case of

(310)  flx) - / R )F @)y =30), -1<w<1,

where § € C, = C,(—1,1) and K : (—1,1)2 — C are given continu-
ous functions and where v*#(z) = (1 — 2)*(1 + 2)?, o, > —1, and
u(z) = v79(x), 7,8 > 0, are Jacobi weights, and C, = C,y.s. We set
up(z) = v (z), wy(x) = v*P1(z) and assume that

(Al) Ky : -1 ] — C is continuous, where Ky(z,y) = v%(s(x)[?(g:, y) P (y)
%
“P(z) dx :
(B1) /1 V19 (2)verh (z) <00, ie,y+m <atlanddo+p <f+1,

(Cl) OS%,OS&,and7+a1<71<04+1,5+51<51<ﬁ+1.
Setting w(z) := v*#(x), the conditions (A1) and (B1) are equivalent
to (A) and (B) in the present situation, respectively. Condition (C1)
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leads immediately to (C) and (D), since in case u(x) = v79(x) and
v,6 > 0, the set C, is equal to the set of all f € C, satisfying

xgrlrlou(x)f(a:) =0ify>0 and xig?+0u(x)f(x) =0if§d>0.

As quadrature rule (3.3) we take the Gaussian rule w.r.t. the Jacobi
weight w(z) = v*F(z), i.e., ky, = n, the 2, = 2%’s are the zeros of
the nth (normalized) Jacobi polynomial p®?(x) w.r.t. w(z) = v*?(z)
and the A\, = )\z;f 's are the respective Christoffel numbers. Then,
for Corollary 6 we have k(n) = 2n — 1. Moreover, condition (C1)
guarantees that (3.7) and (3.8) are also fulfilled, which is due to the

following lemma.

Lemma 10 ([33], Theorem 9.25). For v*?(z) and v*-P1(x), assume
that o+ a1 > —1 and + 1 > —1, and let j € N be fixed. Then, for
each polynomial q(x) with degq < jn,

>l |atsid)
k=1

where ¢ # c¢(n,q) .

1
LB (xi}f> < C/ ’q(x)lvaﬁ(a:)val,ﬁl (:C) dx
—1

Hence, all conditions (A) - (F) are in force and we can apply Corol-
lary 9 together with the estimate (b) of Corollary 6 to equation (3.10)
and the Nystrom method

n

(B11)  fule) = D N K (z,a)) fulal) = glo), ~1<w <1,

k=1

to get the following proposition.

Proposition 11. Assume that (Al), (B1), and (C1) are fulfilled and
that equation (3.10) has only the trivial solution in ém,g in case of
g(x) = 0. Then, for g € ém,a and all sufficiently large n, equation
(3.11) has a unique solution ]7;; € Cyprs and

‘ fv*—fv; e S € SUD {Egn_l(v%‘s(a:)f((x, .)f*)wl’(;l’oo 1<z < 1} ,

where f* € ém,(s is the unique solution of (3.10) and ¢ # c(n,g).
(Again we note that the assumptions of the proposition guarantee that

v (2)K (z,.) f* € Cynsr for all z € [=1,1],(cf. Corollary 9)

For checking (3.7) and (3.8), we used Lemma 10. The following
Lemma will allow us to prove these assumptions also in other cases.
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Lemma 12. Let w : [y — [0,00) and v : Iy — [0,00) be weight
functions and Ay, > 0, z, € Iy, K = 1,...,n, be given numbers
satisfying the conditions x,1 < Tpa < ... < Tp, and
(a) v"'w e LY(T),
(b) Ak ~nk Azppw(xng), k=1,...,n, where ATy, = Tpg — T p—1
and x,0 < Tpy 1S appropriately chosen,
(€) Azp ~opp ATpp—1, k=2,...,n,
(d) for each closed subinterval [a,b] C Iy, v 'w : [a,b] — R is
continuous and
(3.12) lim max {Az,x : zox € [a,b]} =0,

n—oo

(e) there exists a subinterval [A, B] C Iy such thatv™'w : {x € Iy : v < A} —
R and v"'w : {z € Iy : © > B} — R are monotone.

