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Motivated by recently observed tension between O(a?) calculations of very large transverse momentum
dependence in both semi-inclusive deep inelastic scattering and Drell-Yan scattering, we repeat the
details of the calculation through an O(a?) transversely differential cross section. The results confirm
earlier calculations, and provide further support to the observation that tension exists with current parton

distribution and fragmentation functions.
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I. INTRODUCTION

In a previous article [1], we discussed the semi-inclusive
deep inelastic scattering (SIDIS) process:

I(I) + Proton(P) — I'(I') + Hadron(Py) + X,

and we highlighted the challenge of finding agreement
between O(a?) calculations and existing SIDIS data in the
very large transverse momentum limit where standard
collinear factorization is expected to be valid. One moti-
vation is that obtaining a description of the small transverse
momentum behavior associated with nucleon structure
requires a good understanding of the matching to large
transverse momentum where a transverse momentum
dependent (TMD) factorization description fails. Given
the current focus on using deeply inelastic hadroproduc-
tion to access nucleon structure sensitivity, it is imper-
ative to examine the theoretical framework for the full gy
range in greater detail. In the language of Ref. [1], we are
interested in this paper in what was there called “region
3” behavior, corresponding to where gr is so large that the
small gy/Q approximations associated with TMDs are
not reliable, but where ordinary collinear factorization
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should be applicable and reliable. Calculations to O(a?)
have existed for some time [2,3]. The main observation of
Ref. [1] was that, while the O(a?) correction gives an
order of magnitude increase over the leading order, that
still is not sufficient to achieve reasonable agreement with
data for Q in the region of one to several GeVs, transverse
momentum of order Q, and for moderate Bjorken-x.
Combined with similar observations concerning the
Drell-Yan process pointed out in [4], this points to
general tension between transverse momentum depen-
dent cross sections at gr ~ Q and collinear factorization.

There are a number of potential explanations or solutions,
including a direct retuning of collinear parton distribution
and/or fragmentation functions to transversely differential
SIDIS cross sections. (A proposal to constrain gluon parton
distribution functions (PDFs) in transversely differential
Drell-Yan cross sections was made already in [5].) But
before proceeding to consider these directions, it is impor-
tant to validate the O(a3) in [2,3] that led to our conclusions
in [1]. Therefore, we have in this paper repeated the large
transverse momentum order O(a?) calculation following a
slightly different formal framework. We are able to repro-
duce the results found in [2] very closely, thus bolstering the
observations we made earlier in [1].

The specific purposes of this article are as follows: (i) to
lay out the logical steps of the calculation with enough
detail, we hope, to lead to clues as to how to improve
phenomenological agreement, (ii) to make available a
convenient numerical implementation for the large g¢r
region and, (iii) to present some quantitative results relevant
to current experimental programs such as those at
COMPASS and Jefferson Lab 12 GeV. Overall, our results
support the general observations made in [1].
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In our calculations we use qgraf [6] to generate Feynman
graphs and FORM [7] to carry out spinor and color traces for
the amplitudes. The renormalization counter terms are
computed in Mathematica with the packages FEYNARTS
[8,9] and FEYNCALC [10,11]. Further analytic manipula-
tions were performed in Mathematica. The code to com-
pute the cross sections is publicly available at [12].

In Sec. II, we explain our setup and notation. In Sec. III
we summarize the organization of our calculations. This
includes a classification of the partonic Feynman graphs
needed at order o, (Q)? and a discussion of the phase space
integrals for multiparton final states. We discuss the results
of the calculation in Sec. IV, and give concluding remarks
in Sec. V.

II. NOTATION AND CONVENTIONS

We will express quantities in terms of the conventional
kinematical variable z = Py - P/(P - q). Py is the Breit
frame transverse momentum of the produced hadron,
and P and ¢ are the four-momenta of the incoming target
hadron and the virtual photon respectively. We will focus
on the unpolarized and azimuthally independent cross
section since this is the most straightforward observable
to calculate. (Although the results have potential impli-
cations also for polarization dependent observables.)
Many general treatments of SIDIS as a process are
available [13—-24]. Our notation is consistent with trends
among these, with modifications as needed for our
current purposes.

The unpolarized differential cross section is

doy 202,

4PYE' = L, W, 1
U™ @Prddpy — s,p0 " (1)
or
d 2.2
oy —_— /4 Oleiny LﬂyW}UJ’ (2)
dxdydzdPgr 20°z

where o is the unpolarized hadronic cross section. S;p =
(I + P)>. The hadron transverse momentum Py, 1 is defined
in a frame where the photon and incoming hadron are back
to back (a “photon” frame). The Bjorken x and the y
variable are the usual definitions x = Q?/2P-g and
y=P-q/P-l L, is the usual leptonic tensor

L, =2(L,0,+1,1,—-g,l-T), (3)
and WH is the hadronic tensor for SIDIS:
1 .
WH(P,q,Py) = —42/d4z e (P, S|j*(2)| Py, X)
(27) <

X (Py. X[j*(0)[P. ), 4)

where we have omitted spin and azimuthal angle dependent
terms since we do not consider these in this paper. Also, we
assume that x and 1/Q are small enough that both the
proton and lepton mass can be dropped in kinematical and
phase space factors. The normalization convention in
Eq. (4) is so that the prefactor on the right-hand side of
Eq. (2) is similar to the unpolarized case.

The unpolarized structure functions F; and F, are
defined by the usual gauge invariant decomposition

H U
wH = <—g"” + ‘fqgf >F1

PH — gtP . 2\(PY — g“P - 2
+( q'P-q/q°)( q q/q)F

2 (5)

P-q
Then, the cross section is
2.2
doy T

= Fi+ (1=y)F,). (6

In calculations, it is convenient to work with Lorentz
invariant structure function extraction tensors Pi’ with I" €
{g, PP} where

Py’ =g%.  Ppp=P'P (7)
Then,
Fi =P{W,, Fy =PYW,, (8)
where in 4 — 2¢ dimensions,
pllw — L <_lplg‘” +2_962Pﬂ” )
1—e\ 27 @ )
- ()Y o

(We always use the massless target approximation; see
discussion in [25].) It is useful to express transverse
momentum in terms of

P
lIT:—%- (10)

In a frame where the incoming and outgoing hadrons are
back to back, g is the transverse momentum of the virtual
photon (assuming, as always in this paper, that external
hadron masses are negligible).

Our treatment of factorization will follow the general
style of [26]. The factorization theorem that relates the
hadronic and partonic differential cross sections in SIDIS is
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dUH
d3—2€]/d3—25P

1d do
/ ¢ / (4k°E’ - 25123 = )f,/p(-f)da/,( )-
(11)

The 1/¢& is from the partonic flux factor, and the 1/ is
from the conversion between k; and Py;. The indices i and j
denote, respectively, the flavors of the parton in the proton
(with a momentum fraction £) and of the outgoing parton
that fragments into hadron H, whose momentum is a
fraction ¢ of parton j momentum. The incoming and
outgoing parton momenta p and k; satisfy p = &P and
ki = Py/¢. (Indices i and j for incoming and outgoing
partons p; and k;; are not shown explicitly but are
understood.) f;/p(&) and dy,;({) are the collinear parton
distribution and fragmentation functions respectively. It is
also useful to define partonic variables

4POE'

Q* x
2p-q) ¢

x

p=E o

~—
NI

The differential partonic hard part in Eq. (11) is finite and
well behaved, and at large transverse momentum it starts
at O(ay).

