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Abstract

We study the most general supersymmetric warped M-theory backgrounds with
non-trivial G-flux of the type R x Mg and AdS; x Ms. We give a set of
necessary and sufficient conditions for preservation of supersymmetry which are
phrased in terms of G-structures and their intrinsic torsion. These equations may
be interpreted as calibration conditions for a static “dyonic” M-brane, that is, an
Mb5-brane with self-dual three-form turned on. When the electric flux is turned
off we obtain the supersymmetry conditions and non-linear PDEs describing M5-
branes wrapped on associative and special Lagrangian three-cycles in manifolds
with Go and SU(3) structures, respectively. As an illustration of our formalism,

we recover the 1/2-BPS dyonic M-brane, and also construct some new examples.
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1 Introduction

Recently there has been considerable interest in trying to understand the types of geometries
that arise in supersymmetric solutions of supergravity theories. When all fields are turned off,
apart from the metric, it has long been known that supersymmetric solutions are described
by special holonomy manifolds — for example, Calabi-Yau manifolds or manifolds of Go
holonomy. However, for many applications one is interested in solutions where the fluxes are
turned on. These include important areas of research, such as the AdS/CFT correspondence,
or phenomenological models based on string/M-theory compactifications.

Until recently, the study of supersymmetric solutions with non-vanishing fluxes has been
based mostly on physically motivated ansatze for the supergravity Killing spinor equations.
While this method has led to many interesting results, a more systematic approach is clearly
desirable. In [I] it was advocated that the G-structures defined by the Killing spinors pro-
vide such a formalism. Subsequent works have used this approach to analyse and classify
supersymmetric backgrounds in various supergravity theories [2, B, 4, Bl 6, [7, 8, O [10]. Using
the language of G-structures and their “intrinsic torsion” one can rewrite the supersymmetry
equations of interest in terms of an equivalent set of first-order equations for a particular set
of forms.

Another point, emphasized in [I] (and based on [I1]), is the fact that some of the result-
ing conditions have an interpretation in terms of “generalised calibrations” [I2, [[3]. This
was further elaborated on in [5] and [7]. Generalised calibrations extend to backgrounds
with fluxes the original notion of calibrations in special holonomy manifolds [14], and their
physical significance is then that supersymmetric probe branes have minimal energy. On
a more practical level, the formalism based on G-structures can often be very useful for
actually finding new solutions in a given supergravity theory. For instance, in [Il, Bl [7] new
examples were found this way, while in lower dimensions [2, G, [[0] the general form for all
supersymmetric solutions was given.

In this paper we study M-theory on eight-manifolds — that is, supersymmetric warped
M-theory backgrounds of the type M3 x Mg, with Mjs either Minkowskiz or AdSs; space.
Supersymmetric compactifications of M-theory to three dimensions have been considered
before in 15, 06, 07, 08, M9, 20]. The types of geometries described in these papers may
be thought of as M2-brane solutions where the transverse space is a manifold of special
holonomy. Alternatively, one may think of them as compactifications on a special holonomy
manifold where one includes some number of space-filling M2-branes in the vacuum.

One of our motivations was to investigate more general types of supersymmetric solutions



to M-theory on eight-manifolds. In particular, there should clearly be another way to obtain
an N/ = 1 Minkowski vacuum from M-theory — namely, one may wrap M5-branes over a
supersymmetric three-cycle in a Go-holonomy manifold (times an S*). After including the
backreaction of the Mb-brane on the geometry, one no longer expects the eight-manifold
to have special holonomy, but rather a more general G-structure with intrinsic torsion
related to the G-flux. Similarly, M5-branes wrapped on special Lagrangian three-cycles in
a Calabi-Yau three-fold yield N’ = 2 in three dimensions. We will show how these various
geometries may be obtained by relaxing the assumptions of [I5, [I8]; in particular we relax
the assumption that the internal spinor is chiral. Furthermore, this generalisation yields
supersymmetric AdS3 compactifications, which were excluded before. The method we use
relies on local equations, and thus also covers non-compact geometries; examples of typical

interest are solutions describing wrapped branes or brane intersections.

The M-theory five-brane has a self-dual three-form gauge field that propagates on its
world-volume. Turning on this field induces an electric coupling to the C-field, and therefore
also an M2-brane charge. Thus the backreaction of such a “dyonic” Mb5-brane should cor-
respond to some more general supersymmetric solution with electric and magnetic G-flux.
In fact, we will see how such solutions arise in our formalism. One can argue that the most
general supersymmetric solution of the form Mj3 x Mg is of this type, with the M2-brane

solutions being a limit in which the M5-brane disappears completely.

The plan of the paper is as follows. In section Plwe give a brief summary of what is known
about M-theory on eight-manifolds. This will also allow us to introduce our notations and
conventions. We then describe how one extends the analysis to allow for more general
supersymmetric solutions with fluxes. The key point is to allow for a generic spinor on the
internal space — in particular, we do not impose that it be chiral. Thus, in addition to the
M2-brane-type of solutions, one also expects M5-brane-type solutions, including “dyonic” or

“interpolating” solutions which have both charges present, and also AdSs solutions.

In section Bl we show how the conditions for supersymmetry may be recast into the
language of G-structures and intrinsic torsion. In particular, we argue that there is a Gy C
SO(8) structure and obtain a simple set of differential conditions on the forms that comprise
it. By examining the intrinsic torsion one can show that these conditions are necessary and
sufficient for supersymmetry. We also give the Bianchi identity and equations of motion in
this formalism and briefly discuss the issue of compact eight-manifolds. When the external
manifold is RY2, a simple inspection of the Einstein equations shows that one cannot have

compact manifolds with flux, unless higher order corrections are included.



In section @l we turn our attention to the physical interpretation of the differential cond-
tions on the Gs-structure. We show how these may be interpreted as generalised calibration
conditions for the Mb5-brane. We argue that the geometries that these equations describe
correspond to “dyonic” Mb5-branes wrapped over associative three-cycles in a G-holonomy
manifold. Moreover, we show that supersymmetric probe Mb5-branes saturate a calibration
bound on their energy. We find that the M5-brane world-volume theory gives rise not only

to an Mb-brane type of calibration, but also one gets the M2-brane calibration “for free”.

In section B we specialise our discussion to the case of “pure” M5-branes (that is, with
no electric flux) wrapped on associative and special Lagrangian (SLAG) three-cycles. We
recover the results for wrapped NS5-branes in type IIA theory [I] in the special case that the
vector constructed as a spinor bilinear is Killing so that one can dimensionally reduce along
this direction. We also comment on the relationship of our approach with the work of [21]. In
particular, we give the supersymmetry constraints and the non-linear PDEs (following from
the Bianchi identity) that one must solve to find solutions describing M5-branes wrapped
over associative and SLAG three-cycles. Furthermore, we discuss how our approach may be
extended straightforwardly to obtain a similar description of five-branes wrapped on other

calibrated cycles.

In section B we discuss the case in which the internal (magnetic) G-flux is swithed off. In
this case our equations simplify drastically and we are able to give the most general solution.
In particular, we show that all AdSs; solutions may be viewed as AdS, solutions, foliated
by copies of AdS3, with a weak (Ga-holonomy manifold as internal space. We show how the
compactifications of [TH, I8, 20] are recovered in a degenerate limit in which the internal

spinor becomes chiral and, therefore, the Go-structure becomes a Spin(7)-structure.

As illustration of our formalism in section [ we give some explicit examples. We easily
recover the dyonic M-brane solution of [22]. This solution describes a 1/2-BPS M5/M2 bound
state and serves as a simple example of the essential features of our geometries. We discuss
also the relevance of our work to the recent “dielectric flow” solutions of [23| 24, 25]. These in
fact also lie within our class of geometries. We present a class of singular solutions based on

G5-holonomy manifolds, where the M5-brane is completely smeared over the Go-manifold.

Appendix [Al gives a discussion of Gs-structures. Appendix [Bl includes a brief discussion
of the Hamiltonian formulation of the M5-brane theory. Appendix [(] contains some relations

useful in the main text.



2 M-theory on eight-manifolds

In this section we begin the analysis of eight-dimensional warped compactifications of M-
theory. After summarising the status quo regarding the M2-brane-like solutions of [T5], 8],
20], we then go on to describe how one extends the analysis to allow for more general
supersymmetric solutions with fluxes.

The fields of eleven-dimensional supergravity consist of a metric g/, a three-form po-
tential C' with field strength G = dC, and a gravitino 1¢);. Supersymmetric backgrounds are

those for which the gravitino vanishes and there is at least one solution to the equation

Sbar = Varn — (GNPQRfNPQRM - 8GMNPQfNPQ> n=0. (2.1)

1
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Here 7 is a spinor of Spin(1,10), and [y form a representation of the eleven-dimensional
Clifford algebra, {fM, fN} = 2gun. We take the spacetime signature to be (—,+,...,+),
so that one may take I'y; to be hermitian for M # 0 and anti-hermitian for M = 0.
Geometrically, (2I) is a parallel transport equation for a generalised connection, taking
values in the full Clifford algebra, whose holonomy lies in SL(32,R) [26]. In our conventions
the equations of motion are

1
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. 1 R
(GuprorGN"" — = gunGprorsGT?™) = 0 (2.2)

Rarn = 12

d%G+%GAG = 0. (2.3)

One also has the Bianchi identity dG = 0. Generically the field equations (Z2) and EZ3)
receive higher order corrections. In particular, the latter equation has a contribution Xg on
the right hand side, where

Xs = —(3;2 (T —4p2) (2.4)

Here p; is the i*" Pontryagin form, and we have set the M2-brane tension equal to one.
We will consider supersymmetric geometries with Poincaré or AdS invariance in three

external dimensions. Thus a general such ansatz for the metric is of the form
dg?, = *2(ds? + gpndr™dz™) (2.5)
and for the G-field we take the maximally symmetric ansatz

G,ul/pm = €uwpdm
Grnpq arbitrary , (2.6)



where here, and henceforth, Greek indices run over 0, 1,2 and Latin indices run over 3,...10
— that is, over the internal manifold. We adopt the standard realisation of the eleven-
dimensional Clifford algebra Cliff*v*"(R}10) ~ Mat(32, R) ~ Cliff (R"?)®Cliff (R®#), namely

L, = eA(’Vu ® v9)

f‘m = eA(:H- & ’Vm) (27)
A convenient explicit representation of the three-dimensional Clifford algebra is given by
Yo = 01,71 = 02,72 = 03, where {0} | k = 1,2,3} are the Pauli matrices. The eight-
dimensional gamma-matrices are 16 x 16 real, symmetric matrices. We have also v2 = 1. An

eleven-dimensional spinor 7 is likewise decomposed into three and eight-dimensional spinors

as
n o= Y. (2.8)
The Majorana condition in eleven dimensions then imposes the following reality constraints:
Y=y, &=¢. (2.9)

Thus ¢ has two real components, and £ has sizteen real components. The supersymmetry

equation of interest (ZI]) may now be decomposed into two parts

1 m 1 m
Y = Vun+ =2 (7, @ g™ — = (7 @ 0 AY ™ 0)1

6 2
—@e_?ﬂ(%l ® Grpgry™" v9)n = 0 (2.10)
1 1 _ n 1 _
5¢m = an + 5(1 & ’ananA)n + Ee 3A(:H- & TYm 9n79)77 - ée 3A(:H- & 79)gm77
1
~555 |1 ® Gt ) = 8(1® Gy |1 = 0 (2.11)

which we refer to as the external and internal equations, respectively.
In the rest of this section we will assume, as in [I5, 18], that the internal spinor is chiral.
We will briefly review the consequences of this restriction, before lifting it in the rest of

the paper. If £ is chiral, without loss of generality, one may take V¢ = £. Requiring that
V., =0 in (ZII) then implies

L s mpar | A A3/2  m L om
—@AB/ GrpgrY™P? + EAB/ ImY™ + 17 OnlogAp| =0 (2.12)
where, for easier comparison with [I5, 18], we have defined the warp factor A = —% log Ap.

