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Abstract. This manuscript investigates the following aspects of the one-dimensional dissipative
Boltzmann equation associated to a variable hard-spheres kernel: (1) we show the optimal cooling
rate of the model by a careful study of the system satisfied by the solution’s moments, (2) we give
existence and uniqueness of measure solutions, and (3) we prove the existence of a nontrivial self-
similar profile, i.e., homogeneous cooling state, after appropriate scaling of the equation. The latter
issue is based on compactness tools in the set of Borel measures. More specifically, we apply a
dynamical fixed point theorem on a suitable stable set, for the model dynamics, of Borel measures.
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1. Introduction. In this document we study a standard one-dimensional (1-D)
dissipative Boltzmann equation associated to “variable hard potentials” interaction
kernels. The model is given by

atf(tvx):Q(f7f)(t’x)v (t,x)E[O,oo)x]R,
f(0,2) = fo(x),

where the dissipative Boltzmann operator Q = Q. is defined as

(12)  Of. N)(x) = / f (@ —ay) f (z+by) [y]dy — () / @ +) lydy.

The parameters of the model satisfy v > 0, a € (0,1), b = 1 — a and will be fized
throughout the paper. Such a model can be seen as a generalization of the one intro-
duced by Ben-Nam and Krapivsky [8] for v = 0 and happens to have many applica-
tions in physics, biology, and economics; see, for instance, the process presented in
[5, 8] with applications to biology.

The case v = 0—usually referred to as the Maxwellian interaction case—is by
now well understood [18] and we will focus our efforts on extending several of the
results known for that case (7 = 0) to the more general model (1.1). Let us recall that,
generally speaking, the analysis of Boltzmann-like models with Maxwellian interaction
essentially renders explicit formulas that allow for a very precise analysis [12, 14, 13,
32, 18, 8] because (1) moments solve closed ODEs and (2) Fourier transform techniques
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are relatively simple to implement. In [8] a Brownian thermalization is added to the
equation which permits a study of stationary solutions of (1.1) for v = 0. Here we
are more interested in generalizing the works of [12, 14, 13, 32, 18] that deal with the
so-called self-similar profile which in the particular case of Mawellian interactions is
unique and explicit. Such a self-similar profile is the unique stationary solution of the
self-similar equation associated to (1.1) and, by means of a suitable Fourier metric,
it is possible to show (in the Maxwellian case) exponential convergence of the (time
dependent) self-similar solution to this stationary profile [14, 13, 18]. In particular,
this means that solutions of (1.1) with v = 0 approach exponentially fast the “back
rescaled” self-similar profile as ¢ — +o0.

Self-similarity is a general feature of dissipative collision-like equations. Indeed,
since the kinetic energy is continuously decreasing, solutions to (1.1) converge as
t — oo toward a Dirac mass. As a consequence, one expects that a suitable time-
velocity scale depending on the rate of dissipation of energy may render a better setup
for the analysis. For this reason, we expect that several of the results occurring for
Maxwellian interactions remain valid for (1.1) with v > 0. The organization of the
document is as follows: We finish this introductory material with a general setup of
the problem, including notation, scaling, relevant comments, and the statement of the
main results. In section 2 the Cauchy problem is studied. The framework will be the
space of probability Borel measures. Such a framework is the natural one for (1.1) as
it is for kinetic models in general. In 1-D problems, however, we will discover that
it is essential to work in this space in contrast to higher dimensional models, such as
viscoelastic Boltzmann models in the plane or the space where one can avoid it and
work in smaller spaces such as Lebesgue’s spaces [11, 35, 2, 29]. This last fact proves
to be a major difficulty in the analysis of the model. The Cauchy problem is then
based on a careful study of a priori estimates for the moments of solutions of (1.1)
and standard fixed point theory. In section 3 we find the optimal rate of dissipation
(commonly referred to as Haff’s law) which follows from a careful study of a lower
bound for the moments using a technique introduced in [2, 3]. In section 4 we prove
the existence of a nontrivial self-similar profile which is based, again, on the theory
of moments and the use of a novel dynamical fixed point result on a compact stable
set of Borel probability measures [6]. The key remaining argument is, then, to prove
that the self-similar profile—which a priori is a measure—is actually an L'-function.
Needless to say, such a stable set is engineered out of the moment analysis of sections
2 and 3. In section 5, numerical simulations are presented that illustrate the previous
quantitative study of (1.8) as well as some peculiar features of the self-similar profile
G. The simulations are based upon a discontinuous Galerkin (DG) scheme. The
paper ends with some perspectives and open problems related to (1.1), in particular,
its link to a recent kinetic model for rods alignment [5, 9].

1.1. Self-similar equation and the long time asymptotic. The weak for-
mulation of the collision operator Q reads

(1.3)
/R Q(f.f) (@) (z)dx

— 1 . vy B B

= §/R/Rf(x)f(y)’x y| (w(ax + by) + ¢¥(bx + ay) — Y(z) w(y))dmdy
for any suitable test function ¢. In particular, plugging successively ¢(z) = 1 and

¥(x) = x into (1.3) shows that (1.1) conserves mass and momentum. Namely, for any
reasonable solution f(¢,z) to (1.1), one has
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/Rf(t,x)dxz/Rfo(x)dx and /R:Ef(t,m)dxz/Rxfo(x)dx vVt > 0.

However, the second-order moment is not conserved: indeed, plugging now ¢ () = |x|?
into (1.3) one sees that

/ O(f. f)(@) |Pdx = —ab / F@)f () 2 — y*Fdedy

since |azx + by|? + |ay + bz|? — |z|? — |y|* = —2ab|x — y|? for any (z,y) € R?. There-
fore, for any nonnegative solution f(¢,z) to (1.1), we get that the kinetic energy is
nonincreasing,

d
(1.5) &E : dt/f (t,z) || dx——ab/ flt,x) f(t,y) |z —y*dedy < 0.

This is enough to prove that a nontrivial stationary solution to problem (1.1) exists.
Indeed, for any xy € R, the Dirac mass ¢, is a steady (measure) solution to (1.1).
For this reason one expects the large-time behavior of the system to be described by
self-similar solutions. In order to capture such a self-similar behavior, it is customary
to introduce the rescaling

(1.6) V(t)g(s(t),§) = f(t,z), &=V()z

where V(t) and s(t) are strictly increasing functions of time satisfying V(0) = 1,
s(0) = 0, and lim;_,, s(t) = oco. Under such a scaling, one computes the self-similar
equation as

Ouf(tx) = (V(1)g(s,©) + V(D5(0)0sg(5. ) + €V (1)Deg(5.€))

s=s(t), =V (t)x

)

s=s(t), &=V (t)z

— (V)9 (€ 9(5,€)) + V(1)3(1)s(5,6) )

while the interaction operator turns into
(L.7) Qf, f)(t,x) =VI=1(1)Q(g, 9) (s(1), V(t)z).

Consequently f = f(t,x) is a solution to (1.1) if and only if g = g(s, ) satisfies
V()

(V7 (1)0s9(s, €) + 3712 10

0e(£9)(5,6) = Q(9.9)(5,9).

Choosing
1 1
V(t)=(1+cyt)T  and  s(t) = Slogi+ert),  e>0,

it follows that g solves

(1.8) Ds9(5,8) + ¢ 06 (€9(5,8)) = Q(g,9) (s, €) .

Thus, the argument of understanding the long time asymptotic of (1.1) is simple: if
there exists a unique steady solution G to (1.8), then such a steady state G should
attract any solution to (1.8) and, back scaling to the original variables,

flt,z) 2~ V(E#)G(V(t)x) as t = o0

in some suitable topology. We give in this paper a first step toward a satisfactory
answer to this problem; more specifically, we address here two main questions:
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Question 1. Determine the optimal convergence rate of solutions to (1.1) toward the
Dirac mass centered in the center of mass 7y := fR z fo(z)dz. The deter-
mination of this optimal convergence rate is achieved by identifying the
optimal rate of convergence of the moments My (¢) of f(¢,z) defined as

Mi(t) = / o —To* f(t,z)dz, k> 0.
R
Question 2. Prove the existence of a “physical” steady solution G € Linax(%m(R) to
(1.8), that is, a function satisfying
d
(1.9) ¢3¢ €GO) = GG, LER,

in a weak sense (where ¢ > 0 is arbitrary and, for simplicity, can be
chosen as ¢ = 1). Note that (1.9) has at least two solutions for any
v > 0, the trivial one and the Dirac measure at zero. None of them is a
relevant steady solution since both have energy zero, which is a feature
not satisfied by the dynamical evolution of (1.8) (provided the initial
measure is neither the trivial measure nor the Dirac measure).
Similar questions have already been addressed for the 3-D Boltzmann equation for
granular gases with different type of forcing terms [29, 24, 10]. For the inelastic
Boltzmann equation in R3, the answer to Question 1 is known as Haff’s law, proven
in [29, 2, 3] for the interesting case of hard-spheres interactions (essentially the case
v = 1). The method we adopt here is inspired by the last two references since it
appears to be the most natural to the equation. Concerning Question 2, the existence
and uniqueness (the latter in a weak inelastic regime) of solutions to (1.9) has been
established rigorously for hard-spheres interactions in [29, 30]. In [29, 24, 10], and
in [6, 21] in the context of coagulation problems, the strategy to prove the existence
of solutions to a problem similar to (1.9) is achieved through the careful study of
the associated evolution equation ((1.8) in our context) and an application of the
following dynamic version of the Tykhonov fixed point theorem (see [6, Appendix A]
for a proof).

THEOREM 1.1 (dynamic fixed point theorem). Let Y be a locally convex topo-
logical vector space and Z a nonempty conver and compact subset of V. If (Fit)i>0 1S
a continuous semigroup on Z such that Z is invariant under the action of F; (that
is, Fiz € Z for any z € Z and t > 0), then there exists z, € Z which is stationary
under the action of Fy (that is, Fizo = 2z, for any t > 0).

In the aforementioned references, the natural approach consists in applying The-
orem 1.1 to Y = L' endowed with its weak topology and consider for the subset Z
a convex set which includes an upper bound for some of the moments and some LP-
norm, with p > 1, which yield the desired compactness in ). As a consequence, with
such approach a crucial point in the analysis is to determine uniform LP-norm bounds
for the self-similar evolution problem. This last particular issue, if true, appears to be
quite difficult to prove in the model (1.8), mainly because of the lack of angular aver-
aging in the 1-D interaction operator Q as opposed to higher dimensional interaction
operators. This problem is reminiscent of related 1-D interaction operators associated
to coagulation-fragmentation problems, for instance, in Smoluchowski equation, for
which propagation of LP-norms is hard to establish; see [26] for details. Having this in
mind, it appears to us more natural to work with measure solutions and considering
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then ) as a suitable space of real Borel measures endowed with the weak-* topology
for which the compactness will be easier to establish. Of course, the main difficulty
will then be to determine that the fixed point provided by Theorem 1.1 is not the
Dirac measure at zero (the trivial solution is easily discarded by mass conservation).
In fact, we will prove that this steady state is a L! function (see Theorem 1.5). Let
us introduce some notation before entering in more details.

1.2. Notation. Let us introduce the set M (R) as the Banach space of real
Borel measures on R with finite total variation of order s endowed with the norm
I ||s defined as

s = /R@;f pldz) <o with (2):=(1+ef)}  VoeR,

where the positive Borel measure |u| is the total variation of u. We also set
MF(R) = {n € Ms(R); u > 0}

and denote by P(R) the set of probability measures over R. For any k > 0, define the
set

Pu®) = {ue PR [ lalfu(an) <o}
R
For any p € Pr(R) and any 0 < p < k, let us introduce the p-moment
My ()= [ fal (o)

If u is absolutely continuous with respect to the Lebesgue measure with density f,
i.e., p(dr) = f(x)dx, we simply denote

M5 = M) = [ faP fade forany p0.