The unpolarized partonic structure tensor for scattering
off parton i into parton j is defined in exact analogy with
the hadronic tensor:

dé ij 20!gm

0 A7y
4'klE/ d3—2el/d3—25k1 - §Q4 LIlVW” ’ (13)
with,
A — 1 4 zqw
m/,ijzi 271_ 42 d*we pl’ ]M( )|k1j’ >

x <k1,-,X|jb( )|pis ). (14)
Thus, from Eq. (11),
W (P, q, Py)

/ldé/ W”D (q.x/8,2/Q)fip(E)dnyi(£). (15)

The partonic structure function decomposition is

A H
i = (= L)

+(p"—q”p~q/q;)(5 —-q'p- q/q)FZU (16)

Then,

(xZquT /ldé:/ Fll]x/§Z/é’Q qT)
Xfi/P(g)dH/j(g)’ (17)

Fa(r.2. 0% 1) /dé/ & /8. 2/2. 0%an)
Xfi/P(é:)dH/j(C)- (18)

III. ORGANIZATION

A. Basic setup

For a process with N final state partons, Py°W,, and
PppW,, are squared amplitudes integrated over the
N-particle phase space for the outgoing partons,

vy (N v AN
(P P, Wi}

1
= Tl / { 2 |M%zN 2 1dITY) — subtractions
n
= {P.’;”W,(g); P’ﬁ}ny}unsub — subtractions. (19)

Here |M|?
process

or |Mpp|* is the squared amplitude for the

y*(g) + parton(p) — parton(k; )+ (N —1) spectator partons,

with the polarization sum of the virtual photon replaced by
g or P*P”. The subtraction terms in Eq. (19) are needed to
remove double counting with lower orders of perturbation
theory and cancel singularities in the first term. The form of
the subtraction term will be discussed in Sec. III B. It is
assumed in Eq. (19) that all integrals that allow kinematical
o-functions to be evaluated have been performed. Also, the
phase space factors associated with k; are excluded from
the partonic phase space since they give the 2 and k2;
dependence of the differential partonic cross section. The
1/(2x)* on the right-hand side of Eq. (19) is the same factor
in Eq. (4). The dIT™™) represents a generic phase space
factor for 2 — N scattering [see Egs. (35) and (39)].

Thus it is convenient to express the structure functions in
the form

PYW,,(P.q,Py) Z/ld”E/

Xfi/P(f)dH/j(g)v (20)

;u/ v 3 N)
P m/ ’P,;’P H }

where the Y, is a sum over all possible partonic final
states.

We will express the phase space in terms of Mandelstam
variables:
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s=(p+q)P?=2p-q-0°% (21)
=(q-k)*=-0>~2q k. (22)

=(p-k)*==2p k. (23)

sij = (ki + kj)2 = 2k; - kj, (24)

where i, j =1, 2, 3, with the labeling in Fig. 1. For
simplicity, #; and #; will be abbreviated as u and ¢ from
here on. All Mandelstam variables will refer to the partonic
cross sections. Occasionally it will be useful to change
kinematical variables. For example,

s=((p+q)P?=2p-q-0*=0(1/(x/&) 1),  (25)

2

t=(g—k)=-0"=2q -k = —— = 0*(1 - (z/¢))
z/¢
=-0"+ <Q2 kiT) (26)
u=( _k)z__z -k __(Z/g)Qz__in (27)
=(p 1) = P K= N = Fat
drd —QZ 2 dk?
u= gdz dkir. (28)

The O(a?) contribution to Eq. (19) is kinematically con-
strained to k;r = 0. At O(a!), only tree-level processes
contribute, and no singularities appear. At O(a?), soft,
collinear and UV singularities arise as 1/¢ and 1/e? poles
in dimensional regularization with space-time dimen-
sion n =4 — 2e.

These singularities cancel in the sum of real, virtual and
counterterm graphs and after applying collinear factoriza-
tion. More discussion of the singularity structure at O(a?)
is available in [2,27]. The O(a,) partonic cross section is
described in detail in [17], and our results match that

q q

k g k1 2

o Ld

7 7

7 7 k‘Q
ro, N o, NN
// N N // N ks
Ve AN Ve AN

(a) (b)
FIG. 1. Momentum labels in amplitudes for (a) 2 - 2 and

(b) 2 — 3 partonic scattering. The dashed lines represent partons
of unspecified flavor. The dot on the end of k; indicates this is the
fragmenting parton. The other momenta are integrated in SIDIS.

calculation. At O(a?), details below can also be found in,
e.g., [27-31]. The change of variables in Eq. (20) from
momentum fractions to Mandelstam variables is

2p2 220201
/dgdg---:/ dg/ dsy, ¥ Py +x270%(1 x)m’

2(Q%(1 = &) = s3%)°
where ¢ is replaced by s,3, the virtuality of the
spectator parton system (s»3 is k% in the notation of [1]).
Overall momentum conservation s + u +t = —Q? + s,3

(29)

(s=(p+q)* = 0*(1—-1%)/%) gives
3P% o+ 220%(1 - %)
=& , 30
Q1= %) snd) G30)
. xp%i.T
Aix_kiz(l—z)Qz’ (31)
B = 2 (] 1)1 Pirr 32
=0 <§— )( _Z)_T' (32)

The graphical structures needed at order a,(Q)? can be
classified as in Fig. 2. Each diagram corresponds to a
contribution to the squared amplitude, and the blobs
include all possible attachments. For the 2 — 2 subpro-
cesses, the blobs include up to one loop corrections in one
side of the cut to give O(a2) accuracy to the hard parts. The
black dot marks the fragmenting parton and the other lines
are integrated over all phase space.

The following are assumed and not shown explicitly in
the graphs:

(i) subtractions, consistent with factorization, for all

collinear divergences,

(i) one QCD loop at all possible positions inside the

blob in virtual processes,
(iii) associated UV counterterm graphs for virtual
processes.
Define the hard parts 7 for individual graphs as

Hz]kl—P uv,ijo (33)
where T € {g, pp} and i, j,k,l € {q,q,g}. As before, i
and j label incoming and fragmenting parton flavors
respectively while k and [/ label the unobserved parton
flavors. The graph is virtual when only one flavor index
appears after the ;. Figures 2(V-A) through 2(V-F)
correspond to the O(ay) graphs if all virtual loops in the
blobs are removed.

So, for example, HY,.4, is represented by Fig. 2(R-A),
when the partonic tensor is contracted with g¢*.

. . g
Figure 2(R-E) includes both qu;q/(_/ and qu/ e
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(R-A) (R-B) (R-C)

(R-D)
(R-E) (R-F) (R-C) (R-1)
(R-) (R-1) (RK)

(V-A) (V-B) (V-0) (V-D)
(V-E) (V-F)

FIG. 2. Structure of graphs needed at order a,(Q)>. The last six correspond to virtual corrections to a,;(Q) order graphs.
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contributions where the prime indicates a different flavor.
Note that graphs like Fig. 2(R-G) give contributions like
HY..o o HY,

q9q:99 qq 4'q”
We work in the approximation that all particles are

massless, except for the photon which is highly virtual,
= —Q?% In Eq. (19), for 2 — 2 scattering,

vy (2 v 472
{Pz W/(ly);Pl;’PWl(IV)}unsub
1
_W/{|M5—>2|2;|M2—>2 }
dn—lk2

For the 2 — 3 case, we follow the strategy in [29,30]
where we work in the rest frame of the k, + k3 system, in
which

ky = V;B (1,I}n_3,cosﬂ2 sin 3, cos f#1), (36)
k3 = o2 (1,—,}n_3,—COS/}2 Sinﬁl’_cosﬂl)’ (37)

2

where IAcn_3 denotes unit vectors for the first n — 3 compo-
nents of the n—1 dimensional unit spatial vector in
spherical coordinates. See Fig. 3.

x (27)"12K3 (27)"8") (g + p = ki = k) In the center-of-mass of p and ¢, the spatial vectors p, ¢,
1 ky, and k, + k3 are in the same plane. We then boost to the
= Gy {|MT21% M35 12} (27)8, (k3). (34)  ky + k; rest frame p, where ¢, and k; are still in the same
T plane; see Fig. 3. We choose the spatial orientations of this
) coordinate system so that p, ¢, and k; are in the plane
Thus the 2 — 2 phase space factor is created by the last two spatial axes. For these vectors, the
first n — 3 spatial components are zero. Then the scattering
dn® = (27)6, (k3) amplitudes do not depend on the first n —3 spatial
2 22 components of k, or k3, and the 3-body phase space
_ 7T)C6 ( .%)(1 _ A) ARTT (35) . . . . . .
e Z 200 ) simplifies (see Appendix A for useful identities relating
to the 3-body final state phase space). In this frame,
|
A A 1 d'k d'k
P Pl W / M M3 2 i (2m)"5) —ky —ky —k
{ g 122 H }unsub 4 {| g | } ( )n_lzkg (271')”_12](2 ( ”) (6] +p 1 2 3)

