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Weyl Law on Asymptotically Euclidean
Manifolds
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Abstract. We study the asymptotic behaviour of the eigenvalue count-
ing function for self-adjoint elliptic linear operators defined through clas-
sical weighted symbols of order (1, 1), on an asymptotically Euclidean
manifold. We first prove a two-term Weyl formula, improving previously
known remainder estimates. Subsequently, we show that under a geomet-
ric assumption on the Hamiltonian flow at infinity, there is a refined Weyl
asymptotics with three terms. The proof of the theorem uses a careful
analysis of the flow behaviour in the corner component of the bound-
ary of the double compactification of the cotangent bundle. Finally, we
illustrate the results by analysing the operator Q = (1 + |x|2)(1 − Δ) on
R

d.
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1. Introduction

Let (X, g) be a d-dimensional asymptotically Euclidean manifold. More explic-
itly, X belongs to a class of compact manifolds with boundary, whose interior
is equipped with a Riemannian metric g which assumes a specific form close
to the boundary ∂X (see Definition 29 in Section A.1 of “Appendix”). The
elements of such class are also known as scattering manifolds, asymptotically
conic manifolds, or manifolds with large conic ends. A typical example is the
unit ball Bd, equipped with a scattering metric.

On X, we consider a self-adjoint positive operator P , elliptic in the SG-
calculus of order (m,n) with m,n ∈ (0,∞).1 By the compact embedding of

1We refer to Sect. 2, (4) and (5) for the precise definitions.
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weighted Sobolev spaces, the resolvent is compact, and hence, the spectrum of
P consists of a sequence of eigenvalues

0 < λ1 ≤ λ2 ≤ · · · → +∞.

The goal of this article is to study the Weyl law of P , that is, the asymp-
totics of its counting function,

N(λ) = #{j : λj < λ}. (1)

Hörmander [18] proved, for a positive elliptic self-adjoint classical pseu-
dodifferential operator of order m > 0 on a compact manifold, the Weyl law

N(λ) = γ · λ
d
m + O

(
λ

d−1
m

)
, λ → +∞.

It was pointed out that, in general, this is the sharp remainder esti-
mate, since the exponent of λ in the remainder term cannot be improved for
the Laplacian on the sphere. It was subsequently shown by Duistermaat and
Guillemin [15] that, under a geometric assumption, there appears an additional
term γ′λ(d−1)/m and the remainder term becomes o(λ(d−1)/m).

In the case of SG-operators on manifolds with cylindrical ends (see Defi-
nition 41 and the relationship with asymptotically Euclidean manifolds at the
end of Section A.4 of “Appendix”), the leading order of the Weyl asymptotics
was found by Maniccia and Panarese [22]. Battisti and Coriasco [3] improved
the remainder estimate to O(λd/ max{m,n}−ε) for some ε > 0. For m �= n, Cori-
asco and Maniccia [10] proved the general sharp remainder estimate. We recall
that R

d is the simplest example of manifold with one cylindrical end.
In Theorem 1, we prove the analogue of Hörmander’s result for m = n.

This provides a more precise remainder term compared to the earlier result
given in [3]. If the geodesic flow at infinity generated by the corner component
pψe of the principal symbol of P is sufficiently generic, we have an even more
refined estimate, parallel to the Duistermaat–Guillemin theorem, described in
Theorem 2.

Theorem 1. Let P ∈ Op SGm,m
cl (X), m > 0, be a self-adjoint, positive, elliptic

SG-classical pseudodifferential operator on an asymptotically Euclidean man-
ifold X, and N(λ) its associated counting function. Then, the corresponding
Weyl asymptotics reads as

N(λ) = γ2λ
d
m log λ + γ1λ

d
m + O

(
λ

d−1
m log λ

)
.

If Xo is a manifold with cylindrical ends, then the coefficients γj, j = 1, 2,
are given by

γ2 =
TR

(
P− d

m

)

m · d
,

γ1 = T̂Rx,ξ

(
P− d

m

)
−

TR
(
P− d

m

)

d2
,

where TR and T̂Rx,ξ are suitable trace operators on the algebra of SG-operators
on X.
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Theorem 2. Let P ∈ Op SGm,m
cl (X) and N(λ) be as in Theorem 1. Denote by

pψe the corner component of the principal symbol of P . If the set of periodic
orbits of the Hamiltonian flow of Xf , f = (pψe)

1
m , has measure zero on Wψe,

then we have the estimate

N(λ) = γ2λ
d
m log λ + γ1λ

d
m + γ0λ

d−1
m log λ + o

(
λ

d−1
m log λ

)
, (2)

with the coefficients γ2 and γ1 given in Theorem 1, and

γ0 =
TR

(
P− d−1

m

)

m · (d − 1)
,

if Xo is a manifold with cylindrical ends.

Remark 3. The trace operators TR and T̂Rx,ξ appearing in Theorems 1 and 2
were introduced in [3], see also Section A.3. in “Appendix”. The coefficient γ0

can be calculated as the Laurent coefficient of order −2 at s = d − 1 of ζ(s),
the spectral ζ-function associated with P .

Remark 4. To our best knowledge, this is the first result of a logarithmic Weyl
law with the remainder being one order lower than the leading term. (We
refer, for example, to [2] for a discussion of other settings with logarithmic
Weyl laws.)

Remark 5. In view of the analysis at the end of Section A.4 in “Appendix”,
we can apply our results to SG-operators on the manifold X = B

d, equipped
with an arbitrary scattering metric g, that is, to SG-operators on the manifold
with one cylindrical end R

d, identified with (Bd)o by radial compactification.

Next, we apply our results to the model operator P associated with the
symbol p(x, ξ) = 〈x〉·〈ξ〉, 〈z〉 =

√
1 + |z|2, z ∈ R

d, that is, P = 〈·〉
√

1 − Δ. In
particular, we observe that the condition on the underlying Hamiltonian flow
in Theorem 2 is not satisfied and compute explicitly the coefficients γ1 and γ2.

Theorem 6. Let P = 〈·〉 〈D〉 ∈ Op SG1,1
cl (Rd). Then,

N(λ) = γ2λ
d log λ + γ1λ

d + O(λd−1 log λ).

Here, the coefficients are

γ2 =
[vol(Sd−1)]2

(2π)d
· 1
d
,

γ1 = − [vol(Sd−1)]2

(2π)d
· 1
d

·
[
Ψ

(
d

2

)
+ γ +

1
d

]
,

where γ = lim
n→+∞

(
n∑

k=1

1
k

− log n

)
is the Euler–Mascheroni constant and

Ψ(x) =
d

dx
log Γ (x) (3)

is the digamma function.
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This implies that the Weyl asymptotics of the operator

Q = (1 + |x|2)(1 − Δ)

is given by

N(λ) =
γ2

2
λ

d
2 log λ + γ1λ

d
2 + O

(
λ

d−1
2 log λ

)
,

with the same coefficients given in Theorem 6.

Remark 7. It could be conjectured that many operators satisfying the assump-
tions of Theorem 1 also satisfy the additional geometric requirement which
allows to obtain the refined Weyl formula (2) (cf. [14] for a proof of such fact
in a different setting). However, we remark that it is still an open problem to
construct explicitly an operator fulfilling the hypotheses of Theorem 2.

Remark 8. Operators like Q arise, for instance, as local representations of
Schrödinger-type operators of the form H = −Δh + V on manifolds with
ends, for appropriate choices of the metric h and potential V (see Section A.4
in “Appendix” for a description of this class of manifolds adopted, e.g. in
[3,22]). We just sketch an example of construction of such an operator (see
[8, Example 5.21] for the details). Consider the cylinder C = {(u, v, z) ∈
R

3 : u2 + v2 = 1, z > 1} = S
1 × (1,+∞) ⊂ R

3 as the model of an end. Pulling
back to the metric h on C the metric h′ on R

3 given by h′ = 4−1diag(z2 〈z〉−n
,

z2 〈z〉−n
, 4 〈z〉−n), n > 0, it turns out that, in suitable local coordinates

x = (x1, x2) ∈ R
2 on C, the Laplace–Beltrami operator has the form

Δh = (1 + x2
1 + x2

2)
n
2 (∂2

x1
+ ∂2

x2
) = 〈x〉n

Δ,

with Δ the standard Laplacian. Choosing then, in local coordinates, V (x) =
〈x〉n, we find

H = −Δh + V = 〈x〉n (1 − Δ).

It is straightforward to see that H ∈ Op SG2,n
cl and it is elliptic (see

Sect. 2), as claimed.

The proofs of Theorems 1 and 2 are broken into two parts. First, we will
establish a connection between the wave trace near t = 0 and the zeta function,
to calculate the coefficients of the wave trace. Then, we use a parametrix
construction to relate the wave trace to the counting function.

The paper is organized as follows. In Sect. 2, we fix most of the nota-
tion used throughout the paper and recall the basic elements of the calculus of
SG-classical pseudodifferential operators, the associated wavefront set, and the
computation of the parametrix of Cauchy problems for SG-hyperbolic opera-
tors of order (1, 1). In particular, we quickly recall the invariance properties
of the SG-calculus. In Sect. 3, we consider the wave trace of a SG-classical
operator P of order (1, 1). Section 4 is devoted to study the relation between
the wave trace and the spectral ζ-function of P . In Sect. 5, we prove our main
Theorems 1 and 2, while in Sect. 6, we examine the example given by the
model operator P = 〈·〉 〈D〉 and prove Theorem 6. For the convenience of
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the reader, we conclude with an “Appendix”, including a few facts concern-
ing asymptotically Euclidean manifolds and manifolds with cylindrical ends,
including a comparison of the two notions at the end of Section A.4. We also
give a short summary of the various trace operators and SG-Fourier integral
operators.

2. SG-Calculus

The Fourier transform F : S(Rd) → S(Rd) is defined by

(Fu)(ξ) = û(ξ) =
∫

e−ixξ u(x) dx, u ∈ S(Rd),

and extends by duality to a bounded linear operator F : S ′(Rd) → S ′(Rd).
The set of pseudodifferential operators A = aw(x,D) = Opw(a) :

S(Rd)→S ′(Rd) on R
d with Weyl symbol a ∈ S ′(R2d) can be defined through

the Weyl quantization2

Au(x) = (2π)−d

∫∫
ei(x−y)ξa((x + y)/2, ξ)u(y)dy dξ, u ∈ S(Rd). (4)

A smooth function a ∈ C∞(Rd ×R
d) is a SG-symbol of order (mψ,me) ∈

R
2, and we write a ∈ SGmψ,me(R2d), if for all multiindices α, β ∈ N

d
0, there

exists Cαβ > 0 such that, for all x, ξ ∈ R
d,

∣∣∣∂α
x ∂β

ξ a(x, ξ)
∣∣∣ ≤ Cαβ 〈ξ〉mψ−|β| 〈x〉me−|α|

. (5)

The space SGmψ,me(R2d) becomes a Fréchet space with the seminorms
being the best constants in (5). The space of all SG-pseudodifferential opera-
tors of order (mψ,me) is denoted by

Op SGmψ,me(Rd) = {Opw(a) : a ∈ SGmψ,me(R2d)}.

The corresponding calculus was established in the 70s by Cordes and
Parenti (see, for example, [4,32]). The letter “G” in the notation, after the
usual initial “S” for “symbol space”, stands for “global”. This calculus of
symbols of product type, globally defined on R

d, was also considered by Shubin
(see [38]). Actually, the SG-calculus on R

d is a special case of the Weyl calculus
(see [19, Sections 18.4-18.6]), associated with the slowly varying Riemannian
metric on R

2d given by

g(y,η)(x, ξ) = 〈y〉−2 |x|2 + 〈η〉−2 |ξ|2

(see, for example, [26, p. 71]; see also [8, Section 2.3] for more general SG-
classes of symbols and operators on R

d as elements of the Weyl calculus).