We also define, for any k£ > 1, the set

PAUR) = {u € Pr(R); /Rwu(dw) = 0} :

In the same way, we set L}(R) = L'(R) N M (R) for any k > 0. Moreover, we
introduce the set L™, (s > 0) of locally bounded Borel functions ¢ such that

l[ellzes, := sup [p(z) [ (x)™* < oo.
z€R

For any p > 1 and p,v € P,p(R), we recall the definition of the Wasserstein distance
of order p, W, (p,v) between p and v by

m €M (p,v)

me,u):( wt [ x—y|?7r<da:7dy>)‘j,
RQ

where IT(u, v) denotes the set of all joint probability measures 7 on R? whose marginals
are p and v. For the peculiar case p = 1, we shall address the first-order Wasser-
stein distance Wi (u,v) as the Kantorovich—Rubinstein distance, denoted dkg, i.e.,
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dxr(p, v) = Wi(u,v). We refer to [36, section 7] and [37, Chapter 6] for more details
on Wasserstein distances. The Kantorovich-Rubinstein duality asserts that

dian() = swp [ o) - v)(do),
p€Lip; (R) JR
where Lip, (R) denotes the set of Lipschitz functions ¢ such that
o(x) = (y)]
l[ellLipe) = sup
p(R) oty lz —

For a given T' > 0 and a given k > 0, we shall indicate as Cyeak ([0, '], Pr(R)) the set
of continuous mappings from [0,7] to Px(R), where the latter is endowed with the
weak-* topology.

<1.

1.3. Collision operator and definition of measure solutions. We extend
the definition (1.3) to nonnegative Borel measures; namely, given u,v € M (R), let

1
(1.10) (©@uv)i ) 1= [ lr =3l Ap(a.y)n(da)(ay)
for any test function ¢ € C(R) N L*°(R), where
Agp(a:, y) = @(ax + by) + @(bx + ay) — @(x) — gp(y), (z,y) € R?.
A natural definition of measure solutions to (1.1) is the following; see [27].

DEFINITION 1.2. Let v > 0, 7. := max(7,2), po € MI (R), and ()0 C
M (R) be given. We say that (p:)i>0 is a measure weak solution to (1.1) associated
to the initial datum o if it satisfies

1. Supy>o ”:ut vy < ||MOH’Y*)

(1.11)
/R,ut(dx) z/R,uo(dx) and /qut(da:) z/Ra:,uo(dm) vt > 0;

2. for any test function ¢ € Cp(R) := C(R) N L>®(R), the following hold:
(i) the mapping t — (Q(ue, p1e) ; ) belongs to C([0,00)),
(ii) for any t > 0 it holds that

(1.12) /]R ) pe (dr) /Rw ) pro (dz) /Ot<Q(uT,uT);<p>dT-

Notice that if y; € M (R) for any t > 0, then

[l =l 180t ) i de)petay) < Alplclm] < oc

for any ¢ € Cp(R) and ¢ > 0. This shows that (Q(u, t); @) is well defined for any
t > 0 and any ¢ € Cp(R). Similarly, the notion of measure solution to (1.9) is given
in the following statement.

DEFINITION 1.3. A measure p € ’Pmax(7 2 (R) is a solution to (1.9) if
(1.13)
/é“qb (©)n( / €=l (¢ (a& + bn) + ¢ (an + b§) — $(£) — d(n)) p(dE) p(dn)
for any ¢ € C}(R), where ¢/ stands for the derivative of ¢.
Notice that, by assuming ||u|lo = 1, we naturally discard the trivial solution
G =0 to (1.9).
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1.4. Strategy and main results. Thanks to the conservative properties (1.11),
we shall assume in what follows, and without any loss of generality, that the initial
datum po € M7 (R) is such that

/]R po(dz) =1 and /R ho(dz) = 0,

ie, po € PY (R). This implies that any weak measure solution (u)i>0 to (1.1)
associated to pg is such that

pe € PP (R)  Vt=0.
THEOREM 1.4. Fiz~y >0, 7. = max(y,2) and let o € PI, (R) be given an initial

datum. Then, there exists a measure weak solution (pt)i>o0 to (1.1) associated to po
in the sense of Definition 1.2 satisfying

Jutn) = [ty =1, [ apan) = [ apoan) <o,
and /R\m’y*ut(dx)g/Ru'y*uo(dx) V>0,

Moreover, such a solution enjoys the following instantaneous appearance of higher-
order moments: for all tg > 0,

sup/ || pe (dz) < oo Vs > vy
t>to JR

If additionally there exists ¢ > 0 such that

(1.14) [ explelelMpn(ae) < oc.

then such a measure weak solution is unique. Furthermore, if ug is absolutely contin-
uous with respect to the Lebesque measure, i.e., po(dz) = fo(x)dx with fo € L}{* (R),
then u; is absolutely continuous with respect to the Lebesgue measure for any t > 0.
That is, there exists (f;)i>0 C L} (R) such that py(dx) = fi(x)dz for any t > 0.

We prove Theorem 1.4 following a strategy introduced in [27] and [23] for the
case of a Boltzmann equation with hard potentials (with or without cut-off). The
program consists essentially of the following steps: (1) Establish a priori estimates for
measure weak solutions to (1.1) concerning the creation and propagation of algebraic
moments, and (2) construct measure weak solutions to (1.1) by approximation of
L'-solutions. Step (1) helps prove that such an approximating sequence converges
in the weak-x topology. The final step is (3) for the uniqueness of measure weak
solution, it seems difficult to adapt the strategy of [27] for which the conservation of
energy played a crucial role. For this reason, we rather follow the approach of [23],
which requires the strong confining assumption (1.14) and is based upon suitable log-
Lipschitz estimates for the Kantorovich-Rubinstein distance between two solutions of
(1.1). It is likely that assumption (1.14) can be relaxed. Notice that even though such
an assumption is a restriction for the Cauchy theory, it provides valuable information
on the exponential tail of the self-similar profile we aim to construct.

As far as Question 1 is concerned, we establish the optimal decay of the mo-
ments of the solutions to (1.1) by a suitable comparison of ODEs. Such techniques
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are natural and have been applied to the study of Haff’s law for the 3-D granular
Boltzmann equation in [2]. The main difficulty is to provide optimal lower bounds for
the moments; see Propositions 3.3 and 3.4. Essentially, we obtain that

Mk(t):/|x|k,ut(dx)%0kt7% as t — oo;
R

see Theorem 3.5 for a more precise statement. Such a decay immediately translates
into convergence of p; toward Jp in the Wasserstein topology.

Regarding Question 2, once the fixed point Theorem 1.1 is at hand, the key step
is to engineer a suitable stable compact set Z. Compactness is easily achieved in
Y = Prax(+,2)(R) endowed with weak-x topolgy; only uniform boundedness of some
moments suffices. However, ) must overrule the possibility that the fixed point will
be a plain Dirac mass located at zero. This is closely related to the sharp lower
bound found for the moments in Question 1. In such a situation, a series of simple
observations on the regularity of the solution to (1.13) proves that such a steady state
is actually an L'-function. Namely, one of the most important steps in our strategy
is the following observation.

THEOREM 1.5. Any steady measure solution p € ’Pglax(,y 9

y(R) to (1.9) such that

(1.15) m, = [ leu(dg) > 0

is absolutely continuous with respect to the Lebesgue measure over R, i.e., there exists

some nonnegative G € Lrlnax(,y oy (R) such that

p(d§) = G(§)dE -

In other words, any solution to (1.9) lying in Pglax(v 2)(R) different from a Dirac

mass must be a regular measure. This leads to our main result.

THEOREM 1.6. For any v > 0, there exists G € Limx(7 2) (R) which is a steady

solution to (1.9) in the weak sense.

2. Cauchy theory. We are first concerned with the Cauchy theory for problem
(1.1) and we begin with studying a priori estimates for weak measure solutions to
(1.1). Let us fix v > 0 and set v, = max(7y, 2).

2.1. A priori estimates on moments. We first state the following gen-
eral properties of weak measure solutions to (1.1) which have sufficient bounded
moments.

PROPOSITION 2.1. Let g € M7 (R) and let (j1¢)s>0 be any weak measure solution
to (1.1) associated to po. Given k > 0, assume there exists p > k + v such that

(2.1) sup |l < 00 VT >06>0.
§<t<T

Then, the following hold:
1. Forany ¢ € L= (R)NC(R), the mappingt > 0 — (Q(pe, pit) 5 @) s continuous
in (0, 00).
2. For any ¢ € L=, (R) NC(R) it holds that

(2.2) G | #omlan = (Qum)i o) vezo.
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The proof of Proposition 2.1 will need the following preliminary lemma (see [27,
Proposition 2.2] for a complete proof).

LEMMA 2.2. Let (1" )nen be a sequence from MZ (R) that converges weakly-* to
some p € M7 (R). We assume that for some p > 0 it holds that

sup || " ||, < oo.
neN

Y(z,y)

Then, for any ¢ € C(R?) satisfying I g4y )= 400 D = =0, one has

im [ (o) (o) i @9) = [ (o.9) n(de) ().

n—-+4oo R

Proof of Proposition 2.1. Let k > 0 and ¢ € L%, (R) N C(R) be given. Choose
X € C*(R) such that ||x]|ec < 1 with x(z) =0if |z| > 2 and x(z) = 1 for |z| < 1 and
set for any n € Ny, ¢n(z) = ¢(z)x (£). It follows that ¢, € C.(R) C Cy(R) for any n
with ¢, (x) — ¢(x) for any x € R as n — co. Consequently, Ay, (z,y) = Ap(z,y)
for any (z,y) € R? as n — oo. Now, since ¢,, € Cy(R) for any n € N, one deduces
from (1.12) that

to

[ en@usdo)=[ enh, @)+ (Qur )i puydr Yia>t>0, ¥az1
R R (31

Notice that |||z, < [l¢[lL>, < oo. Thus, there is C' > 0 such that for any n € N,

any (z,y) € R?,

(2:3)  [Ap(z,y)| < C ((2)" + (1)F) and  |Apu(z,y)] <O ((@)" + (v)*)

where the constant C' depends only on ¢ (and a). Using the dominated convergence
theorem together with (2.1), one deduces that

/ Qi) s on) dr = & / Cdr / & — 4 A ()i (d) o (dy)

t1

n~>oo 2

/ ar [l =l Al (da)r(d)= /t2<Q<uT,uT>;«>>dr,

ty

so, the identity

24) [ e = [ e @)+ [ Q)i dr Ve > >0,

t1

holds true. It follows from (2.3) that
(QUtroir)s 9| <C [ o= ol (@ +00") (i) < 2Crl o, 7 0.
Combining this with (2.4), one sees that, for any 7' > ¢ > 0,

\ [ e@matan) - [ ot (@)

In particular, under assumption (2.1), the mapping ¢ — [, p(z)p(dz) is continuous
over (0,00). This shows that, for any ¢ > 0 and sequence (t,), C [t/2,3t/2] with

<2C |tg —ty| sup ||N7Hk+7 Vity, ta € [0,T].

SRS
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lim,, ¢, = t, the sequence (p,)n converges weakly-x toward p:. In addition, since
¢ € L=, (R) and p > k + v one concludes that

|z —y["Ap(z,y)
2| +lyl o0 ()P + (y)P

Thus, it readily follows from Lemma 2.2 that

25) tim [ o=y Ml (@), (@) = [ Jr =3l Apla) (o ().

Henceforth, the mapping ¢t — (Q(uy, pit), ) is continuous over (0,00) proving point
(1). Point (2) then follows directly from (2.4). O

Moments estimates of the collision operator are given by the following.