Projecting this equation onto its positive and negative chirality parts' we obtain

Im = O Grpr? ™€ =0 . (2.13)

'Notice that this projection simplifies somewhat the analysis in the original papers [T5] [T8].




Upon rescaling the spinor and the internal metric as £ = A;/ 45 and g, = A%ﬂ Jmn TESPEC-
tively, the relations (22I3]) allow one to simplify the internal part of the gravitino equation,
yielding

-1 .
Vm§+ﬂAB3/4Gmme§ - 0. (2.14)

One again notes that the two terms in (ZI4]) have opposite chirality, and must therefore
vanish separately. In particular it follows that the metric g, has Spin(7) holonomy and the

internal flux satisfies
GrnpgY€ = 0, (2.15)

implying that some, but not all, of the Spin(7) irreducible components of the flux must
vanish. Recall that on manifolds with Spin(7) structure four-forms may be decomposed into
four irreducible components 70 — 35 + 27+ 7 + 1 under SO(8) — Spin(7) (see e.g. [27]).
A convenient way to understand the condition (IH) is to recast it into a tensorial equation
[20]. Multiplying ([T3) on the left with €T+ one obtains

1
3!

where W is the Cayley four-form, characterising the Spin(7) structure. A general two-index

Tyn = = Gonpge V77 = 0 (2.16)

tensor decomposes into the SO(8) irreducible representations 35 + 28 + 1, which, under
SO(8) — Spin(7), further reduces to 35 + 21 + 7 + 1. However, given the representation
content of the four-form G, T,,, must contain only the irreducible representations 35 + 7
+ 1. One therefore concludes that only the 27 component of the internal flux is allowed. A

characterisation of this representation may also be given as follows

3
G27mnpq = §G27r5[mn\11pq}rs' (217)

In conclusion, the general solution takes the form

dsf, = H—2/3nwdxudxu + Hl/ggmndxmdx"
G = d® Adat Adz? Ad(HY) + Gar (2.18)

with the warp factor satisfying the equation
~ 1
OH + §G27 NGar = Xy (219)

where (Go7 is harmonic, and we have not included any explicit space-filling M2-brane sources.

Integrating (ZI9) over a compact X gives

G27 Gar 1 X(X)

- i _dp, = X2 2.20
2X27r or 102 pl b 24 (2:20)



In general, existence of a nowhere vanishing section of a vector bundle requires that the
Euler class of that bundle is zero. Thus existence of a nowhere vanishing positive/negative
chirality spinor requires that x(S1) = 0, and it is this condition which gives the relation
between the topological invariants in the last equality in (Z20) (see, for example, [2§]). One
then has compact solutions with flux provided the flux is quantised appropriately.

Note that these solutions describe M2-branes where the transverse space is a Spin(7)
holonomy manifold. Non-compact examples of such solutions may be found in [29] and [30].
Notice that Ga7 decouples from the supersymmetry conditions, but it does play a role in the
equations of motion, providing the “transgressive” terms [29].

The present analysis is readily extended to cases with more supersymmetry. For example
when ¢ is a complex chiral spinor [I5] we have two Spin(7) structures of the same chirality
or, equivalently, an SU(4)-structure. Repeating the same steps, one shows that the general
solution is now of the form (ZI8), (Z19) with §,,, having SU(4) holonomy. The magnetic flux
which drops out of the supersymmetry equations is given by G99y (that is, the four-form
has two holomorphic and two anti-holomorphic indices with respect to the corresponding
complex structure) where G 29y is also primitive, so that taking the wedge-product with the
Kéhler form gives zero. Again, these solutions are akin to M2-branes transverse to Calabi-
Yau four-folds, and the role of the internal flux is to provide an additional source term in

the equation for the warp-factor.

Generalisation

As we have summarised, imposing that the internal spinor be chiral leads to M2-brane-
type solutions. However, there clearly should be another way to obtain a supersymmetric
Minkowskis vacuum from M-theory: one may wrap space-filling M5-branes over a supersym-
metric three-cycle in a special holonomy manifold. Such cycles are calibrated. In particular,
one may wrap the Mb-branes over an associative three-cycle in a (Ga-holonomy manifold
(times a circle) to obtain an AN/ = 1 vacuum, or a special Lagrangian cycle in a Calabi-
Yau three-fold (times a two-torus) to obtain an N' = 2 vacuum. When one includes the
back-reaction of the brane on the initial geometry, one no longer has a manifold of special
holonomy, but rather some more general geometry with flux. However, the G5 or SU(3)
structures still remain, respectively. Such manifolds admit two (respectively four) invari-
ant Majorana-Weyl spinors, one (respectively two) of each chirality. Thus to describe more
general supersymmetric solutions with fluxes one has to generalise the form of the inter-

nal spinor. We will also find that when one lifts the chirality assumption, one can find



supersymmetric AdS3 solutions, and we will present a simple class of examples in this paper.

From a more mathematical viewpoint, there is no reason to restrict the spinor to be chiral.
The M-theory Killing spinor equation is geometrically a parallel transport equation for a
supercovariant connection taking values in the Clifford algebra Cliff*v? (R}1?) ~ Mat(32, R).
Indeed, in the three/eight split of the eleven-dimensional spinor 7, the internal spinor £ turns
out to have 16 real components, i.e. it belongs to Spin(8),. @ Spin(8)_. We are therefore led
to consider an internal 16-dimensional spinor of indefinite chirality?, which in general can be

written in the following form

no= e TP (6 BE) (2.21)

where v9é1 = +£4 are real chiral spinors in eight dimensions, and v is a Majorana spinor in
three dimensions. The factor e=2/2 has been inserted for later convenience. For calculational

convenience it is useful to introduce the non-chiral 16-dimensional spinors

L 1
¢ = ) (2.22)

and €~ = yoet = (&4 —£_)/v/2. The advantage of working with e*, as opposed to &, is that
the former will turn out to have constant norms, which, without loss of generality, we take
to be unity, whereas the chiral spinors do not have this desirable property.

Since we wish to allow for AdS; compactifications in our analysis, we impose the following

condition on the external spinor:
Vay+myy = 0. (2.23)
Writing the G-flux as
G = e**(F +volz A f) (2.24)

with F' and f parameterising the magnetic and electric components, respectively, the super-

symmetry conditions may be written in terms of e as follows:

1 1
Vet + ﬁFmpquqrei — anynmﬁ +tmy,et = 0 (2.25)
1 1 1
iamAVmEi F @Fmpqwmpq’"ei — afmvmejF Tme = 0. (2.26)

These equations are the starting point for our analysis.

2For a four-seven decomposition, it was noticed in [31], and more recently also in [32, 33], that in order

to have non-trivial G-flux a generic spinor ansatz must be allowed.



3 Supersymmetry and the Gs-structure

In [T] it has been recognised that the notion of G-structures and their intrinsic torsion
provides a powerful technique for studying Killing spinor equations in the presence of fluxes.
A rigorous account of the mathematics may be found, for example, in [27]. For our purposes,
a G-structure in d dimensions is a collection of locally defined G-invariant objects, each in
some irreducible representation of the (spin cover of the) tangent space group Spin(d) D G.
Notice that, a priori, our equations need only be defined in some open set, which is why we
use the term G-structure in this local sense. When the objects in question extend globally
over the whole manifold one has a G-structure in the stricter mathematical sense that the
principal frame bundle admits a sub-bundle with fibre G. Of course, there may be topological
obstructions, and indeed the structure may break down, for example at horizons.

The way that intrinsic torsion enters into the Killing spinor equations is via the fluxes.
Exploiting this, one can study a supersymmetric geometry by extracting from the supersym-
metry conditions the differential constraints on a set of forms that comprise the structure.
These forms may be constructed as spinorial bilinears. The intrinsic torsion is an element
of A' ® gt (see, for example, [7] or [5] for a brief review), which may be decomposed into
irreducible G-modultes, denoted W; in this paper. The manifold will have G-holonomy only
when all the components vanish.

In the following we apply these methods to the case at hand, showing that one in general
has a Ga-structure on the internal eight-manifold. It is also important to establish what
other conditions must be imposed on the structure for it to correspond to a solution of the
supergravity theory. We address this issue towards the end of the section.

We can construct explicitly a one-form, a three-form, and two four-forms as bilinears in

the spinors

Km = £I7m£—
(ﬁmnp = gIanpg—
@inpr = 5I7mnpr€:l: . (31)

In the calculations it is useful to re-express these in terms of the e spinors, and it is also

useful to define the following auxiliary bilinear
Ymnpr = EiT’ymnpre:t . (32)

Notice that, for a generic Clifford connection, the corresponding Killing spinors are not in

general orthonormal, in contrast to the case of a connection on the Spin(d) bundle [7]. In



particular, we have that, using [ZZH), V(e™TeT) = V(e"T¢~) = 0. Thus we can normalise

the spinors so as to obey

=1l =

(e + Ne-1") =1 . (3.3)

N —

le

On the other hand V(e™e™) # 0, and we parameterise this non-trivial function, which takes

values in the interval [—1,1], as

€+T€_ —

(611 = llg-1I*) = sinc . (3.4)

|~

It follows that the chiral spinors have norms ||{4||* = 1 £ sin ¢, and in the limit sin( — +1
one of the two vanishes.

