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LONG TIME DYNAMICS FOR THE LANDAU-FERMI-DIRAC EQUATION WITH
HARD POTENTIALS

RICARDO ALONSO, VERONIQUE BAGLAND, AND BERTRAND LODS

ABSTRACT. In this document we discuss the long time behaviour for the homogeneous Landau-
Fermi-Dirac equation in the hard potential case. Uniform in time estimates for statistical moments
and Sobolev regularity are presented and used to prove exponential relaxation of non degenerate
distributions to the Fermi-Dirac statistics. All these results are valid for rather general initial datum.
An important feature of the estimates is the independence with respect to the quantum parameter.
Consequently, in the classical limit the same estimates are recovered for the Landau equation.

Keywords. Landau equation, Fermi-Dirac statistics, scattering regularization, long-time asymp-
totic.

1. INTRODUCTION

1.1. The model. We study in this document the long time behaviour of a particle gas satisfying
the Pauli’s exclusion principle in the Landau’s grazing limit regime. More specifically, we study
the Landau-Fermi-Dirac (LFD) equation in the homogeneous setting for hard potential interactions
described as

atf(tvv):QL<f)(tav)7 (t,’l))E (0,00) XRga f(o):f07 (I.1)
where the collision operator is given by a modification of the Landau operator which includes the
Pauli’s exclusion principle

Qu(N)(v) = Vo [ W= v) (v~ v){ f(1— ef)Vf = f(1 = /)V]. } dv,.

R3
We use the standard shorthand f = f(¢,v) and f, = f(¢,v.). The matrix II(z) denotes the
orthogonal projection on (Rz)",
Hz‘,j(z):&,j—%, 1<4,j<3,

and W(z) = |z|>*7 is the kinetic potential. The choice ¥(z) = |z|?>T7 corresponds to inverse
power law potentials. This document only considers the case of hard potentials, thatis 0 < v < 1.
We point out that the Pauli exclusion principle implies that a solution to (1.1) must satisfy the a
priori bound

0< f(tv) <e (1.2)
where the quantum parameter

(27h)3
=35

depends on the reduced Planck constant /2 ~ 1.054 x 10~3*m?kgs ™!, the mass m and the statis-
tical weight /3 of the particles species, see [8, Chapter 17]. Recall that the statistical weight is the
number of independent quantum states in which the particle can have the same internal energy.

For example, for electrons 5 = 2 corresponding to the two possible electron spin values. In the
1
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case of electrons m = 9.1 x 1073! kg, and therefore, € ~ 1.93 x 107!0 <« 1. The parameter &
encapsules the quantum effects of the model with the case € = 0 corresponding to the classical
Landau equation as studied in [15, 16].

1.2. Mathematical difficulty and our contribution in a nutshell. Suitable modifications of
classical kinetic equations, such as Boltzmann or Landau equations, that include quantum effects
have been proposed in the literature since the pioneering works [31, 32]'. In particular, the LFD
equation is a natural modification of the Landau equation modelling a gas in the grazing collision
regime. The LFD equation has been introduced in several contexts [8, 12, 21, 9, 28]. The com-
mon feature to these kinetic models is that the relevant steady state is given by the Fermi-Dirac
statistics

- M (v)
14+ eMc(v)’
where M, (v) is a suitable Maxwellian distribution which allows to recover, as € — 0, a Maxwellian
equilibrium. Of course, M. satisfies (1.2).

Me(v) (1.3)

There are several references studying the well posedness of the Cauchy problem [3] and propa-
gation of regularity of solutions [10, 11] to the LFD equation (1.1) as well as the precise form of
steady states [4]. In addition, there are related references [18, 26, 27] treating Fermi-Dirac gases
with the Boltzmann equation in the homogeneous setting.

A common feature of kinetic equation for particles satisfying Pauli’s exclusion principle is that
a suitable L°°— a priori estimate such as (1.2) holds true. Such bound has been fully exploited
to prove existence of solutions in the homogeneous and inhomogeneous setting [1, 3, 17, 18,
25, 24, 26, 27]. A negative issue related to this bound is that it brings a degeneracy in the set
{(t,v) : f(t,v) = €1} which, in turn, makes time uniform estimates for the statistical moments
and Sobolev regularity difficult to establish. That this degeneracy is quite real is more evident
from the fact that, besides the Fermi-Dirac statistics (1.3), the distribution

1
. 30e\ 3
o ()
Fe(v) = . (1.4)

. 30e\ 3
0 if ‘U’ > (‘S2|> 5

can be a stationary state with prescribed mass ¢ = [3 Fe(v)dv, and where |S?| is the volume of
the unit sphere. Such a degenerate, referred to as saturated Fermi-Dirac, stationary state can occur
for very cold gases where an explicit condition on the gas temperature can be found, see Appendix
A for details. For initial distributions near such a degenerate state, the regularization process can
take a long time relative to those further away. Of course, this impacts the transitory time of the
particle relaxation.

™ | =

In this work we overcome such difficulty by controlling simultaneously the statistical moments and
higher norms, see later for a more precise statement. This can be done due to the strong elliptic
nature of the equation. A crucial point here is that all the estimates we obtain are independent of ¢,
which means that the L°°—a priori estimate (1.2) is ONLY used in our analysis through the bound
0 <1 —ef < 1. This allows to recover all estimates, in the hard potential setting, for the Landau
equation in the classical limit e — 0.

IRefer to [33, Chapter 2E, Section 3] for a more detailed account on the matter.
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After uniform bounds have been found, the interesting question is the relaxation rate towards the
Fermi-Dirac density profile. We perform a complete and direct study of the spectral properties of
the linearized LFD operator rendering an explicit spectral gap for it. This approach requires some
smallness assumption on &, but, it does not rely on a perturbative analysis with respect to linearized
Landau operator € = 0. We will precisely explain the meaning of the smallness assumption in
point 2. after Theorem 1.4. A perturbative setting only appears at the level of the entropy - entropy
production estimate. In this respect, it would be quite interesting to obtain a type of Cercignani’s
conjecture result for the LFD collisional operator analog to that of Landau collisional operator.
The intrinsic difficulty of such result, even in a perturbative setting, is that the entropy production
operators of LFD and Landau are essentially different; one admits at least two stationary states,
the other only one. So it happens that the Landau entropy operator is not the classical limit, € — 0,
of the LFD entropy operator, see Section 6 for more details.

Finally, combining the estimates on moments, higher norms, entropy dissipation, and spectral
analysis, we present an exponential relaxation of general initial density towards the Fermi-Dirac
density. Of course, a central requirement is the non degeneracy of such initial state. We also point
out that a general strong convergence result without rate is presented, very much in the spirit of
[27] for Boltzmann equation (see also [7] for a quantum Fokker-Planck equation). This result is
free from any condition on e. For such result, uniform in time estimates are again a key point.

1.3. Notations. For s € R and p > 1, we define the space L% (R?) through the norm

iz = ([ sl o)

where (v) = (1 + || ) ,thatis, LE(R?) = {f : R® — R i [[fll e < oo}. More generally, for
any weight function w : R3 — R*, we define, for any p >

@) = {7 B SR, = /R3|f‘pwdv<oo}.

With this notation one can write for example LE(R?) = LP((-)%), forp > > 0. We also
define, for £ € N,

HER?) = {f € I2R%); 00f € L2(R?) V8| <k}

= (X [ J0trc )

0<|8|<k

with the usual norm,

where 8 = (i1, ia,43) € N3, |8| = i1 + iy + i3 and 95 f = 0102 0% f. We shall also use the
homogeneous norm

||f||H§=(|ﬁ|Zk [ 1otsl wra )é

It is customary to denote by 2(R?) the set of real-valued infinitely differentiable and compactly
supported functions defined on R? and its dual space by 2’(R3) which is the space of distributions
over R? whereas S(R3) will denote the Schwartz class over R3,
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1.4. Main results. Before describing in detail the main results of the present contribution, we
state the key assumptions on the initial datum for equation (1.1).

Assumptions 1.1. The initial datum f(0) = fo > 0 to (1.1) is such that

0<[folloo = €5* < 00 and So := Seo(fo) > 0 (1.5)
where for any € > 0 and 0 < f < €' we introduce the Fermi-Dirac entropy as
1
Se(f) = 2 /R3 [sflog(sf) +(1—ef)log(l — sf)] dv. (1.6)

Remark 1.2. Notice that Se(f) > 0 forany 0 < f < ™. Recalling the definition of the classical
Boltzmann entropy H(f) := [gs flog fdv, one has Sc(f) = —é [H(ef)+H(1—ef)].

For initial datum f satisfying the condition (1.5) we always consider the LFD equation (1.1) with
quantum parameter 0 < € < €p which guarantees estimate (1.2) and the nonnegativity of the
Fermi-Dirac entropy. A priori estimates hold for the mass, momentum, and energy of solutions as
a consequence of the conservation laws

V0, ft.o)dv= [ fo(w)dv = M(fo), 17
R3 R3
flt,v)vde = / fo(v)vdv, (1.8)
R3 R3
/ ft,v)|v)*dv = / fo(v) [v]*dv =: E(fo). (1.9)
R3 R3

As mentioned, the Cauchy theory for (1.1) has been developed in [3], see Theorem 2.7 for a precise
statement. The question of the smoothness of the solution was then tackled in [10, 11], where, as
it occurs for the classical Landau equation, the parabolic nature of (1.1) was exploited. Recall
that for the Landau equation, smoothness is immediately produced even if it does not initially
exists and, for subsequent time, it is propagated uniformly in time. For the Landau equation,
the propagation/appearance of smoothness is strongly related to the propagation/appearance of
moments, see [15].

For the LFD equation, the analysis of [3, 10, 11] proved the propagation of the moments and the
associated smoothness but only on a finite interval of time and their appearance was left open.
An additional difficulty, with respect to the Landau equation, is the strongest nonlinearity of the
equation, which is evident in the degeneration of the equation in the set {1 — ef = 0}.

The first main result fills this blank by showing the instantaneous appearance and, then, prop-
agation of both L'-moments and L?-moments, uniformly in time. In turn, this results in the
appearance and propagation of smoothness.

Theorem 1.3. Consider 0 < fy € L;W (R3), with 5., = max{2+ 377, 4 —~} satisfying (1.5). Then,
forany € € (0, 0] there exists a weak solution f to (1.1) such that:

(i) (Generation) For any to > 0, k € N, and s > 0, there exists a constant Cy, > 0 such that
sup [ f ()|l zrx < Cho-

t=>to

The constant Cy, depends, in addition to to, on M (fo), E(fo), So, k, s, . In particular,
f € C>®([to, +00); S(R?)) , Vig>0.
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(ii) (Propagation) Furthermore, if ||f0HHk < 0o and fo € LY (R3) for sufficiently large s' > 0,
the choice tog = 0 is valid with constant dependmg on such mmal regularity.

This result improves the regularity estimates obtained in [11, Theorem 1.2 and Proposition 2.1] in
two directions. First, the assumptions on the initial datum are relaxed, and second, the estimates
are uniform with respect to time and the quantum parameter. See the analog result for the Landau
equation in [15, Theorem 5].

Due to the cubic nonlinearity of the Landau-Fermi-Dirac operator, it appears difficult to directly
attack the problem of appearance of L' and L? moments in the same way as in [15]. Indeed,
introducing the L' and L? moments

ms(t) == f(t,v){v)*do, M, (t) = f(t,v)*(v)*dv, s>0,
R3 R3

and following the computations of [15] we conclude that the evolution of my(t) satisfies the
estimate

d )+ K / DT fo(1 — ef)duy < Csim(t), s> 2, (1.10)
for suitable positive constants Cs 1, K > 0. A similar inequality holds for the evolution of IM(t)
involving now a mixed term of the form 1, (t)IM(t) (see Proposition 3.3 for more details). In
particular, one notices that the moments 1, (t) and Mg, (¢) are intrinsically linked through
the second term in inequality (1.10). We can remark at this point that if one was able to obtain a
pointwise lower bound of the form
inf (1—ef(t,v)) =Ko >0, vt>0, (1.11)
veER3
then estimate (1.10) would reduce to a set of equations involving only L'-moments that could be
tackled as in [15, Theorem 3]. Proving the pointwise lower bound (1.11) is not trivial and will be
addressed later for sufficiently small quantum parameter.

Returning to the evolution of m(t) and IM(t), the novelty of our approach lies in the fact that,
to overcome the aforementioned problem, we treat simultaneously the appearance of L' and L?
moments by studying the evolution of the functional

Es(t) = ms(t) + Ms(t),

that will lead to uniform estimates for arbitrary quantum parameter in a non degenerate regime.
This is reminiscent of recent numerical investigations for spectral methods for the Boltzmann
equation [2, Section 4] and refer to Section 3.1 for a complete proof. The fact that L' — L? bounds
translate in smoothness estimates is a standard procedure developed for the Landau equation.

We emphasise the fact that special effort is made to not use the L°°-bound (1.2) so that the con-
stants involved in Theorem 1.3 are all independent of the quantum parameter €. This is the key
factor for the study of the long time behaviour since it allows to derive the pointwise lower bound
(1.11) and argue that solutions to (1.1) lie away from the saturated degenerate steady state (1.4),
see Corollary 3.7. Having ruled out the steady state (1.4), we can investigate the question of the
long time behaviour for solutions to (1.1) and prove that the Fermi-Dirac statistic attracts the so-
lutions to (1.1) obtained in Theorem 1.3. We can prove this result for general quantum parameter
€ > 0 in a non quantitative way by using suitable compactness argument, see Theorem 4.2. The
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advantage of such convergence result is that applies to any solution to (1.1) and quantum parame-
ter in the non degenerate region. The drawback, of course, is that it does not provide any rate of
convergence and no indication of the relaxation time.

In order to quantify the relaxation time, we make a quantitative study of the linearization of
(1.1) around equilibrium and we prove the following theorem where .7 is the linearized oper-
ator around the unique steady state M, see Sections 2.2 and 5 for precise definitions.

Theorem 1.4. There exists an explicit €t > 0 such that, for any € € (0, E?T) there exists k:l >

0 such that for any k > ki the linearized operator £ around the Fermi-Dirac statistics M.
generates a Co-semigroup (Se(t))i=o in L. Furthermore, for any g € L3,

IS<(t)g — Peg| 2 < Co exp(-Act)]lg —Peg o, VE >0,

for some explicit constant Cy > 0 (independent of €) where A > O is the spectral gap of L which
can be estimated explicitly. The operator P, is the spectral projection on Ker (,,2”5)

The fact that the linearization of the LFD equation (1.1) admits a positive spectral and decay in
the natural Hilbert space L?(m) where m = M (1 — & M,) is a well-known fact, established in
[22] by a compactness argument. Notice that the space L?(m) is the space in which the linearized
operator is symmetric. We extend such a result of [22] in two directions:

1. We provide a quantitative estimate of the spectral gap for the linearized operator .Z; in
L?(m). This is done in two steps, first we consider the case of Maxwell interactions v = 0 and
then use a comparison argument between the Dirichlet forms corresponding to v = 0 and v > 0.
Such an approach is standard in the study of Dirichlet forms for kinetic equations as well as for
the study of entropy/entropy production estimate. However, for the study of Maxwell interactions
we provide a new approach based upon the method introduced in [16, 14] for the study of the
entropy-entropy production inequality for the Landau equation. Indeed, estimates for the spectral
gap for Landau-type equation are usually obtained as the grazing limit of associated estimates for
Boltzmann operator, see [5]. Such method seems non trivial and expensive in our context since,
to the best of our knowledge, no explicit spectral gap estimates are available for the corresponding
Boltzmann equation for Fermi-Dirac particles.