2The formula involving integrals only holds true for a ∈ S(R2d), but the quantization can
be extended to any a ∈ S′(R2d), using the Fourier transform, the pullback by linear trans-
formations, and the Schwartz kernel theorem.
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We list below some basic properties of SG-symbols and operators. (We
refer to, for example, [4] and [30, Section 3.1] for an overview of the SG-
calculus.) Some more information is provided in “Appendix”, for the conve-
nience of the reader.

1. Op SG(Rd) =
⋃

(mψ,me)∈R2

Op SGmψ,me(Rd) is a graded *-algebra; its ele-

ments are linear continuous operators from S(Rd) to itself, extendable to
linear continuous operators from S ′(Rd) to itself;

2. the differential operators of the form
∑

|α|≤me,|β|≤mψ

aα,βxαDβ , me,mψ ∈ N0, (6)

are SG operators of order (mψ,me);
3. if A ∈ Op SG0,0(Rd), then A extends to a bounded linear operator

A : L2(Rd) → L2(Rd);

4. there is an associated scale of SG-Sobolev spaces (also known as Sobolev–
Kato spaces), defined by

Hsψ,se(Rd) = {u ∈ S ′(Rd) : ‖ 〈·〉se 〈D〉sψ u‖L2(Rd) < ∞},

and for all mψ,me, sψ, se ∈ R the operator A ∈ Op SGmψ,me(Rd) extends
to a bounded linear operator

A : Hsψ,se(Rd) → Hsψ−mψ,se−me(Rd);

5. the inclusions Hsψ,se(Rd) ⊂ Hrψ,re(Rd), sψ ≥ rψ, se ≥ re, are contin-
uous, compact when the order components inequalities are both strict;
moreover, the scale of the SG-Sobolev spaces is global, in the sense that

⋃
sψ,se

Hsψ,se(Rd) = S ′(Rd),
⋂

sψ,se

Hsψ,se(Rd) = S(Rd);

6. an operator A = Opw(a) ∈ Op SGmψ,me(Rd) is elliptic if its symbol a is
invertible for |x| + |ξ| ≥ R > 0, and χ(|x| + |ξ|)[a(x, ξ)]−1 is a symbol
in SG−mψ,−me(R2d), where χ ∈ C∞(R) with χ(t) = 1 for t > 2R and
χ(t) = 0 for t < R;

7. if A ∈ Op SGmψ,me(Rd) is an elliptic operator, then there is a parametrix
B ∈ Op SG−mψ,−me(Rd) such that

AB − I ∈ Op SG−∞,−∞(Rd), BA − I ∈ Op SG−∞,−∞(Rd).

2.1. SG-Classical Symbols

We first introduce two classes of SG-symbols which are homogeneous in the
large with respect either to the variable or the covariable. For any ρ > 0,
x0 ∈ R

d, we let Bρ(x0) = {x ∈ R
d : |x − x0| < ρ} and we fix a cut-off

function ω ∈ C∞
c (Rd) with ω ≡ 1 on the ball B 1

2
(0). For proofs, we refer to

[30, Section 3.2].
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1. A symbol a = a(x, ξ) belongs to the class SGmψ,me

cl(ξ) (R2d) if there exist
functions amψ−i,·(x, ξ), i = 0, 1, . . ., homogeneous of degree mψ − i with
respect to the variable ξ, smooth with respect to the variable x, such
that,

a(x, ξ) −
M−1∑
i=0

(1 − ω(ξ)) amψ−i,·(x, ξ) ∈ SGmψ−M,me(R2d), M = 1, 2, . . .

2. A symbol a belongs to the class SGmψ,me

cl(x) (R2d) if a ◦ R ∈ SGme,mψ

cl(ξ) (R2d),
where R(x, ξ) = (ξ, x). This means that a(x, ξ) has an asymptotic expan-
sion into homogeneous terms in x.

Definition 9. A symbol a is called SG-classical, and we write a ∈ SGmψ,me

cl(x,ξ) (R2d)
= SGmψ,me

cl (R2d), if the following two conditions hold true:

(i) there exist functions amψ−j,·(x, ξ), homogeneous of degree mψ − j with
respect to ξ and smooth in x, such that (1 − ω(ξ))amψ−j,·(x, ξ) ∈
SGmψ−j,me

cl(x)

(R2d) and

a(x, ξ) −
M−1∑
j=0

(1 − ω(ξ)) amψ−j,·(x, ξ) ∈ SGmψ−M,me

cl(x) (R2d), M = 1, 2, . . . ;

(ii) there exist functions a·,me−k(x, ξ), homogeneous of degree me − k with
respect to the x and smooth in ξ, such that (1 − ω(x))a·,me−k(x, ξ) ∈
SGmψ,me−k

cl(ξ) (R2d) and

a(x, ξ) −
M−1∑
k=0

(1 − ω(x)) a·,me−k(x, ξ) ∈ SGmψ,me−M

cl(ξ) (R2d), M = 1, 2, . . .

Note that the definition of SG-classical symbol implies a condition of
compatibility for the terms of the expansions with respect to x and ξ. In fact,
defining σψ

mψ−j and σe
me−i on SGmψ,me

cl(ξ) and SGmψ,me

cl(x) , respectively, as

σψ
mψ−j(a)(x, ξ) = amψ−j,·(x, ξ), j = 0, 1, . . . ,

σe
me−k(a)(x, ξ) = a·,me−k(x, ξ), k = 0, 1, . . . ,

it possible to prove that (cf. [30, (3.2.7)])

amψ−j,me−k = σψe
mψ−j,me−k(a) = σψ

mψ−j(σ
e
me−k(a)) = σe

me−k(σψ
mψ−j(a))

for all j, k ∈ N0.
Moreover, the composition of two SG-classical operators is still classical.

For A = Op a ∈ Op SGmψ,me

cl (Rd), the triple

σ(A) = (σψ(A), σe(A), σψe(A)) = (aψ, ae, aψe).
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where

σψ(A)(x, ξ) = aψ(x, ξ) = amψ,·

(
x,

ξ

|ξ|

)
,

σe(A)(x, ξ) = ae(x, ξ) = a·,me

(
x

|x| , ξ
)

,

σψ,e(A)(x, ξ) = aψe(x, ξ) = amψ,me

(
x

|x| ,
ξ

|ξ|

)
,

is called the principal symbol of A. This definition keeps the usual multiplica-
tive behaviour; that is, for any A ∈ Op SGmψ,me

cl (Rd), B ∈ Op SGrψ,re

cl (Rd),
(mψ,me), (rψ, re) ∈ R

2, the principal symbol of AB is given by

σ(AB) = σ(A) · σ(B),

where the product is taken componentwise. Proposition 10 allows to express
the ellipticity of SG-classical operators in terms of their principal symbol.

Fixing a cut-off function ω ∈ C∞
c (Rd) as above, we define the principal

part of a to be

ap(x, ξ) = (1 − ω(ξ))aψ(x, ξ) + (1 − ω(x))(ae(x, ξ) − (1 − ω(ξ))aψe(x, ξ)).
(7)

2.2. SG-Wavefront Sets

We denote by W the disjoint union

W = Wψ � We � Wψe = (Rd × S
d−1) � (Sd−1 × R

d) � (Sd−1 × S
d−1),

which may be viewed as the boundary of the (double) radial compactification
of the phase space T ∗

R
d � R

d × R
d (see, for example, [4] and “Appendix”).

Therefore, it is natural to define smooth functions on W as follows:

C∞(W) = {(fψ, fe, fψe) ∈ C∞(Wψ) × C∞(We) × C∞(Wψe) :

lim
λ→∞

fψ(λx, ξ) = lim
λ→∞

fe(x, λξ) = fψe(x, ξ) for all (x, ξ) ∈ S
d−1 × S

d−1}.

By restriction, the principal symbol can be defined as a map σ : SGmψ,me

cl

(R2d) � a �→ σ(a) ∈ C∞(W).

Proposition 10. An operator A ∈ Op SGmψ,me

cl (Rd) is elliptic if and only if
σ(A)(x, ξ) �= 0 for all (x, ξ) ∈ W.

For A ∈ Op SGmψ,me

cl (Rd) we define the following sets (see [9,27]):

1. the elliptic set

ellSG(A) = {(x, ξ) ∈ W : σ(A)(x, ξ) �= 0},

2. the characteristic set

ΣSG(A) = W\ ellSG(A),
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3. the operator SG-wavefront set WF′
SG(A) ⊂ W, via its complement:

(x, ξ) /∈ WF′
SG(A) if there exists B ∈ Op SG0,0

cl (Rd) such that (x, ξ) ∈
ellSG(B) and AB ∈ Op SG−∞,−∞(Rd). More concisely,

WF′
SG(A) =

⋂

B∈Op SG0,0
cl

AB∈Op SG−∞,−∞

ΣSG(B).

The SG-wavefront set of a distribution u ∈ S ′(Rd) is defined as

WFSG(u) =
⋂

A∈Op SG0,0
cl

Au∈S(Rd)

ΣSG(A),

see [4,9,27]. Following the concept of wavefront space by Cordes (see [4, Sect.
2.3]) and the approach in [9], we will decompose the SG-wavefront set of u ∈
S ′(Rd) into its components in W, namely,

WFSG(u)=(WFψ
SG(u),WFe

SG(u),WFψe
SG(u)), WF•

SG(u) ⊂ W•, • ∈ {ψ, e, ψe}.

Then, we have that

WFψ
SG(u) = WFcl(u),

where WFcl(u) is the classical Hörmander’s wavefront set.
The SG-wavefront set is well behaved with respect to the Fourier trans-

form (see, for example, [9, Lemma 2.4]):

(x, ξ) ∈ WFSG(u) ⇐⇒ (ξ,−x) ∈ WFSG(û).

2.3. Complex Powers

As in the case of closed manifolds, it is possible to define complex powers of SG-
pseudodifferential operators. We will only review the crucial properties of com-
plex powers for a positive elliptic self-adjoint operator A ∈ Op SGmψ,me

cl (Rd),
mψ,me > 0. For the definition and proofs of the following properties, we refer
to [3, Proposition 2.8, Theorems 3.1 and 4.2] (cf. also [23,35]).

(i) AzAs = Az+s for all z, s ∈ C.
(ii) Ak = A ◦ . . . ◦ A︸ ︷︷ ︸

k times

for k ∈ N0.

(iii) If A ∈ Op SGmψ,me

cl (Rd), then Az ∈ Op SGmψ Re z,me Re z
cl (Rd).

(iv) If A is a classical SG-operator, then Az is classical and its principal
symbol is given by

σ(Az) = σ(A)z.

(v) For Re z < −d · min{1/me, 1/mψ}, Az is trace class.
For any A = Op(a) ∈ Op SGmψ,me

cl (Rd) as above, the full symbol3 of Az

will be denoted by

a(z) ∈ Op SGmψ Re z,me Re z
cl (Rd).

3For the definition of the zeta function, it does not matter which quantization we choose.
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Let s ∈ C with Re(s) > max{d/me, d/mψ}. Using the property (v), it is
possible to define ζ(s) by

ζ(s) = Tr A−s =
∫

KA−s(x, x)dx = (2π)−d

∫∫
a(x, ξ;−s)dxdξ, (8)

where KAz is the Schwartz kernel of Az. We note that the ζ-function may be
written as

ζ(s) =
∞∑

j=1

λ−s
j .

with (λj)j∈N the sequence of eigenvalues of A.

Theorem 11. (Battisti–Coriasco [3]) The function ζ(s) is holomorphic for
Re(s) > d ·max{1/mψ, 1/me}. Moreover, it can be extended as a meromorphic
function with possible poles at the points

s1
j =

d − j

mψ
, j = 0, 1, . . . , s2

k =
d − k

me
, k = 0, 1, . . .