- - |
/ (M3 M3 )
52 2 —e F
- (27[)6 2e

fragmentation

k,|"dk,|
( )n 22k0

/ (M2 M3 P dB dBysin'=2Bsin 2,

6, (k3)dQ,_4dpdpysin" > fsin~* 5,

(38)

FIG. 3. Schematic of SIDIS with 2 — 3 partonic scattering, using the orientation of the vectors defined in Eqs. (36) and (37) in four
dimensions. A 2 — 2 scattering configuration is recovered if (k, + k3)? becomes much less than Q2 or if k, or k3 align with one of the
other hadrons. The three frames defined in this section are obtain by rotating p, ¢ and k, inside the plane; frame 1 corresponds to
orienting the z axis along k; [Eq. (B4)], frame 2 orients the z axis along p [Eq. (B5)], frame 3 orients the z axis along ¢ [Eq. (B9)].
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where in the third equality we use that the scattering
amplitudes are independent of the first n —3 spatial
components of k,. That is,

$332°°m ¢ (1 —¢)

dre = (22 T(1 = )df)’ldﬂzsml 2¢B,sin%¢ B3, .
(39)
From overall momentum conservation
205(1 = %) = 22(1 = %)) — k2
Sy3 = Q (Z( X) ;2( X)) X 1T. (40)

Since s,3 can become zero in certain regions of X and Z,
dimensional regularization is needed for the s,3 — 0
behavior. Further details of the 2 — 3 phase space are
provided in the next subsection.

To summarize the basic steps, integrals for the unob-
served final state phase space are first performed over
angular variables. Then, integrals over momentum fractions
are expressed via Eq. (29) as integrals over £ and s,3. In the
§o3 — 0 limit there are soft and collinear singularities,
proportional to &(s,3)/€ or &(s,3)/€?, that cancel after
combining 2 — 3 and the corresponding virtual 2 — 2
processes. There are additional collinear singularities in
2 — 3 and virtual 2 — 2 processes which are ultimately
canceled by subtraction terms in the factorization algo-
rithm. [These contain also &(s»3) and plus distributions.]
All contributions are integrated over the physical range of
so3 in Egs. (29)—(32).

B. Factorization order by order

Once all real and virtual Feynman graphs have been
computed in dimensional regularization, they must be
combined in an algorithm consistent with a factorization
theorem.

According to the collinear factorization theorem, hard
factors are independent of the species of target and final
state particles, so hard scattering calculations can be
performed for free and massless partons as the target
and final state without loss of generality. (In other words,
we will consider perturbatively calculable parton-in-parton
PDFs and parton-to-parton fragmentation functions (FFs))
This simplifies calculations, so we start our calculations by
rewriting Eq. (15) as a factorization theorem for a partonic
initial and final state:

W;w i'y (p q k/
1 d 1 d A

=W, ij(CI»x/is Z/C) ® fi1(&) ® dy/;(¢)
= Wi (. k) + WD (0 q. k) + O(a).

(41)

All manipulations will be done in n = 4 — 2¢ dimensions
until the very end. The left side is now an argument of p’, g
and k|, and the PDFs and FFs have subscripts /i’ and j'/ .
The momenta p’ and k| play the roles that P and Py
played earlier. The initial p’ has a flavor i’ and the final &/
has a flavor j'. The second line in Eq. (41) defines the “®”
notation as the usual shorthand for the convolution integrals
in £ and . On the last line, W( 2% and W y ,) are hadronic
tensors calculated to LO and NLO in the hard parts, i.e.,
what one normally means when one speaks of a “leading
order” or “next-to-leading order” calculation in collin-
ear pQCD.
Expanding Eq. (41) to the relevant order in a, gives

Wi (P q. k)

(NLO)
(@, x/8.2/8) + Wi (a.x/8.2/0))
PN + 15 +++)
1 ay
di)@) + @)+ ) + Olad). (42)

t
o
o

The aim is to get the hard parts,

(NLO)
W/w ij

ﬂIJl](q .X/{E Z/C) and
N(q.x/¢. z/{). The leading order is just

WO (p' g, k) =

i j'

Wi (q.x/&.2/0)
® (£ +/0E + )
® (4O +di©) +-).  @3)

where the expression for ;(w :i(q,x/&,z/{) is simple and
well known; it is just the sum of tree-level 2 — 2 graphs
contributing to Wﬂy‘,-f/(q,x/ij, z/0).

To get WLI;”:]O (q,x/& z/L), first write

Lo
- W!(tb,i’)j’ (p'.q.k1)

O
| Wiy (PR = Wi (P q. K1)
(44)

W;w,i’j’ (plv q, kll)

The term in braces is the correction to the leading order so it
vanishes by construction at order a; in the hard part. Also, it
contains subtractions for the overlap with the LO, so it is
infrared safe through order a? in hard scattering. Thus, we
may rewrite it as

W,uvtj(p q, k/) - ,(w,’)j’(p q’k/)
= |:W/ll/,i/] (q’ )C/f Z/g) ,uu ,’/(q’ )C/f Z/C)j|

® fiyi(&) ® dy/i(¢) + O(a). (45)
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The term in braces on the second line is equal to the first line evaluated with hatted partonic variables and expanded only to

order a2 in the coupling. Comparing with Egs.
4,(NLO)
Wowij
4 (NLO), o 4 NLO), o 4
W;(w,ij >(q’x’ Z) = Wiw i’j’) (q,x Z)unsub

- Wq.5/2.2/0) ® FNE) ®

(42) and (44) shows that the factor in braces in Eq. (45) is
(q,x/& z/). We use Eq. (43) to evaluate it explicitly in terms of low order PDFs and FFs:

;wl](q X/f Z/é’) ®fl/l (E) ®d’/1(5)

® d\)(0)

NLO), 4 & ”df ”dﬁf wE A E
=W = [ W10 (q,4/8.2/8)1% Bd). @)

LY

NLO), A a Se
- W/(w,i’j’) (q,x, Z)unsub +— 41 €

a, S, [1+dC .

rl AT

Here, the W,SI:,ILO)(q,X,i)unsub is the sum of order O(a?)
graphs contributing to W,,(q, %,2) without any subtrac-
tions [i.e., graphs in Fig. 2(R-A) through Fig. 2(V-F)
integrated over phase space, but absent the subtractions].
The second two terms are obtained from Eq. (43), expanded
to order a2. The last line in Eq. (46) uses the known results
for PDFs and FFs calculated to O(ay) for massless quarks
and gluons:

Fin(&) = 8,8(1 = &), (47)
dy)(©) = 8;,6(1-0), (48)
(@) gy _ _ % Se p(0)

£ (@) === (@), (49)
a s SS

di(©) = = PYLQ). (50)

Note that, consistent with the MS scheme, the renormalized
order @, PDFs and FFs in dimensional regularization for
massless pQCD are just S, /e poles. There are no u€ factors
or logarithms of y. Thus the last line of Eq. (46) involves no
factors of u°. For completeness, the one-loop splitting
functions [32] are

M) oy 2 e 3

qu,(&f)—ZCFéqq[(l_é)+ 1-¢+356(1 5)], (51)
Pl (&) = 2T,[(1 - &2 + &), (52)
PL (&) = 2Cy [1+(1§—5)2} . (53)

ﬂwx%m%zmvﬂxaéﬁ

w<xwajh@

(3]

1+ dE o A 7
=W (q.3/E.2)P)),(B)

(46)

[

Our calculations need Eq. (46), contracted with specific
P{ tensors. The substraction scheme has been carried out
without contracting the Lorentz indices of the partonic
tensor. However the method is equally applicable for any
kind of contraction with external momenta. In our calcu-
lations we carried out the subtractions separately for the
two extraction tensors in Eq. (7) and verified analytically
the cancellation of all infrared and collinear singularities.