2. We extend the spectral gap obtained in the symmetric space L?(m) to the space Li where
solutions to (1.1) belong in light of Theorem 1.3. The technique used is the space enlargement
argument introduced in [20] and used for the Landau equation in [6]. The adaptation of the results
given in [6] to the LFD equation is straightforward and postponed to the Appendix B. This step
requires also an additional smallness constraint on €.

We remark that the restriction to the range of the quantum parameter € € (0, e') is of technical
nature and it is introduced to make sure that the spectral gap Ac has a positive estimation

Ae = Ay(€) >0, Ve e (0,e]

for some explicit A, (¢) (see Theorem 5.6). An additional smallness constraint on ¢ is also required
on the enlargement argument (see Proposition B.5). It is important to notice that the restriction
e € (0,e") is not related to any kind of limiting procedure exploiting the existence of a spectral
gap for € = (. In other words, there is no perturbation argument involved around the classical
case. In fact, we are able to estimate these values as

3
3vE\ 2
et~ E32p71 and Ac > 7.034 x 1076 (270> 0, (1.12)
e
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so that the estimates hold in the classical limit € — 0. It was shown in [26, Proposition 3], that the
condition

is a sharp condition for convergence to a Fermi-Dirac distribution. Observe that estimate (1.12) for
el implies that the ratio '/ €deg € (0, 1] is independent of the initial data, thus, it has a universal
character. The estimation of the spectral gap A is related to a Poincaré’s constant [22, Corollary
3.4] and likely far from optimal.

Based on Theorems 1.3 and 1.4, we are able to prove the following relaxation theorem.

Theorem 1.5. Consider 0 < fy € L;V (R3)NL2(R3), with s, = max{%’ +2,4—~}and k > kL,
satisfying (1.5). Let € € (0,e0] and f be a weak solution to (1.1) given in Theorem 1.3. Then,
there exists €t € (0, €") such that for any € € (0, €t)

1) — Mellsy < Coxp(—Aet), V230, (1.13)

where e > 0 is the explicit spectral gap of £ given by Theorem 1.4. The constant C' > 0
depends also on M(fo), E(fo), So, v but not on e.

Remark 1.6. It is remarkable that the rate of convergence to equilibrium for the nonlinear equa-
tion (1.1) exactly matches the rate prescribed by the spectral gap of the linearized operator Ze.
This is a known fact for the classical Landau equation with hard-potential interactions, see [0],
and it is the reason that the constant C' > 0 is independent of € > 0. Typically for this kind of
problems, if the rate of convergence is given by C¢ exp(—\it) with Ay < A, the constant C¢ de-
pends on € through the distance between \, and the spectral gap A (being typically of the order
of some negative power of |\« — Ae|). In Theorem 1.5, the constant is independent of € since it is
possible to reach the spectral gap \¢ relaxation.

This theorem is proved using well-known combination of the close to equilibrium result Theorem
1.4 and the entropy-entropy production estimates. The proof of such entropy-entropy production
estimates are technical because of the nature of Fermi-Dirac entropy Se. It is in the entropy-
entropy production estimates where a perturbation argument is used, exploiting the entropy-entropy
production estimates available for the Landau equation and showing that, for ¢ sufficiently small,
the entropy production associated to both problems are close. Indeed, even if the Fermi-Dirac
entropy Se(f) is not continuous with respect to € ~ 0, that is,

lim Sc(f) # H(f),

e—0t

the relative Fermi-Dirac entropy around M. is continuous

lim Sc(f) — Se(Me) = H(f) — H(Mo),
e—0t
where M is the Maxwellian distribution with same mass, momentum, and energy than f and
M. Making this continuity quantitative and combining it with the study near to equilibrium lead
to Theorem 1.5. In our analysis, it is possible to pick € = 0 and recover the results obtained for
the classical Landau equation, see [15, 16, 6] after natural modifications.
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1.5. Organization of the paper. The paper is organised as follows. In Section 2, we recall
some known results about (1.1) such as well posedness and existence of stationary solution. An
equivalent formulation of (1.1) as a nonlocal nonlinear parabolic equation, see (2.2), is presented
and a proof of the uniform ellipticity of the diffusion matrix associated to such formulation is
given. This is in the line with [15, 3], but a careful analysis is required to prove that the ellipticity of
the matrix is uniform with respect to the quantum parameter €. Section 3 is devoted to the proof of
Theorem 1.3 and Corollary 3.7. We prove the appearance and propagation of L! and L?-moments
and, then, deduce the smoothness estimates. In Section 4, the non quantitative convergence result
for solution to equation (1.1) is provided. The spectral analysis of the linearized operator .Z; and
the associated semigroup is performed in Section 5. Section 6 combines the linearized analysis
with new entropy-entropy production estimates resulting in a proof of Theorem 1.5. The paper
ends with two appendices: Appendix A is devoted to quantitative bounds on the Fermi-Dirac
statistics, and Appendix B presents the technicalities related to extension of the results given in [6]
about enlargement of the space for the linearized study.

Acknowledgments. B. L gratefully acknowledges the financial support from the Italian Ministry
of Education, University and Research (MIUR), “Dipartimenti di Eccellenza” grant 2018-2022.

2. CAUCHY THEORY

2.1. Uniform ellipticity of the diffusion matrix. It is convenient to write (1.1) as a nonlinear
parabolic equation. More precisely, for (4, j) € [1,3]?, define

) = (aig(2)y  with ag(z) = [z (% - W) ,
z) = Yk 0ka;r(z) = =22 2|7,
) = DriOnari(z) = =2(y+3)[2].
Forany f € L} +7(R3 ), we define then the matrix-valued mappings o[ f] and X[ f] given by
olf] = (oilf]),; = (i * f) ;5 Slfl=olf(1-e ).
In the same way, we set b[f] : v € R b[f](v) € R? given by
bilf](v) = (bix f)(v), VveR? i=1,2,3.

a(z
bi(
(

C\Z

We also introduce
B[f] =b[f(1—€ f)], and clfl=cx*f.
Notice that
8(0)7)1 £l
2

le[fl)] < 8[| fll 2.1
Bl f1(0)] < W flly,  vER? o

|
LA < 20"l

since 0 < v < 1. With these notations, the LFD equation can then be written alternatively under

the form

of = V- (Z[fIVf-blflf1-ef)),
ft=0) = fo.

A key ingredient in the well posedness of the LFD equation (2.2), as shown in [3], is the ellipticity

of the matrix function X[f]. Recall that the analysis of [3] is performed for € = 1, so, we need
to adapt the proof of [3] to the case € > (. Furthermore, we aim to prove that such ellipticity is

<
<

(2.2)
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uniform in terms of the parameter €. We will need some preliminary results which are a priori
estimates for the entropy Se.

Definition 2.1. Fix e > 0, fo € Li(R?) satisfying 0 < fo < 1. We say that f € Ve(fo) if
f € LY(R3) satisfies 0 < f < e ! and
M(f)=M(fo),  E(f)=E(fo), and Sc(f) = Se(fo)-

Lemma 2.2. Fixe > 0, fo € L3(R3) satisfying 0 < fo < e~!, and let f € Vc(fo). Then, it holds
that

E(fo)

R?

VR>1.
(2.3)

0 < S(f) <80(]loge| +logR)/ f(l—ef)dv+ C) + |loge]

Jvl<R R
The constant C( fo) depends only on the energy E( fo).

Proof. For any R > 1, we have

0 < S(f) </

[v|<R

fllogesido+ - [ (1= efloglt— ef)lde

[v|<R

+A}|>Rf|logsf|dv+i/ (1 —ef)|log(l —ef)|dv. (2.4)

[v|>R
First, we can estimate the last integral, see [3, Egs. (3.6)], to obtain

3E(fo)
R

! / (1 - ef)|log(1 — f)ldv <
[v|[>R

€

(2.5)

Second, because 0 < ef < 1,

/ f]logr—:f\dv:—/ flogsfdv:—logs/ fdv
[v[>R [v[>R lv|>R

flogfdv—/ flog fdv.

/{IUI>R}ﬁ{f<1} {lol>R}n{f>1}

Consequently, dismissing the last integral which is nonpositive, we estimate the second integral as
in [3, Egs. (3.5)], to get

E
[ iosesian < fogel E 4 [ fl1og f|dv
|>R R {lo]>RIN{f<1}
E E(fo)*/®
< |loge| é];o) + Co (f;)%), Co > 0. (2.6)

Then, to estimate the first integral we use the following slight improvement of [3, Egs. (3.2) and
(3.3)] which is valid for any 6 € (0,1/2]

|logr| < 2|logd| (1 —r) Vre(d,1),
|log(1 —r)| < 2|logd|r Vre(0,1-9).
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Then, one proceeds as in [3, Lemma 3.1] to find that for any 6 € (0, 1)

0
/ f|logsf]dv<2]log6|/ f(l—e-:f)dv—l—(i (ef) " logef|dv
lvl<R vl<R € Jpl<r
50
< 2|log ¢ f(1 —ef)dv+C(H)—R?,
lv|<R €

for some positive constant C'(¢) > 0. For the last inequality we used that the mapping r € [0, 1] —
7179 log r| is bounded. In the same way

1 & 4

= (1—ef)|log(1l —ef)|dv < 2|logd| f(l—ef)dv+C(O)—R

€ Jlv|<R lv|<R €
valid for any § € (0,1/2], € (0,1), and R > 1. The value of @ is irrelevant and we fix it as

. . 0 . .
6 = 1 for instance. Then, choosing § > 0 such that £ % = 4, thatis § = e> R~2°, we obtain the
existence of a positive constant C; > 0 such that

/ fllogefldv + 1 / (1 - ef)log(1 — ef)ldv
lv|<R € Jivl<R

Q2.7)

< 4]logd| f(l—ef)dv%—ﬁ.
[v|<R R

Plugging (2.5), (2.6) and (2.7) in (2.4), we obtain (2.3) with C(fy) := Cy + Cp E(f0)4/5 +
3E(fo). O

Lemma 2.3. Let 0 < fo € Li(R3) be fixed and bounded satisfying (1.5). Then, for any € €
(0,&0], f € Ye(fo), it holds that

inf / F(L—ef)ydv = n(fo) > 0. 2.8)
[v|<R(fo)

0<e<eg
for some R(fo) > 0 and n( fo) depending only on o( fo), E(fo) and H( fo) but not on €.

Proof. Since f € YVe(fo), we have

~ [, folog fodv -+ logel M(f0) < Selfo) < Se(),

‘We know, thanks to Lemma 2.2, that

Ss(f)<80(]10gs\+logR)/l|<Rf(1—sf)dv+cgo)—Hloge[Eg;()), R>1. (29

‘We conclude that
—/ fologfodv<80(]10g€\+10gR)/ fd—ef)dv
R3

lv|<R
) rogel (o) -

E(f0)>'

+ 2
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Choosing R := R (fo) := max {1,/2E(fo)/M(fo)}, we are led to

B ~ C(fo) M(fo)
/RSfOIngodv iy +losel =
<80(|10gs\+logR1(fo))/ fd—ef)dv.
[v|<R1(fo)

Thus, for any 0 < € < &(fp) where

1\ L [H(fo)|] +2C(fo)/Ri(fo)
o <E(f0)> =2 M(fo) ’

we have
[ r-endozmin)
|[v|<R1(fo)

with
i —H(fo) — C(fo)/Ra(fo) + |loge|M(fo)/2
0<e<e(fo) 80(| loge| + log R1(fo))

Now, for € < g it follows that Sc(fy) > 0 since 0 < fo < e~!. Since Sc,(fo) > 0 due to the
continuity of the map € € (e(fy), e0) — Se(fo) one is led to

m(fo):== inf  Sc(fo) >0.

e(fo)<e<eo

> 0.

m(fo) ==

Recalling estimate (2.9) and using the fact that
|loge| < [loge(fo)| +|logeo| =: 00 for e(fo) <e<eo,
it holds that

E(fo) _

+ do 2

n2(fo) < 80(50 + log R) /| |<Rf<1 —ef)dv + C(}{O)

Thus, choosing R := Ra(fo) = Lfo) max {C(fo), 5o m2(fo) E(fo)}, it follows that

n2(
o n2(fo)
0 <mn3(fo) : = 160(dg + log Ra2(fo))

g/ fA—ef)dv, for e(fy) <e < ep.
[v|<R2(fo)

(2.10)

In this way, choosing R(fy) := maX{Rl(fo),RQ(fo)} and n(fy) = min{m(fo),ng(fo)},
estimate (2.8) follows. Il

Lemma 2.4. Let 0 < fo € L3(R3) be fixed and bounded satisfying (1.5). Then, for any § > 0
there exists 1(0) > 0 depending only on M (fy), E(fo) and H( fo) such that, for any € € (0, g9,
f € YVe(fo), and measurable A C R?,

A< = [ f1-epdv<s @.11)
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Proof. For f € Ye(fo), expanding the inequality S¢(fp) < Se(f) and using the conservation of
mass, we obtain that

—/‘hk%hdv+1/1ﬂ—6hﬂbﬁl—ahﬂm
R3 g R3

< - Rgflogfdv—i—i/ (1 —ef)|log(l —ef)|dv.

R3

For r € (0,1) one has 0 < (1 — r)|log(1 — r)| < r. As a consequence of these two observations
and the conservation of mass it follows that

[ frosrav< [ folos fodv+ M(fo).
R3 R3
The result then follows from [15, Lemma 6], using the bound 0 < 1 —ef < 1. O

Since entropy increases along the flow of the LFD equation (2.2), previous lemmata will apply to
the solution f = f(t,v) associated to the initial datum fj.

In addition, the uniform ellipticity of the matrix function 3[f] is obtained by adapting the proof
of [15, Proposition 4] with the help of previous lemmas.

Proposition 2.5. Let 0 < fo € L3(R?) be fixed and satisfying (1.5). Then, there exists a positive
constant Ko > 0 depending on M fo), E(fo), and Sp, such that

Vo, E€R?, Y B(f1(0) &€ = Ko(v) €
2

holds for any € > 0 and f € YVe(fo). Recall that 3; j[f] = a;; * (f(1 — ef)).

2.2. Well-posedness and Fermi-Dirac statistics. Let us recall the well-posedness result estab-
lished in [3] reformulated to take into account the quantum parameter. We begin with the notion
of weak solution we are considering in this paper:

Definition 2.6. Consider a non trivial initial datum fo € Li(R3) with 0 < efy < 1. A weak
solution to the LFD equation (2.2) is a function f : Rt x R® — R satisfying the following
conditions:

(i) f € L°RY; Ly(R*)) NCRY; Z'(R?)), f(1 —ef) € L (RT; Ly, (R?)).
(ii) 0 < ef < Land f(0) = fo.

(iii) / f(t,v)|v*dv </ fo(v)|v|*dv for any t > 0.
R3 R3
(iv) For any ¢ € 2(R?) and any s,t > 0,

/R3 ft,v)p(v)dv — /RS F(s,0)p(v)dv

= [Lar [ SR 08 e + 0B - Vielo)+
s i.j
+ f(1,0)(1 — ef(1,0))b[f(T)](v) - Vio(v)do.

With this definition, one has the following result.



LONG TIME DYNAMICS FOR THE LANDAU-FERMI-DIRAC EQUATION 13

Theorem 2.7. Consider an initial datum fy satisfying (1.5) and € € (0,€¢|. Assume further that
foe Ll . (R3) for some so > 2. Then, there exists a weak solution f to (1.1) satisfying (1.7), (1.8),
(1.9) and

f(l B gf) = Llloc (R-l-; L;O—s—'y (RS))a f S Libc?c (R—i-; L;O (Rg)) N LIQOC (R—H Hslo (RS))

If we also assume that sy > 2 + -y, then the entropy t > 0 — Sc(f)(t) is a non-decreasing
function and

Se(fo) < Se(f)(t) < E(fo) +7%/% = ploge, VteR,.