The stabiliser of each chiral spinor . is Spin(7), and their common subgroup is Gs. In
order to discuss the supersymmetry conditions in terms of the G-structure it is convenient
to introduce rescaled forms, defined as ¢ = (cos()™'¢ and K = (cos¢)"'K. These are
canonically normalised, namely ||K||? = 1, ||¢||?> = 7, and define a G5 C SO(8) structure in

eight dimensions. One can give an explicit expression for Y in terms of the other bilinears
Y = —igx¢+oNKsin(, (3.5)

where here, and henceforth, * denotes the Hodge dual on the internal eight-manifold. The

forms are also subject to the constraint
ik = 0. (3.6)
Notice that ¢ defines a unique seven-dimensional metric via the equations

gl = (detb) 5 by,

bz] = 144€m1“-m7¢’im1m2¢jm37n4¢msm6m7 (37)

where 61234567

= 1, and we therefore have ngK J = 0. The intrinsic torsion of the structure
lives in the space A' ® gy where go ® g5 = s0(8). The Lie algebra so(8) ~ 28 decomposes
as 28 —2(7) + 14, so the orthogonal complement of the g, algebra is given by g5 =7 + 7.

The intrinsic torsion then decomposes into ten modules

10
TeAN®gr =W,
i G:? (3.8)

(I+7)x(7T+7) —=2(1)+4(7) +2(14) +2(27) .

10



It turns out that the ten classes are determined by the exterior derivatives of the forms.

These have the following decompositions into irreducible G5 representations

dK = 7"+ 7" 4+ 14/
dp - 14+1+7+7+27+27 (3.9)
d«¢p -1 4+7+7 +14+27 .

Note that some representations appear more than once, and we have denoted different rep-
resentations with different numbers of primes. In particular, the representations 1 + 7 +
14 + 27 are those relevant to d;¢ and d; *; ¢ discussed in appendix [Al Using the identities
(AZ14) - [(A18) one shows that dx¢ and J *7 ¢ contain the same representations, denoted
with 1/ + 7" + 27, Finally, dK = a A K + (3, with the one-form « corresponding to 7" and
the two-form S to 7" 4 14’. Notice that we have an eight-manifold of G5 holonomy if and
only if dK = d¢ = d x ¢ = 0. Note also that K is Killing if and only if the representations
1"+ 7 + 27 vanish. This follows on noticing that the non-trivial components of the Lie
derivative Lxg can be computed from Lx¢ = ixde¢ using equation (B7).

We can proceed now to analyse the constraints imposed on the structure by the super-
symmetry conditions. Rather than presenting all the details of the calculations, we shall
instead present a simple illustrative computation. Consider, for instance, V, K,,. Using the
definition of K as a spinor bilinear, together with the Killing spinor equations (2223), after
some straightforward gamma-algebra one calculates

V. K, = 1—12Frijk€+T7ijkme+ — 2msin ¢ Grm — % F2 i - (3.10)
Next, the first identity in appendix [ (with the Clifford element A = ~,,,), can be used
to compute the antisymmetric part of (BI0), obtaining equation (BI1) below. Similar

calculations yield the following constraints on the Gy structure:

d(e**Kcos¢) = 0

K Ad(eigx¢) = 0
e—12Ad(612A

3.11
3.12
3.13
3.14

(3.11)
(3.12)
volzcos() = —8mvol; A K sin¢ (3.13)
doAN¢pcos(C = 24mvol; —4+xd(+2cos( * f ( )

where vol; = %(ﬁ A ig * ¢. The electric and magnetic components of the flux are then

determined as follows

e ?2d(e* sin¢) = f —4mK cos( (3.15)
e %%d(e®®pcos¢) = — *x F+ Fsin¢+4mlig*¢ — o A Ksin() . (3.16)

11



As we will discuss more extensively in section Hl, these equations can be interpreted as
generalised calibrations for membranes or fivebranes wrapped on supersymmetric cycles (at
least when m = 0). An important point to emphasize is that the conditions derived are also
sufficient to ensure solutions to the Killing spinor equations. Notice that generically K s
not a Killing vector. However, we see from (B.I1]) that it is in fact hypersurface orthogonal
or, equivalently, defines an integrable almost product structure [7] which allows us to write

the metric in the canonical form

1

~9 o 2A(z, 2 7 ‘ '
2, = e ( y)(d33 + g);(x, y)dr'da’) + W

e 48y gy? (3.17)

The remaining conditions may be thought of as putting constraints on the seven-dimensional
part of the Ga-structure. Consider, for example, equation (BI2). From this we read off
immediately that the 14 representation is absent and the 7 is given by the Lee-form W, =
18d;A. Likewise, equation (BI3) relates 0, log \/? to 9,A and 0,(, hence fixing the 1’
representation. Continuing, the rest of the equations may be used to determine all the
components of the intrinsic torsion. One can thus construct a connection with non-trivial
torsion which preserves the GG, structure, and in particular preserves two spinors of opposite
chirality, corresponding to solutions of the supersymmetry equations. For simplicity we will
present some details of the calculation in the case of purely magnetic solutions in section Bl

The four-form flux is completely determined in terms of the structure by (BIH) and
BI6). In fact it is easy to show that there are no components which automatically drop
out of the supersymmetry equations (22H) and (226, in contrast to section B First let us

decompose the four-form flux into SO(7) irreducible representations:
F = F+RBAK. (3.18)

We thus want to check if there are G4 irreducible components whose Clifford action F},;,p, v
annihilates both the spinors &4, namely Fiynpg ™%+ = F3pmnpY "€+ = 0. This would imply

that the following tensors vanish

1
iFgmpq(ﬁpqn = 0
1
§F4mpqr(*7¢)pqrn = 0. (319)

As discussed in appendix [Al these tensors contain all the components of Fy and Fj, which
should therefore vanish identically. This situation is to be contrasted with the cases where
we have spinor(s) of a fixed chirality, as recalled in section 2l Each spinor defines a Spin(7)

structure and the 27 component of the flux, with respect to that structure, is undetermined
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by the supersymmetry equations. The existence of two spinors with opposite chirality means
that the associated Spin(7) structures have opposite self-duality, and the undetermined flux
should therefore simultaneously be in the 27, and 27_, and hence is trivial.

All the non-zero components of the flux can be extracted from the conditions (BITI) -
BId). As examples, and for later reference, let us give the expressions for the 1 and 7

components of F3 (¢f. appendix [A])

m(F3) = Z(0xC—2m)¢
m(Fy) = —=e32dy(e*® cos )ik * ¢ (3.20)

and of F}

m(Fy) = % (4msin¢ — e 329k (e cos()) ix * ¢

1
7T7(F4) = §¢/\d7< . (321)
A solution will also have to obey the equations of motion and Bianchi identity. Using
the above expressions for the fluxes, it is straightforward to show that these reduce to the
two equations

d(e**F) = 0 (3.22)

1
e 2d(e5 % f) + §F/\ F = 0. (3.23)
One can now show, using the results of [B], that the Einstein equation is automatically
implied as an integrability condition for the supersymmetry conditions, once the G-field

equation and Bianchi identity are imposed. It is useful to give explicitly the external part

of the Einstein equation:
3
e 980ge" — 5HF||2 —3||fIF+T72m* = 0. (3.24)

One may use this to prove that, when m = 0, there are no compact solutions with electric
and /or magnetic flux. Explicitly, one easily integrates (B:24]) over the compact manifold X
to get

/ e9A||F||2+2/ AP = 0 (3.25)
X X

which requires F' = 0 and f = 0. This is a rather general property of supergravity theories

[34]. The common lore to evade such “no-go theorems” is to appeal to higher derivative
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terms, such as the Xg term mentioned in section Bl although these arguments typically
neglect the corresponding terms in the Einstein equations. In our case, a non-zero Xg seems

to allow for the possibility of compact solutions®. One must then also satisfy

/Gintornal /\Ginternal =0 (326)
X

which is implied by integrating equation (B23]). Here one uses the fact that Xy integrates
to zero. This is so because the existence of two linearly independent spinors of opposite
chirality implies that x(54) = 0. Equivalently, the vector K constructed from the spinors is
nowhere vanishing, which implies that the Euler number of the eight-manifold is zero.
Comparing with the results reviewed in section 2l we see that allowing the internal spinor
to be non-chiral has a led to a substantially enlarged number of possible geometries and
fluxes. We emphasize the fact that AdS3 solutions are not ruled out any more, and generically
the internal manifold is not conformal to a Spin(7) (or SU(4)) holonomy manifold. Note
also that the function sin ¢ plays a role in our equations, and setting it to zero, or constant,
rules out many supersymmetric geometries. In particular, from (BI3) it should be clear that

sin ( is related to M2-brane charges, as we will see more explicitly in the next section.

4 Generalised calibrations and dyonic M-branes

In this section we show how the supersymmetry constraints on the G-structure are related
to a generalised calibration condition for the M5-brane. For simplicity we will restrict our
analysis to Minkowksis backgounds, and hence we set m = 0 throughout this section. We
argue that the supersymmetric geometries we have been describing so far may be thought of
as being generated by Mb-branes wrapped over an associative three-cycle in a Gs-holonomy
manifold. An interesting twist to the story arises from the otherwise mysterious function
sin ¢, introduced in the last section.

Recall that the M-theory fivebrane has a self-dual three-form field strength H propagating
on its world-volume, which induces an M2-brane charge on the Mb-brane via a Wess-Zumino
coupling. The supergravity description of the M5-brane should account for this feature. Thus
we expect “dyonic” backgrounds — that is, solutions with non-trivial electric and magnetic
fluxes. Placing a dyonic M-brane probe in its corresponding background should not then
break any further supersymmetry, and in particular a generalised calibration condition for

such a probe should exist. We will find that all of the supersymmetry equations (except for

SEquation ([B2F) receives a correction proportional to [, €3 sin (X,

14



one) may be interpreted as generalised calibration conditions for a probe Mb5-brane in our
background. For example, (BI6]) is the generalisation of the associative calibration d¢ = 0
in Go-holonomy manifolds to dyonic M5-branes in warped backgrounds with flux.
Supersymmetric probes should saturate a generalised calibration bound which minimises
their energy. In [35] a calibration bound for the M5-brane was derived. Although some
comments were made about general backgrounds the computation there was for a flat space
background with zero G-flux. It is easy to extend their analysis to the case of non-zero G-
flux, by taking into account the Wess-Zumino terms. In appendix [Bl we use the Hamiltonian
formalism of [36] to obtain an expression for the energy of a class of static M5-branes with
non-zero background G-flux and world-volume three-form H. This formula may then be used
to show that supersymmetric branes are calibrated and saturate a bound on the energy.
The very alert reader may notice an obstacle in carrying out the above program. The
calibration bound derived in [35] requires the existence of a time-like Killing vector which
in turn one uses to define the energy in a Hamiltonian formulation. Moreover, such a
vector should arise as a spinor bilinear. However, the supersymmetric geometries we are
considering belong to the “null” class, namely the stabiliser of the spinor n (for any choice
of 1) is (Spin(7) x R®) x R and the vector one constructs from it is a null vector [37, B]. As
discussed in [5], in this case the interpretation of the supersymmetry conditions as calibration
conditions is less clear. However, by some sleight of hand, we may still use the static
formulation of the M5-brane. The key to this is simply that we in fact have two linearly
independent null spinors, from which we may construct a time-like Killing vector.