Then, there is a constant ¢ # c¢(n) such that

(3.13) Z v()\a:l:k) < c/ll;}((j)) dr .

k=1
Proof. By assumption (b) we have Z ~n A,
— v(Tnk) — v(Tnk)
Moreover,
lim sup w@) _ w(znw) DX € [Tkt Tk, Tuk € [A,B] p =0,
n—00 v(x)  v(znk) ’

due to assumption (d). Hence,

Tnk
w(fnk) Az, < C/ Mdm VZur € [A, B] with ¢ # c(n, k)
U(Ink) T k—1 U(ZL’)

If vlw:{z €Iy: z < A} — R is non-increasing, then

(k) Ax < / "ow) de Vo, <A k>1.
v(@nk) 2o V(T)

If viw : {z €ly:z <A} — R is non-decreasing, then we use as-
sumption (c¢) and get

T k1
w(xnk) Axnk ~n.k w(wnk) Axn k+1 S / ' w<x> dx vmnk: < A7 k Z 17
V() " u(Xag) ' - v()

with (if necessary) an appropriately chosen x,, 41 > %y, . For x,, > B
we can proceed analogously (noting that B can be chosen sufficiently
large such that, for all n > ng, v~'w is monotone on the interval
[Tnko—1, Tn k) containing B). Summarizing we obtain (3.13). O
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It is obvious how we have to formulate Lemma 12 in case \,; > 0
and x,, € Iy are given for k = ky(n), ..., ka(n).

3.2. The case of an exponential weight on (0,00). Consider the
integral equation

(314 Fa) - / " Rie, o) f(y) dy = §(z), 0<a<oo.,

where § € C,(0,00) and K : (0,00)%2 —» C are given functions and
where w(z) = w*?(z) = e " a >0, > 1, u(z) = u*(z) =
(1 + z)°[w(x)]*, a > 0, 0. Here we use the Gaussian rule w.r.t.
the weight w(z) = w*?(z) and study the Nystrém method

Aﬁkf((x,ﬂfﬁk)ﬁ(wﬁk) =g(r), 0<z< .

M:

(3.15)  fu(z) —

k=1
Let us check conditions (A) - (F), for which we choose
wi(z) = u%(z) == (1 + 2)®[w(z)]*, b&y,a0 €R,
and
uy(r) = u(2) = (1 +2)" [w(x)]™, 6 >0,0<a <1,
and assume that
(A2) Ko(z,y) = u(z)K(z,y)wi(y) is continuous on [0, co]?,
B2)0<a+ap<1,+00>0 or a+ay=1,6+3d >1,
(C2)0<a;<1,0,>0 or ag =1, >1,
D2)

( a; > ap+a.
Note that, due to Lemma 12 (cf. [23, Prop. 3.8], for checking the
conditions of Lemma 12 see also [19, 14, 29])
n Aw
3.16 — k< ¢ with ¢ #c(n
(3.16) > (n)

if u;'w € L'(0,00), which is equivalent to assumption (C2). We also
see that (B2) implies (wiu) 'w € L!'(0,00). Condition (A2) together
with (D2) guarantess that w(x)K(z,.)u™' € C,,(0,00) for all z €
[0,00] . Hence, we see that (A2) - (D2) together with Corollary 6,(a)
imply (A) — (F), and we can apply Corollary 9 together with Corollary
6,(b) to (3.14) and (3.15) to get the following.

Proposition 13. Let w(x) = e " 0 >0,8>1, and u(z) =

(1 + 2)°w(x)]*, a > 0,5 > 0. Assume that (A2), (B2), (C2), and
(D2) are fulfilled and that equation (3.14) has only the trivial solution
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in éu(O, o0) in case of g(x) = 0. Then, for g € éu(O,oo) and all suf-
ficiently large n, equation (3.11) has a unique solution f} € C,(0,00)
and

| = oo S € SUD {Egn_l(u(:ﬂ)[}(ag, )]?*)

where f* € C,(0,00) is the unique solution of (3.14) and ¢ # c(n, g) .