PROPOSITION 2.3. Let pu € Py, (R) with k > 2. Then

(2.6a) (U )5 1-1%) < —5 (1= a¥ = B¥) My (1) < 0.

In particular,

(2.60) (Qpos); |19 < =5 (1= ab =8 My ()"

and, if k> 2,

(260)  (QUup): |+ ) < — (1= a¥ = b5) My(u) ™2 M)+ 75,

Proof. We apply the weak form (1.10) to op(z) = |z|*. Using the elementary
inequality

(2.7) z* + |yl* = Jaz + by|* — |ay + bx* = (1 —aF —b*) |z —y|*

valid for any (z,y) € R? and k > 2 (with equality sign whenever k = 2), and noticing
that 1 — a¥ — b* is nonnegative for any k > 2 and any a € (0,1) we have

(28) (@i |- 1) < —5 (1= dk 1) [ o yPuldou(dy).
R2

Since p € P18+7 (R) and the mapping [0,00) 3 r = r7*¥ is convex, one deduces from
Jensen’s inequality that

[ o= sl @t > [ o ntda).

from which inequality (2.8) yields (2.6a). Using again Jensen’s inequality we get also
that My () > My(u)'** which proves (2.6b). Finally, according to the Hélder
inequality

Mioin (i) = My(p)' 72 Ma(p) "2 V> 2,

and (2.6¢) is deduced from (2.6a). d
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The assumption on the measure p in the above proposition is stronger than the
one made on the initial datum pg in our main result—Theorem 1.4. It will serve as
a tool toward a priori estimates on solutions to (1.1) in Proposition 2.4. Hereafter,
(2.9) will result in the construction of the stable set Q2 5 in Theorem A.1 while (2.10)
is the main tool for appearance of higher-order moments.

PROPOSITION 2.4. Let g € PY (R) be a given initial datum and (pu)i>o0 be a
measure weak solution to (1.1) associated to pg. Then, the following holds:
L If (pe)iz0 C Py(R) with p > k + for some k > 2, then t > 0 — My () is
decreasing with

(2.9) M, (1) < My, (o) (1 + zlk;(l —a = 0" My (o) t) Vi>0.

2=

In particular, sup,o My () < 0o.
2. If for some k > 2 and p > k + 1y, sup;>; ||pellp, < oo for any 6 >0, then

k—2
(2.10) My (1) < Cu(¥) |lptolly. min {t=5 475} Vi>0,

where C(y) > 0 is a positive constant depending only on k > 2, v, and a.

Proof. For the proof of (2.9), apply (2.2) with ¢(z) = |z|* and note that using
(2.6b)
M) < —L (1= b —8%) My (uo)*F Wez0
o k(//«t)\_§<_a_ ) My (11¢) >0.
This directly implies point (1) of Proposition 2.4. To prove estimate (2.10) for short
time observe that applying (2.2) to ¢(z) = |z|¥ and using (2.6¢), one gets

d 1 o o
M) < =5 (1= b =0%) M) "7 Mp(u)' " 72 V>0,

and, since by the definition of measure weak solution it holds that Ms(u:) < ||po
for any ¢ > 0, one deduces that

Y

d 1 -5t e

M) < =3 (1—=a* = 0") [|poll. > My(ue) ™72 V>0,
This inequality leads to estimate (2.10) with constant Cy(v) = (ﬁ (1—a*—b*))~ =
The long time decay follows applying (2.9) for ¢ > 4. 0

Remark 2.5. It is not difficult to prove that the conclusions of the previous two
propositions hold for general measure g € ./\/li' (R) with

llollo = 0 # 0 and /xuo(dx) =0.
R

In such a case, the constant Cj () depends also continuously on p.

Introduce the class Pexp,~(R) of probability measures with exponential tails of
order v,

(2.11)  Pexpq(R) = {u € P(R) ; 3e > 0 such that /exp(5|x\7)/¢(dm) < oo} .
R

We have the following.
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THEOREM 2.6. Let po € P (R) be an initial datum and (pu)¢ be a measure weak
solution to (1.1) associated to po. If 19 € Pexp~(R), then there exists o > 0 and
C > 0 such that

(2.12) sup/ exp(alz|")p:(dz) < C'.
>0 JR

Proof. Since 19 € Pexp,~(R), there exists a > 0 and Cy > 0 such that

/exp(oz|a:|’*),u0(dx) <Co.
R

Let us denote by pg the integer such that ypy > v« and v (pg — 1) < .. Thus, for
0<p<po—1landt>0,

Myp(pe) < el < llolls. -

For p > po and t > 0, one deduces from (2.6a) that

M'vp(,“t) < M'VP(MO)~

Thus, for any ¢ > 0 and any n > pg

" aP po—l p " aP
ZM’YP(Nt)E < luoll, Y ot > wa(uo)ﬂ < lpolly, exp(a) + Co .
p=0 p=0 pP=Po
Letting n — +oo we get (2.12). d

2.2. Cauchy theory. The main ingredients of the proof of Theorem 1.4 are
Propositions 2.7 and 2.10. Namely, by studying first the Cauchy problem for L!
initial data and then introducing a suitable approximation we can construct weak
measure solutions to (1.1) leading to the following result of existence of solutions.

PROPOSITION 2.7. For any py € 770* (R), o # do, there exists a measure weak
solution (11)¢>0 C P9, (R) associated to po and such that

supljall. < ol and  swplpull <o ¥to>0.5>7..
t/ =to

Remark 2.8. The instantaneous appearance of higher-order moments for solution
to Boltzmann-like equations associated to so-called hard potentials (corresponding to
v > 0) is a well-documented feature which can be traced back to [38] (see also [1] for
the appearance of exponential moments). It has already been observed for measure

solutions like the ones considered here in [27].

Proof. The proof follows the approach of [27, section 4] and it relies on an exis-
tence Theorem in an L!-framework borrowing ideas from [16] (see Theorem A.1 in
Appendix A). We only sketch here the main steps.

First, since pg € ’Pg* (R) is not the Dirac mass centered at 0, the temperature
Ty := [ 2®po(dz) is positive and one can define a sequence (F'),) such that

(2.13) lim | o(x)F)(z)de = / o(x) po(dz) Vo e LZ, (R)NC(R)

with F§' € (N0 LL(R) for any n > 1 (notice that, as in [27], FJ' is some slight
modification of the Mehler transform of p). Then, according to Theorem A.1, for
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any n > 0, there exists a family (F/");»0 C L} (R) such that (u});>0 is a weak
measure solution to (1.1) associated to uf}, where
py (de) = F*(x)dx Vt>0.

Then, noticing that

”:u?”v < HM? T S ||N3 Y Vn =1,

one easily checks that
[(Q(ui, 1) o) < 2¢llollugly,  VE=0,n>1,

from which one deduces as in [27] that there exists C = C(pg) > 0 (depending only
on [|po|l4,) such that, for any to > ¢, > 0,

(2.14)

sup
n>1

J OOy RS

< C(po) [@llos [tz —t1] Ve € Cy(R).
Moreover, on the basis of the a priori estimates (2.10) (see also Remark 2.5),

M (F") < Cr(v, [l llo) |16

Since lim, o0 ||£G]l0 = 1 and lim,, o0 [| 1§ ||+, = ||fto]|~. according to (2.13), we deduce
that, for any k& > 2, there exists some positive constant Cy depending only on k, =,
and M, (po) such that

k—2
Wt VE>2.

sup My(F) < Cpt™ 5 Yk >2.

n>=1

From this, we conclude as in [27] that there exists a subsequence (still denoted by)
(M?)t>0 and a family (,ut)tgo C Mj{* (R) such that

@) Jim [ e = [ s@mdn)  veea®, >0,
k=2
pelly. < llrolly. My () < Cpt™ 7 VE>0,k> 2, o

and (2.14) still holds for the limit u; (which implies that, for any ¢ € Cp(R), the
mapping ¢t € [0,00) — [, o(x)u(dz) is continuous). To prove that (i) is a
measure weak solution to (1.1) associated to po in the sense of Definition 1.2, one
argues exactly as in [27, section 4].

Remark 2.9. Arguing as in [27], it is not difficult to prove that any weak measure
solution to (1.1) is in fact a strong solution in the sense of [27].

To achieve the proof of Theorem 1.4, it remains only to prove the uniqueness of the
solution. It seems difficult here to adapt the strategy of [27] for which the conservation
of energy played a crucial role. For this reason, we rather follow the approach of [23],
which requires the exponential tail estimate (1.14). The main step toward uniqueness
is the following log-Lipschitz estimate for the Kantorovich—Rubinstein distance.

PROPOSITION 2.10. Let g and vy be two probability measures in ’PS* (R) satisfy-
ing (1.14), i.e., there exists € > 0 such that

/exp (€|x|7)uo(dx)+/exp(5|x\7)uo(dx) < 0.
R R
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Let then (pt)i>0 and (1¢)i>0 be two measure weak solutions to (1.1) associated respec-
tively to the initial data pg and vy. There exists K. > 0 such that, for any T > 0,

(2.16)  dir(pe, ) < dxr(po, o)
¢
+ K. Cr(e) / dir (s, Vs) (1 + ’ log dxr (ps, 1/5)|)ds Vit el0,T],
0

where Cr(e) = supyepo.7) [ exp(e x]7) (pe + v1)(dz) < oo,

The proof of Proposition 2.10 can be found in Appendix A.

Proof of Theorem 1.4. Given Proposition 2.7, to prove Theorem 1.4 it suffices to
show the uniqueness of measure weak solutions to (1.1). Let po be a probability
measure in P9 (R) satisfying (1.14) and let (11)¢>0 and (14)¢>0 be two measure weak
solutions to (1.1) associated to pg. From Proposition 2.10, given T' > 0 there exists a
finite positive constant K such that

t
dicr (s ) < K / B(din (e, ve))ds Yt € [0,7]
0

with ®(r) = 7(1 + |logr|) for any » > 0. Since ® satisfies the so-called Osgood
condition

1
(2.17) /O q)d(:> = o0,

a nonlinear version of the Gronwall lemma (see, for instance, [7, Lemma 3.4, p. 125])
asserts that dxr(p,v:) = 0 for any ¢ € [0,7]. Since T > 0 is arbitrary, this proves
the uniqueness. 0

The existence and uniqueness of a weak measure solution to (1.1) allows us to
define a semiflow (S;);>0 on Pexp,(R) (recall (2.11)). Namely, Theorem 1.4 together
with Theorem 2.6 asserts that for any g € Pexp ~(R) N PO(R), there exists a unique
weak measure solution (f¢)i>0 to (1.1) with py € Pexp ~(R) for any ¢ > 0 and we shall
denote

Mt = St(,uo) Vit 2 0.

Then, the semiflow S; is a well-defined nonlinear mapping from Pexp - (R)NP?(R) into
itself. Moreover, by definition of weak solution, the mapping ¢t — S;(u) belongs to
Cyeak ([0, 00), P2(R)). One has the following weak continuity result for the semiflow.

PROPOSITION 2.11. The semiflow (St)i>0 is weakly continuous on P1(R) in the
following sense. Let (n)n € P (R) be a sequence such that there exists € > 0
satisfying

(2.18) sup/ exp(elz]")pn(dz) < 00.
neNJR

If (in)n converges to some p € 779/* (R) in the weak-x topology, then for any t > 0,
Si(pin) — Sie(p) in the weak-x topology as n — oo .

