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We present a physically motivated parametrization of the chiral-odd generalized parton distributions.
The parametrization is an extension of our previous one in the chiral-even sector which was based on the
Reggeized diquark model. While for chiral-even generalized distributions a quantitative fit with uncertainty
estimation can be performed using deep inelastic scattering data, nucleon electromagnetic, axial and
pseudoscalar form factors measurements, and all available deeply virtual Compton scattering data, the
chiral-odd sector is far less constrained. While awaiting the analysis of measurements on pseudoscalar
mesons exclusive electroproduction which are key for the extraction of chiral-odd GPDs, we worked
out a connection between the chiral-even and chiral-odd reduced helicity amplitudes using parity
transformations. The connection works for quark-parton models including both scalar and axial vector
diquark models, and spectator models in general. This relation allows us to estimate the size of the various
chiral-odd contributions and it opens the way for future quantitative fits.
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I. INTRODUCTION

The proton’s transversity structure functions, h1, or the
probability of finding a transversely polarized quark inside
a transversely polarized proton has notoriously been an
elusive quantity to extract from experiments. Being chirally
odd, it can be observed in either semi-inclusive deep
inelastic scattering (SIDIS) or in the Drell-Yan process
in conjunction with another chiral-odd partner. h1’s flavor
dependence and its behavior in xBj, and in the four-
momentum transfer, Q2, were obtained only relatively
recently from model dependent analyses of SIDIS experi-
ments in a limited kinematical range. Similarly, the various
related chiral-odd transverse momentum distributions
(TMDs) which are necessary to give a complete description
of the proton’s transverse structure [1,2], are hard to extract
from experiment (see [3] and references therein). In Ref. [4]
a new avenue to access transversity was suggested. It was
shown that a class of experiments including deeply virtual
πo production (DVπoP), and more generally deeply virtual
neutral pseudoscalar meson production [5], are directly
sensitive to the chiral-odd GPDs, h1, and the moments of
the chiral-odd TMDs representing their forward limits.
Deeply virtual Compton scattering (DVCS) and deeply

virtual meson production (DVMP) can be described within
QCD factorization, through the convolution of specific
generalized parton distributions (GPDs) and hard scattering
amplitudes. In DVCS and DVMP processes where no net

helicity transfer occurs, one identifies four chiral-even
GPDs, H;E; ~H; ~E [6]. Four additional chiral-odd GPDs
are known to exist by considering twist-2 quark operators
that flip the net helicity by one unit, HT; ET; ~HT; ~ET [7,8].
All GPDs depend on two additional kinematical invariants
besides the parton’s light cone (LC) momentum fraction,
x, and the DVCS process’s four-momentum transfer, Q2,
namely t ¼ Δ2 where Δ ¼ P − P0 is the momentum trans-
fer between the initial and final protons, and ξ, or the
fraction of LC momentum transfer, ξ ¼ Δþ=ðPþ þ P0þÞ
(Fig. 1). The observables containing the various GPDs
are the so-called Compton form factors (CFFs), which are
convolutions over x of GPDs with the struck parton
propagator. The CFFs are complex quantities that depend
on ξ ≈ xBj=ð2 − xBjÞ, t, and Q2. In the forward limit
defined as t → 0, ξ → 0, the spin conserving GPDs,

FIG. 1 (color online). Leading order amplitude for the DVCS/
DVMP processes described in the text. Crossed diagrams are not
shown in the figure.
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Hðx; 0; 0;Q2Þ, ~Hðx; 0; 0;Q2Þ, and HTðx; 0; 0;Q2Þ become
the PDFs, f1ðx;Q2Þ, g1ðx;Q2Þ, and h1ðx;Q2Þ, respectively.
In Ref. [4], after showing howDVπoP can be described in

terms of chiral-odd GPDs, we estimated all of their con-
tributions to thevarious observableswith particular attention
to the ones which were sensitive to the values of the tensor
charge. A sound, fully quantitative model/parametrization
for chiral-odd GPDs was however missing. In this paper we
present such a model. We consider an extension of the
Reggeized diquark model which was already discussed in
detail in the chiral-even sector in Refs. [9,10]. Differently
from the chiral-even case where the GPDs integrate to the
nucleon form factors, andH and ~H have the PDFs f1 and g1
as their forward limits, very little can be surmised on the size/
normalization, and on the t and x dependences of the chiral-
odd GPDs. Few constraints from phenomenology exist.
NamelyHT becomes the transversity structure function, h1,
in the forward limit, and it integrates to the still unknown
tensor charge; the first moment of 2 ~HT þ ET can be
interpreted as the proton’s transverse anomalous magnetic
moment [11], and ~ET’s first moment is null [8,12].
Our approach allows us to overcome this problem and to

estimate more precisely the size of all the chiral-odd GPDs
since, owing to the parity and charge conjugation sym-
metries obeyed by the various helicity structures in the
Reggeized diquark model, we can write approximate
relations between the chiral-even and chiral-odd GPDs.
Although the ultimate goal is to determine the chiral-odd

GPDs from a global analysis on its own merit using all
of the pseudoscalar meson production data, a necessary
intermediate step is to gauge the various contributions to
the cross sections and asymmetries. This paper aims to be a
step in this direction.
A confirmation of the validity of our approach can be

seen in that using our method we obtain as a side result an
estimate of h1 for the u and d quarks which is in line with
current experimental extractions.
A debatable question, and one that perhaps spurred an

additional analysis in Refs. [13,14], is how to treat the πo

production vertex. This is an important issue since the Q2

dependence of DVπoP largely depends on the description
of the process γ�ðqq̄Þ → πo, and experimental evidence to
date shows disagreement with theoretical predictions put
forth prior to Ref. [4]. Within a standard collinear factori-
zation scheme it was initially proposed that (i) factorization
in DVMP works rigorously for longitudinal virtual photon
polarization [15], the transverse polarization case being
yet unproven; (ii) the only coupling that survives at the
pion vertex in the large Q2 limit is of the type γμγ5, the
other possible term ∝ γ5P, being suppressed. The resulting
amplitudes were written in terms of the chiral-even GPDs,
~H and ~E.
In Ref. [4] we took a different approach. We first of

all assumed a form of factorization working for both

longitudinal and transverse virtual photons. Factorization
for transverse polarization has in fact not been disproven
although a dedicated proof is missing.1 We then proposed
an alternative model to the standard one gluon exchange
model first adopted in DVπoP in Refs. [16–19], in con-
nection with collinear factorization for longitudinal virtual
photons. In our model outlined in Ref. [4], the form factor
of the outgoing pseudoscalar meson depends on the JPC

quantum numbers in the t-channel. These were first
introduced in the description of deeply virtual exclusive
processes in Refs. [20] and [21] for the chiral-even and
chiral-odd cases, respectively (for a detailed discussion of
JPC in deeply virtual exclusive processes see e.g. [22]). JPC

quantum numbers provide a way of counting the number
of generalized form factors contributing to the hadronic
tensor. In Ref. [4] we noticed that for pseudoscalar electro-
production one has at leading order JPC ≡ 1−−; 1þ−,
corresponding to either vector (V) or axial vector (A)
fermion-antifermion pairs. This, in turn, corresponds to
2Jþ1LS ≡ 3S1; 1P0. The transition from γ�ðqq̄Þ into πo

(JPC ≡ 0þ−) therefore corresponds to a change of orbital
angular momentum, ΔL ¼ 0 for the vector case, and
ΔL ¼ 1 for the axial vector. Our idea is to introduce
orbital angular momentum in the calculation of the one
gluon exchange mechanism for the transition form factor
by using a technique similar to the one first introduced in
[23] (see also [24]). By doing so we describe the pion
vertex with two form factors, an axial vector type, FAðQ2Þ,
suppressed by Oð1=Q2Þ with respect to the vector one,
FVðQ2Þ. The two form factors enter the helicity amplitudes
for the various processes in different combinations. This
gives rise to a more articulated form of the Q2 dependence,
which is more flexible and apt to describe the features of
the data than the standard one. In particular we can now
understand and reproduce the persistence of a large trans-
verse component in the multi-GeV region.
Our paper is organized as follows: in Sec. II we present

our formalism and we outline the derivation of the helicity
amplitudes entering the cross section for DVπoP, including
both chiral-even and chiral-odd contributions; in Sec. III
we present our model relating the chiral-even to chiral-odd
GPDs; in Sec. IV we present our results for the various
observables; finally in Sec. V we draw our conclusions.

II. FORMALISM

We start by defining GPDs at twist-2 as the matrix
elements of the following projection of the unintegrated
quark-quark proton correlator (see Ref. [25] for a detailed
overview),2

1Leading order factorization in the transverse channel is also
supported by a duality argument for the GPDs’ Regge term
proposed in Ref. [10].

2In what follows we can omit the Wilson gauge link without
loss of generality.
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WΓ
Λ0;Λðx; ξ; tÞ

¼ 1

2

Z
dz−

2π
eixP̄

þz−

× hP0;Λ0∣ψ̄
�
−
z
2

�
Γψ

�
z
2

�
∣P;Λij

zþ¼0;zT¼0

; ð1Þ

where Γ ¼ γþ; γþγ5; iσiþγ5ði ¼ 1; 2Þ, and the target’s spins
are Λ;Λ0. For the chiral-odd case, Γ ¼ iσiþγ5, WΓ

Λ0;Λ was
parametrized as [8]

W½iσiþγ5�
Λ0;Λ ðx; ξ; tÞ

¼ 1

2P̄þ ŪðP0;Λ0Þ
�
iσþiHTðx; ξ; tÞ

þ γþΔi − Δþγi

2M
ETðx; ξ; tÞ

þ PþΔi − ΔþPi

M2
~HTðx; ξ; tÞ

þ γþPi − Pþγi

2M
~ETðx; ξ; tÞ

�
UðP;ΛÞ: ð2Þ

As we will show below, the spin structures of GPDs that
are directly related to spin dependent observables are most
effectively expressed in term of helicity amplitudes, devel-
oped extensively for the covariant description of two body
scattering processes (for a detailed description of the
helicity amplitude formalism in deeply virtual scattering
processes see also Ref. [26]). Before proceeding with the
helicity amplitudes we introduce the kinematics.

A. Kinematics

The correlator in Eqs. (1)–(2) is expressed in terms of
kinematical variables defined in the “symmetric frame,”
where we define P̄ ¼ ðPþ P0Þ=2, the average proton
momentum, and Δ ¼ P − P0. P̄ is along the z-axis with
momentum, P̄3 ≈ P̄þ. The four-momenta LC components
[v≡ ðvþ; v−; ~vTÞ, where v� ¼ 1=

ffiffiffi
2

p ðvo � v3Þ] are
Symmetric

P̄≡
�
P̄þ;

M2

P̄þ ; 0

�

Δ≡
�
ξð2P̄þÞ; tþ Δ2

T

2ξP̄þ ;ΔT

�

P≡
�
ð1þ ξÞP̄þ;

M2 þ Δ2
T=4

ð1þ ξÞP̄þ ;ΔT=2

�

P0 ≡
�
ð1 − ξÞP̄þ;

M2 þ Δ2
T=4

ð1 − ξÞP̄þ ;−ΔT=2

�
: ð3aÞ

The coordinates of the off-shell struck parton are

k≡ ððxþ ξÞP̄þ; k−;kT þ ΔT=2Þ;
k0 ≡ ððx − ξÞP̄þ; k0−;kT − ΔT=2Þ: ð4Þ

Another choice of frame is the “asymmetric frame,” where
P is longitudinal:
Asymmetric

P≡
�
Pþ;

M2

Pþ ; 0

�

P0 ≡
�
ð1 − ζÞPþ;

M2 þ Δ2
T

ð1 − ζÞPþ ;−ΔT

�

P̄≡
�
ð1 − ζ=2ÞPþ;

ð1 − ζ=2ÞM2 þ Δ2
T=2

ð1 − ζÞPþ ;−ΔT

�

Δ≡
�
ζPþ;

ð−ζ=2ÞM2 þ Δ2
T=2

ð1 − ζÞPþ ;ΔT

�
ð5Þ

and

k≡ ðXPþ; k−;kTÞ;
k0 ≡ ððX − ζÞPþ; k0−;kT − ΔTÞ; ð6Þ

where

t ¼ to − Δ2⊥=ð1 − ζÞ; ð7Þ

to ¼ −ζ2M2=ð1 − ζÞ ¼ −4ξ2M2=ð1 − ξ2Þ: ð8Þ

The two frames are entirely equivalent and one can
connect to the other with simple transformations. We find
the asymmetric frame more useful when referring to the
partonic picture, while the symmetric frame is more
convenient for symmetry transformations and sum rules
derivations. In this paper we will use either notation
according to these criteria.
Other useful variables are

ŝ ¼ ðkþ qÞ2 ≈ −Q2ðX − ζÞ=ζ;
û ¼ ðk0 − qÞ2 ≈Q2X=ζ;

q− ≈ ðPqÞ=Pþ ¼ Q2=ð2ζPþÞ:

The loop diagram in Fig. 1 integrated over the struck
quark’s momentum is performed using the varia-
bles: d4k≡ dkþdk−d2k⊥ ≡ PþdXdk−d2k⊥.