As discussed in appendix [Bl an M5-brane probe will be supersymmetric if, and only if,
P.n =0 (4.1)

where P_ is a k-symmetry projector, and n is the eleven-dimensional supersymmetry pa-
rameter. We have two linearly independent null spinors, 7y = v2e2/%, ® €, where 1y,
for A = 1,2, are two linearly independent constant spinors on R%2. With an appropriate
choice of 1y, the vectors one constructs from these spinors are 9/0t £ 9/0X;. Both vectors
are null, but their sum 2k = 20/0t is time-like. Thus we are led to consider the following

Bogomol'nyi-type bound:

1
Do IP-mlP = D2 onPom = 0. (4.2)

A=1,2 A=1,2

One then rewrites this bound in terms of the energy. From appendix [Bl we have

E = Ty, (Co + eALDBI) (4.3)
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where T}, is the Mb-brane tension, Cy is the contribution of a Wess-Zumino-like term to the
energy, and Lpp; is a Dirac-Born-Infeld action (c¢f. appendix [Bl). The bound may therefore

be written

eALDB[V015 Z Z j*V)\ + j*X)\ ANH (44)
A=1,2

where we have defined the space-time forms

1 1 ..
_ 1 . .
nT (Hmll2+un2||2)51’7AF0 s MAX A LA dX
1 1 e Ny N
A (PR EES PRI B CTC S MmN dX M A dX (45)

and j* denotes a pull-back to the M5-brane world-volume. Using (B3] we obtain a bound
on the energy density & = Evols:

1

£ > > (f'va+ i AH) +Covols (4.6)
Thsy A=1.2
where
. 1.
C0V015 = ZkC(g - 57%0 N (C - 2H) (47)

and a pull-back is understood on the right-hand side of this equation.

Given a static supersymmetric background, a pair (X5, H), with X5 a 5-cycle and H =
h + 7*C a three-form on X satisfying dH = j*@, is said to be calibrated if the bound (B0
is saturated on all tangent planes of ¥5. As we will show below, such a calibrated M5-brane
worldspace then has minimal energy in its equivalence class [(X5, H)]. Here, a pair (3%, H')
is in the same equivalence class as (35, H) if ¥5 is homologous to Y% via a six-chain Bg
(that is, 0Bg = X5 — %) over which H and H’ extend to the same three-form, H, satisfying
dH = j*G on Bg. In fact, since C clearly extends (it is defined over all of space-time), it
is enough to extend h over Bg as a closed form. Now, by Poincaré duality on the M5-brane
worldvolume, h defines a two-cycle ¥y C X5, where [35] is isomorphic to [h] under Poincaré
duality. h induces an M2-brane charge via the Wess-Zumino coupling (B.H), and thus X,
may be thought of as the effective M2-brane worldspace, sitting inside the M5-brane.

To prove the calibration bound on the energy the forms x,, v, must obey suitable dif-

ferential conditions. As we show below, these combine to give the general conditions on the
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forms defining the (Spin(7) x R®) x R structures in eleven dimensions [5]. These read?

dX)\ = iwAG
dl/)\ = iw)\%G — X NG (48)
where in our case the one-forms
_ 1 M
Wy = mDLo pmy dX (4.9)
(12 + [l )™
are both null. With our choice of ¥y, we may take their sum w; + wy = —dte?*. The dual

vector is then simply (w; + wq)# = 0/0t = k. A calibrated pair (35, H) therefore obeys

1
E(25,H) = / Z(V)\‘i‘X)\/\H)‘i‘ikCG_iikC/\(C_QH)
Ys

5 A=1,2

= / Z (dvy +d(xa A H)) + d(ixCs) — %d (irC A (C —2H))
Bs =12

)

= 0+ (VA—FX)\/\H/)—I-Z']CCﬁ—likC/\(C—QH/)
2

5 A=1,2

< B(T. H) (4.10)

1
D7 (a4 xa A +inCs = SikC A (C = 2H))
5A=1,2

for any (X%, H') in the same equivalence class as (X5, H). Notice that we have used, for
example, d(ixCs) = —i(dCs) = —iy (>T<G + %C’ A G), in order to show that the integral over
Bg vanishes.

Note also that this result holds for all cases where it is possible to construct an appropriate
time-like Killing vector from the Killing spinors (not necessarily as a bilinear), and thus it
holds in particular for the entire “time-like” class of [B].

It is now a simple matter to relate this to the supersymmetry equations of the last section.
Indeed, these are equivalent to (EER) on rewriting them in terms of the quantities defined in

the last section. In particular, we have that

v +vs = —voly AePRdcos¢ — dt AeSAY (4.11)
Y14+ x2 = 4vole3sin( +dt A e K cos( (4.12)

where voly, = dX! A dX? is the spatial two-volume. Thus we have

d(x1+ x2) =voly Ad (e3A sin () —dtAd (e?’AK cos () = i,G =voly A2 f (4.13)

40ur conventions differ from those of [B]. To rectify this, one can simply change the sign of the gamma

matrices of [B]. This leads to some extra minus signs when using their results.
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which shows the equivalence of (BI1]) and (BIH) with the first equation in (f), and also

d(vi +15) = —volb Ad(e"pcos() +dt Ad(e"2Y)
= G- (1t x2) NG
= —volb A (=€« F +e%sin(F) —dt Ae®cos(FAK . (4.14)

This equation is clearly equivalent to the condition (BI6) together with
e %d (e?Y) = —FAK cos(. (4.15)

On expanding the various terms, this can be shown to be equivalent to (BI2), (B13), and
the contraction of (B4l with /K. The relation (A7) is useful for establishing this result.

Interestingly, (B1H) and (BI1)) may also be derived from considerations of the M2-brane.
In fact [B], the first condition in () is a generalised calibration condition for the M2-
brane world-volume theory. The latter is more straightforward than the Mb5-brane theory as
there is no form-field propagating on the M2-brane. Specifically, there is a simple Nambu-
Goto term plus the Wess-Zumino electric coupling to the C-field. In this case, the energy
is essentially just the action. Equation (BIH) is then a calibration condition for a space-
filling M2-brane, whereas (BI1]) is a calibration condition for an M2-brane wrapped over the
K-direction. Notice that the remaining component of equation (BI4]) did not enter the M5-
brane calibration and in fact its eleven dimensional origin is in the equation (2.18) of [5] for
the Killing one-form dk. We suspect that this should ultimately be related to a “calibration”
for momentum carrying branes, or waves. It would be interesting to understand this point
further.

5 M5 branes wrapped on associative and SLAG three-

cycles

In this section we specialise our results to the case in which the electric component of the
flux f is set to zero as well as the mass m. This situation corresponds to purely magnetic
Mb5-branes wrapping three-cycles inside the transverse eight-manifold, with vanishing world-
volume three-form field H. The geometries we consider are then of the form R%? x Mg, where
Mg generically admits a Gy structure corresponding to N = 1 in the external Minkowskis
space, or an SU(3) structure corresponding to N' = 2. We will also briefly discuss how one

can easily extend these results to the case of M5-branes wrapping various four-cycles.
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Associative calibration and N =1

Specialising the equations of section Bl to the case at hand we get the following set of condi-

tions on the G5 structure:

d(e**K) = 0 (5.1)
K Ad(eigx¢) = 0 (5.2)
d(e'*vol;) = 0 (5.3)
dpng = 0 (5.4)
e 02d(e®g) = — xF. (5.5)
The metric takes the following form
ds; = € (ds*(RM?) +ds?) + e *2dy” . (5.6)

Notice that equation (B3 is equivalent to 0, log \/? = —120,A. Thus Mb5-branes wrapped
on associative three-cycles give rise to an almost product structure geometry on the trans-
verse eight-manifold which, at any fixed value of y, admits a G5 structure of the type Ws@&W;.
Explicit solutions were presented in [38]. The close relation to the results of [I] is of course
not accidental. Recall that K is generically not a Killing vector. However, when it is, one
can Kaluza-Klein reduce along the y direction (identifying the dilaton as ® = —3A) to get
solutions of the type ITA theory, which describe NS5-branes wrapped on associative three-
cycles [I]. Of course, if additional Killing vectors are present in specific solutions one can also
reduce along those directions to obtain type II backgrounds which may contain RR fluxes in
addition to the NS three-form.

Let us comment here on the relationship of our approach to the work initiated in [21]
and expanded upon in a series of papers (see [39] for a review). The strategy in [21] is to
write down an appropriate ansatz for the solution and then substitute this into the super-
symmetry equations. Eventually one is left with a non-linear PDE for some metric functions
which parameterise the ansatz (after imposing the Bianchi identity). It should be clear that
using the techniques of G-structures one can easily recover the various constraints obtained
using the approach of [21I]. As a bonus we have in addition a physical interpretation of the

constraints in terms of generalised calibrations® and, thanks to the machinery of intrinsic

5The relation of the work of [Z1] to generalised calibrations was noticed in [A0, BTl B2, 13] . These papers
consider a class of geometries where the internal space is Hermitian. This is related to the fact that these

geometries describe M5 or M2 branes wrapped on holomorphic cycles.
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torsion, we can apply the technique to more general cases which do not admit complex ge-
ometries. The work of [§], using the G-structure approach, recovers the N' = 1 geometries
of [4], corresponding to M5-branes wrapped on Kéhler two-cycles in Calabi-Yau three-folds
(times S1), i.e. seven-manifolds with SU(3)-structure, after including the flux back-reaction.
These in turn reduce in type IIA to the complex geometries first described in A5, 46] in the
context of Type I/Heterotic, as can easily be checked using the equivalent formulation given
in [7]. Tt is straightforward to see that a similar formulation exists for the N' = 2 geometry
of [21] corresponding to M5-branes wrapped on Kéhler two-cycles in seven-manifolds with
SU(2)-structure. In this case the supersymmetry conditions are exactly those discussed in
the type ITA limit in section 6 of [7], with the transverse space R? replaced by R®. Clearly, all
the geometries discussed in [[7] have a direct counterpart in M-theory as wrapped M5-branes.