:Oﬁxgoo},

u1,00

4. THE NYSTROM METHOD BASED ON PRODUCT INTEGRATION
FORMULAS

Let again Iy and I be equal to (—1,1), (0,00), or (—o0,00) and
[—1,1], [0,00], or [—oo,o0], respectively. Here we discuss the nu-
merical solution of the Fredholm integral equation (3.1) by means of
approximating the operator

(41)  K:Cu(l) — Cul) .. e / R y)w(y) Fly) dy
by

H(z,y)
(y)
(x

4.2)  (Kuf)(2) =

;u
where IN((x, y) = ﬁ(x, y)§ ,y) and L,,g is the algebraic polynomial of
degree less than n with (£,9)(znk) = g(znk), K =1,...,n. Using the
formula

LaS(, Juf]| W) dy, €,

(Log)(@) = 3 glon) i) with  Cup(a) = [ —ni

)
j=1 Tnk — Tnj

we conclude

(Rf) (@) = Z [ bkt dy Stesuton) Flom).

So, here we have k, = n. Furthermore, this means that, for equation
(2.1) considered in the space C(I), the operator K : C(I) — C(I)
defined in (2.4) is approximated by KC,, : C(I) — C(I) also given by
(2.4), where K (z,y) is defined in (3.5) and where (cf. (2.5))

(4.3) Api(z) = /IH(x,y)énk(y) dy S(z, Tnr) = A (H (2, .))S (2, Zt)

w(x)H (z,y)w(y) — S(z an
u(y) Sl = St

(4.4) NE(f) = / F) () dy.

with H(z,y) =
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In order to check, under which conditions the assumption (H3) is sat-
isfied, we should use

(4.5)

E:%Mﬁme—lf@M@My

[}@Mwwxw—g@n@\
)

: (/1 u(y)

where p > 1, }D + % =1, and wu is an appropriate weight function.

1
p D
d@ 1(£ng — Dl

4.1. The case of Jacobi weights. Consider the case where w(z) =
v*P(x), a,8 > —1, and v(z) = v"°(z), 7,0 > 0.

Lemma 14. Let w = v*?, a, > =1, p > 1, 7,60 > 0, and vy >
g4+ 14 % -1, > g—l— I+ 1—1) — 1. Then, condition (H3) is fulfilled

oa—an
for lop(x) = 0% (x) = H M—Jaﬁ in (4.4) as well as Xo =LV_ 5
7j=1 xnk - $nj
and C, =C, i.e. v=1.
Proof. First, Xq = ij o_s, 18 continuously embedded in L', since
70,90 > 0. Second, we can use the fact (cf. [31, Theorems 1 and 2]) that
there is a constant ¢ > 0 such that ||(g — Eﬁg)zﬂo"s(’Hq < cEn1(9)
0590

for all g € C if and only if

€ L? with p(x) = V1 — 22, i.e.,
N )

a 1 1 5 1 1
—— == > = d dp—=—=>—-
T Ty T Ty M 0Ty Ty Ty
Hence, (4.5) can be applied to all f € Xg, all g € C, and u = v70% .

O

Remark 15. We remark that Lemma 14 improves the result mentioned
in [341, Section 4.5], where vy and 0y are chosen as

1 1
max{%+1,0} and max{ngZ,O} ,
respectively.

As a consequence of Lemma 14 and of Lemma 5, we have to assume
that [ (z,.) satisfies condition (H2) for Xo = L?_ | _;  with appropriate
70,00 and p as in Lemma 14. The aim of the remaining part of this

subsection is to weaken this conditon in a certain way.
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By Llog® L(a,b) we denote the set of all measurable functions f :

(a,b) — C for which the integral p, (f / |f(2)| (1+1og |f(z)]) dx
is finite. For f € L!(a,b), by H’f we denote the Hilbert transform of

f

/ f , a<xz<b
(as Cauchy principal value 1ntegra1 From [32, (1),(2)] we infer the
following.

Lemma 16. Let —0o < a < b < oo. If f € Llog" L(a,b) and g €
L*>(a,b), then

(4.6) lgHafl, + [ fHagll, < cllglloor+(f)
with ¢ # ¢(f,g) and

(47) / g(w) (ML) /f (2) do.