IV. RESULTS

A. Combining real and virtual contributions

After the hard real and virtual contributions are calcu-
lated, they must be combined into infrared safe squared
amplitudes. Table I shows graphs from corresponding real
and virtual processes. Note that the correspondence
between real and virtual processes is not one to one. In
particular, infrared (soft and collinear) singularities in .,
are canceled by three real processes. A subtlety arises when
a quark loop appears on the gluon leg of H,.,. This creates
a collinear pole term proportional to N, the number of
massless quark flavors in the loop. This pole term is
canceled after adding the real processes Hyq:93 and
Hyq:q7 With all massless flavors g’ (other than ¢g) [29].
For processes with a nonspectator gluon leg, the N,
dependence of the collinear pole is removed by factoriza-
tion. Also notice that some real processes have no corre-
sponding virtual ones, and in these cases factorization
subtractions are sufficient to remove all infrared poles.
Since many graphs need to be combined, the results are
presented as the six scattering hard parts listed in the last
column of Table I. We also need the hard parts for processes
with reversed quark number flow in one or two open
fermion lines in the graph. That is, in one or two open quark
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TABLE 1. Correspondence between real and virtual graphs at order a,(Q)% The superscript of the hard part I € {g, pp} is

suppressed. For virtual graphs, the additional gluon is inside one of the blobs.

Virtual Real Combined

ng;é ng;?zg % ng

Hagig Hagigs + Magiaa T Hag:q @ @ Haq

Hag:q Hagag % Hag
N/ A Hgg;qi] % H{]!]
N/A Hagaq @ Hyg

lines, quarks and their corresponding antiquarks are inter-
changed. These are easily related to the hard parts already
listed in Table I by using the fact that QED vertices acquire
a minus sign under charge conjugation. The results are
summerized in Table II. Note that when a quark line links
an outgoing spectator quark antiquark pair, there is no need
for the reversed quark flow. This is because the spectator
momenta are integrated over and interchanging the quark
and antiquark will double count the contribution.

B. Comparison with existing results

After combining the graphs in each of the six scattering
channels in Table I, we have verified explicitly that all
single and double poles cancel. The terms left are finite in
the limit ¢ — 0, and constitute the infrared safe hard parts in
the last column of Table I. As a check, we have compared

with a (privately obtained) computer calculation that
appears to reproduce the results of Ref. [2] but is modified
to be consistent with the kinematics of the current exper-
imental data. For most kinematics, the calculations agree
within experimental uncertainties, but we found several
possible differences.

(1) In the last row of Table I, our calculation of terms
from the P;” projection with the charge structure ¢
and e, e, differs from the corresponding terms
calculated in the previously existing code by a

minus sign. (By contrast, terms with ef], agree.)

(i) As 1is discussed in Sec. IVA, adding the real
processes H,,..q and H,,., o with all massless
flavors ¢’ gives terms proportional to N ;. The pole
parts of these terms are canceled by the correspond-

ing poles from H, ... However, a finite part remains
q9:9
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TABLE II.

The first column of real and virtual are the hard parts as in Table I. The second column gives the hard
parts needed other than those in the first column. The superscript of the hard part I € {g, pp} is suppressed. eg, e,

q

and e, e, are various combinations of quark electric charges. A charge combination as a superscript denotes terms
proportional to that particular charge structure in a hard part.

Virtual Real
Hogq Hogg = Hggg Hygag Hogiag = Mog:ag
Hogigg Ha a0 = Magigg
Hyg:q Hizg = Hagig Hyga B H?zlzé;q?z = 7;gqq;qz? .
Hogq7 H;qu:q’f/’ - H;‘;:q’@’;Hfz{;q’q’ Hqg;q’q’
Hagq Haga = Hagq Hogag Hagag = Magag
N/A Hogqa N/A
N/A Hoz.qq Haqaa = Maziaq
Hagaq = Magaz
e2 e2 e e, e e, eqe.r
N/A Hogad avar = Mgt Magar = Magrar Magiar = ~Magiar
e2 o2 e, &, e e e e
qz’i’;qq’ - qui’;qii’;qu’;’:qq’ - Hqﬁ/’;qé’;HqZ’]’;qqq’ - _HqZ’?qé’

since the real processes above with N, final state
quark pairs give identical contribution even when the
quark pairs are not collinear. These terms contribute
to the third row of Table L. In the previously existing
code, we did not find an explicit dependence on N
in this channel.
The numerical result of our calculation can in some cases
differ from the previously existing code by as much as
~100% for certain individual subchannels. In the kinemat-
ics of the COMPASS experiment, this translates into a
discrepancy of up to ~20% for the overall cross section.

C. Phenomenological results

We examine the impact of the O(a}) corrections in
SIDIS by plotting the NLO to LO ratio K-factor for the F;
structure function. We will consider values of z between 0.2
and 0.8 since this is a region where factorization theorems
based on current fragmentation in SIDIS is conventionally
expected to apply.

For x, Q, g, we choose values of Q =2,20 GeV,
gt = 0,20 and 0.001 <x <1, which correspond to
kinematics ranges accessible by existing experimental
facilities such as COMPASS and JLab 12. Figure 4 shows
the K-factor across the aforementioned kinematical range,
and it shows a clear concave up shape in its dependence
on x with values that decrease as Q varies from Q =2
to 20 GeV.

It is notable that even for Q as large as 2 GeV, the
K-factor is greater than 2, even at its minimum value. Note
also that this minimum is approximately in the region of
0.01 < x <0.1, close to the valence region relevant to
many hadron structure studies. The K-factor increases at
smaller values of x, indicating that the NLO corrections

become increasingly important for describing regions with
large (P + ¢)?. It also increases at large x until it reaches
the kinematic boundary where the phase space for the
hadron production vanishes.

The enhancements at large x can be traced to the
logarithms of B [see Eq. (32) and Eqs (4.7), (4.8) from
Ref. [27] with A — B] which are associated with soft gluon
effects near the kinematical threshold. Thus it is likely that
threshold resummation becomes important in this region.
Point by point in g, effects near the kinematical bounda-
ries are more apparent than in gr-inclusive cross sections. It
is interesting to compare with observations found in [35]
where threshold resummation effects for ¢gr integrated
SIDIS were found to give sizable corrections, but not
the factor of =5 enhancement needed to explain the largest
gt present in Fig. 4.

The minimum in the K-factor is helpful for identifying
regions in x where ordinary fixed order treatments are most
likely to be sufficient. Given a set of values for z, g and Q,
let x, denote the x value corresponding to the minimum
K-factor. Then bins in x, Q, z, gt can be classified
according to x < xy and x > xy. We show this in Fig. 5
for kinematical bins corresponding to recent COMPASS
gr-dependent SIDIS multiplicities A* [36] for g1/Q > 1.
The values of x the for which the K-factor reaches its
minimum for gy &% Q can be read from the plots. Away
from these regions, additional resummation techniques may
be needed.

It may also be necessary to update collinear PDFs
outside these regions in order to fully describe the large
gt behavior. As mentioned in [1], the large g tails of
SIDIS are sensitive to the large £ PDFs and large { FFs.
These could potentially open up new opportunities to
constrain collinear PDFs at large momentum fractions.
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FIG. 4. K-factor ratio. We use CJ15nlo PDFs [33] and DSS09 FFs [34]. The ratio is bounded at large x due to limiting phase space for
hadron production. The small noise in the lower left panel is due to the oscillatory behavior in the interpolation of FFs tables.

7 7 7
T > X
6 6 1 6
r < x)
57 <2>=024 | O] <2>=048 | O <2 >=0.69
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1 - i ; 3 1 Is 28 hl
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FIG. 5.

SIDIS kinematics of A* at COMPASS [36]. x, is the location in x where the minimum of K-factor is attained at a given

(Q, gr,z). Samples with x > x, indicates sensitivity to large threshold corrections.

At the same time, factorization theorems for the full
gr-dependent SIDIS spectrum, including g = 0 with non-
perturbative TMD PDFs and TMD FFs, need the large g1 ~
Q component in order to have a completely reliable test of the
factorization formalism. Ideally, such validation will take
place when gr-dependent SIDIS data are included in the
simultaneous extraction of collinear PDFs and FFs as well as
nonperturbative TMD PDFs and FFs in QCD global analysis.

