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LAGRANGIAN DISTRIBUTIONS
ON ASYMPTOTICALLY EUCLIDEAN MANIFOLDS

SANDRO CORIASCO, MORITZ DOLL, AND RENE SCHULZ

ABSTRACT. We develop the notion of Lagrangian distribution on a scattering manifold
X. The latter is a manifold with boundary, with the boundary being viewed as points
“at infinity”. In analogy with the classical case, a Lagrangian distribution is associated
with a submanifold A of the compactified cotangent bundle of X. The submanifold A is
Lagrangian with respect to a symplectic structure induced by the scattering geometry
of X. Our analysis relies on the parametrization properties of A by means of local phase
functions, and the study of the maps which preserve the scattering structure. We study
the principal symbol map associating Lagrangian distributions with sections of a line

bundle over A. In particular, we establish the principal symbol short exact sequence.
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In this article we develop a theory of Lagrangian distributions on asymptotically

Euclidean manifolds. Lagrangian distributions were defined by Hérmander [20] as a tool

to obtain a global calculus of Fourier integral operators. The latter are widely applied, e.g.

in the study of partial differential equations [16], spectral theory [15], index theory [2] and

mathematical physics [18]. Motivating examples for the necessity of studying Lagrangian
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2 S. CORIASCO, M. DOLL, AND R. SCHULZ

distributions on asymptotically Euclidean spaces include fundamental solutions to the
Klein-Gordon equation, which exhibit Lagrangian behavior “at infinity”, see [12], as well
as simple or multi-layers which arise when solving partial differential equations along
infinite boundaries or Cauchy hypersurfaces, see [5].

In local coordinates, a classical Lagrangian distribution u on a manifold X is given by

an oscillatory integral of the form
(0.1) I (a) :/ e“a(z,0)ds,

for some symbol a € S™(R? x R®) and a phase function ¢ on a subset of R% x R?
bounded in x. The key feature of the classical theory of Lagrangian distributions is that
each such distribution is globally associated to a Lagrangian submanifold A C T*X,
locally parametrized by the phase function ¢, and that its leading order behavior can be
invariantly described by its principal symbol, which is a section in a line bundle on A. In
this article, we prove that the situation on asymptotically Euclidean manifolds is similar,
but with a more delicate structure “at infinity”. To make this precise, we work within the
framework of scattering geometry, developed in [29, 32], see also [19, 41]. In particular,
we provide an extensive introduction to the scattering geometry theory, and describe a
class of naturally arising morphisms, the scattering maps, which play a relevant role in
our analysis. We note that the scattering manifolds may also be seen as Lie manifolds
(see [1]; see also [4]), and in this way our theory complements recent advances in the
theory of Lagrangian distributions and Fourier integral operators on such singular spaces
(via groupoid techniques), see [25].

A class of oscillatory integrals on Euclidean spaces, the local model for our theory,
was studied in [11]. For the scattering manifolds setting, a fitting theory of Lagrangian
submanifolds on R? was developed in [12]. As a first step, we adapt this to general
scattering manifolds with boundary X = X°UJdX, the boundary being viewed as infinity.
On such manifolds, the environment for microlocalization is then the compactified
scattering cotangent bundle ST X, a manifold with corners of codimension 2 and its
boundary W = OT" X . Indeed, the boundary may be seen as a stratified space, and the
two boundary faces of seT™ X, which intersect in the corner, inherit a type of contact
structure. The geometric objects of study in our theory are then Legendrian submanifolds
of the faces W which intersect in the corner and are the boundary of some Lagrangian
submanifold in the interior and smooth (distribution) densities thereon. Hence the
compactification in the fiber is natural from the point of view of symplectic geometry.
Another reason for the compactification in the base space variable, as well as in the
fiber, is that the localizing cut-off functions used for the microlocalization are compactly

supported in both the sets of variables, which is an advantage in most computations,
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and makes more evident the symmetric role of variable and covariable, which is a main
feature of this setting.

The prototype of a scattering geometry is the Euclidean space R?, identified with the
interior of the unit ball B¢ under radial compactification. Under this identification, the
local symbol class of the naturally associated pseudodifferential calculus is given by the

so-called classical SG-symbols, see Section 1 below. Namely,

(0.2) SCI~™ (RY x RY) o o™ oy, "6 (B x BY),

cl

where px and py are boundary defining functions of IB%gl( and IB%%, respectively. The wider
class SG™e ™ (R? x R®) consists of all the functions a € € (R? x R*) satisfying the
global estimates (1.3) on R? x R®. The original definition of the SG-calculus dates back
to the 70s, with the work of Cordes, see [5], and Parenti [35], aimed at studying problems
on R with A = (14 |z|?)™(1 — A), m € R, being a basic example of differential elliptic
operator included in the calculus. Schrohe [36] extended the SG-calculus to a class of
manifolds, the so-called SG-manifolds, including for instance manifolds with finitely
many cylindrical ends, and more generally, so-called .-manifolds (see again [5]). Such
manifolds admit a (natural) scattering structure [29], giving rise to the same calculus,
whose residual elements are operators with smooth kernels “rapidly decaying at infinity”.
The subclass SG/;“"" (R? x R®) consists of all those a € SG™=™ (R? x R*) which admit
a polyhomogeneous expansion (cf. [17, 29, 38, 41]). The classical SG-calculus has also
been employed and developed by Schulze in his approach to pseudodifferential calculi
on singular manifolds (cf. [17, 38]) The analysis of the SG Fourier integral operators on
R? started in [6, 7, 8]. Note that the weight factors appearing in the identification (0.2)
encode the information about the orders, in particular, the rate of “decay/growth at
infinity” associated with the component m,. The handling and the study of the effects of
such factors (not present in the case of the analogous theory on smooth, closed manifolds)
is one of the main aspects of our analysis. It is crucial, in particular, in the construction of
the principal symbol map, see our main theorem below, in connection with the principal
part of classical SG-symbols.

We start from the relationship between the classes of “local Lagrangian distributions”
[11], defined by means of SG-classical symbols, and the (globally defined) sc-Lagrangian
submanifolds on scattering manifolds [12]. The link with Lagrangian distributions is now as
follows. We prove that, despite the singular geometry, any sc-Lagrangian submanifold A C
W locally admits a parametrization through some phase function ¢, via a generalization
of the map

Ao :Cp = Ay (2,0) = (z,dpp(x,0)),
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where C, = (dgp)1{0}. For each such a phase function, a Lagrangian distribution can
be expressed locally as an oscillatory integral as in (0.1). Up to Maslov factors and some
density identifications, the restriction of a(z, ) to C., yields the principal symbol of u,
and is interpreted as a (density valued) function on A by identification via A,. Indeed,

the main theorem characterizing the principal symbol reads as follows.

Theorem. Let A be a sc-Lagrangian on X. Then there exists a surjective principal
symbol map
vyt I (X, A) = € (A, My ® Q?),

where My is the Maslov bundle and QY2 denotes the half-density bundle over A. Moreover,

its null space is 1™~ 5™ =1(X A) and we have the short exact sequence

jme,mw

0 — M= bme=l (X A) — e (X, A) ——2 (A, My @ QY2) — 0.
Equivalently,
Imeme (X, A) /I b (X A) ~ (A, My @ QY2).

One possible application of the principal symbol is to calculate the singularities of
Tre ™ for ¢ # 0 of a scattering pseudo-differential operator P € W™ for me, my > 0.
The case t = 0 was calculated in [3, 10] and gives the leading contribution in the Weyl
law, whereas the singularities at ¢t = 0 are related to the sharp and refined error terms
(cf. [15] for the case of compact manifolds without boundary).

We have the following examples of (scattering) Lagrangian distributions.

(1) Standard Lagrangian distributions of compact support, [20, 23], in particular La-
grangian distributions on compact manifolds X without boundary, are scattering

Lagrangian distributions, using the identification
. . . . li .
Fiber-conic sets in 7 X \ {0} +— Sets in $*X "3 Sets in WY.

(2) Legendrian distributions of [32]. Here, the distributions are smooth functions
whose singularities at the boundary are of Legendrian type, meaning in W¢.

(3) Conormal distributions, meaning the distributions where the Lagrangian, see
Section 2.4, is G(SCT*X ') for a (k-dimensional) p-submanifold X’ C Y. These dis-
tributions correspond, under compactification of base and fiber, to the oscillatory

integrals given in local (pre-compactified) Euclidean coordinates by

cl

u(a,2") = / ea(x,£)d¢,  a(,€) € SG (R x RTF),

If we consider a linear subspace R¥ C R?, then the class of translation invari-
ant conormal distributions is a subset of conormal distributions. These can be



represented by oscillatory integrals of the form
u(e ") = [ a(©)de. a() € SFEDH),

A prototypical example is given by (derivatives of) dp(z’) ® 1. Conormal dis-
tributions arise as (simple or multiple) layers when solving partial differential
equations along infinite boundaries or Cauchy surfaces.

(4) Examples of scattering Lagrangian distributions which are of none of the previous
types arise in the parametrix construction to hyperbolic equations on unbounded
spaces, in particular constant coefficient hyperbolic equations on R?. We refer to
[37] for a discussion of the two-point function for the Klein-Gordon equation (cf.
also [39] for the wave equation). The later example is especially important, since
in Quantum Field Theory the usage of the distinguished parametrices of [16] are
limited by the fact that the error term is not compact (cf. [13]).

Note that the kernels of pseudo-differential operators on X x X are not scattering
conormal distributions associated with the diagonal A C X x X when X is a manifold with
boundary. This can be mitigated by blowing up the corner X x 0X, see Remark 4.12.

Summarizing, our results show that the theory of Lagrangian distributions, classically
studied either locally or on compact manifolds without boundary, may be generalized to
a theory of Lagrangian distributions on Euclidean spaces or manifolds with boundaries,
hence a much wider class of geometries. It is formulated in a way that makes it transferable
to other singular geometries, as well as manifolds with corners.

The paper is organized as follows. In Section 1 we give an introduction to scattering
geometry. In particular, we discuss the natural class of maps between scattering manifolds,
compactification and scattering amplitudes. In Section 2 we define the Lagrangian
submanifolds and phase functions that arise in our theory. In Section 3 we discuss
the techniques of classifying phase functions which parametrize the same Lagrangian
submanifold. In Section 4 we define the Lagrangian distributions in this setting, starting
from oscillatory integrals, and study their transformation properties. Finally, in Section

5, we define the principal symbol of Lagrangian distributions and prove its invariance.
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thank an anonymous referee for helpful suggestions, improving the overall quality of the
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1. PRELIMINARY DEFINITIONS

In the following, we will recall some elements of the geometric theory known as
“scattering geometry”, cf. [29, 30, 32, 41]. To start with, we need to recall some groundwork
on the analysis on manifolds with corners, for which we adopt the definition of [28, 31],
cf. also [26] and [24] for a discussion on the different notions of manifolds with corners in
the literature.

1.1. Manifolds with corners and scattering geometry. We recall the following

extrinsic definition of a (smooth) manifold with (embedded) corners.

Manifolds with corners and €°°-functions. Let X be a paracompact Hausdorff space. As
in the case of manifolds without boundary, a manifold with corners is defined in terms of
local charts. A d-dimensional chart with corners (of codimension k) on X is a pair (U, ¢),
where U is an open subset of [0,00)% x R¥* for some 0 < k < d, and ¢: U — ¢(U) C X
is a homeomorphism. If £ = 1 we call (U, ¢) a chart with boundary. As usual, we define
compatibility between charts and an atlas of charts and therefore obtain a definition
of manifolds with boundary and manifolds with corner (abbreviated mwb and mwc,
respectively, in the following). For every manifold with corners X of dimension d there
exists a d-dimensional €*°-manifold X without boundary with X C X, and the interior
X° of X is open in X and non-empty when d > 0. We denote by € (X ) the space of
the restrictions of the elements of €’ ()N( ) to X. The tangent space T'X and differentials
ofmaps f: X =Y, Tf:TX — TY, between manifolds with corners X, Y, are obtained
as restrictions of the corresponding objects on X and Y.

We always assume X to be compact and assume that there is a finite collection of
€ >-functions on X, {p; }icr, called boundary defining functions (abbreviated bdf), such
that X = ;c;{pr € X, pi(p) > 0}, and at every point where p;j =0 for every j € J C I,
the differentials of these p; are supposed to be linearly independent. In particular,
dp; # 0 when p; = 0. We also always assume to be working in local coordinates of the
form x: p — (p1,..., Pk, ®1, ..., Ti—k)(p), where k is the number of boundary defining

functions'

Remark 1.1. Joyce calls this notion a (compact) manifold with embedded corners (cf.
Remark 2.11 in [24]). By Proposition 2.15 in [24], we see that, locally, a boundary defining
function always exists, and the property that all corners are embedded ensures that a
global boundary defining function exists. Most of the times the actual choice of boundary
defining function is not relevant (cf. Proposition 2.15).

INote that the p; cannot always be chosen as coordinates at interior points, since their differential may
vanish in the interior. As it is customary, we disregard this minor technical inconvenience in order to allow

for an easier consistent notation and think of the p to be replaced by any other admissible coordinate
function there.
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Let p € X. Then the depth of p, depth(p), is the number of independent boundary
defining functions vanishing at p, which coincides with the co-dimension of the boundary
stratum in which p is contained. We recall that for j € {0,...,d} one sets 0;X = {p €
X |depth(p) = j}. In particular, X° = §pX and 0X = J;.,9;X. We note that as such,
the boundary of a mwc is not a mwec itself, but rather a topological manifold. Nevertheless,
it is possible to define smooth functions on 90X as the set of restrictions smooth functions
on X to 0X.

Given a relatively open subset U of a manifold with corner X, we say that U is interior
if U N 0X = 0. Otherwise, we always assume that U contains all interior points of the
boundary U N dX and call U a boundary neighborhood.

We will write f € €°°(U) if and only if there is an extension f € €°°(X) that coincides
with f on U. The space p; ™ --- p, """ €>°(U) is the space of functions h € €>(U®) such
that pi"* --- p,"*h extends to an element of € (U).

The class of mwc that interest us is that of (products of) fiber bundles where both the
base as well as the fiber are allowed to be a compact manifold with boundary (abbreviated
“mwb”). The archetype of such a mwc is the product of two mwbs. Indeed, if X and Y
are mwbs, B =X x Y is a mwc. We write B = 0B and we have (adopting the notation
of [12, 17))

B=(0X xY°)U(X°xdY)U(dX x dY) =: B°U BY U BY*.
=01B =02B

We now describe the basics of scattering geometry, cf. [29, 30, 32, 41]. We first recall the

guiding example.
Definition 1.2 (Radial compactification of R?). Pick any diffeomorphism ¢ : R? — (B%)°
that, for |z| > 3, is given by
1
LT L <1 - ) .
] |z

Then its inverse is given, for |y| > %, by

_ ) _
iy (=)

[l
The map ¢ is called the radial compactification map. We may hence view R? as the interior
of the mwb B? and call B¢ “infinity”.
Denote by [z] a smooth function R? — (0, 00) that, for |z| > 3, is given by x — |z|.
Then (:=1)*[z] " is a boundary defining function on B? (and we view [2] ' as a boundary
defining function on RY). Indeed, for |y| > 2/3 it is given by y — 1 — |y| = py.
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Remark 1.3. In scattering geometry, the explicit choice of compactification of R? often
differs from ours, see [32]. Write (x) = /1 + |z|? for z € R? and define

This maps R? into the interior of the half-sphere with positive first component, and py
and d — 1 of the § = py - x functions may be chosen as local coordinates. Because of
the following computation, both compactifications are equivalent, meaning they yield
diffeomorphic manifolds. In fact, for |z| > 3, we may write

e PR UL U

I
1—(z)—2

Hence, (z)~! and [2] ™" yield equivalent boundary defining functions on R%.