Such poles can be of order two if and only if there exist integers j, k such that

s1
j =

d − j

mψ
=

d − k

me
= s2

k. (9)

2.4. Parametrix of SG-Hyperbolic Cauchy Problems

Let P ∈ Op SG1,1
cl (Rd) be a self-adjoint positive elliptic operator. By the con-

struction from [11, Theorem 1.2] (cf. also [5,6,9]), it is possible to calculate a
suitable parametrix for the Cauchy problem associated with the wave equation,
namely

{
(i∂t − P )u(t, x) = 0

u(0, x) = u0(x).
(10)

The solution operator of (10) exists by the spectral theorem and is
denoted by U(t) = e−itP = [Fλ→t(dE)](t), where dE is the spectral mea-
sure of P . There exists a short-time parametrix Ũ(t), which is given by a
regular family of SG-Fourier integral operators of type I (cf. Section A.2 in
“Appendix”), defined through the integral kernel

KŨ(t)(x, y) = (2π)−d

∫
ei(φ(t,x,ξ)−yξ)ã(t, x, ξ)dξ, (11)

where ã ∈ C∞((−ε, ε),SG0,0
cl ) with ã(0) − 1 ∈ SG−∞,−∞ and φ ∈ C∞((−ε, ε),

SG1,1
cl ).

The parametrix Ũ(t) solves the wave equation (10) in the sense that
ũ(t, x) = [Ũ(t)u0](x) satisfies

{
(i∂t − P )ũ(t) ∈ C∞((−ε, ε),S(Rd))

ũ(0) − u0 ∈ S(Rd).
(12)
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By a Duhamel argument, U(t)−Ũ(t) ∈ C∞((−ε, ε),L(S ′(Rd),S(Rd))), (cf. [10,
Theorem 16], [14, p. 284]). Since the error term is regularizing, we obtain that

KU(t)(x, y) = (2π)−d

∫
ei(φ(t,x,ξ)−yξ)a(t, x, ξ)dξ, (13)

for a ∈ C∞((−ε, ε),SG0,0
cl ) with a(0) = 1 (cf. [7, Lemma 4.14]).

Let p be the principal part of the full Weyl-quantized symbol of P . The
phase function φ satisfies the eikonal equation{

∂tφ(t, x, ξ) + p(x, φ′
x(t, x, ξ)) = 0

φ(0, x, ξ) = xξ.
(14)

This implies that we have a Taylor expansion in t of the form

φ(t, x, ξ) = xξ − tp(x, ξ) + t2C∞(Rt,SG1,1
cl ) (15)

for t small enough.
For any f ∈ C∞(R2d), we define the Hamiltonian vector field by

Xf = 〈∂xf, ∂ξ〉 − 〈∂ξf, ∂x〉

and we denote its flow by t �→ exp(tXf ). For P ∈ Op SG1,1
cl (Rd), we will

collectively denote by Xσ(P ) the Hamiltonian vector fields on W• generated by
σ•(P ), • ∈ {ψ, e, ψe}, and by t �→ exp(tXσ(P )) the three corresponding flows.

By the group property, U(t+s) = U(t)U(s), we can extend propagation of
singularities results for small times to t ∈ R. In [9], the propagation of the SG-
wavefront set under the action of SG-classical operators and operator families
like U(t) has been studied. In particular, the following theorem was proved
there, by means of SG-Fourier integral operators (see also [8] and the principal-
type propagation result for the scattering wavefront set [27, Proposition 7]).

Theorem 12. Let u0 ∈ S ′(Rd) and U(t) = e−itP . Then,

WF•
SG(U(t)u0) ⊆ Φ•(t)(WF•

SG(u0)),

where Φ• is the smooth family of canonical transformations on W• generated
by σ•(φ) with • ∈ {ψ, e, ψe}.

Remark 13. In view of (15), Theorem 12 can also be stated in the following
way: For any u0 ∈ S ′(Rd) and t ∈ (−ε/2, ε/2), WF•

SG(U(t)u0) ⊂ exp(tXσ•(p))
(WF•

SG(u0)), where • ∈ {ψ, e, ψe}, and Xf is the Hamiltonian vector field
generated by f . In the sequel, we will express this fact in the compact form

WFSG(U(t)u0) ⊂ exp(tXσ(p))(WFSG(u0)), u0 ∈ S ′(Rd), t ∈ R.

2.5. SG-Operators on Manifolds

In the 80s, Schrohe [34] introduced the class of SG-manifolds, whose elements
admit C∞ structures associated with finite atlases, where the changes of coor-
dinates satisfy suitable estimates of SG-type. This class includes non-compact
manifolds, namely, for instance, the Euclidean space Rd, the infinite-holed torus
(see, for example, [36, Page 25]), and the manifolds with ends (see, for example,
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[36, Page 27]), including those considered in [3,22] (see Section A.4 in “Appen-
dix”). In particular, Schrohe showed that the concepts of Schwartz functions
and distributions, as well as of weighted Sobolev space, have an invariant
meaning on SG-manifolds, and the same holds true for SG-operators. In fact,
the corresponding symbol and operator classes are preserved by the admissible
changes of coordinates (cf. also [5, Section 4.4], for an alternative proof of this
property). Maniccia and Panarese [22] considered a class of manifolds with
ends and showed that a type of SG-classical operators can be defined there,
with the principal symbol triple having an invariant meaning. In [3], this was
employed, with reference to SG-classical operators locally described by the
symbols recalled in Sect. 2.1, to study the ζ-function of SG-operators on man-
ifolds with ends satisfying suitable ellipticity properties, as well as to extend to
such environment the concepts of Wodzicki residue and of the trace operators
introduced by Nicola [31]. The latter appear in the statements of Theorems 1
and 2. The classical SG-operators have also been employed by Schulze (see,
for example, [37]), with the terminology symbols with exit behaviour, in some
steps of the construction of pseudodifferential calculi on singular manifolds.

Melrose [26,27] introduced the so-called scattering calculus on asymptot-
ically Euclidean manifolds. As it can be seen in the quoted references (see,
for example, [26, Sect. 6.3]), up to a different choice of compactification with
respect to the one we employ (cf. Section A.1 in “Appendix”), and an opposite
sign for the e-order of the symbols (that is, the order with respect to the x
variable), the operators belonging to the scattering calculus are locally repre-
sented by SG pseudodifferential operators. In particular, the principal symbol
of the classical operators has an invariant meaning, and the same holds true
for the wavefront set (about the latter, see also the comparison in [9, Section 6]
between the scattering wavefront set and the SG-wavefront set on R

d recalled
in Sect. 2.2).

In view of the above observations about the invariance property of the SG-
calculus on asymptotically Euclidean manifolds, in the sequel we will mostly
work and prove our results for the locally defined operators, that is, on R

d,
with the global results following by a partition of unity and local coordinates
argument.

3. Wave Trace

We fix a positive elliptic operator P ∈ Op SG1,1
cl (Rd) with ψe-principal symbol

pψe = σψe(P ). By the compactness of the embedding of SG-Sobolev spaces,
we have that the resolvent (λ − P )−1 is compact for λ > 0, and hence, there
exists an orthonormal basis {ψj} of L2 consisting of eigenfunctions of P with
eigenvalues λj with the property that

0 < λ1 ≤ λ2 ≤ · · · → +∞.
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Therefore, the spectral measure is given by dE(λ) =
∑∞

j=1 δλj
(λ) 〈·, ψj〉 ψj ,

where δμ is the delta distribution centred at μ, and we have that

N(λ) = Tr
∫ λ

0

dE(λ) = TrEλ.

The wave trace w(t) is (formally) defined as

w(t) = Tr U(t) =
∞∑

j=1

e−itλj .

As usual, w(t) is well defined as a distribution by means of integration by parts
and the fact that P−N is trace class for N > d (cf. Schrohe [35, Theorem 2.4]).
Theorem 12 directly implies Lemma 14.

Lemma 14. Choose t0 ∈ R. Let Γ ⊂ W be an open subset and such that[
exp(tXσ(P ))(Γ )

]
∩ Γ = ∅, for all t ∈ (t0 − δ, t0 + δ) and δ > 0 small. Then,

for all B ∈ Op SG0,0
cl (Rd) with WF′

SG(B) ⊂ Γ , and all t ∈ (t0 − δ, t0 + δ), we
have that BU(t)B ∈ L(S ′(Rd),S(Rd)).

We will show that the improvement of the Weyl law is only related to
the corner component

{t ∈ R : exp(tXσψe(P ))(x, ξ) = (x, ξ) for some (x, ξ) ∈ Wψe}.

The structure of the singularities of w(t) is more involved. This comes
from the fact that the boundary at infinity is not a manifold or equivalently
the flow is not homogeneous. In contrast to the case of a closed manifold, the
distribution w(t) will not be a conormal distribution near 0, but it turns out
that it is a log-polyhomogeneous distribution.

Let ε > 0 as in Sect. 2.4 and choose a function χ ∈ S(R) with supp χ̂ ⊂
(−ε, ε) and χ̂ = 1 on (−ε/2, ε/2).

Proposition 15. Let B ∈ Op SG0,0
cl and denote by NB(λ) = Tr(EλBB∗) the

microlocalized counting function. There exist coefficients wjk ∈ R with k ∈ N0

and j ∈ {0, 1} independent of χ such that

(NB ∗ χ)(λ) ∼
∞∑

k=0

∑
j=0,1

wjkλd−k(log λ)j (16)

as λ → ∞.

Remark 16. Note that [F(N ′
B)](t) = Tr(U(t)BB∗).

Proof. From Sect. 2.4, through the calculus of SG FIOs (see [5] and Section A.2
in “Appendix”), we obtain that there is a parametrix Ũ(t) for U(t) and we
have the local representation of the kernel

KU(t)BB∗(x, y) = (2π)−d

∫
ei(φ(t,x,ξ)−yξ)a(t, x, ξ) dξ

for t ∈ (−ε, ε). The amplitude satisfies σ(a(0)) = σ(BB∗).
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Set

TB(t) = χ̂(t)Tr(U(t)BB∗).

By the previous remark, we have that TB(t) is the Fourier transform of (N ′
B ∗

χ)(λ). We will now calculate the inverse Fourier transform of TB .
Using the Taylor expansion of the phase function, we have that

φ(t, x, ξ) = xξ + tψ(t, x, ξ),

where ψ is smooth in t. Formally, we can write the trace as

TB(t) = (2π)−dχ̂(t)
∫

eitψ(t,x,ξ)a(t, x, ξ) dxdξ.

We proceed as in Hörmander [20, pp. 254–256], and we set

ÃB(t, λ) = (2π)−dχ̂(t)
∫

{−ψ(t,x,ξ)≤λ}
a(t, x, ξ)dxdξ. (17)

Note that ellipticity implies that ÃB(t, λ) < ∞.
Set X = B

d and scT
∗
X = B

d × B
d with boundary defining functions ρX

and ρΞ as explained in Section A.1 of “Appendix”, and let

u(t, x, ξ) = (2π)−dχ̂(t)a(t, x, ξ) dxdξ.

Under the compactification ι2 = ι × ι : Rd × R
d → B

d × B
d = scT

∗
X, we have

that

(ι2)∗u ∈ ρ−d
X ρ−d

Ξ C∞(scT
∗
X, bΩ).

In the language of Melrose [25], (ι2)∗u ∈ AK
phg(

scT
∗
X, bΩ) with index set K

given by K({ρX = 0}) = K({ρΞ = 0}) = (−d + N0) × {0}.
It follows from (17) that

∂λÃB(t, λ) =
∫

−ψ=λ

u

= 〈(−ψ)∗u, δλ〉 .