B. Helicity amplitudes

The connection of the correlator, Eq. (2), with the
helicity amplitudes proceeds by introducing [4,9]

fΛΛ
0

Λγ0
ðζ; tÞ ¼

X
λ;λ0

gλλ
0

Λγ0
ðX; ζ; t; Q2Þ ⊗ AΛ0λ0;ΛλðX; ζ; tÞ; ð9Þ
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where the helicities of the virtual photon and the initial
proton are Λγ, Λ, and the helicities of the produced pion
and final proton are 0 and Λ0, respectively. Factorization
theorems at large Q2 have been proven strictly for the
process γ�Lp → Mp. Large transverse photon polarization
contributions have been however observed in the exper-
imental data. In a previous publication a possible scenario
beyond collinear factorization was introduced for γ�Tp →
Mpwhich involves directly the chiral-odd GPDs. In Eq. (9)
we describe the factorization into a “hard part,” gλλ

0
Λγ0

for the

partonic subprocess γ� þ q → π0 þ q, and a “soft part”
given by the quark-proton helicity amplitudes, AΛ0;λ0;Λ;λ that
contain the GPDs.

1. Chiral-odd quark-proton helicity amplitudes, AΛ0λ0;Λλ

The amplitudes AΛ0λ0;Λλ implicitly contain an integration
over the unobserved quark’s transverse momentum, kT ,
and are functions of xBj ¼ Q2=2Mν ≈ ζ; t and Q2. The
convolution integral in Eq. (9) is given by ⊗→

R
1
−ζþ1 dX,

as we explain in detail later on.
The connection with the correlator is carried out by

considering

AΛ0λ0;Λλ ¼
Z

dz−

2π
eixP̄

þz−hP0;Λ0∣Oλ0λðzÞ∣P;Λijzþ¼0;zT¼0;

ð10Þ

where

O−þðzÞ ¼ −iψ̄
�
−
z
2

�
ðσþ1 − iσþ2Þψ

�
z
2

�
ð11Þ

Oþ−ðzÞ ¼ iψ̄
�
−
z
2

�
ðσþ1 þ iσþ2Þψ

�
z
2

�
: ð12Þ

By taking this into account in Eq. (2), and by adding and
subtracting the expressions corresponding to i ¼ 1; 2,
respectively, one obtains the expressions for the chiral-
odd helicity amplitudes in terms of GPDs [8,26],

Aþþ;−−¼
ffiffiffiffiffiffiffiffiffiffiffi
1−ξ2

p �
HTþ

t0− t
4M2

~HT −
ξ2

1−ξ2
ETþ

ξ

1−ξ2
~ET

�

¼
ffiffiffiffiffiffiffiffiffiffi
1−ζ

p
1−ζ=2

�
HTþ

t0− t
4M2

~HT−
ζ2=4
1−ζ

ETþ
ζ=2
1−ζ

~ET

�
ð13aÞ

Aþ−;−þ ¼ −e−i2ϕ
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − ξ2

p t0 − t
4M2

~HT

¼ −e−i2ϕ
ffiffiffiffiffiffiffiffiffiffiffi
1 − ζ

p
1 − ζ=2

t0 − t
4M2

~HT ð13bÞ

Aþþ;þ− ¼ eiϕ
ffiffiffiffiffiffiffiffiffiffiffi
t0 − t

p
4M

½2 ~HT þ ð1 − ξÞðET þ ~ETÞ�

¼ eiϕ
ffiffiffiffiffiffiffiffiffiffiffi
t0 − t

p
2M

�
~HT þ 1 − ζ

1 − ζ=2
ðET þ ~ETÞ

�
; ð13cÞ

A−þ;−− ¼ eiϕ
ffiffiffiffiffiffiffiffiffiffiffi
t0 − t

p
4M

½2 ~HT þ ð1þ ξÞðET − ~ETÞ�

¼ eiϕ
ffiffiffiffiffiffiffiffiffiffiffi
t0 − t

p
2M

�
~HT þ 1

1 − ζ=2
ðET − ~ETÞ

�
; ð13dÞ

where the first (second) line in each equation uses the
symmetric (asymmetric) notation, ϕ is a phase given by

the azymuthal angle of the vector D with length ∣D∣ ¼ffiffiffiffiffiffiffiffiffiffiffi
to − t

p
=

ffiffiffiffiffiffiffiffiffiffiffiffi
1 − ξ2

p
[26], and we have used the relations,

1

2P̄þ ŪðP0;Λ0ÞiσþiUðP;ΛÞ ¼ fðΛδi1 þ iδi2ÞδΛ;−Λ0 ð14aÞ

ŪðP0;Λ0Þ P̄
þΔi − ΔþP̄i

M2
UðP;ΛÞ

¼ 1ffiffiffiffiffiffiffiffiffiffiffi
1 − ζ

p
�
ð1 − ζ=2ÞΔi

M
δΛ;Λ0

þ ðΛΔ1 þ iΔ2Þ
Δi

2M2
δΛ;−Λ0

�
ð14bÞ

ŪðP0;Λ0Þ γ
þΔi − Δþγi

2M
UðP;ΛÞ

¼ f

��
Δi

2M
þ iΛ

ζ=2
1 − ζ=2

ϵ03ji
Δj

2M

�
δΛΛ0

þ ζ2

4
ðΛδi1 þ iδi2ÞδΛ;−Λ0

�
ð14cÞ

ŪðP0;Λ0Þ γ
þP̄i − P̄þγi

M
UðP;ΛÞ

¼ f

�
−
�

ζ=2
1 − ζ=2

Δi

2M
þ iΛϵ03ji

Δj

2M

�
δΛΛ0

þ ζ

2

�
1 −

ζ

2

�
ðΛδi1 þ iδi2ÞδΛ;−Λ0

�
ð14dÞ

with f ¼ ffiffiffiffiffiffiffiffiffiffiffi
1 − ζ

p
=ð1 − ζ=2Þ≡ ffiffiffiffiffiffiffiffiffiffiffiffi

1 − ξ2
p

.

2. Hard process helicity amplitudes, gλλ
0

Λγ0

The subprocess γ�q → πoq0 is shown in Fig. 2. For
chiral-odd coupling at the pion vertex it is given by
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gλλ
0ðoddÞ

Λγ0
¼ gVðAÞ;oddπ ðQ2Þq−½ūðk0; λ0Þγμγþγ5uðk; λÞ�ϵΛγ

μ

×

�
1

ŝ − iϵ
−

1

û − iϵ

�
; ð15Þ

where the specific Q2 dependence of the form factor

gVðAÞ;oddπ ðQ2Þ is discussed in Ref. [4] and in Appendix A.
By using the relation

ūðk0; λ0Þγμγþγ5uðk; λÞ
¼ NN0TrfðkþmÞÔλ;λ0 ðk0 þmÞγμγ5γþg ð16Þ

where N ¼ 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
PþðX − ζÞp

and N0 ¼ 1=
ffiffiffiffiffiffiffiffiffiffi
XPþp

are the
quark spinors normalizations, and

Ô�� ¼ 1

4
ð1þ γoÞð1� γ5γ3Þ ð17aÞ

Ô�∓ ¼ −
1

4
ð1þ γoÞγ5ðγ1∓iγ2Þ ð17bÞ

we see that for transverse photon polarization, in the
Q2 → ∞ limit, the only contributing amplitude is gþ−

10 ,

gþ−
10 ≈ −

Kffiffiffiffiffiffiffiffiffiffiffiffi
k0þkþ

p ½kok0þ − ðkk0Þ þ kþk0o�ðϵþ1 þ iϵþ2 Þ: ð18Þ

By evaluating K¼q−ð1=ŝ−1=ûÞ¼ðQ2=2ζPþÞðζ=Q2CþÞ≡
1=ð2PþÞCþ, where the photon polarization vectors for q
along −ẑ are

ϵ� ≡ 1ffiffiffi
2

p ð0;∓1; i; 0ÞÞ ð19Þ

ϵ0 ≡ 1ffiffiffiffiffiffi
Q2

p ð∣q∣; 0; 0; νÞ ð20Þ

CþðX; ζÞ ¼ 1

X − ζ þ iϵ
þ 1

X − iϵ
ð21Þ

one has

gþ−
10 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
XðX − ζÞ

p
Cþ: ð22Þ

For longitudinal photon polarization,

gþ−
00 ≈

Kffiffiffiffiffiffiffiffiffiffi
k0oko

p ½ðkok01 − k1k0oÞϵ0þ
þ ðk1k0þ þ k1k0þÞϵ0o−ið1 ↔ 2Þ�: ð23Þ

Similarly to Eq. (18) the last line was obtained in the
Q2 → ∞ limit, considering the dominant LC components.
By inserting all kinematical components, we have

gþ−
00 ¼ ðk01 − ik02ÞXPþffiffiffiffiffiffiffiffiffiffi

kok0o
p 2νffiffiffiffiffiffi

Q2
p 1

2Pþ Cþ ð24Þ

where we defined Pþ ¼ ðPqÞ=q− ¼ Q2=2Mζ2, and
ν ¼ Q2=2Mζ. Notice that the energy term from the spinor
normalization, k0o, needs to be evaluated using its full form,
k0o ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k02⊥ þ k023

p
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k02⊥ þ ðX − ζÞ2Pþ2

p
, in order to avoid

a singularity for X ¼ ζ (see Appendix B). As a result,

gþ−
00 ¼

ffiffiffiffiffiffiffiffiffiffi
to− t
Q2

r
ζ

ffiffiffiffi
X

pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ððX−ζÞ2þhk02⊥i=ðQ2=2Mζ2ÞÞ1=2

q e−iϕCþ:

ð25Þ

3. Convolution

The convolution in Eq. (9) yields the following decom-
position of the various helicity amplitudes,3

fþþ
10 ¼ gþ−

10 ⊗ Aþ−;þþ ð26aÞ

fþ−
10 ¼ gþ−

10 ⊗ A−−;þþ ð26bÞ

f−þ10 ¼ gþ−
10 ⊗ Aþ−;−þ ð26cÞ

f−−10 ¼ gþ−
10 ⊗ Aþþ;þ− ð26dÞ

fþ−
00 ¼ gþ−

00 ⊗ ðA−−;þþ − Aþ−;−þÞ ð26eÞ

fþþ
00 ¼ gþ−

00 ⊗ ðAþþ;þ− − Aþ−;þþÞ; ð26fÞ

where the four chiral-odd quark-proton helicity amplitudes,
AΛ0;−λ;Λ;λ, enter. Notice that Aþ−;þþ, Aþþ;þ− change sign
under parity while A−−;þþ, Aþ−;−þ do not change sign;
since gþ−

10 also changes sign, then fþþ
10 , f−−10 will not change

sign under parity, while fþ−
10 and fþ−

10 will change sign.
For a transverse photon, inserting the expressions for gþ−

10

and the A’s into Eqs. (26) we obtain

FIG. 2 (color online). Hard scattering contribution, γ�q → πoq0;
ϕ is the outgoing pseudoscalar meson distribution amplitude.

3Notice the alternative use of notation in Ref. [4] and
references therein, namely, f1 ¼ fþþ

10 ; f2 ¼ fþ−
10 ; f3 ¼ f−þ10 ,

f4 ¼ f−−10 ; f5 ¼ fþ−
00 ; f6 ¼ fþþ

00 .
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fþþ
10 ¼ gV;oddπ ðQÞeiϕ

ffiffiffiffiffiffiffiffiffiffiffi
t0 − t

p
4M

½2 ~HT þ ð1þ ξÞðET − ~ETÞ�

¼ gV;oddπ ðQÞeiϕ
ffiffiffiffiffiffiffiffiffiffiffi
t0 − t

p
2M

�
~HT þ 1

1 − ζ=2
ðET − ~ETÞ

�
;

ð27aÞ

fþ−
10 ¼ gV;oddπ ðQÞ þ gA;oddπ ðQÞ

2

ffiffiffiffiffiffiffiffiffiffiffiffi
1 − ξ2

p
×

�
HT þ t0 − t

4M2
~HT −

ξ2

1 − ξ2
ET þ ξ

1 − ξ2
~ET

�

¼ gV;oddπ ðQÞ þ gA;oddπ ðQÞ
2

ffiffiffiffiffiffiffiffiffiffiffi
1 − ζ

p
1 − ζ=2

×

�
HT þ t0 − t

4M2
~HT −

ζ2=4
1 − ζ

ET þ ζ=2
1 − ζ

~ET

�
ð27bÞ

f−þ10 ¼ −
gA;oddπ ðQÞ − gV;oddπ ðQÞ

2
e−i2ϕ

ffiffiffiffiffiffiffiffiffiffiffiffi
1 − ξ2

p t0 − t
4M2

~HT

¼ −
gA;oddπ ðQÞ − gV;oddπ ðQÞ

2
e−i2ϕ

ffiffiffiffiffiffiffiffiffiffiffi
1 − ζ

p
1 − ζ=2

t0 − t
4M2

~HT

ð27cÞ

f−−10 ¼ gV;oddπ ðQÞeiϕ
ffiffiffiffiffiffiffiffiffiffiffi
t0 − t

p
4M

½2 ~HT þ ð1 − ξÞðET þ ~ETÞ�

¼ gV;oddπ ðQÞeiϕ
ffiffiffiffiffiffiffiffiffiffiffi
t0 − t

p
2M

�
~HT þ 1 − ζ

1 − ζ=2
ðET þ ~ETÞ

�
ð27dÞ

where HT , etc., are the convolutions of the GPDs with
CþðX; ζÞ, or the Compton form factors which at leading
order in PQCD are given by

F Tðζ; t; Q2Þ ¼
Z

1

−1þζ
dXCþFTðX; ζ; t; Q2Þ ð28Þ

where FT ≡HT; ET; ~HT; ~ET . g
V;odd
π ðQÞ and gA;oddπ ðQÞ are

given in Appendix D. These two distinct contributions arise
owing to the fact that, as observed in Ref. [4], the chiral-odd
coupling ∝ γ5 contributes to πo electroproduction provided
one goes beyond a simple one gluon exchange description
of this vertex. In the t-channel picture, which has its roots in
a Regge analysis of this process [27], one separates the
JPC ¼ 1−− and JPC ¼ 1þ− contributions to the amplitudes
for transverse and longitudinal virtual photons, respec-
tively, thus generating two different types of Q2 depend-
ence at the πo vertex. The result of our analysis is that,
differently from other treatments of pion electroproduction
[16–19], relying solely on chiral-even GPDs, ~H; ~E, the
chiral-odd sector provides the dominant contribution.
For a longitudinal photon one has the convolution of gþ−

00

with the A helicity amplitudes,

fþ−
00 ¼ gA;oddπ ðQÞe−iϕ

ffiffiffiffiffiffiffiffiffiffiffi
t0 − t

p
2M

×

�
HT þ ξ2

1 − ξ2
ET þ ξ

1 − ξ2
~ET

�
ð29aÞ

fþþ
00 ¼ −gA;oddπ ðQÞ t0 − t

4M2
½ξET þ ~ET � ð29bÞ

(for this case, simpler expressions are obtained in sym-
metric notation).