V. CONCLUSION

The computational tools necessary to reproduce Figs. 4
and 5 and other similar calculations are available at [12],
along with documentation. As indicated in the Introduction,
these generally confirm earlier calculations (e.g., [2,3]) of
the overall cross section to within about 20%, well within
present experimental uncertainties, and thus strengthens
our earlier position [1] that significant tension exists
between existing SIDIS data and collinear factorization
calculations at large g1 = Q.

We have identified the region where collinear factori-
zation appears most reliable as the regions with minimal
K-factors, with current sets of collinear PDFs and FFs. As
discussed in Sec. IV C, minimal values for the K-factor lie
in the region 0.01 < x < 0.1, that is, approximately in
valence kinematics. The increase of the K-factor at both
smaller and larger values of x, may point at the importance
of resummation effects outside the valence region, or the
need to refit collinear PDFs and FFs. This last interpretation
is consistent with that of our previous study [1]. It is also
important to note that the 2 — 2 kinematics of the O(a;)
contribution places severe kinematical constraints on the
relationship between the initial and final state partons.
Therefore, it is likely that the generally large K-factors are
at least partly due simply to a kinematical suppression of
the O(ay) contribution, and are not a fundamental problem
with the convergence of the perturbation series. We note
that Ref. [37] has addressed somewhat similar issues, but in
the region where ¢r is still small enough that a g/ Q power
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expansion is still meaningful, and also in the limit
of 0?>s.

As a next step, we plan to refit collinear functions in the
large gy region, using SIDIS and e™ e~ -annihilation back to
back, and Drell-Yan scattering to explore the possibility
that this allows the region of a minimum K-factor in Fig. 4
to be fully accommodated with minimal modification to
existing fits.

Since the pioneering work presented in [15,17,38], there
has been a large number of studies on unpolarized SIDIS
cross sections [22,39—-44]. Unpolarized SIDIS is, however,
only one component in a broad program of phenomeno-
logical studies where the universality of parton correlation
functions plays a central role in testing pictures of nucleon
structure [4,45-64]. In order for this program to be
successful, the precision in the determination of parton
correlation functions needs to meet the demands of the
increasing precision of current and future experimental
programs [65-70]. This demands a satisfactory resolution
to problems in the gr ~ Q region for which the pQCD
calculation at large g is crucial.
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APPENDIX A: IDENTITIES FOR THREE-BODY
PARTONIC PHASE SPACE

The phase space of three massless particles has the form

/ s / dm- lk dn—lk dn—lk3
T )=12k0 (27)" 1249 (270)" 129
x (27r)"5( "p+a—k—ky—ks)---.  (Al)

The k; integral can be performed in the center-of-mass
frame of p and ¢

p=(P.0,5,—P), (A2)
q = (Elvon—Z’P)’ (A3)
ky = E(1,k,_5,cos0), (A4)

where k,_, denotes the first n — 2 components of the n — 1
dimensional unit spatial vector in spherical coordinates,
and

_s+Q2
P= (AS)
-0

In k, phase space, E and 6 are related with observables. The
“azimuthal” angles in k,_, can be integrated to give

dn—lkl 1
e — Q E] 2€
/ 2]((1) /2 n—3

where Q,, is the m dimensional angular volume,

~2¢9dEdcos - -

(A7)

Q = 2mﬂ.m/2 F(m/z)
m

o) (A8)

E and 0 are related to Lorentz invariants u and ¢ via

—2(E,\E — PEcos ) — 0, (A9)

—2(PE + PEcos#). (A10)

In terms of ¢ and u, the k; phase space becomes
dn—lk Q 2 €
/ 0'...:_/ i3 [ (S+Q2) ]dudt~~.
2/(1 4(S + Q ) M(Sl + Q S23)

(A11)
To simplify the k, and k3 phase space, we work in the k,
and k5 center-of-mass frame where &, and k5 take the form
of Egs. (36) and (37). The choice of the spatial orientation
of axes also follows the discussion below Eq. (36). In this
frame

/Psm -

dm- lk dm- lk

dn—lk2
- 5 ((K)? -
/ 249 3

af?) - (A12)
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Since the scattering amplitudes are independent of the first
n — 3 spatial components of k,, the “azimuthal” part of
d" 'k, can be integrated to give

/PSk2k3...:/226—3Qn_4s5§sin1_2€ﬂ1sin_2€ﬂ2dﬂ1dﬂ2-~-.
(A13)

APPENDIX B: PHASE SPACE INTEGRATION
FOR 2 — 3 PROCESSES IN SIDIS

The main effort of the calculation is in the 2 — 3 process
p+qg— ki + ky+ ky. After partial fractioning (to be
discussed in Appendix D), each term from the squared
amplitudes |[M273|2,|M33%? in Eq. (38) contains at most
two Mandelstam variables depending on the angles 3, and
p>. So, up to overall factors, Eq. (38) takes the form

/”dﬂ /”dﬂ sin!=2¢f3,sin"2¢B,
o " 'Jo "% (a+bcosp, )i (A+Bcosp + Csinf, cosp,)!
(B1)

where j and / are integers. The coefficients a, b, A, B, and C
are specific to the squared amplitude and do not depend on
P and p,. They are determined by the spatial orientations
of axes in the k, + k5 rest frame. Note that Egs. (36)—(37)
do not determine uniquely the components of p, ¢, and k;.
There can still be a rotation in the plane determined by the
last two spatial axes. Taking advantage of this freedom, we
specify three frames.

Frame 1:
p = po(1,0,_3,sina;,cosa;), (B2)
q=1(40.0,-3.4'sin0;.,¢'cos0;),  (B3)
ki = kio(1.0,-3.0.1), (B4)

Frame 2:
p = po(1.0,.3.0,1), (B5)
q = (q0-0,-3.¢'sinay, ' cos ), (B6)
ki = kio(1,0,_3,sin0,, cos 6,), (B7)

Frame 3:
p = po(1,0,_3,sinasz, cos az), (B8)
q = (40,0,-3,0,¢), (B9)
kl :klo(l,on_3,sin93,COSG3), (BIO)
where
8§73 -1
= , Bl11
Po 2\/@ ( )
s+t
= , B12
90 2m ( )
q =+/q%+ 0% (B13)
S23 -8
kig = — , B14
10 2 /im ( )
2 2 t
sina, = sin6, = Vs3u(Q%sny + 5 ). (B15)
(s —523)(523 — 1)
24/ 2 t
sina, = sinaz = s23u(Q2 S5+ 51) 5

(53 — 1)/ 4Q%s93 + (s + 1)

(B16)

2¢/s23u(Q%s3 + st)
(s = 53)V/4Q%s0; + (s + l)z'
(B17)

sinf; = sinf; =

There are three cases (see Appendix C for a proof) for
the coefficients in the integral in Eq. (B1): (i) a®> = b?
and A?2=B>+C2 (i) a*>b> and A?=B>+C
(iii) @*> = b*> and A®> > B?> + C?. Integrals in case (iii) can
be transformed to case (ii) by switching to another frame.
With multiple frames, the number of integrals to compute
can be reduced. In the following we show how the integrals
in cases (i) and (ii) are obtained.