Definition 1.4 (Scattering vector fields on mwbs). Let X be a mwb, with boundary
defining function p. Consider the space ®V(X) of vector fields tangential to 9X. Then
¢)(X) is the space p®V(X). Near any point with p = 0, the vector fields {p?3,, POz, }
generate *°V(X). In particular, V(X)) contains vector fields supported in X°.

By the Serre-Swan theorem, there exists a @ °°-vector bundle **T'X such that V(X)) are
its € >°-sections. We have a natural inclusion map **T'X — TX. Note that {p?0,, POz, }
are, as elements of *T}, X, non-vanishing at boundary points p € 0.X despite p = 0. The
inclusion reverses for the dual bundles T*X < 5¢T*X. In coordinates, we denote the
dual elements to {,028,0, POz, } by {%, %}, and these span the sections of 7™ X near
the boundary.

We now consider the compactified scattering cotangent bundle °T" X, which is the
fiber-wise radial compactification of 57X . The new-formed fiber boundary may be
identified with a rescaling of the cosphere bundle, called ¢5* X. Since X is a mwb, seT X
is a compact manifold with corners. The boundary of W = seT™ X, which we denote” by

W, splits into three components: the boundary faces
WE=5T5 X, WY :=8%.X, WY =55 X.

This geometric situation (with X identified as the zero section) near the boundary is
summarised in Figure 1 (cf. [12, 32]).
The exterior derivative d lifts to a well-defined scattering differential *d on the scattering

geometric structure. In coordinates, with p a local boundary defining function, we write

d—1
sc d dz;
(L.1) Af = p20pf 5+ 3" pou, 2.
r”oH p

2This is a slight change of notation compared to [29] where it is denoted Csc.



SCT* X
e
X° W

0X

FIGURE 1. The boundary faces and corner of T X

Note that for f € €°°(X), this means that as a section of 5*T™* X | 5d f necessarily vanishes
on the boundary. In fact, we may extend 5d to the space p~!%4°°(X) and obtain a map

q: p 1 (X) — FO(X) = D(*T*X).

That is, in local coordinates near the boundary,

d—1
_ _ d d dz;
A(p~1f) = p A — [ = (~F + p0pf) o+ 3 0 f .
p P p
Remark 1.5. We note that p~1%°°(X) and similarly defined spaces are independent of
the actual choice of boundary defining function p (cf. Remark 1.1).

Example 1.6. Outside a compact neighborhood of the origin, polar coordinates provide
an isomorphism R% = R, x S%~1. The vector fields 9, and %awj, x; being coordinates on
S%=1, correspond (up to a sign) under radial inversion p = % to p20, and pOz;. Hence,
scattering vector fields on B? arise as the image of the vector fields of bounded length on
R? under radial compactification.

Definition 1.7. A scattering manifold (also called asymptotically Euclidean manifold)
is a compact manifold with boundary X, whose interior is equipped with a Riemannian
metric g that is supposed to take the form, in a tubular neighborhood of the boundary,
(d0)** . g

pt p?’
where p is a boundary defining function and gy € €>°(X, Sym>T*X) restricts to a metric

on 0X.

Any mwb may be equipped with a scattering metric.
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Example 1.8. In polar coordinates, the metric on R?\ {0} can be written as
9= (dr)® + r’gga-r.
Pulled back to BY using ¢, that is 7 = (1 — |y|)~* = p~! near the boundary, this becomes

(dp)®? | gga-

gpd =

pt p?
In the sequel, in the case of mwbs X, Y, Z, ..., we will always implicitly choose a
boundary defining function denoted by px, py, pz, - .., respectively.

Definition 1.9 (Scattering vector fields on product type manifolds). For a product
B =X xY, with X and Y mwbs, we may introduce **V(B) as pxpy (*V(B)). Near a
corner point the resulting bundle *°T™* B is hence generated, if x = (px,z) and 'y = (py,y)

are local coordinates on X and Y, respectively, by

Py Opys PxPY sy PXPYOpys pxPY Oy

The space 5°V(B) splits into horizontal and vertical vector fields®, VX (B) and VY (B),
respectively, and we define *°O% (B) as the set of (scattering) 1-forms w € *@!(B) such
that w(v) = 0 for all v € VY (B).
Given complete set of coordinates x = (px,z), y = (py,y) on X and Y, respectively,

we see that O (B) is the set of sections generated by

de dl‘j

PPy pxpY
The underlying vector bundle will be denoted by *H* B. Similarly, we define *°0Y (B)

and HY B. It is important to note that we have the following “rescaling identifications”:

dpx _1dpx —

*0X(B) 5 oyt X € gyl e (v 0(X)),

PxPY Px

(1.2) ’ :
©9X(B) 5 4« ptSH € plg (v, *0(X)).

PXPY PX

Again, we may define the scattering exterior differential 5d, induced by the usual

exterior differential d, and extend it to a map

A ppy € (B) — <O(B).

3Consider the projection pry : B — X. Then v € *V(B) satisfies v € *VX(B) if v(pr’ f) = 0 for all
f € €°°(X). The set VY (B) is defined in analogy.
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In terms of the scattering differentials on X and Y we may decompose 5d as 5d =
Sdx + *dy, where

sch . p)_(lp;lcgoo(B) N SC@X(B)7
sch . p;(lp;lggo<;(B) N SC@Y(B).

1.2. Amplitudes.

Definition 1.10 (Amplitudes of product-type). Let B be a mwc, {p;};=1..x a complete
set of bdfs. Then a is called an amplitude of order m € R¥ if

acp ™ p HE™(B).

For an open subset U of X, a locally defined amplitude of product type is an element of
pr e p "EE(U). For p € 0X we call a elliptic at p if pi™ -+ p"™a(p) # 0. We write

CO(X) = [) o™ E(B)

meRk
for the smooth functions vanishing at the boundary of infinite order.
For p € 0B we call a rapidly decaying at p if there exists a neighborhood U of p such
that a vanishes of infinite order on U N B, that is a € €5°(0).

We now study the leading boundary behavior of these amplitudes. For simplicity, we
only consider B = X x Y for mwbs X and Y.

Definition 1.11. Let a € p/* p;mw‘foo(B) and write a = p"** p;mw f for some f €
%¢>°(B). Given a coordinate neighborhood U of a point p € B°®, we define symbols 0°(a)
of a on U by

o¢(a)(x,y) = px"py U F(0,2,y),  p€BUBYE
o¥(a)(x,y) = px"py U f(%,0,y), peBYUBY
o (a)(x,y) = px " py "V f(0,2,0,y) p € BYE.

e

The tuple (¢¥(a), 0¢(a),c%¢(a)) is denoted by o(a) and called the principal symbol of a.

Fix € > 0 so small that px and py can be chosen as coordinates on B respectively
whenever px < e and py < e. We choose a cut-off function y € €*°(R) such that x(¢) = 0
for t > €/2 and x(t) =1 for ¢t < /4.

Definition 1.12. For any a € py/"p, ' €>°(B) the amplitude

ap(x,y) = x(px)0°(a)(x,y) + x(py)o¥ (a)(x,y) — x(px)x(py)o?¥(a)(x,y)

is called the principal part of a.
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While a,, does depend on the choice of , its leading boundary asymptotics do not. By

Taylor expansion of f, we obtain:
Lemma 1.13. The principal part a, of a satisfies a — a, € p}m6+1p;m¢+1<€(’°(B).

Example 1.14 (Classical SG-symbols). Let B = B¢ x B, where B? and B are the
radial compactifications of R and R®. The space of so-called classical SG-symbols,
SGI <™ (RIxR?), is that of a € €>°(R?xR*) such that (: 7! xt™1)*a € p™py, Y€ (D).
These symbols are then precisely those that satisfy the estimates

(1.3)

020; alw,0)| < (w)melol(gyme A

and admit a polyhomogeneous expansion, see [17, 29, 41] and the principal symbol of a
corresponds to its homogeneous coefficients, see [17, Chap. 8.2].

We will need to consider density-valued amplitudes and integrate amplitudes on
mwhbs. For this, we introduce the space of scattering o-density bundles, cf. [29], where
Q7 (X) = p~?@+DQ7(X) in terms of the usual o-density bundle. Note that Q7 does

not depend on the choice of boundary defining function.

Example 1.15. Under the radial compactification, the canonical Lebesgue integration
density on R?, dz € Q'(RY), is mapped to t.dz € Q' (B?). In particular, we obtain
tedz = p~ (@1 dpdS9—1. More generally, if (X, g) is a scattering manifold, then the metric

induces a canonical volume scattering 1-density f,.

Since the density bundle is a line bundle, any choice of scattering density provides a
section of it and allows for an identification of scattering densities on X and % °°-functions.

We denote the set of all smooth sections of the bundle °Q7(X) by ¢*°(X,*Q (X)),
and the tempered distribution densities (45°)'(X,%07 (X)) are the continuous linear
functionals on 6§°(X, Q7 (X)).

Lemma 1.16. Let X be a mwb and Y a manifold without boundary. Then, integration

over'Y induces a map
/Y CE(X X YO X X Y)) — pr Y6 (X, 50N (X)).

Remark 1.17. More generally, let X and Y be mwbs and Z a manifold without boundary.
Consider a fiber bundle f : X — Y with typical fiber Z. For every scattering density

p € €°(X,%N (X)) the pushforward
f*,u c P)_/ dim choo (Y, scgl (Y))

Cc

is defined locally by integration along the fiber.
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Let (U, %) be a trivializing neighborhood of the fiber bundle, that is U C Y open,
¥ : X — U x Z smooth and f|f_1(U) = pry, o ¥. Assume without loss of generality that
w is supported on f~(U). Then set

f*ﬂz/ZuOW

1.3. Scattering maps. We now introduce and characterize the class of maps whose
pull-backs preserve amplitudes of product type. They are a special case of interior b-maps
in the sense of [28], and humbly mimicking Melrose’s naming conventions we call them
sc-maps. We first introduce them on manifolds with boundary and then generalize to

manifolds with higher corner degeneracy, such as products of mwcs.

Definition 1.18 (sc-maps on mwb). Let Y and Z be mwbs. Suppose ¥ : Y — Z. Then
U is called an sc-map if for any m € R and a € p,"*¢*°(Z) it holds that:

(1) Wa € py"=(Y);
(2) if p e U(Y) with p = ¥(q) and (p%a)(p) > 0, then (py*¥*a)(q) > 0.
Remark 1.19. In particular, ¥ maps the boundary of Y into that of Z. It also follows
that T'¥ maps inward pointing vectors at the boundary (meaning vectors with strictly

positive 0,-component) to inward pointing vectors at the corresponding points. Indeed,
we see that, at the boundary, ¥.0,, = h_lapy.

Remark 1.20. It is obvious that the composition of two sc-maps is again a sc-map.

It is straightforward to adapt this definition to that of a local sc-map by replacing Y
and Z with open subsets.

Lemma 1.21 (sc-maps in coordinates). Let Y and Z be mwbs, U CY and V C Z open
subsets. A smooth map V : U — V is a local sc-map if and only if

(1.4) U*pz = pyh for some h € €°(Y) with h > 0.
Hence, any local diffeomorphism of mwhbs is a local scattering map. Moreover:

Lemma 1.22. Let X,Z be mwbs. Given any open, bounded set U C R?, define the
projection pry : Z x U — Z,(z,y) — z. Then idx X pry is a sc-map.

We now investigate the action of pull-backs by sc-maps on the objects introduced

above. The following assertions can be verified in local coordinates.

Lemma 1.23. LetY and Z be mwbs, U CY and V C Z open subsets. Let ¥ : U — V
be a local sc-map. Then, the following properties hold true.
o U* yields a map p7} sc@F(V) — Py sC@F(U) for any m € R and k € N. Moreover,
for 0 € pPsOF(V), we have 5d(V*0) = ¥*(5d0).
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o U* yields a map Q7 (V) — Q7 (U) for any o € [0,1].
o The map T*U : T*V — T*U lifts to a map T ¥ : STV — ST U In local

coordinates, away from fiber-infinity, T U is given by

(P(),¢) = (v, :(((J9)('C))),

wherein JV is the Jacobian of U at'y. The extension to fiber-infinity is obtained
by taking interior limits |(]~1 — 0.

We observe that sc-maps provide a natural class of maps between scattering manifolds.

Corollary 1.24. Suppose Y is a mwb, (Z,pz,q9) a scattering manifold, ¥ a sc-map
Y — Z which is an immersion. Then (Y, ¥*pz, U*q) is a scattering manifold.

Proof. We first observe that V*p; is a boundary defining function on Y. Indeed,
(1.5) dU*p, = hdpy + pydh.

This implies, at the boundary, hdpy # 0. The scattering metric on Z pulls back to

dpz)®? dU*pz)®? O
\I/*g:\I/*(pi) +\I,*97;9:( *02)4 90
Pz Pz (U*pz) (U*pz)
which is again a scattering metric. O

Corollary 1.25. Any scattering manifold Y of dimension s is locally diffeomorphic to
B®. Moreover, any scattering density on'Y can locally be written as the pull-back by one
on B®.

We now extend the notion of sc-map to manifolds with corners.

Definition 1.26 (sc-maps on mwc). Let Y and Z be mwcs. Then, a smooth map

U :Y — Z is alocal sc-map for some complete sets of local bdfs {py; }icr and {pz, }ier if:
For all ¢ € I we have ¥*pyz, = py,h; for some h; € €°°(Y) with h; > 0.

Remark 1.27. In particular, ¥ maps the boundary of Y into that of Z.
As mentioned before, sc-maps are special cases of b-maps. In fact, they are those
interior b-maps that are smooth maps in the sense of [24]. The only difference with the

smooth maps in [24] is that, therein, U*pz = 0 is allowed.

Example 1.28. In particular, if V1 : Y7 — Z; and ¥y : Yo — Z5 are sc-maps on mwhb,
then Uy x Wy : Y] X Yo = Z1 X Zs is a sc-map on the resulting product mwec.

Remark 1.29. Note that we fix the ordering of the boundary defining functions. This is
important, in particular, when considering sc-maps between products X xY — X x Z
or of the form X x Y — 5T X. Most of the times, the choice of bdfs will be clear from
the context.
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Note that, on a mwb, it is possible to extend any map 0X — 90X with z — 2’ to a
scattering map, by setting (px,z) — (px,2’) in a collar neighborhood of X given by
X 2 [0,€) x 0X. The following proposition grants us the ability to continue scattering

maps from a corner into the interior.