The function ψ̃(t) = (ι ◦ (−ψ) ◦ ι−1
2 )(t) : scT

∗
X → B

1 =: R is a b-fibration
with exponent matrix (1, 1) since the symbol ψ is of order (1, 1). Hence, the
Push–Forward Theorem (cf. Melrose [25] and Grieser and Gruber [17]) implies
that

(ι ◦ (−ψ))∗u ∈ Aψ#K
phg (R, bΩ),

where ψ#K = −d + N0 × {0, 1}. Recall that the bundle bΩ is generated by
ρ−1dρ and dyj near the boundary {ρ = 0}.

Pulling this distribution back to R and pairing with δλ, we obtain the
asymptotics

∂λÃB(t, λ) ∼
∞∑

k=0

∑
j=0,1

ajk(t)λd−1−k(log λ)j + O(λ−∞),
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where the coefficients ajk are smooth and compactly supported in t. Defining
AB(λ) = eiDtDλÃB(t, λ)|t=0, we find

TB(t) =
∫

R

e−itλ∂λAB(λ)dλ.

The above calculation implies that ÃB and AB have the asymptotics

AB(λ) =
∞∑

k=0

∑
j=0,1

wjkλd−k(log λ)j + O(λ−∞).

We conclude that

(NB ∗ χ)(λ) =
∫ λ

−∞
F−1

t→λ{TB}(λ) dλ

= AB(λ)

=
∞∑

k=0

∑
j=0,1

wjkλd−k(log λ)j + O(λ−∞).

We note that the coefficients are determined by derivatives of ÃB(t, λ)
at t = 0 and since χ̂ = 1 near t = 0, the specific choice of χ does not change
the coefficients. �

4. Relation with the Spectral ζ-Function

As in the case of pseudodifferential operators on closed manifolds (cf. Duister-
maat and Guillemin [15, Corollary 2.2]), the wave trace at t = 0 is related to
the spectral ζ-function. This relation extends to the SG setting.

Recall that for a positive self-adjoint elliptic operator P ∈ Op SG1,1
cl (Rd),

the function ζ(s) is defined for Re s > d by

ζ(s) = TrP−s.

In addition, we consider the microlocalized version of ζ(s), defined by

ζB(s) = Tr(P−sBB∗) =
∞∑

j=1

λ−s
j ‖B∗ψj‖2, Re s > d,

for B ∈ Op SG0,0
cl . Of course, ζI(s) = ζ(s).

By Theorem 11, ζ(s) admits a meromorphic continuation to C with poles
of maximal order two at d − k, k ∈ N0. This result extends to ζB(s), and we
characterize the Laurent coefficients in terms of the wave trace expansion at
t = 0.

Proposition 17. The function ζB(s) extends meromorphically to C and has at
most poles of order two at the points d − k, k ∈ N0. We have the expansion

ζB(s) =
A2,k

[s − (d − k)]2
+

A1,k

s − (d − k)
+ f(s),
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where f is holomorphic near s = d − k and

A2,k = (d − k)w1k,

A1,k = w1k + (d − k)w0k,
(18)

where the wjk, k ∈ N0, j = 0, 1, are the coefficients appearing in the asymptotic
expansion (16) of NB(λ).

Proof. The meromorphic continuation and the possible location of the poles
follow from similar arguments as in [3, Theorem 3.2] (see also the proof of
Proposition 19). Hence, we only have to show that the poles are related to
NB(λ).

Let ε ∈ (0, λ1) be sufficiently small. Choose an excision function χ ∈
C∞(R) such that χ(λ) = 0 for λ < ε and χ(λ) = 1 for λ ≥ λ1. Set χs(λ) =
χ(λ)λ−s. Then, using Remark 16,

ζB(s) = 〈N ′
B , χs〉 =

〈
Tr(U(t)BB∗),F−1(χs)

〉
.

Let ρ ∈ S(R) such that ρ is positive, ρ̂(0) = 1, ρ̂ ∈ C∞
c (R), and ρ is even.

By an argument similar to the one in [15, Corollary 2.2], we have that

ζB(s) − 〈N ′
B ∗ ρ, χs〉 =

〈
(1 − ρ̂)Tr(U(t)BB∗),F−1(χs)

〉

is entire in s and polynomially bounded for Re s > C.
Now, we can insert the asymptotic expansion of N ′

B ∗ ρ to calculate the
residues of ζB(s). Taking the derivative of (16), we see that the asymptotic
expansion of N ′

B ∗ ρ is given by

(N ′
B ∗ ρ)(λ) =

N∑
k=0

∑
j=0,1

Aj+1,kλd−k−1(log λ)j + o(λd−1−N ) (19)

for any N ∈ N0 and Aj,k are given by (18).
Let k ∈ N0 be arbitrary. If f ∈ C∞(R) with f(λ) = O(λd−k−1 log λ) as

λ → ∞, then
∫

f(λ)χ(λ)λ−sdλ is bounded and holomorphic in s for Re s >
d − k. Let

I(s) =
∫

λd−k−1χ(λ)λ−sdλ.

By partial integration, we obtain

I(s) =
ψ(s)

s − (d − k)
.

where ψ(s) =
∫

λd−k−sχ′(λ)dλ is holomorphic and ψ(d − k) = 1. Therefore,
we have∫

λd−k−s−1(A1,k + A2,k log λ)χ(λ)dλ = −A2,kI ′(s) + A1,kI(s).

Hence, the integral near s = d − k is given by

∫
λd−k−s−1(A1,k + A2,k log λ)χ(λ)dλ =

A2,k

[s − (d − k)]2
+

A1,k

s − (d − k)
+ f(s),
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where f is holomorphic in a neighbourhood of s = d−k. This shows that Ak,2

and Ak,1 as defined by (18) are the Laurent coefficients of ζ(s) at s = d−k. �

The main advantage in employing the ζ-function is that the coefficients
are easier to calculate than for the wave trace.

Proposition 18. Let B ∈ Op SG0,0
cl with principal ψe-symbol bψe. The function

ζB(s) has a pole of order two at s = d with leading Laurent coefficient

(2π)−d

∫

Sd−1

∫

Sd−1
[pψe(θ, ω)]−d · bψe(θ, ω)dθ dω.

Proof. This follows from the same arguments as in [3, Theorems 3.2 and 4.2]
(cf. the proof of Proposition 19), with the modification that the full symbol is
a(z) = p(z)#b, where p(z) denotes the full symbol of P z. The principal ψe-
symbol of A(z) = P zB is given by az,z(x, ξ; z) = [pψe(x, ξ)]z · bψe(x, ξ). �

For the three-term asymptotics, we compute the third coefficient more
explicitly.

Proposition 19. Let p(s) = p(x, ξ; s) be the full symbol of P s. The leading
Laurent coefficient of ζ(s) at s = d − 1 is given by

A2,1 = (2π)−d

∫

Sd−1

∫

Sd−1
p−d,−d(θ, ω;−d + 1)dθ dω = TR(P−(d−1)).

Remark 20. The equality A2,1 = TR(P−(d−1)) also holds on any manifold
with cylindrical ends.

Proof. The second equality follows directly from Proposition 40 in “Appen-
dix”.

As in [3], we split the zeta function into four parts

ζ(s) =
4∑

j=1

ζj(s),

where, for Re s > d,

ζj(s) = (2π)−d

∫

Ωj

p(x, ξ;−s)dxdξ

and

Ω1 = {(x, ξ) : |x| ≤ 1, |ξ| ≤ 1}, Ω2 = {(x, ξ) : |x| ≤ 1, |ξ| > 1},

Ω3 = {(x, ξ) : |x| > 1, |ξ| ≤ 1}, Ω4 = {(x, ξ) : |x| > 1, |ξ| > 1}.

Let us recall the main aspects of the proof of the properties of the four
terms ζj(s), j = 1, . . . , 4, shown in [3].

1. ζ1(s) is holomorphic, since we integrate p(−s), a holomorphic function
in s and smooth with respect to (x, ξ), on a bounded set with respect to
(x, ξ).
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2. Let us first assume Re s > d. Using the expansion of p(−s) with M ≥ 1
terms homogeneous with respect to ξ, switching to polar coordinates in
ξ and integrating the radial part, one can write

ζ2(s) = (2π)−d
M−1∑
j=0

1
s − (d − j)

∫

|x|≤1

∫

Sd−1
p−s−j,·(x, ω;−s)dωdx

+ (2π)−d

∫∫

Ω2

r−s−M,·(x, ξ;−s)dξdx.

Notice that the last integral is convergent and provides a holomorphic
function in s. Arguing similarly to the case of operators on smooth, com-
pact manifolds, ζ2(s) turns out to be holomorphic for Re(s) > d, extend-
able as a meromorphic function to the whole complex plane with, at most,
simple poles at the points s1

j = d − j, j = 0, 1, 2, . . .
3. Using now the expansion of p(−s) with respect to x, exchanging the role

of variable and covariable with respect to the previous point, again first
assuming Re s > d and choosing M ≥ 1, one can write

ζ3(s) = (2π)−d
M−1∑
k=0

1
s − (d − k)

∫

Sd−1

∫

|ξ|≤1

p·,−s−k(θ, ξ;−s)dξdθ

+ (2π)−d

∫∫

Ω3

t·,−s−M (x, ξ;−s)dξdx.

Arguing as in point 2, ζ3(s) turns out to be holomorphic for Re s > d,
extendable as a meromorphic function to the whole complex plane with,
at most, simple poles at the points s2

k = d − k, k = 0, 1, 2, . . .
4. To treat the last term, both the expansions with respect to x and with

respect to ξ are needed. We assume that Re s > d and choose M ≥ 1.
We argue as in point 2 to obtain

ζ4(s) = (2π)−d
M−1∑
j=0

1
s − (d − j)

∫

|x|≥1

∫

Sd−1
p−s−j,·(x, ω;−s)dωdx

+ (2π)−d

∫∫

Ω4

r−s−M,·(x, ξ;−s)dξdx.

Now, we introduce the expansion with respect to x, switching to polar
coordinates and integrating the x-radial variable in the homogeneous
terms, for both integrals

∫

|x|≥1

∫

Sd−1
p−s−j,·(x, ω;−s)dωdx

=
M−1∑
k=0

1
s − (d − k)

∫

Sd−1

∫

Sd−1
p−s−j,−s−k(θ, ω;−s)dθdω

+
∫

|x|≥1

∫

Sd−1
t−s−j,−s−M (x, ω;−s)dxdω
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and ∫∫

Ω4

r−s−M,·(x, ξ;−s)dξdx

=
M−1∑
k=0

1
s − (d − k)

∫

Sd−1

∫

|ξ|≥1

r−s−M,−s−k(θ, ξ;−s)dξdθ

+
∫∫

Ω4

r−s−M,−s−M (x, ξ;−s)dxdξ.

We end up with

ζ4(s) =
M−1∑
k=0

M−1∑
j=0

1
s − (d − j)

1
s − (d − k)

Ik
j (s)

+
M−1∑
j=0

1
s − (d − j)

RM
j (s) +

M−1∑
k=0

1
s − (d − k)

Rk
M (s) + RM

M (s),

where

Ik
j (s) = (2π)−d

∫

Sd−1

∫

Sd−1
p−s−j,−s−k(θ′, θ;−s)dθdθ′,

and Rj
M , RM

k , RM
M are holomorphic in s for Re s > M +d, j, k = 0, . . . ,M − 1.