C. Chiral-even sector

For completeness we also show results in the chiral-even
sector. The hard scattering amplitude reads,

gλλðevenÞΛγ0
¼ gevenπ ðQ2Þeqq−½ūðk0; λÞγμγþγνγ5uðk; λÞ�ϵΛγ

μ q0ν

×

�
1

ŝ − iϵ
þ 1

û − iϵ

�

≈ gevenπ ðQ2Þeq
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
XðX − ζÞ

p
C−; ð30Þ

while the quark-proton helicity amplitudes are given by
[26]

Aþþ;þþ ¼
ffiffiffiffiffiffiffiffiffiffiffi
1 − ζ

p
1 − ζ=2

�
H þ ~H

2
−

ζ2=4
1 − ζ

Eþ ~E
2

�
ð31aÞ

Aþ−;þ− ¼
ffiffiffiffiffiffiffiffiffiffiffi
1 − ζ

p
1 − ζ=2

�
H − ~H

2
−

ζ2=4
1 − ζ

E − ~E
2

�
ð31bÞ

Aþþ;−þ ¼ −e−iϕ
ffiffiffiffiffiffiffiffiffiffiffi
to − t

p
4M

�
E −

ζ=2
1 − ζ=2

~E

�
ð31cÞ

A−þ;þþ ¼ eiϕ
ffiffiffiffiffiffiffiffiffiffiffi
to − t

p
4M

�
Eþ ζ=2

1 − ζ=2
~E

�
: ð31dÞ

Following from the chiral-even case [9], in πo electro-
production one obtains longitudinal photon amplitudes [19]

fþ−;even
00 ¼ e−iϕ

ζffiffiffiffiffiffiffiffiffiffiffi
1 − ζ

p 1

1 − ζ=2

ffiffiffiffiffiffiffiffiffiffiffi
to − t

p
2M

~E; ð32aÞ

fþþ;even
00 ¼

ffiffiffiffiffiffiffiffiffiffiffi
1 − ζ

p
1 − ζ=2

~Hþ −ζ2=4
ð1 − ζ=2Þ ffiffiffiffiffiffiffiffiffiffiffi

1 − ζ
p ~E; ð32bÞ

where ~H; ~E are the corresponding Compton form factors.

III. EVALUATION OF CHIRAL-ODD GPDS IN
REGGEIZED DIQUARK MODEL

We now present our model for evaluating the chiral-odd
GPDs. We extend our Reggeized diquark model, which
was already configured for chiral-even GPDs, to the
chiral-odd sector. Model GPDs must satisfy the so-called
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polynomiality property which is a consequence of Lorentz
invariance of the nucleon matrix elements, and the pos-
itivity bound with respect to the forward limit (see Ref. [26]
for a review of these properties). While double distribution
based models satisfy polynomiality by definition, in our
model this has to be imposed as a constraint. As shown in
Refs. [9,10], our model was therefore constructed in such a
way as to satisfy this constraint. As shown in Ref. [9]
(Fig. 8) we verified that the first few moments of the
chiral-even GPDs are polynomials in ξ2. Notice that while
on one side polynomiality is only approximately satisfied
in our model, on practical terms this is a very good
approximation since the range in ξ is kinematically limited
to ½0; ξmax� by the requirement that Δ2

T ≥ 0 in the definition
of t [Eq. (7)]. For instance one finds that for
t ¼ −0.3;−0.5 − 0.8;−1.3 GeV2, ξmax ¼ 0.30; 0.35; 0.43;
0.52; i.e. ξ is in a range where it is easy to fit the Mellin
moments to a polynomial form. We defined our approach
as a “flexible parametrization” in that, mostly owing to its
recursive feature, the different components can be effi-
ciently fitted separately as new data come in. The param-
eters were initially fixed by a fit applied recursively first to
PDFs, and to the nucleon form factors. The model was
shown to reproduce data on different observables in DVCS
(charge [28,29], longitudinal [30] and transverse [28,29]
single spin asymmetries). A comparison with data from the
more recent analysis has also been shown in Refs. [31,32].
Below we summarize the main steps in the model’s
construction, and we discuss its parameters. Recently
[10], we presented a new fit that uses the form factor
flavor separated data from Ref. [33]. We give the new
parameters’ values in Appendix C. A more detailed
description of the chiral-even sector and of the
Reggeization procedure can also be found in Ref. [10].

A. Light cone wave function definitions

The basic structures in our model are the quark-proton
scattering amplitudes at leading order with proton-quark-
diquark vertices given in Fig. 3. The quark parton helicity
amplitudes introduced in the previous section describe a
two body process, q0ðk0ÞP → qðkÞP0, where qðkÞ corre-
sponds to the “struck quark” in Fig. 1. We adopt the
asymmetric system kinematics, Eqs. (5). The intermediate
diquark system, X, can have JP ¼ 0þ (scalar), or JP ¼ 1þ
(axial vector). Its invariant mass, MX, varies in our model

according to a spectral function, thus generating Regge
behavior at large M2

X [34]. We start from the region X ≥ ζ.
At fixed MX, the amplitudes read,
Scalar

Að0Þ
Λ0λ0;Λλ ¼

Z
d2k⊥ϕ�

Λ0λ0 ðk0; P0ÞϕΛλðk; PÞ; ð33Þ

with vertex structures

ϕΛ;λðk; PÞ ¼ ΓðkÞ ūðk; λÞUðP;ΛÞ
k2 −m2

ð34Þ

ϕ�
Λ0λ0 ðk0; P0Þ ¼ Γðk0Þ ŪðP0;Λ0Þuðk0; λ0Þ

k02 −m2
; ð35Þ

where we defined the proton-quark-diquark coupling as

Γ ¼ gs
k2 −m2

q

ðk2 −Mq2
Λ Þ2 : ð36Þ

This form is consistent with predictions from Dyson-
Schwinger on the proton quark-diquark vertex ([35] and
references therein).
Axial vector

Að1Þ
Λ0λ0;Λλ ¼

Z
d2k⊥ϕ�μ

Λ0λ0 ðk0; P0Þ
X
λ00

ϵ�λ00μ ϵλ
00
ν ϕ

ν
Λ;λðk; PÞ; ð37Þ

where λ00 is the diquark’s helicity, which in our model is
taken as transverse only, and

ϕν
Λλðk; PÞ ¼ ΓðkÞ ūðk; λÞγ

5γμUðP;ΛÞ
k2 −m2

ð38Þ

ϕ�ν
Λ0λ0 ðk0; P0Þ ¼ Γðk0Þ ŪðP0;Λ0Þγ5γμuðk0; λ0Þ

k02 −m2
: ð39Þ

Notice that the amplitudes, AΛ0λ0;Λλ, are composed by the
following “building blocks,” or vertex structures connect-
ing the incoming and outgoing protons and quarks,
respectively (Fig. 3) as in Table I.
We obtain for S ¼ 0,

ϕ�þþðk; PÞ ¼ AðmþMXÞ; ð40aÞ

ϕ�þ−ðk; PÞ ¼ Aðk1 þ ik2Þ; ð40bÞ

ϕ−−ðk; PÞ ¼ ϕþþðk; PÞ ð40cÞ

FIG. 3 (color online). Vertex structures defining the spectator
model tree level diagrams.

TABLE I. Vertex helicity combinations for scalar and axial
vector diquarks.

S ¼ 0 S ¼ 1

ϕ�
Λ0λ0ϕΛλ ϕμ

Λ0λ0 ð
P

λ00 ϵ
�λ00
μ ϵλ

00
ν Þϕν

Λλ
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ϕ−þðk; PÞ ¼ −ϕ�þ−ðk; PÞ: ð40dÞ

For S ¼ 1 the factorization of the vertices breaks: there is
angular momentum exchange between the lhs and rhs.
We find

ϕþ
þþðk; PÞ ¼ A

k1 − ik2
1 − X

ð41aÞ

ϕ−þþðk; PÞ ¼ −A
ðk1 þ ik2ÞX

1 − X
ð41bÞ

ϕþ
þ−ðk; PÞ ¼ 0 ð41cÞ

ϕ−þ−ðk; PÞ ¼ −AðmþMXÞ ð41dÞ

ϕþ
−þðk; PÞ ¼ −AðmþMXÞ ð41eÞ

ϕ−
−þðk; PÞ ¼ 0 ð41fÞ

where

A ¼ 1ffiffiffiffi
X

p ΓðkÞ
k2 −m2

; and

k2 −m2 ¼ XM2 −
X

1 − X
M2

X −m2 −
k2⊥

1 − X
:

For ðk; PÞ → ðk0; P0Þ, X → X0 ¼ ðX − ζÞ=ð1 − ζÞ and
ki → ~ki ¼ ki − ð1 − XÞ=ð1 − ζÞΔi, ði ¼ 1; 2Þ. Details of
the calculation are presented in Appendix D.

B. Chiral-odd GPDs from helicity amplitudes

The chiral-odd GPDs are obtained by inverting Eqs. (13).
For simplicity we show results for ζ ¼ 0 (numerical
calculations in the rest of this paper were conducted using
the full ζ dependent expressions). One has

τ½2 ~HTðX; 0; tÞ þ ETðX; 0; tÞ� ¼ Aþþ;þ− þ A−þ;−−

¼ ATYþþ;þþ − ATYþ−;þ−

þ ATY
−þ;−þ − ATY−−;−−

ð42aÞ

HTðX; 0; tÞ ¼ Aþþ;−− þ A−þ;þ−

¼ ATXþþ;þþ − ATXþ−;þ− − ATX
−þ;−þ þ ATX−−;−−

ð42bÞ

τ2 ~HTðX; 0; tÞ ¼ −A−þ;þ−

¼ ATYþþ;þþ − ATYþ−;þ− − ATX
−þ;−þ þ ATX−−;−−

ð42cÞ
~ETðX; 0; tÞ ¼ Aþþ;þ− − A−þ;−− ¼ 0 ð42dÞ

where τ ¼ ffiffiffiffiffiffiffiffiffiffiffi
to − t

p
=2M. Although we calculate the GPDs

using the helicity amplitudes, we illustrate the physical
meaning of each GPD (or combination of GPDs) in the
second lines where each equation represents the helicity
amplitudes in the twopossible choices for transversity bases,
TY , where the transverse spin is orthogonal to ΔT (which
without loss of generality we can assume along the x-axis),
and TX, where the transverse spin is along x. By inspecting
the spin content of the various equations we see that
Eq. (42a) has the same spin content of, and therefore reduces
in the forward limit to, the Boer Mulders function h⊥1 [36];
Eq. (42b) gives transversity, h1; Eq. (42c) gives the first kT
moment ofh⊥1T ; while ~ETðX; 0; tÞ decouples from theTMDs.
In Eqs. (33), (37) we evaluated the quark-proton helicity

amplitudes Að0;1Þ
Λ0λ0;Λλ corresponding to the diquark spin

components, S ¼ 0; 1. We then obtained the chiral-odd
GPDs from the amplitudes in Eqs. (42). The GPDs for each
quark flavor are obtained from these equations, in turn, by
using the SU(4) symmetry of the proton wave function,

Fu
T ¼ 3

2
Fð0Þ
T −

1

6
Fð1Þ
T ð43Þ

Fd
T ¼ −

1

3
Fð1Þ
T ; ð44Þ

where Fq
T ≡ fHq

T; E
q
T; ~H

q
T; ~E

q
Tg, q ¼ u; d.