Proof. The proof is based upon the stability result established in Proposition
2.10. Namely, because (p, ), converges in the weak-* topology to u € 732* (R), one
deduces from (2.18) that

/ exp(elz[")u(dz) < oo,
R
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which means that all u,, and p share the same exponential tail estimate with some
common € > 0. Then, for any T' > 0 one deduces from (2.16) that

dxr(St(pn) , St(p)) < dgr(pn 5 1)

t
+K(e) CT(€)/ ® (dxr(Ss(pn), Ss(u))ds Vi e[0,T), neN,
0
for some universal positive constant K (&) and

Cr(e) =sup sup /exp(5|x|7) (St(pn) + Se(p)) (dz) < 00
neNte[0,T] JR

according to Theorem 2.6. Here above, ®(r) = r (1 + |logr|) satisfies the Osgood
condition (2.17); thus, using again a nonlinear version of the Gronwall lemma [7,
Lemma 3.4], we deduce from this estimate that

¥ (dcw (1 1)) = (dicr (Se(pn) , Si(w))) < K(e)Crle)t Wt e[0.T], neN,

where

\Il(:z:):/z ifl(:) Yz >0.

Taking now the limit n — oo, since dxr metrizes the weak-x topology of P (R) it
follows that lim,, o dkr(ttn, ) = 0. Furthermore, recalling that ¥(0) = oo one
concludes that

lim 'Il(dKR(St(,un) , St(,u))) =00.

n—oQ

That is, lim,_.oc dkr (St(un) , St(u)) = 0, which proves the result. a

3. Optimal decay of the moments. We now prove that the upper bounds
obtained for the moments of solutions to (1.1) in Proposition 2.4 are actually optimal.

3.1. Lower bounds for moments. We begin with the case v € (0, 1].

PROPOSITION 3.1. Fiz v € (0,1] and let ug € PI(R) be an initial datum and
(e)e=0 be a measure weak solution to (1.1) associated to po. Then, there exists
Ky > 0 depending only on a and v such that

Mv(,uo)

3.1 M. > — Vt>0.

( ) ’Y(:ut) 1 + ’C'\/M'y(lffo)t

Thus,

(3.2) M (i) = My (o) 7 (14 Ky My (no)t) "> ¥t >0.

Proof. For 7 € (0, 1] the following elementary inequality holds:
(3.3)

By(z,y) = (laz + byl" + lay + bal" — 2" = |y )Jz = o7 > ~Cyfal" |y Va,y € R

for some positive constant C, > 0 explicit depending only on a and . Using (2.2)
and the weak form (1.10) with ¢(z) = |z|” € L= (R) N C(R), we get that
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d

1 C
Mo () = 5/ By (z, y)p(dz)p(dy) > —7”/ 2|7 y|7 pe (da) e (dy)
R2 R2

from which it follows that

d C
M) = =My ()* - V20,

This inequality, after integration, yields (3.1) with K, = % Inequality (3.2) follows
from the fact that according to the Holder inequality

N 2-9
My () < Mo (pe) 2 (el

while ||pe]lo = [[1o]lo = 1 for any ¢ > 0. ad

The remaining case v > 1 is more involved. In this case, inequality (3.3) no longer
holds and we need the following result.

LEMMA 3.2. Fixy> 1. Foranyp>1 and p € PS-M

(R) 4t holds that
(3.4) (Qu, )5 | 1P) < = (1= Bp(a)) My (1) + Rop(1),
where Bap(a) = max{a?~, 0P~} and

[25]
Ry(1) =27 By(@) 32 () (Mt () My (1) + Mic(1) My (1))

off

=
Il
—

Moreover, for k € (0,1]

(3.5) —(Qu, )5 |- |F) < Co My (1) Mig (1) -

The constant C. 1 depends only on v and k.

Proof. Let us begin with inequality (3.4). We first notice the following elementary
inequality, valid for any p > O:

P
2

(3.6) laz+by[P+|ay+bal” < Byla) (¢? +y*)” < Byla) (lz[ +1yl)"  V(z,y) € R?,

where k — fSi(a) is decreasing with S2(a) = 1 and limg_,o SBx(a) = 0 (recall that
max{a,b} < 1). We use then the following useful result given in [15, Lemma 2] for
estimation of the binomial for fractional powers. For any p > 1, if k, denotes the
integer part of p—;l, the following inequality holds for any u,v € Ry:

kp

(3.7) (u+ v)p —uf =P < ( Z ) (ukv”*k + upfkvk) ,

k=1
where the binomial coefficients are defined as

P _ p(p—1)~-l~c(!p—k+1) for k> 1,
I 1 for k=0.

Therefore, for any p > 1, one gets
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laz + by|” + lay + ba|” — |z — |y < —(1 = By(a)) (Jz]” + [y[?)
kp

+Bp(@) > () (el [y + [l [y)®).

k=1

Therefore, using (1.10) we get

(@i )i -17) < =51 = By(a)) [ (12 +1uP") o = o[ do)utay)
kp

#gB@ 3 (§) [ b ol (et = o= )

=1

Furthermore, since v > 1 using Jensen’s inequality and the fact that u € P°(R), one
obtains

[ ol 1) o = ol > 20y 1),
Consequently,

(Qus 1) 5 |+ 17) < = (1= Byla)) My ()

kP
45 Byla) > (5) [ o= el P b= 1)t

For the remainder term, one uses the inequality |z — y|? < 277 (|z|” + |y|7) to get
that

[l =l (ol ™ b ol )ty
< 27 (Mg (1) M1 (1) + My (1) M1 (11)) 5

which proves (3.4). The proof of (3.5) relies on inequality (3.3). Indeed, for any u
and any k € (0,1) one has

(@)1 =5 [ (law+bul* + lay+ 0ol = faf* = 1) o = 17 el
Now, by virtue of (3.3) with k € (0,1) instead of v
(laz +byl* + lay + bal* — [al* — y*) o — y[* > ~Culal*ly/*  VayeR
for some positive constant Cj, > 0 explicit and depending only on a and k. Therefore,
(@i 1) < G [ Jal ol b =tz

Using that |2 — y[7™% < max{1,277F=1} (Jz|"=F + |y|"=F) we get

Q0 )3 1+ € a2 O [ Lol ¥ (e ) ety

= max{1,27"*1} Cp M, (1) My (),

which gives the proof with C, ; = max{1,27"*~1} Cy. O
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As a consequence, we have the following proposition.

PROPOSITION 3.3. For any v > 1 and s € (0,1] it follows that
(3.8) My () < As MS(Nt)lJr%v t>0,

with As any constant such that

~ A4;
(3.9) A, > max {c%s, J”(“O)} :
M * (po)

and CK,,S is a constant depending only on v and s.

Proof. Define X (t) := Mgy (ue) — A My(us)'t=, where the constant A will be
conveniently chosen later on. Since v+ s > 1 and s € (0, 1] we can use Lemma 3.2 to
conclude that

(3.10)
%X(t) = %Msﬂ(ut) —A(1+7) Ms(utﬁ%Ms(ut)

< = (1= Bt (@) Msa (1) + R () + A o (14 1) M) 3 M )

s+;{+1]

Let us observe that for such a choice of s and +, one has [ < s+ and for

1<k < [#], a simple use of Holder and Young’s inequalities leads to, for any
€ >0,

ety sty—k
MkJrfy(Nt) Ms+77k(ﬂt) < Ms+2'y(,“t) s+2y Mer'y(/“t) s+

s42y

< 6Ms+2'7(,ut) + Ky e MS-‘r’Y(/J“t) sty

with K, . > 0 a constant depending only on s, v, and e. Similar interpolation
holds for the terms of the form My (p;) Msyoy—r (1) appearing in Rgpq(py). As a
consequence, for any ¢ > 0, we have

s+2v

(3.11) Rer“/(:ut) S ek, Ms+2'y(:ut) + Ky Ky e My (pe) =77,

where K, , > 0 is a constant depending only on s and 7. Choosing € = €(y) > 0 such
that

2KS’76 < 1-— ﬁs+7(a)

we obtain from estimates (3.10) and (3.11) that there are constants K; = Ki(s,7)
and Ko = K5(s,7) such that

d
CX(0) < — 5 (1= Buss(a)) Mazy ()

(3.12) + A Ky M () ™ Mo ()5 4 Ky Mgy () 557

where we also used the interpolation

s

M (1) < M) M ()5
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As a final step, notice that

My (p12)?
MS(Nt)

Therefore, including (3.13) in (3.12) one finally concludes that

(3.13) < Moy (1) -

d 1 _
aX(t) S 3 (1= Bt (@) Mosn (p1e)” My ()™
Js _s s+2
(3.14) + AKY M () ™55 Moy () ™5 + Ko Moy () 550

Now, choosing A > 0 such that X (0) < 0, if there exists to > 0 for which X (t9) = 0,
then estimate (3.14) implies that

d 1 _ s e 2y
(3.15) aX(to) < (— 3 (1 = Bayr(a) A% + K1 A*™ 5 + Ky AHSM)MS(WO)” 5 .

Then, choosing A = A(7,s) sufficiently large such that the term in parentheses in
(3.15) is negative we conclude that X'(¢to) < 0. This shows that, for such a choice of
A, X(t) <0 for any t > 0. 0

Using Proposition 3.3 the desired lower bound is obtained.

PROPOSITION 3.4. For any v > 1 and s € (0,1] one has

Ms(,UO)
(14 Cye Ay 72 My(no)? 1)

(3.16) M (pt) =

9

2

where C s depends only on v and s and A, is given by (3.9). Moreover, it holds that

M, (o) s
(110) = VE>1,5€(0,1], and t >0.

(317) Mk(:u’t) > 1—= 5
(1+CysAs 72 My(po)=t)”

Proof. Using Lemma 3.2 and inequality (3.8), since s € (0, 1) one gets

d

—&Ms(ﬂt) = _<Q(Ht>ﬂt)§ | : |é> < C%s Ms(ﬂt) Mv(ﬂt)

s

s s 1—= N
< C%S M@(Ht)1+7 MS-‘r'Y(:u‘t)l T < C’Y,s As v Ms(ut)1+z )

where, for the second estimate, we used the inequality

s

e 1—=
M’Y (/’Lt) < My (/’Lt) Ms+'y—y (Mt)
Integration of this differential inequality leads to

Ms(;u/O)

Ms(ﬂt) 2 1—= FENE
(1+CysAs 7L My(po)=t)”

The second part of the result follows from

M (p) < M (p) Mo(pe)' ™% = MF (),

valid for any k& > 1. O
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We can now completely characterize the decay of any moments of the weak mea-
sure solution (u¢):>o associated to po.

THEOREM 3.5. Let k > 2 and po € P,&rv(R) be given. Denote by (ut)i>0 a
measure weak solution to (1.1) associated to the initial datum po. Then, we have the
following:

(1) When ~ € (0,1], there exists some universal constant K, > 0 (not depending
on po) such that for any p =~

M, (1)
(1 + Ky My (o) t)

(3.18a) < M, () Vt>0,
and for any p € 2, k]
M, (po)

(3.18b) M, () < N
(143 (0= av = 7) My (n0) 7 )

Vt=>0.

ya
~

In particular, if po € Pexp~(R), then (3.18b) holds true for any p > 2.
(2) When v > 1, for any p > 1,

M (po)”
1-1 z
(1 +7Cy1 Ay 7 Mi(po) t)

(3.19a)

and for any p € [2, k]
My, (pro)
ya
(1435 W —ar =) M, ()7 )

(3.19b) M, () < vt 0,

where C,1 and Ay are defined in Proposition 3.4.

Proof. The upper bounds in (3.18b) and (3.19b) have been established in Proposi-
tion 2.4. For the lower bound, whenever v € (0, 1), one simply uses Jensen’s inequality
to get

My(ue) = My (1e)>  Yt20, p>7y,

and then conclude thanks to (3.1). For v > 1, the lower bound is just (3.17) with
s=1. a

COROLLARY 3.6. Fiz v > 0 and let pg € P°(R) N Pexp~(R) be an initial datum.
Then, for any p > 1, the unique measure weak solution (pt)t>o is converging ast — oo
toward 0¢ in the weak-x topology of Pp(R) with the explicit rate

W (g, do) (1+Ct)7% as t — oo

for some positive constant C depending on p.