It follows that ζ4(s) is holomorphic for Re(s) > d and can be extended as a
meromorphic function to the whole complex plane with, at most, poles at the
points s1

j = d− j, s2
k = d−k with j, k ∈ N0. Clearly, such poles can be of order

two if and only if j = k (cf. Theorem 11).
In view of the properties of ζ(s) recalled above, the limit

lim
s→d−1

[s − (d − 1)]2ζ(s) = lim
s→d−1

[s − (d − 1)]2ζ4(s) = I1
1 (d − 1)

proves the desired claim. �

5. Proof of the Main Theorems

We choose a positive function ρ ∈ S(R) such that ρ̂(0) = 1, supp ρ̂ ⊂ [−1, 1],
and ρ is even. For T > 0, we set ρT (λ) := Tρ(Tλ), which implies that ρ̂T (t) =
ρ̂(t/T ). Let ν > 0 be arbitrary. Then, it is possible to prove the next Tauberian
theorem by following the proof in [33, Appendix B].

Theorem 21. (Tauberian theorem) Let N : R → R such that N is monoton-
ically non-decreasing, N(λ) = 0 for λ ≤ 0, and is polynomially bounded as
λ → +∞. If

(∂λN ∗ ρT )(λ) ≤ C1λ
ν log λ, λ ≥ T−1

for C1 > 0, then

|N(λ) − (N ∗ ρT )(λ)| ≤ C C1T
−1λν log λ, λ ≥ T−1.
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Proof of Theorem 1. The first part of Theorem 1 follows directly from the
Tauberian theorem and Proposition 15, due to the identity

[F(N ′)](t) = Tr e−itP

and using a partition of unity to locally represent U(t) = e−itP as a smooth
family of SG-Fourier integral operators, as discussed in Sect. 2.4. To calculate
the coefficients wj,0, we use Proposition 17, to see that

w1,0 =
A2,0

d
,

w0,0 =
A1,0

d
− A2,0

d2
.

From the definition of the traces, recalled in Definition 39 in “Appendix” (see
also [3, p. 247]), we have that

A2,0 = TR(P−d),

A1,0 = d · T̂Rx,ξ(P−d),

which gives the claimed coefficients. �
To prove Theorem 2 it suffices to prove that

N(λ) = (N ∗ ρ)(λ) + o(λd−1 log λ),

where (N ∗ ρ)(λ) is obtained through Propositions 15 and 17.
We define the microlocal return time function Π : W → R+ ∪ {∞} by

Π(x, ξ) = inf{t > 0: exp(tXσ(P ))(x, ξ) = (x, ξ)},

and Π(x, ξ) = ∞ if no such t exists. For a set Γ ∈ W, we set ΠΓ = infz∈Γ Π(z).
We will need a microlocalized version of the Poisson relation.

Proposition 22. Let Γ ⊂ W and χ̂ ∈ C∞
c (R) with supp χ̂ ⊂ (0,ΠΓ ). For all

B ∈ Op SG0,0
cl with WF′

SG(B) ⊂ Γ , we have that

χ̂(t)Tr(U(t)BB∗) ∈ C∞
c (R).

In particular, (χ ∗ N ′
B)(λ) ∈ O(λ−∞).

The proof is a standard argument (cf. Wunsch [39]) and is only sketched
here.

Proof of Proposition 22. For t0 ∈ supp χ̂ and (x, ξ) ∈ Γ , we choose a conic
neighbourhood U of (x, ξ) such that

[Φ(t)U ] ∩ U = ∅
for all t ∈ (t0 − ε, t0 + ε) with ε > 0 sufficiently small. The existence of
this neighbourhood is guaranteed by the conditions on Γ and supp χ̂. Choose
B̃ ∈ Op SG0,0

cl with WF′
SG(B̃) ⊂ U . Lemma 14 implies that for any k ∈ N,

∂k
t

(
B̃U(t)B̃

)
= B̃P kU(t)B̃ ∈ L(S ′(Rd),S(Rd)),

hence B̃U(t)B̃ and all its derivatives are trace class. We obtain the claim by
using a partition of unity. �
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We also define the modified return time

Π̃(x, ξ) = max{Π(x, ξ), ε},

where ε is given as in (12), and set Π̃Γ = infz∈Γ Π̃(z). The main tool to prove
Theorem 2 is Proposition 23.

Proposition 23. It holds true that

lim sup
λ→∞

|N(λ) − (N ∗ ρ)(λ)|
λd−1 log λ

≤ C

∫

Wψe

Π̃(x, ξ)−1 dS

p1,1(x, ξ)
.

Proof of Theorem 2. The claim follows immediately by Proposition 23, since
the assumptions imply that Π(x, ξ)−1 = 0 almost everywhere on Wψe. From
Proposition 19, we obtain the coefficient γ0. �

Proof of Proposition 23. Consider an open covering {Γ •
j } of W with • ∈ {ψ,

e, ψe} and j ∈ {1, · · · , n•} such that Γψ
j ⊂ Wψ and Γ e

j ⊂ We do not intersect
Wψe, and Γψe

j ∩ Wψe �= ∅.
We consider a partition of unity on the level of operators such that

I =
nψ∑
j=1

Aψ
j (Aψ

j )∗ +
ne∑

j=1

Ae
j(A

e
j)

∗ +
nψe∑
j=1

Aψe
j (Aψe

j )∗ + R,

where Aψ
j ∈ Op SG0,−∞

cl , Ae
j ∈ Op SG−∞,0

cl , Aψe
j ∈ Op SG0,0

cl , and R ∈ L(S ′,S).
Furthermore, we assume that WF′

SG(A•
j ) ⊂ Γ •

j .
Inserting the partition of unity into the counting function yields

N(λ) =
nψ∑
j=1

Nψ
j (λ) +

ne∑
j=1

Ne
j (λ) +

nψe∑
j=1

Nψe
j (λ) + Tr(EλR),

where as before N•
j (λ) = TrEλA•

j (A
•
j )

∗ =
∑

λk<λ ‖(A•
j )

∗ψk‖2. Here, ψk are
the eigenfunctions of P with eigenvalue λk.

Since Ae
j and Aψe

j have wavefront set near the boundary of X, we can
choose local coordinates such that Ae

j and Aψe
j become SG-operators on R

d

of order (−∞, 0) and (0, 0), respectively. As in the proof of Theorem 1, the
parametrix of the wave equation then is locally a smooth family of SG-Fourier
integral operators.

The asymptotics for Nψ
j and Ne

j are standard and follow from similar
arguments as in Hörmander [18], exchanging the roles of variable and covari-
able for Ne

j . We can also adapt the proof of Proposition 15. By observing that
for Ne

j (λ) and Nψ
j (λ), the amplitude is supported only near one boundary

face, we obtain

(Ne
j ∗ ρ)(λ) ∼

∞∑
k=0

Ce,j,kλd−k,

(Nψ
j ∗ ρ)(λ) ∼

∞∑
k=0

Cψ,j,kλd−k.
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Using the standard Tauberian theorem [33, Theorem B.2.1] yields

(Ne
j ∗ ρ)(λ) = (Ne

j ∗ ρ)(λ) + O(λd−1),

(Nψ
j ∗ ρ)(λ) = (Nψ

j ∗ ρ)(λ) + O(λd−1).

The operator EλR is regularising; thus, its trace is uniformly bounded.
We arrive at

N(λ) − (N ∗ ρ)(λ) =
nψe∑
j=1

[
Nψe

j (λ) − (Nψe
j ∗ ρ)(λ)

]
+ O(λd−1).

It remains to estimate the terms Nψe
j (λ) − (Nψe

j ∗ ρ)(λ). For this, let

Πj = inf
(x,ξ)∈Γ ψe

j

Π(x, ξ), Π̃j = max{Πj , ε}.

For 1/T < ε, we have by Proposition 15 that

(Nψe
j ∗ ρ)(λ) ∼

∞∑
k=0

∑
j=0,1

wjkλd−k(log λ)j .

This implies that the derivative is given by

(∂λNψe
j ∗ ρ)(λ) = d · w1,0λ

d−1 log λ + O(λd−1),

where w1,0 is given by Proposition 18. Namely,

w1,0 =
1
d

∫

Sd−1

∫

Sd−1
[pψe(θ, ω)]−d · |σψe(Aψe

j )(θ, ω)|2dθ dω.

Together with Proposition 22, this implies that

(Nψe
j ∗ ρT )(λ) = (Nψe

j ∗ ρ)(λ) + O(λ−∞)

=
∞∑

k=0

∑
j=0,1

wjkλd−k(log λ)j + O(λ−∞)

for 1/T < Π̃j .
Applying the Tauberian theorem to Nψe

j ∗ ρT yields

|Nψe
j (λ) − (Nψe

j ∗ ρ)(λ)|
λd−1 log λ

� Π̃−1
j

∫

Sd−1

∫

Sd−1
|σψe(Aψe

j )(ω, θ)|2p1,1(ω, θ)−ddθ dω

for λ ≥ Π̃j . Taking the lim sup and summing over all j gives

lim sup
λ→∞

|N(λ) − (N ∗ ρ)(λ)|
λd−1 log λ

�
nψe∑
j=1

Π̃−1
j

∫

Sd−1

∫

Sd−1
|σψe(Aψe

j )(ω, θ)|2p1,1(ω, θ)−ddθ dω.

The right-hand side is an upper Riemann sum; therefore, we obtain the claim
by shrinking the partition of unity. �
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6. An Example: The Model Operator P = 〈·〉 〈D〉
In this section, we will consider the case of the operator P = 〈·〉 〈D〉 on R

d.
First, we compute the full symbol of P near the corner:

〈x〉 〈ξ〉 = |x| · |ξ| ·
(

1 +
1

|x|2
) 1

2
(

1 +
1

|ξ|2
) 1

2

= |x| · |ξ| ·
∞∑

j,k=0

(
1
2
j

)(
1
2
k

)
(−1)j+k 1

|x|2j · |ξ|2k

=
∞∑

j,k=0

(
1
2
j

)(
1
2
k

)
(−1)j+k|x|1−2j · |ξ|1−2k.

It follows that pψe(x, ξ) = σψe(P )(x, ξ) = |x||ξ|, pψ(x, ξ) = |ξ| 〈x〉, and
pe(x, ξ) = |x| 〈ξ〉.

We have to investigate the flow of the principal symbol pψe in the corner.
The Hamiltonian vector field on R

2d is given by

Xpψe
= ∂ξpψe∂x − ∂xpψe∂ξ.

First, we show that the angle between x and ξ is invariant under the flow. This
follows from

∂t 〈x, ξ〉 = 〈∂tx, ξ〉 + 〈x, ∂tξ〉

=
|x|
|ξ| 〈ξ, ξ〉 − |ξ|

|x| 〈x, x〉

= |x||ξ| − |x||ξ| = 0.

Hence, the quantity

c = c(x0, ξ0) =
〈x0, ξ0〉
|x0||ξ0|

is preserved by the flow. The Hamiltonian flow Φψe(t) : Wψe → Wψe is given
by the angular part.

Lemma 24. The differential equation for ω = x/ |x| and θ = ξ/ |ξ| describing
the Hamiltonian flow Φψe(t) : Wψe → Wψe is given by

{
∂tω = −cω + θ

∂tθ = −ω + cθ.
(20)

Proof. We observe that

∂t
x(t)
|x(t)| =

∂tx(t)
|x(t)| − x(t)∂t |x(t)|

|x(t)|2
.

The calculation of ∂t|x| is straightforward:

∂t |x| =
〈x, ξ〉
|x| |ξ| · |x| =

〈x0, ξ0〉
|x0| |ξ0|

· |x| ,
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This implies

∂t
x(t)
|x(t)| =

ξ(t)
|ξ(t)| − c

x(t)
|x(t)| ,

as claimed. The second equation follows likewise. �

Proposition 25. The return time function Π : Wψe → R is given by

Π(ω, θ) =

⎧
⎪⎨
⎪⎩

2π√
1 − 〈ω, θ〉2

, 〈ω, θ〉2 �= 1

0, 〈ω, θ〉2 = 1.