Proposition 1.30. Let By = X1 x Y] and By = Xo X Ya be products of mwbs. Let W€,
U¥ be two (local) scattering maps near a point p € Bipe,

OB — BS and WY :BY — BY
such that W€ = WY when restricted to Bife. Then there exists a (local) scattering map U
on a neighborhood U C By of p with ¥* = U|ge such that
(1.6) Opx, V' py, = 0py, ¥px, =0 on By.

If W€ and WY are local diffeomorphisms near p (in their respective boundary faces), then

U is a local diffeomorphism near p.

Proof. This is Whitney’s extension theorem for smooth functions, applied to the system
of functions (and their derivatives)

(W), ()", () py  on By,
(W) px, (W), (¥9)'y  on BY,
together with the conditions (1.6) and
Dy ¥ py, =0 on BY,
D, ,V*px, =0 on Bf.

Note that, if ¥¢ and ¥¥ are local diffeomorphisms at p, the differential of ¥ is an
invertible block matrix, and hence ¥ is a local diffeomorphism. O

Lemma 1.31. Let X and Y be mwbs. Consider a sc-map ¥V : X XY — X xY of
product form ¥ = Wx X Uy, with sc-maps Yx on X, and Yy on Y, respectively. Assume
a € p;mwp;(me‘goo(X x Y'). With the notation of Definition 1.11 and 1.12, we have:

¥ (U*a) — U*(o%a) € p;m’”’+lp;(me‘€°°,
ae(‘l’*a) _ \If*(aea) c p;mwp;(me+1cgoo’
(Ua)p — ¥ (ap) € P;mwﬂp;(mﬁl%oo‘

Proof. We will only prove the first identity, the others follows by similar arguments. Write
(U px)(x) = pxhx(x) and (¥*py)(y) = pyhy (y). If a = py™py,"" f then

(T a)(x,y) = pY"py "R (X)hy " (¥) (¥ f)(x,y).
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This implies
o (T a)(x,y) = px™ oy g™ () hy ™ (0, ) (° 1) (x, 0, ),
U (0¥a)(x,y) = px" oy hy™ (x)hy " () (27 F) (x, 0, ).

Using Taylor’s theorem, we obtain thalut hy "V (y) — hy " (0,y) € py€>®(X x Y), and
therefore o¥(¥*a) — ¥*(o%a) € p;mw_ px e E>(X xY), as claimed. O

Corollary 1.32. The principal part of a € p;mwp)_(m"‘%oo(X x YY) is well-defined as an
element of
PR oy EE (X ) Y [px gy T (X X ).

Moreover, the principal part does not depend on the choice of boundary-defining functions.

Remark 1.33. Note that the space
Px" Py ER(X X Y) oy ™ (X < Y)

can be identified with €*°(9(X x Y)), which identifies our notion of principal symbol
with that of [30, Section 6.4].

The following lemma is one of the main technical tools in this article. We have
already observed that the local model of a scattering manifold near the boundary is
the radial compactification of R%. We now show that scattering maps arise naturally as
the composition of vector-valued amplitudes and radial compactification. Furthermore,
we clarify the relation between total derivative and the scattering differential under

compactification.

Lemma 1.34. Let Y be a mwb. Assume f € py €°(Y,R?) with py|f| # 0 on Y.
Then, U = vo f extends to a local sc-map Y — B, Moreover, the matriz of coefficients of

SC(ifl
“af=|
SCdfd
has the same rank as the differential TV of V.

Proof. Since ¢ is a diffeomorphism, ¢ o f is a smooth map while py > ¢ and we may
thus restrict our attention to a neighborhood of Y where py|f| is everywhere non-
vanishing. As usual, we pick a suitable collar neighborhood of product type such that
locally Y = [0,¢) x Y, and we write dim(Y') = s and y = (py,y) for the coordinates. We
have to compute U*pz. Write f(py,y) = py h(py,y) for h € €>(Y,R?) with h(0,y) # 0

4This means py f is the restriction to Y° of an element of g € (Y, R?) with g # 0 on Y.
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for all (0,y) € Y. Since py is assumed sufficiently small, |f(y)| = p;y'|h(y)| may be
assumed sufficiently large and hence

e _ SO (L ) (o ey
¥y) = e N = 775 (1 If(y)|> ()] (1 |h<y>|>'

In this form, W clearly extends up to the boundary. The boundary defining function on

B? is, in this coordinate patch, pz = 1 — |z|. Thus,
1 1
|f(y)l py | f(y)l

By assumption, py|f(y)| = |h(y)| is smooth and non-vanishing, which proves that ¥ is

U py =

an sc-map.

For the second half of the statement we first observe that, since ¢ is a diffeomorphism
R? — (IB%d)O and 5d coincides, up to a rescaling by a non-vanishing factor, with the usual
differential in the interior, we may restrict our attention to the boundary Y. Then we

compute

AS(y) = £ D F) UL S

Y j=1
s—1
dp dy;
= (=h(y) + pyOpy h(y Y+Zayjh e

We identify df with its coefficients (s x d)—dimensional block matrix

(1) + oy Opy h(y) By, h(¥))j1, 1)
At the boundary py = 0 we obtain
(1.7) (=h (@yh)i=1,05m1) (0,9).

We want to compare the rank of (1.7) with that of the differential of ¥ at the point
(0,y) € 9Y. As shown above, the function ¥ is given, at an arbitrary point y = (py,y)

h(y) <1 __PY )
2 (y)l h(y)l)
whose differential at (0,y) is the block matrix

(1) TU(0,9) = (=it + ot (9l

7j=1,...,s—1

close enough to 9Y’, by

) 0.).

Now observe that, since they are derivatives of unit vectors, ayjﬁ

orthogonal to h, which is itself non-zero.” Therefore, the rank of TW(0,%) equals that of

h
and apym are

SRecall that, in fact, [v(t)| =1 < v(t) - v(t) =1 = 2v0(t) - v/ (t) = 0 < v(t) L v'(t).
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the block matrix

(1.9) (—h (% TZLI>J~:1,...,S-1>(O’ Y)-

Finally, we have that
h b (h-9y,h)
Oy;h = 9y, (’h‘w) = ‘h’ayjm +T‘th.
N——— ———
collinear to ayj % collinear to h

This means that the null space (and hence the ranks) of (1.7) and (1.9) coincide. O

Example 1.35. The simplest example for a map where Lemma 1.34 applies is given by
the map f =71 :B? = R%

Remark 1.36. Recall (cf. [22, App. C.3]) that the intersection of two ¢ *°-submanifolds Y’
and Z of a ¥°°-manifold X is clean with excess e € Ny if Y N Z is a €°°-submanifold of
X satisfying
T,(YNZ)=T,YNT,Z, VreYnZ,
codim(Y') + codim(Z) = codim(Y N Z) +e.
Example 1.37. Let X be a mwb and a € p;(meplgsmw‘foo()( x B®). In this example, we

extend a to a local symbol on a suitable subset of X x B**1.

We view B*t! as embedded in R*T! with coordinates (y1,...,¥s, 7). Define

where y = (y1,...,ys). For every € € (0, 1), we obtain coordinates on

J: BS+1 — B® x (_17 1)7 (yag) = (y’g> ’

U=7"{B" x (~¢,e)} =B n{lg| <},

cf. Figure 2. We note that U is a fiber bundle of base B® and fiber (—¢,¢).

We verify that 7 is a sc-map. For this we now view B® x (—¢,¢) as a (non-compact)
manifold with boundary® with boundary defining function pz = 1 — [y]. Observe that
near the boundary we have

A7
P e R SR it il
SV e

== p]B5+1 h

6This means we view B® x (—¢,¢€) as embedded in the manifold with boundary B* x S', which can be
embedded in S* x S'. For higher dimension, we embed (—¢,¢)” < T".
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B° B®

Bst1 B® x (—¢,¢)
FI1GURE 2. The action of j visualized

Since |y| < €, h is positive and in €°°(U). Hence 7 is an sc-map.

As usual, we may perform the same construction fiber-wise on a fiber bundle by
considering local product decompositions to obtain a local sc-map. Namely, let X be an
arbitrary mwb. Then ¥ = idx X j is again a sc-map on the product X x (Bs X (—e, 5))
Using Lemma 1.22 and Remark 1.20, wee see that ¥ = Wo (idx x prgs) : X x U — X xB®

is a sc-map. Hence, ¥*a € p;(meplgﬁqu’oo(X x U).

2. PHASE FUNCTIONS AND LAGRANGIAN SUBMANIFOLDS

2.1. Clean phase functions.

Definition 2.1 (Phase functions). Let X and Y be mwbs, B = X x Y. Let U be an
open subset in B. Then, a real valued ¢ € p)_(l p;lcﬂ’o(U ) is a local (sc-)phase function
if it is the restriction of some @ € py'py €>(B) to U such that 5d@(p) # 0 for all
p e BYNaU.

If U = B, that is ¢ € py' py €>(B) with *dp(p)

function.

|57 # 0, we call ¢ a global sc-phase

Remark 2.2. Phrased differently, if U is an interior open set, ¢ is just a smooth function.
In the non-trivial case of U being a boundary neighborhood, the above definition means
that, for every p € OB in the - or ¥e-component of the boundary of U, there exists an
element ¢ € *“V(B) such that ((y) is elliptic at p, meaning ((¢) € €°(X x Y) satisfies
(( go) (p) # 0. It is, by compactness, bounded away from zero at the possible limit points
in OU. In the following, we usually do not write & but simply identify ¢ and ¢ at these

limit points.

Example 2.3 (SG-phase functions). If B = B? x B®, such ¢ correspond to so-called
(classical) SG-phase functions on R? x R?, cf. [11, 12], but with a relaxed condition as
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|z|| — oo. Indeed, in light of the SG-estimates (1.3), the previous definition translates to
(2.1) ()" Vool” + [(0) ' Vo> > C for [6] > 0.

The relationship between these and “standard” phase functions which are homogeneous
in 0 is discussed in [12]. Examples of SG-phase functions are the standard Fourier phase
z-0 on RE x RE and z(f) — x -0 on RETL x R,

T0,T

Definition 2.4 (The set of critical points). Let X and Y be mwbs, B = X x Y,
¢ € px'py €>=(B) a (local) phase function. A point p € B (in the domain of ¢) is called
a critical point of ¢ if 5dy¢(p) = 0, that is, if ((¢)(p) = 0 for every ¢ € VY (B). We
define

(2.2) Co = {p € B[*dy¢p(p) = 0}.
We set C, = C, N B and specify

Co=C,NB* for ec{ep,pe}.

We now adapt the usual definition of a clean phase function from the classical setting

to the case with boundary.

Definition 2.5 (Clean phase functions). A phase function ¢ is called clean if the
following conditions hold:

1.) there exists a neighborhood U C B of 0B such that C, N U is a manifold with
corners with 0C, C 0B;

2.) the tangent space of T),C, is at every point p given by those vectors in v € T,B
such that v({(y)) = 0 for all ¢ € VY that is, T(*dy¢)v = 0;

3.) the intersections C3 = C, N B® are clean.

The last condition is equivalent to the existence of w € TC;C; such that
(2.3) (T*dy ) (w + 0,,) = 0.

This means that, for some w tangent to B®, we have w + 0,, € TC;CQP. Here, p,e is the
bdf of B®. We now discuss the implications of these conditions.

Lemma 2.6. Let ¢ be a clean phase function. Then either we are in the “non-corner
crossing case” la.) or in the “corner crossing case” 1b.), namely:
1a.) both C¢, and Cff are closed manifolds (without boundary) and C;fe =0;
1b.) C, consists of two components, @ and @, which are both submanifolds (with
boundary), of the same dimension dim(C.,) — 1, with joint boundary C:ﬁe = 8@ =

8&% of B. The intersection of@ and C}ﬁ mn CZ’ﬁe is again clean.
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In both cases, the differential of *dy ¢ : B — *°T* B, viewed as a map T(*dy ) : TB —
T(*T*B), characterizes TC,:

2.) The tangent space of@ and @ at each point p is given by those vectors v € TB®
such that v(¢(p)) = 0 for all ¢ € VY, that is T (*dy¢)v = 0.

By condition 3.) of Definition 2.5, we have dim(ker(7T'(*dy))) = dim C,,. Hence, the
restrictions of T'(*dy ¢) to the individual boundary components of B on C, are of constant
rank. Namely,

s—e on C¢,
tk(T(*dye)) =<s—e—1 on CZ’ﬁ and Cg,
s—e—2 on Cge,

for some fixed number e, called the excess of ¢, which is given by
e =dimC, — d.

Remark 2.7. Conversely, if the rank of T'(5dy ) is constant in a neighborhood of each
critical point of dy ¢, then ¢ is clean by the constant rank theorem. In case e =0, ¢ is
called non-degenerate, and the two characterizations coincide. The corresponding case of
SG-phase functions (on R?) was studied in [12].

2.2. The associated Lagrangian. In the classical local theory without boundary on
subsets of R? x (R*\ {0}), see [22, Chapter XXI.2], the set of critical points C, is realized
as an immersed Lagrangian in 7*R¢ by the map (z,0) — (x,¢.(z,0)). In the present
setting, the situation is more complicated. Following [12], we define an analogous map
Ay on the mwe B = X x Y into seT X

For that, we consider the following sequence of maps: Using the “rescaling identifications”
(1.2), we may view (x,y) — *dx¢(X,y) as a map in py,"€>(Y,*6(X)). Since *O(X)
are the sections of 5T X , composing with the radial compactification yields, in view of
Lemma 1.34, a map into the compactified fibers of T X .

Definition 2.8. The map A\, : B — seT* X is defined by
(x,y) = (x, (U p(x,y))).

Lemma 2.9. There is a neighborhood U C B of C, such that A\, : U — ST X is a local

sc-map.

Proof. We write, x = (px,x), y = (py,y) for coordinates in B, x and & = (pg,§) for
coordinates in 57" X . Since Ay is the identity in the first set of variables, we have A7x = x.
In the second set of variables, \, acts as ¢ o Sdx, with Sdx¢ € py, €>®(Y,*O(X)).
Notice that on CZﬁ U Cge, we have Sdyp(x,y) # 0, since %dy # 0 on BY U B¥® and
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*dy ¢ = 0 on C,. Hence, due to compactness, we may find a neighborhood of C$ U Cfﬁe
on which *dxp(x,y) # 0. Writing ¢ = p)_(lp;,lf for f € €°°(X x Y), this means
d—1

(= f+pX3pr +Z O f dx] - 70
PXp

Rescaling and viewing 5dx ¢ as a map in p;l%oo(Y, °O(X)), we express *dxp as

(2.4) Ao = pyt [ (=1 + e f) 22X oy Z %fdx]
Composing with ¢, we are therefore in the situation of Lemma 1.34, up to additional
smooth dependence on the X-variables, and conclude that A, is a local sc-map.