Moreover, for sg > 4~ + 11, such a solution is unique.

It will be noticed later that the upper bound in S (f)(¢) is far from optimal in terms of . Due to
the conservation laws (1.7), (1.8), (1.9), we will assume in the sequel that f; satisfies Assumptions
1.1 and

1 0
/ fow)| v |dv= 0 (2.12)
R? |v]? 30F

where o, £ > 0 are given. We mentioned previously that a central observation was given in [26,
Propositions 3] where it was shown that the condition

47 3
e<—(bE)2 2.13
3,(55) 213)
is necessary and sufficient to associate a unique Fermi-Dirac statistics
_aexp(=b[v]?)
1 +eaexp(—blv[?)

Me(v)

with a = a. > 0 and b = b, > 0, such that

1 0
Mc(v) v dv = 0 . (2.14)
R? v]? 30F

Provided that the initial datum satisfies Assumptions 1.1, [4, Theorem 3] shows that M. is the
unique steady state to (1.1) satisfying (2.14). Moreover, under Assumptions 1.1 and (2.12), it
follows from [26, Propositions 4] that (2.13) holds, therefore, the solution f(¢,v) must converge
to a Fermi-Dirac statistic in this regime. In order to make an explicit estimation for exponentially
fast convergence a stronger assumption on € is needed in the form of & < ¢ E3/2p~! with constant
¢ < 453 ~ 46.832.

3. MOMENTS AND REGULARITY

The final goal of this section is to prove Theorem 1.3. This will be done by improving the
approach of [15, Theorem 5] and [11] for which regularity estimates are deduced from estimates
on L' and L? norms. The novelty here consists in treating the propagation of these norms as a
whole. This produces a closed energy estimate.
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3.1. L' and L? norms. The main result of this section shows the instantaneous appearance of
both L' and L? norms as well as uniform estimates for such norms with respect to both time and
the quantum parameter € > 0.

Theorem 3.1. Consider 0 < fo € L! (R3) with s, = max{?” +2,4— ’y} satisfying (1.5). Let
f = f(t,v) be a weak solution to the LFD equation given by Theorem 2.7.

(i) Then, for any s > 0

T
/ VF(t0)20) T dvodt < 400, YT >t5>0.
to R3

(ii) There exists some positive constant Cy, depending on M (fo), E(fo), So, s and to, but not on
€, such that

/ (f(t,0) + f2(t0) (v)¥dv < Cyy Vs>0,t>t>0. 3.1
R3
Moreover, if
[ 0.0+ £20,0)) (0)*dv < 0,
R3
then tg = 0 is a valid choice in the estimate (3.1) with constant depending on such initial quantity.

Remark 3.2. Theorem 3.1 is the analog to [15, Theorem 3] for the Landau equation and consti-
tutes a noteworthy improvement of [3, Lemma 3.2].

We recall that, given f(t,v) solution to (2.2), we write
/ f(t,v)(v)*do, M,(t) = f2(t,v)(v)*do, seR.
R3
We introduce also
0= [ () s

Proposition 3.3. Consider 0 < fo € L} (R?), for some sg > 2, satisfying (1.5). Let f = f(t,v)
be a weak solution to (2.2) that preserves mass and energy. Then, for some constants Cs 1 and K
depending only on M (fo), E(fo), s, it holds

ams(t) + Kemg o (t) < KMgiy (t) + Cs1mis(t) , s>2. (3.2)
Also, for some constants Cs 2, Cs 3 > 0 depending only on v, s, M(fo), E(fo) and So, it follows

that
1d
§&M8(t) + KO]])S+’Y(t) < 0872M5+’Y(t) + Cs,3m2+v(t)IMs+7—2(t)7 (3.3)

where Ky is given by Proposition 2.5. We remark that all constants are independent of € > 0.

Proof. Let ® be a smooth convex function on R . Let us proceed in the spirit of [3, Lemma 3.2]
by multiplying (2.2) by @(MQ) and integrating over R to obtain that

/ f(t,0) @(|v]? dv—4// ff*l—ef*)\v—quA (v, v4) dv duy
where

A% (0,0.) < (Jou? = (- 0)) (@ (o) = @ (Ju)) + o2l 227 (o).
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Let &(r) = (14 r)%2, with s > 2. Since (v - v,) < (v)(v,), we deduce (with the notation
A® = A®) that

A(v,v.) <5 [2 (W) 72 (Wa)? = (0)° + (02)° 72 + (V) (va)* " + <v*><v>8—1]. (3.4)

Since s — 1 > 1, we use Young’s inequality to obtain

2572 y2 — 52 y(572)/(571) ys/(sfl) < s 251 Y+ 1 ys.
s—1 s—1

Substituting this inequality for x = (v), y = (v,) into (3.4) yields

A%%w><;<522@f1@@+4@@981+@082—m2f3@0ﬂ.

Since [v — v, |7 < (0)"(v,)7 and v — v, |Y > 277/2(v,)7 — (v)7, for 0 < < 1, we finally obtain

d

G L few eraosr WMM(fo) [ o 1= et do.

s—1 //]RS R3 [F(L=ef)(v)"(vy)® dvdus
i //Rd R3 11 [(S +2) (o) ()T + 2(0) T (0, )T 4 2(U>7<v*>8—2+7} dv dv.

Since 0 < f < e !and 0 < v < 1, there exists a constant Cs ; > 0 depending only on s, M ( f;)
and F(f) such that

d
[ Fwrdve k. [ 00 £ - efdn < Co [ 10
dt R3
where K, 1= 277/2 5522 2 M fo). This proves (3.2).
Let us now show (3.3). Multiplying (2.2) by f(v)* and integrating over R lead to

3t L Peorar == [ @PEIvH - Vido—s [ SV oo

+/ (V) f(1—ef)blf]- Vfdv+ s/ (b[f] - v) f2(1 _ 5f)<’l)>872d1).
R3 s

Using the uniform ellipticity of the diffusion matrix X[ f], recall Proposition 2.5, we deduce that

[y @IV - Vrav= Ko [ @) 1vsPav,
R3 R3

Also, using (2.1) and the fact that 0 < 1 — e f < 1, we get

010 120 = <)o) 2du < 2maft) M (0,

and

/Rs<“>8f(1 —ef)blf] - Vfdv = _/

RS

<;ﬂ—§ﬁ)v'@mwfﬁv<0mﬂﬂmﬁﬁm
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for some constant C' > (0 depending on v and s. For the last inequality we used the fact that
ef? < f?. Finally, we write

2 [ 0 AENTH v = [PV [0 2Bl 0] do.
R3 R3
For the last integral we expand
v [<v>s—22m vl
= @t [ 0= el = ul [l PR 4 lol?) = (5= 200 = 200 0} don,

which leads to

f2 V- [<U>s—22[f] v} dv <s f*<v*>2+7dv*/ f2<U>S_2+7dU
R3 s -
2flyy [P

Gathering the estimates together, one can find constants Cy, C, > 0 such that
1d
2dt

Notice that there exists ¢, , > 0 such that

L 9 0 > D (1) = M 1),

This proves the desired result. U

ML) + Ko [ (077 (942 do € CMair (1) + Cumago (Mg (0).

Itis important to control the “mixed term” Mo (t) M4 —2(t) in the estimate (3.3) of Proposition
3.3. This is done in the following lemma. We continue with the assumptions and notations of
Theorem 3.1.

Lemma 34. Fixs € (3 +2,9 - 7], 8 > 0. There exists a constant C(6) > 0 depending only
on M(fo), E(fo), So, s, y such that

m2+7(t) Ms+»\/_2(t) < 03(6) + 5m5+7(t) + (SIDS_A,_»Y(t), Vi 2 0. (35)

Proof. Using Littlewood’s interpolation inequality, see for instance [19, Theorem 5.5.1 (ii)]

—0 .
lollzzgo < lgliitylaldoqy: 3= —6)+8 (thatis 6=3)
with the measure du(v) = (v)~3dv and with g = f() “3 we have that
sty s+'v 0 S+7
()= <IFOF R = s
Estimating the last L5-norm with Sobolev’s inequality [23, Theorem 12.4], we obtain that
9+’y 2 9+'y_§ 2 G-&-’y
17655 | < O35 IV GO )]

for some C' > 0. We deduce from this that, as soon as s < 9 — ~ (that 18 s+’y % < 2),

Mgy () < Cma(H) 3Dy (1)

Moreover,
s—2 ¥
Mot (t) < mo(t) -2 mei(t) -2,
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which leads us to deduce, from the conservation of mass and energy, that there is a positive con-
stant Cj depending only on m2(0) = M (fo) + E(fo) such that
Je 3
M2ty (t) M py—2(t) < Comisiq (1) 772 Dsiq(2)5 Vi=0.
Using then Young’s inequality, there exists C'y > 0 such that
Mo () My o(t) < C167 2 mg (1) +6Dgyq(t) V3 >0

with @ = 0(s,~) := 3 —2— . Notice now that § < 1 for s > 3 + 2 and, from Young’s inequality
2 g

T 2sty-2"
again,
0
ms+7(t)9 <N 10 4 nmsis (1) Vn>0.
Combining these last two inequalities with n = 0%5 3 gives the result. g

Lemma 3.5. Fix s > 4 —~, § > 0. There exists a constant Cs(0) > 0 depending only on M ( fo),
E(fo), So, 6,7, s, such that

Ms-ﬁ-v(t) < 05(5) + 5m5+7(t) + (5]Ds+’y(t) Vi > 0. (36)
Proof. Using Littlewood’s interpolation inequality and Sobolev inequality, we obtain that
4 3
M1+ (t) < CmHTv(t)E Dyiq(2)5 . 3.7
Thus, using Young’s inequality,
Mgy (1) < 073 2mas (1) + 0Dgys (), 6> 0. (3.8)
2
Assuming that s + v > 4, it follows that
9 sty sty—4
Msiny (1) <ma(t)sH—2 mgy ()2, t>0. (3.9)
2

Using conservation of mass and energy, there exists Cs > 0 depending only on s, v and m2(0)
such that

9 s+v—4
mHT‘Y(t) < Cs o (fo)msiq (t) 572,
and then, Young’s inequality implies that, for > 0, there is C () such that
m%(t)Q < 03,7(7]) + nmer’y(t) ) vt >0.

This, together with (3.8), gives the conclusion choosing 7 > 0 such that §—3/25 = §. O

Proof of Theorem 3.1. Recall that s, = max {377 + 2,4 — fy} and define
Es(t) = mg(t) + Ms(t), t>0, se€(sy,9—17].

Adding (3.2) to (3.3), there exist positive constants cg, ¢; depending on M (fo), E(fo), So, 7, S,
such that
d
dt 17
and, using the result of Lemmas 3.4 and 3.5 it holds that
d - _
dt _ 10
for some positive constant C(d) > 0 depending on M (fy), E(fo), So, s, 7, 6. Since

my(t) < C(s,0) + 0 mgiy (1), Vo >0 (3.10)

Es(t) +co mS+V(t) + 1Ds+7(t) <a MS—&-w(t) +ms(t) + m2+’y(t) Ms+7—2(t)} , 620,

Es(t) + co|Msiy(t) + Dsgry(t) | < €1 |Cs(0) + 0 Mgy (t) + 0Dg i~ () + ms(t)} , 0>0,
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for some positive constant C'(s, ) depending on s, d, and M ( fy), we can choose ¢ > 0 sufficiently
small to obtain, for any s € (s,,9 — ), that

d )
SE() + %0 Mg (t) + Days ()| <G, VEZ0, G.11)

for some positive constant C' > 0 depending on M (fo), E(fo), So, - 5.

Let us now control £(t) in terms of m~(t) and D, (¢). Using (3.7), (3.9), and the conserva-
tion of mass and energy

3
5

2 _
M1+ (£) < Coy Mgy ()37 Doy (8)5, v =225, £20,

with C ., a positive constant depending only on s,y and m32(0). This results in the estimate

1

1 5 _2,
5m3+7(t) + Doy (t) 2 5m3+7(t) + oMoy ()3 sy (£) 3

(% 5 _2
2 i) (5 + sy Mypy(1)3 2 3V>

with ¢; , = Cs 5. Computing such minimum, we obtain that for a constant cs, > 0 depending
only on s,y and ™3 (0) it holds that

1
§m5+7(t) F Doiry (£) 2 sy Mogr (£) 2 €5y Ms(8)™, 10 = H% >1. (3.12)

Furthermore,

2 sty—2
My (t) = ma(t)” 72 my(t)

thus, we deduce from (3.12) that for two positive constant ¢1, ca > 0 depending only on s,y and
ma(0) we have

Mgty (t) + Doy (t) = 1 (1) —ca,  VE20,
where 8 = min (SQ;Q,@ > 1. Plugging this into (3.11) yields
d
A0 +e& ()P <, Vt=0, (3.13)

for positive constants ¢ and C’ depending only on s, and m4(0). Estimate (3.13) proves that,
for any s € (s,9 — 7] there exists Cy > 0 depending only on M (fo), E(fo), So, s, 7, such that

£,(t) < C, (1 +t‘ﬁ) VE>0.

In particular, for any ¢y > 0,

sup &(t) = C(s,ty) < o0, Vs e (sy,9—7] (3.14)

t=>to

depends only on tg > 0, M(fo), E(fo), So, s, . Observe that estimate (3.13) also implies that if
£5(0) is finite, then sup,-( &s(t) is finite as well proving the propagation of £(t).

Of course, (3.14) remains true for s < 9 — ~. This means that, for any ¢ > tp, one can replace
(3.3) with

1d
*aMs(t) + KO]D5+'y(t) < Cs(tO)IMs+’y(t)7 t 2 750
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where Cy(to) is a finite constant depending on tg, s, So and m5(0) 2. This shows that (3.1) holds
for any s > s, since we used the constraint s < 9 — +y only to estimate 12 (t). More precisely,
we obtain that
d
dt
with ¢ and ¢; depending on M (fo), E(fo), So, s. Using then (3.6) and (3.10) for § > 0 small
enough, we obtain

d
SEO + 620[ i () + n)sﬂ(t)] <Clty) Vs>sy, t>1t

Es(t) + co [msﬂ(t) + IDsﬂ(t)} < o1 [ms(t) + Moy (1)], vt > tg

for some positive constant C(to) depending only on ¢y, M (fo), E(fo), So, s. We can repeat the
argument here above, using (3.12), to obtain now

%Ss(t) +e& )P <, Vitxty, (3.15)

where € and C’ depends also on ty. This concludes the proof of generation of the norms. Prop-
agation follows the same idea assuming &(0) finite, with s > s,. One proceeds from (3.13) to
arrive to (3.15) copycatting the procedure. Furthermore, integrating in ¢t € (tg,T), with T' > tg,

estimate (3.11) shows that f € L2 ((to,+00); Hi, . (R*)) due to generation of the L' and L?

norms which proves (i). U

3.2. Regularity estimates. We now prove Theorem 1.3 with the help of the following proposi-
tion.

Proposition 3.6. Consider 0 < fo € L} (R®), where s, = max{2 + 34—}, satisfying (1.5).
Let f = f(t,v) be a weak solution to (2.2) given by Theorem 2.7. Then,
IVt o)) dv < Cyy, 520, Yitg>0, (3.16)
R3

for a constant Cy, > 0 depending on M(fo), E(fo), So, s, and to. Moreover, if

/ IV £(0,0)]*(v)* dv < 400,
R3
then, the choice to = 0 is valid in (3.16) with constant depending on such initial regularity.