Proof. The system of differential equations (20) decomposes into d decoupled
systems of the form

∂tυ(t) = Aυ(t),

where

A =
(

−c 1
−1 c

)

We note that the eigenvalues of the matrix A are given by λ± =
±i

√
1 − c2. Thus, we have that the fundamental solution to the differential

equation (20) for (ω, θ) is given by

S ·
(

e−it
√

1−c2 Id 0
0 eit

√
1−c2 Id

)
· S−1

for some unitary matrix S = S(c). The claim follows by choosing the minimal
t > 0 with t

√
1 − c2 ∈ 2πZ and noting that c = 〈ω(0), θ(0)〉 = 〈ω0, θ0〉 for

ω0, θ0 ∈ S
d−1. �

Remark 26. Proposition 25 shows that Theorem 2 cannot be applied to P .
Nevertheless, we calculate γ0 in Proposition 28.

Proof of Theorem 6. By the Weyl law, Theorem 1, we have that

N(λ) = γ2λ
d log λ + γ1λ

d + O(λd−1 log λ).

So it remains to calculate the corresponding Laurent coefficients of ζ(s). By
Proposition 40, we have

γ2 =
TR(P−d)

d
=

Trψ,e(P−d)
d

=
(2π)−d

d

∫

Sd−1

∫

Sd−1
pψe(θ, ω)−ddθ dω

=
(2π)−d

d

∫

Sd−1

∫

Sd−1
dθ dω

=
[vol(Sd−1)]2

(2π)d

1
d
.



Weyl Law on Asymptotically Euclidean Manifolds

Again by Proposition 40,

γ1 = T̂Rx,ξ(P−d) − TR(P−d)
d2

=
1
d

(
1
d
T̂Rθ(P−d) + T̂rψ(P−d) + T̂re(P−d) − 1

d
TR(P−d)

)

First, we note that T̂Rψ(P−d) = T̂Re(P−d) and the last term we already
calculated for γ2. We recall that pψe = 1 on S

d−1 × S
d−1. Thus, we have for

T̂Rθ(P−d) that

T̂Rθ(P−d) =
1

(2π)d

∫

Sd−1

∫

Sd−1
pψe(θ, ω)−d log

(
pψe(θ, ω)−d

)
dθ dω

= 0.

This implies

γ1 =
2 · T̂Re(P−d)

d
− TR(P−d)

d2
. (21)

Hence, we only have to calculate T̂Re(P−d):

T̂Re(P−d) =
1

(2π)d
lim

τ→+∞

{∫

Sd−1

∫

|ξ|≤τ

pe(θ, ξ)−ddθ dξ

− (log τ)
∫

Sd−1

∫

Sd−1
pψe(θ, ω)−ddθ dω

}

=
vol(Sd−1)2

(2π)d
lim

τ→+∞

[
vol(Sd−1)−1

∫

|x|≤τ

〈x〉−d dx − log τ

]
.

Using polar coordinates, we see that

vol(Sd−1)−1

∫

|x|≤τ

〈x〉−d dx =
∫ τ

0

(1 + r2)−d/2rd−1dr.

Now, we perform a change of variables r = t−
1
2 ⇔ t = r−2 > 0, so that

∫ τ

0

(1 + r2)− d
2 rd−1 dr =

1
2

∫ +∞

τ−2
(t + 1)− d

2 t−1 dt

=
1
2

∫ +∞

τ−2

dt

t(t + 1)
− 1

2

∫ +∞

τ−2

[
(1 + t)−1 − (t + 1)− d

2

] dt

t
.

For Re z > 0, we have that (cf. [16, #8.36])

Ψ(z) =
∫ +∞

0

[
(1 + t)−1 − (t + 1)−z

] dt

t
− γ,
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where Ψ(z) is the digamma function, defined by (3). By elementary computa-
tions, we obtain

∫ +∞

τ−2

dt

t(t + 1)
+ log τ−2 = lim

κ→+∞

[
log

κ

κ + 1
− log τ−2 + log(1 + τ−2)

]

+ log τ−2

= log(1 + τ−2) −→ 0 for τ → +∞.

Hence, we have that

lim
τ→+∞

[
vol(Sd−1)−1

∫

|x|≤τ

〈x〉−d dx − log τ

]

=
1
2

lim
τ→∞

[∫ +∞

τ−2

dt

t(t + 1)
+ log τ−2

]

− 1
2

lim
τ→∞

∫ +∞

τ−2

[
(1 + t)−1 − (t + 1)− d

2

] dt

t

= −1
2

[Ψ(d/2) + γ] .

Summing up, we have obtained

γ1 = − [vol(Sd−1)]2

(2π)d

1
d

·
[
Ψ

(
d

2

)
+ γ +

1
d

]
. (22)

The proof is complete. �

Remark 27. Using the properties of the function Ψ , we can make (22) more
explicit. Indeed (see, for example, [16, #8.366, page 945]), we find:

γ1 =

⎧
⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

− [vol(Sd−1)]2

(2π)d

1
d

⎛
⎝1

d
+ 2

d−1
2∑

k=1

1
2k − 1

− 2 log 2

⎞
⎠, if d is odd,

− [vol(Sd−1)]2

(2π)d

1
d

⎛
⎝1

d
+

d
2 −1∑
k=1

1
k

⎞
⎠ , if d is even.

In particular, we have that

γ1 =

⎧
⎪⎨
⎪⎩

− 2
π

(1 − 2 log 2), d = 1,

−1
4
, d = 2.

Even though the coefficient γ0 does not appear in the Weyl law of P , for
the sake of completeness we show that it is not hard to compute in this case.

Proposition 28. For the operator P = 〈·〉 〈D〉, we have that γ0 = 0.

Proof. To calculate γ0, we switch to Weyl quantization. Letting pw(x,D) = P ,
the symbol p has an asymptotic expansion

p = pψe + p0,0 mod SG−1,0 + SG0,−1,



Weyl Law on Asymptotically Euclidean Manifolds

where p0,0(x, ξ) = 〈x,ξ〉
|x||ξ| is the subprincipal symbol of p. Hence, for the symbol

of P d−1 = [aw(x,D)]d−1 we find an asymptotic expansion

pd−1 = (pψe)d−1 + (d − 1)(pψe)d−2p0,0 mod SGd−3,d−2 + SGd−2,d−3 .

This implies for the symbol p−d+1 of the inverse of [pw(x,D)]d−1 that

p−d+1 = (pψe)−d+1 − (d − 1)
p0,0

(pψe)d
mod SG−d−1,−d + SG−d,−d−1 .

Therefore, by Propositions 17 and 19, we have that

γ0 =
1

d − 1
A2,1

= −(2π)−d

∫

Sd−1

∫

Sd−1

p0,0

(pψe)d
dθ dω

= −(2π)−d

∫

Sd−1

∫

Sd−1
〈θ, ω〉 dθ dω = 0.

�

Acknowledgements

We would like to thank R. Schulz for many helpful discussions and various
remarks on the manuscript. We are grateful to the anonymous Referees, for
their comments, suggestions and constructive criticism.

Funding Open access funding provided by Università degli Studi di Torino
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Appendix A. Classical Operators on Asymptotically Euclidean
Manifolds

A.1. Scattering Geometry

We refer the reader to, for example, [7,28] for a detailed study of scattering
geometry and recall here only a few definitions and notation.

Definition 29. An asymptotically Euclidean manifold (X, g) is a compact man-
ifold with boundary X, whose interior is equipped with a Riemannian metric g
that is supposed to take the form, in a tubular neighbourhood of the boundary,

g =
dρ2

X

ρ4
X

+
g∂

ρ2
X

,

where ρX is a boundary defining function and g∂ ∈ C∞(X,Sym2 T ∗X) restricts
to a metric on ∂X.

We set B
d = {x ∈ R

d : |x| ≤ 1} and denote ∂Bd = S
d−1, (Bd)o = {x ∈

R
d : |x| < 1}, and R+ = (0,∞). Pick any diffeomorphism ι : Rd → (Bd)o that

for |x| > 3 is given by

ι : x �→ x

|x|

(
1 − 1

|x|

)
.

Then, its inverse is given, for |y| ≥ 2
3 , by

ι−1 : y �→ y

|y| (1 − |y|)−1.

The map ι is called the radial compactification map. The associated polar
coordinates equip R

d with a differential structure “at infinity”. Indeed, intro-
ducing polar coordinates (r, ϕ) ∈ R

d we see that ι is simply given (for large r)
by

r �→ 1 − 1
r

and ϕ �→ ϕ. (23)

Denote by x �→ [x] any smooth function R
d → R+ that coincides with

|x| for |x| > 3. Then, the map B
d → [0,∞) given by y �→ 1

[ι−1(y)] =: ρBd is a
boundary defining function for Bd. Notice that, for |y| > 2/3, the map y �→ ρBd

is simply given by y �→ (1 − |y|). In a collar neighbourhood of the boundary,
0 ≤ ρBd < 1/3, the metric induced by these coordinates from the standard
Euclidean metric on R

d is given by

g =
dρ2

Bd

ρ2
Bd

+
gSd−1

ρ4
Bd

,

where gSd−1 is the (lifted) standard metric on the (d − 1)-sphere.
For any compact manifold with boundary X with boundary defining func-

tion ρX , we define the space of scattering vector fields scV(x) := ρX
bV(X),

where bV(X) is the space of tangential vector fields. There is a natural vector
bundle, scTX such that the sections of scTX are exactly the scattering vector
fields. The dual bundle is the scattering cotangent bundle, scT ∗X. Using the
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fibrewise radial compactification, we obtain a manifold with corners scT
∗
X

with boundary defining functions ρX and ρΞ.
The new-formed fibre boundary may be identified with a rescaling of the

cosphere bundle, called scS∗X. Since X is a compact manifold with boundary,
scT

∗
X is a compact manifold with corners. The boundary W of scT

∗
X splits

into three components:

We := scT ∗
∂XX, Wψ := scS∗

XoX, Wψe := scS∗
∂XX.

It can be shown (cf. [7, Section 1], in particular Example 1.14) that, under
the above identification of Rd with the interior of Bd, the SG-classical symbols
spaces SGmψ,me

cl (Rd) become ρ−me

X ρ
−mψ

Ξ C∞(Bd × B
d).

Let X be an asymptotically Euclidean manifold, the SG-classical symbols
of order mψ,me ∈ R are given by

SGmψ,me

cl (X) = ρ−me

X ρ
−mψ

Ξ C∞(scT
∗
X).

Using local coordinates, one can define SG-operators, which is denoted
by Op SGcl(X), on general asymptotically Euclidean manifolds, see Melrose
[27, Definition 3].4

Let a ∈ ρ−me

X ρ
−mψ

Ξ C∞(scT
∗
X), and set f = ρme

X ρ
mψ

Ξ a. The symbols σ•(a)
of a at a point p = (ρX , x, ρΞ, ξ) ∈ W• are defined by

σψ(a)(ρX , x, ρΞ, ξ) = ρ−me

X ρ
−mψ

Ξ f(ρX , x, 0, ξ), p ∈ Wψ,

σe(a)(ρX , x, ρΞ, ξ) = ρ−me

X ρ
−mψ

Ξ f(0, x, ρΞ, ξ), p ∈ We,

σψe(a)(ρX , x, ρΞ, ξ) = ρ−me

X ρ
−mψ

Ξ f(0, x, 0, ξ), p ∈ Wψe.

The principal symbol σ(a) ∈ C∞(W) is the triple

σ(a) = (σψ(a), σe(a), σψe(a)).