Proof. The result is a direct consequence of Theorem 3.5 since
W00 = [ folPin(do) = My(), 130,
R

and W, metrizes Pp(R) (see [37, Theorem 6.9]). d

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 02/19/18 to 193.54.49.10. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

1298 R. ALONSO, V. BAGLAND, Y. CHENG, AND B. LODS

3.2. Consequences on the rescaled problem. Assume pg € 773* (R) satisfy-
ing (1.14) and let (u¢)>0 denote the unique weak measure solution to (1.1) associated
to po. Recall from section 1 the definitions of the rescaling functions

1
V(t):=(1+cvt)7 and s(t):= —Ilog(l+cyt), (c>0).
cy
For simplicity, in what follows, we shall assume ¢ = 1. The inverse mappings are
defined as

Hs) = exp(ys) — 1

V(s) = exp(s), 5

s(t)y=s<=t(s)=t and V(t(s))=V(s) Vt,s=>0.

In this way we may define, for any s > 0, the measure v, as the image of 1) under
the transformation x — V(s)z,

vs(d§) = (V(S)#Mt(s)>(d€)’ Vs 20,

where # stands for the push-forward operation on measures,

(3.20) [ o@wata9) = [ o0 (@) voe®). s> 0.

Notice that whenever p; is absolutely continuous with respect to the Lebesgue measure
over R with u:(dz) = f(¢,2)dz, the measure v, is also absolutely continuous with
respect to the Lebesgue measure over R with v¢(d€) = g(s, £)dE, where

9(s,€) = V(s)7 f(t(s),V(s)7'€)  VEER, 520,

which is nothing but (1.6). Such a definition of v, allows us to define the semiflow
(Fs)s>o0 which given any initial datum ug € P°(R) satisfying (1.14) associates

]:s(/J/O) =Vs = V(S)#St(s)(MO) Vs 2 07
where (S)i>0 is the semiflow associated to (1.1). Notice that the semiflow (S;)i>0
satisfies the following scaling property.

LEMMA 3.7. For any A >0, t > 0, fi9 € Pexp,(R),

St(Mio) = ASxt (o), St(AAF# o)) = MAF#(Sar+14(10)))-

From this, it is not difficult to prove that (F)s>0 is indeed a semiflow on Pexp ~(R).

The decay of the moments given by Theorem 3.5 readily translates into the following
result.

THEOREM 3.8. Lety > 0 and let pig € PY(R)NPexp,~(R) be a given initial datum.
Denote by Fs(po) = vs for any s = 0. Then,

(1) when v € (0,1], there exists some universal constant K, > 0 (not depending
on ) such that for any p =~

(3.21a) min {Mv (MO)% ; (g) 7} < M, (vs) Vs>0,
v
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and for any p > 2,

2p ]

(321b) Mp (l/s) < max {MP(MO), <1—ap—bp> } Vs > 0,
(2) when v > 1, for any p > 1
ya
1
(3.22a) min {M1 (o)’ 5 | ————= } < My, (vy) Vs>0,
Cy1Ay 7

and for any p = 2

2p 5
(32213) Mp (VS) < max Mp(,uo), m Vs 2 0,

where Cy 1 and A; are defined in Proposition 3.4.

Proof. The proof follows simply from the fact that
My(vs) =V(s)? Mp(ﬂt(s)) Vs 20,

where (p¢); is the weak measure solution to (1.1) associated to pg. Then, according

to Theorem 3.5 and using that exp(ps) = (1+ 'yt(s))p/'y, we see that for v € (0,1] it
holds that

( M, (o) (147¢(5))
LHK M, (o) H(s)

)

p p

7 14+t(s) ¥

) <My, (vs) <Mp(o) ( 5 7
1455 (1=aP=bP) My, (o) ” t(s)

where the lower bound is valid for any p > ~ while the upper bound is valid for

any p > 2. Since min(1,4) < ﬁg’; < max(1,4) for any A, B,t > 0, we get the

conclusion. We proceed in the same way for v > 1. O

An important consequence of the above decay is the following proposition.

PROPOSITION 3.9. Let pig € Ni>oPy(R) be a given initial condition. Assume that
(323) MP(/”LO) < MP vp = IH&X(’}/, 2)3

where

2p 5
M, = (1—(11’—b1’) Vp > max(v,2).

Then, 119 € Pexp,~(R) and there exists an explicit o > 0 and C = C(c) > 0 such that

sup [ explalé]")w.(d6) < C.
s20 JR
where vs = Fy(uo) for any s > 0.

Proof. Let us first prove that 19 € Pexp,(R). Notice that for any z > 0

/}R exp(z 1€ 0(d€) = 3 M (10) =

T
p=0 P
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Let us denote by pg the integer such that v pg > max(v,2) and v (pp — 1) < max(vy,2).
Using the Stirling formula together with the fact that lim, ,,(1 —a?? — b7?) = 1,
one can check that there exists some explicit o > 0 such that the series
o0

4P

> MWE
P=Po ’

converges for any 0 < z < «, which gives the result. Now, we may define vy = Fs(uo)
for any s > 0. As previously, for any z > 0

[ exptelemmaiae) =M
R =0 p:

and we deduce from Theorem 3.8 that
M,(vs) <M, Vp > max(v,2), s > 0.
The conclusion follows. 0

Remark 3.10. We do not need to derive the equation satisfied by v, since we are
interested only in the fixed point of the semiflow. However, using the fact that S;(uo)
actually provides a strong solution to (1.1), using the chain rule it follows that

(3.24)

/¢ v (de) /¢ Jo(d€) /df/&b o (dE) + /S< (vr, 1) O)dr V530

for any ¢ € C}(R) and where ¢’ stands for the derivative of ¢.

The link between the solution to (1.13) and the semiflow (F)s>0 is established
by the following lemma.

LEMMA 3.11. Any fized point pp € P°(R) N Pexp~(R) of the semiflow (Fs)s=o is
a solution to (1.13).

Proof. Let p be a fixed point of the semiflow (Fy)s, that is, Fs(u) = p for any
s 2 0. Then, according to (3.20), for any ¢ € Cp(R)

/R¢< u(d€) = /<z> Do (dz) Vs3>0,

where i) = Sy(5)(pt). In particular, choosing s = s(t)

/<z>( p(de) = /¢> Dm(dz) V>0,

Applying the above to ¢(V (¢)~" - ) instead of ¢, one obtains

/¢ p(dé) = /qs Jue(dz)  Vt>0.

Computing the derivative with respect to ¢t and assuming ¢ € Cl} (R), we get

07) [ €/ (VO Onide) = QUi o) VE20.
Using the definition of V() it finally follows that
() /&b J(de) = (Querp); 6) Wt 0.,
Taking in particular ¢ = 0 it follows that p satisfies (1.13). d
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4. Existence of a steady solution to the rescaled problem.

4.1. Steady measure solutions are L! steady states. In this section we
prove Theorem 1.5, that is, we prove that steady measure solutions to (1.9) are in
fact L! functions provided no mass concentration happens at the origin. The argument
is based on the next two propositions.

PROPOSITION 4.1. Let p € PY. o
there exists H € L*(R) such that

§pu(d€) = H(§)de.

Proof. Introduce the distribution 3(&) := {u(d€) which, of course, is defined by
the identity

(R) be a steady solution to (1.9). Then,

/ B (€)de = / EY(E)u(de)  for any ¥ € CZ(R).
R R

One sees from (1.13) that 3 satisfies

d
4.1 -_ =
(4.1) PO = Q. 1)
in the sense of distributions. Since p € ’Pglax(,y o) (R), it follows that Q% (u, 1) belongs

to MT(R). Therefore, as a solution to (4.1), the measure 3 is a distribution whose
derivative belongs to M(R). It follows from [20, Theorem 6.77] that 8 € BV,.(R),
where BV (R) denotes the space of functions with bounded variations. This implies
that the measure 3 is absolutely continuous. In particular, there exists H € L*(R)

such that B(d§) = H(£)d¢. This proves the result. d
PROPOSITION 4.2. Let p € Pglax(,y oy(R) be a steady solution to (1.9). Then,
there exist kg > 0 and G € Lxlnax('y,Z) (R) nonnegative such that

p(dg) = G(§)dE + ko do(dE),
where dg is the Dirac mass in 0.

Proof. Let us denote by B(R) the set of Borel subsets of R. According to Lebesgue
decomposition theorem [34, Theorem 8.1.3] there exists G € L'(R) nonnegative and
a measure g  such that

p(d€) = G()dE + e (dE),

where the measure p, is singular to the Lebesgue measure over R. More specifically,
there is I' € B(R) with zero Lebesgue measure such that p (R\I') = 0. The proof
of the lemma consists then in proving that p, is supported in {0}, i.e., T = {0}.
This comes directly from Proposition 4.1. Indeed, by uniqueness of the Lebesgue
decomposition, one has

Ep(dg) = EG(§)dE + Epy(dE) = H(E)dE,
with H € L*(R), so that

Eps(d€) = 0.
This implies that pg (R\(—4d;9)) = 0 for any 6 > 0 and therefore that p, is supported
in {0}. Notice that since p € Pr%ax(y 9y(R) one has G € Lrlmx(,m)(R). O
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Proof of Theorem 1.5. With the notation of Proposition 4.2, our aim is to show

that kg = 0. Plugging the decomposition obtained in Proposition 4.2 in the weak
formulation (1.13), we get

- [ewocea = [ ac.or©0s
R R
0 [ 1€7(6(0€) + 6 0:6) = 0(6) — (0)) G(6)de
where we used that Q(do,d0) = 0 = [, £¢'(£)do(d€). Recall the hypothesis
(42) m, = [ €0 G(eae >0,

from which the above can be reformulated as

rom,0(0) = [ QGG @)
+ [ 6O+ [ 167 (0(08) + 6 (06) - 9(6))Gre)E

for any ¢ € C}(R). Notice that the above identity can be rewritten as

(4.3) o H(0)m, = / (A©)6(€) + BO)# (©))de

R
vy 2l
6(£)+ 25 @ () -miercie

and B(§) = £G(&). Let ¢ be a smooth function with support in (—1,1) and satisfying
¢(0) = 1. For any € > 0, ¢ (=) belongs to Cj (R), one can apply (4.3) to get

wom, = [ (a0 (&) +o0f o (£))ac.

€

for some L!-functions

¢

a

A) = (G, 0)(6) + :

a

Hence,

0 < Ko m, < \\¢>||Loo/

—€

|A(E)|dE +sup €' (§)] | G(E)dE.
£ER —€

Letting ¢ — 0, one obtains ko m, = 0, thus, using hypothesis (4.2) we must have
Ry = 0. 0

4.2. Proof of Theorem 1.6. We have all the previous machinery at hand to
prove the existence of “physical” solutions to (1.9) in the sense of Definition 1.3
employing the dynamic fixed point Theorem 1.1. Let us distinguish here two cases:

(1) First, assume that v € (0,1]. Setting Y to be the space M(R) endowed with
the weak-x topology, we introduce the nonempty closed convex set

2= {ueP(®) such that [ J6(a9) > - and [ 16 utae) <M, vpz2),
R vy R

where M,, was defined in Proposition 3.9 and Xy > 0 is the positive constant given in
Theorem 3.8. This set is a compact subset of ) thanks to the uniform moment esti-
mates (recall that ) is endowed with the weak-* topology): indeed, for any compact
K C Rwith K C (—A4,A4) (A>0)
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sup p(R\ K) < A™PM, < .
neEZ

Choosing A > 0 large enough, sup,cz u(R \ K) can be made arbitrarily small and
this provides the tightness of Z. We conclude thanks to Prokhorov’s compactness
Theorem (see [25, Theorem 1.7.6, p. 41]). Moreover, according to Proposition 3.9,
there exists o > 0 and C(«) > 0 such that, for any p € Z,

/R exp(alé]) p(d€) < Cla) < co.