Case (i): In this case the integral in Eq. (B1) has a closed

form [71]

sin!=2¢f;sin"2%¢3,

“ap, |74 ‘
A ﬂlA ﬂ2(1—cos/31)1(1—cos;(cosﬁ1—sin;(sinf)’lcosﬂz)’

I'(1-2e

=g/
"T(1-ey

) i1 e j 1 — e I),F, <j, I1—e 0052)2(>,

(B18)
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where for simplicity an overall factor is not shown and we
choosea =A =—-b =1, B =cosy, and C = siny. In the
frames we choose above, y can be a; or #,. Here the signs
of the trigonometric function terms in the denominator are
chosen to be negative. All other choices can be transformed
to this one by applying substitutions 3, , — 7 — f31,, and/or
|

sin 1_2€ﬂ sin—2eﬂ2

x — 7+ y. The derivation of this integral can be found in
Appendix A of [71].
Case (ii): In this case the integral no longer has a closed
form. Following steps similar to Appendix A of [71],
we arrive at

Jl_/ dﬁl/ dﬂz(D—cosﬂl) J(1 = cos y cos B, — siny sin B cos 3,)’

:( 1)l+121 1—j

I'(n— )F(2+l—n/2
"T(n/2 = )I(1)T(n/2 = 2)T(3 = n/2) /d/

I'n=32+1-n/2)T(n/2-1-1)

= (D)2 T(n/2 - 1)’T(n/2 - 2)I (3 — n/2)
_ (I +cosy)z
e (B20)

where D > 1. The integral representation of hypergeomet-
ric function is used. Note the /;; notation for integrals with
different denominator structures. The result of evaluating
Eq. (B19) for specific j and [ is given in Appendix F. Here y
can be a3 or 6;. The remaining z integral has to be
performed by expanding the integrand into series of e,
and computing the integral order by order. The subtlety
comes from the treatment of the factor (1 — z)"/?~=2,
which can produce poles for [ > 1. The integral has the
form

/ a1 - 2 £ (2). (B21)

0

where f(z) is a regular function at z = 1. When [ = 1, the
pole term can be made explicit using the identity

5(1-2) 1
+
€ (1-2)y

. e(%) 0@, (B

(1-z) "=~

where the “plus” functions are defined, for a function p(&),
through

/x LaE(p(8)) ,(8) = / L dep(8)(a(8) - q(1))
- / “dep(£)q(o).

0

(B23)

When [ > 1, the integral in Eq. (B21) is divergent. None-
theless, it can be analytically continued. To do this, we
write

1d n/2 2(1_Z)n/212
X/) HCECEDP IR

lln/221

D-1)/2-

)n/2—l—2(1 —z
(1 + cos y)xz/2)/

Fi(j.l.n/2=1,w),

yn/2-i=2

(B19)

A Lda(1 - 2 ()
- / Laa(1 - 2 (2) 4 £(1) / Ldg(1 - 2),

0 0
(B24)

()= F(1))

with  f;(z) = (B25)

Note that, in the first term on the right-hand side of
Eq. (B24), the power of 1 —z is increased by 1, with a
regular function f(z). The second term is divergent, but
can be analytically continued using I" functions:

I
/ dz(1-z)!'=B(1,—e—-1+1)
0

D(=e-1+1)
CT(—e—1+2)
1
= B2
—e—1+1 (B26)

The manipulation in Eq. (B24) can be repeated until the
power of 1 —z in the integral becomes —e — 1, in which
case Eq. (B22) can be used. To expand the hypergeometric
function in the integrand in Eq. (B19), we note that if either
j or [ is less than 1, the hypergeometric series terminates
and the function reduces to a polynomial. For j = 1 and
[ =1 we use the expansion

(L=w)™'

SJFi(1L 11 —ew) = (1 + €*Liy(w) + O(€?)).

(B27)

For the case that one of j and [ is larger than 1 and the other
is at least 1, we use Gauss’s contiguous relations to reduce j
or I. For example, for F(1,2,1 —¢€) and F(2,2,1 — €) [with
the shorthand notation F(j, [, k) = ,F(j, . k,w)], we use
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(k=2j+(=Ow)F(j,Lk)+j(1=w)F(j+ 1,1, k)

—(k=j)F(j—1.1.k) =0, (B28)
(k—j—=DF(j,Lk)+1(1 =w)F(j,l+1,])
~(=NF(G=1,Lk)=0 (B29)

to get

F(1,2,1—¢) :%(—€+(€+1)F(1,1,1—€)),

(B30)
F(2,2,1—¢) = —l_w(e+ DHF(1,1,1 —¢)
+(1_W)2(€+2)
X [—e+ (e+ D)F(1,1,1 —¢)]. (B31)

Other well-known nontrivial aspects of the computation
are the conversion of the expressions in the squared
amplitude into forms that allow Egs. (B18) or (B19) to
be used, which are reviewed in Appendix D, and the
algorithm for calculating virtual corrections, which are
reviewed in Appendix E. Finally the procedure for com-
bining all Feynman graph calculations consistently into a
factorized cross section is reviewed in Sec. III B.

APPENDIX C: PROOF THAT a? > b2
AND A2 > B2+C? IN EQ. (B1)

First, we show that #; < 0. In the center-of-mass frame of
p and g,

= _— _— = 1

< W oW > (1)
W2 _ Q2 W2 + Q2

q = (T’o"_Z’T) (C2)
k=E(1,k,_,cos0), (C3)

where W = /s. k can be any one of k;, i = 1, 2, 3, with the
subscript suppressed above. In this frame, E < /s =1 W
and

t=(q—k)?
2 2 2 2
:_2[(W 2WQ )E (W +2QVV>ECOS9:|_Q2 (C4)
:-{WE(] —cos&)—EWQZ(l—i—cosH)] -Q? (C5)

1 WQ2

-10-2 W (1 +cos®)| — Q? (Co)
1
=5 Q*(cosf —1) (C7)
<0. (C8)

The ¢; are Lorentz invariants and thus #; < 0 holds in any
frame. Since the signs of #; do not change and

— [b] < beospy < |b],

— /B> + C?><Bcosp + Csinpcosp, < VB> + C?,
(C9)
we conclude that a? > b? and A% > B2 + C2, where the

“=""holds when the corresponding variable is u; or s;;, and
the “>" holds for ;.

J°

APPENDIX D: PARTIAL FRACTION
ALGORITHM

To perform the three-body phase space integrations as
described in Appendix B, it is necessary to first convert
expressions in the squared amplitude into forms that allow
Eq. (B18) or (B19) to be used. In this appendix, we review
the way this can be automized.

To simplify the discussion, we will refer to angle
dependent Mandelstam variables (ADMV):

ADMYV = angle dependent Mandelstam variables

= {ty, 13, U2, u3, 512, 513} (D1)

The angle independent Mandelstam variables (AIMVs) are

AIMV = angle independent Mandelstam variables

={t1.us, 5,50} (D2)
A general term in the squared amplitude starts as
simple products of AIMVs and ADMVs. A conversion
to a useful form is accomplished with a set partial fractions
such that each term in the squared amplitude can be
expressed as

[AIMVs] ’ (D3)
Xny®

with a; and a, being real numbers that could be positive,
negative, or zero. The quantity in the brackets is some
combination of the AIMVs while X and Y are two different
types of ADMV that belong to either #;, u;, or s;;. A term in
such a form is called a “reduced” term. Otherwise, we will
call it “unreduced.” Examples are
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(i) reduced terms: (constant), (t2 uy b, (s1 ), (uz)
(i) unreduced terms: (55°131), (uyu3), (t52u3's7;)
We need the following further sets of definitions:

(1) t-type, u-type, s-type Mandelstam variables:

An

ADMV is referred to as t-type if it is #, or f3, and
similarly for u-type and s-type.

(2) The ADMVs are not independent variables; it is

possible to construct linear relations relating them.
This is achieved by squaring different rearrange-
ments of the momentum conservation equation:

p+q—ki=ky+ks. (D4)

(a) Two ADMV relations (2ARs): One such type of
relation is between two ADMVs of the same
type. These are obtained by moving one of p, ¢,
and k; in Eq. (D4) to the right-hand side and
squaring the equation. For instance, moving p to
the right and squaring gives

I = Uy + uz + 73, (D5)

relating two u-type ADMVs. Similarly, moving
q or k; to the right gives the relations for #-type
or s-type ADMVs respectively. There are three
2ARs. The other two are

§ =512+ 8523+ 813 (D6)
up =ty + 134 553 + Q*. (D7)

(b) Three ADMYV relations (3ARs): Another type of
relation is between three ADMYVs, each from a
different ADMYV type. We can get such relations
for any three ADMVs of different types. To
do this notice that exchanging the positions of k,
or k3 with k| in Eq. (D4) and squaring will give
one such relation. For instance, squaring p +
q— k2 = kl =+ k3 giVCS,

s;3 =58+ 10 +uy+ Q% (D8)

arelation between s13, 5, and u,. After one such
relation is obtained, the others are obtained by
replacing the ADMVs in that relation using
three 2ARs.