Next we consider Reggeization (see [37], Ch. 3 and
references therein); that is we extend the diquark model
formalism to low X by allowing the spectator system’s
mass to vary up to very large values. This is accomplished
by convoluting the GPD structures obtained in Eqs. (42)
with a spectral function, ρðM2

XÞ, where M2
X is the specta-

tor’s mass,

Fq
TðX; ζ; tÞ ¼ N q

Z
∞

0

dM2
XρðM2

XÞF
ðmq;M

q
ΛÞ

T ðX; ζ; t;MXÞ:

ð45Þ

The spectral function was constructed in Refs. [9,10] so
that it approximately behaves as (Fig. 4)

ρðM2
XÞ ≈

� ðM2
XÞα M2

X → ∞
δðM2

X − M̄2
XÞ M2

X few GeV2
ð46Þ

where 0 < α < 1, and M̄X is in the GeV range. Upon
integration over the mass in Eq. (45) one obtains the desired
X−α behavior for small X, while for intermediate and large
X the integral is dominated by the δ function, yielding a
result consistent with the diquark model (more details are
given in Ref. [10]).
Inserting ρðM2

XÞ in Eq. (45) one obtains an expression
that we parametrized in a practical form as
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Fq
TðX; ζ; tÞ ≈N qX−αqþα0qðXÞtF

ðmq;M
q
ΛÞ

T ðX; ζ; t; M̄XÞ
¼ R

αq;α0q
pq ðX; ζ; tÞGMΛ

MX;m
ðX; ζ; tÞ ð47Þ

where α0qðXÞ ¼ α0qð1 − XÞpq . The functions G
Mq

Λ
MX;mq

and

R
αq;α0q
pq are the quark-diquark and Regge contributions,

respectively.
In summary, the dominant components of the Reggeized

diquark model are quark-diquark correlations where
the diquark system now has both a finite radius and a
variable mass, MX, differently from constituent type
models. At low mass values one recovers compact diquark
systems with spin J ¼ 0þ; 1þ. Using the SU(4) symmetry
the spin 0 and 1 components translate into different values
for the u and d quark distributions. More complex
correlations ensue at large mass values which are regulated
by the Regge behavior of the quark-proton amplitude,
∝ ûαðtÞ ¼ ðM2

XÞαðtÞ.4

C. 0 < X < ζ ð−ξ < x < ξÞ
In the ERBL region (0 < X < ζ;−ξ < x < ξÞ we adopt

a functional form that preserves the GPDs’ properties of

continuity at the crossover points (X ¼ 0 and X ¼ ζ), and
polynomiality, i.e. the fundamental consequence of Lorentz
covariance by which the xnFq integrals (or the Mellin
moments) are required to be polynomials in ξ of order
nþ 1 (n even) [26]. The following symmetry relations for
x → −x are also imposed,

F−
q ðx; ξ; tÞ ¼ F−

q ð−x; ξ; tÞ ð48Þ

Fþ
q ðx; ξ; tÞ ¼ −Fþ

q ð−x; ξ; tÞ; ð49Þ

where

F−
q ¼ Fqðx; ξÞ − Fq̄ðx; ξÞ ð50Þ

Fþ
q ¼ Fqðx; ξÞ þ Fq̄ðx; ξÞ; ð51Þ

with

Fq̄ðx; ξÞ ¼ −Fqð−x; ξÞx < 0: ð52Þ

F−
q corresponds to the flavor nonsinglet distribution, andP
qF

þ
q to the flavor singlet. In the asymmetric system the

axis of symmetry is shifted to ζ=2 and one has, over the
½−1þ ζ; 1� region,

F−
q ðX; ζ; tÞ ¼ F−

q ðζ − X; ζ; tÞ ð53Þ

Fþ
q ðX; ζ; tÞ ¼ −Fþ

q ðζ − X; ζ; tÞ: ð54Þ

Similarly to the light cone wave functions’ overlapping
representation [43,44] (see Ref. [26] for a detailed dis-
cussion), in our approach polynomiality and continuity at
x ¼ �ξ are not conditions built in to the model. These
conditions need to be satisfied by working out a mechanism
that produces a covariant result (and consequently poly-
nomiality [26]) from the behavior of the wave functions in
both the DGLAP and ERBL regions. As shown in [43,44]
the ERBL region admits a wave function representation
given by the overlap of wave functions with different
particle content. While general relations between light cone
wave functions in the two regions are not known, we
observe on one side that these can be explored by
implementing the equations of motion (see Refs. [26,45]
and in preparation), while on the other side, one can
perform practical calculations limited to the lowest Fock
states. In Ref. [46] for instance, a calculation of the valence
component was performed which displays polynomiality
within a simplified realization of the overlap formulas
(disregarding, however, the full spin content of the partons).
A version of this model including spin was instead
adopted in [47].
Here, with the aim of providing a parametrization for the

DVCS type experimental data, we match our covariant

MX
2 (GeV2)
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X
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2
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FIG. 4 (color online). The spectral function, ρðM2
XÞ, described

in Eqs. (45) and (46). The inset shows the details of the behavior
at values of the spectator mass in the multi-GeV region.

4The need for introducing a Regge term within the diquark
model for GPDs was realized in previous phenomenological
studies [38,39]. It stems from the observation that standard
diquark models cannot reproduce the behavior of the structure
functions at low x. While this might be of minor importance
in kinematical regions centered at relatively large x where most
data in the multi-GeV region are, it is, however, a necessary
contribution to obtain the normalization of the GPDs to the
proton form factors correctly. The Regge term is therefore an
essential ingredient in model building (see also discussions in
Refs. [10,40–42]).
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representation in the DGLAP region (Sec. III B), with the
following parametric form in the ERBL region,

F−
X<ζðX; ζ; tÞ ¼ a−ðζ; tÞX2 − a−ðζ; tÞζX þ Fðζ; ζ; tÞ ð55Þ

Fþ
X<ζðX; ζ; tÞ

¼ aþðζ; tÞX3 −
3

2
aþðζ; tÞζX2 þ cðζ; tÞX þ dðζ; tÞ

ð56Þ

where we distinguish the two separate functional forms,
F�
X<ζ, respectively satisfying the symmetric, Eq. (53), and

antisymmetric, Eq. (54), conditions [see also Eqs. (45),
(46), Refs. [9,10]]. The coefficients a�ðζ; tÞ, cðζ; tÞ, and

dðζ; tÞ are determined so that F�
X<ζ satisfy both the

polynomiality property and continuity at the point X ¼ ζ
(more details can be found in [9]).
The valence and sea quark contributions are then

obtained as

FNS
X<ζðX; ζ; tÞ ¼ Fþ

X<ζðX; ζ; tÞ þ F−
X<ζðX; ζ; tÞ ð57aÞ

FS
X<ζðX; ζ; tÞ ¼ Fþ

X<ζðX; ζ; tÞ − F−
X<ζðX; ζ; tÞ: ð57bÞ

D. Parametric form: Discussion of parameters

By putting together the results from Secs. III B and III C
we obtain our final parametrization,

Fq
TðX; ζ; tÞ ¼

(
FqðNS;SÞ
T;X>ζ ðX; ζ; tÞ; Eq:ð47Þ if ζ ≤ X ≤ 1

FqðNS;SÞ
T;X<ζ ðX; ζ; tÞ Eqs:ð57aÞ; ð57bÞ if 1 − ζ ≤ X < ζ:

ð58Þ

Fq
T satisfies all fundamental requirements, such as poly-

nomiality, positivity, symmetry at (x ¼ 0, X ¼ ζ=2), Her-
miticity, and time reversal invariance [a similar expression
was first derived for chiral-even GPDs where the helicity
amplitudes were evaluated according to Eqs. (31)].
To fit the chiral-odd GPDs one faces, however, an

important practical problem: while various models, e.g.
our Reggeized diquark model, can be extended to the
chiral-odd sector as we explained in Secs. III A, III B
[Eqs. (47), (57), (58)], and the ERBL region can be treated
as outlined in Sec. III C, both the forward limit and the
integral of the GPDs (providing the normalization to the
form factors in the chiral-even case, and the lowest order
polynomiality relation) are largely unknown. The only
constraints which can be obtained from independent
measurements are given by the transversity structure
function,

HTðX; 0; 0Þ ¼ h1ðXÞ; ð59Þ

by the model dependent relations with the Boer-Mulders,
h⊥1 ðXÞ, and h⊥1TðXÞ functions, respectively given by [25]5

lim
t→0

t
4M2

~HTðX; 0; tÞ ¼ h⊥1TðXÞ ¼
Z

d2kTh⊥1TðX; kTÞ ð60Þ

2 ~HTðX; 0; tÞ þ ETðX; 0; tÞ ¼ h⊥1 ðXÞ ¼
Z

d2kTh⊥1 ðX; kTÞ;

ð61Þ

and by the integration to form factors at t ¼ 0, giving the
tensor charge,

δq ¼
Z

1

0

dxHTðX; 0; 0Þ: ð62Þ

Since h1 and the related chiral-odd functions are exactly the
observables that we want to determine using GPDs, these
constraints are not really useful quantitatively. They can
just be used as indications.
It is, however, important to be able to determine the size

of the various chiral-odd GPDs especially in the first steps
of the analysis of available πo electroproduction data. The
data are in fact not sufficient at this stage, to fully discern
among the various possible contributions.
An alternative way to gauge the contribution of the

various chiral-odd GPDs in deeply virtual exclusive experi-
ments consists in exploiting parity relations among the
proton-quark-diquark vertex functions. As we explain in
the next section, these parity relations will allow us to
establish relations between the chiral-odd and chiral-even
GPDs, which are valid within the class of models including
the spectator/diquark models. By constraining the chiral-
odd GPDs using their chiral-even counterparts we will
be able to gauge the size of the GPDs contributions to
pseudoscalar electroproduction data. Before moving on to
the discussion of the parity relations, we end this section
by outlining the way our parametrization was worked out
in the chiral-even sector.
Our parametrization is written in the form given in

Eq. (58) for both the chiral-even and chiral-odd sectors. The
model’s parameters can be divided into three sets:

5These are valid in spectator models such as the one presented
here.
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ð1Þ αq;Mq
Λ; mq;M

q
X;N q; ð63aÞ

ð2Þ α0q; pq; ð63bÞ

ð3Þ a�q ðζ; tÞ; cðζ; tÞ; dðζ; tÞ ð63cÞ

where q ¼ u; d. Set 1 contributes to PDFs [i.e. they
determine the part of the GPD that survives when t ¼
ζ ¼ 0 e.g. in Eq. (47)]; set 2 determines the t dependence
in Eq. (47), and set 3 determines the ζ dependence
(Sec. III C).
A fit using these sets of parameters in the chiral-even

sector was performed in Ref. [9].
Owing to the fact that we use a diverse body of data

which is divided into proton and deuteron DIS data (set 1),
proton and neutron electromagnetic and electroweak form
factor data (set 2), and DVCS data (set 3), we used a
recursive fitting procedure.
In the recursive fit we first obtained the parameters in set

1 from DIS data. Keeping these parameters fixed, we then
obtained the parameters of set 2 by fitting the electromag-
netic, axial and pseudoscalar nucleon form factors given by
the integrals over each GPD. The final step in the recursive
fit was done by fitting the ζ dependent parameters from set
3 to DVCS data from Hall B [30].
In the fitting procedure perturbative QCD (pQCD)

evolution was taken into account as follows: in a first
stage we used our PDFs’ functional forms, obtained by
setting t ¼ 0; ζ ¼ 0 in our GPDs’ model equations, as the
initial values for the pQCD evolution equations. These PDF
forms were evolved toQ2 values that are typical for DIS fits
by directly solving the DGLAP equations to next-to-
leading order (NLO) in x-space. The numerical value of
the initial scale is an additional parameter. We found that a
good fit of PDFs at Q2 in the multi-GeV region could be
obtained by choosing Q2

o ¼ 0.1 GeV2, consistently with
the previous analysis of Refs. [38,39]. This value is
expectedly low, as featured in many versions of the diquark
model (see e.g. Ref. [48]). This enabled us to fix the
parameters in (63a). Keeping these parameters fixed,
we next obtained the parameters in (63b) by taking
t ≠ 0; ζ ¼ 0, and integrating our expressions to the nucle-
on’s electromagnetic form factors (see Ref. [10] for a more
detailed description). This step does not involve any Q2

dependence. Finally, keeping the parameters in (63a)–(63b)
fixed, we obtained the parameters in (63c) by comparing
our thus calculated GPD forms with their full X; ζ and t
dependences to the DVCS data from Ref. [30]. At this stage
evolution of the X and ζ dependent functions was per-
formed again, to the Q2 range of the existing data. The
DGLAP equations for GPDs can be cast in a form similar to
the forward case with modified splitting functions [49,50].
We performed evolution at X > ζ, by solving these
DGLAP equations [49,50] at NLO in x-space. We did
not have to solve evolution equations explicitly at X < ζ.

However, the parameters a�ðζ; tÞ, cðζ; tÞ, and dðζ; tÞ
become effectively Q2 dependent as they get fixed Q2

for each value, producing different curves in the ERBL
region for every Q2.
As new DVCS and meson electroproduction data

become available, it will be possible to perform a global
fit using simultaneously all sets of data. At the present
stage our approach provides a controlled procedure where
the various kinematical dependences can be more readily
tested.