On Cg, away from C , we have that py # 0 and correspondingly dxp(x,y) stays
bounded. Since ¢ maps bounded arguments into the interior, we find A,*p= # 0. Since
Ay is smooth, A, is an sc-map. O

In particular, ¢(*dxp(x,y)) maps boundary points with py = 0 to boundary points of
the fiber, that is to W¥ U Wve,

Definition 2.10. We define L, = A,(Cy) and Ay, := Ay(Cy). We further write A§, for
Ap(Cg) C W for e € {e,1),1e}. We say that ¢ parametrizes L, and A,.

Theorem 2.11. The map A\, : C, — ST X is of constant rank d. Its image L, as well
as the boundary and corner faces NS, = )\W(C;) are 1mmersed manifolds of dimension

dim A3, = dimC¢, — e. Furthermore, Ay : Cp — Ay is a submersion.

The proof is inspired by that of Lemma 2.3.2 in [14] (adapted to clean phase functions),
but much more involved, due to the presence of the compactification. We treat this new

phenomenon by carefully applying Lemma 1.34.

Proof. We obtain the rank of T'\, for A, : C, — ST X by computing the dimension of
its null space. Let v = dpx - Opy + 02 - Op + dpy - Opy + 0y - Oy be a vector at a point

= (px,, py,y) € Cy. For the moment, we assume py > 0. We write A\, = (id X ¢) o £y,
with

ly: X XY = 5T"X (z,y) = (z,*dxp(x,y)).
Assume that T, (p)v = 0 and v € T,,C,. The condition T, (p)v = 0 implies that dpx =0
and 0x = 0. Let ¥ = dpy - 0,y + 6y - 0. Hence the assumptions are reduced to
*dx¢(p) =0,

2.5
(25) *dy p(p) =0,
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where ¥ is interpreted as acting on the coefficient functions of the differentials.

In coordinates, these coefficient functions are given by

Sdxe(p) = py' (—f + pxOpx [, 0:£) (D), Ay (p) = (—f + py Opy [, 0y f) (D).

Using —f + py 0,y f = 0 and 9, f = 0, it is easily seen that on C, the assumptions
(2.5) are equivalent to

PX P;2 (PyOpy —1)0py [ px P;flapx Oy f
020y Opy = VOuf Py a0y f 6py> 0
Y apy 8py f PYapy 8yf oy
8ﬂY 8yf ayayf

The cleanness condition translates to the dimension of the nullspace of T5dx ¢ being

(2.6)

constantly e. We identify T°dy ¢ with the matrix

(PyOpy — 1)0px [ OyOpy f
(PyOpy —1)0uf  OyOsf
PY apy aﬂy f ayapy f
Py Opy Oy f 9y0y f

The matrices appearing in (2.6) and (2.7) are related by

(2.7) J =

pypx. 0 0 0\ [pxpy(pyOpy — 1)0px f pxPy OpyOyf

P e Py (py Opy — 1)0uf Py OuOy f py 0
0 0 pyt 0 Py Oy Opy | Py Opy Oy f 0 1
0 0 0 1 Oy Oy f D0y f

This proves that (2.5) is equivalent to v € ker T5dy ¢ under our assumptions py > 0
and px > 0, and the rank of £, is given by

tkl, = dimT),C, — dimker T°dy ¢ = (d +¢e) —e =d.

Now assume that px = 0. We see that the first row of (2.6) vanishes identically,
but we have the additional condition (2.3), implying that, at px = 0, the first row of
(2.7) depends linearly on the other rows. Therefore, the rank of ¢, is still d at points
with px = 0. The composition with id x ¢ changes nothing for py > 0, since ¢ is a
diffeomorphism there.

To perform the limit py — 0, we have to examine carefully the effect of the presence
of the compactification ¢, in the spirit of the proof of Lemma 1.34. For v € T,,C, such
that T'A,(p)v = 0, that is, as above, of the form

v =10py - Opy + 0y - Oy,
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we now obtain the set of equations
(2.8)

which are equivalent to the set of equations

(2.9) Opy ¥dx Oy®dxp (dpy _0
Opy Oy f OyOy f oy
We need to compare the rank of the coefficient matrix in (2.9) with that of T5dy ¢ at

points of the form (px,z,0,y). For this purpose, we go through a series of “reductions”,

along the lines of the proof of Lemma 1.34, to simplify the comparison. First, we can

=+ px0,f _
pyl( o )TN

Note that h # 0 near Cfﬁ , since ¢ is a phase function. As in the proof of Lemma 1.34, the

identify *dx¢ with

evaluation at (px,z,0,y) then gives

(2.10) Opy 5dxp  Oyt®dxp _ —#—Fap},'% %% .
aPY ay f ay ay f a,Oy ay f 8y 8yf

Since all derivatives of % are orthogonal to ﬁ and h # 0, the rank of the matrix (2.10)
equals the one of

_h_ g
(2.11) nl* YRl )
0  9,0,f

In fact, in (2.10), as well as in (2.11), the first column is linearly independent of the

others. Now we write

hoo1 (h-0,,h)
o) = Ot~ TR

collinear to h

and remove the collinear summands, which again does not change the rank of the matrix
(2.11). Therefore, the rank of (2.10) is the same as the one of

h 1
(2.12) e mo%h
0 0,0,f

Multiplying the first d rows and the first column of (2.12) by the non-vanishing factor
|h|, again the rank does not change, and we can look at
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(2.13) 0 8yayf = _8xf ayaxf

(_h ayh > f_anpr _8yf+anyapr
0 0,0,f

On C, at py = 0 this equals

_anpr anyapr
(2'14) _a:r:f ayaxf
0 0yOy f
Finally, we observe that the dimension of the null space of (2.14) is, by cleanness of ¢
(in particular by (2.3) applied to Cg or Cfﬁe), the same as the one of

_8PX f ayapx f

—0uf 0,0, .
(2.15) U dy v
0 AyOpy [ ’

0 9,0,f

namely e. Therefore, the rank of A\, equals d = (d 4 e) — e near C,, which concludes the

proof. O

Lemma 2.12. The map A\, : C, — Ly, is a local fibration and the fiber is everywhere a
smooth manifold without boundary.

Proof. Since A, is locally an sc-map, T'A, maps the set of vectors at the boundary that
are inwards pointing into itself, see Remark 1.19. Therefore A\, is a so-called “tame”
submersion in the sense of [34, Lemma 1.3]. As such, it is a local fibration and the fiber

is a manifold without boundary. ([l

2.3. Symplectic properties of the associated Lagrangian. As in the classical the-
ory, L, is an immersed Lagrangian submanifold, and its boundary faces A® are immersed
Legendrian submanifolds. Let us briefly recall these concepts. For more information, the
reader is referred to [12, 32, 19].

As a cotangent space, T* X carries a natural symplectic 2-form w induced by the
canonical 1-form a € € (T*X°, T*(T*X?)) as w = da. This 1-form can be recovered
from w by setting a = ¢¥1 w for the radial vector field o¥ on €°°(T*X?), which is given
by ¢¥ = £ O in canonical coordinates. We now write (x,£&) = (px,z,p=, &) for the
coordinates in the mwe 7" X which are obtained from the rescaled canonical coordinates
under radial compactification in the fiber, cf. [32]. Then 0¥ corresponds to p=0,z On
€ (T*X ?). For the purpose of scattering geometry, it is natural to rescale further and
define, on T*(*T" X)°,

a¥ = p20,. Jw.
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There exists another form of interest, namely

af 1= pXOpy 1w

We now extend these forms to T*(*T" X) and define the boundary restrictions of .
Observe that, while their explicit form depends on the choice of bdfs, the induced contact
structure at the boundary does not, see next Lemma 2.13

Lemma 2.13. The forms a® extend to 1-forms on W?*, denoted by the same letter. The

induced contact structures do not depend on the choice of bdfs.

Example 2.14. On T*R% =2 R? x R?, with canonical coordinates (z,€), the vector fields
o¥ and o° correspond to o¥ = ¢- O¢ and ¢° = x-0,. The symplectic 2-form is | ;& N dw;
and hence

oViw=¢-dz and uw=—z-dE
Obviously, the coefficients of these forms diverge as [{] — co and [z] — co. The rescaled
forms “at the boundary at infinity” then correspond to

v_ S 4 d ot =—" .de
a¥ = x and af= .
(€] [z]

After a choice of coordinates near the respective boundaries, this is the general local

geometric situation.

We are now in the position to formulate the symplectic properties of Ay, cf. [11]. Recall
that a submanifold N of a symplectic manifold (M,w) is Lagrangian if w|ry = 0 and a
submanifold N of a contact manifold (M, «) is Legendrian if o|rny = 0.

Proposition 2.15. The immersed manifolds defined in Theorem 2.11 satisfy:
1.) L is an immersed Lagrangian submanifold with respect to the 2-form w on
(T X)° 2 T*X ;
2.) A:ﬁ is Legendrian with respect to the canonical 1-form o on W¥ = §*(X°);
3.) Af, is Legendrian with respect to the 1-form a® on W 2 Tj X.
We take this as the definition of an sc-Lagrangian, cf. [12].
Definition 2.16 (sc-Lagrangians). Let A := AY UA® C W. A is called an sc-Lagrangian
if:
1.) AY = ANWY is Legendrian with respect to the canonical 1-form a¥ on WY =
sc ;(OX;
2.) A® = ANW?¢ is Legendrian with respect to the 1-form a® on W¢ = 5T} X;
3.) AY has a boundary if and only if A¢ has a boundary, and, in this case,

AV .= 9NV = A¢ = A¥ N IAE,
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with clean intersection.

Figure 3, which is taken from [12], summarizes, schematically, the relative positions of

A and Afg near the corner in W. We may take the analysis one step further in order

wy

N

We

FIGURE 3. Intersection of AY € W¥ and A® C W¢€ at the corner W¥¢

to stress the Legendrian character of the boundary components near the corner and to
reveal the symplectic properties of A¥¢ by blow-up. For the sake of brevity here, we move
this analysis to the appendix, Section A.

We may sum up our previous analysis by stating the next Theorem 2.17.

Theorem 2.17. For a clean phase function ¢, A, = A,(Cp) is an immersed sc-

Lagrangian.

Definition 2.18. We say that an sc-Lagrangian A is locally parametrized by a phase

function ¢ if, over the domain of definition of ¢, we have A = A,.

In particular, if A is locally parametrized by a phase function, then it is admissible.
Conversely, we have the following result, cf. [12].

Proposition 2.19. If A is an sc-Lagrangian, then it is locally parametrizable by a clean
phase function ¢, that is A*NU® = AZNU*® for some open subset U C W*. In particular,
A arises as the boundary of some Lagrangian submanifold Ly, of seT* X .

Remark 2.20. The proof of Proposition 2.19 in [12] is based on concrete parametrizations
in R? x R%. It applies here nonetheless, since any d-dimensional manifold with boundary
X can be locally modelled by BY. Hence, T X can be locally modelled by B¢ x B¢ and
thus, under inverse radial compactification (applied to both factors), by R? x R?. Note
that in [12] we imposed additional conditions, namely

(2.16) AN (X x 1({0})) =0,
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and that = - ¢ = 0 in local canonical coordinates on A%¢, since this is always true for a
parametrized Lagrangian (see (2.17) below). However, condition (2.16) is equivalent to
the stronger assumption that *dy # 0 also on B¢, which we do not impose here. The
assumption x - ¢ = 0, in turn, is superfluous, since it already follows from the symplectic
assumptions on A¥¢, as we now show.

Assume that both ¢ - dz = 0 and —z - d€ = 0 on a bi-conic submanifold L of R? x R
Then we must have d(z - £) = 0. However, when |z| and |£| tend to oo, this blows up
unless z - £ = 0. This shows that = - £ = 0 is indeed automatically fulfilled.

This corresponds to the fact that, for the bi-homogenous principal symbol of a phase
function p¥¢, we have, when Vyp(z,6) = 0, that (cf. [12])

(2.17) (x, Vop(z,0)) = o(z,0) = (0, Vop(z,0)) =0,

where we have used Euler’s identity for homogeneous functions twice.

2.4. Scattering conormal bundles. In this section, we consider the simple example
of a scattering conormal bundle. Consider a k-dimensional submanifold X’ ¢ X which
intersects the boundary of X cleanly or not at all (called p-submanifold in [31]). In the
following, we assume an intersection with the boundary. Then there exist local coordinates
(px, ', 2") such that X’ is locally given by

X' = {(px,2,2") | px > 0,2’ =0 € R+ o/ ¢ RF1},

We can now consider the compactified scattering conormal *T" X' C Ty, X. The
boundary faces of sCT™ X' constitute a Lagrangian.

In fact, write X = +(R%), so that X’ corresponds to a subspace of R? of the form
X' ={(a,2") | ' =0eRIF 2" e RF}.

We can then introduce Y = ((R**) and ¢(x,y) = 2’ -y on R? x R* which is an
SG-phase function, taking into account (2.1). The true phase function on X x Y is then
(17! x 1= 1)*¢p. We can then compute C,, = X' x YV and A, = T X'

Indeed, in the Euclidean setting, A, corresponds to the the three conic manifolds

e __ 1"l d d

A@_{(07$7£70)}C(R \{0})XR
Ye __ 1"t d d

AL ={(0,2",¢,0)} € (RT\{0}) x (R"\ {0})
P "o d d

A‘p—{(o,x,f,O)}CR X(R \{O})

which have the claimed symplectic properties. Compactification of the R%-components

and projection of the conic (R?\ {0})-component to the corresponding sphere then yields
the compactified notions in ST X
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3. PHASE FUNCTIONS WHICH PARAMETRIZE THE SAME LAGRANGIAN

In this section, we adapt the classical techniques for exchanging the phase function
locally parametrizing a given Lagrangian, see [40, Chapter 8.1], to the setting with
boundary. Since A, not L, is our true object of interest, we say that two phase functions
@i, © = 1,2, locally parametrize the same Lagrangian at po € W if A,, = A, in a small
(relatively) open neighborhood of pg in the respective boundary faces.

Our first observation is the following:

Lemma 3.1. If ¢ € p;(lp]gsl%oo(X x B®) is a local phase function and r € € (X x B?),

then @ + 1 s still a local phase function and it parametrizes the same Lagrangian as @.

Proof. Since r € €°°(X x B®), dr = 0 when restricted to the boundary. Therefore, ¢ 4 r

is still a local phase function. By the same reason, Cy, = Cy,4.,. Finally, we have

Aptr (%, by) = (%, (Fdx (¢ +7)))-
Computing *dx (¢ + r) in coordinates, see (2.4),

d

—_

— dw;
(8:v]f + PYanij) 2 )
PX

_ dpx
“dye = py' | (—f + px0py f + pyp?x@pxr)pT +
X i—1

<

we observe that at px = 0, the contribution from r vanishes. The same is true in the
limit of py — 0 under application of ¢, see also Lemma 1.34. 0

3.1. Increasing fiber variables. Given a clean phase function ¢ € p;(I pﬁleoo(X x B*)
with excess e, define 9 € Px PpaC®(X x B® x (—¢,¢)) as follows:

~ B g?