A symbol a ∈ ρ−me

X ρ
−mψ

Ξ C∞(scT
∗
X) is called elliptic at p ∈ W if σ(a)(p) �= 0

(cf. [26, Section 6.4]).
Melrose and Zworski [29] defined, for a ∈ ρ−me

X ρ
−mψ

Ξ C∞(scT
∗
X), the

Hamiltonian vector field
scXa ∈ ρ−me+1

X ρ
−mψ+1
Ξ

bV(scT
∗
X),

which generalizes the usual Hamiltonian vector field to the compactified scat-
tering cotangent bundle of asymptotically Euclidean manifolds.

For a ∈ ρ−1
X ρ−1

Ξ C∞(scT
∗
X), the Hamiltonian vector field is tangential to

the boundary, and hence, its flow exp(t scXf ) can be restricted to a map

exp(t scXa)|W : W → W

that preserves the components We, Wψ, and Wψe. Note that the flow t �→
exp(t scXa)|W depends only on the principal symbol σ(a) of a.

4Note that Melrose uses the stereographic projection to compactify R
d to S

d
+, but it was

shown in [7, Remark 1.3] that these two compactifications are equivalent. Moreover, the
space Op SGcl is denoted by Ψsc.
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A.2. The Calculus of SG-Fourier Integral Operators

The calculus of Fourier integral operators defined by means of general SG-
symbols was initially studied in [5] and subsequently applied to the analysis of
the corresponding hyperbolic problems in [6]. Their SG-classical counterparts
have been considered in [11]. The theory was expanded along the years, and
such operator class has been studied and employed also by other authors. Some
of the most recent developments in this field have been obtained in the series of
papers [7,12,13] (see also [8] and the references quoted there). In this section,
we recall some basic elements of the calculus of SG Fourier integral operators
on R

d that are involved in the proof of the main results of this paper, relying
on materials appeared, for example, in [1] (see [8] for more general classes of
Fourier integral operators of SG type). Here, we write A � B when A � B
and B � A, where A � B means that A ≤ c · B, for a suitable constant c > 0.
We will also write FIO for Fourier integral operator.

Definition 30. A real-valued function ϕ ∈ C∞(R2d) belongs to the class P of
SG phase functions if it satisfies the following conditions:

1. ϕ ∈ SG1,1(R2d);
2. 〈ϕ′

x(x, ξ)〉 � 〈ξ〉 as |(x, ξ)| → ∞;
3.
〈
ϕ′

ξ(x, ξ)
〉

� 〈x〉 as |(x, ξ)| → ∞.

Functions of class P are those used in the construction of the SG FIOs
calculus. The SG FIOs of type I and type II, Opϕ(a) and Op∗

ϕ(b), are defined
as

u �→ (Opϕ(a)u)(x) = (2π)−n

∫
eiϕ(x,ξ)a(x, ξ)û(ξ) dξ, (24)

and

u �→ (Op∗
ϕ(a)u)(x) = (2π)−n

∫∫
ei(xξ−ϕ(y,ξ))a(y, ξ)u(y) dydξ, (25)

respectively, with ϕ ∈ P and a, b ∈ SGmψ,me , u ∈ S. Operators of type I and
type II with the same phase function and symbol are formal L2-adjoint of each
other. Both operators of type I and type II are linear and continuous on S,
extendable to linear continuous operators on S ′.

Theorem 31 about composition between SG pseudodifferential operators
and SG FIOs was originally proved in [5], see also [8,11].

Theorem 31. Let ϕ ∈ P and assume p ∈ SGsψ,se(R2d), a, b ∈ SGmψ,me(R2d).
Then,

Op(p) ◦ Opϕ(a) = Opϕ(c1 + r1) = Opϕ(c1) mod Op SG−∞,−∞(Rd),

Op(p) ◦ Op∗
ϕ(b) = Op∗

ϕ(c2 + r2) = Op∗
ϕ(c2) mod Op SG−∞,−∞(Rd),

Opϕ(a) ◦ Op(p) = Opϕ(c3 + r3) = Opϕ(c3) mod Op SG−∞,−∞(Rd),

Op∗
ϕ(b) ◦ Op(p) = Op∗

ϕ(c4 + r4) = Op∗
ϕ(c4) mod Op SG−∞,−∞(Rd),

for some cj ∈ SGmψ+sψ,me+se(R2d), rj ∈ SG−∞,−∞(R2d), j = 1, . . . , 4.
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To obtain the composition of SG FIOs of type I and type II, some more
hypotheses are needed, leading to the definition of the class Pr of regular SG
phase functions.

Definition 32. Let r > 0. A function ϕ ∈ P belongs to the class Pr if it satisfies,
for all (x, ξ) ∈ R

2d,

|det(ϕ′′
xξ)(x, ξ)| ≥ r.

Theorem 33 shows that the composition of SG FIOs of type I and type II
with the same regular SG phase functions is a SG pseudodifferential operator,
see [5] for a detailed proof.

Theorem 33. Let ϕ ∈ Pr and assume a ∈ SGmψ,me(R2d), b ∈ SGsψ,se(R2d).
Then,

Opϕ(a) ◦ Op∗
ϕ(b) = Op(c5 + r5) = Op(c5) mod Op SG−∞,−∞(Rd),

Op∗
ϕ(b) ◦ Opϕ(a) = Op(c6 + r6) = Op(c6) mod Op SG−∞,−∞(Rd),

for some cj ∈ SGmψ+sψ,tψ+te(R2d), rj ∈ SG−∞,−∞(R2d), j = 5, 6.

Furthermore, asymptotic formulae can be given for cj , j = 1, . . . , 6, in terms
of ϕ, p, a and b, see [5].

Remark 34. In particular, we have the following first-order expansion of the
symbol of c1, coming from [5]:

c1(x, ξ) = p(x, ϕ′
x(x, ξ))a(x, ξ) + s(x, ξ), s ∈ SGmψ+sψ−1,me+te−1(R2d).

Remark 35. All the results in this section have classical counterparts, that
is, when all the starting symbols and phase functions are SG-classical, the
resulting objects are SG-classical as well, see [11].

Given a symbol p ∈ SG1,1
cl , let us consider the eikonal equation

{
∂tϕ(t, x, ξ) + p(x, ϕ′

x(t, x, ξ)) = 0, t ∈ [0, T ],

ϕ(0, x, ξ) = xξ.
(26)

By the theory developed in [6,11], Proposition 36 holds true.

Proposition 36. For some small enough T0 ∈ (0, T ], Eq. (26) admits a unique
solution ϕ ∈ C1([0, T0],SG1,1

cl (R2d)). Moreover, ϕ(t, x, ξ) ∈ Pr for all 0 ≤ t ≤
T0.

Remark 37. Using the standard procedure for solving hyperbolic evolution
equations modulo regular terms (cf. [6,10,11]), it is possible to construct a
short-time parametrix for e−itP , where P ∈ Op SG1,1

cl .
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A.3. Trace Operators on the SG-Algebra

Various trace functionals on Op SGcl(Rd) were introduced and studied by
Nicola in [31], including a notion of Wodzicki residue. In [3], such concepts
have been extended to SG-classical operators on the class of manifolds with
ends described in Section A.4, see also [23,24]. Here, we recall the definitions
of such functionals in terms of the symbolic structure, as well as their relation
with the spectral ζ-function.

Let A ∈ Op SGmψ,me

cl (Rd) be elliptic, self-adjoint, and positive.5 We set

Trψ,e(A) =
1

(2π)d

∫

Sd−1

∫

Sd−1
a−d,−d(θ, θ′)dθ′dθ =

1
(2π)d

I−d
−d ,

T̂rψ(A) =
1

(2π)d
lim

τ→∞

[ ∫

|x|≤τ

∫

Sd−1
a−d,·(x, θ)dθdx

− (log τ) I−d
−d −

me+d−1∑
k=0

τme−k

(me − k)
Ime−k
−d

]
,

T̂re(A) =
1

(2π)d
lim

τ→∞

[ ∫

Sd−1

∫

|ξ|≤τ

a·,−d(θ, ξ)dξdθ

− (log τ) I−d
−d −

mψ+d−1∑
j=0

τmψ−j

(mψ − j)
I−d
mψ−j

]
,

where, respectively,

Ime−k
−d =

∫

Sd−1

∫

Sd−1
a−d,me−k(θ′, θ)dθdθ′,

I−d
mψ−j =

∫

Sd−1

∫

Sd−1
amψ−j,−d(θ′, θ)dθdθ′.

A further functional T̂Rθ(A) was defined in [3, (3.6)], called angular
term:

T̂Rθ(A) =
1

(2π)n

∫

Sn−1

∫

Sn−1

[
d

dz
amψz−d−mψ,mez−d−me

(z)
]

z=1

(θ, θ′)dθ′dθ.

(27)

Remark 38. In general, it is rather cumbersome to evaluate the angular term
defined in (27). In the case mψ = me = −d, the computation is easier. Indeed,
by [3, Proposition 1.10],

d

dz
a−d z,−d z(z)

∣∣∣∣
z=1

= lim
z→1

a−d z,−d z(z) − a−d,−d

z − 1
= a−d,−d · log(a−d,−d).

One can also define the traces as the residues of the spectral zeta function
(cf. [3, Section 3 and Section 4]). Notice the opposite sign convention for ζ(s) =
Tr A−s in [3].

5As explained in [3], it suffices to assume Λ-ellipticity and some sectoriality conditions on
the spectrum.
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Definition 39. The trace operators TR and T̂Rx,ξ are given by

TR(A) = mψme Res2s=−1 ζ(s) = mψme lim
s→−1

(s + 1)2ζ(s), (28)

T̂Rx,ξ(A) = lim
s→−1

(s + 1)

[
ζ(s) − Res2s=−1 ζ(s)

(s + 1)2

]
. (29)

The following proposition was proved in [3, Theorem 3.3 and Theo-
rem 3.4] with arguments similar to the one employed in the proof of Proposi-
tion 19. It gives the relation between the functionals Trψ,e(A), T̂rψ(A), T̂re(A),
T̂Rθ(A), and the spectral ζ-function of A.

Proposition 40. Let A be as above. Then,

TR(A) = Trψ,e(A), (30)

T̂Rx,ξ(A) = − 1
mψ

T̂rψ(A) − 1
me

T̂re(A) +
1

mψme
T̂Rθ(A). (31)

The functional TR, the Wodzicki residue for the SG-classical operators
setting (cf., e.g. [3,31] and the references therein), can be extended to all SG-
classical operators with integer order in a standard way, cf. [21]. It is also pos-
sible to prove that TR is a trace on the algebra A = Op SGcl /Op SG−∞,−∞,
see again [21].

A.4. Manifolds with Cylindrical Ends

We briefly recall the definition of a class of manifolds with cylindrical
ends given in [3], together with the concepts, in such environment, of
rapidly decreasing function, temperate distribution, SG-calculus, and weighted
Sobolev space. In [3], such notions have been illustrated with slight modifica-
tions with respect to their original definition in [22]. This class of manifolds was
introduced by describing explicitly the admissible atlases, in the spirit of the
definition of SG-manifolds given by Schrohe [34]. Without loss of generality,
to keep notation simpler, we focus on the manifolds with a single cylindrical
end.

Definition 41. A manifold with a cylindrical end of dimension d is a triple
(M,Y, [f ]), where M = M �C C is a d-dimensional smooth manifold and

1. M is a smooth manifold, given by M = (M0\D)∪C with a d-dimensional
smooth compact manifold without boundary M0, D a closed disc of M0,
and C ⊂ D a collar neighbourhood of ∂D in M0;

2. C is a smooth manifold with boundary ∂C = Y , with Y diffeomorphic
to ∂D;

3. f : [δf ,∞)×S
d−1 → C , δf > 0, is a diffeomorphism, f({δf}×S

d−1) = Y ,
and f([δf , δf + εf ) × S

d−1), εf > 0, is diffeomorphic to C;
4. the symbol �C means that we are gluing M and C , through the identi-

fication of C and f([δf , δf + εf ) × S
d−1);
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5. the symbol [f ] represents an equivalence class in the set of functions

{g : [δg, ∞) × S
d−1 → C : g is a diffeomorphism,

g({δg} × S
d−1) = Y and

g([δg, δg + εg) × S
d−1), εg > 0, is diffeomorphic to C}

where f ∼ g if and only if there exists a diffeomorphism Θ ∈ Diff(Sd−1)
such that

(g−1 ◦ f)(ρ, ω) = (ρ,Θ(ω)) (32)

for all ρ ≥ max{δf , δg} and ω ∈ S
d−1.