E. Parity relations among amplitudes
in the diquark model

The parity relations for the vertices in Fig. 1 read,

ϕ−Λ−λ ¼ ð−1ÞΛ−λϕ�
Λλ: ð64Þ

For S ¼ 0 the helicity structure of Fig. 1 corresponds to a
factorized form—the product of two independently varying
ϕ functions—and, as shown in Eq. (64), these two
components transform under parity independently from
one another. The following relations hold between the
chiral-odd amplitudes and the chiral-even ones for S ¼ 0,

Að0Þ
þþ;−− ¼ Að0Þ

þþ;þþ ð65aÞ

Að0Þ
þþ;þ− ¼ −Að0Þ�

þþ;−þ ð65bÞ

Að0Þ
þ−;þþ ¼ −Að0Þ�

−þ;þþ: ð65cÞ

Notice that these relations are valid only if one of the two ϕ
functions is real. By using parity symmetry one cannot
connect directly the chiral-odd amplitude Aþ−;−þ, with its
chiral-even counterpart Aþ−;þ− since both involve complex
ϕ functions. Physically this corresponds to the fact that
Aþ−;−þ involves a double spin flip, and it must therefore
be proportional to Δ2⊥ ¼ ðt0 − tÞð1 − ζÞ, while Aþ−;þ− is
nonflip. By evaluating Aþ−;−þ directly one has

Að0Þ
þ−;−þ ¼

Z
d2k⊥ϕ�þ−ðk0; P0Þϕ−þðk; PÞ

¼ N

ffiffiffiffiffiffiffiffiffiffiffi
1 − ζ

p
1 − X

Z
d2k⊥

k1 ~k1 þ ~k2ð−k2Þ
ðk2 −M2

ΛÞ2ðk02 −M2
ΛÞ2

¼ N

ffiffiffiffiffiffiffiffiffiffiffi
1 − ζ

p
1 − X

Z
dk⊥k⊥

×
Z

dϕ
k2⊥ − ~XΔ⊥k⊥ cosϕ − 2k2⊥ sin2 ϕ

ðk2 −M2
ΛÞ2ðk02 −M2

ΛÞ2

≈N

ffiffiffiffiffiffiffiffiffiffiffi
1 − ζ

p
1 − X

Z
dk⊥k⊥

×
Z

dϕ
− ~XΔ⊥k⊥ cosϕ

ðk2 −M2
ΛÞ2ðk02 −M2

ΛÞ2
; ð66Þ
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where k2⊥ ¼ k21 þ k22, Δ2⊥ ¼ Δ2
1 þ Δ2

2, and ~X ¼
ð1 − XÞ=ð1 − ζÞ. One can in fact demonstrate that an
almost exact cancellation occurs between the terms ∝ k2⊥
and k2⊥2 sin2 ϕ. From the explicit expressions for the
integrals given in Appendix A of Ref. [9] we can see that
the angular integration gives rise to an extra factor of Δ⊥.
A connection between the GPD ~HT and the chiral-even
ones can be found by using the results from Ref. [9];
expressing the quark proton helicity amplitudes in terms of
chiral-even GPDs, we therefore obtain

Að0Þ
þ−;−þ ¼ t0 − t

4M
1ffiffiffiffiffiffiffiffiffiffiffi
1 − ζ

p 1

ð1 − ζ=2Þ
~X

mþMX0 ½E − ðζ=2Þ ~E�:

ð67Þ

For S ¼ 1 we obtain

Að1Þ
þþ;−− ¼ −

X þ X0

1þ XX0 A
ð1Þ
þþ;þþ ð68aÞ

Að1Þ
þ−;−þ ¼ 0 ð68bÞ

Að1Þ
þþ;þ− ¼ −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h~k2⊥i=Pþ2

X02 þ h~k2⊥i=Pþ2

s
Að1Þ�
þþ;−þ ð68cÞ

Að1Þ
þ−;þþ ¼ −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hk2⊥i=Pþ2

X2 þ hk2⊥i=Pþ2

s
Að1Þ�
−þ;þþ: ð68dÞ

Notice that for X ¼ ζ, i.e. for the calculation of the
imaginary parts of the CFFs,

Að1Þ
þþ;−− ¼ −Að1Þ

þþ;þþ ð69aÞ

Að1Þ
þþ;þ− ¼ −Að1Þ�

þþ;−þ ð69bÞ

Að1Þ
þ−;þþ ¼ −Að1Þ�

−þ;þþ; ð69cÞ

we obtain the same relations as for the scalar diquark case.
Furthermore, the double helicity flip amplitude Aþ−;−þ
vanishes to order Δ2⊥. This can be understood when
considering the near collinear circumstance. For nucleon
to quark flipping helicity from þ 1

2
to − 1

2
the diquark must

carry þ1 near forward. That is rejoined by a near forward
quark of helicity þ 1

2
to form a þ 3

2
system in the near

forward case. That cannot happen unless there is highly
nonforward kinematics, because the helicity carried by the
diquark cannot be compensated. These simple relations are
a general feature of the axial diquark coupling, given that
we have omitted the helicity 0 component. The chiral-even
and chiral-odd helicity amplitudes in terms of GPDs were
given above.

Using the parity relations between amplitudes in

Eqs. (65), (68), we now give the functions Fð0Þ;ð1Þ
T ,

evaluated by inverting the expressions for the helicity
amplitudes in Eqs. (13) (with full account of the ζ
dependence), for S ¼ 0,

~Hð0Þ
T ¼ −

1

F

�
Eð0Þ −

ζ

2
~Eð0Þ

�
ð70aÞ

Eð0Þ
T ¼ 2

1 − ξ2
½Eð0Þ − ~Hð0Þ

T − ξ2 ~Eð0Þ�

¼ 2
ð1 − ζ=2Þ2

1 − ζ

�
Eð0Þ − ~Hð0Þ

T −
�

ζ=2
1 − ζ=2

�
2
~Eð0Þ

�
ð70bÞ

~Eð0Þ
T ¼ 2

1 − ξ2
½ξ2Eð0Þ − ξ2 ~Hð0Þ

T − ~Eð0Þ�

¼ 2
ð1 − ζ=2Þ2

1 − ζ

��
ζ=2

1 − ζ=2

�
2

Eð0Þ

−
�

ζ=2
1 − ζ=2

�
2
~Hð0Þ
T − ~Eð0Þ

�
ð70cÞ

Hð0Þ
T ¼ Hð0Þ þ ~Hð0Þ

2
−

ζ2=4
1 − ζ

Eð0Þ þ ~Eð0Þ

2

−
ζ2=4

ð1 − ζ=2Þð1 − ζÞE
ð0Þ
T þ ζ=4ð1 − ζ=2Þ

1 − ζ
~Eð0Þ
T

−
t0 − t
4M2

1

F

�
Eð0Þ −

ζ

2
~Eð0Þ

�
ð70dÞ

and for S ¼ 1,

~Hð1Þ
T ¼ 0 ð71aÞ

Eð1Þ
T ¼ 1 − ζ=2

1 − ζ

�
~a

�
Eð1Þ −

ζ=2
1 − ζ=2

~Eð1Þ
�

þ a

�
Eð1Þ þ ζ=2

1 − ζ=2
~Eð1Þ

��
ð71bÞ

~E1
T ¼ 1 − ζ=2

1 − ζ

�
~a

�
Eð1Þ −

ζ=2
1 − ζ=2

~Eð1Þ
�

− a

�
Eð1Þ þ ζ=2

1 − ζ=2
~Eð1Þ

��
ð71cÞ

Hð1Þ
T ¼ G

�
Hð1Þ þ ~Hð1Þ

2
−

ζ2=4
1 − ζ

Eð1Þ þ ~Eð1Þ

2

�

−
ζ2=4
1 − ζ

Eð1Þ
T þ ζ=4

1 − ζ
~Eð1Þ
T ð71dÞ

where the various kinematical factors are
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F¼
�
mq

M
þX0

�
1− ζ
~X

; G¼ XþX0

1þXX0 ; ~X¼ 1−X
1− ζ

and

a ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

hk2⊥i
X2 þ hk2⊥ið2Mζ2

Q2 Þ2

vuut ;

~a ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

h~k2⊥i
ðX − ζÞ2 þ h~k2⊥ið2Mζ2

Q2 Þ2

vuut :

The GPDs, Fu
T , and Fd

T are then calculated from F0
T (70),

and F1
T (71), using the SU(4) relations in Eqs. (43) and (44),

respectively.
The fitting procedure of GPDs is quite complicated

owing to its many different steps. In Fig. 5 we summarize
with a flowchart the various steps described so far, i.e.,

proceeding from left to right: (1) the construction of chiral-
odd helicity amplitudes; (2) the connection of these
amplitudes to the chiral-even ones using parity relations
within spectator models (curved upward arrow); (3) the
fixing of chiral-even parameters at an initial scale, Q2

o,
using the nucleon form factors and PQCD evolution to
match DIS data; (4) the determination of chiral-odd GPDs
(dotted arrow in the figure); (5) the construction of the
corresponding Compton form factors, and of the pseudo-
scalar meson electroproduction observables.
In Fig. 6 we show both the chiral-even GPDs (left panel)

and the chiral-odd GPDs (right panel) evaluated using the
model described in this paper at ζ ¼ 0, t ¼ 0, plotted vs X
at fixedQ2 ¼ 2 GeV2. The chiral-even GPDs were already
evaluated in Ref. [9] by using the recursive fitting
procedure described above. Notice that as a byproduct
of our analysis we obtain an independent extraction of
Hq

TðX; 0; 0;Q2Þ≡ hq1ðX;Q2Þ (upper panels). In Fig. 7 we
show transversity in more detail, compared with gq1ðXÞ,

FIG. 5 (color online). Flowchart for the GPD fitting procedure described in the text.
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FIG. 6 (color online). The chiral-even (left panel) and chiral-odd GPDs (right panel) evaluated using the model described in the text at
ζ ¼ 0, t ¼ 0, plotted vs X at fixed Q2 ¼ 2 GeV2.
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and the Soffer bound, f1ðXÞ þ g1ðXÞ. It is interesting to
notice how from exclusive pseudoscalar electroproduc-
tion data we obtain an independent extraction of
this quantity. A more detailed description of the other
transversity functions including the first moment of
h⊥1 ≡ 2 ~Hq

T þ Eq
T , whose integral over X gives the trans-

verse anomalous magnetic moments [51], will be given
in [9].

In Fig. 8 we show the t-dependent GPDs that enter the
helicity amplitudes evaluated in Sec. II in a kinematical bin
(xBj ¼ 0.13; Q2 ¼ 1.1 GeV2) consistent with the Jefferson
Lab kinematical coverage. The chiral-even GPDs are
shown in the left panel, and the chiral-odd GPDs in the
right panel.
In Fig. 9 we show the proton CFFs, Eq. (28), which enter

the γ�p → πop0 reaction. The flavor content of both the
chiral-even and chiral-odd GPDs follows from the SU(3)
flavor symmetry for the pseudoscalar meson octet. In
particular, for the chiral-odd sector we have

F πo
T ¼ 1ffiffiffi

2
p ðeuF u

T − edF d
TÞ ð72Þ

F η
T ¼ 1ffiffiffi

6
p ðeuF u

T þ edF d
T − 2esF s

TÞ ð73Þ

where Fq
T ¼ Hq

T; E
q
T; ~H

q
T; ~E

q
T , and eq, q ¼ u; d; s, is the

quark’s charge. Notice, however, that in our calculations we
have set the s quark GPDs to zero.

F. t-channel analysis

It is of interest to separate the role of chiral-odd GPDs
from chiral-even GPDs in π0 electroproduction. It is widely
stated that the chiral-even ~H and ~E are the sole contribu-
tions to the longitudinal photon cross section. Yet the
t-channel decompositions for these suggest otherwise.
Let us examine this proposition. In order to match the
definite negative C-parity of the γ�π0, the crossing and
spin symmetry behavior of the GPDs must be selected.
Furthermore the Dirac structure of the quark correlator
must have the negative parity structure guaranteed by a
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FIG. 7 (color online). The transversity function,
h1ðx;Q2Þ≡ ~HTðX; 0; 0; Q2Þ, plotted along with theoretical errors
(hashed area) for the up (top panel) and down (bottom panel)
quarks. The theoretical uncertainties are propagated from the
parameters’ errors from PDF fits in the chiral-even sector.
The other curves in the figure represent the Soffer bound [52]
on the magnitude of h1, and the values of gu;d1 , respectively
(adapted from Ref. [53]).
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factor of γ5, so only ~H and ~E contribute. The antisymmetric
combinations under x → −x have negative C-parity
[20–22]. Further analysis in Ref. [21] shows that the ~H
contains the series 2−−; 4−−;…, while ~E contains
1þ−; 2−−; 3þ−; 4−−….
Consider ~E first. Now an important observation is that

because of C-parity there is no 0−þπ pole contribution to ~E.
It is expected from various model calculations that the

remaining contributions to ~E will be appreciably smaller
[13,54], although we see that for the antisymmetric cross-
ing combination there can be the quantum numbers of the
b1; h1 axial vector mesons. While the first moment of the
symmetric ~Eðx; ξ; tÞ is the pseudoscalar form factor,
for the first moment of the antisymmetric ~Eðx; ξ; tÞ there
is no simple phenomenological connection, except to lattice
calculations of the generalized form factors. Nevertheless,
we will keep the possibility of an axial vector pole
contribution in mind below.
The contribution of ~H to the π0 involves a series that

begins with 2−−. There are no known particle candidates for
that state, either isoscalar or isovector. If we consider the
Regge pole contributions to the antisymmetric ~H, then, the
trajectory would have to be lower than the well-established
trajectories and the first physical pole, far from the
scattering region. Note that the absence of a 0−− would
require a factor of αðtÞ in the overall Regge residue
(nonsense zero) for this case. Similar to ~E, the first moment
of the symmetric ~Hðx; ξ; tÞ þ ~Hð−x; ξ; tÞ is the axial vector
form factor corresponding to the a1 quantum numbers. But
the antisymmetric case does not have such an interpreta-
tion. The ~Hqðx; 0; 0Þ ¼ gq1ðxÞ, so it is known that ~Hq cannot
be small at the boundary. For the process here, however,
the JPC ¼ 2−− will suppress the nonsinglet contribution
for small x and ∣t∣. The considerably smaller value of
the longitudinal cross section for π0 corroborates this
conclusion.