P(xy,9) = e(x,y) + P
We see that Scdzz # 0 when *dy # 0 and SCstX(,E’E)z/; = 0 if and only if § = 0 and
Sdpsp = 0. Thus,

C; = {(x,y.0) | (x.¥) € Oy},

which implies that the excess is not changed, and A = A,. Summing up, v is a local
clean phase function in s + 1 fiber variables with the same excess e as ¢ and (locally)
parametrizing the same Lagrangian as ¢.

This construction may once again be moved to balls, by using Example 1.37 and
setting ¢ = \I'*{bv Then ¢ € p}1p1§31+1C°°(X x U). Using the fact that dy = W*lz, we
see that v is a clean phase function parametrizing A, with excess e. Again, X x B* can

be exchanged by any relatively open subset, hence starting with local phase functions.

3.2. Reduction of the fiber variables. Starting again from a clean phase function

Y E p)_(1 plgsl C>*(X x B®) with excess e, we now construct a (local) phase function v in
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the smallest possible number of phase variables (without changing the excess) which
(locally) parametrizes the same Lagrangian. The argument is similar to the classical one,
but extra attention needs to be paid at to what happens near points with py = 0, namely,

we have to keep py as a parameter.

Remark 3.2. In the classical theory, meaning for homogeneous phase functions, it is
possible to reduce the number of fiber variables under the assumption that the ma-
trix 02,¢(z,0) has rank r > 0 on C,. However, since a classical phase function ¢ is
homogeneous in 6, it holds that 6 - Vg = ¢ and hence the second radial derivative
is automatically zero on C,. Furthermore, the radial variable can always be chosen to

parametrize A.

We proceed as in the proof of Theorem 2.11. We first recall that, for py € C, writing
Y= p;lp)_(lf with f € C*°(X x B*), we have there

(3'1> 0= SCdY(P = (_f + pYaPYf? aykf) :

We then identify Ty *dy ¢ in coordinates with the matrix

(3.2) Jyo— [PYO S =0uf 4oy 0,00 f)
8ﬂY 8ykf 6yj 8ykf
We see, using (3.1), that on C$ C {py = 0} this becomes
0 0
(3.3) Tyl = |
’Cw 8PY ayk f ayj ayk f

Therefore, the rank of this matrix is at most s — 1. Indeed, we observe that, by (2.3), at
py = 0 we have dpy # 0 on TCf,f) and hence we can always choose py as a parameter to
locally describe Cfﬁ .

Remark 3.3. By the same argument, px can be chosen as a parameter close to B¢, while,

close to BY¢, both px and py can be chosen as parameters to represent Cop.

We now seek to reduce the remaining set of variables under the assumption that

(3.4) The matrix (8yj8ykpxpycp)jk has rank » > 0 at pg € C:f U Cge.
Since at points where py # 0 the variable py behaves like all other variables, the same

restriction does not hold near a point p € C;. Here, we simply assume that
(3.5) The matrix Ty*dy ¢ has rank r > 0 at pg € Cg.

Since up to multiplication by py > 0 in one row, (3.2) is the Hessian of h (with respect
to y), this is equivalent to rk(Hy f) = r > 0. The two conditions may be summarized
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into one. Namely, consider the scattering Hessian (with respect to the y-variables) of ¢

“Hyp = pg/pXﬁPYp?/anﬂy@ PYPXayjpgszango
P PXOpy Y PXDyp Py PX Dy, Py Px Dy p

= pypx P?/azyf _ayjf + pyayj apyf '
PYapY 8yk ! 83/]‘ 8% f

Then p;l ,0)_(1 *“Hy ¢ becomes, at a point in Cy:

(3.6)

0 0
0 Oy, 0y,f

p%aﬁYf pyayjaPYf , if po € C;
PY 8PY ayk / 8yj 8% /
Notice that we can factorize these matrices as
(37) py 0 agyf ayjﬁpyf py O ,
0 1 Opy Oy, [ 6yj Oy, f 0 1

the rank of which therefore is, for py # 0, that of the standard Hessian of f, Hy f.

Therefore, our assumption may be expressed as:

oyt pyHy ¢ = ( ) , ifpp e CYUCY

p}—/lp)—(l SCHYSO — <

(3.8) The matrix py'px' *Hy ¢ has rank r > 0 at pg € C,.

We may now proceed as in the standard theory and introduce a splitting of variables
y = (¥',y") such that (9y»0y» f);i is an invertible 7 x r matrix. We can then apply the

implicit function theorem to

0= SCdY(,O = (—f + pYapyfa aykf)

at pg. We obtain a map from an open neighborhood of py,
k:(xy) = (xy,y"(xy)),

such that C, and the range of k locally coincide. Note that k is a scattering map, since
py is always one of the y’ near the 1)-face.

Then ¢req = @ o k is a clean local phase function in d x (s — r) variables with excess
e, and k provides a local isomorphism C, , — C,. Furthermore, at stationary points
po and k(po), we have that t(*dx¢req) = t(*dx¢), since *dyp = 0 there. Hence, ¢yeq
locally parametrizes the same Lagrangian as ¢.

Remark 3.4. Note that, after applying a change of coordinates in the y variables, yyeq
may be assumed to be defined on B¢ x B*~", see also Lemma 3.7 below.

Summing up, we can formulate the next Proposition 3.5.
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Proposition 3.5. Let p € p;lp}l%oo(X x B®) be a local clean phase function of excess

e. Assume
p;lp}l *“Hy ¢ has rank r > 0 at a stationary boundary point py € C,.

We may then define a local phase function ¢ € p;lp;(l%oo(X x B*™") of excess e

parametrizing the same Lagrangian.

We mention that, locally, the minimal number of fiber variables y that a clean phase

function of excess e locally parametrizing L, has to possess is
Smin = d+e— n,

where n is the (local) number of independent x variables on L. This follows from a
simple dimension argument: the dimension of L, is d, that of C is d + e, and the one
of the projection to = of C, coincides with that of L,. Note that, by cleanness of the

intersection Cy, N BY, near A¥ we have Spmin > 0.

3.3. Increasing the excess. Given a (local) clean phase function ¢ € py'pgi C>®(X x
B*) with excess e, define 9 := pri  p. on X x (B® x (—¢,¢)), viewing B® x (—¢,¢) as
an open subset of B* x S', which is a manifold with boundary whose boundary defining

function may be chosen as pry.pps. In particular we have, with the obvious identifications,

SCdIB%SX(—a,E)w = pryyps ("dps¢p) -
Then Cy, = Cy x (—¢,¢) and hence dim(Cy) = dim(C)+1. Furthermore, Ay = pri, ps Ay

and A, = Ay. Summing up, v is a local clean phase function in s + 1 fiber variables with
excess e + 1, defined and (locally) parametrizing the same Lagrangian as (.
As before, we may choose to keep working on balls by invoking the construction from

Example 1.37 and replacing ¢ with
U*ep = Ut € p;(lplg}“%oo(X x U).

In this way, since ¥ is a diffeomorphism, 1) becomes a clean phase function with excess
e + 1 defined on a relatively open subset of X x B**! and similarly we may raise the

excess by any natural number.

Example 3.6. The standard Fourier phase on R x R, ¢(z,£) = x - £, cannot be seen as
an SG-phase on all of R x R? by setting ¥(z, &, ) = z - €. Indeed,

(3.9) (@)*[Va(@)? + (&) Veqel? = (1 + )6 + (1 + € + 1)
= (@) {€) +n® — 1

For ¢ =0 and « = 0 and 1 — o0, this vanishes but should be bounded from below by
c(1 4+ |n|)? if ¢ were an SG-phase function, given (2.1).
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Reviewing Example 1.37, the ray £ = 0, z = 0 and 1 # 0 corresponds precisely to the
poles in Figure 2 which were cut off. Indeed, (3.9) is bounded from below by (z)2((&,7))?

in any neighborhood where I ¢ and hence a local phase function in such sets.

[n]

3.4. Elimination of excess. Assume now that ¢ is a phase function on X x B?
with excess e and that at some point py = (px,0, 0, pv,0,%0) € C, we have A,(pg) =
(px.,0, %0, P=,0,€0)- Then, by Lemma 2.12, the preimage of (px 0, o, p=,0,&0) under Ay,
meaning the fiber in C, through py, is an e-dimensional smooth submanifold. Locally,
since )\, is a submersion we may, by [24, Prop. 5.1], reduce to the case of a projection,
that is, we may find a splitting y = (3, y”) near py such that A\, does not depend on y".
Then,
Plox,, py,y') = olpx, @, py,y' o)

defines a phase function without excess (i.e., a non-degenerate phase function) that
parametrizes the same Lagrangian as ¢. As usual, we may again reduce to the case of a

ball and hence replace ¢ by a phase function on an open subset of X x B¢,

3.5. Equivalence of phase functions. We will now discuss the changes of phase
function under a change of coordinates and which phase functions can be considered
equivalent. We first check how the stationary points of a phase function transform under
changes by local diffeomorphisms.

Lemma 3.7. Let X1, Y1, Xo, Y5 be muwbs, set B; = X; xY;, i € {1,2}, and let
pE p};p{,zl(]“’(BQ) be a (local) phase function. Assume g : X1 — Xo, h : Y1 — Y5 to
be diffeomorphisms, and set F' = g x h. Then, F*p € p;p;,llCoo(Bl) is a (local) phase

function with the same excess of ¢, and we have
Crep = {(x1,¥1) € Bi| F(x1,y1) € Cp}, Ly = (T" g)(Ly).

Remark 3.8. This means that, while the boundary defining function p=, of seT™ X, does
not vanish, Lp+, can then be computed as

Lpwy = {(x1, L('(Jg) 7' (&) € ST X1 | (9(x1),€1) € Ly}

As p= — 0, Afﬂ* o is obtained by taking interior limits, see also Lemma 1.34.

Proof of Lemma 3.7. The result for C, follows immediately from the first assertion in
Lemma 1.23. The statement for L, then follows by writing

(3.10) A p(X1,¥1) = (SCT*Q)()\@(XQ) y2))

near a point (x1,y1) € (Cr=,)° such that (x2,y2) = (9(x1), h(x1,¥y1)). Indeed, at these
stationary points, *dx F*¢ = F*(*dx¢), since there *dy¢ = 0. Since equality (3.10)



34 S. CORIASCO, M. DOLL, AND R. SCHULZ

holds in the interior, the result at the boundary faces can be obtained as interior limits

(see also Lemma 2.9). O

Remark 3.9. The diffeomorphism g x h may be replaced by a single diffeomorphism
F: X1 xY] = X9 x Y5 locally of product type near the boundary faces of Xo x Y3, i.e.,
a (local) diffeomorphism that is a fibered-map at the boundary.

We now define in which sense two phase functions may be considered equivalent.

Definition 3.10. Let X, Y7, Y5 be mwbs, B; = X x Y. Let ¢; € p;(lp;/ilC‘X’(Bi). We say
that o1 and 9 are equivalent at a pair of boundary points (x°,y?) € By and (x°,y9) € By
if there exists a local diffeomorphism F': X x Y5 — X x Y; of the form F = id x g with
g(x%,y9) = y? such that the following two conditions hold true:

(3.11) F*py — ¢y is smooth in a neighborhood U of (x°,y9),

(3.12) px Py, (Fp1 — @2) restricted to Cy,, N OU vanishes to second order.

Lemma 3.11. Equivalent phase functions parametrize the same Lagrangian, that is

Ap+g, = Ay,. Moreover, we have Cpry, = Cy,.
Proof. This follows from Lemmas 3.1 and 3.7. 0

We now associate to any local phase function its principal phase part, which corresponds
in the SG-case to the leading homogeneous components of ¢. From the fact that the
principal part of Definition 1.12 is obtained from the boundary restrictions of ¢, we
observe, using F' = id x id and Lemma 1.13:

Lemma 3.12. A local phase function ¢ and its principal part @, are equivalent.

Remark 3.13. In particular, each phase function is locally equivalent at the e- and -face,
respectively, to a homogeneous (w.r.t. px or py) phase function, after a choice of collar

decomposition. In general, this is not true near the corner BY¢,

Since the difference in condition (3.12) is restricted to the boundary, it does not
restrict the behavior of F*p; — @9 into the direction transversal to the boundary, e.g.
Opx PXPY, (F o1 — @2) at Cg,- The following lemma states the transformation behavior
of this directional derivative.

Lemma 3.14. Let X, Y7,Ys be mwbs and let F': X x Yo — X X Y1 be a sc-map of the
form F =id x ¥. Set h = p;/ZlF*pyl. Consider a clean phase function ¢ on X x Y7 and

write f = pxpy,p. Then we have the following transformation laws:

hE"0py, px f=20 F*p}lf, on F*Cg,

PY,

F*P}_qlapr = 8PXF*p;,11f, on F*Cf).
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Proof. On F*C;f, we have that
8pY2F*f = hF*ﬁpylf + F*(aylf)a%yl = hF*(?pYl 7,

where we have used 9, f = 0 on F' *Cg . This proves the first equality.
On F*Cg, we compute

aPXF*p;/llfl = F*p;/llaprl + F*(apylp;/llfl) aPXF*pYI + F*(p;fllayhfl) 8PXF*y1
= py h L E* 0, fi.

2

Therein, we used 9y, fi = 0 and 0y, p;ll Ji=0o0nCy,. g

Remark 3.15. The previous lemma, combined with Lemma 3.12, will imply that, away
from the corner, any phase function can be replaced by an equivalent phase function
without radial derivative (at C,) and the vanishing of this derivative at C, is preserved
under application of scattering maps.

This corresponds to the fact that, in the classical theory, one can always choose a
homogeneous phase functions. The (non-homogeneous) terms of lower order which arise
in transformations can be absorbed into the amplitude.

The rest of this section will be dedicated to establishing a necessary and sufficient

criterion for the local equivalence of phase functions.

Lemma 3.16. Let X, Y7, Yo be mwbs such that dim(Y7) = dim(Y3), and set B; = X XY},
i€ {1,2}. Let p; € p}lp;ilCoo(Bi) be phase functions which have the same excess, and
assume that there exist p) = (x°,y?) € Cy,, i € {1,2}, such that

>‘<.01 (XO, y?) - )‘tp2 (X07 yg)?
and, close to (x%,y?), i € {1,2}, both phases parametrize the same Lagrangian A, i.e.,
locally A = Ay, i € {1,2}. Then, there exists a local diffeomorphism F: By — By of the
form F =id x g with F(x%,y9) = (x°,yY), such that F*o1 = pxpy, fi with Cpsy, = Cyp,,
locally. Moreover, locally near (x°,y9),

(3.13) (fa — f1)|B, vanishes of second order at any point of Cops-

Remark 3.17. Notice that (3.13) means that the principal part of F*¢; and @9 in Lemma
3.16 coincide on Cy,.

Proof of Lemma 3.16. Since A, are local fibrations from C,, to Ay, i € {1,2}, and
Ay = Ay, = A, there is a local fibered diffeomorphism F': B — Bjp of the form
F =id x g, locally locally near (x°,y{) = F(x°,y9), such that the following diagram is

commutative.
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A
/ Nw
IF

A .
Cos Co,

Note that F'is not uniquely determined, not even on C,, when the phases are merely
clean and not non-degenerate.