Thus, imposing the Bianchi identity on G, we can write down the associative analogue

of the non-linear equations of [21], which reads
d7 [e7%% #7 d(e%29)] + (P %7 0) = 0 (5.7)
where we have used the following expression for the G field
G = 0,0 %7 ¢) + e %, dy ("2 p) Ady (5.8)

This is equivalent to the generalised calibration condition (.H). Here we do not write down
possible source terms. Note that equation (23]) is automatically satisfied, with G A G and
d % G being separately zero (using (E4)), (EH), respectively).

Next, as promised in section Bl we address more explicitly the issue of sufficiency of the
conditions we have derived. This is ensured by the careful counting of irreducible components
of the intrinsic torsion, but it is perhaps instructive to look also at the Killing spinor equations
directly. The strategy is essentially to substitute our conditions back into the Killing spinor
equations and check that they indeed admit solutions. Substituting the conditions (&) -
(E3) into the supersymmetry equations, we find that the external part [20) gives

. 1 g 1 |
— 37'0;A 51 + E 3ijk72]k§3p + @ 4ijkl”)/wkl£:|: - 363AayA£:I: =0 (5'9>

while the internal part [Z25) gives

1 . 1 . 1 .

Vg + §F3ijk7]k€ﬂ: + Zemay(gfj)%q: + ﬂFMW“S; = 0 (5.10)
1 .

ayé-:t + Zel[aay €b]ﬂab§i =0 (511)
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where here the indices run from 1 to 7 and V(7 is the Levi-Civita connection constructed

from gfj Next, we can simplify these equations using the fact that

1
§F4iklm(*7¢)klmj = —*29,(g]) (5.12)

which can be computed from the expression for the flux (BH) and the conditions (B3), (&4).
Notice that, as discussed in appendix [A], this means that the 7 representation in F vanishes,
as is implied by the second equation in (B2I]). One can then show that the equations (B9
and (BI0) reduce respectively to

7’0,~<I>§+EF3ijk7’Jk§ =0

1 ,

where ¢ is the unique seven-dimensional spinor corresponding to &4 in eight dimensions,
and we have intentionally used the notation ® = —3A to demonstrate that the resulting
equations are essentially the dilatino and gravitino equations of type ITA. Thus, by the
results of A7, B8, 1], we indeed have a solution. Equation (BIT) is solved by taking the
spinor to be y-independent and the wy,, component of the spin-connection to be in the 14
of G9: this simply corresponds to the standard choice of local frame where ¢, has constant

coefficients.

SLAG calibration and N =2

Following the same line of reasoning as above, the equations describing M5-branes wrapping
SLAG three-cycles in manifolds with an SU(3)-structure may almost be extrapolated from
those pertaining to NS5-branes wrapping the same cycles obtained in [I]. By repeating the
arguments of [I, [7] we have that doubling the amount of supersymmetry yields the presence of
two Gy structures, whose maximal common subgroup gives us an SU(3)-structure. One may
then carry over the previous analysis by considering a Killing spinor of the type ¥ ® (£, ®&_)
where ¢ and £, are now complex spinors. Thus one can also think of SU(3) as arising from
two SU(4)-structures having opposite chiralities, each defined by a complex Weyl spinor.
Notice that this geometry then belongs to both the “null” and “time-like” classes of [B], as
SU(3) embeds into (Spin(7) x R®) x R as well as into SU(5).

In a real notation, we take our spinors to be
@ = e 2@ @ (@ g ) a=1,2 (5.14)
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where each of the 1(*) has two independent real components, thus corresponding to ' = 2 in
three dimensions. To realize the SU(3) structure explicitly one can now construct additional
bilinears. We refer to appendix B of [7] for details. Notice that we have two vectors, which

in a local frame are given by K = 7, K® = ¢® and a two-form given by
T
Jmn =€) Vmn€(a)s (5.15)

where, as before, €/, = (€ + € /\/2 and in a local frame we have J = e!2 + ¢34 + ¢
There are, of course, other bilinears that one can consider, but this is all we need. In fact,

in terms of the associative three-forms, we have
P9 = JAKY £ImQ (5.16)

with Q = (e +ie?) A (e +ie?) A (e” +ie®). The SU(3) structure is given by K@, J, Q with
the last two defining the structure in its canonical dimension of six, and iy J = 5@ 2 = 0.
Using the Killing spinor equations, after some calculations one arrives at the following

set of conditions:

d(e3A K@) 0 (5.17)
de2J) = 0 (5.18)
KYAK®AdEE2ReQ) = 0 (5.19)
dIm Q) AImQ = 0 (5.20)
e %2d(e®*ImQ) = — xF. (5.21)
The two vectors give rise to an almost product metric structure of the form
ds; = € (ds*(RY?) +dsg) + e *2(dy® + d2?) . (5.22)

As discussed in [7] the six-dimensional slices at fixed y and z have an SU(3) structure
with intrinsic torsion lying in the class Wy & W, & W5 with warp-factor 6 dgA = —W, =
W5 (see 9, [ for details about the intrinsic torsion of SU(3) structures). Notice that
these geometries are not Hermitian, which mirrors the fact that the M5-branes wrap SLAG
three-cyles: equation (B21]) is the corresponding generalised calibration condition. Explicit
solutions of this type were presented in [50]. The proof that the above equations are also
sufficient to ensure the existence of four solutions to the Killing spinor equations amounts
to the observation that with these one can construct two G5 structures, as in the previous

subsection, each of which corresponds to two Killing spinors with opposite chiralities.
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As in the previous case, let us write down the equation implied by the Bianchi identity
dG = 0. This is the SLAG-3 analogue of the equations of 2] and reads

ds [e77% %6 ds(e**Im Q)] + A, (e**ReQ) = 0. (5.23)

Where A, = 02 + 02 is the flat Laplacian in the transverse directions. To derive this

equation we have made use of the conditions above to rewrite the flux in the following form
G = —e " x5dg (" Im Q) Ady Adz + 0.(e**Re Q) Ady — 9,(e**Re Q) Adz . (5.24)

The G equation of motion (23) is again automatically satisfied.

More wrapped Mb5-branes

We have presented the general conditions on the geometry of M5-branes wrapped on associa-
tive and SLAG three-cycles, giving explicitly the non-linear PDE which results from imposing
the Bianchi identity. M5-branes wrapped on Kéahler two-cycles in Calabi-Yau two-folds and
three-folds were described in [21, @4], and in [§] from the point of view of G-structures.
Consulting the tables in [7] one realises that to complete the analysis of wrapped M5-branes
one needs to consider four-cycles, yielding geometries of the type R x My. Clearly, it is
straightforward to extend our analysis to cover all the remaining cases of M5-brane configu-
rations wrapping supersymmetric cycles. These will essentially be the M-theory lifts of the
conditions derived in [7] for all possible wrapped NS5-branes in the type IIA theory. For
instance, we anticipate that, for static purely magnetic M5-branes, the flux is given by the

generalised calibration condition
xg F' = e 52d(e%22) (5.25)

where = is the relevant calibrating form. Thus when fivebranes wrap coassociative four-
cycles in Go-manifolds (times T?) we have = = x7¢; for Kahler four-cycles = = 1J A J,
and so on. Imposing the Bianchi identity gives the corresponding non-linear PDE. Notice
that the “time-like” case in [B] covers the case of Mb5-branes wrapped on SLAG five-cycles
in Calabi-Yau five-folds, and the resulting SU(5) structure is described there in detail.

6 All purely electric solutions

In this section we discuss supersymmetric solutions with no internal components of the flux;

namely, we set F' = 0. Suppose first that m # 0. In this case, setting to zero the 1 and 7
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components of the flux in ([B20) and (B2]) one can solve for K, f and A in terms of the

function ¢, which one may take as a coordinate on the internal space, thus obtaining

K = la
2m
f = 3sec(d(
e™® = cos(. (6.1)

Using these, one finds that the supersymmetry conditions (BITl) - (B1G) reduce to the single

equation

d(e32¢) = dme'igx¢ . (6.2)

We can now define a conformally rescaled three-form b = e 32¢, and the corresponding
four-form and metric %76 = ¢ 42 %7 ¢ and Gon = €22 g, in terms of which equation (G2

becomes
dp = 4dm*q¢0 . (6.3)
The genereral solution is therefore given by

1
dsl, = sec’( (dsg(AdS:),) + 4—de§2) + d3?
G = 3volz Asec’ (d¢ (6.4)

where the seven-dimensional metric has weak G5 holonomy, as dictated by (E3]). Notice that
the G equation of motion (BZ3)) is automatically satisfied since e® * f = 6m vols.
Compactifications of M-theory on weak (G5 manifolds were studied extensively in the
1980’s (see, for example, [51]). The simplest example is the well-known AdS; x S7 com-
pactification, which is in fact maximally supersymmetric. Indeed, by a suitable change of
coordinates, one can check that the solution (G4 is of the form AdS,; x M7, where M7 has

weak G holonomy. Setting sec ( = cosh(2mr), the eleven-dimensional metric becomes
ds?, = cosh?(2mr)ds*(AdSs) + dr® 4 d32 . (6.5)

The four dimensional piece is the metric on AdS, with radius [ = 1/2m, foliated with copies
of AdS;3. The seven-metric ds2 is a weak G manifold, with metric normalised such that the
Ricci tensor satisifies Ric = 6m?2g.

Let us consider briefly the case when m = 0, so that the three-dimensional external

space is flat RY2. In this case, setting to zero the components of the internal flux (B20) and
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(BZ1) implies that sin( = £1. This is the limit in which one of the chiral spinors vanishes,
leaving only the spinor of opposite chirality. The one-form K and the three-form ¢ are then
identically zero, while there is only one independent four-form, W+ or ¥~. This defines a

Spin(7)-structure in the usual way.

Although this case has been reviewed already in section B let us check that one correctly
recovers it from our equations. In taking the limit one needs to be careful and consider only
those equations obtained from spinor bilinears with four gamma matrices as these are the
only equations which are non-trivial. In fact, as written, the conditions on the G4 structure in
section Bl are, naively, all trivial in the limit sin { — 41. This is just because they are written
in Go-invariant form, whereas in this limit there is no G5 structure at all. An appropriate
combination to consider is in fact equation (ELIH) which we encountered in section El This
reduces to the condition d(e®2W%) = 0 when sin ¢ — +1, and determines the internal space
to be conformal to a Spin(7) manifold, as in section @2l The electric flux reduces accordingly

to
Geleetric = Fvolz Ad(e*?) . (6.6)

Notice that in fact we have set to zero only the irreducible G5 components 1 and 7 of the
magnetic flux, and in principle some components are still allowed. Indeed, we recover the
constraint on the magnetic flux from equation (BI0) which reduces to (1), requiring the
flux to be in the 27, or 27_ of Spin(7), respectively.