We use the following notation:
• Uδf

= {x ∈ R
d : |x| > δf};

• Cτ = f([τ,∞) × S
d−1), where τ ≥ δf . The equivalence condition (32)

implies that Cτ is well defined;
• π : Rd\{0} → (0,∞) × S

d−1 : x �→ π(x) =
(
|x|, x

|x|
)
;

• fπ = f ◦π : Uδf
→ C is a parameterization of the end. Let us notice that,

setting F = g−1
π ◦ fπ, the equivalence condition (32) implies

F (x) = |x| Θ
( x

|x|
)
. (33)

We also denote the restriction of fπ mapping Uδf
onto Ċ = C \Y by ḟπ.

The couple (Ċ , ḟ−1
π ) is called the exit chart. If A = {(Ωj , ψj)}N

j=1 is such that
the subset {(Ωj , ψj)}N−1

j=1 is a finite atlas for M and (ΩN , ψN ) = (Ċ , ḟ−1
π ),

then M , with the atlas A , is a SG-manifold (see [34]). An atlas A of such
kind is called admissible. From now on, we restrict the choice of atlases on M
to the class of admissible ones. We introduce the following spaces, endowed
with their natural topologies:

S (Uδ) =

{
u ∈ C∞(Uδ) : ∀α, β ∈ N

n ∀δ′ > δ sup
x∈Uδ′

|xα∂βu(x)| < ∞
}

,

S0(Uδ) =
⋂

δ′↘δ

{u ∈ S (Rd) : suppu ⊆ Uδ′},

S (M) = {u ∈ C∞(M) : u ◦ ḟπ ∈ S (Uδf
) for any exit map fπ},

S ′(M) denotes the dual space of S (M).

M is also tacitly assumed to be endowed with a volume form dμ (for instance,
induced by a Riemannian metric), so that the spaces Lp(M), p ∈ [1,∞], can
be defined as well.

Definition 42. The set SGmψ,me(Uδf
) consists of all the symbols a ∈ C∞(Uδf

)
which fulfill (5) for (x, ξ) ∈ Uδf

× R
d only. Moreover, the symbol a belongs

to the subset SGmψ,me

cl (Uδf
) if it admits expansions in asymptotic sums of

homogeneous symbols with respect to x and ξ as in Definition 9, where the
remainders are now given by SG-symbols of the required order on Uδf

.
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Note that since Uδf
is conical, the definition of homogeneous and classical sym-

bol on Uδf
makes sense. Moreover, the elements of the asymptotic expansions

of the classical symbols can be extended by homogeneity to smooth functions
on R

d\{0}, which will be denoted by the same symbols. It is a fact that, given
an admissible atlas {(Ωj , ψj)}N

j=1 on M , there exists a partition of unity {ϕj}
and a set of smooth functions {χj} which are compatible with the SG-structure
of M , that is (see [34]):

• suppϕj ⊂ Ωj , suppχj ⊂ Ωj , χj ϕj = ϕj , j = 1, . . . , N ;
• |∂α(ϕN ◦ ḟπ)(x)| ≤ Cα|x|−|α| and |∂α(χN ◦ ḟπ)(x)| ≤ Cα|x|−|α| for all

x ∈ Uδf
.

Moreover, ϕN and χN can be chosen so that ϕN ◦ ḟπ and χN ◦ ḟπ

are homogeneous of degree 0 on Uδ. We denote by u∗ the composition of
u : ψj(Ωj) ⊂ R

d → C with the coordinate patches ψj , and by v∗ the composi-
tion of v : Ωi ⊂ M → C with ψ−1

j , j = 1, . . . , N . We now recall the definition
of SG-pseudodifferential operator on M .

Definition 43. Let M be a manifold with a cylindrical end. A linear oper-
ator A : S (M) → S ′(M) is a SG-pseudodifferential operator of order
(mψ,me) on M , and we write A ∈ Op SGmψ,me(M) if, for any admissible
atlas {(Ωj , ψj)}N

j=1 on M with exit chart (ΩN , ψN ):

1. for all j = 1, . . . , N − 1 and any ϕj , χj ∈ C∞
c (Ωj), there exist symbols

aj ∈ Smψ (ψj(Ωj)) such that

(χjAϕj u∗)∗(x)

= (2π)−d

∫∫
ei(x−y)ξχj(x) aj(x, ξ)ϕj(y)u(y)dydξ, u ∈ C∞(ψj(Ωj));

2. for any ϕN , χN of the type described above, there exists a symbol aN ∈
SGmψ,me(Uδf

) such that

(χNAϕN u∗)∗(x)

= (2π)−d

∫∫
ei(x−y)ξχN (x) aN (x, ξ)ϕN (y)u(y)dydξ, u ∈ S0(Uδf

);

3. KA, the Schwartz kernel of A, is such that

KA ∈ C∞((M × M)\Δ
)⋂

S
(
(Ċ × Ċ )\W

)

where Δ is the diagonal of M × M and W = (ḟπ × ḟπ)(V ) with any
conical neighbourhood V of the diagonal of Uδf

× Uδf
.

The most important local symbol of A is aN , which we will also denote af , to
remind its dependence on the exit chart. Our definition of SG-classical operator
on M differs slightly from the one in [22].

Definition 44. Let A ∈ Op SGmψ,me(M). A is a SG-classical operator on M ,
and we write A ∈ Op SGmψ,me

cl (M), if af (x, ξ) ∈ SGmψ,me

cl (Uδf
) and the oper-

ator A, restricted to the manifold M , is classical in the usual sense.



S. Coriasco, M. Doll Ann. Henri Poincaré

Remark 45. Since M is a SG-manifold, the concepts of SG symbols and oper-
ators, as well as of the Schwartz spaces of functions and distributions, are
invariant with respect to the choice of the atlas in the class of admissible ones.
Given the special structure of the exit chart, the same is true also for the
classical SG symbols and operators, see [22].

The principal homogeneous symbol amψ,· of a SG-classical operator A ∈
Op SGmψ,me

cl (M) is of course well defined as a smooth function on T ∗M\0. In
order to give an invariant definition of principal symbol with respect to x of
an operator A ∈ Op SGmψ,me

cl (M), the subbundle T ∗
Y M = {(x, ξ) ∈ T ∗M : x ∈

Y, ξ ∈ T ∗
x M} was introduced. The notion of ellipticity can be extended to

operators on M as well.

Definition 46. Let A ∈ Op SGmψ,me

cl (M), and let us fix an exit map fπ. We
can define local objects amψ−j,me−k, a·,me−k as

amψ−j,me−k(θ, ξ) = af
mψ−j,me−k(θ, ξ), θ ∈ S

d−1, ξ ∈ R
d\{0},

a·,me−k(θ, ξ) = af
·,me−k(θ, ξ), θ ∈ S

d−1, ξ ∈ R
d.

Definition 47. An operator A ∈ Op SGmψ,me

cl (M) is elliptic if the principal
part of af ∈ SGmψ,me(Uδf

) satisfies the SG-ellipticity conditions on Uδf
×R

d

and the operator A, restricted to the manifold M , is elliptic in the usual sense.

Proposition 48. The properties A ∈ Op SGmψ,me(M) and A ∈ Op SGmψ,me

cl (M)
as well as the notions of ellipticity do not depend on the (admissible) atlas.
Moreover, the local functions a·,me

and amψ,me
give rise to invariantly defined

elements of C∞(T ∗
Y M) and C∞(T ∗

Y M\0), respectively.

Then, with any A ∈ Op SGmψ,me

cl (M), it is associated an invariantly
defined principal symbol in three components σ(A) = (amψ,., a.,me

, amψ,me
).

Finally, through local symbols given by pj(x, ξ) = 〈ξ〉sψ , j = 1, . . . , N −1, and
pf (x, ξ) = 〈ξ〉sψ 〈x〉se , sψ, se ∈ R, we get a SG-elliptic operator Πsψ,se

∈
Op SGsψ,se

cl (M) and introduce the (invariantly defined) weighted Sobolev
spaces Hsψ,se(M) as

Hsψ,se(M) = {u ∈ S ′(M) : Πsψ,se
u ∈ L2(M)}.

The properties of the spaces Hsψ,se(Rd) extend to Hsψ,se(M) without
any change, as well as the continuous action on them of the SG-operators.

Proposition 49. ([3])n The zeta function ζ(s) = Tr A−s and the trace oper-
ators TR(A) and T̂Rx,ξ(A) are well defined for any positive elliptic A ∈
Op SGmψ,me

cl (M) on a manifold with cylindrical ends M .

The relationship between manifolds with cylindrical ends and asymptot-
ically Euclidean manifolds is as follows. Let M be a manifold with cylindrical
ends as in Definition 41. Then, we can use the radial compactification and
choose a scattering metric on the compactification X that is compatible with
the SG-structure (see the similar concept of S-manifolds in [4, Sects. 4.1, 4.2]).
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Figure 1. An asymptotically Euclidean manifold X with
∂X ∼= S

d−1 as the compactification of a manifold M with
a cylindrical end. Step (I): decomposition of X. Step (II):
construction of M0. Step (III): construction of M

The boundary ∂X is then a disjoint union of components diffeomorphic to
spheres.

On the other hand, if the boundary of an asymptotically Euclidean man-
ifold (X, g), with boundary defining function ρX , consists of a disjoint union
of components diffeomorphic to spheres, then it is the compactification of a
manifold with cylindrical ends with the same SG-structure (see Fig. 1). In fact,
we may assume without loss of generality that the boundary has a single con-
nected component, that is, ∂X ∼= S

d−1. Choose δ > 0 sufficiently small, and
let U ⊂ X be a relatively open collar neighbourhood of ∂X, with coordinates
φ : [0, δ) × S

d−1 → U , such that ρX(φ(r, θ)) = r for all (r, θ) ∈ [0, δ) × S
d−1

and ρX(x) ≥ δ for x ∈ X\U .
We set M = Xo and C = φ((0, δ/2] × S

d−1), C = φ((δ/4, δ/2] × S
d−1),

and define the local coordinates near the boundary

f : [δf ,∞) × S
d−1 → C

(r, θ) �→ φ(1/r, θ),

where δf = 2/δ.
We find Y = ∂C = {x ∈ M : ρX(x) = δ/2} ∼= S

d−1 ∼= ∂X. Finally,
setting D = B

d, M0 = (X\C ) �Y D, and M = (M0\D) ∪ C, we obtain a
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decomposition of M as in Definition 41 and f satisfies condition (3) of Defi-
nition 41 with εf = 2/δ. Then, (M,Y, [f ]) is a manifold with cylindrical ends.
As in [7, Example 1.14], we see that SGmψ,me(M) ∼= ρ−me

X ρ
−mψ

Ξ C∞(scT
∗
X)

under radial compactification,6 which proves the claim. In this sense, we may
view manifolds with cylindrical ends as a proper subclass of asymptotically
Euclidean manifolds.

To keep this exposition within a reasonable length, and avoid to deviate
from our main focus, the detailed analysis of the extension of some of the
existing results mentioned above, which we employ to prove the main theorems
of this paper, to general asymptotically Euclidean manifolds will be illustrated
elsewhere.
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