After application of F', we may assume that Y7 = Y5 =: Y, y9 = y9 =: y° and, locally,
Cy, = Cy, =: Cp. We now show that the restriction of f1 and f2 to a relative neighborhood
of (x°,y%) in C, vanishes of second order. Recall that, since *dy 1 = *dy 2 = 0, for any
p = (x,y) € C, we have

(3.14) (pvOm i =1 0y 1) = (pvOp fo— o Oy fo) =0

Furthermore, since ¢ and ¢y parametrize the same Lagrangian, we also have A, (p) =
Ay (), that is, t(*dx¢1(p)) = t(*dxp2(p)). We treat separately the cases p € Cg, and
peciucse.

If p € C, we then find
(3.15)

W(py pxBpx F1(D) = F1(D), Py O J1(P))) = t((py ' Px Opxc f2(P) — f2(D), py ' Ory f2(D)))-

Since py # 0 on Cg, and ¢ is a diffeomorphism on the interior, this implies

fip) = fa(p)s On f1(p) = Ou fo(p), K =1,...,d =1,
Combining this with (3.14), this further implies

8pr1(p) = aPYfQ(p)7 8ykf1(p) = 8Z/kf2(p)> k=1,...,s—1

Since (x,y) are a complete set of variables on B¢, we can indeed conclude that fi — fo
vanishes of second order along Cg,.
Ifpe C:ﬁ orpe€ CZfe, (3.14) implies that

filp) = fa(p) =0, Oy, f1(p) = Oy, fo(p), k=1,...,5— 1.

We have to evaluate (3.15) as a limit py — 07, using, as in Lemma 1.34, 1(z) = é(l - ﬁ)
We obtain that, with

U1 = (anpr17al'kf1)7 Vg = (anpr2aazkf2),

m = ”z—z”, but not necessarily v;1 = v, in which case the proof would be complete.
We now modify F' in order to achieve v; = vs. Notice that, since 1 and o are phase
functions, we have v; # 0 at C,. We can therefore scale ¢1 by means of the local
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diffeomorphism (near C,)
F: (py,y) = (py r(px, %, py, 1), ¥),

where 7(px,x, py,y) = Hﬁ”

. Notice that, by our previous computations, r ceucre = 1,
Lo

and F is the identity for py = 0. Therefore, by Lemma 3.7,

Cﬁwl =Cyp,, and Aﬁ*«m =A,,.
By definition, for F *1 we have

r3 T ||U2” *

Ji:=pxpyF o1 = W(F f1)-

Therefore,
r3 r3 % * * r3 ~
(e F1s 00 F) = 12 (o F* Opc ), F (00 F0) = 1,

since the derivatives acting on r produce a py factor, and then vanish along Cfg. Hence,

U1 = v9, which completes the proof. O

Remark 3.18. The additional computations in the proof of the previous lemma near the

face Cfﬁ correspond to the fact that, classically, x - § and x - (20) both parametrize

A={(0,9) ¢ e R\ {0}].

In fact, we observe from the same proof that we may choose the norm of (px 0, f1, 0z, f1)
at any point of AZﬁ without changing A,.

Theorem 3.19 (Equivalence of phase functions). Let X, Y7, Yo be mwbs such that
dim(Y1) = dim(Y2), and set B; = X x Y;, i € {1,2}. Let p; € p}lp}_filCoo(Bi), i€ {1,2},
be phase functions which have the same excess. Assume that there exist (xo,y?) € Cy;,
i € {1,2}, such that

Mgy (Xoa ycl)) = Apy (X07 yg)7
and, close to (xo,y?), i € {1,2}, both phase functions parametrize the same Lagrangian
A, ie., locally A = Ay, i € {1,2}. Then, the phase functions o1 and o are equivalent at
(x%,y0) and (x°,yY) if and only if
(3.16) sgn (p;?fp}l “Hy, 901> = sgn (p{@lp}l SCHY2<P2) :

Remark 3.20. Before we go into the details of the proof, we recall the expression for the
differential in condition (3.16) in coordinates. By (3.7) we have, writing ¢ = p)_(1 p;l I,

—1 _—1sc py O agyf ayj aPYf py O
py px Hyp = :
Y X (o n) (apyayk foo,0,f)\0 1
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Hence, for py # 0 the signature of this matrix coincides with the signature of Hy f. For
py = 0 it is instead that of the Hessian of f restricted to py = 0, that is, of the matrix

obtained taking second order derivatives only with respect to the boundary variables,

(83/3‘ Ay, £ (0, y))]k

Proof of Theorem 3.19. We first prove that condition (3.16) is necessary. In view of
Lemma 3.11, we only need to compare **Hy, ¢1 and **Hy, p2 by writing

(3.17) *Hy,p2 = *Hy, F*p1 + *Hy, (p2 — F*p1).

We write r = (w2 — F*¢1), which, by assumption, satisfies r € €°°(X x Y2). Therefore,
p{,; p;(l *Hy,r vanishes at the boundary. Indeed, in local coordinates we have

Py PXOpy P Opy T p?/pxayjapﬂ)

—1 _—1sc
Py Px Hy,r =
’ (prXaPYpYaykT Py px Oy, Oy, 1

Thus, we have, at the boundary,

(3.18) sgn (pglp;}l SCHYzF*Sol) = sgn (p{fjp;}l SCHY2902> :

By computing these differentials in coordinates at corresponding stationary points, using
(3.7), this implies (3.16).

For the sufficiency of (3.16), we assume familiarity of the reader with the equivalence
of phase function theorem in the usual homogeneous setting, see [40, Prop. 4.1.3], [40,
Prop. 4.1.3] and sketch briefly that the argument goes through with little modification.

By Lemma 3.16 we may assume Y; = Y. Note that equivalence is achieved for
w; = pxpy fi if the f; agree on the boundary. The condition on **Hy y; means precisely
that the signatures of the Hessians of the f; in the tangential derivatives agree in the
interior and the signatures of the Hessians of the restriction of the f; to py = 0 as well,
see Remark 3.20. As such, we may use the same techniques as in the classical situation to
construct a diffeomorphism on the boundary which transforms the restriction of f; into
that of fa, cf. also [12]. This diffeomorphism is then extended by means of Proposition
1.30 into the interior. For sake of brevity, we omit the details here. U

Remark 3.21. Note that near (x°,y") € Cfﬁ, we can also invoke the classical equivalence

theorem directly. We need to find a transformation
F:(x,0,y) = (x,0,5(x,9))

such that F*¢; = @o. For A > 0 we set ¢;(x,\,y) = A\fj(x,0,y), j € {1,2}. Then
¢; are equivalent phase functions in the usual homogeneous sense on X x (Ry x Y).
Indeed, evaluating d¢; and *dyp; in coordinates, we see that d¢; # 0 and ¢; is manifestly
homogeneous. Furthermore, the signatures of Hy ¢; are the same as those of *Hy ;.
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Since the f; are equal up to second order, the ¢; are equivalent in the usual sense and
there exists a A-homogeneous G : (x, A\, y) — (x, A\, ¥(\, X, y)) which is homogeneous such
that G*¢1 = ¢9. Setting F' = G| =1 and possibly applying a scaling, as in the proof of
Lemma 3.16, concludes the proof for (x°,y") € Cw

4. LAGRANGIAN DISTRIBUTIONS

In this section, we will address the class of Lagrangian distributions on scattering
manifolds. First, we introduce oscillatory integrals associated with a phase function
and show that they are well-defined in the usual sense. Then, we define Lagrangian
distributions as a locally finite sum of oscillatory integrals, where the phase function
parametrizes a Lagrangian submanifold. Using the results from the previous section, we
are able to reduce the number of fiber-variables to a minimum and see that the order of
the Lagrangian distribution is well-defined independently of the dimension of the fiber.

4.1. Oscillatory integrals associated with a phase function.

Definition 4.1. Let Y be a mwb. For the remainder of this section, m. denotes a family
of functions m, € Cg()OO(Y), e € (0, 1], such that, for all k € Ny, o € Ng_l, e € (0,1],

(4.1) (03-0py ) ¥ (0 0) “me(y)| < Choa p5T1,

and m.(y) > lase — 0, forally € Y°.

Remark 4.2. We observe that (4.1) does not depend on the choice of bdf and is preserved
under pullbacks by sc-maps. It is possible to find such a family on any manifold with
boundary. In fact, any choice of tubular neighborhood U of Y such that U = [0,0) x 9Y
with coordinates (py,y) introduces a dilation in the first variable. Take a function
X € €2°[0,00) such that x(x) =1 on [0,0]. Then set me =1 on Y \ U and

x(epy!) ifepy! >6/2,

1 otherwise.

mE(pYa y) =

Definition 4.3. Consider X, Y mwbs, U C X X Y an open subset, ¢ € p}lp;l%w(U)
a phase function and a € py™p, YE®(X x Y,*QY2(X) x *QY(Y)) an amplitude
supported in U. Then I (a) € (65°) (X,%Q%(X)) is defined as the distributional
1/2-density acting on f € €5°(X,*QY2(X)) by

(4.2) (I (a) = 21\‘1% //Xxy (e%a- (f @m.)).

Remark 4.4. If X and Y are equipped with a scattering metric, we have a canonical
identification of functions and 1-densities provided by the volume form. Therefore, we
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can freely choose whether to view functions and distributions as matching (distributional)

1-, 0- or %—densities.

Remark 4.5. When X = B¢ and Y = B, these oscillatory integrals correspond, under

(inverse) radial compactification, to the tempered oscillatory integrals analyzed in [12, 37].

Lemma 4.6. The expression (4.2) yields a well-defined tempered distribution (density)

on X. In particular, it is independent of the choice of me.

Proof. Assume, without loss of generality, that we have a fixed scattering metric and
we can identify scattering densities and functions. Let U C X x Y =: B be an open
neighborhood of the boundary BY such that Sdy # 0 on U.

On X x Y \ U, the dominated convergence theorem implies that (4.2) is well-defined.
The integrand u. = e*?a(f ® m.) converges pointwise and is dominated by |a - f|, which
is bounded for py > c.

On U, as in the classical theory, we can define a first order scattering differential
L € Diffl (U') which has the property that Le’¥ = ¢*. By Proposition 1 from [29], we
see that Lt € Diffl (U). Using repeated integration by parts and (4.1), we are able to
increase the order in px and py to arbitrary powers, and an application of the dominated
convergence theorem then finishes the proof. O

After an arbitrary choice of scattering metrics, we may locally identify (X, gx) and
(Y, gy ) with subsets of B¢ and B#, respectively. Then, using some explicit local isomorphism
U = Ux x Uy, we can identify densities with functions using the induced measures ux

and py. After use of a partition of unity, we may locally express (4.2) as

(43) <I<P( _i%/éd B eloxe 7pY7y)a(pX7x7pY7y)m€(pYay)f(vax)>
>< S
(4.4) = g{% / /B . e”’*@(”””’“y)me(py,y)'d(px,:r,py,y) F(px,x)dppadpss
>< S

where f = U* flduga| /2 and @ € P Pgs > (BY x B®) satisfies afdugeduss = af.
Summing up, we may always transform to locally work on B¢ x B* and in local coordinates
we work with usual oscillatory integrals.

Since (4.2) does not depend on the choice of m., as it is usual we drop it from the

notation and write, in the sense of oscillatory integrals,

(4.5) I.(a) ::/Yewa.

4.1.1. Singularities of oscillatory integrals. Recall that there is a notion of wavefront-set
adapted to the pseudo-differential scattering calculus, called the scattering wavefront-set,
cf. [5, 29, 9].
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Definition 4.7. Let u € (45°)'(X,%QY?). A point zp € W = 8(SCT*X) is not in the
scattering wavefront-set, and we write zg ¢ WFg.(u), if there exists a scattering pseudo-
differential operator A whose symbol is elliptic at zg such that Au € %’%’O(X ,sel/ 2.

Proposition 4.8. For the oscillatory integral in (4.2), we have
WF(I,(a)) C Ag.
Furthermore, if z € A, and a is rapidly decaying near A;l(z), then z ¢ WF(I,(a)).

Remark 4.9. The (sc-)singular support of u is defined as follows: a point py € X is
contained in singsupps(u) if and only if for every f € €°°(X) with f(pg) = 1 we have
fud ‘5000 (X). Similar to the classical wavefront-set and singular support, we have that
pri(WFs(u)) = singsupp,{u). Thus, in particular, if a is rapidly decaying near C,, then
I,(a) € 65°(X).

We refer the reader to [11, 37] for the details of this analysis of the wavefront-sets.
The proof is carried out as in the classical setting: first, a characterization of WFy. in
terms of cut-offs and the Fourier transform is achieved, and then one estimates FI,(a)
in coordinates.

Proposition 4.8 gives another insight why we consider A, as the true object of interest
associated with a phase function, not L. In fact, considering (4.2) once more, we see
that we may modify phase function and amplitude in the integral by any real valued
function ¢ € €°°(X x Y), writing

0% g = i) (e—iwa) .

Then e~ %a € Py p;,md’ ¢>°(X xY), and hence it is still an amplitude, and ¢ + v is
a new local phase function. Now, while in general L, # L4, we have A, = Ay, by
Lemma 3.1. This underlines that only A, and not L, can be associated with I,(a) in an

intrinsic way. Nevertheless, it is often convenient to have L, available during the proofs.

4.2. Definition of Lagrangian distributions. The class of oscillatory integrals asso-
ciated with a Lagrangian is — as in the classical theory — not a good distribution space,
since in general it is not possible to find a single global phase function to parametrize A.
Instead, we introduce the following class of Lagrangian distributions. Note that, by our
previous findings, we may always reduce an oscillatory integral on X x Y into a finite
sum of oscillatory integrals over X x B* for s = dim(Y").

Definition 4.10 (sc-Lagrangian distributions). Let X be a mwb, A C PT X a sc-
Lagrangian. Then, I™e™¢ (X, A), (me,my) € R%, denotes the space of distributions that
can be written as a finite sum of (local) oscillatory integrals as in (4.5), whose phase



42 S. CORIASCO, M. DOLL, AND R. SCHULZ

functions are clean and locally parametrize A, plus an element of ‘fOOO(X ). More precisely,
u € I (X, A) if, modulo a remainder in €5°(X),

N
(4.6) u= 2/ e¥iay,
7=1 5/1

where, for j =1,..., N:
1.) Y} is a mwb of dimension sj;
2) @5 € p;,jl p;{lcﬁoo(X x Y;) is a local clean phase function with excess e;, defined

on an open neighborhood of the support of a;, which locally parametrizes A;
8.) aj € py, " py"IE (X x V3, 2(X) x *QN(Y)) with

d s; € d s; €
(mw,j»me,j)—<mw+4—2]—2],me—4+2j—2”>.

We also set
772X, A) = (] I™e(X,A),
(my,me) ER?
I(X,A) =Tt (X, A) = ) I™™(X,A).
(mw,me)ERQ

Remark 4.11. The reason for the choice of the a; in the scattering amplitude densities

spaces of order (me j, my ;) will be explained in Section 4.4.