Note that taking the Spin(7) manifold to be a cone over a weak G5 manifold and choosing
the harmonic function e ™2 = 1/(mr)® one again obtains AdS, x M solutions, although now
AdS, is foliated by R'? horospheres, with metric

dg?, = e Wmds?(RY?) + dy? + d&? . (6.7)

To summarise, we have shown that warped supersymmetric solutions with purely electric
flux are of only two types: the AdS3 compactifications are in fact more naturally written as
AdS, compactifications, foliated by copies of AdSs, with the transverse space being weak G4
holonomy. On the other hand in Minkowskisz compactifications the internal manifold must be
conformal to a Spin(7)-holonomy manifold, as discussed in [I8], with a single chiral spinor.
Note that in the AdSs slicing case, the internal manifold Mg provides a simple realisation of

a space whose spinor “interpolates” between two spinors of opposite chirality.
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7 Examples

In this section we demonstrate that the formalism we have developed may be useful for finding
supersymmetric solutions. In particular, we easily recover the dyonic M-brane solution of
[22]. This describes a 1/2-BPS M5/M2 bound state. We also argue that the recently
discovered dyonic solutions of [24], 25] lie within this class, although we will not attempt
to rederive these solutions here. Indeed, all of these solutions involve M5-branes with an

M2-brane sitting inside. Finally, we present some simple solutions to the equations of section

B

The dyonic M-brane

As explained in section Hl, equation (BI0) is a generalised calibration condition for an M5-
brane wrapping an associative three-cycle in a Gy manifold. Presently we shall regard T2 @ R*
as a G, holonomy space® in which M5-branes wrap the three-torus T3. The remaining three
unwrapped world-volume directions span a RY? Minkowski space, and we accordingly set
m = 0. Thus, it is natural to write down the following simple metric ansatz describing such

a wrapped brane:
433, = & (ds*(R"?) + A dudu + H dx.dx) . (7.1)

Here u = (uq, us, ug) are coordinates on the three-torus and x = (z1, ..., x5) are coordinates
on the Euclidean five-space transverse to the M5-brane. At this point A, A and H are
arbitrary functions on the internal eight-manifold. It is convenient to choose the following

orthonormal frame for the latter
Q2 — Al/zdui
et = HYdg, (7.2)

where ¢ = 1,2,3 and a = 1,...,5. We then take the following G5 structure on this eight-

manifold

b = —e _63/\(667_689> _64/\<668+679) _65/\(669_678>

K = €. (7.3)

Thus we have written R® = ImH @& H @ R, where ImH & H denotes the G-structure in its

canonical dimension of seven, and R is the K-direction. This appears to break the invariance

50ne may also consider the universal covering space R”, and wrap the brane over R3.
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of the space transverse to the fivebrane under the five-dimensional Fuclidean group, but in
fact the solution we shall obtain respects this invariance — it is simply not manifest in the
above notation.

We now solve the equations of section Bl Let us start with equation (BII]) for K which
is solved by taking

SAHY 2 cos¢C = ¢ (7.4)
where ¢ is a constant. Equation (BI2) gives the conditions

SCAH = (7.5)
d(eGAH2) /\dl’12345 = 0. (76)

One may solve the latter by taking H = H(x), A = A(x), which is natural as the solution
should depend only on the coordinates transverse to the brane. Using these relations one

computes

A = (9) cos? C . (7.7)

C

Equation (BI3)) is now automatically satisfied. One also computes
d (e“pcos() = fdmw Ad (H ™" cos*() (7.8)
which implies that d¢ A ¢ = 0. Thus BI4) gives
f o= 2seccd (7.9)
and inserting this into the definition of f (BIH) yields the following relation
H2tan¢ = ¢4 . (7.10)

We now set co = 1 without loss of generality (by rescaling the coordinates u;). The magnetic
flux is obtained from (BI6) and reads

SAF = —cydupps AA(AH™Y) 4 ¢ %5dH (7.11)

where *5 denotes the Hodge dual with respect to the metric dx.dx. Thus the Bianchi identity

B22) imposes

OH = 0. (7.12)



That is, H is an harmonic function on the five flat transverse directions. One may easily
check that the equation of motion (B:23)) is identically satisfied. It appears that we now have
a solution with two free parameters, but this is not so: one can remove ¢; by rescaling the

coordinates z5. However, to recover’ the solution of [22] we in fact need to set
¢y = —tan ¢ = cos¢ . (7.13)

We can choose ¢, = —tan{ for some angle £ without loss of generality, and then setting
c¢1 = cos& corresponds to a specific choice of normalisation for the harmonic function. In

conclusion, the metric takes the following form [22]

ds2, = H3 (sin?€ + H cos?€) |ds?(R™?) +

du.du+ Hdx.dx| . (7.14)

sin® & + H cos? &
Notice that the function ( is given by
tan?’¢ = L tan? ¢ (7.15)
I :

and that the M2-brane and M5-brane are recovered in the limits ¢ — 7/2 and & — 0,
respectively.

Note that the solution actually preserves 16 Killing spinors [22], as for the ordinary flat
M5 brane. However, we have shown that the existence of a GGy structure of the type we have

been discussing is enough information to derive the full solution straightforwardly®.

“Dielectric low” solutions

The solutions recently constructed in [23], 24, 25)] fall in our general class of “dyonic” solutions.
Indeed they have a warped Minkowskis factor times an internal eight-manifold, and most
importantly have non-trivial electric and magnetic fluxes turned on. Thus they may be
thought of as some Mb5-brane distribution with induced space-filling M2-branes. Note that
the solution of [24], in particular, admits sixteen supersymmetries — as many as the dyonic
M-brane of [22]. In principle one should be able to recover these solutions in much the same
way as we did for the standard dyonic M-brane solution above. All one has to do is to
provide an ansatz for the three-form ¢, or equivalently for the metric. Thus as shown in

section Bl the fluxes are determined by the supersymmetry constraints, and one is left finally

"We disagree by factor of 6 with their expression for the flux. However, this appears to be a simple

typographical error in taking the M-theory lift.
8By a circle reduction to type IIA, followed by T-duality, one obtains D-brane bound states in type IIB.

The supersymmetry of the D5/D3 bound state [52] is discussed in [53].
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with a non-linear PDE to be solved. Indeed, we have turned the problem into “algebraic”
equations for the fluxes. While the solutions of [22, 24] preseve sixteen supercharges, and
that of [25] eight, our equations describe the most general “dyonic” solution, which admits
at least two Killing spinors with opposite chiralities. Thus these might be used to look for

more general examples.

Smeared solutions

Here we show that one may derive a simple class of solutions to the equations of section
Bl One can think of these as describing M5-branes wrapped on an associative three-cycle
and completely smeared over a Gy-manifold. Unfortunately, these solutions are singular. Of
course, many of the singularities of supergravity solutions are “resolved” in M-theory. It
would be interesting to know if this were the case here.

One makes the ansatz
¢ — e—3A(y)¢0 (716)

where ¢ is the associative three-form for a G3-holonomy manifold, and assume in addition
A = A(y). Thus, geometrically, we have a family of G3-holonomy manifolds fibred over the
y-direction. One finds that all of the differential equations for the structure are satisfied

automatically, apart from one, which imposes
d(e?2vol;) =0 & 12A(y) =TA(y) +c. (7.17)

Notice that one may set ¢ = 0 by redefining ¢o9. Thus it remains to satisfy the Bianchi
identity (B7). This imposes

e AT = a4 by (7.18)
where a and b are constants. Thus the solution is
s}, = (a+by) 7ds® (R"?) + (a+by)"*dy® + (a + by)*?ds*(G2) (7.19)
where ds?(G3) is any Go-holonomy metric, and the G-flux is given by
G = b(x19)o (7.20)

where (x7¢))g is the coassociative four-form on the Gy-manifold. Setting b = 0 gives R!3

times a Go-manifold. For b # 0 one may make a change of variables to write the metric as
ds?, = dr’ +r"2ds*(Gy) +r 70ds?(RY?) . (7.21)

Clearly this is singular at » = 0, although it is a perfectly regular supersymmetric solution

everywhere else.
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8 Outlook

In this paper we have studied the most general warped supersymmetric M-theory geometry
of the type M3 x Mg, with the external space M3 being either Minkowskis or AdSs. The
key ingredient which allowed us to extend the analysis of [15], I8, 20] was to allow for an
internal Killing spinor of indefinite chirality. This is in fact the most general form compatible
with the three-eight decomposition and the Majorana condition in eleven dimensions. The
geometries were shown to admit a particular Gs-structure. This is a special case of the
most general eleven-dimensional geometry of the “null” type, for which the corresponding
structure is (Spin(7) x R®) x R 37, B).

One of our motivations was to extend the analysis of [I5, [I8] to more general super-
symmetric geometries. However, it is a rather general result that, in the case of Minkowskis
vacua, ignoring higher order corrections or singularities rules out compact solutions. We have
noticed that such corrections allow, in principle, compact geometries. It would be interesting
to see if compact examples can be constructed.

We have found that the supersymmetry constraints also have a physical interpretation
in terms of generalised calibrations [IT, Bl [7]. In particular, we have shown most of the
conditions arise as generalised calibrations for “dyonic” M5-branes, namely M5-branes with
M2-brane charge induced on the world-volume by the three-form. We have shown that when
there is a suitable time-like Killing vector, one can construct a Bogomol’'nyi bound in the
presence of background G-flux. This applies for the entire class of geometries considered here,
and also to the “time-like” class of [B]. It would be interesting to understand more precisely
the relation of generalised calibrations to the supersymmetry conditions in the general case
of a (Spin(7) x R®) x R structure, when the Killing vector is null.

The generality of our method implies that the conditions we have derived apply to a
variety of situations. Thus, apart from “compactifcations”, one can use the same results to
describe non-compact geometries of physical interest. Typical examples are wrapped branes
or intersecting branes. In these, as in all other cases, the supersymmetry constraints are
relatively easy to implement, while ensuring that the Bianchi identity is satisfied is often
a challenging task. One generically obtains non-linear PDEs whose explicit solutions are
typically beyond reach. In any case, as illustrated in section Bl it should be clear that
our approach is suitable for generalising the work of [21]. In particular, we have given the
conditions and PDEs describing Mb5-branes wrapped on associative and SLAG three-cycles.
In the last case one can show that the Calabi-Yau three-fold becomes a non-Hermitian

manifold after allowing for the backreaction. This is to be contrasted with the case where M5-
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branes (or NS5-branes in type II) wrap holomorphic cycles. Here the holomorphic structure
of the manifold is preserved [45], 46, 211, A4, 7, §].