Let us use the abbreviations w(z) = v*%(z), p.(z) = pﬁ’ﬁ(x),
Tnk = 1'5}967 and Azpp = Tpp — Tn,k—1 k=1,...,n, xp = —1,
1,

L? = LP(—1,1), and Llogt L = Llog™ L(
The relations

(R1) |pn(z)| Vw( ) <cforxe A, {xl2 7x 2+ ],c;«é

c(n),

), as well as H = H

(R2) m ~nk AT/ 0 (Tng)p(Tnr) (see [31, (14)]),

(R3) for a fixed summable function v : [-1,1] — C and a fixed
leN,

for all polynormals p € Py, = {P € P :deg P </n} and with
¢ 7 c(n,p)
are well-known. Note that (R1) is a consequence of the estimate (see
(8, Theorem 1.1])

(4.8) |2 ()] <M+ %)Mé (\/1+—x+ %)M <c#cln,z),

—1 <z <1, and the relation 0,, ,—1 — Opi ~n i %, Ek=1,....,n+1
n € N, where 6, € [0, 7] and x,; = cosOpy , Opni1 =0 (cf. [30, (5)]).

Y
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Lemma 17. Let w(z) = v*?(z) and v(x) = v°(x) be Jacobi weights
satisfying
a 1 g 1
4, -4+ - > — 4+ - > 0.
(4.9) 2—1—4>’y_0 and 2+4>(5_O
Then, there is a constant ¢ # c(n, f,g) such that, for all functions

. . g +
f:(=1,1) — C with fv € L* and all g with —— € Llog™ LL,
Y N

locs 1l < e (=) 1ol
Proof. Write ||g£$f||1 =J1 + Jo + J3, where

Ji1 = ||9£Zf||L1(A,L) ) = |lgLy, f||L1( M) ,  Jz= ||9£Zf||m(%,1) .
Define
_ paly) = Yy € An, N gly) :+ y€ Ay,
Puly) = and  g,(y) ==
0 oy e A, 0 : y&A,,

as well as h,(y) :=sgn [g(y) (LY f) (y)] , and consider

JI—/A ha(W)g () (L3 f) (y dy—z Fni) / 226 9(W)ha(y) dy

e 1p” xnk Y — Tk

(R2) “ w(wx, Ty
L ol S A L)
k=1

O(Tnk)

where

W) @Qn(y) = pu(2)Qn(z) 9(y)hn(y)
Cnle) = / y—x Qn(y) %

for some polynomial @,, € Py, positive on A,, (¢ € N fixed). Then, due
to Gy, € Pypin—1 and (R3),

n<elflle [ 16, VD 4o

< el fv]l [ / 1 —W (HPnGnln) (x) Ky (2) dz:

+ [ DD )10 ( ggﬂ)(:ﬂ)ki(x)dx]

=t c|[ follee [T + 7]
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where kL (x) = sgn [(Hpngnhn,) (z)] and k2(z) = sgn [( ‘(gln) (x )}
With the help of (4.7), (R1), and (4.6), we get

s~ [ B (L) (o)

SR
;nlc]i) by choosing Q,,(z) ~n. /w(z)p(x) for z € A, (see [28, Lemma
i e [T (380 )2y
: —c/: gzzfz;@ (rie%)

g VWP o g
——H—k,|| < Ll —=) .
AT v L VWP
Now, let us estimate .J3, the term Js can be handled analogously. We
get

Js = /+ hn(y)g(y) (L) Z S / - ypj(zik 9(y)hn(y) dy

<c

=

k=1 pn
(R2) A/ w
xnk Inn+1 - xnk

Note that, due to the assumptions on w and u, o + 5 > 0. Hence, in
view of (4.8),

) Vwy)ely) _ ye [Tmtly
Y — Tk Tl —an 2 7|
1 1—
since, for y € [xm;— , 1] , we have y — x,, > Tk We conclude
\/ xnk xnk
Js < || fv|l /

(R3) A/ w

< o[ fvlle
ol [ 2

< dllfvll ps (%&) ,
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) a 1
smce§+1—’y—1>—1. U

Lemma 18. Let v: I — [0,00) be a weight function as in Definition

4 and R : I* — C be a function such that R, € C, for all x € I,

where R,(y) = R(x,y), and such that R(x,y)v(y) is continuous on I*.

Then, for every n € N, there is a function P,(x,y) such that P, .(y) =

P,(x,y) belongs to P,, for everyx € I and nlggo sup {|R(z,y) — Pu(z,y)v(y) : (z,y) € I’} =
0.