Remark 4.12. As mentioned in the introduction, kernels of scattering pseudodifferential
operators on a scattering manifold X are sc-Lagrangian distributions. In fact, in this
case the underlying manifold is X x X, which is a manifold with corners. Furthermore
A C X x X does not hit the corner 9X x 0X in a clean way, that is, A C X x X is not
a p-submanifold. Similarly, the phase function associated to the SG-phase (x — y)§ €
SGiil(RM x R%) is not clean.

The geometric obstruction of A C X x X—or more generally the graphs of (scattering)
canonical transformations—not being a p-submanifold can be overcome by lifting the
analysis to a blow-up space, see [27, 32]. Let X,Y be manifolds with boundaries and
denote by M = [X x Y;0X x 9Y] the blown-up space. Choose a relatively open set
U C M such that U N ;M = ). Then U is a manifold with boundary and we can define
Lagrangian distributions with compact support on U. By the Schwartz kernel theorem, we
may associate to a Lagrangian distribution K4 € I(U, A) an operator A : X — Y acting
by (Au,v) = (Ka,u®v) for all u € €5°(X,*QY%(X)) and v € €5°(Y,*Q2(Y)). This
gives a class of Fourier integral operators (FIOs) on scattering manifolds. We postpone
the construction of the full theory of scattering FIOs, including composition, mapping
properties, and propagation of singularities, to a subsequent paper.
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The next result follows from Proposition 4.8.

Proposition 4.13. Let A C 9%T X be a sc-Lagrangian, and v € I(X,A). Then
WFg (u) C A.

As in the classical case, the class of Lagrangian distributions contains the globally
regular functions (cf. Treves [40, Chapter VIIL.3.2]):
Lemma 4.14. Let A C 95T X be a sc-Lagrangian. Then
(4.7) E0(X,© 02 (X)) = I772(X, A).
Proof. We first prove the inclusion “2”. Choose a finite covering of *T" X with open
sets {X; }évzl such that there exists a clean phase function ¢; on each X; parametrizing
AN SCT*Xj, j=1,...,N.Let {g; }é\le be a smooth partition of unity subordinate to such
covering. We view X as a subset of X x B¢ j=1,...,N.
Let x € 65°(B%, Q! (B?)) such that [ x = 1. For any f € 65°(X,*QY2(X)) we set
a;=e %igi-(foxX), [ :/ e%iaj, j=1,...,N.
Bd
We see that
aj € €2°(X x BY*QV2(X) x <Y (BY), j=1,...,N,

and, summing up,

N N
S = [ Satn |- (@ exw) - fa),

The inclusion “C” is achieved by differentiation under the integral sign. O

4.3. Transformations of oscillatory integrals. In Section 3 we have seen several
procedures that allow to switch from one phase function to others that parametrize
the same Lagrangian. We will now exploit these to transform oscillatory integrals into
“standard form”. In the sequel, we will always assume, by a partition of unity, that the

support of the amplitude is suitably small.

4.3.1. Transformation behavior and equivalent phase functions. Now we reconsider (4.3),
to express the transformation behavior of the oscillatory integrals under fiber-preserving
diffeomorphisms. With the chosen notation and a local phase function 1, we have

(4.8) I, (a) = / ey = / O E g = Ipey, (F*a)
vi Yz
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for any diffeomorphism F': X x Y5 — X x Yj of the form F' = id x g. Assume that (s is
equivalent to 1 by F', see Definition 3.10. After the transformation, we rewrite (4.8) as

(4.9) / P2 i(F p1—p2) p*
Yo

Now, since F*¢1 — 9 is smooth up to the boundary, the same holds for e!(F"¢1=%2) and

this factor can be seen as part of the amplitude. Therefore, we may write

(4.10) Iy, (a) = I, ((Fa) exp(i(F g1 — ¢2))).

In particular, we can express I,(a), near any boundary point of the domain of definition,
using the principal part of ¢ introduced in Definition 1.12, namely

(4.11) I, (@), with @ =a exp (i(¢ — ¢p)).

By Lemma 3.12, ¢ — ¢, € € and thus a € p"** p;mw‘goo(B). In the following construc-
tions, we always assume that ¢ is replaced by its principal part, cf. Remark 3.15.

4.3.2. Reduction of the fiber. We will now analyze the change of boundary behavior under

a reduction of fiber variables near py € supp(a) N C,. Hence, we assume that
p{,lp)_(l *Hy ¢ has rank r > 0 at py € C,,.

We assume, as explained above, that the oscillatory integral is in the form (4.11), namely,
@ is replaced by its principal phase part. We observe that, at the boundary point pg,

tk(py' py *Hy ) = tk(py' oy “Hy o (¢p)).

By Proposition 3.5, we can define a local phase function ¢.eq parametrizing the same
Lagrangian as . In particular, after a change of coordinates by a scattering map, we can
assume (X,y) € X x B57" x (—¢,¢)", and ¢yeq is given by

Qpred(xa PY y,) = (;O(Xa PY y,7 O)a

where py = ppgs-» is the boundary defining function on B*~" and on B*~" x (—¢,¢)". We

introduce

N 1,
(4.12) A(x.¥) = prealx, py,y') + 50X oy Q")

where @ is a non-degenerate quadratic form with the same signature as 0,0, f at po.

Then, by Theorem 3.19, ¢ is equivalent to ¢ by a local diffeomorphism F' = id x g. Note

that ¢req is equal to its principal part, because we assumed that ¢ is replaced by ¢,,.
We may assume that a is supported in an arbitrarily small neighborhood of the

stationary points of ¢. Indeed, we may achieve this for a general amplitude a by applying
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a cut-off in y” and writing a = ¢a + (1 — ¢)a. The oscillatory integral with amplitude
(1 — ¢)a produces a term in 65°(X, QY/2(X)), by Remark 4.9.

Therefore, choosing the support of a small enough, we may perform the change of
variables by the local diffeomorphism F' as in (4.10). We write, motivated by Lemma
1.16 and Example 1.37,

I
CLred(xay) oL - [h(X,i)]r = (F )( 7Y)a

which is assumed supported in some compact subset of (—¢, €)". Then I, (a) is transformed

=~

into I, (b) where

(4.13)  b(x,pv,y) = py” /

esPx Py Q") (eiwwx,y)f@r(x,y)) yed (X, y)) dy".
()"
We claim that b(x, py,y’) is again a (density valued) amplitude. First, it is clear that b
decays rapidly at (x, py,y’) if a decays rapidly at (x, py,¥’,0). In particular, b is smooth
away from B.

We now we apply the stationary phase lemma [21, Lem. 7.7.3] to (4.13), which yields

the asymptotic equivalence, as pypx — 0,

(4.14)
b(x, py, 1) = piL2py""?| det QY2 mEN(Q) i ey ' 0)=F(coy D) gy (x, py, 1/, 0)
Oy TEY ),
Similar asymptotics hold for all derivatives of b. We may hence view b as a (density
valued) amplitude of the order
r r
(415) (m/e7m;j;) = (me - Qum'zp + 5) .
By Remark 3.15 we see that, away from the corner, F*¢ — ¢ vanishes at C,. Therefore,
the principal part of b does not depend on (. Hence, by comparision of principal parts,
cf. Lemma 1.13, (4.14) reduces to

(4.16) b(x, py, o) ~ pL2py" % det Q| V/2ei™8 Qg 4 (x, py, , 0)

modulo terms of lower order.

4.3.3. Elimination of excess. Assume now that ¢ is a clean phase function of excess
e > 0. Near some point in C,, as described in Section 3.4, we may make the following
geometric assumptions after application of some diffeomorphism F: We assume that
Y =B° ¢ X (—¢,¢€)¢ and that the fibers of C, — A, are given by constant (x, py,y’) and
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arbitrary y”. We proceed as in [40] and define

(417) @(PXaﬂfvavy/) = @(PX:%PYJ/:O)-

We observe that for any fixed y” the phase function ¢(y"), defined as

(4.18) (o] (x, pv,¥) = @(x, pv, ¥, y"),

is equivalent to @. Indeed, since 0,»5dy ¢ = 0, the differential *Hy ¢(y") has the same
signature as *Hps-® and both parametrize the same Lagrangian with the same number
of phase variables (s —e). Therefore, Theorem 3.19 guarantees the existence of a family of
diffeomorphisms G(y”) : (x, py,y') — (x, g(x, py,y,y")) such that, defining G: (x,y) =
(x,pv, Y, y") = (x%,9(%, v, ¥, "), y"),

(4.19) G'o—§@
is smooth everywhere, and vanishes on C5 away from the corner by Remark 3.15. Then

we may express I,(a) as I3(b), where

(4.20) b(X,py,y/) = Pye/( ) ei(é*w—@(xvﬁhy/,y”)(é*a)red(X’pY’ y/,y") dy"
—&,€ e
and
(@ ea(xy) —Y | _ (G a)x,y)
a)re s —_——— = a JY).
T e ()

Since C?*cp — @ is smooth, b is again an amplitude of order

(4.21) (Me, M) = (Me, My +€) .
Notice that at points in C, away from the corner, G*¢ — & vanishes and hence (4.20)
reduces to
(4.22) b(x, py,y') = pye/( ) (G*a)rea(x, py, 9/, ") dy".
—g,€)e

4.4. The order of a Lagrangian distribution. We will now obtain the definition of

the order of I,(a), which is invariant with respect to all the three steps described above.

Lemma 4.15. The numbers jiy, = my + 5/2+¢e/2 and pe = me — 5/2 4 €/2 remain

constant under reduction of fiber-variables and elimination of excess.

Proof. Consider a Lagrangian distribution A = I (a) where a has order my, m. and
dimY = s with excess e and r reduceable fiber variables. After the reduction of fiber,
we obtain an amplitude o’ with order my = me — /2, m;, = my +1/2 (cf. (4.15)), with
excess € = e and number of fiber variables s’ = s — r. The elimination of excess yields

an amplitude a# with order m¥ = m., mzzé = my + e (cf. (4.21)), excess e = 0 and
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s# = s — e. It is now straightforward to check that
m¢+s/2+e/2:m&,—i—s’/2+e/2:mj+s#/2+e#/2,
me —8/2+e/2=ml —5/24+¢/2 =m¥ —s7 /247 )2.
O

This shows that the tuple (i, tte) can be used to define the order of a Lagrangian
distribution.

We still have the freedom to add arbitrary constants to both orders. In order to choose
these constants, we compare our class of Lagrangian distributions with Hormander’s
Lagrangian distributions and the Legendrian distributions of Melrose—Zworski [32]. First,
consider the Delta-distribution &, which is in the Hérmander class I%* and oy = d/2.
Therefore, we choose my, = 1, — d/4 to obtain the same t)-order for dy. Similarly, the
constant function is a Legendrian distribution of order —d/4 and p. = 0, and therefore
we choose me = pe +d/4. Note that we use the opposite sign convention for the me-order
then in [32].

5. THE PRINCIPAL SYMBOL OF A LAGRANGIAN DISTRIBUTION

We will now define the principal symbol map j,/,\%m , on Imem (X, A). Similarly to
the classical theory, it takes values in a suitable (density) bundle on A. This is coherent
with the notion of principal symbol map jm, m, for scattering operators, see [29, 30],
as well as of principal part for classical SG symbols, see [17, 37], which both provide
smooth objects defined on W = *T" X D A. We adapt the construction in [40] (see
also [23, 20]), starting from the simplest case of local non-degenerate phase functions
parametrizing A, up to the general case of local clean functions.

Let A C W be an sc-Lagrangian, which on B = X x Y is locally parametrized by a local
non-degenerate phase function ¢ € ,0{,1 p}l%o"(U ),UC B.Letac p;mw px CEC™ (X X
Y, *QY2(X) x Q! (Y)) be supported in U, and let I,,(a) be a (micro-)local representation
of u € I (X, A) as a single oscillatory integral.

We now fix a 1-density px on X. Any choice of 1 density py on Y then trivializes the
one-dimensional bundle €®(X x Y,*QY2(X) ®*°Q!(Y)), and any element is given by

—(d+1)

a multiple of p /2 _s_lw/,u X ® py. Any choice of coordinates (py,y) in Y allows

for us to express uy locally as 6(8 )d,oydy, meaning as having a smooth density
factor with respect to the (local) Lebesgue measure. As such, we rewrite the amplitude
a€py o E(X x Y, QX)) ®%°QN(Y)) in any choice of local coordinates as

Me d —s
(5.1) P pea(x,y) = a(x,y) px 20yt ix dpy dy.

fora € (X xY).
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5.1. Non-degenerate equivalent phase functions. As above (cf. (2.4)), when U is
a neighborhood of a point close to the boundary B, we can there identify *dy ¢ with the
map,

(x,y) = (x,y) = (— f(x,¥) + pyOp, f(x.y) yf(x,y)) €R?,
locally well-defined on a neighborhood of Cy, within U.

In view of the non-degeneracy of ¢, ® has a surjective differential, so that we can
consider the pullback of distributions d, = ®*0, with § = dp € D'(R®) the Dirac
distribution, concentrated at the origin, on R* (cf. [21, Ch. VI]). More explicitly, choosing
functions (t1, ..., tq) =: t, which restrict to a local coordinate system (up to the boundary)
on Cy, the pull-back d, can be expressed locally as the density

a(t, )
I(x,y)

Consider another local non-degenerate phase function ¢ parametrizing A, defined on

-1

d, = |det dt = A, (t) dt.

an open subset U C X x Y, such that ¢ = F*p, with a (local, fibered) diffeomorphism
F=idxg: X XY — X xY. Since F is a sc-map, there exists a function h € (X x Y)
such that (F*py)(x,y) = py - h(x,¥).

As above, we identify *dy ¢ with the map ® and define dz and Aj(t) in terms of the
functions fj = F*t;, which are local coordinates on Cg, provided U is small enough.

In the sequel, we show how objects defined in these two choices (t, p) and (¢, ) are
related. For that, we implicitly assume all objects evaluated at corresponding points

(x,y) € C, (parametrized by t) and (x,y) = F(x,y) € Cz (parametrized by t).

Lemma 5.1. The functions Az(t) and Ay(t) are related by

-2
A, (t(t)).

A4(0) = hisx,y) ™+ [aer 2250Y)

det —
e 0y

Proof of Lemma 5.1. By direct computation, ® and ® are related by a matrix Mgz via

(52) (I)(X7§) = Q)(F(}gi)) ) M@@(va)a
where

O - q_o 10 ~

[ e 2ag<x,y> 3025 5 (6. 9)
M@ff(x7y) = P 5

[h(x,m]l%/j;(x&) M PN 5200 5)

and

|det M (x,5)] = h(x,§)~*" \det ag("y)\ .

dy



Differentiating (5.2), we obtain, using that ®(x,y) = ®(F(x,y)) = 0 on Cs,
0 o IS ))
=M~ AT Y

M%) Lﬁy)mx,y))} .3

(5.3)

Furthermore, we have

o, ot N OF . _
— (X, = F X, o = (X .
70579 = |Gy P9 5709
Summing up, we find
o, @), _ ) .. [o(t,®) N OF -
5.4 = ~ . .
54 G F) = ding(La Mg () - | G (P3| - 5 (.5,
which in turn implies, using F' = id X g,
(N a(/t:a)) ~ - _ S\1s+1 8g(x7y) - '
as claimed.
We define
(5.5) wp = (px" oy ™ T ), -\ Jldl,

with a given in (5.1), which is a half-density on (the interior of) C,,.