Proof. Leti € {1,2,3}. Differentiating (2.2) with respect to the v; variable and setting g; = 9; f,
we get that

Ogi =V - (B[fIVagi + OZ[fIVSf — 0:b[f]f(1 — ef) — b[f](1 — 2&f)g;).
Multiply the equation by g;(v)® and integrate over R3. It follows that

1d
S~ G dv=-L+ L+ L+ L+Is+ I+ +1s.
2dt R3

Znamely, C; (to) = Cs2 + Cs 3 SUD; s 4, M2+~ (1)
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The terms [;, 7 = 1,...,8 are estimated thanks to Proposition 2.5 and Theorem 3.1. More
precisely, we have for § > 0,

I = /R3< v)*%[f] Vg Vg dv > / IVgi|? (v)5T do,
I = _S/R3 gi<v>8*2 (X[f]Vgi-v)dv = 2/]1{3 g; V- (<v>3722[f] v) dv<C HgiH%gﬂ,

while

) - Vg (v)*do

3

<CIVFlie,,  IVallie, <8IVGilE +CslVrI2

Ee)

and

L= —s / OS[)Vf - v) o) 2 do < CIVflpz, gl

I; = / O =ef) ) Of]- Vg dv < CVaillyz 1z, <3IValde +Cslto).
Also,

o= s [ o f(=ef) @) @l -0) do < C oz 1

s—2+42y

< Cio llgill 2

Fo= [ (1= 2600 (0" (1] V) do

<ClVaillzz, Noillzz,,. <6lValzz +Cslailiz,

5424
foims [ (1=22) 67 (02 bS] ) v < Clail

Here, and in the rest of the proof, C' denotes a positive constant depending only on M ( fy), E( fo),
So, s, but not £, which may change from line to line. Gathering the above estimates, summing
over i € {1,2,3} and recalling that g; = 9, f, we obtain

jig <c(1 )
SV + (= 30)71, < (14191,
Since, an integration by parts leads to
VA, == [ FAF@ P do— (s 249) [ £ T0F v,
s+2+47 R3 R3
we deduce from Young’s inequality that

0 1
2 < 2e2 2 L 2 2
VB2, <5101, +CallfIZs,,, +5I900, +CIFI3s,

Thus, estimate (3.1) imply that

2 2
V < - +C.
‘ fHL§+2+7 = 5”fHH52+7 ¢

Therefore, it follows that

LIV + (5~ a8)] 71, <cC.
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Using the interpolation inequality and estimate (3.1)
2 _ 2 , .
IVlZe, = Hf”,qslH SUIAllee, Mgz, < Clifllge, o VE2t00>0.

Therefore, choosing 46 = K / 2, it follows from the previous two estimates that

From this estimate all statements of the proposmon follow. O

Proof of Theorem 1.3. The proof of Theorem 1.3 is a generalisation of the steps given in the proof
of Proposition 3.6. Consider g = 9 f for some 3 € N3 with |3| = k. Differentiating the LFD
equation (2.2) /3 times, we get the equation satisfied by g. We multiply such equation by g(v)*® and
integrate over R3. Estimating the terms as in the proof of [11, Proposition 2.1] one obtains that for
any § > 0

2

i (0 = DI < G+ 171 ), (3.17)
for a constant C5 > 0 and K > 0 given by Proposition 2.5. Using the interpolation inequality

111 < 0 I s + 1 gl 8" 20,

to control the right hand term of (3.17), it follows that

2
2dt||f|| ||f||Hk+1 <C(1+ HfHHg;rle) ;o 820, t=2t>0.

Here we used Theorem 3.1 to control the L2-norm. The interpolation inequality
2
1A, < MM llfllzz, < Ul e s

leads to, choosing s =5+,

2 dt
Starting with £ = 2 and Proposition 3.6, repeat this estimate to obtain the result. Note that in each
repetition twice the number of moments is needed. This explain the condition fy € Li,, with s’
sufficiently large (s’ ~ 2Fs ). O

% 4 2
171 g+ Kol <CAH Nl )y 820, t>80>0.

We deduce from this the following important consequence.

Corollary 3.7. Consider 0 < fo € Li7 (R3) satisfying (1.5). Then, for any solution f(t) = fe(t)
to (2.2) given by Theorem 2.7, it holds
sup [|[f(t)]l o < Cys  Vito > 0.

t>to
The constant Cy, only depends on M fo), E(fo), So, s, and to.

Consequently, for any ko € (0,1) there exists €, > 0 depending only on ko, M(fo), E(fo), and
So, such that

inﬂ{ (1—e f(t,v)) = Ko, Ve € (0,e), t > 1. (3.18)
ve

Proof. The first statement is a direct consequence of Theorem 1.3 and the Sobolev embedding of
H*(R3) into L>(R?) for any s > 2, see for instance [23, Theorem 12.46]. The lower bound
(3.18) is, thus, clear as one can choose € > 0 so that f(¢,v) < Cyy=1 < 1= -0, O
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Remark 3.8. Of course the choice t > 1 is arbitrary. The result is valid for any time sufficiently
large. This lower estimate rules out any degeneracy as the set {v; f(t,v) = €'} is empty after
sufficiently large time. In particular, solutions to (2.2) remain uniformly away from the saturated
Fermi-Dirac statistics (1.4).

4. CONVERGENCE TO EQUILIBRIUM: NON QUANTITATIVE RESULT

From the emergence of smoothness and moments of the previous sections a non-quantitative
result of convergence to equilibrium can be inferred, see [7]. The proof will exploit several results
from [3, 4] and will resort on the property of the dissipation of entropy functional established in
Section 6.2. We begin with a preliminary lemma.

Lemma 4.1. Let fo € LL(R?) with s > 17 + 6+ satisfying Assumption 1.1, and let f be the weak
solution to (2.2) given by Theorem 2.7. Then,

o 142
[ (L
0 RS

(v — v) (fu(l — ef)Vf — f(1 — ef)Vf)

2
< QSE(ME) </ de'U) s
R3

where M is the Fermi-Dirac statistics with same mass, momentum and energy as fo.

2
dvdv*> dt

Proof. We work with the regularized problem introduced in [3, Section 4.1] to make all computa-
tions rigorous. Let 7' > 0. As in the proof of [3, Theorem 2.2], we denote by ( féf )k>1 a sequence
of smooth functions that converges to fo in L!(R3) and by f* the solution to the regularized prob-
lem with initial datum f£. For any k& > 1, the function f* is smooth on [0, 7] x R? and satisfies
0 < f*(t,v) < e !forany (t,v) € [0,T] x R®. Moreover, by [3, Lemma 4.15], a subsequence of
(f*¥)k=1, not relabelled, converges to f in L((0,7); L*(R?)) and a.e. on (0,7) x R3. Actually,
one can also prove that V f* converges to V f in L*((0,T); L2_,(R?)) with ¢ = s — 10 — 4.
Indeed, using the uniform (in k) ellipticity estimate given by [3, Corollary 4.10] and performing
the same computations as in the proof of [3, Theorem 5.2], we obtain that, for any ¢ € [0, T,

t
PHORFRGI PR H/o IV £5(r) = V)T dr

t
<1 = B+ [ DOIFE - POl

for some function D and where « is given by [3, Corollary 4.10]. Observe that the assumption
fo € LL(R3) with s > 17+ 6 ensures that D € L?(0,T) with some bound independent of k and
¢. Hence, the Gronwall Lemma implies that, for any ¢ € [0, T,

t
1740 = P01, < 155 - e ([ Drjar ).
and thus,
T T
o [ IVFE) =TI <1 - A e ([ Drar)
0 q K 0

This proves that (V f¥);~; is a Cauchy sequence in L2((0, T'); LCQFQ(]R?’ )) and thus converges to
some g € L*((0,T); L2_,(R?)). Necessarily, we have g = V f. Note that mass and momentum
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are preserved for the regularized problem but not the energy. More precisely, for any ¢ € [0, 7] we
have, see [3, Lemma 4.8]

fk(t,v)dv:/ fE(w)dv, fk(t,v)vdv:/ fE(w)vdv
R3 R3 R3 R3
but o
k 29 _ k 2 ot k
[ eolka= [ gwhkas 5[ .
Let us introduce
e v) =T —v.) (FE1—efHVFE = fF—eff)VFE) e RE @)

The Cauchy-Schwarz inequality ensures that

/ o — 0% [e141(0,0,)
R6

([ po-vre (v —0) (FE0 = efEV = O —efVE[ )1/2
o FFFEI =<1 =< fF) *

1/2
([ £t e - e )
R3

One checks that, with the notations introduced in Section 6.2, the first integral on the right-hand
side coincides with 2. (f*). Using also the bound 0 < 1 — e f* < 1 it follows that

4o 2 2
</ v — |z dvdv*> < 2%:(f%) </ f{;@)@) .
R6 R3

On the other hand, we deduce from the entropy identity for f*, see the proof of [3, Lemma 4.8],
that

dovdwo,

<

&Lf*)(v, v)

/ " Ot < S (FT) < S(MET)
0

where ME T is the Fermi-Dirac statistics with same mass, energy and momentum as f*(7) and it
maximises the entropy among the class of functions with prescribed mass, momentum and energy.
Hence, we deduce that

T 42 2 2
/ (/ o — 0|22 e[ (0, 02) dvdv*> dt < 28(MET) ( fg(v)du> .
0 R6 R3

It only remains to let first £ — 400 and then 7' — +-o0. g

Theorem 4.2. Consider 0 < fy € L;W (R3) satisfying (1.5) and let f = f(t,v) be a weak solution
to (2.2) given by Theorem 2.7. Then,

lim t) — M =0
Jim [[£(1) ~ Melly
where M is the Fermi-Dirac statistics with same mass, energy and momentum of fj.

Proof. Lete € (0, gp] be given. Fix ¢ty > 0. From the propagation and appearance of smoothness
and moments established in Theorem 1.3, we get that

sup (1 (0)lzy + 1/ (D)lg ) <00, V520,920, keN.
=0
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In particular, by Sobolev embedding, the family
{f() }e>to is relatively compact in H; (R3) forany p > 0.

Consider then a sequence {t, } ey of positive real numbers with lim,, ¢, = co. One can extract
from it a subsequence, still denoted {t, }, and Fi, € H}(R?) such that

Tim|£(ta) = Foollsy = 0.
We introduce then
fn(t):f(t+tn)7 tG[O,l], n €N

and denote by (F(t));=0 the unique solution to (2.2) with initial datum F'(0) = F, given by
Theorem 2.7.

Let us choose p > 4~ + 11 and apply an analog stability result to [3, Theorem 5.2] with ¢ =
p— (27 +4). Since sup;co 1) || fn(t) + F(t)[| g1 < oo according to Theorem 1.3, we get that

d _
Sfal®) = PO + KoV (fult) = FO)IEs < Collfa®) = POz Vee (0,1
for some positive constant Cy > 0. In particular,

e | fn(8) = F(8)]1 22 < exp (S 1) £(tn) = Foollz2
tel(o,

and therefore,

1
lim sup |[fu(t) — ()2 =0 and 1131/ IV7alt) = VE@)R, dt=0. @2)
¢ n—oc Jo q-+v

=00 ¢e0,1]
Notice that, up to a subsequence, lim,, f,,(t,v) = F(t,v) for a.e. in v € R3. Thus, one still has
0< F(t,v) <e ', ae. inveR3

Moreover, a simple use of Cauchy-Schwarz inequality implies that the convergence (4.2) transfers
to

1
lim sup || fa(t) — F(t)||l;3 =0 and li_)m/ IV fo(t) = VE@)||2dt =0 (4.3)
n—oo Jq T

N0 4el0,1]
as soon as
1 1 1 1
0<5<QT—1:§(]9—27—7) and 0<7'<q++—1:§(p—7—7).

In particular, since p > 4+ + 11, one notices that s = 7 = 2 are both admissible. Since g > 0,
we deduce from Lemma 3.1 that f(tg) € L;(R?’) with ¢ > 17 + 6+. Applying Lemma 4.1 to
f(to + t) we get that the mapping

42 |

(t,v,v4) € [to,00) x RO = |v — U*IT‘ﬁ[f(t)](v,v*)

lies in L?((tg, o), L' (R®)) with

00 42 2
/t < » v — v*lwz‘ﬁ[f(t)](v,m)!dvdv*) dt < 2M (fo)2Se(M.).
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In particular, since

1 2
/0 (/ v — vy M’E [frn(D)](v m)‘dvdm) dt

:/tn+1 (/ v—v*2yg[f(t)](v,v*)|dvdv*>2dt ¥n €N,

we get that

! 42 2
lim (/ \v—v*yz\g[fn(t)](v,v*ﬂdvdv*) dt = 0. @4)

n—oo

By virtue of (4.2) and because q > 0 is large enough to transfer the L2 convergence into a L7 +2
convergence

1 - 2
lim </ v — v, 2 ‘S[fn(t)}(v,v*)}dvdv*> dt
n—oo 0 R6

:AYAN“%ffmwwwwmmmgﬁt
/</|WW*K[UWMMMMWy&:0

from which we readily deduce that
E[F(t)](v,ve) =0 a.e.t e (0,1),v,v, € R,
From the definition of &, see equation (4.1), and [4, Theorem 4] we notice that if
{veR?; 0< F(t,v) <e '} #0, (4.5)
then, the density F'(¢) is a Fermi-Dirac statistics
a(t) exp(=b(t)]v — (1))
1+ ea(t) exp(=b(t)|v — v(t)[?)’

for some suitable a(t),b(t) > 0. Now, (4.5) is clearly satisfied since, according to Lemma 2.3,
there exists 7, > 0 and R, > 1 depending only on M (fy), E(fo), and Sy, such that

Thus,

veR3

F(t,v) =

ft,0) (1 —ef(t,v)dv = n, Vi > t.
Br,

According to (4.2), this readily translates in
F(t,v)(1 — eF(t,v))dv = n, vt € [0,1]
B,

which proves (4.5). Therefore, F'(t,v) is a (time-dependent) Fermi-Dirac statistics. Using the fact
that the convergence of f,,(t) to F(t) occurs at least in L3(IR?), we observe that

1 1 1
/ F(t,v) v dv = f(t,v) v dv = M (v) v dv.
- [v]? - [v]? - [v]?

Therefore F(t,v) = M (v) for a.e. (t,v) € [0,1] x R3. In particular, M. is the only possible
cluster point of { f(¢) }+>t,. The theorem is proved. O
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5. LINEARIZED THEORY AND ESTIMATES FOR THE SPECTRAL GAP

5.1. Existence of a spectral gap. Recall the non quantitative linearized theory performed in [22]
for e = 1. Fix € > 0 and let M. be the Fermi-Dirac statistics with same mass, momentum and
energy as fp. Define

m(v) = me(v) = Mc(v)(1 — eMc(v)), v € R3.

Perform a linearization around such statistics by writting

f(t,v) = Mc(v) +m(v)h(t,v) (5.1
and plugging into (2.2). We get that
Orh = Ls(h) + FQ,E(h) + F3,s(h) (5.2)

where

Loh(v) =m™ 1 (v)V - v — v VP (v — v4) MV (M A) + hamy (1 — 2e M) VM,
R3
—m(V(mh)), — hm (1l —2eM.)(VMe),]dv. (5.3)

is a linear operator and

Ty ch(v) =m Hv)V - /}R:3 lv — v VT2 (v — vy) [s(mh)Q(V./\/ls)* — e(mh)2V M,
+ (mhA).(1 —2eMe).V(mh) — (mh)(1 —2eM)(V(mh)),] dv,

is a quadratic operator, and

Tyeh(v) = em 2 (0)V- [ v — 0.7 1(v — v,) [(mh)2(V(mh)). — (mh)2V(m h)] dv.
R3

collects the cubic terms.