Now the partial fraction is implemented in two steps:

Step 1: Consider a term 7' in the squared amplitude. The
first step is to reduce the number of ADMVs in the
denominator to two or fewer, and to ensure that no two
ADMYV5s of the same type appear in the denominator.
This is done in two substeps:

Substep 1: First, separate any ADMVs of the same type
in the denominator. If two ADMVs of the same type
appear in the denominator of 7';, use a 2AR for the
two ADMVs to write a factor of unity in the form

094029-16

c;ADMV;
:L (D9)
[AIMVs]
and write
>, c;ADMV;
T =T ). D10
! 1< [AIMVs] (D10)

with ¢; = +1. Expanding the right side of Eq. (D10)
produces a sum of new terms. Each will have one
power lower of these two ADMVs in its denominator.
Further multiplication by unity factors like Eq. (D9)
can be repeated until in all terms only one of the two
ADMYVs appears in any denominator. As an example,
consider

N

= . D11
15353/5) ( )

t, and t3 both appear in the denominator, so we will
use Eq. (D7) to write Eq. (D9):

— 513 — 0? t+t
| = =5 sz )T 13 . (D12)
up— 33— 0 up— 33— 0
Then
s Hh+tH )
T, = D13
! (tszz) ( — 53— 02 (b13)
s s
= T 2
By (uy — $23 — %) huy(uy — 523 — 0%)
(D14)

Substep 2: After Substep 1 is done for all three types, the

leftover terms have denominators with at most three
ADMYVs, all from different types. For terms with two
or fewer ADMVs in the denominator, nothing more
needs to be done in this step. For terms with three
ADMVs in the denominator, one may write a 3AR in
the form of Eq. (D9) and reduce the number of
ADMVs in the denominator to two or fewer in a
way similar to Substep 1. For example, say that

1

Si3Usly

T, = (D15)

Then it is possible to eliminate 5,3, #,, and ¢, by using
Eq. (D8) to construct Eq. (D9). Then,
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Tl - 5
Si3atr ) \s + Q
< 1 ><313—f2—l42>
- \Si3Uals s+ Q2

1 1 1 1
Sty (s+ Q%) sz (s + Q)
1 1
siaty (s + Q%)

(D16)

Step 2: After Step 1 is completed, all terms have two or
fewer ADMVs in the denominator. To get to the final
form in Eq. (D3), we need to make sure no third
ADMYV appears in the numerator. This is done by
noticing that the ADMVs in the numerator can be
written in terms of the ADMVs of the denominator
using 2ARs and 3ARs. For instance, if one term has
t,us in the denominator, then any 7-type ADMV in the
numerator can be replaced by 7,, and u-type by us,
using 2ARs. Any s-type ADMYV can be replaced by a
linear combination of #, and u3 using the correspond-
ing 3AR involving #, and u3. This puts 7' in the form
of Eq. (D3). (Recall that a; and a, can be negative or
zero.) This example had two ADMVs in the denom-
inator. If the number of ADMVs in the denominator is
1, one can express the ADMVs in the numerator in
terms of two ADMVs of different types, where one is
the ADMV in the denominator and the other is chosen
randomly. If the number of ADMVs in the denom-
inator is 0, then the ADMVs in the numerator can be
expressed by any two randomly chosen ADMVs of
different types. There are six ADMVs, but the four

|

{11}

relations from Egs. (D5)—(D8) eliminate four in terms
of the other two.

APPENDIX E: VIRTUAL CONTRIBUTIONS

At order O(a?), virtual corrections to the partonic cross
section involve only one-loop integrals. Comprehensive
reviews of the methods for this type of calculation can be
found in [72-74]. In this article, we use the traditional
Passarino-Veltman (PV) approach [75], for which we
closely follow the notation of [74].

Our O(a2) virtual contributions are the interference
terms between tree-level 2 — 2 amplitudes and 2 — 2
amplitudes with an additional virtual loop, averaged
(summed) over initial(final) states. The structure of each
such interference term is

d+21 Tr{...}, P
(271')4_26 dldn

+ Hermitian conjugate.

MVM:ree = /"26
(E1)

The denominators contain massless propagators of the form
d; = (I + A;)* +i0, where A; depends only on external
momenta, which we will call v;. That is, v; € {p, ¢,k } or
combinations thereof. The trace in (El) contains Dirac
gamma matrices contracted with either the external
momenta v;, or with the loop momentum /. Both IR and
UV divergences are handled by standard dimensional
regularization techniques. After these steps, the numerator
in Eq. (E1) is a collection of terms with Lorentz invariant
products of loop and external momenta. All integrals
needed to calculate the virtual corrections in Fig. 2 can
be written in one of the following ways:

B _ 26/ d4—2€l
{00} =H Q) =Pk + 0,

d4—2€l

{11y 1lg}

C = 2e N
{0.aap} = H /(2ﬂ)4—2€ P14 v)2(1+ vy + vy)?

d4—2€ k

(1, gy Loly, Llgls}

D = 2¢ s
(0aapap} =H / Qa2 P(I+ 0021+ 01 + 02)2(I+ 01 + 05 + v3)?

where higher rank integrals cannot appear since, in every
case, virtual correction diagrams at one loop involve at least
one gluon propagator. We have left the Feynman prescrip-
tion implicit in the denominators in Eq. (E2), and partonic
cross section calculations are done in massless QCD. These
tensor integrals can be written in terms of the scalar box
(Dy), triangle (Cy), and bubble (B,) integrals using the
Passarino-Veltman reduction procedure [75].

As an example, consider the steps to reduce C%.
Symmetry properties allow C%, C#, and B to be written

(E2)

|
in terms of form factors B (v;), C; (v, v5), C5(vy, v5), and

Cij(v1, vp):

Bl(v)) = ”/fBl(Ul)» (E3a)

CP(vy,15) = 10C,(vy, 13) 4+ 15Cs (02, 15), (E3b)
2

C(vy,03) = g Coo(v1,02) +ZU§IU§‘}CU(017”2)- (E3c)

ij=1

094029-17



WANG, GONZALEZ-HERNANDEZ, ROGERS, and SATO

PHYS. REV. D 99, 094029 (2019)

j and the row

vectors C\V) = Ci, 652) = C,,, the contraction of both

i

sides of Eq. (E3c) with v;, and g, respectively gives

Defining the Graham matrix G;; = v; - v

-

(GEY GCP) =R,

(4 =2€)Cyy = By(v,) — Tr{R}, (E4)

where R is defined by the relations

Ry = %(Bl(”) + Bo(v3) = v1Cy (01, u) = 2Coo(v,, u)),
Ry = %(Bl(”) — By (1) = viCy(vy, u)),

Ry = %(Bl(yl) — By (u) = (0] + 201 - 13)Cy (v, u)),
Ry :% =B, (1) — (v 4 20y - 03)Cy (v, u) = 2Cqp).

(ES)

Here we have used the notation u = v; 4 v,. The results
for R;; above are obtained by contracting v;, with the right-
hand side of Eq. (E3c) and using the property that the
products v; -/ can always be written in terms of the
denominators d; = (I + v + - + v;,1)* as

vy -l= (dZ_dl_”%)’

—_ N | =

Uz'lzi(d3—d2—l]%—2l]1'1}2). (E6)

This allows 1;,C% to be reduced to rank-1 integrals,
whereupon expansion according to Egs. (E3), lead to
Egs. (ES5). Solving Eq. (E4) gives C;; and Cy, in terms
of form factors corresponding to lower rank tensor inte-
grals. In a similar way, one may reduce residual C; and B,
form factors so that only the scalar integrals C, and B,
appear at the end of the reduction procedure. Equations
analogous to (E4) and (ES) for all cases in Eq. (E2) are
provided in Appendix A of [74].

After the reduction procedure, all virtual contributions
from Fig. 2 are in terms of scalar integrals, whose values
depend only on Lorentz invariants constructed from
momenta that appear in the denominators. The complete
set of scalar integrals are in [76]. In our calculation, all of
these contain single or double pole singularities.

The singular behavior of Dy and C, corresponds to soft
and collinear divergences that exactly cancel the soft and
collinear singularities in the 2 — 3 calculation of the
corresponding channel.

For our computations, we only need expressions for a
reduced number of cases for C, and D, following the
notation of [76]: C, divergent type 1 and type 2, D,
divergent type 2.