Rewriting the Killing spinor equations in terms of the underlying G-structure provides an
elegant organisational principle, and sheds light on the geometry of supersymmetric solutions.
Namely, it turns out that the geometrical interpretation of the fluxes is given by the intrinsic
torsion. Much physical insight comes from the interpretation of these in terms of branes and
calibrations. On the other hand, the complication that arises from solving the equations
implied by the Bianchi identitity seems to be a limitation on the method for finding new
solutions. It is conceivable that using the geometrical and physical insights of our approach
in combination with other techniques, such as those related to gauged supergravities, will
improve the situation. Some ideas in this direction have already appeared (see, e.g., [25])

and it would be interesting to elaborate on them further.
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A Gs-structures

A Gy-structure on a seven-dimensional manifold is specified by an associative three-form ¢,

which in a local frame may be written
b= 216 _ (25 _ M5 _ 136 | 12T | 34T 4 56T (A1)

This defines uniquely a metric g; = (e!)? +---+ (€7)? and an orientation vol; = e! A---Ae’.
We then have

weh = 12 | 1236 | B0 1857 _ JM6T _ 2367 _ 2457 (A.2)
The adjoint representation of SO(7) decomposes as 21—7+14 where 14 is the adjoint
representation of Gy. We therefore have gy ~ 7. The intrinsic torsion then decomposes into
four modules [54]:

TEAN®RgG =W W, W5 W,
TXx7T—1+144+27T+7.

(A.3)
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The components of T in each module W; are encoded in terms of d¢ and d * ¢ which

decompose as

dp € A* =W, W3 & W),
35 > 1+27+7
dspe N> =Wy W,
21 1447

(A4)

Note that the W, component in the 7 representation appears in both d¢ and d * ¢. It is the

Lee form, given by

W4E¢Jd¢:—*¢_ld*¢. (A5)
The W, component in the singlet representation can be written as
Wi = x(¢ A do). (A.6)

The remaining components of d¢ and d*¢ encode W3 and W, respectively. The G5 manifold
has G2 holonomy if and only if the intrinsic torsion vanishes, which is equivalent to d¢ =
d % ¢ = 0. Note that Gy-structures of the type W) @ W5 @ W, are called integrable as one
can introduce a Gy Dolbeault cohomology [55].
On a manifold with a Ga-structure forms decompose into irreducible G5 represenations.
In particular, we have the following decompositions of the spaces of two-forms and three-
forms:
A=A A3, A7)
A= A3 AL A,
The Hodge dual spaces A® and A* decompose accordingly. For applications in the main part
of the paper, it is useful to write down explicitly the decompositions of the three-forms and

four-forms. A three-form Q € A3 is decomposed into G irreducible representations as
Q = m(Q)+m7(Q) + mr(Q) (A.8)

where the projections are given by
1

m () = 5(9—' ¢)
m(Q) = —%(QJ k@) * @
7T27(Q)z‘jk = g@r[i¢rjk} (A,9)
and Qij is the traceless symmetric part of the tensor @);; = %Qiquﬁkrj, namely
Qij = %(QJ $)gij — %@jk(QJ * Oy + Qi - (A.10)
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Similarly, a four-form = € A* decomposes into G irreducible represenations as
= = 7T1(E) + 7T7(E) + 7T27(E) (Al].)

where the preojections are given by
1

m(=) = Z(Eax9)x¢
w(E) = —1(02D) A6
7T27(E)ijkm = _2Ur[i*¢rjkm} (A12)

and Uij is the traceless symmetric part of the tensor U;; = %Eikrm * ¢FT™. namely

4, _ 1 _ .
Uy = —§(EJ *0)gij — §¢ijk(¢—1 Sk + Uij - (A.13)

Consider an infinitesimal variation of the associative three-form d¢ and the induced
variations of the metric dg;;, and coassociative four-form 4 * ¢. Using the various identities

obeyed by the G5 structure, we obtain an explicit decomposition of d¢, namely
m(69) = 2olog Vg
71(66) = ~ (660 #6)1 %6
" (08)gn = 3000 — 29108 /G b - (A.14)

The irreducible components of § * ¢ are similarly given by

T (0% @) = éélog\/g*gb

mi(6x6) = —(0a5xP) NG
Tor(0 * @)ijkm = 20Gp(i * O jkm] — éélog VG * Qijlem, - (A.15)
The following relations also hold
%M(ilkr‘f’k’}) = 0gij + gi0log /g
%5 * Qlilerm * 0"y = —6gi; — 2g:;0log \/g
Gpa0xd = —0¢a x¢
Tor(d % @) = — %y (00) . (A.16)

Using these expressions one can derive the following useful equation

dx¢ = —*5¢+5log\/§*¢+%(5¢4*¢)/\¢. (A.17)
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B The Mb5-brane Hamiltonian

In this appendix we present a brief discussion of the Hamiltonian formulation of the M5-
brane world-volume theory [36]. We use this to obtain an expression for the energy of a
class of static Mb5-branes, which, in the main text, is shown to satisfy a Bogomol'nyi-type
inequality. We also recall some details of the Mb5-brane s-symmetry.

The action of the Mb5-brane is complicated by the presence of a self-dual three-form H
which propagates on the world-volume. This requires one to introduce an auxilliary scalar
field a (see [56] for a review), with a normalised “field strength” v; = d;a//—(0a)2. One
then has an additional gauge invariance that one may use to gauge-fix a, at the expense
of losing manifest spacetime covariance. However, the Hamiltonian treatment requires one
to make a choice of time coordinate. Using the symmetries of the Mb5-brane action, one
may then choose the “temporal gauge” a = 0° = t, where o = (¢, 0%) are world-volume
coordinates (a = 1,...,5), and the background spacetime is assumed to take the static form
ds}, = —e* dt? + ds¥,. One then proceeds with the Hamiltonian approach [36], which yields

the constraints
PP+ Ty Ly = 0
0. XMPy = 0. (B.1)

Here XM = (¢, X1) are the embedding coordinates, T M, 1s the Mb-brane tension, Lpp; =

V/det (6,0 + H?) is a Born-Infeld-like term, and

PM = PM Ty, (Veg, XM —cM) . (B.2)
We have that
1
V.= ZH*“bHabc (B.3)

where the two-form H* = x3H is the world-space dual of H (the Hy,, components of H
will not contribute to the energy) and the term Cj; is a contribution from the Wess-Zumino

couplings of the M5-brane, namely
1

where i), denotes interior contraction with the vector field 9/0X* . Recall that the Wess-

Zumino coupling of the Mb5-brane is given by

1
Iyy = /06+—0AH (B.5)
W 2
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where H is the three-form field strength on the five-brane, coupled to the background C-field
H=h+jC. (B.6)

Here h is closed, and locally of the form h = d b for some two-form potential b. Notice that
dH = 7*G, where j is the M5-brane embedding map.

We may now use the Hamiltonian and momentum constraints (BJJ) to obtain an expres-
sion for the energy density. We consider static configurations with P7 = 0. This is sufficient
to satisfy the momentum constraint, but not in general necessary. One could extend our
analysis to the general case (with more effort), but we will not do this here — the class of
static configurations we consider will be general enough for our purposes. One defines the

energy in the usual way
E=—-P"Ngyn = —Py = P° (B.7)

where £ is the time-like Killing vector field 0/0t. The Hamiltonian constraint now allows

one to solve for the energy
E = TM5 (CQ+8ALDB]> . (B8)

In addition to the energy, the other ingredient we use in the main text is the xk-symmetry

and supersymmetry transformations of the fermions. These combine to give
00 = Pik+n (B.9)

where Py = %(lﬂ:f‘ ) are projector operators. 7 is the background supersymmetry Spin(1, 10)
spinor, and I is a traceless Hermitian product structure, that is, tr I =0, 2 =1, I't =T,
Explicitly, we have
. 1
r

A _ 1. . 1. .
= e_AF() V. ¥+ ifyabHab + Q”Yal...aﬁ s (BlO)

LDBI

where 4* are the pull-backs of the eleven-dimensional Clifford matrices to the M5-brane
world-space. If we consider static configurations with a rest frame that has zero momentum,
then V,, = 0. This is the form of the projector used in the main text. One can show [07] that
the variation (B3) vanishes if, and only if,

P.n =0 (B.11)

which therefore characterises bosonic supersymmetric configurations.

35



C Useful relations

Given the supersymmetry equations (220), and using the symmetry properties of the gamma
matrices, one can derive some useful identities which we have used extensively in deriving

our results. For the reader’s convenience we list them here:

1 1
@qumeiThpq”, Al F §0mAeiT[7m, Al_eE + m(eTT AT — T AeT)
1 1
ZFéfmeiTAfme + gfmJTfymAei =0 (C.1)
1 1
@qumeiThpqm, Al et F iﬁmAeiT (Y™, Alp e + m(eTT Ae™ + T Ae)
1 1
:I:éfmeiTAfme + BfmJTfymAei =0 (C.2)
1 1
Q?;SFP‘I”(?JFT[VWS’ Alpe — iﬁmAeJrT[vm, Alze +m(e TAe £ T Aet)

1 1
:FéfmeJrTAfymeJ’ + éfme_TfymAe_ =0 (C.3)

where [+, -]+ refers to an anticommutator or commutator, and A is a general Clifford matrix.

References

[1] J. P. Gauntlett, D. Martelli, S. Pakis and D. Waldram, “G-structures and wrapped
NS5-branes,” hep-th/0205050.

[2] J. P. Gauntlett, J. B. Gutowski, C. M. Hull, S. Pakis and H. S. Reall, “All supersym-

metric solutions of minimal supergravity in five dimensions,” hep-th/0209114.

[3] S. Gurrieri, J. Louis, A. Micu and D. Waldram, “Mirror Symmetry in Generalized
Calabi-Yau Compactifications,” hep-th/0211102.

[4] G. L. Cardoso, G. Curio, G. Dall’Agata, D. Lust, P. Manousselis and G. Zoupanos,
“Non-Kaehler String Backgrounds and their Five Torsion Classes,” hep-th/0211118.

[5] J. P. Gauntlett and S. Pakis, “The geometry of D = 11 Killing spinors,” hep-th/0212008.

[6] P. Kaste, R. Minasian, M. Petrini and A. Tomasiello, “Nontrivial RR two-form field
strength and SU(3)-structure,” hep-th/0301063.

[7] J. P. Gauntlett, D. Martelli and D. Waldram, “Superstrings with intrinsic torsion,”
hep-th/0302158.