Noticing that Vm = (1 — 2e M) V.M., one may rewrite the linear part as

L.h(v) =m™1(v)V- m, m v — v, (v — v,) [Vh — (Vh),] dv,
R3

+m W)V [ [he(l — 2eMe)s + h(1 — 2eM,)]
R3
v — v, [T I(v — v,) [my VM — m(VM,),] do,.

It is easily seen that m, VM. — m(V.M,), is proportional to (v, — v)mm,, thus, the second
integral vanishes and

L.h(v) =m L (0)V - [ m(v.) m(v) [v — 0,72 (v — v,) [VA(v) — (VR)(v,)] dv,.  (5.4)
R3
Using the same kind of relations on the quadratic part, it follows that

Toe(h) =m 1 (v)V - - m(v,) m(v) [v — v, I (v — v,)

Lhzm(VMe)* — eh2TE VM ((1 - 26Me).hu Vh — (1= 2eMe) h(Vh).) | do.

*
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Notice that, from (5.1), we expect h to satisfy
1

/ h(v)m(v) v dv =
R3 |2

lv

(5.5)

o O O

A natural space to study the operator L. is the Hilbert space L?(m). In this space, the natural
domain of L. is

PD(Le) = {h € L*(m) ; / (V)72 | Vh(v)|*m(v)dv < oo} .
R3
We denote by (-, -)o the inner product in L?(m). For any g, h € Z(L.) one has

(g, Leh)o = / g(v)V - / v — v VT2 (v — v,) [Vh — Vh,] mm,dodu,
R3 R3

= / mm,|v — v [V (v — v,) (Vh — Vh,) Vgdudu,
R6

_ _% mimo — v 720 — v,) (VA — Vhy) (Vg — V) dudo,.
RG

In particular, L, is symmetric and the associated Dirichlet form reads
1
Dey+2(h) = —(h, Lch)s = 2/ mm,|v — U*|7+2|H(U —vy) (Vh — Vhy) ‘2dvdv* > 0.
R6

The spectral analysis of L. has been performed in [22]. We remark that the linearization used
there is slightly different, but the results are easily adapted to our linearization (5.1). The following
theorem holds.

Theorem 5.1. There exists A > 0 such that
Dert2(h) = Ae HhH%g(m), for any h € L?(m) satisfying (5.5).

The parameter A\. > 0 obtained in [22] is not explicit since Weyl’s Theorem is used in the argu-
ment.

Remark 5.2. The Dirichlet form D 2 associated to the linearized Landau-Fermi-Dirac oper-
ator is very similar to the one associated to the classical linearized Landau operator in L*( M)
given by

1
Doyia(h) = 5 | Mo(v) Mo(v.)v = 0,72 [II(v — v,) (VA — Vh,)|? dvdo,
R
where M is the Maxwellian distribution with same mass, energy and momentum as fy. Recall
also that there exists an explicit Ao > 0 such that

D0,7+2(h) = Ao ”h”%%/\/to) (5.6)
for any h € L?(My) orthogonal to Span(1,v, |v|?) in L?(My).
In the rest of the section, we give an explicit estimate of the spectral gap of the linearized operator
L. in Theorem 5.1. We begin with the following lemma which can be easily deduced from [22,
Theorem 3.2 & Corollary 3.4] where we recall that
M
m(v) = (v)

CremEy M0 MO =aeep(hf),  0eR, G
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for a., b. > 0 such that M, = H% has the same mass, momentum and energy as fj.

Lemma 5.3. For any € > 0 the following Poincaré inequality holds
/ |Vh(v)[> m(v)dv > Cp(e) / |h(v)[*m(v)dv (5.8)
R3 R3

for any h € L*(m) with [z hmdv = 0 and with Cp(g) = 2be(1 + € ae) ™.
Proof. The proof is given in [22, Corollary 3.4]. Since
(1+ea)?M<m<M
then, using the notations of [22], C1/Cy = (1 + € ac) 2. Moreover, Uy = — log M is such that
Hess(Uy) =20 1d

where Hess(Up) is the Hessian matrix of Uj. Therefore, according to [22, Corollary 3.4], we
obtain the result with Cp(e) = 2b.(C1/C3)>. O

5.2. Spectral gap estimate for Maxwell potential case. For Maxwell molecules v = 0 we
denote by D¢ »(h) the Dirichlet form

1
Des(h) = 5 /RG mm o — 0 (0 — 0.) (Vh = Vho) P dodes, b e L2(m),

We can make explicit the spectral gap obtained in Theorem 5.1 with the following proposition.
Proposition 5.4. There exists an explicit €' > 0 such that for any € € (0, ")
2
Dea(h) = Ao(e) (17l 72(m)

for any function h € L?(m) satisfying (5.5). Here \o(€) > 0 is explicit and depends only on €, o
and E. An estimation for the range of the quantum parameter and a lower bound for the spectral

gap is et ~ 0.6011E3 o= and M\o(e) > 4.686 x 10~4p.

Proof. Our proof uses some arguments used in [16] for estimating the production of entropy as-
sociated to the classical Landau equation for Maxwell molecules, see also [14]. Fix h € L2(m)
satisfying (5.5) and write

Rp(v,vy) == (v —vy) (Vh — Vhy) = Vh — Vh, — A, (v — vy)

for some suitable real function \;, = A\j, (v, v4) so that
1
Dea(h) = / mm,|v — v.|? | Ry (v, v,)|* dvdo,.
2 Jgo
For any fixed circular permutation (i, j, k) of (1,2, 3), one has
((v—vs) A Rp(v, v*))k = (v —v4);j (Osh — O;hy) — (v — ) (Ojh — Ojhy) .

We multiply this vectorial identity by cpe(v*) and integrate over R? to get
(’Ujaih — Uiajh) (Uo)g — &-h(Uj)g + ajh(Ui>g =R;,+A,+ Bgvj + Cyv;
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where we introduced the vectors R, Ug, U, withp € {i,j}, A, B and C defined by

Ry = f[[@ (v =) A Rp(v,04))y, Soidvm (Uo)e == f[[g3 Soidvm

(Up)e = [pavipidv.,  Bp= [z hpidv,

Cy = — [z3 9jh oldv Ay = [psvidjh ldv — Jra vi0ih oldv, (=1,2,3.

Thanks to Cramer’s rule, we can solve the above linear system of equations to find
det(Uy, -U;,R+ A +Bv; + Cuv;)

O = det(Up, —U;, U;)
Let us pick
801 = M;, 902 = _UjMEa 903 = v;Me.
We recall that
1 0
M (v) v dv = 0 ,
R? |v|? 30F

and, by a symmetry argument

Mc(vwidv=oE, i=1,23.

R3
Then one can check that
0 0 0
UO = 0 s Uj = —QE s Ui = 0 s
0 0 oFE

which results in
det(Uy, -Uj, Uz) = QSEZ.
The matrix (Up, —U;, R + A + Bv; + Cu;) is then upper triangular. Thus,
det(Uo, —UJ’, R+A+ B’Uj + CUZ) = QQE (R3 + A3 + Bgvj + Cg’UZ')

and then,
1 1
8jh — ﬁ (A3 + B3’Uj + Cgvi) = ﬁRg .
Taking the square and multiplying by M. we get that
1 2 1 )
/RS M <3jh - Q—E (A3 + Bsv; + Cgvi)> dv = W » M (v)R5dv.

Now, one has that | [(v — v4) A Rp(v,vs)],, | < [ — vi] |Rp(v, v4)|. Also, write Mc = VM /m
where m and M were defined in (5.7). We have that

R2 = </R (0= 0.) A Ru(v,0,)], viME(v*)dv*>2

< (/Rd v — v, \Rh(v,v*)me(v*)dv*> (/R vfM(v)dv> |
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3

2 ag [ ™ \?2
M (v)dv = Cop = — | —
/]1%3 Vi (U) Y b 2b€ <b€>

is independent of 4, and since there is ce = (1 + € a¢) such that M, < ccm, it follows that

Note that

Me(0)R2dv < Cypee / [0 — 0.2 | R (v, 02) Pm(v.Jm(v)dvdv, = 2Cs peeDea(h)
R6

R3
Consequently,
Deo(h) > vI;, Vi#j
2C, pC
71 _ a, €
where v~ = 7 B2 and

1 2
Zij = / M <8jh —— (As+ Bsv; + Cgvi)> dv.
R3 oF
Summing up over all possible couples (i, j) with i # j we get

v
Dea(h) > ¢ Z Z Zi ;- (5.9)
i j#i
Let us estimate now Z; ;. We expand the square
1
T, = / M (05h)? dv+ —— | Mc(v) (As + Byvj + Csv;)” dv
R3 0°E* Jgs

2
— / Ms(v)(?jh(v) (A3 + Bg'l}j + Cg’l)i) dv
QE R3

1
— / Me (05h)? dv + —— / M (v) (A3 + Bsvj + Cav;)? dv
R3 0°E* Jg3
2B; 2
+ Q7E - hMedv + ﬁ s h(’U) (Ag + Bgvj + Cgvi) ajMedU.
Notice that
OiMe(v) = =2be vy m(v) (5.10)

thus, using (5.5),

/ h(v) (Ag + Bgvj + Cg’[)i) 8]‘./\/15(:11} == *2b€B36j - 2b303/ h(v)m(v)ijdv
R3 R3

where
e = / h(v)vf-m(v)dv.
R3
Now, using the fact that M. is radially symmetric, it follows that
M. (v) (A3 + B3vj + Csv;) dv = A2 [ M. (v) + B%/ v?/\/la(v)dfu
R3 R3 R3

- Cg/ VM (v)dv = oA + o E (B3 + C3) .
R3
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Collecting all the computations, we get

9B
B2+ C2)+ =
5+C3) + o E

4b.B3 .. 4b:.C3
0E 7 0E Jgs
Let us compute A3, B3, Cs. Using (5.10), we check that

,]—/ME 8h dv+7+

oE ( - hMdv

h(v)m(v)vvjdv.  (5.11)

A3 :/ UjME hd’l)7 03: —2[)5/ h?}i vy mdv,
R3 R3

and
B3 = —/ hMcdv + 2bce;. (5.12)
RS
With this at hand, identity (5.11) reads
AZ 3C% 1 4b.B3
L, = 3 4 34— (B2+2B hMedv | — —

4b.B
2 2 e D3
j — | B 2B hMcdo | — i
/RB./\/ls(ajh) dU+QE< 3+ 3/]1%3 M v) oF e;

Using (5.12), one deduces that

1 2 4b2e?  4b 8b?
> ) dv — — hMedv | — —=-L fe; [ hM.dv — —=Zese;.
Zij R3Me(ajh) dv oE (/R?’ M v> o E +Q e;j » Medv ’ e;e;

Using (5.5) we see that 30| €; = [ps hm |v[>dv = 0, which implies that

3
ZZej:O, ZZeiej:—Ze?.
i i i i i=1
And, therefore
2
YD T, > / M [Vh(v)[*dv — — (/R3 h./\/lsdv> . (5.13)
i j#i

Recalling that [p; hm = 0, with m = M (1 — e M,), we observe that actually the negative term
in (5.13) is of order £2. Namely,

6 2
D TEY: /M5|Vh )2 do E(/ hMgdv> .
1 jF# R?
Since M2 = y/m & 1+€M, we get that

2 ? 2 M? 3( T 372 2
< [ — < _
(i) < () (L o) <2 (5) (o)

because
M3 T 3/2
— _dv < M3d:3/ —3be|v[P)dv = a2 | — .
/R3 (1+€M)2 v /R3 v a’s R3 eXp( €|U| ) v a’E 3b€
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Then, from (5.9) and M. > m, one finally arrives to

/ m(v) |VA()[? dv ——a3 <37;)3/2/Rs h2(v)m(v)dv.

Using Poincaré inequality with constant Cp (&), see Lemma 5.3, it holds that
2

-\ 3/2
Deolh) > v (CPB( 2 iaS (Sb ) ) /RS 12 (v)m(v)dv

where we recall that Cp(g) = 2bc(1 + € ac) ™% Set

Cp(e) e2 G 3/2
e T 0B \3b. 5.14
e V( 3 oE"®\3b ) (5.14)
and notice that A\g(g) > 0 if
3¢* S 32 3g2 py\3/2 5 \
oFE > Cp(s)as (365> = fz/z (g) a€(1+ga€) .

According to the results of Appendix A, there exists an explicit e’ > 0 such that the previous
estimates holds for any € € (0, e'). Refer to Lemma A.1 and remarks A.3 and A.4 for details. [J

Remark 5.5. Notice that €' is proportional to E 3 o~ ! precisely as the sharp requirement (2.13)
on € to obtain Fermi-Dirac statistics.

5.3. Spectral gap estimates for Hard potential case. When ~ € (0, 1], we compare the operator
to that of Maxwell potential. Indeed, the fact that there is a Maxwellian density M and ke > 0
such that

kKeM <m <M
readily implies that
keDari2(h) < Deyya(h) < Dagyyz(h),  Vhe L*(M) =~ L*(m)

where

1
Dissr2(h) = 5 g M (v) M(vs)|v — v 2 (v — v,) (VA — Vh) [ dodu,.

(S]]

One can deduce from [5, Theorem 1.2] that there is an explicit constant Cy ¢ = é <8<Zbg> >0
such that

Diri2(h) = CreDua(h) = CyeDep(h),  Vhe L*(M) ~ L*(m)
with no orthogonality conditions needed for this inequality. Therefore,
Deyt2(h) 2 £2 Cye Dea(h) vh e L*(m).

We can exploit, then, the orthogonality condition (5.5) and the result for D¢ 2 given in Proposition
5.4 to obtain that

Dei2(h) = k2 Cye)ol(€) m(v)h?(v)dv for any h satisfying (5.5).
R3

We can reformulate Theorem 5.1 as follows with a quantitative estimate of \..
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Theorem 5.6. There exists €' > 0 such that for any € € (0, ')

Ds,7+2(h) i=—(h, Leh)2 =2 Ac ||h — I[sz‘(h)|’2L2(r11) ] Vh € 9(Le)
where (-, -)o denotes the inner product of L*(m) and P, is the projection over the null space of L
given by Span {1, v1, V2, U3, |v|2}.
The constant \e > 0is such that \e > \(€) := k2 Cy ¢ \o(€) where \(€) is given by Proposition
54.

Remark 5.7. It is possible to sharpen the spectral gap given in Theorem 5.6 arguing as in [29].
In fact, there exists a positive and explicitly computable constant 1 = n(y,€) > 0 such that

Deyra(h) 2 1 (1h = Pehlfy gy + Ih = Pehllz ) -

5.4. Spectral gap estimates in L?-spaces with polynomial weights. Introduce the operator .Z,
Ze(hm) :=mL.(h), he 2(Le).

Our goal is to prove that the linearized semigroup associated to £, which relaxes exponentially
fast in L?(m), admits similar decay in the larger L? space with polynomial weights. A suitable
approach for proving such extension uses enlargement techniques developed in [20] and has been
applied to the Landau equation in [6].

Observe that for any € > 0 such that € ac < 1 one has 1 — 2e M. (v) > 0. Consequently,

Ce = 23& lw|*m(w) (1 — 26 Mc(w))dw > 0. (5.15)
R3

Denote also for such ¢,
kL= max (Q(v +3)¢ 2y + 7> ,
which quantify the amount of moments needed for exponential relaxation.