Proof. Let €, > 0 and, for every x € I, choose P, , € P,, such that
|(Re — Pra)vll, < En(Ra)v,c + €n-
It remains to prove that lim sup{E,(R;)vco:® € I} = 0. If this is
n—o0

not the case, then there are an € > 0 and n; < ny < ... such that
E,, (Ry, )voo > 2¢ for certain z;, € I. Due to the compactness of I, we
can assume that xy — z* for £ — oo . In virtue of the continuity of
R(z,y)v(y), we can conclude that ||(R,, — R.+)v|| < eforallk > k.
Since ||(Rg, — p)v||,, > 2¢ for all p € P, and k € N, we obtain, for
p € Py and k > ky,

2e < |[(Ray, — pllo < [(Ray = Rae )0l o+l (Rae = P)vllog < e+ l[(Rar — p)vll

and, consequently, ||(R,. —p)v||,, > € forallp € P, and k € N, in
contradiction to R,, € C, . O

Let us come back to the integral operator K : C[—1,1] — C[-1,1],

(4.10) (K)(x) = / K./ ) dy

and its product integration approximation C,, : C[—1, 1] — C[—1, 1],
n 1
(4.11)  (Kuf)(@) =Y Aur(@)f () = / H(z,y) (£;5:f) () dz
k=1 -1

where S, (y) = S(z,y),
(4.12)

K(e,y) = H(z,)S(,y), and Au(z) = Sz, 2%,) / H )5l dy.

Proposition 19. Consider (4.10) and (4.11) together with (4.12) in the
Banach space C[—1,1]. If the Jacobi weights w = w*? and v = v
satisfy the conditions of Lemma 17 and if

H
a * ¢ Llog™ L for all x € [-1,1], where H,y(y) = H(z,y),
()\/W [—1,1] (y) = H(z,y)
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(b) Sup{p+ (\Z}i@) :—1Sx§1} < o0,

H,— H
li - TT) — [l —1.1
(C)Igg[)m( — ) for all 2y € [~1,1]

(d) the map [-1,1]> — C, (z,y) — S(z,y)v(y) is continuous with
S, € C, for all z € [—1,1],

then the operators IC,, form a collectively compact sequence, which con-
verges strongly to the operator K .

Proof. At first we show that IC,, converges strongly to K. Indeed, for
f € C[—1,1], a function P(z,y), which is a polynomial in y of degree
less than n, and P,(y) = P(z,y), we have

(K f) () = (KF) (2)]

< [ G eSS~ Pl @] do+ [ 1) 186010 - Pl da

<c|on ( %p) 0, 16 = Pl

where we took into account Lemma 17 and that condition (a) together
with (4.9) implies H,v~t € L'(—1,1) . Moreover, sup {||H,v ||, : =1 <z <1} <
oo due to condition (b). Thus,

1Knf = Kfllo < sup [[(Sef — Pe)vlly

—1<z<1

which proves the desired strong convergence by referring to Lemma 18.
A consequence of this is that the set {||IC,, f|| ., : f € C[-1,1], || fllc <1}
is bounded. Furthermore, for || f|le < 1,

(Ko f) () = (K f) (o)

< / (@ 9) 1272~ S2a) ] ()] dy

+ /1 |[H(;L‘,y) — H(xo,y)] (»Cgsxof) (y)| dy

Lemma 17 H H,. — H
< T . T o .
e o (G ) 1S = Sl + e (P22 ) 1.0l

Hence, due to (b), (¢), and (d), the set {IC,.f : f € C[—1,1], || f]loc < 1}
is equicontinuous in each point =g € [—1,1], and so equicontinuous on
[—1,1]. O
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4.2. The case of an exponential weight on (0,00). Here, in case
w(x) = wa(T) =% 0<z<oo,a>0,8> %, we are going to
prove results analogous to Lemma 17 and Proposition 19. Note that
quadrature rules with such weights were introduced and investigated in
[27]. Moreover, we mention that in [20] there are considered numerical
methods and presented numerical results for Fredholm integral equa-
tions of second kind, basing on interpolation processes w.r.t. the nodes

We again set p,(x) = p¥(x) and {z,} = {«¥} and, additionally,
Tpni1 = An, Where a, = a,(y/w) ~, n? is the Mhaskar-Rahmanov-
Saff number associated with the weight /w(z). Let us fix 8 € (0,1),
set ng = mink € 1,...,n: x, > fa,, and define, for a function f :
(0,00) — C,

(4.13) L) f = if(;(;nk)g;k7 o (z) = Py (z)(an — x)

k=1 B P (k) (@ — T ) (@ — ) .