36


http://arxiv.org/abs/hep-th/0205050
http://arxiv.org/abs/hep-th/0209114
http://arxiv.org/abs/hep-th/0211102
http://arxiv.org/abs/hep-th/0211118
http://arxiv.org/abs/hep-th/0212008
http://arxiv.org/abs/hep-th/0301063
http://arxiv.org/abs/hep-th/0302158

[8] P. Kaste, R. Minasian and A. Tomasiello, “Supersymmetric M-theory compactifications

with fluxes on seven-manifolds and G-structures,” hep-th/0303127.

9] J. P. Gauntlett and J. B. Gutowski, “All supersymmetric solutions of minimal gauged

supergravity in five dimensions,” hep-th/0304064.

[10] J. B. Gutowski, D. Martelli and H. S. Reall, “All supersymmetric solutions of minimal
supergravity in six dimensions,” hep-th/0306235.

[11] J. P. Gauntlett, N. Kim, D. Martelli and D. Waldram, “Fivebranes wrapped on SLAG
three-cycles and related geometry,” JHEP 0111 (2001) 018 hep-th/0110034.

[12] J. Gutowski and G. Papadopoulos, “AdS calibrations,” Phys. Lett. B 462 (1999) 81
hep-th/9902034.

[13] J. Gutowski, G. Papadopoulos and P. K. Townsend, “Supersymmetry and generalized
calibrations,” Phys. Rev. D 60 (1999) 106006 hep-th/9905156.

[14] R. Harvey, H.B. Lawson, Jr. “Calibrated Geometries”, Acta Math. 148 (1982) 47.

[15] K. Becker and M. Becker, “M-Theory on Eight-Manifolds,” Nucl. Phys. B 477 (1996)
155 hep-th/9605053.

[16] K. Dasgupta, G. Rajesh and S. Sethi, “M theory, orientifolds and G-flux,” JHEP 9908,
023 (1999) hep-th/9908088.

[17] S. Gukov, C. Vafa and E. Witten, “CFT’s from Calabi-Yau four-folds,” Nucl. Phys. B
584, 69 (2000) [Erratum-ibid. B 608, 477 (2001)] hep-th/9906070.

[18] K. Becker, “A note on compactifications on Spin(7)-holonomy manifolds,” JHEP 0105
(2001) 003 hep-th/0011114.

[19] S. Gukov and J. Sparks, “M-theory on Spin(7) manifolds” Nucl. Phys. B 625, 3 (2002)
hep-th/0109025.

[20] B. Acharya, X. de la Ossa and S. Gukov, “G-flux, supersymmetry and Spin(7) mani-
folds,” JHEP 0209 (2002) 047 hep-th/0201227.

[21] A. Fayyazuddin and D. J. Smith, “Localized intersections of M5-branes and four-
dimensional superconformal field theories,” JHEP 9904 (1999) 030 hep-th/9902210.

37


http://arxiv.org/abs/hep-th/0303127
http://arxiv.org/abs/hep-th/0304064
http://arxiv.org/abs/hep-th/0306235
http://arxiv.org/abs/hep-th/0110034
http://arxiv.org/abs/hep-th/9902034
http://arxiv.org/abs/hep-th/9905156
http://arxiv.org/abs/hep-th/9605053
http://arxiv.org/abs/hep-th/9908088
http://arxiv.org/abs/hep-th/9906070
http://arxiv.org/abs/hep-th/0011114
http://arxiv.org/abs/hep-th/0109025
http://arxiv.org/abs/hep-th/0201227
http://arxiv.org/abs/hep-th/9902210

[22]

[23]

[24]

J. M. Izquierdo, N. D. Lambert, G. Papadopoulos and P. K. Townsend, “Dyonic Mem-
branes,” Nucl. Phys. B 460, 560 (1996) hep-th/9508177.

C. N. Gowdigere and N. P. Warner, “Flowing with eight supersymmetries in M-theory
and F-theory,” hep-th/0212190.

C. N. Pope and N. P. Warner, “A dielectric flow solution with maximal supersymmetry,”
hep-th/0304132.

C. N. Gowdigere, D. Nemeschansky and N. P. Warner, “Supersymmetric solutions with
fluxes from algebraic Killing spinors,” hep-th/0306097.

C. Hull, “Holonomy and Symmetry in M-theory,” hep-th/0305039.

S. Salamon, “Riemannian Geometry and Holonomy Groups,” Vol. 201 of Pitman Re-

search Notes in Mathematics, Longman, Harlow, 1989.
H.B. Lawson and M.-L. Michelsohn, “Spin Geometry”, Princeton University Press, 19809.

For a review, see M. Cvetic, G. W. Gibbons, H. Lu, C. N. Pope, “Special Holonomy
Spaces and M-theory”, hep-th/0206154.

F. A. Brito, M. Cvetic and A. Naqvi, “Brane resolution and gravitational Chern-Simons
terms,” Class. Quant. Grav. 20, 285 (2003) hep-th/0206180.

B. de Wit, H. Nicolai and N. P. Warner, “The Embedding Of Gauged N=8 Supergravity
Into D = 11 Supergravity,” Nucl. Phys. B 255, 29 (1985).

T. Ali, “M-theory on seven manifolds with G-fluxes,” hep-th/0111220.

K. Behrndt and C. Jeschek, “Fluxes in M-theory on 7-manifolds and G structures,”
JHEP 0304, 002 (2003) hep-th/0302047.

B. de Wit, D. J. Smit and N. D. Hari Dass, “Residual Supersymmetry Of Compactified
D = 10 Supergravity,” Nucl. Phys. B 283 (1987) 165.

O. Baerwald, N. D. Lambert, P. C. West, “A Calibration Bound for the M-Theory
Fivebrane”, Phys. Lett. B463, 33-40 (1999) hep-th/9907170.

E. Bergshoeff, D. Sorokin, P.K. Townsend, “The M5-brane Hamiltonian”, Nucl. Phys.
B533, 303-316 (1998) hep-th/9805065.

38


http://arxiv.org/abs/hep-th/9508177
http://arxiv.org/abs/hep-th/0212190
http://arxiv.org/abs/hep-th/0304132
http://arxiv.org/abs/hep-th/0306097
http://arxiv.org/abs/hep-th/0305039
http://arxiv.org/abs/hep-th/0206154
http://arxiv.org/abs/hep-th/0206180
http://arxiv.org/abs/hep-th/0111220
http://arxiv.org/abs/hep-th/0302047
http://arxiv.org/abs/hep-th/9907170
http://arxiv.org/abs/hep-th/9805065

[37]

[38]

[41]
[42]

[43]

[44]

[45]

[50]

[51]

J. M. Figueroa-O’Farrill, “Breaking the M-waves,” Class. Quant. Grav. 17, 2925 (2000)
hep-th/9904124.

B. S. Acharya, J. P. Gauntlett and N. Kim, “Fivebranes wrapped on associative three-
cycles,” Phys. Rev. D 63, 106003 (2001) hep-th/0011190.

D. J. Smith, “Intersecting brane solutions in string and M-theory,” Class. Quant. Grav.
20, R233 (2003) hep-th/0210157.

H. Cho, M. Emam, D. Kastor and J. Traschen, “Calibrations and Fayyazuddin-Smith
spacetimes,” Phys. Rev. D 63, 064003 (2001) hep-th/0009062.

T. Z. Husain, “M2-branes wrapped on holomorphic curves,” hep-th/0211030.
T. Z. Husain, “That’s a wrap!,” JHEP 0304, 053 (2003) hep-th/0302071.

D. Kastor, “From wrapped M-branes to Calabi-Yau black holes and strings,”
hep-th/0305261.

B. Brinne, A. Fayyazuddin, T. Z. Husain and D. J. Smith, “N = 1 M5-brane geometries,”
JHEP 0103, 052 (2001) hep-th /0012194

C. M. Hull, “Superstring Compactifications With Torsion And Space-Time Supersym-
metry,” in Turin 1985, Proceedings, Superunification and Ezxtra Dimensions, 347-375;
“Compactifications Of The Heterotic Superstring,” Phys. Lett. B 178 (1986) 357.

A. Strominger, “Superstrings With Torsion,” Nucl. Phys. B 274 (1986) 253.

T. Friedrich and S. Ivanov, “Parallel spinors and connections with skew-symmetric

torsion in string theory,” math.dg/0102142.

T. Friedrich and S. Ivanov, “Killing spinor equations in dimension 7 and geometry of
integrable G'o-manifolds,” math.dg/0112201.

S. Chiossi and S. Salamon, “The intrinsic torsion of SU(3) and Gj structures,”
math.dg /0202282

J. P. Gauntlett, N. Kim and D. Waldram, “M-fivebranes wrapped on supersymmetric
cycles,” Phys. Rev. D 63, 126001 (2001) hep-th/0012195.

M. J. Duff, B. E. Nilsson and C. N. Pope, “Kaluza-Klein Supergravity,” Phys. Rept.
130 (1986) 1.

39


http://arxiv.org/abs/hep-th/9904124
http://arxiv.org/abs/hep-th/0011190
http://arxiv.org/abs/hep-th/0210157
http://arxiv.org/abs/hep-th/0009062
http://arxiv.org/abs/hep-th/0211030
http://arxiv.org/abs/hep-th/0302071
http://arxiv.org/abs/hep-th/0305261
http://arxiv.org/abs/hep-th/0012194
http://arxiv.org/abs/math/0102142
http://arxiv.org/abs/math/0112201
http://arxiv.org/abs/math/0202282
http://arxiv.org/abs/hep-th/0012195

[52] J. C. Breckenridge, G. Michaud and R. C. Myers, “More D-brane bound states,” Phys.
Rev. D 55, 6438 (1997) hep-th/9611174.

[53] A. R. Frey, M. Grana, to appear.

[54] M. Fernandez, A. Gray, “Riemannian Manifolds with Structure Group G,,” Ann. Mat.
Pura. e Appl. 32 (1982), 19-45.

[55] M. Fernandez and L. Ugarte, “Dolbeault cohomology for Ge-manifolds,” Geom. Dedi-
cata, 70 (1998) 57.

[56] D. Sorokin, “On Some Features of the M-5-Brane,” hep-th/9807050.

[57] E. Bergshoeff, R. Kallosh, T. Ortin, G. Papadopoulos, “Kappa-Symmetry, Supersym-
metry and Intersecting Branes,” Nucl. Phys. B502 149-169 (1997) hep-th/9705040.

40


http://arxiv.org/abs/hep-th/9611174
http://arxiv.org/abs/hep-th/9807050
http://arxiv.org/abs/hep-th/9705040

	Introduction
	M-theory on eight-manifolds
	Supersymmetry and the G2-structure
	Generalised calibrations and dyonic M-branes
	M5 branes wrapped on associative and SLAG three-cycles
	All purely electric solutions
	Examples
	Outlook
	G2-structures
	The M5-brane Hamiltonian
	Useful relations