Thus, pt € Pexp,y(R). Therefore, using Theorem 1.4, (S;(1))¢>0 and, consequently,
(Fs(1))s>o are well defined. Setting vy = Fs(u), it follows from Theorem 3.8 that

/|5|pus(d£> <M, Vp>2s3>0.
R

Using the lower bound in (3.21a), we deduce that

/|§|Vus(d£)>l Vs> 0.
R Ky

This shows that v, € Z for any s > 0, i.e., F5(Z) C Z for all s > 0. Moreover,
one deduces directly from Proposition 2.11 that (F)s is continuous over Z. As a
consequence, it is possible to apply Theorem 1.1 to deduce the existence of a measure
p € Z such that Fy(u) = p, a steady measure solution to (1.9) in the sense of
Definition 1.3. Finally, since u € Z, its moment of order 7 is bounded away from
zero, and by Theorem 1.5, p is absolutely continuous with respect to the Lebesgue
measure. This proves the result in the case v € (0, 1].

(2) Assume now « > 1 and let v, = max(y,2). Then, consider ) to be the space
M(R) endowed with the weak-x topology and we introduce the nonempty closed
convex set

2= {ue P st that [ 167 d) <M, Vo> v, and [ lelutae) > ¢}

for some positive constant ¢ to be determined. In fact, we prove that there exists
¢ = {() sufficiently small such that Z is invariant under the semiflow (F;)s>0. Indeed,
according to (3.22a), for any £ > 0 if pg is such that Mj(ug) = ¢, then

1

1

1—1
4 ¥
O’y,l 1

Ml(]:s(uo)) > min | ¢; Vs>0,

where C, 1 > 0 is some positive universal constant. And, according to (3.9), A4; is

= M = . .
any real number larger than max{C, 1 ; W{}g’fﬂh where C, ;1 is another universal

positive constant. In particular, choosing ¢ small enough such that

it is possible to pick A; := % , where we recall that, since o € Z and 14+ v > 7,
one has M1+ (po) < Mi4,. In such a case, one gets
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1
_ 1 , 0
min fg, ﬁ = min 67 T a1
5 = el
Crady 7 Cra Mk,
We set £ < CJ ] M;z in order to get
1
1 Y
min{ 4; | ———1 =4,
Cya Ay

and M (Fs(po)) = £ for any s > 0. Arguing as in the case v € (0, 1], this shows that
Fs(Z) C Z for any s > 0, and there exists a steady measure p which is absolutely
continuous with respect to the Lebesgue measure.

5. Numerical simulations. This section contains numerical simulations for the
rescaled equation

(5'1) asg(svg)_%(a2+b2_1)a§<§g(87§>) ZQ(Q,Q)(S,§)7 8207 fER,

where Q(g,g) has been previously defined in (1.2) and (1.3). We recall that such a
model has been studied in [18, 32] in the case of v = 0 and it admits a unique steady
state

(52) Mo =2 (13 )

Tr\1+e?
such that
1 1
[ | ¢ Jae=] o
R 52 1

We will use the numerical solutions of (5.1) to verify the properties of our models for
general values of 7. We shall consider here initial datum go(§) = ¢g(0, &) which shares
the same first moments of My, i.e.,

1 1
(5.3) / w@© | ¢ Ja={o
R 52 1

The coefficient ¢ = —1 (a>+b%—1) = ab > 0 in (5.1) is the only one that gives a station-
ary self-similar profile with finite energy in the case v = 0; see [18]. In contrast, as al-
ready noticed, the case v > 0 accepts any arbitrary positive coefficient in the equation;
thus, we will perform all numerical simulations with such a coefficient for comparison
purposes. Recall that in our previous analysis we choose this coefficient to be 1.

5.1. Numerical scheme. To compute the solution, we have to make a technical
assumption which is the truncation of R into a finite domain Q = [—L, L]. When L
is chosen large enough so that ¢ is machine zero at £ = £L, this will not affect the
quality of the solutions. Then, we use a discrete mesh consisting of IV cells as follows:

—L=¢ <& < <éy1=L.
We denote cell I; = (fj_%, j+%), with cell center &; = %(fj_%—&—fﬁ%) and length

A& = &1 — &_1. The scheme we use is the DG method [19], which has excellent
conservation properties. The DG schemes employ the approximation space defined by

ViE = {on s uly, € PR(I), 1< < N,
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where P¥(I;) denotes all polynomials of degree at most k on I;, and look for the
numerical solution g € V}f such that

(5.4) /1 Dsgn(5,€) vn(€) A& + §(a® +b* = 1) /1 € gn(s, &) Devn (€) d¢
+ %(QQ + b2 — 1) ((f/g;vff)%% — <§/g\hv;)]+%>
- [ Qs Ou@ds,  j=L..N.

holds true for any v, € V¥, In (5.4), f/g; is the upwind numerical flux

— [ g6 e,
59h{§g§<s,§> i€ <o,

where g, , g;{ denote the left and right limits of g5 at the cell interface. Equation
(5.4) is in fact an ordinary differential equation for the coefficients of gy (s,&). The
system can then be solved by a standard ODE integrator, and in this paper we use
the third-order TVD-Runge-Kutta methods [33] to evolve this method-of-lines ODE.
Notice that the implementation of the collision term in (5.4) is done by recalling (1.3),
and we only need to calculate it for all the basis functions in th. This is done before
the time evolution starts to save computational cost.

The DG method described above when k& > 1 (i.e., we use a scheme with at
least piecewise linear polynomial space) will preserve mass and momentum up to
discretization error from the boundary and numerical quadratures. This can be easily
verified by using appropriate test functions vy, in (5.4). For example, if we take vy, = 1
for any j, and sum up on j, we obtain

[ 2 = 56+ = 1) (56 = 1)+ it (€ = ~D).

If L is taken large enough so that g, achieves machine zero at £L, this implies mass
conservation. Similarly, we can prove

L2
/asghgdgz—%(a%b?—l)/gh£d£+7(a2+b2—1> (9 (€= 1) =gy (€ = =1)).
Q Q

Again, when L is large enough and the initial momentum is zero, this shows conser-
vation of momentum for the numerical solution.

5.2. Discussion of numerical results. We use as the initial state the discon-
tinuous initial profile
1 .
23 if [¢] < V3,
0 otherwise.

9(0,¢) = {

This profile clearly satisfies the moment conditions (5.3). We take the domain to
be [—40,40] and use piecewise quadratic polynomials on a uniform mesh of size
2000. Four sets of numerical results have been computed, corresponding to (vy,a) =
(1,0.1), (1,0.3), (1,0.5), (2,0.5), and (3, 0.5), respectively. The computation is stopped

when the residual
gn ("1, — gn(s™, )\
(0

reduces to a threshold below 10~ indicating convergence to a steady state.
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In Figure 1 we plot the objects of study in this document, that is, the equilibrium
solutions for different values of . In this plot, the amplitude of the solutions has been
normalized to one at the origin for comparison purposes. The numerical solutions are
used for the cases v = 1,2,3, while for v = 0, we use the theoretical equilibrium
M as defined in (5.2). In general terms, these smooth patterns are expected with
exponential tails happening for any «v > 0. The behavior of the profiles at the origin
is quite subtle and will depend nonlinearly on the potential, for instance, the case
~v = 2 renders a wider profile relative to v = 0 in contrast to v = 1 or v = 3. This
is not to say that such behavior is discontinuous with respect to +; it is simply the
net result of the contributions of short- and long-range interactions of the particles in
equilibrium.

In Figure 2, we fix v = 1 and compare the stationary solution for different values
of a. Recall that the parameter a measures the “inelasticity” degree of the system
with a = 0 being elastic particles and with a = 0.5 being sticky particles. As expected,
smaller values of a will render a wider distribution profile at the origin keeping the
tails unchanged. Near the origin, the distribution of particles for less inelastic systems
will be underpopulated relative to more inelastic systems which force particles to
a more concentrated state. Tails, however, are more dependent on the growth of
the potential and should remain relatively unchanged despite changes in inelasticity.
Interestingly, the numerical simulation shows an unexpected effect: the maximum
density of particles is not necessarily located at the origin.

In Figure 3, we plot the evolution of energy as a function of time in a system of
sticky particles a = 0.5 using different values of . Changes in the relaxation times
are expected since the potential growth ~ impacts directly on the spectral gap of
the linearized interaction operator. This numerical result seems to confirm, in one
dimension, the natural idea that higher v implies a higher spectral gap, hence faster
relaxation to equilibrium. Refer to [30] for ample discussion in higher dimensions for
the so-called quasi-elastic regime. Additionally, the results of Figure 3 are numerical
confirmation of the optimal cooling rate given in our Theorems 3.5 and 3.8.

F1G. 1. Rescaled equilibrium solutions for different values of v with a = 0.5 (sticky particles).
Curves corresponding to v = 1,2,3 are computed numerically, while the curve for v =0 is obtained
from the known steady state My in (5.2).
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—a=0.3

—a=0.1

ene

Fic. 3. Evolution of energy for v =1,2,3 when a = 0.5.

In Figure 4, we investigate the evolution of the distribution function and its dis-
continuities for the case v = 1 and a = 0.5. The simulation shows, in our 1-D setting,
a well-established phenomena happening in elastic and quasi-elastic Boltzmann equa-
tions in higher dimensions: discontinuities are damped at an exponential rate [30]. As
a consequence, points of low regularity which are contributed by Q% (g, g) due to such
discontinuities will be smoothed out exponentially fast as well. This is the case for the
point £ = 0 in this particular simulation. A numerical simulation was also performed
using an initial Gaussian profile (not included). Both numerical simulations showed
an evolution toward the same equilibrium profile which reinforces the belief of the
uniqueness of the self-similar profile.

Finally, we verify the performance of our scheme by plotting the distribution’s
mass, momentum, and energy. Only the plot for v = 1,a = 0.5, is shown since
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F1G. 4. Evolution of g(s,£) when v=1,a = 0.5.
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Fic. 5. v =1, a = 0.5, evolution of mass, momentum, energy, and residual.

the other cases display similar accuracy. In Figure 5 we plot the evolution of mass,
momentum, energy, and residual (in the log scale). The decay of residual shows
convergence to steady state, while mass and momentum are preserved up to 10 digits
of accuracy verifying the performance of the DG method.
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6. Conclusion and perspectives. In the present paper we studied the large-
time behavior of the solution to the dissipative Boltzmann equation in one dimension.
The main achievement of the document is threefold: (1) give a proof for the well-
posedness of such a problem in the measure setting, (2) provide a careful study of
the moments, including the optimal rate of convergence of solutions toward the Dirac
mass at 0 in the Wasserstein metric, and (3) prove the existence of “physical” steady
solutions in the self-similar variables, that is, steady measure solutions that are in
fact absolutely continuous with respect to the Lebesgue measure. Let us make a few
comments about the perspectives and related open problems.

6.1. Regularity propagation for inelastic Boltzmann in one dimension.
The numerical simulations performed in section 5 seem to confirm that many of the
known results given for inelastic Boltzmann in higher dimensions should extend to
inelastic Boltzmann in one dimension, at least under suitable conditions. More specif-
ically, rigorous results about propagation of Lebesgue and Sobolev norms and expo-
nential attenuation of discontinuities for the time evolution problem should hold.
Similarly, the study of optimal regularity for the stationary problem is an interesting
aspect of the equation which is unknown.