IV. CROSS SECTIONS AND ASYMMETRIES

The various GPDs calculated in Sec. III enter the cross
section terms for πo electroproduction, which, using the
notation of Ref. [55] (based on [56]), can be defined as

d4σ
dxBjdydϕdt

¼ Γ
�
½FUU;T þ ϵFUU;L þ ϵ cos 2ϕFcos 2ϕ

UU þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ϵðϵþ 1Þ

p
cosϕFcosϕ

UU þ h
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ϵð1 − ϵÞ

p
sinϕFsinϕ

LU �

þ S∥½
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ϵðϵþ 1Þ

p
sinϕFsinϕ

UL þ ϵ sin 2ϕFsin 2ϕ
UL þ hð

ffiffiffiffiffiffiffiffiffiffiffiffi
1 − ϵ2

p
FLL þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ϵð1 − ϵÞ

p
cosϕFcosϕ

LL Þ�

− S⊥
�
sinðϕ − ϕSÞðFsinðϕ−ϕSÞ

UT;T þ ϵFsinðϕ−ϕSÞ
UT;L Þ þ ϵ

2
ðsinðϕþ ϕSÞFsinðϕþϕSÞ

UT þ sinð3ϕ − ϕSÞFsinð3ϕ−ϕSÞ
UT Þ

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ϵð1þ ϵÞ

p
ðsinϕSF

sinϕS
UT þ sinð2ϕ − ϕSÞFsinð2ϕ−ϕSÞ

UT Þ
�

þ S⊥h½
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − ϵ2

p
cosðϕ − ϕSÞFcosðϕ−ϕSÞ

LT þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ϵð1 − ϵÞ

p
ðcosϕSF

cosϕS
LT þ cosð2ϕ − ϕSÞFcosð2ϕ−ϕSÞ

LT Þ�
�

ð74Þ

where S∥ and S⊥ refer to lab frame target polarization
parallel and perpendicular to the virtual photon direction,
h is the lepton beam helicity, ϕ is the azimuthal
angle between the lepton plane and the hadron

scattering plane, ϕS is the azimuthal angle of the
transverse spin vector S⊥ and t is the square of the
invariant momentum transfer between the initial and final
nucleon.
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Q2 ¼ 1.1 GeV2.
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The photon polarization parameter ϵ, the ratio of longi-
tudinal photon and transverse photon flux, can be written in
terms of invariants as

ϵ−1 ¼ 1þ 2

�
1þ ν2

Q2

��
4
ν2

Q2

1 − y
y2

− 1

�−1
: ð75Þ

Γ is given by

Γ ¼ α2y2ð1 − xBjÞ
2πxBjð1 − ϵÞQ2

: ð76Þ

We also list for completeness the alternative notations
that are frequently used in the literature,

FUU;T ¼ dσT
dt

¼ σT; FUU;L ¼ dσL
dt

¼ σL;

Fcosϕ
UU ¼ dσLT

dt
¼ σLT; Fcos 2ϕ

UU ¼ dσTT
dt

¼ σTT;

Fsinϕ
LU ¼ dσLT 0

dt
¼ σLT 0 ; etc: ð77Þ

In order to predict/interpret experimental results on the
various cross section components and the asymmetries
constructed through them, it is important to devise a
scheme that helps us navigate through this elaborate set
of functions. For each observable (or set of observables),
we will show a decomposition in both the various ampli-
tudes and the various contributing GPDs. Physical infor-
mation will be more easily extracted this way, in cases

where one of the amplitudes (or one particular combination
of amplitudes) dominates.
We discuss in order: (i) the helicity amplitudes in terms

of chiral-odd GPDs; (ii) the various contributions to
Eq. (74) in terms of both helicity amplitudes and GPDs.

A. Helicity amplitudes as functions of GPDs

The helicity amplitudes are shown in Fig. 10 as a function
of −t, for xBj ¼ 0.19, Q2 ¼ 1.6 GeV2 (similar results are
obtained for the other kinematical bins in the range of
Jefferson Lab data [57]). The imaginary (real) parts are
displayed on the lhs (rhs). The different contributions from
the various chiral-odd GPDs are also shown in the figure.
We recall the structure of the transverse amplitudes,

Eq. (27),

fþþ
10 ∝ Δð2 ~HT þ ð1 − ξÞET − ð1 − ξÞ ~ETÞ ð78aÞ

fþ−
10 ∝ HT þ t0 − t

4M2
~HT þ ξ2

1 − ξ2
ET þ ξ

1 − ξ2
~ET ð78bÞ

f−þ10 ∝ Δ2 ~HT ð78cÞ

f−−10 ∝ Δð2 ~HT þ ð1þ ξÞET þ ð1þ ξÞ ~ETÞ: ð78dÞ

Regarding the GPD content of the amplitudes we can
deduce the following:
(1) All GPDs contributions should be considered sep-

arately. In particular, HT , ~HT , and ET are dominat-
ing; ~ET is nonzero in our model but small. Although
the combination 2 ~HT þ ET might be considered
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more fundamental in that its spin structure corre-
sponds to the Boer-Mulders function [11,12], and its
first moment yields the proton’s transverse anoma-
lous magnetic moment [11], ~HT , and ET appear
separately, and multiplied by different factors in the
amplitudes. 2 ~HT þ ET should just be viewed as a
forward limit.

(2) The behavior of fþþ
10 and f−−10 is determined by ~HT

and ET . As a consequence of what we explained in
point (1), f−−10 is sensibly different from fþþ

00 , in
particular, because of the different multiplicative
factors, f−−10 < fþþ

10 .
(3) fþ−

10 is determined by HT at small ∣t∣, and by ET at
large ∣t∣.

(4) f−þ10 is determined by ~HT only, but it is small due to
the ∣t∣ factor suppression.

(5) The longitudinal photon contributions, fþ−
00 and

fþþ
00 , are suppressed in the chiral-odd case.

B. Unpolarized target

The various terms describing scattering from an unpo-
larized target in Eq. (74) are written in terms of helicity
amplitudes, Eqs. (27), as

FUU;T ¼ 1

2
ðFþþ

11 þ F−−
11 Þ ¼

1

2

X
Λ0

ðfþΛ0�
10 fþΛ0

10 þ f−Λ
0�

10 f−Λ
0

10 Þ

¼ 1

2
ð∣fþþ

10 ∣2 þ ∣fþ−
10 ∣2 þ ∣f−þ10 ∣2 þ ∣f−−10 ∣2Þ ð79Þ

FUU;L ¼ Fþþ
00 ¼

X
Λ0

fþΛ0�
00 fþΛ0

00 ¼ ∣fþþ
00 ∣2 þ ∣fþ−

00 ∣2 ð80Þ

Fcos 2ϕ
UU ¼ −ℜeFþþ

1−1 ¼ −ℜe
X
Λ0

fþΛ0�
10 fþΛ0

−10

¼ −ℜe½ðfþþ
10 Þ�ðf−−10 Þ − ðfþ−

10 Þ�ðf−þ10 Þ� ð81Þ
Fcosϕ
UU ¼ℜeðFþþ

10 þF−−
10 Þ¼ℜe

X
Λ0

ðfþΛ0�
00 fþΛ0

10 þf−Λ
0�

00 f−Λ
0

10 Þ

¼ℜe½ðfþ−
00 Þ�ðfþ−

10 þf−þ10 Þþðfþþ
00 Þ�ðfþþ

10 −f−−10 Þ�
ð82Þ

Fsinϕ
LU ¼ −ℑmðFþþ

10 þ F−−
10 Þ

¼ −ℑm
X
Λ0

ðfþΛ0�
00 fþΛ0

10 þ f−Λ
0�

00 f−Λ
0

10 Þ

¼ −ℑm½ðfþ−
00 Þ�ðfþ−

10 þ f−þ10 Þ þ ðfþþ
00 Þ�ðfþþ

10 − f−−10 Þ�
ð83Þ

where the helicity amplitudes satisfy the following
parity relations, f−Λ−Λ

0
−Λγ0 ¼ ½ηGð−1ÞðΛγ−ΛÞþΛ0 �fΛΛ0

Λγ0
, with

the intrinsic parities factor given by ηG ¼ ðηπoηp0 Þ=
ðηγηpÞð−1ÞSπoþSp0−Sγ−Sp ¼ −1 [see Eq. (43) in Ref. [58]].

1. Cross section components

In Figs. 11–13 we show the unpolarized cross section
components, FUU;T þ ϵFUU;L, F

cos 2ϕ
UU , and Fcosϕ

UU for the
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FIG. 11 (color online). Left: Unpolarized cross section components, FUU;T þ ϵFUU;L, F
cos 2ϕ
UU , and Fcosϕ

UU in the kinematical bin,
xBj ¼ 0.13, Q2 ¼ 1.2 GeV2. The upper left panel shows all components along with the data from Ref. [57]. The other panels show the
contributions from the various helicity amplitudes. The right upper panel shows FUU;T þ ϵFUU;L, and the contributions from fþþ

10 , fþ−
10 ,

f−þ10 and f−−10 . Similarly, the lower left panel and the lower right panel show the contributions of the various amplitudes to Fcosϕ
UU and

Fcos 2ϕ
UU , respectively. Right: Same as left, displaying the GPDs’ components. The full curve is obtained by using only ~ET, the dashed

curves by including only 2 ~HT � ð1� ξÞET, the dot-dashed curve by including only HT, and the dotted curve by including all GPDs,
except for ~ET.
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kinematics: xBj ¼ 0.13, Q2 ¼ 1.2 GeV2 (Fig. 11),
xBj ¼ 0.19, Q2 ¼ 1.6 GeV2 (Fig. 12), and xBj ¼ 0.28,
Q2 ¼ 2.2 GeV2 (Fig. 13).
In the left panel we show how the various amplitudes

contribute to the cross sections’ components, going clock-

wise from the upper left corner:
Left
(i) the unpolarized cross section components, FUU;Tþ

ϵFUU;L, F
cos 2ϕ
UU , and Fcosϕ

UU in the kinematical bin,
xBj ¼ 0.13, Q2 ¼ 1.2 GeV2, along with the data
from Ref. [57]

(ii) the contributions from the various helicity ampli-
tudes fþþ

10 (dashes), fþ−
10 , f−þ10 and f−−10 to

FUU;T þ ϵFUU;L;

(iii) the same for Fcosϕ
UU ;

(iv) the contributions of the combinations f�þþ
10 f−−10 and

f�þ−
10 f−þ10 to Fcos 2ϕ

UU .
In the right panel we show the GPD content of the
various cross sections’ components independently from
which amplitude they enter (clockwise from the upper left
corner):
Right
(i) the same as in the left panel (upper left);
(ii) the GPDs contributing to FUU;T þ ϵFUU;L;
(iii) the GPDs contributing to Fcosϕ

UU
(iv) the GPDs contributing to Fcos 2ϕ

UU .
From (ii) left we see that FUU;T þ ϵFUU;L is dominated by
fþ−
10 (low t) and f−−10 (larger t). By comparing with (ii) right

we see that HT dominates at low t but it is taken over by
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FIG. 12 (color online). Same as Fig. 11 for the kinematics xBj ¼ 0.19, Q2 ¼ 1.6 GeV2.
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FIG. 13 (color online). Same as Fig. 11 for the kinematics xBj ¼ 0.27, Q2 ¼ 2.2 GeV2.
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2 ~HT � ð1� ξÞET at larger t. This is consistent with the
behavior of the amplitudes displayed in Fig. 10. From (iii)
left we see that the dominant contributions to Fcosϕ

UU are
given by f−−10 and fþþ

10 , although fþ−
10 contributes at very

small t. By comparing with (ii) right in terms of GPDs HT

dominates at low t and 2 ~HT � ð1� ξÞET at larger t.
Finally, in (iv) left Fcos 2ϕ

UU is given by similar contributions
from all the amplitude combinations and it is therefore
harder to interpret. From (iv) right one can see that the
GPDs 2 ~HT � ð1� ξÞET and HT contribute almost equally
in the whole t regime.
The unpolarized sinϕ modulation, Fsinϕ

LU , describes the
beam asymmetry, ALU, which is implicit in the term
involving h in Eq. (74),

ALU ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ϵð1 − ϵÞ

p Fsinϕ
LU

FUU;T þ ϵFUU;L
: ð84Þ

ALU is shown in Fig. 14 for two of the Jefferson Lab Hall B
kinematical bins along with the different amplitudes’
contributions, in this case the products: ðfþþ�

10 fþþ
00 Þ,

ðf−−�10 fþþ
00 Þ, ðf−þ�

10 fþ−
00 Þ and ðfþ−�

10 fþ−
00 Þ, appearing in

Eq. (83). Notice that the longitudinally polarized ampli-
tudes receive contributions from both the chiral-even
and chiral-odd GPDs (see Sec. II C). From the graph

(lower panels) one can see a definite dominance of the
chiral-even GPDs. We deduce that ALU is not favored for
the extraction of chiral-odd GPDs.

2. Q2 dependence

In Fig. 15 we show the Q2 dependence of the cross
section term, FUU;T þ ϵFUU;L [Eqs. (79), (80)], plotted vs
Q2 at t and xBj values corresponding to the data from
Ref. [57]. The full curve was calculated using the same
kinematics as the data for −t ¼ 0.25 GeV2 (calculations at
the other kinematical values give similar results and they
are not displayed for simplicity). The dashed curve was
obtained for one of the bins in t at an average value of
xBj ¼ 0.23. Our calculation shows that a straightforward
comparison with theory can be performed only in this
situation, i.e. at fixed xBj. While in order to unravel the Q2

dependence of the data a more complete coverage of phase
space is needed, our calculation suggests that the trend of
the available data does not contradict theoretical expect-
ations based on the Q2 dependent kinematical factors
appearing in the expression for the cross section.