Theorem 5.8. For any e € (0,e") such that € a. < 1 the following holds: if k > kL then the
operator % : 9(Le) C L} — L2 generates a Cy-semigroup (Se(t))i=o0 in L2 and

HSE(t)(I - IP’S)gHLi < Coexp(—Ae t)Hg - IP’ngLz, Vt>0,
for some explicit constant Cy > 0 which is independent of € > 0.
Proof. We point out the important steps since similar arguments are given in [6]. The reader can

find the details in Appendix B. From (5.3), one has

Ze(g) =V - [ alv—ov.) [ m.Vg—m(Vg),]do,

R3
+V. a(v — vy) [g* (1 —2eMe)uVMe — g (1 —2eMc)(V M), |dus.
R3
The Landau bilinear operator is given by
Q(G,F)=V"- a(v — vy) [GLVF — G(VF),] dv, (5.16)
R3

for any suitable functions G, F'. It is not difficult to check that
g&‘(g) = Q(Ms7g) + Q(g7M€) - 25 Q(9M6‘7M€) —€ Q(ngg)
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where we used that m = M. — e M?2. For a smooth nonnegative function y € €>°(R3) such that
0<x <1, x(v)=1for{|v] <1} and x(v) = 0 for {|v| > 2}, we define

Xr(v) = x(R '), R>1,veRs
Then, for suitable constant T > 0 to be chosen later, we set
Acg = Q(9, M) + Txrg — 26 Q(gMe, M)

and

3
Beg=%eg—Acg= Y _ 0i;IMc] 059 — c[Mc] g — e QMZ,g) — Txry.
ij=1

Setting £ = L(R3) and E = L?*(M_") one has that E C & and the splitting .4 = A +
B_. meets all the properties of [6, Theorem 2.4] (see also [20, Theorem 2.13]). Indeed, from
Proposition B.5 one infers that, for any a € R, it is possible to choose Y, R sufficiently large
such that B, — a is dissipative in E. This proves Assumption 2() of [6, Theorem 2.4] for any
a € R. Moreover, Lemma B.7 implies Assumption 2(iii) of [6, Theorem 2.4] for n = 1 and any
a € R. Moreover, A, € %(&) thanks to Lemma B.6, consequently we have Assumption 2(i7) of
the aforementioned theorem. Therefore,

[Se(t) — Pell ey < Ceexp(—Act) forany t > 0

for some positive constant C. > 0. Notice now that the constant C'; (k, ) in Lemma B.6 can be
chosen independent of e since sup, C(k,€) < co. As a consequence, the constant C'(a, k, €) in
Lemma B.7 can be chosen independently of €. With this, the constant C, > 0, deduced from [6,
Theorem 2.4, Eq. (2.12)], is independent of e. O

Remark 5.9. Theorem 5.8 is valid in any Lﬁ spaces, with p > 1, since the results in Appendix B
can be extended to such spaces following [6].

6. QUANTITATIVE CONVERGENCE TO EQUILIBRIUM

We prove here Theorem 1.5. This proof will resort on a combination of previous spectral
analysis and suitable entropy production estimates.

6.1. Close to equilibrium estimates. Consider an initial datum 0 < fo € L1 (R?), with sg > 2,
satisfying (1.5)-(2.12). Let e € (0,e0] and f = f(t,v) be a weak solution to (1.1) given by
Theorem 2.7, and let M, be the unique Fermi-Dirac statistics satisfying (2.12). We introduce the
fluctuation

g = f - Me
which satisfies
at9:$sg+r(g)a t >0, go = fo — Mg, (6.1)
where, with the notations of Section 5.1,
I'(g) =mDo(m 'g) + mT3.(mg).
One can check that
I'(g) = Q(g(1 — 2eM.), g) — € Q(g°, Mc + g) (6.2)

where Q(G, F)) is the bilinear Landau operator defined in (5.16). We have the following estimates
for I'.
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Lemma 6.1. For any k > 0, there exists C = C(k,~) > 0 such that

Itz <€ (lglzy,, +ellg?lzs,, ) gz, ., +Celldlr,,

k+2vy+4

Proof. From [6, Proposition 3.1], there is C 5, > 0 such that

196G F)lzz < Crs (IG11:, IV*Fllz

k+2v+4

+ Gl Iz, )

from which we deduce first that

19(9(1 = 26Me), 9)lzz < 2Cks g, (IV%lcz,, ., +lgllzz,, )

k+2vy+4 k+2~

since |1 — 2e M¢||oo < 2. Noticing that, see Lemma A.7,

sup_ (IV2Me 12

ec(0,1) kt2y+d

+ IMellzz,, ) < o,

one finds a positive constant Cllm > (0 depending only on k, v such that

1906 Moz < Chrllg®lpa,
And also,
19(5% 912z < Crallo®ls, (IV%lcz,, ,, +lgllcz,, )-

k+2vy+4 k42

One concludes from (6.2). O

Proposition 6.2. Let fy satisfy Assumption 1.1, € € (0,e¢] be such that e ae < 1, and k > kl
Let f be a solution to (1.1). Assume that there exists 6 > 0 such that

() = Mellz <6, Vt=to =0,

and that
sup [f()llgs < Ciy (6.3)

t>t0 k+4v+8

Then, there is C' > 0 depending on to, Cy,, 9, k, y but not on € such that
1F() = Mellz < Coxp(—A)f(to) = Mellz, V> to.

Proof. Set g = f — M.. Since g is a solution to (6.1), according to Duhamel formula for any
to = 0,

t
g(t) = Sult ~ to)g(ta) + | Sult ~ 9)F(gs))ds
to
as soon as g(to) € L} and I'(g(s)) € L3 for any s € [to,t). Notice that both f(to) and M,
satisfy (2.12) while Q preserves mass, momentum and energy. Therefore,
P.g(ty) = 0 and P.I(g(s)) =0 Vs = to.

In particular, one deduces from Theorem 5.8 that for € € (0, e') with € ac < 1 it holds

l9(6)lz3 < Coexp(~Aelt — 1) lgtta)lsz + Co | exp(-Aelt = )T (g() lzzds.

to
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According to Lemma 6.1, we get, for t > ¢y

lg()l[rz2 < Coexp(=Ae(t —to))llg(to)l 2

+Ciy [ exp(nett = 5) (o) s, + ello@?l,,) Il

kt2v+4
to

t
+ Crre /to exp(—Ae(t — 3))"9(8)2”%”(15'

Now, since EHQ(S)QHQH = rs||g(s)H2L3/+2 < Hg(s)H%iﬂH, we observe that
) 3 1 3 1
< 2 2 < 2 2

)Py, <l lo)E <o loo)lhy

and, using that ||g(s) ||z < [|f(s)]|z + M|z < 2, we also get that

ellg(s)?lz:,, <29,
This yields

lg(®)llzz < Coexp(—Ae(t — to))llglto) | 2

+3Cm/ exp(=Ae(t = 8))llg(s)llzr ., N9(s) 2

k+2v+4
to +2v+

t 3 1
+Cuy [ exp(-Aett = Do) oy s
k k44~

to +8

Notice that as soon as k > 7 + 2+ one has

o6, < ooz ( [ @ ¥ar) = Cmlatollig

Also, using the interpolation inequality, valid for any § € (0,1), p = 0p1 + (1 — 0)p2, £ =

001+ (1— )b,
0 1-6

19l e < Cpoep
withp = 2,0 = k+2y+4,p1 =0, {; = kand, say 0 = 3. Thus, po = 4 and {5 = 2(k+2v+4).
We obtain that ) L

3 3
lollz, ., < Crallaly lallZ, -
And therefore, for any s € (to, )

3 1
< CENgzz g

which result from Lemma A.7. Under the assumptions of the Proposition and noticing that (6.3)
yields a similar bound for ¢(t), we deduce that

lg)llzr, N9() a2

k+2v+4

t

lg(t)ll 2 < Coexp(=Ae(t —to))lg(to)ll 2 + C(k, 7, t0) V'S t exp(=Ae(t = 5))llg(s)ll 2 ds

for some positive constant C (k,~,top) depending only on k&, and ¢ (through Cy,). We conclude
as in [30, Lemma 4.5], provided 9 and, consequently, ||g(to)|| 12 are sufficiently small, that

lg(®)ll 2 < C k7.3, to) exp(=Ae(t — t0) g (to)ll 2 .
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The proof is achieved. 0

Remark 6.3. Using Lemma A.I one proves the threshold value
< 3) (27 E)?
€1=\~¢ )
5 0

6.2. Entropy/Entropy production. Recall the definition (1.6) of the entropy S¢(f) for Fermi-
Dirac particles. Under Assumption 1.1 and for e € (0,&g], observe that the function ¢t —
Se(f)(t) is non-decreasing for any smooth solution f = f(¢) to the LFD equation (1.1). Indeed,

ol

forwhicheas < 1fore € (0,e1).

for any smooth function g with 0 < g < ™! note that
Vg Vg
Selgl(v,ve) =1I(v — v4) (g« (1 — €94)Vg — g(1 — eg)V g, < - >
elgl(v, ) = 10 — ) (9.1~ €9.)V9 — 901 ~€0)V.) ( ey ~ o7 s
Vg Vg« 2
= gg«(1 —eg)(1 — €9« va*< — > > 0.
( X | ) g(1—eg) g.(1—e€gs)
6.4)
Then, for a smooth solution to f = f(t) of (2.2), the evolution of the entropy is given by
d
G == [ auptt.0)(tog(e () ~log(1 - e (1, 0))) o
= / V(v — v )II(v — v )[f (1—-ef)Vf—fQ1 sf)Vf} [W] dvdv
. * * * * * f(l — €f) *
1
= / V(v —ve)Be[f(t)] (v, v)dvdos > 0.
2 Jr3xR3
Thus, we define the entropy production functional Z, v as
1
Dew(g) == 2/ V(v — vy)Eelg](v, vi)dvdoy , U(z) = |2[772, (6.5)
R3xR3
for any smooth function 0 < g < e~'. Therefore,
d
TS (F0) = Zew(F(1), V>0 (6.6)
When the choice of ¥(z) = |2|772 is clear from the context, we will simply write 7. instead

of ¢ v. We begin with a comparison between the entropy production %, for the Landau-Fermi-
Dirac operator and that of the Landau operator . This comparison is valid for functions f satis-
fying a suitable lower bound.

Lemma 6.4. Fixe > 0andlet0 < f < e lbea function such that

Uiélﬂg (1—ef(v) =ro>0. (6.7)

Then,
2
kg Z0(f) < 226(f) + %:O /Rﬁ [ felv =072 |V f(0)]? dudo,. (6.8)
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Proof. Recall the representation of Z.(f) as
1

De(f) = 5 / [v — v 72 EL[f] (v, vy )dvdus
2 R3 xR3

with Z. defined in (6.4),
2

Eelf](v,vi) = F Fi W_Vf*)

(v — v,) ( FE

where we used the shorthand notation ' = F(€) = f(1 — e f ). Notice in particular that such
representation is valid for any & > 0 and, in particular, for e = 0, F(©) = f. For f satisfying
(6.7), it follows that

= Vi V[
Zolfl(0,0.) = 1 . 10 - ) (¥ - T
[k
Vi s 5 (6.9)
gm_ZFF*H’U—v* (— *>
Writing f = %, we obtain that
(F-3L) = (a-enF-a-en¥
_ (VS VL . Vi VL
\F F l—ef 1l-ef)’
Thus,
Vi VA Vi VEN[
_ -4 < _ _J
’H(v v*)< 7 7. > \Q‘H(v Vy) < I 7
Vi VA
2 —_— —_—
+ 2e” |II(v U*)<1—sf 1—€f*>
where the last term can be estimated as
v/ V| Vi | vt |
II(v — s - < 2 2
(v ”)<1—ef 1—ef*> ‘1—sf 1—¢ /.
1 (V2 VAP
< (] :
S 2o <1—ef+1—sf*
Multiplying these last two inequalities by F' F and inserting this in (6.9), it follows that
_ — 4e?
3 Zolf](0,0.) < 2elfl(0,0) + - f LTS +ITEE).
Multiplying now by %|v — v,[772 and integrating over RS yields the result. g

Proposition 6.5. Consider 0 < fo € Lio (R3), with sq > 2, satisfying (1.5) and a solution f(t,v)
to (1.1) with e € (0, &g given by Theorem 2.7. Then, for any ko € (0, 1) there exists g, € (0, &g
such that

kG Z0(f(t) < 2Ze(f(t) + C1e?, Ve (0,e,), t > 1, (6.10)

for some constant C'y > 0 independent of e.
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Proof. According to Lemma 6.4 and Corollary 3.7, for any k¢ € (0, 1) there is &, > 0 such that
for any € € (0, &), the solution f = f(¢) to (1.1) satisfies (6.7) for ¢ > 1. Now, one has that

/ F(t0) £t 0.) [0 — 072 [Vt )] dudo,
]RG

<@l ([ 10te a0 ) ([ w1956 0R )

All terms are bounded, uniformly with respect to €, as soon as t > 1 according to Theorem 1.3
and Corollary 3.7. 0

-1

Now we compare the relative entropies. Given nonnegative f, g € L}(R3) with0 < f < e ! and

Oégés_l,set

He(flg) = —Se(f) + Se(9)

and
Ho(lo) = H(P) ~H(p) = [ Flogfav— [ gloggd

The Fermi-Dirac entropy Se(f) does not converges, as € — 0, towards the classical entropy H (f).
It actually diverges like | log €|, however, the relative entropies satisfy the following property.

Lemma 6.6. Let f,g € L'(R?) with [ g(v)dv = [ f(v)dvand 0 < f,g < e L. Then

\Hemg) Ho(flg)‘ & max([|f]122. lg]1%2).

Proof. 1t is easy to check that

He(f1g) = Holf1g) + loge ( [ oo [ gdv)
+1/R$ [(l—ef)log(l—sf) - (1—sg)log(1—eg)}dv.

€

Thus, if the masses of f and g concide we obtain that

He(flo) = Holfla) = 7 |1~ enionlt ~ef) = (1 = e log(1 — eq) |

Using inequality 7 — 72 < —(1 — r)log(1 — r) < r, forany r € (0, 1), we get that
[ o= o= /R 0 < He(flo) = Ho(flg) << [ Po [ (g pao
The result follows as f and g share the same mass. Il

Proposition 6.7. Consider 0 < fo € L} (R3), with sg > 2, satisfying (1.5). Then, for any
e € (0, 9] and solution f(t, v) to (1.1) given by Theorem 2.7 it holds that

He(f (1) Me) = Ho(f ()| Me)

for a constant C' > 0 independent of €. The function M is the Fermi-Dirac distribution with
same mass, momentum, and energy as fo.

<Ce, Vt>1, 6.11)

Proof. The proof is a direct consequence of Lemma 6.6, the uniform bound on sup;~, || f(t)| .2
given in Theorem 1.3, and the bound supy.. . || M| 2 given in Lemma A.7. H
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Remark 6.8. It is possible to replace in (6.11) M for the Maxwellian distribution M with same
mass, momentum, and energy as fo as long as € < (27rE)3/ 201 where o, E > 0 were defined
through (2.12). The inequality € < (2 E)3/20~" ensures that 0 < My < e L.