6.2. Alternative approach a la Fournier—Laurencot. Exploiting the anal-
ogy between (1.8) and the self-similar Smoluchowski equation, one may wonder if the
approach performed by Fournier and Laurencot in [22] can be adapted to (1.9). We
recall that the approach in [22] consists in finding a suitable discrete approximation of
the steady problem for which a discrete steady solution can be constructed. If such a
discrete solution exhibits all the desired properties (positivity, uniform upper bounds,
and suitable lower bounds) uniformly with respect to the discretization parameter,
then one can pass to the limit to obtain the desired steady solution to (1.9). Such
an approach fully exploits the 1-D feature of the problem. Besides, it does not resort
to the evolution equation (1.8), a fact that makes it very elegant. The main contrast
with respect to [22] lies in the fact that no estimates for moments of negative order
seem available for our problem. Moreover, Smoluchowski’s equation is such that the
collision-like operator sends mass to infinity while the drift term brings it back to
zero. The model (1.9) has the opposite behavior: the collision tends to concentrate
mass in zero while the drift term sends it to infinity.

6.3. Uniqueness and stability of the self-similar profile. Now that the
existence of a steady solution to (1.9) has been settled, the next challenge is to prove
that such a self-similar profile is unique and that it attracts solutions to (1.8) as
s — oo or, at least, to find conditions for this to hold. This is certainly the case
in the simulations performed in section 5, which show, in addition, an exponential
rate of attraction. For the 3-D inelastic Boltzmann equation, such a result has been
proven in [30] in the so-called weakly inelastic regime (a perturbation of the elastic
problem). Since the 1-D Boltzmann equation is meaningless for elastic interactions
a perturbative approach seems inadequate. Once a uniqueness theory is at hand, it
would be desirable to obtain rate of convergence; see, for instance, [4]. This would
render a more complete picture of the large-time behavior of the dissipative Boltzmann
equation on the line.

6.4. The rod alignment problem by Aranson and Tsimring. Aranson and
Tsimring in [5] have introduced the following model for rod alignment (the rods have
distinguishable beginnings and ends):
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(6.1) )
9,P(t,0) :/ P(t,&—%*) P(t,9+%)

—T

0, 0.]” de.

7de*—P(t,e)/ P(t,0+0.)

having initial condition P(0) = Py and angle § € (—m, 7). The authors introduced
the model for Maxwellian interactions v = 0, yet the model is sound for any ~ > 0.
We refer to [9, 17] for other variations of such a model. Here P(¢,0) is the time
distribution of rods having orientation § € [—m, 7). Equation (6.1) models a system
of many discrete rods aligning by the pairwise irreversible law

(6.2) (0—%.,0+%)— (0,0).

Let us explain the interaction law (6.2). We start by fixing a horizontal frame and
picking two interacting rods with orientation 61,62 € [—m, 7). Define 0, € [—m,7) as
the angle between the ends of the rods. Bisect the rods and define 6 € [—7,7) as
the angle between the horizontal frame and the bisecting line. Thus, we can express
the rods’ orientation, up to modulo 27, by the relation 6; = 6 — ‘97* and 0, = 6 + %*
with respect to the horizontal frame. After interaction, both rods will align with the
bisection angle 6. This law produces the alignment of rods; we refer to [5, 9] for an
interesting discussion and simulations. The law (6.2) can be written in terms of the

rod orientations 61, 62 € [—m, ) as

91+92, 91+92)’ |91 _ 92’ <,

(6.3) (01,62) — { (alggz

2 2
7+W,%+ﬂ'), |91792| > .

Note that in the case |91 — 92’ > 7 the addition of 7 is needed since we choose the
alignment to occur in the direction of the bisecting angle associated to the ends of the
rods (as opposed to the beginnings of the rods). The interaction law (6.3) is discon-
tinuous; thus intuitively we understand that model (6.1) will not have conservation
of momentum because there is a choice of alignment direction. Let us fix this by
considering an initial datum Py with compact support in (—7/2,7/2):

Supp Py C (—n/2,7/2).

Such a property is conserved by the dynamic of (6.1) and it corresponds to a system
of rods where a rod’s beginning and end are indistinguishable; thus we can always
assign an angle § € (—m/2,7/2) to each rod. For such a model, the weak formulation
is very similar to that of (1.1) except for the fact that all integrals are considered now
over the finite interval (—m/2,7/2). For this reason, the decay of the moments of the
solution P(t) to (6.1) is identical to that of (1.1). Consequently, this translates into
the convergence of P(t) toward a Dirac mass centered at 0 as ¢ — oo in the Wasserstein
metric. The question is to understand the model after self-similar rescaling where the
support of solutions is no longer fixed and given by (—V (¢)7/2,V (t)7/2) — (—o00, )
as t — oo. Thus, it is natural to expect that the self-similar solution to (6.1) will
converge toward the steady solution to (1.9).

6.5. Extension to other collision-like problems. It seems that the present
approach is robust enough to be applied to various contexts. In particular, the ar-
gument may be helpful to tackle notoriously difficult questions, such as the existence
of a stationary self-similar solution to the Smoluchowski equation with ballistic ker-
nel interactions. It may be possible, also, to give a more natural treatment of the
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stationary inelastic Boltzmann equation in the framework of probability measures.
The difficulty will be to find a dynamical stable set in order to apply the dynamical
fixed point and a suitable regularization theory for the stationary equation of the
particular problem.

Appendix A. Cauchy theory in both the L!-context and the measure
setting. In this appendix, we give a detailed proof of the existence and stability
estimates of section 2.2 yielding to Theorem 1.4. We fix here v > 0 and set v, =
max(7y,2). We begin with an existence and uniqueness result for the Cauchy problem
(1.1) in the special case in which the initial datum pg is absolutely continuous with
respect to the Lebesgue measure, i.e.,

po(dz) = fo(z)dz

THEOREM A.1. Fiz 6 > 0. Let a nonnegative fy € Lv +,y+6( ) be given with

fo # 0. Setting po(dx) = fo(x)dx, there exists a unique family (fi)i>0 C L7 tyts(R)
such that pi(dz) = fi(z)dz is a weak measure solution to (1.1) associated to .

Moreover,
/th(:z:)dx:/Rfo(z)dz, Azft(x)dx:/szo(x)dx

(A1)
and /}R|x\2ft(a:)dx g/R|z|2f0(z)dx Vt>0

In addition to this, if one assumes that

foe () Lh®)

k>0

then (ft)i=0 C Niso Li(R).

Proof. We follow the approach of some unpublished notes by Bressan [16]. For
K >0 and § > 0, we introduce

Qg5 = {O < f e LY(R), /Rf(x) dr = /Rfo(x) dz, /Rf(x”xpﬁ'ywdx < K} ,

where we recall that 7, := max(v, 2). We consider Q 5 as a subset of L#* (R) recalling

the notation (x) = v/1 + 22 with z € R. For f € Qk .5, a change of variables in the
collision operator leads to

1QCf ller //f y)|z — y|"(bx + ay)*dx dy

+ [ [ 1@ ol @ dady.
Now, for any x, y € R,

[z -y <Cy@) (), (ay +br) < V2(x)(y),
with C., = 27/2 so that

1O, Al < Crpm (M, (1)) + Oy i, (F) s (),

where my(f fR z)*dx for any k > 0. Now, for any 0 < k < 7, + v + 6 one
has
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(A.2)
Yx v+ Yx v+
My (f) S Mopyrs(f) <2772 I/Rf(x)(Hlxl”*””)dw <277 (|l folle +K)

from which we deduce that there exists C > 0 such that

1Q(f. Hllz:. < C(lfollzr + K)?

Consequently, Q(f, f) € L} (R). Let us now prove that the restriction to Qs of the
mapping f — Q(f, f) € L1 (R) is Holder continuous. For f,g € Qk s,

104, ) - g, )y < / / (F — 9)@) W)l — I (b + ay) ™ de dy
/ / ()l — ol (b + ay)™ dz dy

[ 17 = p@liwe - a W*dxdw// ()l — gl (@)~ da dy.

Proceeding as previously, one notices that

1(f, f) — Qg 9)||L1 CW-&-'Y*HQHLl ||f—9||Lg

+ Cop. (I, +llglzs, + 151 / (f = 9)(@)] (@) da

Y= YF+v*

thus, by (A.2), there exists C' > 0 such that

1Q(f. £) = Qg: 9)llus. < C (Ifollss + K) (f — gl + / (f = 9)(@) <x>de) .

Thanks to the Holder inequality, we have

/R (f - 9)(@)] (&) da

< ([ o1 @) ( [ 160 ear)

“r*+~/+
(Ifollpr + K)75|1f = gII””-

<(2

Combining the previous two inequalities, we deduce that the mapping f — Q(f, f)
is uniformly Holder continuous on L1 _(R) when restricted to Qg 5. Let us look for a
one-sided Lipschitz condition. For f, g€ L1 _(R), we introduce

If +sglir, = I1flles
[f,g}_ = lim T Vi

s—0~ S

The dominated convergence theorem implies that

[.9] < [ sten(f()gf) ) da.
Our aim is to show that there exists a constant L > 0 such that for any f,g € Qk s,

f—9,Q(f. f) = Qlg,9)]_ < LIf —gllzz_ -
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But,

[ sten((7-0)@) (QUF. 1) - Q(0.9)) @) da

L1606 o sl dray
+%/R/R(f‘f‘g)(x—ay)|(f—g)($l7+by)||y|’Y (2)7 d dy
+%/R/Ruf_g)(l’-l-yﬂ(f+g)(x)|y|’7<x>'v* dz dy

_%/R/Rw—g)(m>|<f+g)(x+y)|yp<x>% Gy,

Thus, changing variables leads to
(A.3)
[f=9, Q(f: f) = Qlg,9)]

//'f 9@ +9) W)z =yl ({az + by)™ + (bz + ay)”* + (y)**) dedy
_§/R/R|(f—9)(:v)|(f+g)(y)\x_y|’v (™ dody.

Now, since 7, > 2 the mapping x — (z)7* is convex over R; thus, for any z, y € R
(recall that a +b=1)

(az +by)™ + (bz + ay)™ —(2)" — (y)"* = (az + by)™ — alz)™ — b{y)""
+ (bx + ay)” — b{z)" —aly)™ <0.

Therefore,

[ — 9. Q. ) //\f 9@)|(f + )W)z -y ()" d dy

’Y*+’Y+

SLIf = glly <LIf =gl , with L =2 Cy(llfollzr + K).

Next, let us look for a subtangent condition. Given f € Qs and h > 0, one notices
that

F@)+hQU 1)@ = b [ Sla—a) e blyldy+1(2) (1—h / f(w+y)ly|”dy)-

In particular, what prevents f+hQ(f, f) from being a.e. nonnegative is the influence
of large x in the last convolution integral. To overcome this difficulty, for any R > 0,
we introduce the truncation fr(z) = f(2)X{|z|<r}- Then, since f > fr one deduces
from the above identity that

F(@) + hQ(fr. fr)(@) = h / fr(e — ay) fr(e + by)lydy
(A.4)

+ fr(z) (1—h/RfR($+y)|y|7dy> ae z€R.