Then, we have (L} f) () = f(xnr) fork =1,... ,ngand (L} f) (znr) =
0for kK =mng+1,....,n+ 1, as well as, for Az, = Tpr — -1,
k=1,...,n, T, =0,

(R4) sup { |pn(2)] \/w(m)m 10 <z < oo} < ¢ < oo with
7# c(n) (see [19, 14]),
L ~nk Ay \/w(mnk)\/ (Qp — Tpt)Tuk, K =1,...,m (see

(R6) for fixed ¢ € N, there is a constant ¢ # c¢(n,p) such that (see

[18])

(R5) o)

no Oan,
Z Axpr [p(nr)| < c/ lp(z)|dz for all p € Py,.
k=1 0

Remark 20. The constant on the right-hand side of (4.6) does not
depend on the interval [a,b], i.e., we have, for —oo < a < b < 00,

(4.14) lgHofIl, + [[fHog)l, < cllglloops(f)

for all g € L>(a,b) and f € Llog" L(a,b), where c # c(f,g,a,b).
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Indeed, if ¢; is the constant in (4.6) in case a = 0 and b = 1, then, by
setting x = x(t) = (b—a)t—i—aandy— x(s),

fy)dy dy 9w dy| .
/ / dz + (:v)/a Yz | ¢
= (b—a) { i t))/o —foé(i)zds dt+/0 f(x(t))/o —g@;(i)ids dt}
< Cl”!]”oo,[a,b]/o |FOx()] (14 Tog™ | f(x H dt = c1([gloo o010+ [t (f) -

Lemma 21. Let (z) = /x, x > 0 and v(z) = (1 + 2)°J/w(x),
o> %. Then, there is a constant ¢ # c(n, f,g) such that, for all func-

) . . g
tions f : (0,00) — C with fv € L>*(0,00) and all g with —— €

Vwy
Llog™ L(0, ),

% 9
L . < — 00 -
192 o < cr (2 ) 1501

Proof. Write ||9£Zf||L1(o,oo) = ||g£;k1f||L1(0,2an) + ||g£:<1f||L1(2an,oo) =
Ji + J . Using (R5) we get, with h,(y) = sgn [g(y) (L5 f) ()]

J1 < el follso i Az, ( W (@nk ) (Znk) /Qan a0 @ — D)9 (y)
k=1 0

v(Tnr) (@, — wnk)% Y — Tnk

!

= cllfvl Z M xn:;?;f_ — / pn<y><a2 - z;)fk(y)hn(y) dy‘
vaHoo ZA 1G]
where "
. /02an Pn(y)(an — y)Qn(yy) - tpn(t)(an —1)Qn(t) g(gliz,;()y) "

and @, € Py, a polynomial positive on (0,a,) (¢ € N fixed). Since
G, € Pyi1)n , with the help of (R6) we can estimate

5 < Aol [ / (A pa(an — Ygha) ()| do

(an)3
N /Ozan

gh,
Qn

p() (@ — 2)Qn () (%0 ) (:1:)‘ dx] g
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Defining k}(z) = sgn [(He" pn(am — -)ghs) (z)] and using (4.7) and
(R4), we obtain

J) CHfUHOO " z)(an — 2)g(x)hn(x) (HE kL) (2) da
B O [ o — o) () @

2a,, (4.14)
< el folle / et |) )] e < el ol ().

In order to estimate J , We choose Q. € Py, such that Q,(z) ~,

Vw ) for z € (0,2a,,) (see [20]). Then, due to (R4) and 7),
" 2 2a gh
Sy < [ follcky () { Ho™ (z) dx
(4.14)
o) 1< dlolps ()

n
< ol folle / T =

where k?(z) = sgn [(7—[2“" 9h:> (x)] ,. Finally, let us consider J,.
Again taking into account (R5), we get

2 < el ol Z Y )

(Ink) (an - xnk)%

(#k2) ()

/ > pn(y)(an — 1) g(y) ()