C. Longitudinal target polarization

For longitudinal target polarization,

Fsinϕ
UL ¼ −ℑmðFþþ

10 − F−−
10 Þ

¼ −ℑm
X
Λ0

½ðfþΛ0
00 Þ�fþΛ0

10 − ðfþΛ0
00 Þ�f−Λ0

10 �

¼ −ℑm½ðfþ−
00 Þ�ðfþ−

10 − f−þ10 Þ þ ðfþþ
00 Þ�ðfþþ

10 þ f−−10 Þ�
ð85Þ
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FIG. 14 (color online). Beam spin asymmetry, ALU , plotted vs
−t for two different kinematics: Q2 ¼ 1.1 GeV2, xBj ¼ 0.13
(left), and Q2 ¼ 1.6 GeV2, xBj ¼ 0.19 (right). Experimental data
are from Ref. [59]. In the upper panels the different helicity
amplitude combinations contributing to ALU , Eqs. (83), (84), are
shown. The full curve describes the result obtained including all
combinations. In the lower panels we show results obtained
including both the chiral-even and odd GPDs (full curve) com-
pared to results obtained using only the chiral-odd contribution
(dashes). We conclude that the chiral-even GPDs dominate this
observable.
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Fsin 2ϕ
UL ¼ −ℑmFþþ

1−1 ¼ −ℑm
X
Λ0

fþΛ0�
10 fþΛ0

−10

¼ −ℑm½ðfþþ
10 Þ�ðf−−10 Þ − ðfþ−

10 Þ�ðf−þ10 Þ� ð86Þ

Fcosϕ
LL ¼ℜeðFþþ

10 −F−−
10 Þ¼ℜe

X
Λ0

ðfþΛ0�
00 fþΛ0

10 −f−Λ
0�

00 f−Λ
0

10 Þ

¼ℜe½ðfþ−
00 Þ�ðfþ−

10 −f−þ10 Þþðfþþ
00 Þ�ðfþþ

10 þf−−10 Þ�
ð87Þ

FLL ¼ 1

2
ðFþþ

11 − F−−
11 Þ ¼

1

2

X
Λ0

ðfþΛ0�
10 fþΛ0

10 − f−Λ
0�

10 f−Λ
0

10 Þ

¼ 1

2
½∣fþþ

10 ∣2 þ ∣fþ−
10 ∣2 − ∣f−þ10 ∣2 − ∣f−−10 ∣2�: ð88Þ

There are several polarization asymmetries that can be
constructed. For an unpolarized lepton beam on a longi-
tudinally polarized target one has

AUL ¼ Nsz¼þ − Nsz¼−

Nsz¼þ þ Nsz¼−

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ϵðϵþ 1Þp

sinϕFsinϕ
UL

FUU;T þ ϵFUU;L
þ ϵ sin 2ϕFsin 2ϕ

UL

FUU;T þ ϵFUU;L

¼ Asinϕ
UL sinϕþ Asin 2ϕ

UL sin 2ϕ: ð89Þ

For a longitudinally polarized lepton beam striking a
longitudinally polarized target (relative to the virtual
photon direction) the asymmetry has two components,

ALL ¼ N→
sz¼þ − N→

sz¼− þ N←
sz¼þ − N←

sz¼−

Nsz¼þ þ Nsz¼−

¼
ffiffiffiffiffiffiffiffiffiffiffiffi
1 − ϵ2

p
FLL

FUU;T þ ϵFUU;L
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ϵð1 − ϵÞp

cosϕFcosϕ
LL

FUU;T þ ϵFUU;L

¼ ALL þ Acosϕ
LL cosϕ ð90Þ

where N→ð←Þ
sz¼� measures a right-handed (left-handed) lepton

scattering on a proton with longitudinal spin, sz ¼ �1=2.
The asymmetries AUL and ALL are shown in Figs. 16 and 17
at Jefferson Lab kinematics [60,61].
Asinϕ
UL (Fig. 16, left), is dominated by the longitudinal

components in a similar way as already seen for ALU
(Fig. 14). Therefore, for its description one needs to
consider simultaneously the chiral-even sector. We con-
clude that this quantity is harder to interpret theoretically
since chiral-even and chiral-odd components cannot be
disentangled in a model independent way. In our model
the chiral-even component dominates the longitudinal
contributions: fþ�

00 ¼ fþ�;even
00 þ fþ�;odd

00 ≈ fþ�;even
00 (see

Sec. II B). On the other side, Asin 2ϕ
UL (right) is determined

by the chiral-odd amplitudes. Specifically, we find that the
contribution, fþþ�

10 f−−10 , in Eq. (86) dominates, as expected,
over the double flip term, fþ−�

10 f−þ10 . As we can see from
Eqs. (27), (78), these amplitudes are almost entirely
determined by ~HT and ET , through the combina-
tions 2 ~HT þ ð1� ξÞET .
We conclude that AUL allows for a clean extraction of the

chiral-odd GPDs, ~HT and ET .
ALL and Acosϕ

LL (Fig. 17), can be interpreted similarly to
ALU. From Eqs. (87), (88) we see that ALL contains only
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FIG. 16 (color online). Asymmetry, AUL components Asinϕ
UL , the first term in Eq. (89) (left), and Asin 2ϕ

UL , the second term in the equation
(right), plotted vs −t. Top panels: Q2 ¼ 1.94 GeV2. Bottom panels: xBj ¼ 0.25, and Q2 ¼ 2.85 GeV2, xBj ¼ 0.4. Also shown are the
contributions of the different helicity amplitudes’ combinations described in the text.
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chiral-odd GPDs, while Acosϕ
LL , because of the longitudinal

photon contributions, contains both chiral-even and chiral-
odd terms. In our description, the chiral-even terms
dominate this quantity through the term fþþ�

00 fþþ
10

(Fig. 17, right). A straightforward interpretation is instead
obtained for ALL where we can see that the term ∣fþ−

10 ∣2,
which is dominated byHT, determines the amplitude at low
t, while at large t because of the form-factor-like falloff of
HT with t, the contribution from ∣fþþ

10 ∣2, determined by ~HT

and ET , takes over.
We conclude that ALL allows us to extract the chiral-odd

GPD, HT , and therefore the tensor charge, at small t, and
~HT and ET at larger t.

D. Transverse target polarization

We complete our discussion by listing the six structure
functions for the single transversely polarized target in
Eq. (74),

Fsinðϕ−ϕSÞ
UT;T ¼ −ℑm½fþþ�

10 f−þ10 þ fþ−�
10 f−−10 � ð91Þ

Fsinðϕ−ϕSÞ
UT;L ¼ 2ℑm½fþ−�

00 fþþ
00 � ð92Þ

FsinðϕþϕSÞ
UT ¼ ℑm½fþþ�

10 fþ−
10 � ð93Þ

Fsinð3ϕþϕSÞ
UT ¼ −ℑm½f−þ�

10 fþþ
10 � ð94Þ

FsinϕS
UT ¼ −ℑm½fþþ�

10 fþ−
00 − fþ−�

10 fþþ
00 � ð95Þ

Fsinð2ϕ−ϕSÞ
UT ¼ ℑm½f−þ�

10 fþþ
00 þ f−−�10 fþ−

00 �; ð96Þ

and three for the longitudinally polarized lepton and
transversely polarized target in Eq. (74),

Fcosðϕ−ϕSÞ
LT ¼ ℜe½fþþ�

10 f−þ10 þ fþ−�
10 f−−10 � ð97Þ

FcosϕS
LT ¼ −ℜe½fþþ�

10 fþ−
00 − fþ−�

10 fþþ
00 � ð98Þ

Fcosð2ϕ−ϕSÞ
LT ¼ −ℜe½f−þ�

10 fþþ
00 þ f−−�10 fþ−

00 �: ð99Þ

For target polarization we distinguish the polarization
that is both transverse to the photon direction and to the
hadron plane,

AUT ¼ Fsinðϕ−ϕSÞ
UT;T

FUU;T þ ϵFUU;L
ð100Þ

(for the target polarized along the photon direction there
will be no asymmetry because of parity conservation). For
the target at rest, polarized along the incoming lepton
direction, there will be a component of nucleon polarization
transverse to the photon direction as well as transverse to
the nucleon plane. The same AUT will be involved,
although modulated by the sine of the photon angle relative
to the lepton beam and the sinϕ.
We conclude this section by noting that transverse

asymmetries allow us to best single out the tensor charge
[4]; namely they are sensitive to the GPD HT , at variance
with the quantities reported in detail in this paper which are
mostly sensitive to the GPDs ~HT and ET . Both types of
measurements are therefore important for interpreting the
chiral-odd sector. For ease of presentation we will include
a detailed discussion of the transverse asymmetries’ terms
in a dedicated paper in preparation.
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FIG. 17 (color online). Components of the asymmetry, ALL, Eq. (90), plotted vs −t at Jefferson Lab kinematics: Q2 ¼ 1.94 GeV2,
xBj ¼ 0.25, and Q2 ¼ 2.85 GeV2, xBj ¼ 0.4. The panel on the left shows the term constant in ϕ, while the panel on the right shows the
cosϕ modulation of the asymmetry. The solid curve represents the value of the asymmetry, while the other curves labeled in the panels
represent the contributions of the various helicity amplitudes to ALL (left) and to ALLcosϕ (right).
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V. CONCLUSIONS AND OUTLOOK

Once we established that the transversity parton
distributions in the nucleon can be accessed through
deeply virtual exclusive pseudoscalar meson production,
which is sensitive to the chiral-odd transversity GPDs,
HT; ET; ~HT; ~ET , we addressed the feasibility of an exper-
imental extraction.
A major goal of this work was to gauge the contributions

of the various GPDs to experimental observables, specifi-
cally in exclusive πo electroproduction. For chiral-odd
GPDs, contrary to the chiral-even case, a big piece of
information is missing in that their normalizations are not
linked by integral relations to specific nucleon form factors.
This hampers in particular in the determination of their t
dependence.
Given the structure of the spectator model, parametrized

as diquark amplitudes, there are relations between chiral-
even and chiral-odd amplitudes. We applied parity reflec-
tion to one set of the helicity dependent vertices—the
outgoing quark-diquark nucleon. A set of linear relations
results for the two possible diquark structures (scalar and
axial vector) which thereby relates the chiral-even helicity
amplitudes to the chiral-odd amplitudes. This has led us to
parametrizing the chiral-odd GPDs, normalized through the
chiral-even GPDs. By using the more extensive data-driven
determination of the chiral-even GPDs [9], we are therefore
able to provide the full kinematical dependence of all four
chiral-odd GPDs within a general class of models, namely
the quark-diquark, or spectator models.
This represents a consistent quantitative step with respect

to our previous work [4] where the normalizations in the
chiral-odd sector were estimated based on various Ansätze.
In particular, only HT and the combination 2 ~HT þ ET
[11,51], which is related to the first moment of the Boer-
Mulders TMD [36], were considered while ~ET was set to
zero assuming a straightforward extrapolation of the sym-
metries in the Regge amplitudes for πo photoproduction.
A similar simplified approach was taken also in Ref. [14].
We see the results of our extended approach in relation to

the many measured and measurable observables for deeply
virtual pseudoscalar meson electroproduction. What is
especially gratifying is that certain asymmetries constrain
the GPDs well enough to separately determine HT , and
consequently transversity through the limitHTðx; 0; 0Þ, and
the combination 2 ~HT þ ð1� ξÞET . Data show that trans-
verse virtual photons dominate the process at Jefferson Lab
kinematics. This is a strong marker for twist-3 contributions
to the hard scattering subprocess.
In upcoming work we have predictions for more pseu-

doscalar mesons observables including η [62], strange and
charmed mesons, as well as a refinement of the para-
metrization to be pursued, including the role of sea quarks.
We are considering the significance of the chiral-even/
chiral-odd duality. The extension of the notions of variable

mass spectators to Wigner distributions and generalized
transverse momentum distributions is under way.
We complete our discussion by noting that the electro-

production of two vector mesons proposed to extract
the transversity GPD, HT , is also, in principle, feasible
although with a doubling of the technical issues for the
method shown here [63,64].
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APPENDIX A: PION TRANSITION FORM
FACTORS

The hard part of γ�p → πop0 involves the γ� þ uðdÞ →
πo þ uðdÞ amplitudes (Fig. 1). The πo vertex is described in
terms of distribution amplitudes (DAs) as follows:

fπfγ5q0ϕπðτÞ þ γ5μπϕ
ð3Þ
π ðτÞg ðA1Þ

where fπ is the pion coupling; μπ is a mass term that can
e.g. be estimated from the gluon condensate; ϕπðτÞ and