Now,

/ fale +y)lyldy = / Rl — yP'dy < max(21, 1) / F) (2 + 1ul) dy
R R R
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and using Young’s inequality, one sees that there exists some positive constant Cy > 0
depending only on K, §,, and || fo||z:, but not on R, such that

/ frz+y)ly/"dy < Co(1+ |z|7) foranyz € R, R>0and f € Qks.
R

Therefore, recalling that fr is supported on {|z| < R}, one deduces from (A.4) that

f(@)+hQ(fr, fr)(x) >0 foraec ze€R YO<h<hg:= m.
Moreover, since Q preserves the mass,
[ (1@ +10Un fa)e))de = [ foyte = [ fofoyis.
Finally, using (2.7) it follows that, for any R > 0,
[ on fw(@)lal >+ ar
< _% (1= aHr+d _ it AAfR(I)fR(y)lx P+ dgdy < 0.
Consequently,

/ (f(x) + hOQ(fr, fr)(z))|z[" T Fdx < / f(@)|z] T Hde < K VR > 0.
R R

We have thus shown that, for any R > 0 and any 0 < h < hg, one has f+hQ(fr, fr) €
Qg 5. In particular, for any R > 0 and any 0 < h < hr one has

dist(f +hQ(f, ) Qk.s) < |If +hQ(f, f) = (f + hQ(fr, fR)| L,
=h||Q(f. f) = QUfr, frR)llL1_ -

Now, for f € Qk s, one can make ||Q(f, f) — Q(fr, fR)HL%* arbitrarily small provided
R > 0 is large enough; thus, the subtangent condition

liminf A~ 'dist (f + hO(f, f), Qx,5) = 0
h—0t
holds true.

Using the Holder continuity, the subtangent condition, and [28, Theorem VI.2.2]
we have conditions (C1)—(C3) in [28, p. 229]. Adding the one-sided Lipschitz condi-
tion, we can apply [28, Theorem VI1.4.3] and deduce the existence and the uniqueness
of a global solution f to (1.1) such that f(t) € Qk s for every t > 0. Moreover, (A.1)
holds; thus, it follows from (2.7) that for every k > ~, and every ¢ > 0,

/ F(t, ) |efFde < / foa) |zt d.
R R

This implies, together with the conservation of the mass, that f(t) € Li(R) for any
t > 0 and any k € R. Finally, it is easily checked that the family (u;)¢>0 defined by
pe(dx) = f(t,z)dz for any ¢ > 0 is a weak measure solution to (1.1). d
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Proof of Proposition 2.10. Let T > 0 be fixed. For any ¢ € Lip,(R) and ¢ € [0, T
define

Wo(t) = / o) (de) — / Sz (dz).

We will also use in the proof the notation

W(t) = dgr(pe, i) = sup  Wy(t)
#€Lip; (R)

and recall that
W(t) = / |z — y|m(de, dy) for some my € II(pe, vt) .
R2

Let now ¢ € Lip; (R) be fixed. One has

d 1
aW(ﬁ(t) =3

(A.5) - %/RQ [v — w|"Ad(v, w)v(dv)v(dw)

[l = ol 8ot ) ) a)

— [ mutdado) [ [lo = oD Bade9) o~ wl Bad(,w) | m(dy, dw),
R2 R2

where Agg(z,y) = ¢(az + by) — ¢(z) for any (z,y) € R2. Now,
|z =yl Ao, y) — [v— w|"Agd(v, w)

O (lo = a7 = o = 0l agla,) + o - wP (B0d(,) - Bodw,w))

and, recalling that the Lipschitz constant of ¢ is at most one, the second term readily
yields

[Bod(a,y) = Bod(v,w)| = |(az + by) = (av + bw) = 6(2) + $(v)
< (1+a)|lz —v|+bly —wl.

(A7)

For the first term in (A.6), we use the identity A = min{A, B} 4+ (A — B), valid for
any A, B > 0, to obtain the estimate
|A” — B"|A = |A” — B"|(min{A, B} + (A — B)4)
< |A” — BY| min{A, B} + |A” — B7||A - B|
< (14 v)max{A,B}7|A - B].
The last inequality follows noticing that |AY — BY| min{A4, B} < ymax{A, B}?|A —

B|. Since |Agp(z,y)| < blz — y| we can choose A = |z —y| and B = |v — w]| to
conclude that

(A.8)
(I =y = 1o = wl") Agd(w, y) < b(1 + ) max{f — yl, o — wl}|lz = y| — v — wl]
< b1+ ) max{ — yl, o —wl} (o — ol + |y = w]).
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Gathering the estimates (A.6), (A.7), and (A.8) in (A.5) and using symmetry of the
expression, it follows that $Wy(¢) < 3(1 + ) H(t), where we introduced

(A.9) H(t) := /R2 m(dz, dv) /RZ (|| + [y + o] + |w|?) |z — v|m(dy, dw) .

Expand H(t) = H;(t) + Ha(t), where
<Huw:::/“wxdmdwy/ (Il + [l — vlme(dy, dw)
R2 R2

Ha(t) : :/ (j2]” + [o]") |z — v]me(d, dv).
]R2
Notice that

Hq(t) = (ly[" + |w[") e (dy, dw) |z — v|m(dz, dv)
(A.10) 1 /R /R

:W®AWWM+M@@<CW@-

The last inequality follows because the weak measure solutions u; and vy have the
~v-moment uniformly bounded in ¢ € [0,7], and additionally, m; € II(u;,v;) achieves
the Kantorovich-Rubinstein distance. We estimate now H(t) as in [23, Corollary
2.3]. Namely, for any ¢ € [0,7] and any r > 0, one has

/ <x|7 + |v7) |z —v| m(de,dv) < 27”/ |z — v| 7 (dz, dv)
R? R?

—|—/ <|:1:|W + |U|7> |z — v| m(da, dv)
min(|z|,|v])Zr
=2r"W(t) + / (|:L'|7 + |v|7> |2 — v| m¢(da, dv)

min(|z|,|v])Zr

since m; € II(u,v,) achieves the Kantorovich-Rubinstein distance. Setting now R,

such that
g ¥
(\xp + |v|7) |z — | <exp <E|§| > + exp (€|Z )>

< Re (exp(ela]”) + exp(elv]”))  V(z,v) € R?,

it follows that

Hy(t) < 2r"W(t) + R. Cr(e) exp (—?) .

Choosing
7 = |2log W(t)/e|
we obtain
4
(A.11) Hs(t) < gW(t) [log W (t)| + R: Cr(e) W(t).

Estimates (A.10) and (A.11) imply that

d
(A.12) CWalt) < KoCr(e) W(H(1+ log W (1))
with a constant K. > 0 depending only on v and £ > 0. Integrating (A.12) and taking
the supremum over ¢ € Lip; (R) we get the conclusion. d
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Appendix B. Slowly increasing entropy bounds. We show in this appendix
that the entropy of the solution to (1.2) is increasing logarithmically in time, which
we believe is an interesting a priori estimate. For simplicity, we restrict ourselves to
the case a =b=1/2.

Let fo € L'(R) be a nonnegative initial datum such that

/R fola)de = 1, / fola)zdz =0,

/ exp(elx|”) fo(z)dz < 0o
R

and

for some € > 0, in such a way that there exists a unique solution (f;);>o C L'(R) to
(1.2) with

ft,z) >0 for a. e. z € R, /f(t,m)dx: 1 vt > 0.
R

Set

M) = [ fta)logf(tadde e >0
and assume that H(fy) < oo. Recall that My (t fR flt,x) |x\kdx for any k > 0. We
have first the following proposition.

PROPOSITION B.1. Assume that v > 1. Then, there exists C, > 0 (depending
only on v and not on fy) such that

H(f(t) < H(fo) + Qg,t log (1 + Cyy /MQW(O)t> vt > 0.

~

Proof. Since
g’H /Q ft,x), f(t,z))log f(t,x)dx Vvt >0

the proof consists simply in estimating this last integral. We forget about the depen-
dence with respect to ¢ to simplify notation and set

I= /R O(f, f) log (x)dx

Applying (1.3) to ¥ (x) = log f(x) we get

_ e — ol 1og [ —FLCZ) Y da
I—/R/Rf( )f(W)|z -y log<m>d dy.

Zv=/R/Rf(x)f(y)!af—y!dedy

so that u(dz,dy) = %f(a:)f(y)‘x - y’vdxdy is a probability measure over R?. From

Set

Jensen’s inequality we have

I<Z,log ( f (%) pu(dz dy))
R2 1/
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Setting now

L (Y 1 vty .
5= [ ot = - [ (55) VIl -yl

we get easily that
T+
r<-nogs [ [ (55) VI@Tle - ol dsay.
rR2 JR?

Since —slog s < % for any s > 0, we get

r<; [ (55Y) V@ T - o dady,

(&

and estimating |z — y|? < 277! (|27 + |y|?) and using symmetry we find

27 z+y
1<% [ Vi@ as /R r(55Y) Vit
Setting g(z) = f(z/2) and h(z) = |z|7+/ f(z) we see that

I< 1 / h(x) (g “V/F) @)z,

where * denotes the convolution product. A simple use of Young’s convolution in-
equality yields

< Zlhllzemy g = Vlzam < bllzace gl || V7]

L2(R)

Since

17l L2y = \/(/R f(af)lxhdx) =/ M (f), gl =2l ) =2

and ||/ fllzz = Hf||1L/12 =1 we finally obtain that

97+
I'< M2v(f)~

In other words,

27+1
(B.1) dt'H(f( ) < Moy (t)  VE=0.
Using Theorem 3.5, (3.19b) (remember that v > 1), we have

M~ (0

(B.2) Moy (t) < 2,(0)

(14 C /My, (0)t)2

where C, = i (1 — 21’27) . Plugging this into (B.1) one gets

27+l Mo, (0
i) < 2(0) Vi >0,
dt e 14 Cy\/ M (0)t
which yields the result after integration. 0
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We can actually prove the optimality of the above upper bound using a gen-
eral comparison result between entropy and moments which can be tracked back to
Nash [31]. We state here the result in its general form in dimension n > 1 and give a
complete proof for completeness.

PROPOSITION B.2. Let n > 1 and f € L'(R"™) nonnegative to be given with
Jan f(x)dz = 1. For any k >0, set

WD) = [ f@adsand H1 = [ F@)los e,
Then,
Mi(f) = C(k,n)exp (—i?—l(f)) Yk > 1,
where C(k,n) = exp (—k — £logy(k,n) +logn), v(k,n) = ISHI:II‘(%).

Proof. For any A € R, notice that

m>i{)1 (slogs+ As) = —exp(—A —1).

Applying this to s = f(z), A = a|z|* + b (with a,b > 0 to be fixed later on) and
integrating over R™ one gets

H(f) + aMi(f) +b> —exp(—b— 1)/ exp(—alz|*)dz.
RTL
One easily checks that
/ exp(—alv[¥)dv =a™F / exp(—|v[F)dv = a= *y(k,n)
n R’Vl

with y(k,n) = %I‘ (%) Therefore, for any k > 0, it holds that

H(f) + aMp(f) +b > —exp(=b— 1)y(k,n)a" & Va,b € R.

One optimizes with respect to the parameters a, b choosing, for instance, a = Mik and
b in such a way that exp(—b — 1)y(k,n)a~*% = 1. This leads to
H(f)+n>=-1-b=log <fy(cllcfn)> = %loga —logv(k,n).
Since a = ﬁ(f)’ we finally obtain
n n
(BS) Elong(f) = _H(f) _n_log’Y(k,n)—’_ Elogna
which is the desired estimate. |

We deduce from the above proposition that the upper bound provided by Propo-
sition B.1 is almost optimal.

ProrosiTION B.3. For v > 1, one has

() > %log (1 + CM/M%(O)Q 1 log2— % log(May (0) ¥t > 0.
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f=

Proof. We apply the estimate provided by Proposition B.2 to n = &k = 1 and
f(t,z). We notice that v(1,1) = 2I'(1) = 2 and obtain from (B.3)

log My (t) = —H(f(t)) — 1 —log2 vt > 0.

Using now the fact that M (t) < ng(t)% together with (B.2) we get that

1 1
log My(0) < 5 106(0 0) — 2 1og (14 ;312 01

which, combined with the previous estimate, yields the result. 0
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