The usual UV singularities introduced by virtual correc-
tions ultimately are all produced by Bj-type integrals. UV
divergent tadpole integrals A, also appear but are zero in a
massless theory. Thus, keeping track of B, integrals accounts
for all UV singularities, which cancel in the sum of virtual
graphs. Self-energy diagrams on external legs enter for each
channel via the corresponding factors of field strength
normalization Z; / 2, as prescribed by the Lehmann-
Symanzik-Zimmermann theorem.

At order O(a?), Z; deviates from unity only for 2 — 2
partonic scattering. Denoting the sum of amputated dia-
grams for leading order, virtual, and real emission by M(La()),

M(V“), and ./\/ll(qa), the square-modulus amplitude for par-
tonic scattering is
2 _ i aql@) 2 (a)2 (a) T 4 4(a)
M7 = Mol + [Mg’|? + 20 { M5 My} (E7)
Explicit solutions for scalar integrals given in [76] hold
when all of the relevant Lorentz invariants are spacelike.
When needed, we perform analytic continuation on the
logarithms, by restoring the Feynman prescription
log(%) — log (a + i0) + log(;17). For the dilogarithms
in our calculation, we find the following relation useful:

where both a and b are positive.

APPENDIX F: ANGULAR INTEGRALS WITH A
VIRTUAL PHOTON

For completeness we provide a complete list of the
relevant angular integrals. The method to compute these
integrals is described in detail in Appendix B. The alter-
natives for some of the integrals here can be found from
Appendix C of Ref. [77]. But there the list of integrals is
computed for heavy quark production process and is not
adequate for SIDIS. To compactify notation, we define

C =cosy, (F1)

F =C*(1-3D*) +4CD + D* - 3, (F2)

G=C*(3D*-1)-4CD - D* +3, (F3)
D+1
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K= <L12 (Di 1) L, (—%)) (F5)

The integrals are computed up to the needed powers in €. The expressions for /; ; from Eq. (B19) needed for order a? SIDIS
are then

I 4= 7% (—=630C*D3 + 330C*D + 1440C3 D* — 384C3 4 540C2D* — 1764C2D + 9(C*(35D* — 30D? + 3)
+16C3D(3 = 5D%) — 6C2(5D* — 18D? + 5) + 16CD(3D? — 5) + 3D* — 30D* + 35)L

—864CD? + 1152C — 54D + 522D) + % (=1773C*D? + 943C*D + 3744C3D?* — 1024C* + 1674C*D?

27
+ (C* = 1)(D* = 1)(C*(19D* — 3) — 32CD — 3D? + 19) L — 4398C>D + 9(C*(35D* — 30D? + 3)
+16C3D(3 = 5D%) — 6C2(5D* — 18D? + 5) + 16CD(3D? — 5) + 3D* — 30D* + 35)K
—2592CD? + 2688C — 189D3 + 1599D) (F6)

T

I 4= 30720 (36C(3 — 5C*)D3 + 12C(13C* — 11)D + 3(35C* — 30C* + 3)D* + (—115C* + 222C* — 51)D?

+16(C* = 6C* + 3)) + %n(SC“D(S —7D?) + 12C*(5D* — 1) + 6C*D(5D* — 9) + 4C(5 —9D?) —3D(D?* - 5))L

+ % (72(21 = 29C*)CD + 32(39 — 8C?)C* + 54(27C* — 26C* + 3)D? — 9(5C*D(7D? - 3) + C3(12 — 60D?)
e
2(D* - 1)
—4C3(D* + 6D* — 3) + 6C*(3D* — 2D* + 3)D — 4C(3D* —2D? 4+ 3) —=3D3 + 6D’ + D)L (F7)

+6C2D(9 — 5D?) + 4C(9D* — 5) + 3D(D?* - 5))K — 528) + (C*H(~11D* +30D? — 15)D

I 5= ﬂ<5C3D2 - 203 - % (CD = 1)(5C2D? = 3C? — 4CD — 3D? + 5)L — 9C2D — 3CD? + 8C + 3D>

1
+ me <—§ (CD = 1)(C*(5D* = 3) —4CD - 3D* + 5)K
+é (117C3D2 -32C3 — 277(CD —1)(C*D* —=C* = D>+ 1)L — 189C*>D — 81CD? + 156C + SID)) (F8)
Iy s — %::(c:(cz (SD? — 1) = 6CD — 3D + 3) + 2D)L
N 7(C*D(13 = 15D?) + 6C*(3D? — 2) + 3CD(3D? - 5) — 6D? + 8)

D2 _1
+ % (=58C3D + 3(C(C2(5D% — 1) — 6CD — 3D + 3) + 2D)K + 48C> + 42CD — 24) (F9)
dr 5 4 2 5
122 = 12 (CP 4 100D 4 10D? + 3) + = e(46C + 400CD + 325D° + 123) (F10)
4
Iia= ?” (C+2D) + %” (32€ + 52D) (F11)

I ,= n(D—3CzD—|—4C—%}"£> —I—eﬂ{—%gﬁlog {%(1)— 1)(D + 1)3} —%ﬁ(—czw +C*+D*-1)

+ éﬂz(C2(3D2 —1)—4CD — D>+ 3) + (C(8 —=7CD) + 3D) — GLi, [3; i] } (F12)
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7(C?(6D* —4) — (D> - 1)(C(3CD —2) — D)L — 4CD — 2D* + 4)

I_:
2,-2 D2 -1

D(CD - 1)L

2 _1) = _9)—

+ﬂe(4<2c + 271 1) (C(3CD —2) — D)K)
I, :‘2; (2CD +3D? + 1)+eﬂ<3ZCD+4D2+§>

I_]_] =2 §+D + e ﬂ‘i“"l)
’ 3 9

1 4

I 59 :2T[<D2+§> +4JT€<D2 +§)

1_1’0 =2nD + 4drxDe

Iig=nLl+exlk

2 n 2zxDL
€
D?—1 D? -1

L=

2 1
I, _y=n(—(CD-1)L+2C)+ 7r€{4C - % (CD-1)+ 3 (CD —1)Llog

+2(CD — 1)Li, B:L ﬂ }

16

i(D -1)(D+1)*

12’_1 = - —+ e

z(=C(D* = 1)L +2CD -2) {—E(C( —1)log[{s(D—1)(D + 1)*] +4D(CD - 1))

D? -1 2(D*-1)
7 D-1
(€-D) 2 2
Ioy=-n—"+ 7(=3C*+4CD + 1) + en(=7C° + 8CD + 3)
I, = ”(C —D) + 27C + 4enC

€

2
P zloglpZpl  2ze c—1 D-C D
I, = L ~Li I I
W=ge—p) T T c-p +(c-p){ ‘2< 1) ‘2(1)+1)+ 0g(C+1 )°g<

2

+1log(D -0C) log<g—:f) —%Lﬁlog((D— 1)(D+1)%) +%}

po 1 (0P = 1)1g[2] 20D +2)  2me(Lip[B — Liyll)
bim et w-ne-pr T (c-bp

~ 6(D*—1)(C-D)?

{12log[D+ H((D*=1)loglC+ 1] +C+D*-D-1)

(F13)

(F14)

(F15)

(F16)

(F17)

(F18)

(F19)

(F20)

(F21)

(F22)

(F23)

(F24)

— 121og[D = 1]((D> = 1)log[D = C] + C= D> =D + 1) + (D> = 1)(2 <6log[D —C <log [Ic)+ ﬂ - 2) + n2>

3Llog[(D—1)(D 1 1) 1)}
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1_2,2:%(362—2@—1)+7z(362+2CD—D2—2)+en(9cz—2CD+D2—4) (F26)
-, = —”?C +7(C-D) + ex(D -C) (F27)
z(l—-CD) n ) ) (D-C)?
I, == —C2—2CD +D*+2+(CD —1)log|—%; F2
12 6‘(C—D)3 (C—D)3< C C + + +(C ) 0og —1—|—D2 ( 8)
zC*+2CD -3 T D*—1
L, == 2(1D?* — D2 —1)(C? +2CD - 3)log | ———
2= B T (COP )+ (P 2003 |
+2(D*-3)CD — D*(D* +5) + 8). (F29)

Certain order € terms are not needed and may be dropped in calculations at O(a?).
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