ϕð3Þ
π ðτÞ, τ being the longitudinal momentum fraction, are

the twist-2 and twist-3 pion DAs, respectively describing
the chiral-even and chiral-odd processes.
The γμγ5 coupling produces the π0’s nonflip quark

vertex, which corresponds to a twist-2 contribution. This
contributes to the longitudinal photon case with no quark
helicity flip. The nonflip transverse photon contribution is
suppressed—twist-4. For transverse γ� the quark can also
flip helicity in the near collinear limit. This is accomplished
through the vertex with γ5 coupling giving the same Q2

dependence as in the transverse photon, quark nonflip case.
Notice that (i) for the chiral-odd coupling the longitudinal

term is suppressed relative to the transverse one, already
at tree level; (ii) based on collinear factorization, the
chiral-even longitudinal term should be dominating. In what
follows we show, however, that by taking into account both
the GPD crossing properties, along with the corresponding
JPC quantum numbers in the t-channel, the allowed linear
combinations of chiral-even GPDs that contribute to the
longitudinal cross section terms are suppressed.
In addition to assessing the impact of the correct GPD

combinations to πo electroproduction, we also developed a
model for the hard vertex that takes into account the direct
impact of spin through different JPC sequencings [21].
According to the modified perturbative approach ([13] and
references therein), one has

gΛγ� ;λ;0;λ0 ¼
Z

dτ
Z

d2bF̂Λγ� ;λ;0;λ0 ðQ2; τ; bÞαSðμRÞ

× exp½−S�ϕ̂πðτ; bÞ ðA2Þ

GOLDSTEIN, HERNANDEZ, AND LIUTI PHYSICAL REVIEW D 91, 114013 (2015)

114013-22



where F̂Λγ� ;λ;0;λ0 is the Fourier transform of the hard (one

gluon exchange) kernel; S is the Sudakov form factor; ϕ̂π is
the pion distribution amplitude in impact parameter, b,
space; and μR is a renormalization scale.
Now consider the t-channel perspective. There exist two

distinct series of JPC configurations in the t-channel,
namely the natural parity one (1−−; 3−−…), labeled V,
and the unnatural parity one (1þ−; 3þ−…), labeled A. We
hypothesize that the two series will generate different
contributions to the pion vertex. We consider separately
the two contributions γ�ðqq̄ÞV → πo and γ�ðqq̄ÞA → πo to
the process in Fig. 1(b). What makes the two contributions
distinct is that, in the natural parity case (V), L is always the
same for the initial and final states, or ΔL ¼ 0, while for
unnatural parity (A), ΔL ¼ 1. We modeled this difference
by replacing Eq. (A2) with the following expressions
containing a modified kernel:

gVΛγ� ;λ;0;λ0
¼

Z
dx1dy1

Z
d2bψ̂Vðy1; bÞF̂Λγ� ;λ;0;λ0

× ðQ2; x1; x2; bÞαSðμRÞ exp½−S�ϕ̂πoðx1; bÞ
ðA3Þ

gAΛγ� ;λ;0;λ0
¼

Z
dx1dy1

Z
d2bψ̂Aðy1; bÞF̂Λγ� ;λ;0;λ0

× ðQ2; x1; x2; bÞαSðμRÞ exp½−S�ϕ̂πoðx1; bÞ
ðA4Þ

where

ψ̂Aðy1; bÞ ¼
Z

d2kTJ1ðy1bÞψVðy1; kTÞ: ðA5Þ

Notice that we now have an additional longitudinal variable
and “wave function” in order to introduce the effect of
different L states. The higher order Bessel function
describes the situation where L is always larger in the
initial state. In impact parameter space this corresponds to
configurations of larger radius. The matching of the V and
A contributions to the helicity amplitudes is as follows:
fþþ
10 ; f−−10 ∝ gV , fþ−

10 ∝ gV þ gA, f−þ10 ∝ gV − gA.

APPENDIX B: HARD SCATTERING PROCESS

We first give details of the calculation of the hard
scattering amplitudes, gλ;λ

0
10 ,

gþþ
10 ¼ g−−10 ¼ 0 ðB1aÞ

gþ−
10 ¼ KNN0½ðgλogρþg1ν − gλρgoþg1ν þ gλþgoρg1νÞ

− iðgλogρþg2ν − gλρgoþg2ν þ gλþgoρg2νÞ�kλk0ρϵþ1
ν

≈ −
Kffiffiffiffiffiffiffiffiffiffiffiffi
k0þkþ

p ½kop0þ − ðkk0Þ þ kþk0o�ðϵþ1
1 − iϵþ1

2 Þ

ðB1bÞ

g−þ10 ¼ −
Kffiffiffiffiffiffiffiffiffiffiffiffi
k0þkþ

p ðkþk0þÞ

¼ KNN0½ðgλogρþg1ν − gλρgoþg1ν þ gλþgoρg1νÞ
þ iðgλogρþg2ν − gλρgoþg2ν þ gλþgoρg2νÞ�kλk0ρϵþ1

ν

≈ −
Kffiffiffiffiffiffiffiffiffiffiffiffi
k0þkþ

p ½kok0þ − ðkk0Þ þ kþk0o�ðϵþ1
1 þ iϵþ1

2 Þ ¼ 0:

ðB1cÞ
We now turn to the longitudinal amplitude, gþ−

00 ,

gþ−
00 ¼ KNN0½ðgλog1ρgþν − gλ1goρgþν þ gλ1goνgρþ

þgλþgoνg1ρÞ − ið1 ↔ 2Þ�kλk0ρϵ0ν
≈

Kffiffiffiffiffiffiffiffiffiffi
k0oko

p ½ðkok01 − k1k0oÞϵ0þ þ ðk1k0þ þ k1k0þÞϵ0o
− ið1 ↔ 2Þ� ðB2aÞ

gþþ
00 ¼ 0: ðB2bÞ

Notice that in Eqs. (24), (25) the following term appears:

ðk01 − ik02Þffiffiffiffiffiffiffiffiffi
kok0o

p ¼ ðk01 − ik02Þ
k0o

ffiffiffiffiffi
k0o
ko

s

≡ ðk01 − ik02Þ
Pþ½k02⊥ð2Mζ2

Q2 Þ2 þ ðX − ζÞ2�1=2

ffiffiffiffiffi
k0o
ko

s
: ðB3Þ

The first factor corresponds to sin θ0 ¼ ˆk0P, i.e. of the angle
between the returning quark’s momentum, k0 ¼ k − Δ,
and the initial proton’s momentum, P, which lies along the
z-axis. With the choice of kinematical variables in this
paper, Pþ ¼ Q2=2Mζ2. The four-vector components, using
v≡ ðvo; v⊥; v3Þ, are

k0 ≡ ððX − ζÞPþ;k0⊥; ðX − ζÞPþÞ; P≡ ðPþ; 0; PþÞ:

In terms of these we define

sin θ0 ¼ ∣k0⊥∣ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k02⊥ þ k023

p : ðB4Þ

By inserting these expressions in gþ−
00 , Eq. (25), we have

gþ−
00 ¼ ∣k0⊥∣ffiffiffiffiffiffi

Q2
p ζ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
XðX − ζÞ

p

×
1

Pþ½ðX − ζÞ2 þ hk2⊥i=ðQ2=2Mζ2Þ�1=2 C
þ: ðB5Þ
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Two kinematical limits are relevant: (i) X ¼ ζ, where the
quark is perpendicular to the z-axis, and sin θ0 ¼ 1;
(ii) X ≠ ζ, ∣k0⊥∣ ≪ Pþ, where the denominator in
Eq. (B3) becomes ≈PþðX − ζÞ. The two distinct limits

are shown in Fig. 18, as a function of X, at fixed
k⊥ ¼ 0.3 GeV.

APPENDIX C: CHIRAL-EVEN GPDS’ NEW SET
OF PARAMETERS

We give the complete set of chiral-even parameters. We
first performed a fit for t ¼ ζ ¼ 0, of the PDF global
parametrizations in the valence quark sector, and obtained
the parameters mq, M

q
X, M

q
Λ, and αq for all four GPDs, as

well as the normalization factors, N q, for Hq and ~Hq [9].
Because we did not use the actual data at this stage, these
parameters assume the fixed values in Table II, with no
error bar. In the next step, we took t ≠ 0 and, by keeping the
first set of parameters fixed, we performed a fit of the
nucleon form factors. We obtained (i) the parameters α0q,
pq, and the normalization, N q, for Eq [10], by fitting the
proton and neutron electromagnetic form factors’ data
including the flavor separated form factors’ data from
Ref. [33] (note that the selection of data prior to the ones
in Ref. [33] is the same as in the previous analyses from
Refs. [9,38,39]); (ii) the parameters α0q, pq, and the

normalizations for ~Hq
~Eq by fitting available data on the

axial ([65] and references therein) and pseudoscalar [66]
form factors, respectively. Also shown in Table II is the
χ2=Ndata, where Ndata is the number of data for each
separate contribution to the fit. The new fit [10] to the
flavor separated data on the nucleon’s Dirac and Pauli form
factors from Ref. [33]—while keeping the parameters from
the PDFs’ fit fixed to their previously determined values
[9]—allowed us to sensibly reduce the error on the GPDs.
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FIG. 18 (color online). The function sin θ0 (in green), where θ0
[Eq. (B3)] is the angle between the returning quark’s momentum,
k0, and the initial proton momentum, P, which is along the z-axis.
The black curve shows the approximated form obtained dis-
regarding k0⊥, which is valid for X > ζ (symbols shown to guide
the eye are in the points where the numerical calculation was
performed).

TABLE II. Parameters obtained from our recursive fitting procedure applied to Hq, Eq, ~Hq, and ~Eq, q ¼ u; d.

Parameters H E ~H ~E

mu (GeV) 0.420 0.420 2.624 2.624
Mu

X (GeV) 0.604 0.604 0.474 0.474
Mu

Λ (GeV) 1.018 1.018 0.971 0.971
αu 0.210 0.210 0.219 0.219
α0u 1.814� 0.022 2.835� 0.051 1.543� 0.296 5.130� 0.101
pu 0.449� 0.017 0.969� 0.031 0.346� 0.248 3.507� 0.054
N u 2.043 1.803 0.0504 1.074
χ2=Ndata 0.5 3.2 0.12 2.0
md (GeV) 0.275 0.275 2.603 2.603
Md

X (GeV) 0.913 0.913 0.704 0.704
Md

Λ (GeV) 0.860 0.860 0.878 0.878
αd 0.0317 0.0317 0.0348 0.0348
α0d 1.139� 0.056 1.281� 0.031 1.298� 0.245 3.385� 0.145
pd −0.113� 0.104 0.726� 0.0631 0.974� 0.358 2.326� 0.137
N d 1.570 −2.800 −0.0262 −0.966
χ2=Ndata 0.9 4.8 0.11 1.0
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APPENDIX D: KINEMATIC ROTATION FOR
LIGHT CONE WAVE FUNCTIONS WITH S ¼ 1

For S ¼ 1 one must calculate the following structures for
spin nonflip,

ūðk;�Þγ5γμUðP;�Þϵλ00μ ðPXÞ

¼ 1

4
TrfðPþmÞð1þ γoÞð1∓γ5γ3ÞðkþmÞγμγ5g

¼ 1

4
½Trfγλγoγνγμγ5gþTrfγλγ3γνγμg�Pλkνϵμ

¼ ðiϵλoνμ þ gλ3gνμ − gλνgμ3 þ gλμgν3ÞPλkνϵμ ðD1Þ

and spin flip,

ūðk;�Þγ5γμUðP;∓Þϵλ00μ ðPXÞ

¼ 1

4
TrfðPþmÞð1þ γoÞγ5ðγ1 � iγ2ÞðkþmÞγμγ5g

¼ M
4

Trfγoðγ1 � iγ2Þγνγμgkνϵμ
þm

4
Trfγλγoðγ1 � iγ2ÞγμgPλϵμ: ðD2Þ

We performed the calculation in a frame which is rotated
with respect to the original one where Pwas lying along the
z-axis, so that PX is along the z-axis, and the polarization
vectors have the usual form

ϵð�1Þ
μ ¼ 1ffiffiffi

2
p ð0;∓1; i; 0Þ: ðD3Þ

The coordinates of the relevant four-vectors expressed as
v≡ ðv3; v⊥Þ, in the rotated frame are

PX ≡ ðð1 − XÞPþ; 0Þ ðD4aÞ

P≡ ðPþ cos θX;−Pþ sin θXÞ ðD4bÞ

k≡ ðXPþ cosðθ þ θXÞ; XPþ sinðθ þ θXÞÞ ðD4cÞ

where

sin θ ¼ k⊥
Pþ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

X2 þ k2⊥=Pþ2
p ðD5Þ

sin θX ¼ k⊥
Pþ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð1 − XÞ2 þ k2⊥=Pþ2
p ðD6Þ

define the angle between the struck quark and the initial
proton, and the angle between the diquark and the initial
proton, respectively. The components in this frame,
expressed as v≡ ðvþ; v−; v⊥Þ, are

PX ≡
�
ð1 − XÞPþ;

M2
X

2ð1 − XÞPþ ; 0

�
ðD7aÞ

P≡
�
Pþ;

M2 þ P2⊥
2Pþ ;−

k⊥ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − XÞ2 þ k2⊥=Pþ2

p �
ðD7bÞ

k≡
�
XPþ;

m2 þ k2⊥
2XPþ ;

k⊥ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − XÞ2 þ k2⊥=Pþ2

p �
: ðD7cÞ

For the rhs vertex one finds, similarly,

P0 ≡
�
ð1 − ζÞPþ;

M2 þ P02⊥
2ð1 − ζÞPþ ;

−
~k⊥ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

½ð1 − XÞ=ð1 − ζÞ�2 þ ~k2⊥=Pþ2

q �
ðD8aÞ

k0 ≡
�
ðX − ζÞPþ;

m2 þ k02⊥
2ðX − ζÞPþ ;

~k⊥ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½ð1 − XÞ=ð1 − ζÞ�2 þ ~k2⊥=Pþ2

q �
ðD8bÞ

where ~k ¼ k − 1−X
1−ζ Δ, and P

þ ¼ ðPqÞ=q− ¼ Q2=2Mζ2, as
in Eq. (24).
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