Y — Tk

dy‘

& (z)}
k
:CHfUHOOZAmnk -
k=1

(14 zur)?(an — xnk)%

/ ™ pu(Y)(an — y)g(y) hn(y)

dy‘
Y — Tk

c||fv||oo o)l VI =) (y—a,\E lgly)
ap) ZA / )i (y—%k> w(y)@b(y)dy’

where we also used that y — x, > 2an — a, = a, . Hence, in virtue of
3

_ 4 0
(y an) S1fOI'y>2(ln,ZAxnkéanvand(Rl)a

— X
Y nk =1

(o)

b < el ol [ _ gl

ﬁ y < cllfolleps (ﬁ) |
O

Let us apply Lemma 21 to the integral operator K : C[0, 0] —
CJ[0, o],

(4.15) (Kf)(x) = / " K(a,y) /() dy
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and its product integration approximation I, : C[0, co] — CJ0, o0 ,
(4.16)  (Knf)(@) =Y App(w) f() = / H(z,y) (L5 f) (x) dx
e 0

where w(z) = w, p(x) =
n (4.13), and where S, (y
(4.17)

K(z,y) = Hx,p)S(@,y), Awlz) = S(z, 2% / H )0 (y) dy

Proposition 22. Consider (4.15) and (4.16) together with (4.17) in
the Banach space C[0,00]. If v(x) = (1 + x)°\/w(x) with § > L and if

4

zoe” ,a>—1,0 > 5, where L7 is defined

S(,y).

(a) % € Llog"L(0,00) for all x € [0,00], where H,(y) =
H(z,y),

(b) Sup{p+ (\/%) :Oﬁxéoo}<oo,

Hx - Hz
(c) d(mgror)l_>0 P+ (—W 0) =0 for all o € [0, 00},
(d) the map [0,00]> — C, (z,y) — S(x,y)v(y) is continuous with
Sy € C, forallz € [-1,1],
then the operators IC,, form a collectively compact sequence, which con-
verges strongly to the operator K .

Proof. We proceed in an analogous way as in the proof of Proposition
19. For f € CJ[0,00] and a function P(z,y) = P.(y), which is a
polynomial in y of degree less than n , we have

(Ko f) () = (KF) (@)

1 n+1

H(z,y) Z Po(@m) G (y) | dy

k‘:ng+1

H(z, ) [£5(Suf — P)] (2)] do + / N

-1

1

|H (2, y) [S(x,y)f(y) — Pz, y)]| dv = Ji + J1 + J3,

~1
By Lemma 21,

H,
h<eps ( W) (S, - Poyoll.

Condition (a) together with 6 > 1 implies H,v™! € L'(-1,1), and
hence

JS < HHxv_lHl ||(Sﬂ?f - Pﬂf)vHoo
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Consequently, since we have also sup {||H,v 7|, : =1 <z <1} < o0
by condition (b), we get

(4.18) Ji+J3<c sup |[(Suf — Pl -

~1<a<1
To estimate J, we recall that (see [29, (2.3)])
||PnuHLoo($n07oo) <ce ™ ||Pul, for P, €Pum

(m(n) < n, lim m(n) = oco) for some positive constants ¢ # c¢(n, P,)
n—oo
and ¢ # ¢(n, P,) and (cf. [24, pp. 362,373])

Z V@)l (®) _

kgt 1 v(yy)
for some o > 0 and ¢ # ¢(n, x) . Thus,

Jy <ecn? HHwU_1||1 [ Pov g0 < cn’eCn Hva_1H1 | Povl| o

xnevoo) -

P, € P, can be chosen in such a way that sup {|| P,v||, : 2 € [0,00]} <
oo (in view of Lemma 18). Hence, together with (4.18) we conclude
the strong convergence of IC,, to K. Consequently, the set

UK fllo = f € ClO, 00, [[fllo <1}
is bounded. Furthermore, for ||f|l. <1,

(K ) (@) = (K f) (o)

< / H (2, ) [£5(Ss — Su)f] ()] dy

1

_|_/_ |[H(q}7y) — H(l‘o,y)] (E:;Sxof) (y)‘ dy

1

Lemma 21 H H, — H.
< ¢ z Sy — Sz )Vl + (u) SV OO] .
o () 165 =Sl (T2 ) U

Hence, due to (b), (¢), and (d), the set {IC,,f : f € C[—1,1], || fllcc < 1}
is equicontinuous in each point zy € [0, 00|, and so equicontinuous on
[0, 0] . m
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