To define wg accordingly, we check that I,(a) transforms under the action of F as

/}; eiSO(z _ /};ei(F*¢)(x’§)F* p;{mep;mwap;((d+1)/2p;sflm ® dpydy:| (X, y)

iP(X,y) —Me , " Myp=r = —(d —s—
= /17690( ’y)PX Py Ya(x,y) (PX( +1)/2l))7 1\/MX ® dpydy),

where

(5.6) a(x,y) = a(F(x,¥)h(x,y) ™5 |det

dg(x,y)
oy |

We define, coherently with (5.5), wz = p%mﬁp}:/mw_(sﬂ)ﬂa\ddg\.

Lemma 5.2. The half-densities wz and w, are related by

W~

. *
g =Fw,

in (the interior of ) Cg.

49
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Proof. We obtain from (5.6) and Lemma 5.1 that

/2

A%, ) [As(0)] 2 = a(F(x, 3)h(x, 5) ™G0 | Ay 1(5)]

Then, using the local coordinates ¢ and t = F*t introduced above, on Cz we find
[ —me —Myp—(st+1)/2 ~\11/2
ws = F* (o3 py ™) (A e[ /|

s —me —Mmy—(s+1)/2 *
= F*(pxmepy " e A ]2 /1] ) = Fru,.

O

As a half-density valued amplitude, w,, is of order (me,my — (s +1)/2), as shown
by the computations above. In accordance with the definition of the principal part (cf.

Definition 1.12), we set
w, = (a-y/id])

As seen above, tv, transforms to roz under the pull-back via F. Since )\, is a local

Co

diffeomorphism C, — L, we can also consider

ap = (Ap)«(10y),

which yields a local half-density on A,. The fact that, for the two equivalent phase
functions ¢ and ¢, we have Az = A, o F, together with the transformation properties of
w,,, shows that

ag = ap, = a,
that is, az and ay, are equivalent local representations of a half-density a defined on A,
in the local parametrizations Az and A, respectively.

We now prove that the same holds true if ¢ is merely a non-degenerate phase function
equivalent to ¢ in the sense of Definition 3.10. First, if we repeat the construction of
\/@ described above, all the computations remain valid modulo terms, generated by 5,
which contain an extra factor pxpg. This is due to

Frop—pee>™U)
& o' (6, 3) = px' 02 h(x,3) T FT (%, ) + 9(x,¥),9 € €°(0)
<~ f(x,?) = h(xvy)il(F*f)(Xai) + po?g(x7§)7g € %00(5[)

Then, by rescaling wg through multiplication by p'y® pgw+(8+1)/ 2

and then restricting o,
on Cg, such additional terms identically vanish.

Moreover, by Lemma 3.12 and Remark 3.15, we know that, in a neighborhood U of any
point in the interior of C% or Cg, which does not intersect Cge, it can be assumed, after

passage to the principal parts, that ¢ = F*y on Cz N oU , see Section 4.3.1. It follows
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that the factor exp(i(F*y — ¢)), appearing in a (cf. (4.10)) also disappears, away from
the corner, when restricting to the faces C% or Cg.

Finally, we observe that to, and toz are obtained as restrictions of smooth objects
on X xY and X x Y to their respective boundaries. As such, their transformation
behavior extends, by continuity, to the corner as well, producing smooth objects on C,
and Cgz. By push-forward through Az and Ay, we find again that az = a, = a locally on
Az=A,=A.

5.2. Non-degenerate phase functions, reduction of the fiber. We now consider
a  such that reduction of fiber variables, see Section 3.2, is possible. By the argument
in Section 5.1, we may then write I,(a) = I, ., (b) with b from (4.13). We now compare
o, to the analogously defined half-density 3, ,. We can replace the phase function ¢ by
the equivalent phase function given in (4.12), and this does not affect a,,. Hence we may

assume that ¢ is of the form (X, y) = ¢rea(X,¥") + 2px oy (Qy", y").
As such, we assume, in this splitting of coordinates, C, C {(x,y’,0)}. We find:

Lemma 5.3. Under the identification Cy,, , x {0} = C,, we have

/ _1
|d¥7‘ = ’detQ’ 2 ‘d¢red|’

Proof. We compute
D(x,y) = (= frea(X,¥") + pyOpy fred(X,¥") Oy frea(x,¥’) 0)
+(- %<Qy”,y”> 0 0y Q"))
= (Prea(x,¥) 0)+ (¥(y") Qy") eR"xR".

Therefore,

ot ot ot
&(Xv}’) 87y’(x’y) W(XJ)

(X, y) = | 0Preq / O0Preq / _167\11 "
6(X7 y) 8X (X’ y ) 8y/ (X7 y ) 2 8y// (y )

0 0 Q




52 S. CORIASCO, M. DOLL, AND R. SCHULZ

Consequently,
o o, ®) |2
|d,| = ‘det v |dt|
v 8(X7Y) C¢
1
O(t, Preq) | 2 _1
= |det —— | det Q|7 2+/|dt]
’ 8(x’ y,) Céared
1
= ‘detC?|7§ |d(|9red"

Notice that” a = a,eq. We compute, by (4.14), modulo amplitudes of lower order,
(5.7)
b y') = oy ey det Qe @al ', 0) i (0y T ).
We observe that b is an amplitude of order (m. — r/2,my, + r/2) and find
b(x,y') = | det Q7'/?e'5*¥" Da(x,y',0) + O(pxpy),

which implies, using Lemma 5.3,

g, = (b(x,y@ |d%ed|)

C‘Pred

_ T <a<x7y> w)

Cs

I
)
%
|
2]
®
=4
e
3

This, in turn, finally gives
Biorea = Aprea)s (W) = elism(@). (Ap)s(r0y) = ¢l aoen(@). Qp-

5.3. Clean phase functions, elimination of the excess. We now proceed with the
last reduction step, namely, we consider a clean phase function and eliminate its excess.
As in Section 4.3.3, we assume Y = B*7¢ x (—¢, €)¢ with the fibers of C, — A, given by
constant (x, py,y’) and arbitrary y” € (—e, €)°.

Switching to the phase function ¢ in (4.17), we may write I,(a) = I5(b) with b defined
in (4.20). We apply the construction of the previous section, and obtain the density
Bz =(Az)s(b- \/@)% from the data (p,b).

Alternatively, we may study the parameter dependent family of oscillatory integrals
Ty (a(y”)) with phase functions ¢(y”) defined in (4.18) and amplitudes

a(y”): (x,pv.y) = py°a(x, py, v, y") = py° alx,y),

"Observe that aeq is obtained by splitting of the density and weight factors in two steps.
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with corresponding principal parts a(y”). Since ¢(y”) is non-degenerate, we can define
the parameter dependent family of half-densities on A
() = Con)e (a6") - fldal),
Coyn)
and finally set

(5.8) V= /( | ag(y") dy”.
Proposition 5.4. The half-densities on Az = A, = A given by vz and B35 coincide.

Proof. We consider the smooth family of diffeomorphisms G(y”) = id x g(y"), depending
on the parameter y”, involved in G from (4.19). Assuming the amplitudes a(y”) supported
away from the corner points, we can suppose, as above, G(y")*¢(y") — ¢ = 0. We now
compute, using Lemma 3.7 and the expression (4.20), together with the transformation

properties of w,

[NIES

o(t, @) p-
(o] Gy = st ey e 0l
.
- ag —my—s—1
((56)=) = a(G(x,y))le, |det 5= (x,y)|  [h(x,¥)]c; X
(—e0)° dy Cs ?
1
&2) | * =
X |det dt| d
(x5, ) dy
(7]
/! -1
(Lemma 5.1 =) = Gy")* a(x,¥)le, detw 2\/\dt| dy”
—ee)e v a(x,y’)
( 575) ’ C¢(y//)
(Def. of dyyry =) = (EEC)?e(y”)*[(a(y”)-\/qus(yf')l) (X,py,y’)} c, ”)dy”.
—&, Yy

Applying (Az)« to the left-hand side, we obtain 35. To apply (Az)« to the right-hand
side, we first recall that @ and ¢(y”) are equivalent by G(y"). Using again Lemma 3.7

(see also Lemma 3.16), this implies

(59) )\[’5 = )‘¢>(y”) o) G(y//) = ()\{5)* = ()\¢(y//))* o) G(y//)*
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Since Az does not depend on y”, we can take it inside the integral and use (5.9), finally

obtaining

o= oon [ [ corlen- o], ]
= /( e Pewn)e 0G0 G| (") fldsnl) |, dy”

C¢<y//)
:/ (>\¢(y"))*[<a(y//) "/ ’%(yﬁ)\ﬂ dy" :/ ag(y”) dy" = 5.
(—ee)e Cow (—ee)°
Extension to the corner points as in the previous subsections proves the claim. O

We already showed that the half-density a associated with I,(a) is invariant under a
change of equivalent non-degenerate phase functions. Together with the argument above,
this also shows that the half-density v associated with I,(a) remains the same under the

change of equivalent phase functions which are clean with the same excess.

5.4. Principal symbol and principal symbol map. Let u € "™ (X, A). Consider
any local representation of u, as introduced in Definition 4.10, with clean phase function
 with excess e associated with A and a some local symbol density. The arguments in
the previous subsections show how to associate with these data a half-density v, defined
on A. We also showed that switching to an equivalent phase function, as well as the
elimination of the excess, do not change . The reduction of the fiber variables replaces
~ with o/ such that

= elasen(@Q) v,
with @ from (4.12). Let 7 be the half-density defined by an integral representation I5(a),
with another phase function ¢ associated with A. Then, similarly to [40], in general we

have
(510) 5 = ei(aig)% f}/,

where o = sgn (p;lp;{l SCHygp), and 0 = sg;n (p)i/lp)}l SCH%Z). Denote by 7 the number
of fiber variable for ¢, § the dimension of Y and € the excess of ¢, and define the integer
number )

K= 5(0—5—5+§+e—é’).
Then, (5.10) is equivalent to
(5.11) Fel5O Ty = 0T 5,

We are then led to the following definition of principal symbol map.
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Definition 5.5. Let v € I"™<™ (X, A). We define .# (u) = {(Yj, p;)} as the collection of
manifolds and associated clean phase functions (Y}, ;) locally parametrizing A, giving
rise to local representations of u in the form I, (a;). With each pair (Y, ) € & (u) we
associate the half-density ~, as described in Subsection 5.3, in such a manner that, for any
other element (Y, &) € .# (u), we have the coherence relation (5.11) in A (Y)N )\5(17).
We call the collection of half-densities {v;}, each one associated with (Y}, ¢;) € #(u),
the principal symbol of u, and write j,/?\%,mw (w) = {v}-

By an argument completely similar to the one in [40], we can prove the following result.

Theorem 5.6. Let A be a sc-Lagrangian on X. Then, the map
(5.12) G Ime™e (X A) 3 u s {4}

Me My

given in Definition 5.5 is surjective. Moreover, the null space of the map (5.12) is
Ime=bmy=L(X A), and thus (5.12) defines a bijection

classes in 1™ (X, A)/T™e 1™~ (X A) = {v;1}.

The image space of j;}mmw can be seen as € (A, My @ QY/?), where My is the Maslov
bundle over A.

APPENDIX A. RESOLUTION OF LAGRANGIAN SINGULARITIES NEAR THE CORNER

In this appendix, we show that A¥¢ may be viewed as a Legendre manifold with respect
to a (degenerate) contact form, well defined on the blow-up of the corner component
WYe of ST" X,

We have already stated that the forms

¥ = p20,.ow and af i= pk,y w.

are well-defined in the interior near the respective boundary face W¢ or WY and extend
to it. The freedom in choosing the boundary defining function has as a consequence that
these forms are merely well-defined up to a multiple by a positive function, however their
contact structure at the boundary (which is all we need to characterize A® as Legendrian)
is independent of the choice of bdfs. Neither form extends to the corner component W¥¢.

Instead of the rescaled 1-forms, we now consider the non-rescaled forms

¥ 1= pgdp=aw

*af 1= px0Opyaw

as sections of S¢T™*(5¢T* X °). Then, these extend as scattering one forms on ST X, cf.
[32, (2.11)].
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Lemma A.1. The forms *a¥ and o extend from S°T*X° to scattering one-forms on

ST X. In a particular choice of coordinates (see [32] and Remark 1.3) they are given by

SCHe — d771 B WldPQE + ,’7// dx :
PXPE  PXPE PXP=
d dx
sco ¥ — m 10); + 77// )
P=EPx PXP=

Here, n = (m,n") are smooth functions of (p=,€), d — 1 of which may be chosen as
coordinates.

Again, the (scattering) contact structures of these forms, when restricted to the
respective boundary faces, do not depend on the choice of bdf, since two choices of bdf
SCa.

only differ by positive factors. These forms will then vanish on A®, e € {e, 1}, since

one can identify the kernels of *°a® with that of a® by rescaling there. Furthermore, both

sca¥ as well as S°af vanish when restricted to A¥e.

Example A.2. On T*R? with canonical coordinates (x, £), this corresponds to both the
forms
E-dxr and —x-d€

vanishing on the bi-conic (in z and &) manifold with base A%, cf. [12].

Hence, A¥€ is, in some sense, (scattering) isotropic.® We note, however, that the A¥¢
is not Lagrangian with respect to any symplectic form on W¥€, since
dim(W¥e)
5 .

However, we may now blow-up the corner W¥¢ in °T'(X) and consider the front face
BLOWY€) in [F°T(X); WY¥¢], which is a 2d — 1 dimensional manifold, see Figure 4. Here,

dim(AY®) =d—-2#d—1=

B FT(X); W] — T (X),
is the blow-down map.

Proposition A.3. The lift of the form
awe _ pX2PE (scaw + scae)
to the blowup space
T X WP s T X
restricts to a contact 1-form on the front face F~YWYE. Moreover, B~ (A¥®) is Legendrian

with respect to a¥e.

8Not with respect to the standard symplectic form, since it does not extend to the boundary, but to a
rescaling of it.
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FIGURE 4. Resolution of Afo near the corner

Proof. We note that
1
a¥e = pxpzg (Px0px + P20ps)w.

In the special choice of coordinates of Lemma A.1, we compute
1 d dp= 1
pPx pE 2

— {px = p= = 0} are

Now, smooth coordinates on the blow up of seT X along Wve

given by
(A1) p=px T=L2 (2,8 px>px
p=pz T=5L (2,8) p=>px

In any case, f*a¥® is of the form
1 d 1
¥ = £om 4 Sdyy +0'da

2T 2
Since 7 = 0 marks the boundary of the front face 7' WY¢, a¥¢ is a 1-form on the interior
O

of S~1W¥e. Finally, a¥¢ vanishes on B~1A%€ since *a¥ and *°a® vanish on A¥¢.
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