Proposition 6.9. For a given nonnegative function f € Li(RY) N L2(RY) sufficiently smooth, let
M denote the Maxwellian function with the same mass oy, momentum uy, and energy Ey as f.
Then, there exist two constant \1, Ao depending on f only through its mass and energy such that

Z0(F) > min (M Ho(fIMy); AHo(f1Mg)¥3)

Proof. See [16, Theorem 8]. To exhibit the role played by the parameter v € (0, 1) in the esti-
mates, we introduce, for any s > —2 the entropy production % ,(f) for Landau operator corre-
sponding to ¥ (v — v,) = |v — v,|*T2, that is

1 2
Z0.1) = 5 [ 10—l Zal (0,0 dvd
o (F-F)
= — U — 0T fi (TI(v — vy) | — — dvdw,

5 [ oo ©0-v) (-

For any v > 0, the estimate
v — 0772 > 8w — vi]? — 57+21‘U,v*|<5, V6 >0, (v,v.) € RO

yields

Doq(f) =6 Doo(f) =82 P, -a(f),  VE>0.
Let us first bound Zy _o(f) from above. We define IT = I * f and check that

_ \V4 _
Do.—2(f) = / (TI(v) v/ , Vf)dv — 2/ v — v 2 f (0) f (04 ) dvdws.
R3 f R6
The last integral is nonpositive, while IT < || f||;,1Id in the sense of matrices so that
VP
702 < Ilr [ a0 = o 105)
rs f

where I(f) stands for the Fisher information. According to [16, Theorem 1],

Doo(f) = Af) (I(f) — I(My))

for some A\(f) > 0 which depends explicitly on the mass, momentum, and energy of f as well as
on [ps f(v)v;vidv, with 4, j = 1,2, 3. This leads to

Do (f) = NS I(f) = 1(My)) = 0p8" 2 1(f)

(5ﬂ/+2 of
= A(f)(év__ A(f)

where Cy = pyI(My) depends only on oy, us and E. Picking then 6 > 0 so that

)(I(f) = I(My)) — Cyo7*2

# = \(f)min (5o 3= (1) = 104y) )
we get that
%05 > L (1)~ 100 87 6.12)
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(S

(AN (AL
()= 2L 1) = 10y min ((52)7 (32)
Finally, using the Logarithmic Sobolev inequality
2
I(f) = 1(My) > E—fHo(fle)
we get the result. O

Theorem 6.10. Consider 0 < fo € L. (R®), with so > 2, satisfying (1.5) and a solution f(t,v)
to (1.1) with € € (0, 0| given by theorem 2.7. Then, there exist €, € (0,&q], \g > 0, and Cy > 0
independent of € such that
%He(f(t)]/\/ls) < =domin (He(f(HIMe); He(F(BIMe)T3) + Coe' ™3, i1,
(6.13)
forany € € (0,€,). As a consequence, there is a positive constant C; > 0 independent of € such
that

He(F(HIMe) < €1 (1 + 73+ s“%) Viz1, ec(0,e,). 6.14)

Proof. The proof of (6.13) is a direct application of propositions 6.5, 6.7 and 6.9. Indeed, with the
notations of such propositions, for any g € (0, 1) there is &, > 0 such that, as soon as € € (0, &,),
we have fort > 1

d K Ch
SHFOIMe) = —Ze(£(5) < —2 Do(f(1) + e
KG 142 Ci o
< = min (MHo(£(B)Mo) s AeHo(f(BMo) 73 + Tte
where M is the Maxwellian with same mass, momentum, and energy as the initial datum fy. In
addition,

Ho(f(8)[Mo) — He(f (1) Me)

Then, (6.13) follows from Proposition 6.7 and Lemma A.5. Estimate (6.14) follows after integra-
tion of (6.13). O

< [Ho(MelMo)| + [Ho(£(B)Me) = He(F(HIMe)

Corollary 6.11. Under the assumptions of Theorem 1.3, for any tg > 1, £ > 0, there exists €* > 0
such that

1F(5) = Mell gy < C (14675 +650), Vee (0,67, t21
for some constant C' = C(to, ) > 0.

Proof. Using a version of Csiszar-Kullback inequality for the Fermi-Dirac entropy, derived in [27,
Theorem 3], we have that

1f(t) = Mel71 < 20He(f(H)IMe),  VE=0.
Thus, according to Theorem 6.10, for € € (0, &,)

1F() = Mell < Co (14077 +€377)
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for some constant C's > 0. Now, recalling Nash’s inequality
2 3
[ull 2 < Cllullzy IVullfs
for some universal positive constant C' > 0 and applying it to u = g (-)2 with £ > 0, one has

2 3 _ 1 3 1

lgllz2 < Cllgllzs Mgl < Cellgll;a llgll 3 gl
L 2 ¢ ¢ ¢
] ) , ;

_ 1 1
for some positive constant Cy since |Vu| 2 < (1 + E)HgHHg and ||gHL1£ < gl 7 llgllf. We
E4 14
2

deduce from Theorem 1.3 that
_1 1
1F(@®) = Mellzz < Clto, ) (L4177 + &2

which gives the conclusion. O

2=

1
)", Vi >t

We are in position to prove Theorem 1.5.

Proof of Theorem 1.5. Let € € (0,e0] be such that ea. < 1, k > kl, and § > 0 be the small
parameter appearing in Proposition 6.2. In Corollary 6.11, we can pick ¢y > 0 sufficiently large
and construct ' sufficiently small such that

IFB) = Mell; <5 Vit
Applying Proposition 6.2, using Theorem 1.3 to ensure (6.3), we get that
1£(t) = Mell 2 < Coexp(-Aet)llf (o) = Mellz, Vi > to.

Apply in such estimate the uniform bound on || f(t) — Me|| ;2 on (0, %] given in Theorem 1.3 and
the control of || f(t) — M|y by [|f(t) — j\/lsHL% to conclude. O

APPENDIX A. ABOUT FERMI-DIRAC STATISTICS

Assume that the initial condition fy satisfies (1.5)-(2.12). For any € < &g, let M. be the

Fermi-Dirac statistics ( | |2)

ae exp(—be|v

M =
«(v) 1+ e ac exp(—be|v]?)

with ae > 0 b > 0 such that (2.14) holds. We collect here several results concerning the be-

haviour of M. as e — 0.

3
2 (67 E)2
4

Lemma A.1. Foranye < € = (%) 2 it follows that,

5
3. 1 4 3\ 2 0 4
= < — < =be, — <——< (= . Al
5 S2E 53" (5) S onp) (3) e (A-D

Proof. We first recall that, according to [26, Eq. (5.2)], there exists some (explicit) strictly increas-
ing mapping ® : RT™ — R™T such that

q>< ! >:3E<4”>3 (A2)
€ ae €p

lim ®(t) = 232/3, lim ®(t) = co.

t—0t t—00

[N

with moreover
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) = 400, we first observe that
(A.3)

1
€ae

In particular, since (A.2) implies that lim,_,o+ ® (
limea. = 0.
e—0

For notational simplicity set
: 1
T
= _— E =
Qe = Qg <b5> ) € %, ’
so that
_ 2\ _ Qe |v]?
M (v) = ag exp (—be\v| ) RCTALE exp ( — 2E€)
_ M@

= Trea() S M(v), we

is a Maxwellian with mass . and energy 3o F.. Recalling that M, (v)

get
0= [ Mec(v)dv < M (v)dv = o
R3 R3
30E = / Me(v)|v]2dv < / M (v)|v|*dv = 30¢ Ee = §7T%
R3 R3 2

with > 0. Note that ¢ is convex. Then, by Jensen’s inequality,

Set qb(:lf) - 1+161
0= - (M (v))M(v)dv > 0e¢ <g€_1 /R3 M(v)2dv> )

Since M (v)? is the Maxwellian associated with coefficients a2 and 2b. we get
3

2
R3 (U) VT e <2bs aEQ%
which results in
02 09 (asT%) = Qes ‘
14+22ea,
Similarly,
1
08 = [ oMM > 300 Moo )
R3 3Q5E€ R3
with
1 30:E
M2(w)o?do = 3a2 [ ) — = . 2%,
. (v)|v]*dv az T 1b, e ¥
Thus,
30eFE
30F > 3p.Eeth (%2—%) = Qess .
1+2 2ea,

This gives the following set of inequalities, in terms of a., be
_5
_3 aebe 2
71'% € 65 <
142 2eac

)

Njw

_3
3 Ggbe ? 3
™2 N E3 <0< m2aegbe
142 2eac

20F < W%aeb;?

(A4)

(A.5)
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Little algebra yields

be 1 5
———5— < 55 Sbe(1+272¢ae),
142 3¢a. 2F e e)

Qe < 0

(142 %eac)? (2nE)
The left hand side of the second inequality reads

Y(eae) < &3, where ¢(x) = #‘, Va>0.
2

(27 E) (142 22)3

(A.6)

<ae(l+ 275 ae)%.

5 . 5,3 _
Notice that ¢ has a unique maximum point at = 2 with value 1)(z) = (2)2 32. Let € > 0 be

choosen such that 52 3 = (). Using the fact that the mapping € > 0 — € a. is continuous
2
and goes to zero as € — 0 according to (A.3), we deduce from a continuity argument that
_ 23
e<e:5a€<m:§.
Using (A.6), this easily leads to (A.1). [l

Remark A.2. Notice that, combining (A.3) with (A.6), one sees that lim sup,_,gbe < % and
lim sup,_,g ae < —%—. In particular, both (ac)e and (be)e are bounded.

(2 E)2

Remark A.3. Lemma A.1 allows to explicit the value €' > 0 such that the spectral gap \o(e) > 0
for e € (0,€") in Proposition 5.4. Indeed, recall that \o(€) > 0 as soon as

3 p

3e? ( m >2 3e? /N5 4 4

o0E > ——a | — :—(—> a(l+eae)”.
Cp(e) € \ 3be 2b§ 3) ¢ €

_5
Notice that, from (A.5), W%asbg 2 < 20E(1+ 2_35 ac) < 20F (1 + 2_23_:) fore < €. This
means that, to get the above estimate, for € € (0, €), it suffices that

2q2 4(3 4+ 4v/2)*
V3 3z
or equivalently,
11
32 —2 2
—_—a_. > E".
4(3+4v/2)4 ¢
According to (A.1), this holds as soon as
_o 5E3T @rER
(B+4v2)?2 20
Remark A.4. The same consideration also allows to estimate \o(€) in Proposition 5.4 yielding
for instance
v 34 0?57
Xo(e) > —= —&? , Ve e 0,€T.
>z (4(3+4ﬂ)4 (rE)33% (0.€)
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Recalling that
Q2E2 92E2
vV = =
2C,p(1+€ae) 20:Ec(l+eae)

-1
and since, fore < €, o F > pcFe (1 + 2*%@) = %QEEE by (A.4), we get that v > ﬁQE

resulting in

90 34 , 5% o?
Ao(g) > - , Ve e (0,eh).
o(€) 331 4v3) (4(3+4\/§)4 € e e € (0,e")

0~ 4.686 x 10~ 4p.

. . 36
In particular, lime_,0 Ao (€) > BELAVIF

With the notations of the previous proof, we also have

loe — o] = Mv)dv— | Mc(v)dv| =€ M Mcdv
R3 R3 R3
since M = H% Consequently, using that for e € (0,€), M(v) < ae < (%)5 ( 9E)3 , we
2nE)2
obtain that
5
5\2  o® )
loe — 0| <e (=) ——, thatis |oe —po| < Cpe (A7)
3 (2rE)2

for some positive constant Cjy depending only on F and p. In the same way,

1 €
locEe —0E| = = / M (v)|v]*dv — / Me(v)|vdv| = / M M |v|*dv .
3 | Jrs R3 3 Jgs

Thus, for e € (0, &),

\0eEe — 0 | <5> ¢

o —ok|<e —_—.

o 3) (21)3VE

Since ) 5 .
IEe—EIZE\QEe—QEI<f|@—@e|+gleeEe—QE|,

we deduce from (A.1), recalling that £, = ﬁ, that

3 2
Be- i<t (FLlo-ad+e(3) —5—).
o\ 3 3) (onivE

This estimate and (A.7) results in
|Ee — E| < Cae, Ve € (0,€), (A.8)

for some positive constant Cy depending only on ¢ and E. We deduce from this the following
lemma.

Lemma A.5. Denote by M(v) the Maxwellian

Mo(v) = Lexp —w , Vv e R3.
(27 E)3/2 2F
There exists a positive constant C depending only on o and E such that

Ho(Mo|Me)| = |H(Mo) — HM.)| < Ce  VYee (0,d].
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Proof. Writing Mc(v) = 17257 with

M(v) = Lexp — [0
(21 E.)3/2 9F. )’

we obtain that

E
Ho(Mo|Me) = o <logg — log e — %\I/ <E>> + Mclog(l+e M)dv
R3

€
with
U(z) =loger+1—2x <0, Va > 0.
Now, we have
O</ Mclog(l+eM)dv<e M Mdv < eaep
R3 R3

where a. is bounded, see Remark A.2. This shows that there exists C' > 0 such that
E
U — . A9
(Ee) > (A9

11
llog 0 — log oe| < maX{Q,Q} |0 — 0¢|

€

Ho(MolM)| < Ce + 0 (uogg logoe| +2

Additionally,

and using the elementary inequality 0 < x — 1 — logx < @ for z > 0, we conclude that
E 1 9  2be 9
UV|l— )|« —=—(F—-FE.)"=—(FE—FE;)" .
<E€> EES( 2 E ( 2
o3/
Using the fact that oo = 372 and b are bounded according to (A.5) and Remark A.2, we
b
deduce the result from (A.6)—%A.9). O

Remark A.6. We deduce from Lemma A.5 and the Csiszar-Kullback inequality that
IMe — Mo|21 < 2|Ho(Mo|l M) < 2Ce, Ve € (0,8).
Lemma A.7. For any ¢ > 0 there is Cy > 0 such that
sup (VA Mellgg + [ Mellzz ) < Ce

More generally, forany k € N, s > 0, sup || M|/ gr < oo.
0<e<1 s

Proof. For the computation of the L? norm, one simply notices that

2
2 2 09, _ O¢ . ‘
HMEHLf < /RS M*(v)(v)*dv = 7(271’E€)3 /R3 exp( Ee> (v)*dv

which depends only on ¢, . and FE. In particular, it is uniformly bounded with respect to € €
(0, &9]. In the same way, since

1 M (v)
== —"=((1—-eM —FE(1 M(v))1d
B2 (11 e M©)? <( eM)vov—E(1+eM(v)) >
the same reasoning shows that || V2 M| £2 can be bounded with bound depending only on ¢, E,
and g. The proof for general Sobolev weighted estimates follows by induction. g

V2 M, (v)
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APPENDIX B. FACTORIZATION AND ENLARGEMENT

Recall the notations introduced in the proof of Theorem 5.8, namely, we set

Acg = Qg Me)+ Txrg —2e Q(g Me, Me)
3
= Y (4 #9) FMe — (cx g)Me + T xrg — 26 Qg Me, M)
i,j=1
and
3

Beg=%eg— Acg= Y (aij * M) 09— (cx M) g — € QMZ, ) — Txry
i,j=1
where Q denotes the bilinear Landau collision operator, Yz = x(R~!-) with R > 1 and x a
suitable smooth cut-off function, and T > 0.

B.1. Dissipativity properties. We begin with the study of the disipativity properties of B.. The
proof of the following lemma is a direct consequence of [6, Lemma 2.5], recall that the mass of

M is o.

Lemma B.1. Forany v € R3, set
1
Jp(v) = — v —wPMe(w)dw, and ppy(e / [v[P Me (v 0<p<3.
0 JRr3

Then, for any v € R? it holds:

(1) Jo(v) = 1 and Jo(v) = |v|* + pa(e),

(2) Jp(v) < J0lP + prp(€) forany 0 < p < 1,

(3) Jp(v) < |v|P + ug(s)gforany 1<p<2,

(4) Jp(v) < |0 + (6p2(e)) 5 |v]Z + pa(e)’ for2 < p < 3.
Also, the following lemma holds. It is proven in [22, Proposition 4.10], for € = 1, and [6, Lemma
2.7]. Recall that m = M. (1 — eM,).

Lemma B.2. For any f > 0 radially symmetric with f € L7 4o(R 3), the matrix
olf](v) = (Uz'j[f](v))ij = (ag; * f(U))ij

has a simple eigenvalue \1[f](v) > 0 associated to the eigenvector v and a double eigenvalue
A2[f](v) > 0 associated to the eigenspace vt. They are given by

M = | (1 (% mz) w20~ w)
Ag[f}(v)z/RS (1—; v w

ol fwl

2
) w2 f(v — w)duw,

and satisfy, for |v| — oo

gv7 w v) =~ |72 w)dw
MA@ = Sl [ P fw)de,  dalfiw) =10 [

with
min (M [f](0), A2[f)(0) 2 Aelf], Vo e R?
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for some \c[f] > 0. Moreover, the function o;;|f] is smooth and, for any multi-index 3 € N3,
08 o[ )(0)| S (w2181,

and
3

3" oulfl0)&& = MIf©) [P + Xelflw)|€ - PO} VEeR.

ij=1

P, is the projection on Span(v). Finally,

trace(o[f](v)) = 2/ [v — v, T2 f (v, )do,
R3
and,
bi[m](v) = —2be v; M\ [m — 2em M| (v)  Vi=1,2,3. (B.1)

Proof. The first part of the statement is a general property of the matrix (a;;);;, see also [22, 13].
The computation of the trace of o[ f](v) is as in [6, Lemma 2.7]. Let us compute b;[m](v). Note
that

Zaaw*m Zaw*am

Since Oym = OjMc(1 —2e M) = —2b€vjm(v) + 4e bevym M, we get that

b;[m](v) = —2b ZUU (v)vj + 4e be Za’l]mM J(v)v;

7=1

which gives the result. 0

The key point in the sequel is the fact that, since m = M, — e M?2 it follows that

3
Beg= ) 0y[m](v)d59 — e[m](v) g(v) — Txrg

i,j=1
where ¢[m] = ¢ * m. The computations of [6, Lemma 2.8, Eq. (2.19)] give the following lemma.

Lemma B.3. Forany 0 € R, p > 1, and positive weight w(v) > 0, it follows that

3 [, aulmlhg g0l signlate)=(ido = [ elml(o)lg(o)P=(e)ds

4,j=1

DY [, aulml@a; (=) o (="g) == g(o) a0

1,j=1

+ [ eapalolao)P=o)d.
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with
zwﬁjw
P po(v) =m(p,0 Zaw ZUZ] P —
1 3 p-1
+(p+771 b0 )Zbl —efml(0)

where my (p, 0) = 2221 and 1 (p, 0) = =0 pm (p, 0) + 6[1 — O(p — 1)].

In particular, for @ = wy(v) = (v)* since

. 02
0w _ kv (v) ™2, ye Sijk{(v) ™2 + k(k — 2)vv;(v) 4,

w w

we deduce from Lemma B.2 that

02w
Zo—ij[m](v) ; = ktrace (o[m](v)) (v) "2 + k(k 42% v)v;v;
= 2k (v) 2 - v — v, | 2m (v, )dws 4 E(k — 2)A 1 [m](v)]v]? (v) 72
and, in the same way
Souln ) 27 5 — s m) )P o)

3

S b ()2 = k()23 byfm] (o)

i=1 i=1

Moreover, one notices that
c[m](v) = —2(y + 3) / [v — vy Tm(vy)doy.
R3
Using (B.1) and Lemma B.3 with § = % and p = 2, one is led to the following lemma.
Lemma B.4. Setting w;, = (v)* we have

B.g(v) g(v)wg(v)dv = — Z/Rga'” ’Wkg) 8‘(w§g)dv

3
R 4,j=1

4 / (1) — Txa(v)) P()@p(0)dy (B2)
RS
with
2
B (0) = T halm () of? (o) — be Ko {o) 2 (0 m) () — 22 Aa[m M)

+ (v +3) / lv — v, |"m(vi)dvs.  (B.3)
R3
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Proposition B.5. Fix € > 0 such that € ac < 1. For any a € R and
k> ke == o(y+3)¢;"

there exist T, R sufficiently large so that Be generates a Cy-semigroup (UE (t)) in L*(wy)

with

t=>0

Vel < explat), 3 0.

Proof. Following [6, Lemma 2.8], the proof consists in identifying the dominant terms in ®(v)
for large |v|. According to Lemma B.2, as |v| — oo the first term in @5 (v) converges to zero while

_ 2bek

—be k[v]*(v) "2 (A [m](v) —2& A [m Mc] (v)) =~ 3

— v |7/ \w|2(1—2€M€(w))m(w)dw,
R3
and since m < M,
/ [v — vy m(vy)dve < 0J5(v) .
R3

Here we used the notations of Lemma B.1. Therefore,

limsup |v] 77 ®x(v) < — (zbsk /R3 |w[*m(w) (1 — 2eMe(w)) dw — o(y + 3))

|v]—o00 3

and as soon as k > ke, it follows that for any a € R one can choose T, R sufficiently large such
that

®r(v) — Txr(v) <a Vo € R3.

Since the first term on the right-hand side of (B.2) is nonpositive due to the ellipticity of o [m](v),
we conclude that

/ Beggwi(v)dv < a / ¢ ()i (v)dv,
R3 R3

which proves the result. U

B.2. Regularization. Let us now investigate the regularization properties of A.. Introducing, for
any g = g(v)
Gs(v) = g(v) (1 - 25M€(U))

one has
3

Acg(v) = Z (aij * Ge )8 Me — (cxGe)Me + T xRy
i,j=1
where T, R have been chosen sufficiently large so that Proposition B.5 holds. Notice that, for any
positive weight function w and ¢ < 2, the multiplication operator

Txr : 9+~ Txgrg

is bounded from L?(w) to LI(M_!). Thus, we focus on the operator

3
Z (aij * Ge) 055 Me — (¢ % Ge) M.
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Lemma B.6. For any k > 0, there is C1(k, ) > 0 such that
1Aegll o pzry < Cr(k,e)|Gellp,, < Ci(k, €)1 = 2eMe|[r=lgllrr,,- B4
Consequently, for any k > 2 + 7, it holds
A. € B(L(RY), LX(MZY)) N B(L* (g, LH(M).
Proof. Recall from [6, Lemma 2.10] that for any multi-index 3 € N2 with |3| < 2, it holds that
. i v+2 7+2-18
98 (asj = ) )] S min (@7 *21085 0 0P, )
Thus, as in [6, Lemma 2.11],
2 2,
| (ai; Gs)aija}}LQ(Mgl) <C ||GE||§£+2 /Rg<v>2w+4 |05 M.(v)]” Mt dv,

(e % Ge)Mellpagup 1) < 207+ 3) Gl [Me 13 (g

we get (B.4) and A, € B(LL 5, L*(M1)). Now, by Cauchy-Schwarz inequality, it holds that
for s > %

that is,
D (aij * Ge) 05 M.

]

< .
s, < CENG

Since

lgllzs,, < M9lz2nparan 16) 22 = Cs Il 2@y ao)
which proves that for k > 2v + 4 + 3 one also has A, € B(L(wy,), L2(MZY). O

Combining Lemma B.6 and Proposition B.5, we prove the following lemma as in [6, Corollary
2.12].

Lemma B.7. Fixe > 0 such that € a. < 1 and k > max(ke,2y + 7). Then, for any a € R there
exists C(a, k,e) > 0 such that

||AEU€(t)H%(Lg(wk)’LQ(M&?l)) < Cl(a, k, €) exp(at) Vit > 0.

REFERENCES

[1] R. ALEXANDRE, On some related non homogeneous 3D Boltzmann models in the non cutoff case. J. Math. Kyoto
Univ., 40 (2000), 493-524.

[2] R. J. ALoNsO, I. M. GAMBA & S. H. THARKABHUSHANAM, Convergence and error estimates for the
Lagrangian-based conservative spectral method for Boltzmann equations, SIAM J. Numer. Anal., 56 (2018), 3534—
3579.

[3] V. BAGLAND, Well-posedness for the spatially homogeneous Landau-Fermi-Dirac equation for hard potentials.
Proc. Roy. Soc. Edinburgh Sect. A., 134 (2004), 415-447.

[4] V. BAGLAND & M. LEMOU, Equilibrium states for the Landau-Fermi-Dirac equation. Nonlocal elliptic and
parabolic problems, Banach Center Publ., 66 (2004), 29-37.

[5S] C. BARANGER & C. MOUHOT, Explicit spectral gap estimates for the linearized Boltzmann and Landau operators
with hard potentials. Rev. Mat. Iberoamericana, 21 (2005), 819-841.

[6] K. CARRAPATOSO, Exponential convergence to equilibrium for the homogeneous Landau equation with hard
potentials. Bull. Sci. Math., 139 (2015), 777-805.

[7]1 J. A. CARRILLO, PH. LAURENCOT, & J. ROSADO, Fermi-Dirac-Fokker-Planck equation: well-posedness and
long-time asymptotics. J. Differential Equations, 247 (2009), 2209-2234.

[8] S. CHAPMAN, & T. G. COWLING, The mathematical theory of non-uniform gases, Cambridge University
Press, 1970.



52 RICARDO ALONSO, VERONIQUE BAGLAND, AND BERTRAND LODS

[9] P. H. CHAVANIS, On the coarse-grained evolution of collisionless stellar systems, Mon. Not. R. Astron. Soc., 300

(1998), 981-991.

[10] Y. CHEN, Analytic regularity for solutions of the spatially homogeneous Landau-Fermi-Dirac equation for hard
potentials. Kinet. Relat. Models, 3 (2010), 645-667.

[11] Y. CHEN, Smoothing effects for weak solutions of the spatially homogeneous Landau-Fermi-Dirac equation for
hard potentials. Acta Appl. Math., 113 (2011), 101-116.

[12] P. DANIELEWICZ, Nonrelativistic and relativistic Landau/Fokker-Planck equation for arbitrary statistics, Phys. A,
100 (1980), 167-182.

[13] P. DEGOND & M. LEMOU, Dispersion relations for the linearized Fokker-Planck equation, Arch. Rational Mech.
Anal., 138 (1997), 137-167.

[14] L. DESVILLETTES, Entropy dissipation estimates for the Landau equation in the Coulomb case and applications.
J. Funct. Anal., 269 (2015), 1359-1403.

[15] L. DESVILLETTES & C. VILLANI, On the spatially homogeneous Landau equation for hard potentials. Part I :
existence, uniqueness and smoothness. Comm. Partial Differential Equations, 25 (2000), 179-259.

[16] L. DESVILLETTES & C. VILLANI, On the spatially homogeneous Landau equation for hard potentials. Part II :
H theorem and applications. Comm. Partial Differential Equations, 25 (2000), 261-298.

[17] J. DOLBEAULT, Kinetic models and quantum effects: a modified Boltzmann equation for Fermi-Dirac particles.
Arch. Ration. Mech. Anal., 127 (1994), 101-131.

[18] M. ESCOBEDO; S. MISCHLER; M. A. VALLE, Homogeneous Boltzmann equation in quantum relativistic kinetic
theory. Electron. J. Differ. Equ. Monogr., 4, 2003.

[19] D.J. H. GARLING, Inequalities: a journey into linear analysis, Cambridge University Press, Cambridge, 2007.

[20] M.P. GUALDANI, S. MISCHLER, & C. MOUHOT, Factorization for non-symmetric operators and exponen-
tial H-theorem, Mémoires de la SMF, 153, 2017.

[21] B. B. KADOMTSEV & O. P. POGUTSE, Collisionless relaxation in systems with Coulomb interactions, Phys.
Rev. Lett., 25 (1970), 1155-1157.

[22] M. LEMOU, Linearized quantum and relativistic Fokker-Planck-Landau equations. Math. Methods Appl. Sci., 23
(2000), 1093-1119.

[23] G. LEONI, A first course in Sobolev spaces, Second edition, Graduate Studies in Mathematics, 181. American
Mathematical Society, Providence, RI, 2017.

[24] P-L. L1oNS, Compactness in Boltzmann’s equation via Fourier integral operators and applications, III. J. Math.
Kyoto Univ., 34 (1994), 539-584.

[25] S.Liu, X. MA, & H. YU, Optimal time decay of the quantum Landau equation in the whole space, J. Differential
Equations, 252 (2012), 5414-5452.

[26] X.Lu, On spatially homogeneous solutions of a modified Boltzmann equation for Fermi-Dirac particles. J. Statist.
Phys. 105 (2001), 353-388.

[27] X. Lu, & B. WENNBERG, On stability and strong convergence for the spatially homogeneous Boltzmann equa-
tion for Fermi-Dirac particles, Arch. Ration. Mech. Anal. 168 (2003), 1-34.

[28] D. LYNDEN-BELL, Statistical mechanics of violent relation in stellar systems, Mon. Not. R. Astron. Soc., 136
(1967), 101-121.

[29] C. MouHOT, Explicit coercivity estimates for the linearized Boltzmann and Landau operators, Comm. Part. Diff.
Equations, 31 (2006), 1321-1348.

[30] C. MouUHOT, Rate of convergence to equilibrium for the spatially homogeneous Boltzmann equation with hard
potentials, Commun. Math. Phys. 261 (2006), 629-672.

[31] L. W. NORDHEIM, On the kinetic method in the new statistics and its application in the electron theory of con-
ductivity, Proc. R. Soc. Lond. Ser. A 119 (1928), 689-698.

[32] E. A. UEHLING, & G. E. UHLENBECK, Transport phenomena in Einstein-Bose and Fermi-Dirac gases, Phys.
Rev. 43 (1933), 5527-561.

[33] C. VILLANI, A review of mathematical topics in collisional kinetic theory. In S. Friedlander and D. Serre, editors,
Handbook of Mathematical Fluid Dynamics, Vol. 1, pages 71-305. Elsevier, Amsterdam, Netherlands; Boston,
U.S.A., 2002.



LONG TIME DYNAMICS FOR THE LANDAU-FERMI-DIRAC EQUATION 53

DEPARTAMENTO DE MATEMATICA, PUC-RIO, RUuA MARQUES DE SAO VICENTE 225, R10 DE JANEIRO, CEP
22451-900, BRAZIL.
E-mail address: ralonso@mat .puc-rio.br

UNIVERSITE CLERMONT AUVERGNE, LMBP, UMR 6620 - CNRS, CAMPUS DES CEZEAUX, 3, PLACE VASARELY,
TSA 60026, CS 60026, F-63178 AUBIERE CEDEX, FRANCE.
E-mail address: Veronique.Bagland@math.univ-bpclermont.fr

UNIVERSITA DEGLI STUDI DI TORINO & COLLEGIO CARLO ALBERTO, DEPARTMENT OF ECONOMICS, SO-
CIAL SCIENCES, APPLIED MATHEMATICS AND STATISTICS “ESOMAS”, CORSO UNIONE SOVIETICA, 218/BIS,
10134 TORINO, ITALY.

E-mail address: bertrand.lods@unito.it



	1. Introduction
	1.1. The model
	1.2. Mathematical difficulty and our contribution in a nutshell
	1.3. Notations
	1.4. Main results
	1.5. Organization of the paper
	Acknowledgments

	2. Cauchy theory
	2.1. Uniform ellipticity of the diffusion matrix
	2.2. Well-posedness and Fermi-Dirac statistics

	3. Moments and regularity
	3.1. L1 and L2 norms
	3.2. Regularity estimates

	4. Convergence to equilibrium: non quantitative result
	5. Linearized theory and estimates for the spectral gap
	5.1. Existence of a spectral gap
	5.2. Spectral gap estimate for Maxwell potential case
	5.3. Spectral gap estimates for Hard potential case
	5.4. Spectral gap estimates in L2-spaces with polynomial weights

	6. Quantitative convergence to equilibrium
	6.1. Close to equilibrium estimates
	6.2. Entropy/Entropy production

	Appendix A. About Fermi-Dirac statistics
	Appendix B. Factorization and enlargement
	B.1. Dissipativity properties
	B.2. Regularization

	References

